Preliminaries

In this chapter, we recall some fundamental definitions and results that are needed for our work.
The chapter is divided into three sections. In the first section, the basic definitions and results
from the theory of fuzzy sets are collected. The second section recalls the basic definitions of
BCK/BCI, B, d,....algebras while the third section recalls some basic definitions and results in

Z-algebras.

1.1 Fuzzy Structures
In this section, we recall some fundamental definitions and results from fuzzy set theory are
presented.
Definition 1.1.1:[73] Let X be a nonempty universal set. A fuzzy set A in X is characterized by a

membership function p, which associates with each point x in X, a real number p , (x), in the
interval [0,1] with p, (x) representing the “grade of membership” of x in A.

That is, a fuzzy set A in X is an object A = {<X, TN (X)> | x EX} where p, : X —[0,1] is the
membership function of A and p, (x) is called membership value of x in Aand 0<p, (x)<1.

Definition 1.1.2:[73] Let X be the universe of discourse. Let A and B be two fuzzy sets with

membership functions p, and p, respectively. Then,
l.AcB iff uA(x)S uy(x) forallx e X
2. A=Biff p,(x)=py(x)forallx e X

3.A° = {<x,uAc (x)>|x € X}: {<x,1—uA(x)>|x € X}

4. AnB= {<x, [V (X)>|X € X} = {<X, min(;,tA (x), [T (X))>|X € X}

5. AUB= {<X,HAuB(X)>‘X € X}: {<x,max(pA(x), HB(X)»‘X € X}

6 A =[x ) x X where () =inf, ()

ieQ)
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7. UAi = {<x, Mya, (x)>|x € X} where uiBQAi (x)= sup{(x,uAi (x)}x € X}

ieO ieQ)

Definition 1.1.3:]20] Let A be a fuzzy set with membership function p, of a set X. For a fixed
te[0,1], theset U(u,;t) ={x € X|n,(x) >t} is called an upper t-level subset (upper level
subset, upper level cut) of A and the set L(p,;t) ={x € X|p, (x) <t} is called a lower t-level
subset (lower level subset, lower level cut) of A.
Note: (i) If t, <t, , Ulu,:t,)c Ulu,st,) and Lu,;t, )< Llu,:t, ).

(i) U(u,:t)UL(u,:t)=X forall ¢e[0,1].
Definition 1.1.4:[65] A fuzzy set A in a set X with membership function p, is said to have the

sup property if for any subset T = X there exists x, € T such that u, (x,)=sup p,(t).

teT
Definition 1.1.5:[65] Let h be a mapping from a set X into a set Y.

(1) Let A be a fuzzy set in X with membership function p, . Then the image of A under h,

denoted by h(A) is the fuzzy set in Y with membership function , ,, defined by

sup p,(z) if h7'(y)={x|h(x)=y}=¢
Mh(A)(Y)= zeh”(y) )
0 , otherwise
(i1) Let B be a fuzzy set in Y with membership function p,. The inverse image (or pre-

image) of B under h, denoted by h™'(B) is the fuzzy set in X with membership function

My defined by p o o (x)= g (h(x)) forallx e X.

Definition 1.1.6:[13] Let A and B be any two fuzzy sets in X with membership functions p,
and p, respectively. Then, the Cartesian product AxB with membership function
Hyp i XxX —[0,1] is defined by quB(x,y) = min{pA(x),uB(y)} forall x,ye X .

Definition 1.1.7:[13] A fuzzy relation A on a nonempty set X is a fuzzy set A with membership
function p, : XxX —[0,1].

Definition 1.1.8:[13] If A is a fuzzy relation with membership function p, : XxX —[0,1] ona

set X and B is a fuzzy set in X with membership function p, then A is a fuzzy relation on B if

forall x,y e X , py(x,y)<min{u,(x ), (y))-
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Definition 1.1.9:[13] Let B be a fuzzy set on a set X with membership function p, then the

strongest fuzzy relation on X, that is, a fuzzy relation A on B is A; whose membership function

Ma, s XxX = [0,1] given by p, (x,y)=min {u,(x)py(y)} forall x,yex .

Now, we recall some fundamental definitions from intuitionistic fuzzy set theory. In the case of
fuzzy sets, we consider only the membership values of the elements. Atanassov introduced the
notion of intuitionistic fuzzy set by considering the values of non-membership together with
membership values.

Definition 1.1.10: [8] An Intuitionistic Fuzzy Set A in a nonempty set X is an object having
the form A= {<X, H, (x),v A(x)> |x e X} where p, : X —[0,1] denote the degree of membership
and v, : X —[0,1] denote the degree of non-membership functions respectively such that for
each x € X to the set A with 0 <, (x)+v,(x)<1. For the sake of simplicity, we shall use the
symbol A =(u,,v,) foran intuitionistic fuzzy set A= {<X, t,(X),v, (X)> |x e X}.

Definition 1.1.11:[8] If A= {<X,uA (x),v4 (X)> |x e X} and B= {<X, [T (X),VB (X)>|X € X} be
any two intuitionistic fuzzy sets of a nonempty set X. Then,

I. AcB iff }LA(X)S ].LB(X) and VA(X)Z VB(X) forallx e X.

2. A=Biff p,(x)=pz(x)andv,(x)=vy(x) forallxeX.

3. A= {<X,VA(X), MA(X»‘X € X}

4. AnB= {<X, Uanp(X),Vaos (X)>|X €

x|
4. AUB= {(x, Haop(X)sVans (x)>|x € X} = {<x, max(uA(x), MB(X)), min(vA(x), VB(X))>|X € X}
)

7. ®A I((VA)C,VA)Z {<x,1—vA(x),vA(x)>|x eX}
8. ﬂAi = {<Xa HAa (X),V‘U A (X)>|X € X where Mg, (x)= iifelg(HAi (x)) and

Voa(X)= suglg(vAi (x)).
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9. UAi = {<X,uU A XV (x)>|x € X} where ., (x)= sup(uAi (x)) and

ieQ ieQ

v, (0 =inf(v, (x)).

Definition 1.1.12: [9] Let A=(u,,v,) be an intuitionistic fuzzy set in a nonempty set X. For
s,te[0,1], U(uA;s): {x eX|p, (x)2 s} is called an upper s-level subset of A and

L(v,;t)={x e X|v,(x) <t} is called the lower t-level subset of A.

Definition 1.1.13:[9] An intuitionistic fuzzy set A=(u,,v,) in a set X with the degree of
membership p, : X —[0,1] and the degree of non-membership v, : X —[0,1] is said to have

sup-inf property if for any subset T of X there exists x, € T such that p,(x,)=supp,(t) and

teT

vA(xo)zinva(t).

teT

Definition 1.1.14:[45] Let h be any function from a set X into a set Y.

(i) Let A= {<X, 1) A(X),V A(x)>|x eX} be an intuitionistic fuzzy set in X. Then the image of A
under h, denoted by h(A)= {<y, uh(A)(y),vh(A)(y)>|er} is an intuitionistic fuzzy set in Y,
defined by:

sup p,(z) if h'(y)={x|h(x)=y}#9

Hh(A)(Y) = {7l

0 otherwise
and

inf v,(z) if h™(y)={x|h(x)=y}#¢
Vh(A)(Y): zeh(3)

1 otherwise

(ii) Let B= {<y, Uy (y),VB (y)>|y € Y} be an intuitionistic fuzzy set in Y. The pre-image of B under

h, symbolized by h™'(B) = {<x,ph,l(B) (x),v (x)>|x = x} defined by: ., (x)=py(h(x)) and

>V b1 (B)

Vo (B)(x) =Vg (h(x)) for all x € X is an intuitionistic fuzzy set of X.
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Definition 1.1.15:[8] Let A=(u,,v,) and B=(u,,v,) be any two intuitionistic fuzzy sets of
a nonempty set X. The Cartesian product AxB 1is given by AxB= (u JUAY AxB) where
membership  function p, ,: XxX —>[0,1] and the non-membership function

Vg XxX —>[0,1] are defined by [T (x, y) = min {uA(x), uB(y)} and

vAxB(x,y)= maX{VA(X),vB(y)}for all x,ye X.

Notation: For our convenience, we consider (L,<,A,v) to be a complete lattice with least

element 0=inf{xe L} and greatestelement 1=sup{xel}.

Goguen [21] generalized the notion of fuzzy sets into the notion of L—fuzzy sets. A L—fuzzy set,
A on X is a mapping from p, : X — L, where L is a transitive partial ordered set. After a long
research, Atanassov and Stoeva [11] introduced the notion of intuitionistic L-fuzzy sets in 1984.
Here they have defined both membership and non-membership function from the Universe of
discourse X to the set L, where L is a complete lattice.

Now, we recall the fundamental definition of Intuitionistic L-fuzzy set.

Definition 1.1.16:[11] Let (L,S,/\,v) be a complete lattice with least element 0 and greatest
element 1 and an involutive order reversing operation N:L — L. Then an Intuitionistic
L-fuzzy Set A in a nonempty set X is defined as an object of the form

A= {<X, TN (X),VA(X)> |x e X} where p, : X —> L is the degree of membership and v, : X > L

is the degree of non-membership of the element x € X satisfying p, (x) < N(v A (x)).

As an extension of the concept of a fuzzy set, Zadeh [74] introduced the concept of an
interval-valued fuzzy set. That is, a fuzzy set with an interval-valued membership function.
Biswas[15] described a method to find max/sup and min/inf between two intervals or a set of
intervals.

Now, we recall some fundamental definitions from Interval-Valued fuzzy set theory.

Definition 1.1.17:[15] An interval number D, =[a,,b,]on [0,1] is a closed subinterval of [0,1]

where 0<a, <b, <1. Let D[0,1] denote the family of all closed subintervals of [0,1]. The
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refined minimum (briefly, rmin), refined maximum (briefly, rmax) and the operations "<",

">", "=" on the elements D, =[a,,b,] and D, =[a,,b,] of D[0,1] are defined as follows:

1. rmin(D,,D,)=rmin{[a,,b,],[a,,b,]} =[min{a,,a,},min{b,,b,}]

2. rmax(D,,D,)=rmax{[a,,b,],[a,,b,]} =[max{a,,a,}, max{b,,b,}]

3. D, <D, ifandonlyif a,<a, and b, <b,.

Similarly ">" and "=" can be defined.

4. D,+D, =[a, +a,,b, +b,]

Let D, =[a,,b,]€ D[0,1] where 1€ Q and Q is an index set.

5. rsupD, =[supa,,supb,]

icQ €@ e

& rigf D, =linfa, infb:]
Definition 1.1.18:[15] An interval-valued fuzzy set A defined on a nonempty set X is given by
A = {x,[nt (x),nU(0)])f forall x eX.
Briefly, denoted by A =[u',u}] where p} : X —[0,1] and p} : X —[0,1] are lower and upper
fuzzy sets in X with p* (x) <p”(x) forall x e X.
Let i, (x) =[p" (x),n" (x)], forall xe X.If p"(x)=p"(x)=c, where 0<c<1 then
1, (x)=[c,c] isin D[0,1]. Thus 1, (x) € D[0,1], for all x € X. That is, the interval-valued fuzzy
set A is an object having the form A = {(x,ﬁA (x))|x € X} where 1, : X — D[0,1] with
[, (x) =[pk (x), 15 (x)]. The interval fi, (x) denote the intervals of the degree of membership of

the element x to the set A.

Definition 1.1.19:[15] (i) Let A= {(x,ﬁA(x)>\x e X} where fi, (x) = [u" (x),1Y (x)] be an
interval-valued fuzzy set on a set X.

Then A° = {(x,(,) (0))|x & X} where (i,)°(x) =[1- Y ()1 - pk ()]

(ii) Let A= {<X, Iy (X)>‘X € X} and B= {<X, T (X)>‘X € X} be any two interval-valued fuzzy sets

on a set X.

Then ANB= {<X,ﬁAmB(X)>‘X € X} where {i, ., (x)=rmin{{, (x),[i;(x)} and
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AUB= {<x,ﬁAuB(x)>|x S X} where [, 5(x) = rmax{fi, (x), iy (x)}

Lemma 1.1.20:[15] Let h be a mapping from the set X into a set Y. Let A=[u%,u,] and
B =[u;,uy ] be interval-valued fuzzy sets in X and Y respectively. Then,
(i) h(A) :[Hﬁ(A)»HhU(A)]

(i) h'(B)= [HJ};—I (B)’ }«l:f] (B)]

Definition 1.1.21:[15] Let A={<X,ﬁA(X)>‘X€X} be an interval-valued fuzzy set in X. For a

fixed [5,,5,]eD[0,1], the set U([,:[5,,8,])={xeX|f,(x)=[5,,8,]}is called an
interval-valued upper [5,,3,]-level subset (interval-valued upper level subset or

interval-valued upper level cut ) of A.

Definition 1.1.22:[65] An interval-valued fuzzy set A = {<X,ﬁ A (X)>|X € X} in a set X is said to
have the rsup property if for any subset T < X there exists x, € T such that

i (xg) = rsup 15, (1)

Definition 1.1.23:[15] Let h be a mapping from a set X into a set Y.

(i) Let A= {<X,ﬁ A (X)>|X € X} be an interval-valued fuzzy set in X. Then the image of A under h,
denoted by h(A) is the interval-valued fuzzy set in Y with membership function u, ,, defined
by :

N rsup fi,(z) if h'(y)={x|h(x)=y}=¢
Fina)(¥) =20 ()

[0,0] , otherwise

(ii) Let B= {<X, T (x)>|x EY} be an interval-valued fuzzy set in Y. Then the inverse image (or
pre-image) of B under h, denoted by h™'(B) is the interval-valued fuzzy set in X membership

function [, s, defined by ﬁh,l(B) (X) =l (h(x)) forallx e X.
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Definition 1.1.24:[15] If A= {<X,ﬁ A (X)>|X € X} and B= {<X, g (X)>|X € X} are interval-valued

fuzzy sets in X, then the Cartesian product AxB of A and B with membership function
Mo XxX > D[0,1] is definedas {1, ,(x,y)=rmin{fi, (x).fi,(y)}, forall x,yeX.

Atanassov and Gargov introduced the concept of an interval-valued intuitionistic fuzzy sets as a
generalization of the notion of an intuitionistic fuzzy set. Now, we recall some fundamental

definitions from interval-valued intuitionistic fuzzy set theory.

Definition 1.1.25:[10] Let X be a nonempty set. An interval-valued intuitionistic fuzzy set
A on X is an object A = {{x,[u§ (x).nY (OLIVE (), VY (0)T)x € X}, such that pk,p and vi,vY
are membership and non-membership fuzzy sets in X to A where p' <u, and v} <v) with

0<pl+vi<land 0<p} +vy <1 forall xeX.

Equivalently, an interval-valued intuitionistic fuzzy set A= {<X, I, (X),V, (x)>|x € X},

where 1, :X—>D[0,]] and V,:X—D[0,1] denote the interval-valued membership and

interval-valued non-membership functions in X to A, respectively such that

() =[p" (x), 1Y ()] 5 VA (x) =[Vi(X), Vi (x)].

Definition 1.1.26:[10] Let A, =(y, ,v, ) and A, =(j, ,V, ) be interval-valued intuitionistic
fuzzy sets on a nonempty set X. (i) The intersection of A, and A, is the interval-valued

intuitionistic fuzzy set A| NA, =(H, a,>Va ua,) Where, forall xeX

ﬁAlmAz (x)= rmin{ﬁAl (X)’ﬁAz (X)} and vAlqu (x)= rmax{VAl (X)avAz (x)} .

(i) (A = {<x,ﬁlQZAi ()., 5 (X)>|x S X}

ieQ

where fi ., (x) = rinf(i, (x)) and ¥, (x) = rsup(v,, (x)
i ie ! e ! icQ !

Definition 1.1.27:[10] Let A =(j1,,V,) be an interval-valued intuitionistic fuzzy set of a set X.

Then, the interval-valued intuitionistic fuzzy set @ A and ® A , are defined as
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®A=(fi,.(7,)) and ®A=(F,),¥,) where (fi,)*(x)=[1-pY(x).]-p%(x)] and
(V) (x)=[1-vY(x),l - v} (x)] forall xeX.

Definition 1.1.28:[10] Let A =(n,,v,) be an interval-valued intuitionistic fuzzy set of a
nonempty set X. For [s,,s,],[t,,t,]€ D[0,1], the set U(W,;[s,,s,])={x € X |, (x)=[s,,s,]} is
called the interval-valued upper [s ,s,]-level subset (interval-valued upper level cut or
interval-valued upper level subset) of A and L(VA;[tl,tz]): {xeX|V,(x)<[t,,t,]} is called
the  interval-valued lower [t,,t,]-level subset (interval-valued lower level cut or

interval-valued lower level subset) of A.

Definition 1.1.29:[10] Let h be a mapping from a set X into a set Y.

(i) Let A=(u,,v,) be an interval-valued intuitionistic fuzzy set in X. Then the image of A

under h, denoted by h(A) = {(X, 1,4, (X),Vya, (X))} forall x € X, is defined by:

“’h(A) zeh(y) and

N L fa(z) if W7 () ={x [hx)=y}=¢
[0,0] , otherwise

is an interval-valued intuitionistic fuzzy

. rinf ¥,(z) if h™'(y)={x|h(x) =y} =
Vh(A)(Y): 2eh”(y)

[LL1] , otherwise
setinY.

(ii) Let B=(j1,,Vy) be an interval-valued intuitionistic fuzzy set in Y. Then the inverse image

(or pre-image) of B under h, denoted by h™(B) = {(x,[i . . (x),V (x))} forall xe X, is an
h'(B)

h™'(B)

interval-valued intuitionistic fuzzy set in X defined by I (B)(x)zﬁB(h(X)) and

<!

bl ) (x)zVB (h(x)) forallx e X.

Definition 1.1.30:[10] An interval-valued intuitionistic fuzzy set A = (ﬁ AV A) in a set X with
the degree of membership {1, : X — D[0,1] and the degree of non-membership v, : X — D[0,1]

is said to have rsup-rinf property if for any subset T of X there exists x, € T
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such that i, (x,)=rsupfi,(t) and V,(x,)=rinfV,(t).

teT teT
Definition 1.1.31:[10] Let A=(n,,v,) and B=(ji;,v;) be any two interval-valued
intuitionistic fuzzy sets in X. Then, the Cartesian product of A and B is given by

AxB=(i, ;,V,) Where the membership function i, ,:XxX — D[0,l] and the
non-membership function Vv, , : X x X — D[0,1] are defined by i, ,(x,y)=rmin{{, (x),5i,(y)}

and v, ,(x,y)=rmax{¥V,(x),v,(y)} forall x,yeX .

Combininig the notion of interval-valued fuzzy set and fuzzy set Jun et al. [36] introduced cubic
set defined as follows:

Definition 1.1.32:[36] Let X be a nonempty set . A cubic set A in X is a structure
A={<x,n,(x),0,(x)>xeX} briefly denoted by A=(n,,»,) where
I, (%) =[p5 (x),u5(x)]: X —> D[0,1] is an interval-valued fuzzy set in X and o, : X —[0,1] is a
fuzzy setin X .

For two cubic sets A =(ji,,»,) and B =(l1,,0;) in X, we define

I.AcB iff fi,<f, and o, >0,

2. A=Biff AcBandBc A

3. A° = {{x,0, (x),f,(¥)) | x € X

b A B = {0 (0.0, (O € X) = fxrminf ()7, (b (o (), () < X)

5. AUB = {{x, 1,5 (0,0, (0)x € X} = {(x, rmax(fi, (x), 5, (x)) min(w, (x), 05 (x)x € X}
Definition 1.1.33:[34] Let A =(fi,,®,) be a cubic set of X. For [s,,s,] D[0,]] and t €[0,]],
the set U(,:[s,,5,])={x € X[li,(x)2[s,,5,]} is called an interval-valued upper [s,,s,]-level

subset of A and L(,;t)= {x € X|o, (x) < t} is called lower t-level subset of A.

Definition 1.1.34:[34] A cubic set A=(i,,»,) in a nonempty set X is said to have the

rsup-inf property if for any subset T of X there exists t, € T such that {1, (t,)=rsupii,(t)

teT

and o,(t,) = in¥ o, (t) respectively.
te
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Definition 1.1.35:[36] Consider a collection of cubic sets A, ={<x,11, (X),0, (X)>x € X}

where 1€ Q)

(1) P-union and P-intersection denoted by P(UAJ and P(HAJ are defined as follows.

ieQ ieQ

P UAi = {<X,ﬁi§2Al (X)’(DngAi (x)>|x € X} = {<x,r‘supﬁAi (X),sup®, (x)>|x € X},

ieQ ieQ ieQ

PN = {(xit, 0 0 (x)>|xex}={<x,rg€%fmi (x)inf o, (x)}lxeX}

ieQ

(i1) Union and intersection denoted by UAi and ﬂAi are defined as follows.

ieQ) ieQ)
A = {<x,ﬁ oa, (X0, (X)>|x e X} = {<x,rsup By, (x),inf o, (x)>|x € X},

ieQ ieQ

ﬂAi = {<x,ﬁ122Ai (X)’(Di:ﬁl’*i (x)>|x € X} = {<x,rii€r§12f By, (X),supw, (x)>|x € X}

icQ ieQ

Definition 1.1.36:[34] Let h be a mapping from a set X into a set Y.
(i) Let A=(u,,o,) be a cubic set in X. Then the image of A under h, denoted by

h(A) = {<X,ﬁh(A) (x),(x)h(A)(x)>|x € X} , is defined by:

() {rsuprtA(z) if h™(y)={x [h(x) =y}

Hu(a) zeh ! (y) and
[0,0] , otherwise
inf ©,(z) if h'(y)={xhx)=y}#¢ S
Opea) (y) =97 ® is acubicsetinY.
1 , otherwise

(i1) Let B=(ii;,®5) be a cubic set in Y. Then the inverse image (or pre-image) of B under h,

denoted by h™'(B) = {<x,ﬁhl(B) (x),(oh,l(B) (X)>|X € X} is a cubic set in X defined by
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(X (x)=Tiz(h(x)) and o 5 (0 =0, (h(x)) forallx e X.

Definition 1.1.37:[34] Let A=(1,,»,) and B=(li,,m;) be any two cubic sets in X . Then,
the Cartesian product of cubic sets A and B is given by AxB=(l,;,0,.,) Where

Mp : XxX—>D[0,1] and o,,,:XxX—[0,1] are defined by i, ,(x,y)=rmin{fi, (x).i,(y)}

and o, ,(x,y)=max{o, (x),0,(y)} forall (x,y)e XxX.
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1.2 BCK/BCI-Algebras

In this section, we recall the definitions of different types of algebras that arise from
propositional and implicational calculi.

Definition 1.2.1: [28] A BCK-algebra (X,*,0) is a nonempty set X with a constant 0 and a
binary operation * satisfying the following axioms: For all x,y,ze X,

L ((x*y)*(x*2)*(z%y) =0

2. (x*(x*y)*y=0

3. x*¥x=0

4. x*y=0 and y*x=0 implies x=y

5. 0%x=0

Definition 1.2.2:[27] A BCl-algebra (X,*,0) is a nonempty set X with a constant 0 and a binary
operation * satisfying the following axioms: For all x,y,ze X,

Lo ((x*y)*(x*2z))*(z*y)=0

2. (x*(x*y)*y=0

3. x*x =0

4. x*y=0 and y*x=0 implies x=y

Definition 1.2.3: [24] A BCH-algebra (X,*,0) is a nonempty set X with a constant 0 and a
binary operation * satisfying the following axioms: For all x,y,z € X,

. x*x=0

2. x*y=0 and y*x=0 implies x=y

3. (x*y)*z=(x*2z)*y

Definition 1.2.4: [60] A B-algebra (X,*,0) is a nonempty set X with a constant 0 and a binary
operation * satisfying the following axioms: For all x,y,ze X,

I. x*x=0

2. x*¥0=x

3. (x*y)*z=xx(z*(0*y))
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Definition 1.2.5: [S8] A Q-algebra (X,*,0) is a nonempty set X with a constant 0 and a binary
operation * satisfying the following axioms:

I. x*x=0

2. x*0=x

3. (x*y)*z=(x*z)*xy forallx,y,zeX.

Definition 1.2.6: [59] A d-algebra (X,*,0) is a nonempty set X with a constant 0 and a binary
operation * satisfying the following axioms: For all x,y € X,

I. x*x=0

2. 0xx=0

3. x*y=0 and y*x=0 implies x=y

Definition 1.2.7:[39] A SU-algebra (X,*,0) is a nonempty set X with a constant 0 and a binary
operation * satisfying the following axioms: For any x,y,z € X,

L ((x*y)*(x#2)) *(y*2) = 0

2. x*0=x

3. If x*y=0 implies x=y

Definition 1.2.8:[63] A KU-algebra (X,*,0) is a nonempty set X with a constant 0 and a
binary operation * satisfying the following axioms: For any x,y,z € X,

Lo (xxy)*((y*z)*(x*2))=0

2. x*¥0=0

3. 0*x =X

4. If x*y=0=y*x implies x=y

Definition 1.2.9: [37] A BH-algebra (X, * ,0) is a nonempty set X with constant 0 and a binary
operation * satisfying the following conditions:

I.x * 0=x

2.x *x=0

3.x*y=0and y*x=0implies x =y, forall x,y e X.
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Definition 1.2.10: [47] A TM-algebra (X, *,0) is a nonempty set X with a constant 0 and a
binary operation * satisfying the following axioms:

[.x*0=x
2.(x*y) * (x*z)=z* yfor all x,y,zeX.
Definition 1.2.11:[70] A BF-algebra (X, *,0) is a nonempty set X with a constant 0 and a binary
operation * satisfying the following axioms:

1. x*¥x=0,
2. x*¥0=x,
3.0 (x * y)=y * x, forall x,yeX.
Definition 1.2.12: [64] A nonempty set X with a constant 0 and a binary operation * is called
PS — algebra if it satisfies the following axioms.

I. x*x=0
2. x*¥x0=0
3. x*y=0andy*x=0=x=y ,forall x,yeX.
Definition 1.2.13:[41] A BM-algebra is a nonempty set X with a constant 0 and a binary
operation * satisfying the following axioms:

I. x *0=x
2. (z* x) * (z * yy)=y * x, forany x,y,ze X.
Definition 1.2.14: [42] A BO-algebra (X, *,0) is a nonempty set X with a constant 0 and a
binary operation * satisfying the following axioms:

l. x*x=0

2. x*¥0=x

3.x* (y*z)=(x *y) * (0 * z)forany x,y,zeX.
Definition 1.2.15:[61] An algebra (X, *, 0) is called RG — algebra if the following axioms are
satisfied: For any x,y,z e X,

I. x* 0=x
2.x*y=(X*2)* (y * z)
3.x* y=y* x=0implyx=y.
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Definition 1.2.16:[12] A BRK-algebra is a nonempty set A with a constant 0 and a binary
operation * satisfying axioms:

I. x* 0=x

2. (x * y) *x=0 *y forany x,y € A.

Definition 1.2.17:[46] A BCL-algebra (X, *,0) is a nonempty set X with a constant 0 and a
binary operation * satisfying the following axioms: For any X,y,z € X.

1. x*x=0;

2. x*y=0andy *x=0implyx=y

3. ((xxy)rz)*((x x2)xy)*((z*y)*x)=0

Definition 1.2.18:[6] A BP-algebra (X, * ,0) is a nonempty set X with a constant 0 and a binary
operation * satisfying the following axioms:

I. x *x=0

2. x % (x *y)=y

3.(x *z) * (y * z)=x *y; forany X,y,zeX

Definition 1.2.19:[14] A Cl-algebra (X, *, 1) is a nonempty set X with a constant 1 and a
binary operation * satisfying the following axioms:

I.x *x=1

2. 1*x=x

3.x*% (y*z)=y * (x * z)forany X,y,ze X.

Definition 1.2.20: [43] A BE-algebra (X, *, 1) is a nonempty set X with a constant 1 and a
binary operation * satisfying the following axioms:

I. x* x=1forall xeX.

2. x* I=1forall xeX.

3. 1 *x=xforall xeX.

4., x * (y *z)=y * (x * z)forall x,y,ze X
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1.3 Z-Algebras

In this section, we recall the definition of a new algebraic structure introduced by
Chandramouleeswaran et al.[18], namely the Z-algebra which is an algebra based on
propositional calculus and the relation between Z-algebra and other algebras.

Definition 1.3.1: [18] A Z-algebra (X,*,0) is a nonempty set X with a constant 0 and a binary
operation * satisfying the following conditions:

I. x*0=0

2. 0*x=x

3. x*x =X

4. x*y=y*x, when x #0 and y # 0 for all x,y € X.

Note: Throughout our work, X means Z-algebra (X,*,0).

Example 1.3.2: [18] Let X={0,1,2,3} be a set with constant 0 and a binary operation * defined
on X with the following Cayley table, is a Z-algebra.

* |0 1 2 3
0 (0 1 2 3
1 |0 1 0 1
2 |0 0 2 2
3 |0 1 2 3

Example 1.3.3: [18] Let (X =R,*,0) where x,y € R . Define a binary operation * on X by,

y if (x=0andy#0) or (x#0andy=0)
X * y=4X X=Yy
Xy X#Y
Then, (X,*,0) be a Z-algebra.
Definition 1.3.4: [18] Let S be a nonempty subset of a Z-algebra (X,*,O). Then, S is called a

Z-Subalgebra of (X,*,O), if x*yeS, forall x,yeS.
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Example 1.3.5:] 18] Consider the Z-algebra in example 1.3.2. Then, the subset A ={1,3} = X
and B={2,3}c X are Z-Subalgebras of X, but the subset C={,23}cX is not a
Z-Subalgebra of X, for 1%¥2=0¢C.

In [18] , the authors have proved that a Z-algebra (X,*,O) is not a BCK-algebra,
a Q-algebra, a BH-algebra, a SU-algebra, a BM-algebra, a B-algebra, a BF-algebra,
a BRK-algebra, a RG-algebra and a TM-algebra.

Proposition 1.3.6:[18] Let (X,*,0) be a Z-algebra. Then, it is not a d-algebra,

a KU-algebra, a BE-algebra, a PS-algebra, a Cl-algebra, a BCl-algebra,
a BCH-algebra, a BP-algebra, a BO-algebra and a BCL-algebra.

Proof: In all the above algebras cited here except a Z-algebra, we have, x*x=0. But by
definition 1.3.1, for a Z-algebra we have, x *x=x#0.

Hence the proof.

Proposition 1.3.7: [18] Let (X,*,O) be a Z-algebra. Then, the following results hold for all
X,y,z€X.

L.(x*(x*(y*x)))=x,if y=0

2. (x*y)*0=(y*0)*(x*0)

B.(xxy)*[(y*x)*(x*y)]=y*x

4.0 (x*y)=(0%x)*(0*y)

5. x*(0*y)=x*y=y*x, forall x#y.

Definition 1.3.8:[18] Let (X,*,0) be a Z-algebra and I be a subset of X. Then, I is called an

Z-Ideal of X, if it satisfies the following conditions: For all x , y in X,
1.0el

2.x*yel and yel implies x el
Example 1.3.9:[18] Consider the Z-algebra in example 1.3.2. Then, 1={0,1,2} c X 1is an

Z-1deal of X.
Proposition 1.3.10: [18] Let I be an Z-Ideal of a Z-algebra (X,*,0). If x el and y*x =0, then

yel.
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Definition 1.3.11: [18] Let (X,x0) and (Y,¥,0) be two Z-algebras. A mapping
h:(X,%,0) > (Y,#,0") is called a Z-homomorphism of Z-algebras if h(x *y) = h(x)* h(y) for
allx,ye X.

Definition 1.3.12:[18] Let h: (X,*,0) > (Y,*',0") be a Z-homomorphism of Z-algebras. Then

1. his called a Z-monomorphism of Z-algebras if h is one to one.
2. his called an Z-epimorphism (or surjective Z-homomorphism) of Z-algebras if h is onto.

3. Kernal of h defined by Ker(h) = {x € X :h(x) =0’} is a subset of X.
Definition 1.3.13:[18] If h is one-one and onto Z-homomorphism from a Z-algebra (X,*,0) into

itself then h is called an Z-automorphism of Z-algebras. The set of all Z-automorphisms of a
Z-algebra X is denoted by Aut(X).
Definition 1.3.14: [18] If h is a Z-homomorphism from a Z-algebra (X,*,0) into itself then h is

called an Z-endomorphism.

Theorem 1.3.15:[18] Let h: (X,*,0) > (Y,*,0") be a homomorphism of Z-algebras. Then
(1) h(0)=0".

(i1) Ker (h) is both Z-Subalgebra and Z-ideal of X.

(iii) If B is Z-Subalgebra (Z-ideal) of Y, then h~'(B) is Z-Subalgebra (Z-ideal) of X.

(iv) If A is Z-Subalgebra (Z-ideal) of X, then h(A) is Z-Subalgebra (Z-ideal) of Y if h is

surjective Z-homomorphism.
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