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ABSTRACT

In this paper the definition o f  W-Hausdorff space introduced by Warren,R.H./2J is extended to 
second order fuzzy topological spaces in two different ways. It is shown that these two concepts 
are hereditary and productive. The relations between first order and second order concepts are 
studied. The behaviour o f these concepts with regard to i(6), i/S ), i*(6), aifr), (o)2 (T))sand a)2 *(t) 
are also analysed.

INTRODUCTION

A fuzzy set on a set X is a map defined on X with values in I, where I is the closed unit interval |0, 1). 
Equivalently tuzzy sets which are named as first order fuzzy sets in this study deal with crisply defined membership 
functions or degrees of membership. It is doubtful whether, for instance, human beings have or can have a crisp image 
of membership functions in their minds, Zadeh [8] therefore suggested the notion of a fuzzy set whose membership 
function itself is a fuzzy set. This leads to the following definition of a second order fuzzy set or a fuzzy set of type 2, 
■A second order fuzzy set on a nonempty set X is a map from X to l'.

A A A
First order fuzzy sets are denoted by f  g, and second order fuzzy sets are denoted by f , Q , h , .
In this paper the terms fuzzy set’ and first order fuzzy set’ are used synonymously.
Whenever a fuzzy set is considered without mentioning the order, it always refers to a first order fuzzy set.

Similar terminology applies to all concepts related to first order fuzzy sets.
Fundamental definitions and properties of second order fuzzy sets and second order fuzzy topological spaces are 
introduced in [5], Six impoitant and interesting connections is, ^4, 0s and 0s between first order and second
order fuzzy topological spaces are also studied in [5],
Connections between crisp topological spaces and second order fuzzy topological spaces are given in | 6|,
With eveiy'crisp topology x on a nonempty set X, three second order fuzzy topologies o)2(x), (o)2(x)r, and 0)2*(x) on

A A
X are associated. Also with eveiy second order fuzzy topology 5 on a nonempty set X, three crisp topologies i( 5 ),

A A
i,; (5 )  and i*( 5 )  on X are associated | 6|,
In this paper the definition of W-Mausdorff space introduced by Warren,R,H,[2] is extended to second order fuzzy' 

topological spaces in two different ways. It is shown that these two concepts are hereditary and productive. The 
relations between first order and second order concepts are studied. The behaviour of these concepts with regard to 
i(S), itlS), i*(8), t02(x), (o)2(x))t and C02*(x) are also analysed.

SECTION: 1 FUNDAMENTAL DEFINITIONS AND NOTATIONS 
Definition : 1.1(5]

A second order Chang fuzzy topology
satisfying the following conditions :

5 on a nonempty set X is a collection of second order fuzzy sets on X



(1 )

A  A  A
(i) 0 , 1 6 5 where, for any x e X

A
0 (x) = the zero function 0 on I 1 (x) = the constant function 1 on I

A  A \  ^  ^
(ii) f >, e 5 (breach X e  A implies ( V ) e 5

X E. A

A  A  m A  A
(iii) fi s 5 I'or i=  1.2........ m implies ( A  fj) e 5

i = 1
A

The pair (X, 5 ) is called a second order Chang fuzzy topological space.
A

A second order Lowen fuzzy topology 5 on X is defined by replacing axiom (i) in the above definition by axiom
(i)'.

A  A A  A
(i)' All constant function a  e 5 where, for any x e X. a  (x) = the constant function a  on 1. The pair (X, 5 )

A

is called a second order Lowen fuzzy topological space. The elements of 5 are called second order fuzzy open 
sets.
Definition : 1.2[5]

Evei7  first order fuzzy topology 5 = / X. e Aj on a non-empty set X defines a second order fuzzy
A  A  A

topology 5 = { f / . /  fx 6 5) on X where f i  (x) (a) = fx(x), for every x e X and for eveiy a  e 1. 'fhe
A

correspondence 5 —> 5 is denoted as 0i.
A  A

Let 8 = I f  /. / X e A1 be a second order fuzzy topology (Lowen) on X.
A  A

Fix a 6 I. fhe collection 5  ̂=the distinct elements of the collection {(fx)a / fit 6 8 } defines a first order
A  A

fuzzy topology on X where (fx)a(>t) = f  z (x)(a), for eveiy x e X. 03 denotes the correspondence 5 —> 5„.
A A

The collection S°= {(fx)* / f  ̂  e 8 j is a subbase for a first order fuzzy topology 5* on X where (fx)° (x) =
A  A

V  f  (x) (a ) , for eveiy xeX. 04 denotes the correspondence 8 —>5*
ael

Given a second order llizzy topology on a nonempty set X. the association 06. git'es a way of getting
A  A

another second order fuzzy topology on the same set X. That is, given a second order fuzzy topology 5 = { f  x
A  A A A

/X e  A[ on a nonempty set X, the collection 5c = {( fx)c/  fit e 8 }  is also a second order fuzzy topology on 
X.
Definition : 1.3 |6|

Let (X, 5 ) be a second order fuzzy topological space. Define
A  A  A

ie ( 8 )  to be the topology generated by the collection { ( / f e 5 } where for e e (0, 1), (A . )g = {x e X /

A
f (x r ‘ (E, 1] = IL

Z  A  A  A
i*(8) to be the topology generated by the collection | A A  f e 5 [ where ( A ) = |x e X / f (x)“' (b. 1]

= I for some b e (0. 1)}



(3) it (6  ) to be the topology having the collection { (A a)̂  / f e 5 ,ee(0,l)J as a sub basis.

Definition ; 1.4 |6|
Let (X. x) be a topological space. Define

(1) (ft)2(t))E to be the second order fuzzy topology generated by K  ̂where
( A a) e x}

fore 6 (0,1), K j = { f  6 (l')^ /

(2) (0 2(x) to be the second order fuzzy topology generated by K where

(3)

K = i f  e ( l V / ( A A ) ^  e X, for every s s  (0, I )j.

A
co2*(x) to be the second order fuzzy topology generated by K» where

K. = { f  e (!')’' /  A a e x}.

Definition : 1.5|2|
A fuzzy topological spaces ( X. 5 ) is said to be fuzzy W-Hausdorff if V x, y 6 X. x y, there exist f. g e 5 such 

that f (x) = 1, g (y) =1 and f A g = 0.

SECTION: 2 
Definition : 2.1

Second order fuzzy W-Hausdorff Spaces

A second order fuzzy topological spaces (X , 6 ) is said to be second order fuzzy W-Hausdorff of type 1, denoted 
by ( W -  H ) ,, if for every x, y e X, x y, there exist f, g 6 5 such that f ( x ) = the constant function 1, g ( y ) = the 
constant function 1 and f Ai g = 0 where f A| g = 0 means given xeX, either f(x)=0 or g(x)=0

Definition : 2.2
A second order fuzzy W-Hausdorff of type 2, denoted by ( W -  H >2 , is defined by replacing the

condition f A, g = 6 in the above definition by f A2 g = 0 where f A2 g = 0 means given xeX  and a e I, either
f(x)(a)=0 org(x)(u)=()
Note
( X , 5 ) i s ( W - H ) | = >  ( X , S ) i s (  W - H ) 2sincefA|g =>fA2g.

But the converse need not be true.
Theorem : 2.3
Subspace of a ( W -  I I ), space is ( W -  H ),.

Proof
Let ( X, 5 ) be a ( W -  H )| space. Let Y be a subspacc of X.
Consider yi, y2 e Y such that y\i^ y2- Then yi, y^ e X. There exist f, g e 5 such that f(y,) = 1, g(y2) = 1 and f A; g = 0.

.'. (? /Y), (g / Y) e (5 / Y). Also (f / Y) (y,) = 1, (g / Y) (yj) = 1 And (f /Y) A (g / Y) = 0.

.-. (Y, 5/Y) i s(  W - t l  ),.
Theorem : 2.4
Product ol'two ( W -  H )] space is ( W -  H )i.

Proof
Let ( X. 5|), ( Y, 82) be two ( W -11 )i spaces.
Consider two distinct points(x,,yi), (X2 ,y2) 6 X x Y. Either X|?l X2 or y,5̂ y2.

Assume X|?̂  Xa. .'. 'I'herc exist f, g e 8| such that f(x,) = 1, g(X2) = 1 and f A| g = 0.
'fherefore fl . g leS j x 82. Also (fl)( x,,yi) = 1 and (gl)( \ 2.y2) ~ 1 
For any (x.y) eX x Y. (fi)( x.y) 0 => f (x)(u) 0 for some a e 1
=> f(x)?^0 => g (x ) 7̂ 0 => (gl)(x,y) = 0  ̂ .-.(fi) A ,(gi) = 0
The proof in the other case is similar. Hence ( X x Y, 81 x 82 ) is ( W -  H )i.



Deruiitioii : 2.5
Let {(X>,. 8 x) / L e A) be a family of seeond order fuzzy topological spaces and X= flxsA I'he product topology 

on X is the one with basic second order fuzzy open sets of the form flxe Â x where f),68), and fj.= lexcept for finitely 
many L's.
Here (flxeA fxK( W\eA)(a)=^x^.\ fx(x J  (a), for eveiy ( Xx)x=a e FIxea ^ x and for every ael .
Theorem: 2.6
Arbitrary product of ( W -  H ), spaces is ( W -  H ), in the product topology.

Proof
Let |(Xx, 5 x) / L eA] be a collection of ( W -  H ), spaces.

Let X= rix€A Xx and 8 = flxeA §x
Consider two distinct points (xx)x̂ a , 0'x)xHAe flxeA^x- ■ ■ for some pe ,A.
.-.There exist e 5„ such that fn(x„)=l, g„(y^)=  ̂ and f̂ ,A, g,, = 0 
Let f=rix€A *fx "here = 1 for L /  p and g=rixea gx "here gx=l for L p. ^
Then f. g 6J1x6a5x • Also f((Xx)xeA) = f ,̂(Xp)=l. g((yx)xsA) = gu(yn)=> and f A, g = 0 
Hence (X. 8) is ( W -  11 ),.

Theorem: 2.7
(X. 5) is fuzzy W-Ilausdorff iff (X. 5) is ( W -H  )i where (X, 8) is got from (X. 5) through the association d,.

Proof
Given 5. 8 = {f/ fe5 } where f(x)(u)=f(x).

Assume (X. 5 ) is fuzzy W-1 lausdortf. Consider x.y eX such that x?ty. There exist f, g e 5 such that f(x)= I, g(y)= 1
andfAg=0.  . .f. g e 8 . Also f(x)=l, g(y)=l
Claim: f A g=0 =>f Ai g = 0
For zeX, f(z) 0 => f(z)(u) 0 for some ae l
=>f(z)?^0 =>g(z)=0 ( •.• f A g =0) ^ g (z )= 0  .-. f A|g= 6. Hence (X. 5 ) is ( W -  H )|.
'fo prove the concerse. it is enough to observe that fA] g=0 => f  A g=0.
Theorem: 2.8
If (X, 5 ) is ( W -  H )] then for every ael .  (X, 5 „) is fuzzy W-Hausdorff where (X,5 „) is got from (X, 8) through the 

association jfj.
Proof
Given S , 5 „  = {f„/feS } where f„(x)= f(x)(u), V xeX.
Consider x.y e X such that x y.
There exist f. ge 8 such that f(x)=l. g(y)=l and fA,g = 0 
.-. f„. e 6„ . Also f„ (x)= I and g„(y)= 1.
Claim: fA|g =0 implies f„ A g„=0
For z e X, f„(z) 0 => f(z)(u) 0 => f(z) 0 g(z) = 0 => g„ (z) = 0 .'. f„ A gj, = 0
Hence (X, 5u) is fuzzy W-Ilausdorff 
Theorem: 2.9
If (X , 8 ) is ( W -  II )i. then (X. 6  ̂ ) is fuzzy W-Hausdorff where (X. 5 is got from (X, 8 ) through the association

i4
Proof

A
Given 8, a subbase for 5 is = 1 f  / f e 8 j where f \x)= V  f  x.(x) (a ) , V x eX.

ael

Hence, to prove the theorem it is enough to obsert'e that for xe X. f(x)=l =̂> f  (x)= I and fA|g =0 => f' A g®
=  0 .

Theorem: 2.10
(X. 8 ) is ( W -  II )| iff (X. (8)J is ( W -  II )| where (X. (8),) is got from (X. 8) through the association 0;,.

Proof
The result follows b> noting that for anyf. g e o ,  IA|g eO iff (1\ A, (g),. = 0.
Theorem: 2.11 
l f(X.8 ) is( W - I I  )|. then



(1) For s e(0,l), (X. ij(8 )) is Hausdorff.
(2) (X, i* (S )) is Hausdorff.
(3) (X, i (5 )) is Hausdorff.

Proof
(1) Consider x,y e X such that x^y. there exist f, g £5 such that f(x)=l, g(y)=l and fA|g=0. 
f(x)=l => (f(x)y' (e, 1] = I => X 6 (Af)t 
Similarly g(y)=l =>y£ (Ag), 
f, g £S => (Ai)c, (A|X e ij(5 )
Next to prove (Af)c fl (Ag),; = cp 
z £ (Af), n (Ag)j

=> f  (z)?t 0 and g(z) which is a contradiction since fAig=0 
Hence (X, i(;(5)) is Hausdorff 
Proofs of (2) and (3) are similar.
Theorem: 2.12 
If (X, t) is Hausdorff. then

(1) For K £ (0,1). (X,((02(t))j) is ( W -  H )i
(2) (X,coj(T))is( W - H ) ,
(3) (X,co2*(t))is( W - H ) ,

Proof
(I) For X, y £ X. X y y, there exist U, V £ t such that x e U, y£ V and UnV=(p.
Then Xu(x) = I.Zv(y)= ^
Next to prove Xu Ai Xv= 0
Foi z e X, Xu(z)^0 => Xu(z)=> => zeU => z ^ V  => Xv(z)=0 .-. XuAiXv=0
Since (Aj  ̂% =Uex, Xu which is a base of ((02(t))c. Similarly Xv eRc- Hence (X,(co2(t))c) is ( W -  H )i. Proofs of (2) 
and (3) are similar.
Note: 2.13

The theorems 2.3 to 2.12 proved for the separation axiom ( W -  H )i have exact parallels for the separation 
axiom ( W -  H )2 also.
However, the following two results are to be used to prove the theorems parallel to 2.7 and 2.10 for the separation 

axiom ( W -  H )2.
(1) fAg=0i f f fA2g = 0
(2) fA2g = 0 iff(f)cA2(g)c = 0
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