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Intuitionistic Fuzzy Structures in Z-Algebras

In 1986, the idea of “intuitionistic fuzzy set” was first published by Atanassov [8],
as a generalization of the notion of fuzzy set. Using the Atanassov’s idea, in this chapter, we
establish the intuitionistic fuzzification of Z-Subalgebras and Z-ideals in Z-algebras and explore
some of their properties in detail. Further, we investigate some characterization theorems on
these notions using the concepts of upper s-level and lower t-level subsets. This chapter is
divided into two sections. The first section deals with the study of intuitionistic fuzzy
Z-Subalgebras in Z-algebras. In section 2, we introduce the concept of intuitionistic fuzzy

Z-Ideals in Z-algebras and prove some interesting results.

5.1 Intuitionistic Fuzzy Z-Subalgebras in Z-Algebras
In this section we introduce the notion of Intuitionistic Fuzzy Z-Subalgebra of a Z-algebra. Also
we prove some interesting results.
Definition 5.1.1: An Intuitionistic Fuzzy Set A =(u,,v,) in a Z-algebra (X,*,0) is called an
Intuitionistic fuzzy Z-Subalgebra of X if it satisfies the following conditions:
(1) p,(x*y)2min{p, (X), 1, (¥)}
(1) v, (x*y)<max{v,(x),v,(y)} ,forall x,ye X.
Example 5.1.2:Consider a Z-algebra X={0,1,2,3} with the following Cayley table as in Example
2.1.2.

* |0 1 2 3
0 |0 1 2 3
1 0 1 3 2
2 |0 3 2 1
3 |0 2 1 3
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An intuitionistic fuzzy set A=(u,,v,) in X defined by p,(x)=10.4

04 if x=0

v,(x)=30.5 if x=1 isanintuitionistic fuzzy Z-Subalgebra of X.

0.6 if x=23

Theorem 5.1.3: Let A and A, be two intuitionistic fuzzy Z-Subalgebras

Then A, N A, is an intuitionistic fuzzy Z-Subalgebra of X.
Proof: Let x,ye A, "A,then x,ye A and A, .
Now,
(1) Wy 0, (Xxy)=min{p, (X*y),u, (X*y)}
> min{min{ p, (X), 1, (Y} ,mind py (%), 1, (Y5
= min{min{ p, (x),u1, (x)}, min{p, (y),n,, (¥)}}
=min {p, oy, (X, a, (9))
(i) Vaon, (X*y)=max{v, (x*y),v, (X*y)}
<maximaxiv, (X),v, (y)j ,max{v, (x),v,, (y);}
= max{max v, (x),v, (X)j,max{v, (y),v, (¥);}

= maX{VAIUAZ (X)avAlqu (y)}

if x=0
if x=1 and
if x=23

of a Z-algebra X.

From (i) and (i1) we get A, N A, is an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X.

The following example illustrates Theorem 5.1.3.

Example 5.1.4: Let X = {0, 1, 2, 3} be a Z-algebra with the following Cayley table:

* |0 1 2 3
0 |0 1 2 3
1 |0 1 2 3
2 |0 2 2 1
3 |0 3 1 3
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Intuitionistic fuzzy sets A, = (u A2 Va, ) and A, = (u A, Va, ) in X defined by

0.6 if x=02 04 if x=0.2 0.7 10 x=0
W, (=4 0 HoxED =1 TR L ®)=105 if x=1,2 and
‘ 0.3 otherwise ' 0.5 otherwise ? )
02 if x=3
03if x=0
v, (x)=404if x=12  are intuitionistic fuzzy Z-Subalgebras of X.
0.7if x=3
06 if x=0 )
. 04 if x=0,2
03 if x=1 '
Then, p, ., (x)= 05 if x=2 and v, , (x)=40.5 1.f x=1
] 07 if x=3
02 if x=3

Clearly A, n A, is an intuitionistic fuzzy Z- Subalgebra of a Z-algebra X.

We can generalize the above theorem as follows

Corollary 5.1.5:  Let {Ai|ieQ} be a family of intuitionistic fuzzy Z-Subalgebras of a

Z-algebra X. Then ﬂAi 1s an intuitionistic fuzzy Z-Subalgebra of X.

ieQ

Theorem 5.1.6: An intuitionistic fuzzy set A =(u,,v, ) is an intuitionistic fuzzy Z-Subalgebra
of a Z-algebra X if and only if the fuzzy sets p, and (v A )° are fuzzy Z-Subalgebras of X.
Proof: Let A =(u,,v, ) be an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X then

Ha(x#y) 2 min{p, (x), 1, (y)} and (1)
vy (x*y) Smax{v,(x),v,(y)} Vx,yeX )
For every x,y e X, we have,

(Va) (oY) ==V, (xxy) = T=max v, (x),v, ()} =min{1=v, ().l =V, ()}

= min{ (v,)* (9, (v,)" ()}

Hence p, and (v, ) is a fuzzy Z-Subalgebras of X.
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Conversely, for every x,ye X, we have,
Ha (x*y) 2 min{u, (x),1, ()} and 3)
1=V, () =(v,) (0 y) 2 mind (v,)° (%),(v,)* (0)f = min {1 =v, (),1=v, ()}
= 1-max{ v, (x),v,(y)}

e, v, (x*y)<max{v,(x),v,(y)} 4)
By (3) and (4) we get, A = (p A5V A) is an intuitionistic fuzzy Z-Subalgebra of X.
Theorem 5.1.7: A =(u,,v A) is an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X if and
onlyif @A = (HA ,(ny)© ) and ®A = ((vA ),V ), both are intuitionistic fuzzy Z-Subalgebras of
X.
Proof: Let A = (p AV A) be an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X.
Let x,y e X. Then,

(1) pa(x*y) 2 min{p, (x), 1, (y)}

(i) v, (x*y) Smax{v,(x),v,(y)}

(i) () (x*y) =1—p, (x*y) <T—min{ p, (x),p, (y)} =max {I—p, (x),1-p, (y)}

= max{(1,)* (), (1) (¥)}
(iv) (vi) (x*y)=1-v,(x*y) 21-max{v,(x),v,(y)} =min{l-v,(x),1-v,(y)}
=min{(v,)° (), (v,)* ()}

From (1) and (iii), we get @ A is an intuitionistic fuzzy Z-Subalgebra of X.
And, from (i1) and (iv), we get ® A is an intuitionistic fuzzy Z-Subalgebra of X.
Conversely, forany x,y e A, p,(x*y)2min{p, (x),n,(y)} and
v, (x*y)<max{v,(x),v,(y)} implies A = (u AV A) is an intuitionistic fuzzy Z-Subalgebra of
X.
Theorem 5.1.8: If A =(u,,v, ) is an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X, then

U(u,;s) and L(v,;t) are Z-Subalgebras of X for all s,t€[0,1].
Proof: (i) Let x,ye U(MA;S) .Then p, (x)>s and p,(y)=s.

It follows that, p, (x *y) > min{u, (x),n,(y)} = min{s,s} >s so that x*ye U(MA;S).
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Hence, U(u A;s) is a Z-Subalgebra of X.

(i) Let x,ye L(vA;t). Then,

vi(x)<tand v,(y)<t

It follows that, v, (x *y) <max{v,(x),v,(y)} <max{t,t}=t so that x#*ye L(v,;t).
Hence, L(v,;t) is a Z-Subalgebra of X.

From (i) and (ii), we get the upper s-level subset U(u, ;s) and lower t-level subset L(v,;t) of A
are Z-Subalgebras of X.

Theorem 5.1.9: Let A = (p AV A) be an intuitionistic fuzzy set in a Z-algebra X such that the
sets U(u,;s) and L(v,;t) are Z-Subalgebras of X for every s,t[0,1]. Then A =(u,,v, ) is an
intuitionistic fuzzy Z-Subalgebra of X.

Proof : Suppose there exist x,,y, € X such that p, (x,*y,) <min{u, (X,),1,(¥y)} (1)

Let p,(x,)=0,, u,(y,)=0, and p,(x,*y,)=s.Then, s<min{p,,0,}.

1 )
Let us consider, S, = E[HA(XO * yo)+ mln{MA (Xg)lp (Yo)}] = %[S +min{0,, 92}]

Therefore, 6, > S, :%[Serin{Gl,G2 }] >s and 0, >S5 :%[s+min{91,92 }] >s

Hence, min{91,92}> s, >s=U,(X,*Yy,),sothat x,*y, ¢ U(uA;sl).

But, u,(x,)=6,>min{0,,0,}>sand p,(y,)=6,>min{8,,0,}>s,implies
Xy, Yo € U(u A58 l),Which is a contradiction.

Hence p,(x*y)2>min{p, (x),u,(y)} ,forall x,yeX.

Suppose there exists Xx,,y, € X such that v, (x,*y,) >max{v,(X,),V.(¥,)} 2)

Let v,(x,)=m,, VA(Y,)=m, and v,(x,*y,)=t. Then, t>max{n1,n2}.

) 1 1
By taking t, = E [VA (Xo *Yo )"’ maX{VA (X¢)sVa (YO)}] = 5 [t +maX{ﬂ1 4P }]

| |
Therefore, 1, < t :E[t—i-max{nl,m }] <t and n, <4t =5[t+maX{mmz }] <t

Hence, max{nl,n2}<tl<t:vA(X0*y0) so that xo*yoﬁL(vA;tl).
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But v,(x,)=1n,< max{nl,n2}< t,and v, (y,)=n, < max{nl,n2}< t, implies
Xy, Yo € L(v A;tl) which is a contradiction.
Thus, v, (x*y) <max{v,(x),v,(y)} , forall x,yeX.

Therefore, A =(u,,v, ) is an intuitionistic fuzzy Z-Subalgebra of X.

Theorem 5.1.10: Any Z-Subalgebra of a Z-algebra X can be realized as both the upper s-level

and lower t-level Z-Subalgebras of some intuitionistic fuzzy Z-Subalgebras of X.

Proof : Let Q be a Z-Subalgebra of a Z-algebra X and let A be an intuitionistic fuzzy set in X
defined by

s,if xeQ

0, otherwise

t,if xeQ
and v,(x)= . forall xe X and s,te(0,1) and s+t<1.
1, otherwise

MA(X)={
To prove: A is an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X. Let x,y e X.
Case 1: If x,y € Q then x*y Q. Also, 1, (x)=s, v, (x)=t, 11, () =5, v, (y)=t ,
pa(xry)=s and v,(x*y)=t.

Hence, i, (x*y)=s =min{s,s}=min{p, (x),u,(y)} and
va(xry)=t=max{t,tj=max{v,(x),v,(y)}

Case2: If xeQ and ygQ,then p,(x)=s,v,(x)=t and p,(y)=0,v,(y)=1. Thus,
My (x#y)2 0 = min{s,0f = min{p, (x), 1, (y)}

and v, (x*y)<1 = max{t,1} = max{v, (x),v,(y)}

Case3: If x¢Q and yeQ ,then pu,(x)=0,v,(x)=1and p,(y)=s, v,(y)=t. Thus,
pa(x*y)2 0 =min{0,s } = min{p, (x), 1, (v)}

and v, (x*y)<1=max{l,t } =max{v,(x),v,(y)}

Cased: If x¢Q and yeQ ,then pu,(x)=0,v,(x)=1and p,(y)=0, v,(y)=1. Thus,
pa(x*y)2 0 =min{0,0 } = min{p, (x), . (v)}

and v, (x*y)<1 =max{L1} = max{v,(x).v,(y)}

Therefore, A is an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X.
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Obviously, U(u,;s)=Q =L(v,;t).

Theorem 5.1.11: Let Q be a subset of a Z-algebra X and A be an intuitionistic fuzzy set on X
which is given in the proof of Theorem 5.1.10. If Q be realized as upper s-level Z- Subalgebra ,
lower t-level Z-Subalgebra of intuitionistic fuzzy Z-Subalgebra A of X, then Q is a
Z-Subalgebra of X.

Proof: Let Q be a subset of a Z-algebra X and A be an intuitionistic fuzzy Z-Subalgebra of X
such that U(p,;s)=Q =L(v,;t).

To prove: Q is an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X.

Let x,yeQ.Then p,(x)=s, p,(y)=s, v,(x)<t and v,(y)<t .

Thus, p, (x *y)2 min{p, (x),, (y)} 2 min{s,s} =s

v, (x*y)< max{vA(x),vA(y)} <max{t,t} =t

Hence, x*yeQ

Therefore, Q is a Z-Subalgebra of a Z-algebra X.

As a generalization of Theorem 5.1.10, we prove the following theorem.

Theorem 5.1.12: Let (X,*,O) be a Z-algebra. Then any given chain of Z-Subalgebras
Q,cQ,c..cQ, =X, there exists an intuitionistic fuzzy Z-Subalgebra A of X whose level
(both upper level and lower level ) Z-Subalgebras are exactly the Z-Subalgebras of this chain.
Proof: Consider set of numbers s, >s, >...>s, and t, <t, <..<t, , where eachset s,,t. €[0,1]
and s, +t, <

Let A = (p AsV A be an intuitionistic fuzzy set of a Z-algebra X is defined by

Sy, I x€Q, |
s, fxeQ.—-Q.,, 1=12,.. )
t,, if
and v, (x)= e 1X€Q°, @)
t, ifxeQ,-Q,,,1=12,...,r
Case 1: Let x,yeQ,—-Q,, . Therefore, by (1) and (2), u,(x)=pn,(y)=s, and

vi(x)=v,(y)=t,.
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Since Q, is a Z-Subalgebra, x*yeQ, = x*yeQ,-Q,, or x*yeQ,,. In any case, we
conclude that

ma(xxy)>s; =minfs,.s; } = min{p, (x)u,(y))

and v, (x*y)<t, =max{t,t | = max{v,(x),v,(y)}

Case 2: Let xeQ,-Q,, and yeQ,-Q,, for i>j. Therefore, by (1) and (2), p,(x)=s; ,
n.(y)=s, . vix)=t; and v,(y)=t,. Since Q is a Z-Subalgebra of X and Q, c Q,,
x*yeQ);.

Hence, 1, (x+y)>5, = min {s,,s,} = min{y, (<, ()

and v, (x*y)<t, = max{t, t,} = max{v, (x)v,(y)}

Thus A is an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X.

From (1) and (2), it follows that Im(u,)={s,.S,.....s,} and Im(v,)={t,.t,,...t.}. Hence, the
level Z-Subalgebras of A are given by the chain of Z-Subalgebras

Ulasso) e Ulpssy) e c Uluyss, ) =X 3)
and L(v,;t,)cL(v,:t,)c..c L(v,;t,)=X 4)
Now, Ulpssse)={x € X| i, (x) 28} =Qy ={x e X[ v, (x) <ty j=L(v,it, ).

Clearly, Q, = U(u,;s;) and Q, c L(v,:t,). If xe U(u,;s;) and L(v,;t,), then p,(x)>s, and

v, (x)<t, which implies that x ¢ Q, for j > i.

Hence, p,(x)e{s,.5,..8,} and v,(x)eft,,t,,...t;} and so xeQ, for some k<i. As

1

Q, cQ,, it follows that x € Q,. Therefore, U(u,;s,)=Q,= L(v,;t,) for i=o,1,...,r. This

>

completes the proof.

Note: If X is a finite Z-algebra, then the number of Z-Subalgebra of X is finite, but on the other
hand the number of level Z-Subalgebras of an intuitionistic fuzzy Z-Subalgebra A appears to be
infinite. But since every level Z-Subalgebras is indeed a Z-Subalgebra of X, not all these

Z-Subalgebras are distinct. The next theorem characterizes this aspect.
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Theorem 5.1.13: Let A = (p AsV A) be an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X.
Then,

(i)  two upper s-level Z-Subalgebras U(u,;s,) and U(u,:s,) (with s, <s,) of A are equal if
and only if there is no x € X such that s, < MA(X)< S, .
(ii) two lower t-level Z-Subalgebras L(v,;t,) and L(v,:t,) (with t, > t,) of A are equal if
and only if there is no x € X such that t, > v, (x)>t,.

Proof:

(i)  Assume that U(u,;s,) = U(u,:s,) for s, <s, and assume that there exists x € X
such that s <p,(x)<s,. Then U(u,:s,) is a proper subset of U(u,:s,), which is a

contradiction.

Conversely, suppose that there is no x € X such that s, <p, (x)<s,.
Since s, <s,, we have U(u,;s,)< Ulu,;s,) (1)
If xeU(u,:s,) ,then p,(x)>s, and so p,(x)>s,, because u,(x) does not lie between s,
and s, . Hence, X e U(MA;sz), which implies that U(MA;sl)g U(pA;sz). (2)
From (1) and (2) we get, U(u,;s,)= Ulu,;s,).
(11) Assume that L(v,;t,) = L(v,;t,) for t, > t, and assume that there exists x € X such
that t, >v,(x)>t,. Then L(v,;t,) is a proper subset of L(v,;t,), which is a contradiction.
Conversely, suppose that there is no x € X such that t, > v, (x)>t,.
Since t, > t,, we have L(v,;t,)c L(v,:t,) 3)
If xeL(v,:t,),then v,(x)<t, and so v,(x)<t,, because v, (x) does not lie between t, and
t,. Hence, x € L(v,;t,), which implies that L(v,;t,)c L(v,;t,). 4)
From (3) and (4) we get, L(VA;t1)=L(vA;t2).
Theorem 5.1.14: Let X be a finite Z-algebra and A =(u,,v,) be an intuitionistic fuzzy
Z-Subalgebra of X.

@) If Im(p,)={s,..,s,}, then the family of Z-Subalgebras Ul(u,;s.),i=1.2,...,n

constitutes all the upper s-level Z-Subalgebras of A.
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(ii) If Im(v,)=1{t,.,...t,}, then the family of Z-Subalgebras L(v,:t.) , i=1,2,...,n

constitutes all the lower t-level Z- Subalgebras of A.

Proof:

(1) Letsefo,1] and s¢ Im(pA). Suppose s, <s, <...<s, without loss of generality. If s<s, ,
then U(u,;s,)=X=U(u,:s). If s>s,, then obviously U(u,;s)=¢. If s, <s<s,, then by
Theorem 5.1.13, we get U(uA;s)=X=U(uA;si). Then for any se[0,1], the upper s-level
Z- Subalgebra is one of {U(u,:s,)|i=12,..,n}.

(ii) Let te[0,1] and tg¢Im(v,). Suppose t, >t, >...>t_ without loss of generality. If t>t, ,

then L(v,:;t,)=X=L(v,:t). If t<t,, then obviously L(v,;t)=¢. If t_ >t>t, then by

Theorem 5.1.13, we get L(v,;t)=X=L(v,;t,). Then for any te[0,1], the lower t-level

Z- Subalgebra is one of {L(v,;t,)|i=12,...,n}.

Theorem 5.1.15: Let A =(u,,v A) be an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X.

Then

(1) If Im(p,) is finite , say {sl,..‘,sn}, then for any s;,8; € Im(p,,), U(uA;si)zU(uA;sj)
implies s; =s,.

(i1) If Im(v,) is finite , say {t],...,tn}, then for any t;,t; eIm(v,), L(VA;ti):L(vA;tj)
implies t; = t;.

Proof: (i) Assume that s; #s,,say s, <s,. If xe U(HA;Sj), then p, (x)>s; >s,, which implies

that x € U(u,;s;). Let x € X be such that s, <, (x)<s,. Then x € U(p,;s;), but x & Ulu,;s,)-

Hence, U(u,;s;)c U(u,;s;) and U(u,;s,)# U(w,;s, ). a contradiction. Therefore s, ='s .

(i) Assume that t, =t , say t, >t;. If xeL(vA;tj), then \/A(X)Stj <t,, which implies that

xeL(v,;t.). Let x € X be such that t, >VA(X)>tj. Then x eL(v,:t,), but erL(vA;tj).

Hence, L(VA;tj)C L(v,;t,) and L(VA;tj);t L(v,;t,), a contradiction. Therefore t. = t;.

Theorem 5.1.16: Let h be a Z-homomorphism from a Z-algebra (X,*,O) onto a Z-algebra

(Y,,0") and A =(u,,v,) be an intuitionistic fuzzy Z-Subalgebra of X with sup-inf property.

Fuzzy Structures on Z-Algebras 139



Intuitionistic Fuzzy Structures in Z-Algebras

Then the image h(A)= {<y,uh(A)(y),vh(A)(y)>|y € Y} of A under h is an intuitionistic fuzzy Z-
Subalgebra of Y.

Proof: Let a,b e Y with x,eh™'(a) and y, € h™'(b) such that

Ma(x0)= sup py(t) ; my(ys)= sup py(t) and

teh™(a) teh™'(b)

Va (Xo ) = tei}fllf;a)VA (t); Va (YO ) = teig}lf;b)vA (t)

Mh(A)(a *'b)z sup MA(t) e “A(Xo * YO) 2 min{“A (Xo)a HA(YO)}

teh ™' (a*'b)

=min{ sup p,(t), sup luA(t)}

teh™ () teh™ (b)
= mll’l{ Mh(A)(a)’ “h(A)(b)}

Also Vh(A)(a + b) = tehifl(f*,b)VA(t) < VA(XO * YO) < max{ VA(XO)’VA(YO )}

:max{ inf vA(t), inf VA(t)}

teh™ (a) teh™ (b)

= maX{Vh(A)(a)th(A)(b)}
Hence h(A) is an intuitionistic fuzzy Z-Subalgebra of a Z-algebra Y.
Theorem 5.1.17 Let h: X - Y be a Z-homomorphism of Z-algebras and B be an intuitionistic
fuzzy Z-Subalgebra of a Z-algebra Y. Then the inverse image of B,

h™(B)= {<x, [T (B)(x),v o (B)(x)>|x € X} is an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X.

Converse is true if h is an Z-epimorphism.
Proof: Let B be an intuitionistic fuzzy Z-Subalgebra of a Z-algebra Y.

Let x,y e X . Then,
ooy (X * ¥) =y (h(x *y) = g (h(x) *" h(y)) = min{u, (h(x)), uy (h(y))}

=mini o (X, 1 (V)
Also, Vi (X*Y) = Vg (h(x*Y)) = vy (h(x) * h(y)) < max{v,(h(x)), v, (h(y))}

=max{v, . (X),V,. (V)
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Thus h™' (B) is an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X.
On the other hand, assume that h is an Z-epimorphism and h’l(B) is an intuitionistic fuzzy

Z-Subalgebra of a Z-algebra X.

Let y1, y» € Y. Since h is an Z-epimorphism there exists x;, X, € X such that h(x;) = y; and

h(x2) = y».
This implies x;=h "'(y;) and x,=h "(y»).

Now, 1y (y, # ¥2) = g (h(x,) ¥ h(x,)) = iy (h(x, * X)) = g (%, *x,)
> min{pt, ) (% bt (%)
= min {p, (h(x,)), 1y (h(x,))}
=min{uy(y,), Hp(y,)}

and vgy(y, *'y,)=vy(h(x)* h(x,)) = vg(h(x, *x,)) = Vh*‘(B)(Xl *x,)
<max v, (%) vy (X
= max {v,,(h(x,)), v (h(x,))}
=max{vy(y,),vs(¥,)}

Hence B is an intuitionistic fuzzy Z-Subalgebra of a Z-algebra Y.

Definition 5.1.18: Let h be an Z-endomorphism of Z-algebras and A be an intuitionistic fuzzy
set in a Z-algebra X. We define a mew intuitionistic fuzzy set A" = (;,t AoV Ah) in X as
Ha(x)=p,(h(x)) andv,,(x)=v,(h(x))forallx e X.

Theorem 5.1.19: Let h be an Z-endomorphism of a Z-algebra (X,*,0). If A be an intuitionistic

fuzzy Z-Subalgebra of X. Then A" is also an intuitionistic fuzzy Z-Subalgebra of X.
Proof: Let x, ye X. Then

(D) B (x*y)=p, (h(x*y)) = p, (h(x) *h(y)) 2 min{p, (h(x)),p, (h(y))}
=min{u, (X), 1, (¥)}

(i) v,. (x*y)=v, (h(x*y)) = v, (h(x) *h(y)) <max{v, (h(x)),v, (h(y))}
=max{v,,(x),v,.(y)}

From (i) and (ii) we get, A" is an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X.
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Theorems 5.1.20: Let A and B be any two intuitionistic fuzzy Z-Subalgebras of a Z-algebra X.
Then A x B is an intuitionistic fuzzy Z-Subalgebra of X x X.
Proof: Take (x,,y,) and (x,,y,)e XxX . Then
Masal(61 ¥, ) (0 ¥ 1= [, %, ). (3, )]
= minfp, (x, *x, ) ey, * v, )}
> min{min{u, (x,).p, (x, )} min{ug (y, )Ly (v )}
= min{mind{yr, (x, )y, ) mindp, (c, )y ()}
= min{u o (%5 ¥ )b R (%509 )}
Vaal(%1 3% (60,35 )= v (62, (v # )]
= max{v,, (x, #x, ) v, (y, *y,)}
< max {max {v, (x, v, (x, )}, max{vy (v, ) vy (v )}}
= max {max{v, (x, ). v, (y, )}, max{v,, (x, ) vy (v, )}

= maX{VAxB (Xl’ Y1 )’VAXB (Xz, Y2 )}
This proves that the Cartesian product of any two intuitionistic fuzzy Z-Subalgebras of a

Z-algebra X is again an intuitionistic fuzzy Z-Subalgebra of X.
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5.2 Intuitionistic Fuzzy Z-Ideals in Z-Algebras
In this section we introduce the notion of Intuitionistic Fuzzy Z-ideal of a Z-algebra. Also we
have proved some simple but elegant results.
Definition 5.2.1: An intuitionistic fuzzy set A =(u,,v, ) ina Z-algebra (X,*,0) is called an
intuitionistic fuzzy Z-ideal of X if it satisfies the following conditions:
(i) 1y (0) 2, (x) and v, (0) <, (x)
(i) py(x) 2min{p, (x*y), p,(y)}
(111) v, (x) <max{v, (x*y), v,(y)}, forall x,yeX.
Example 5.2.2: Let X = {0, 1, 2, 3} be a set with the following Cayley table:

* |0 1 2 3
0 |O 1 2 3
1 |0 1 1 3
2 |0 1 2 2
3 10 3 2 3

Then (x,+,0) is a Z-algebra.

Define an intuitionistic fuzzy set A = (u,,v, ) in X as follows:

n, (x)=0.8 forallx=0,1,2,3 and v, (x)=0.1forallx=0,1,2,3.Then, A=(u,,v,)isan
intuitionistic fuzzy Z-ideal of a Z-algebra X.

Theorem 5.2.3: Intersection of any two intuitionistic fuzzy Z-ideals of a Z-algebra X is again an

intuitionistic fuzzy Z-ideal of X.

Proof : For every x,ye X

M (0) = minfp, (0), 1, (0)} > mindu, (x) by (x)f = 5 (x)

Vaup(0) = max{v, (0), v, (0)} < max{v, (x), vi; (<)} = v,y (x)

M (%) = mindue, () ()} = min{minfu, G y) () min g (o y ) g (v)}
= min{min{u, (x*y) g (xx y)h minfu, (y) g (v)}}

= min {uAﬁB (X * Y), HanB (Y)}

Fuzzy Structures on Z-Algebras 143



Intuitionistic Fuzzy Structures in Z-Algebras

Vaos(x) = maxiy, (x) vy (x)} < max{max{v, (x xy),v, (y)l max{vy (x = ). va (y)}}
= max{max {v A (X *y ) Vg (X * Y)} max {VA (Y) Ve (Y)}}

= maX{vAuB (X * y)’ vAuB (Y)}
Hence A mB is an intuitionistic fuzzy Z-ideal of a Z-algebra X.
We generalize the above theorem as follows.

Theorem 5.2.4: Let {Ai lie Q} be a family of intuitionistic fuzzy Z-ideals of a Z-algebra X.

Then ﬂAi is an intuitionistic fuzzy Z-ideal of X.

ieQ
Lemma 5.2.5: An intuitionistic fuzzy set A =(u,,v,) is an intuitionistic fuzzy Z-ideal of a
Z-algebra X if and only if the fuzzy sets p, and (v,)° are fuzzy Z-ideals of X.
Proof : Let A =(u,,v,) be an intuitionistic fuzzy Z-ideal of a Z-algebra X.
It is clear that p, is a fuzzy Z-ideal of X.
Now, for any x,y € X, we have,
(VA (0)=1=v,(0) 21-v,(x) =(v4)"(x)
and  (v,) (%) =1-v,(x) 21-max{v, (x *y).v, (1)} =min{l-v, (x*y).1-v, (y)]
=min{(v,)* (x*), (v, ) ()}
Hence (v,)° is a fuzzy Z- ideal of X.
Conversely, for every x,y e X , we have,
() pa(0)2p,(x) and p, (x) = minfu, (x*y)., (y)}
(i) 1=V, (0= (V) (O 2 (v () =1-v,(x) = v,(0)<v,(x) and
1=V, () = (v, ) (x) 2 min{(v,) (x*y),(v,) (¥} = min{1- v, (x # y),1- v, ()}
=1—-max{v,(x*y),v,(y)}
Thatis, v,(x)< max{vA(x * y),vA(y)}
From (i) and (i1)) we get A = (u AsV A) is an intuitionistic fuzzy Z-ideal of a Z-algebra X.
Theorem 5.2.6: Let A =(u,,v, ) be an intuitionistic fuzzy set in a Z-algebra X. Then

A =(u,.v,) is an intuitionistic fuzzy Z-ideal of X if and only if ® A =(p,,(u,)°) and
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®A= ((v A5V A) are intuitionistic fuzzy Z-ideals of X.
Proof: Let A =(u,,v, ) be an intuitionistic fuzzy Z-ideal of a Z-algebra X.
Let x,y e X. Then,
) pa(0)2p,(x) and p,(x) 2min{ p, (x*y), p,(y)}
(i) v,(0)<v,(x) and v, (x)<max{v,(x*y),v,(y)}
(i) (ny) (0)=1-p, (0) ST—p,(x) =(n,)"(x)
(V) ()" (x)=1-p,(x) ST-min{p, (x*y),p,(y)} =max{l—p, (x*y)l-p, ()}
=max{ (n,) (x*y),(ns) (¥}
V) (v (0)=1=(v,)(0) 21-v,(x) =(v,)"(x)
(V) (V)T () =1=v, (%) 21 =max{ v, (x¥y),v,(y)} =min{l-v,(x*xy).l-vy(y)}
= min{(v,)*(x*¥),(v,)" (¥)}

From (i), (iii) and (iv) we get @ A = ( P, (Ha )°) is an intuitionistic fuzzy Z-ideal of X.
And, from (ii), (v) and (vi) we get ® A =((v,)°,v, )is an intuitionistic fuzzy Z-ideal of X.
Conversely, assume that ® A = ( P, (Ha )°) and ® A = ((v )55V A) are intuitionistic fuzzy
Z-ideals of a Z-algebra X. Forany x,ye A,

(D) 1p(0)2p,(x) and v, (0) < v, (x)

(i) 1, (x) 2 minfy, (x *y).t, (y)} and

(iii) v, (x) < max{v, (x ¥ y),v,, ()}
Hence A = (p AV A) is an intuitionistic fuzzy Z-ideal of a Z-algebra X.
Theorem 5.2.7: An intuitionistic fuzzy set A =(u,,v, ) is an intuitionistic fuzzy Z-ideal of a
Z-algebra X if and only if for all s,t < [0,1], the sets U(p A;s) and L(v A;t) are either empty or
Z-ideals of X.
Proof : Assume that U(uA;s)qt o # L(vA;t) forany s,te[0.1].
Since p,(0)>s and v,(0)<t, it is clear that 0 U(u,;s)N L(v,;t)
Let x*xye U(uA;s) and ye U(uA;s) forall x,y e X . Then, p,(x*y)=s and p,(y)=s.

Now, p,(x)>min{u, (x*y),u,(y)} =s =  xeU(u,;s)
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Hence U(u,;s) is an Z-ideal of a Z-algebra X.

Let X,y € X such that x *y L(vA;t) and ye L(VA;t) .Then v,(x*y)<t and v,(y)<t.
Now, VA(X)SmaX{vA(x*y),vA(y)}St = XEL(VA;t).

Hence L(v,;t) is an Z-ideal of a Z-algebra X.

Conversely, assume that for each s, t e [0,1], the sets U(u,;s) and L(v,;t) are either empty or
Z-ideals of a Z-algebra X.

Forany xeX,let p,(x)=s and v,(x)=t.

Then xeU(u,;s)NL(v,it) = Ulu,:s)=o#Lv,;t)

Since U(u,;s) and L(v,;t) are Z-ideals of X, 0 e U(u,;s)N L(v,;t)

Hence, p,(0)=2s=p,(x) and v,(0)<t=v,(X) VvxeX. (1)

Suppose there exist x’,y’e X such that p, (x") <min{p, (x"*y"),u,(y)} .
. 1 l; . ' ’ '
By taking 8o = [p, () +min{p, (x'* )1, (v)]]

We have, p,(x")<s, <min{p, (x"*y').u,(y)}
Hence x' & U(u,;s,) but x'*y" e U(u,;s,) and y' e U(u,:s,).
That is, U(p A so) is not an Z-ideal of X, which is a contradiction.

Therefore, p, (x) 2 min{p, (x *y),p, (¥)} - (2)

If there exist a, b€ X such that, v, (a) > max{vA(a *b), VA(b)}.
Then by taking t, = %[VA(a) +max{v,(a*b),v,(b)}]

We have, max{vA(a * b),vA(b)} <t,<v,(a)

Therefore, a*be L(v,;t,) andbe L(v,;t,)

But a ¢ L(v A to). That 1s, L(v A to) is not an Z-ideal of X, which is a contradiction.
Hence, v,(x)< max{vA(x * y),vA(y)}. 3)

By (1), (2) and (3), we get A = (p AV A) is an intuitionistic fuzzy Z-ideal of a Z-algebra X.
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Theorem 5.2.8: Let h be a homomorphism from a Z-algebra (X,*,O) onto a Z-algebra (Y,*’,O')
and A be an intuitionistic fuzzy Z-ideal of X with sup-inf property. Then the image of A,
B(A)= {(¥sRyga)(¥)k Vi ()l € Y] is an intuitionistic fuzzy Z-ideal of Y.

Proof: Let a,beY with x, e h™'(a) and y, € h™'(b) such that

a(xe)= sup p,(t) 5 pu(yy)= sup p,(t)

teh™ (a) teh™! (b)

VA(XO): inf VA(t); VA(YO): inf VA(t)

teh ™ (a) teh ™ (b)
Now,
(1) Mh(A)(O,)= T’I‘I()o )“A (‘[)Z HA(O) 2 “A(Xo) = Sl:llz )“’A(t) = “h(A)(a)
teh™ (0’ teh™(a
(i) Vh(A)(O’) = te}lﬂf(‘o,)VA(t)S VA(O) < VA(XO) = tEihrglf;a)VA(t) = Vh(A)(a)

i) i 0Bl (0} =min] s o) sup (0]

teh ™' (a*'b) teh™ (b)

< min{uA (Xo *Yo ), Ha (YO )}

(iv) maX{Vh(A) (2% D) vy, (b)} = max{tehilﬂ(f*,b)v;\ (t) teil}?]{b)VA (t)}

> max{vA(XO *Y, ), Va (YO )}
2 VA(XO)

inf v,(t)

teh™! (a)

Vh(A)(a)
Hence h(A) is an intuitionistic fuzzy Z- ideal of a Z-algebra Y.
Theorem 5.2.9: Let h:(X,*,0) > (Y,¥,0") be a Z-homomorphism of Z-algebras and B be an

intuitionistic fuzzy Z-ideal of a Z-algebra Y. Then the inverse image of B,

h—l(B) = {<x, Mo (B)(x),vh,, (B)(x)>|x € X} is an intuitionistic fuzzy Z-ideal of a Z-algebra X.
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Proof: Let x,y € X . Now it is clear that
My ) (0) = 1 (1(0)) = 15 (0) 2 g (h(x)) = 1, (%)
V0=, 00) v, 0) 2 v, ) =v, )
Then, 1, ()=, () 2 minf, (0(x o)
=min{u, (h(x *y)), n, (h(y))}
= min{p o (XFY), 1 (V)
Also, Vv, (B)(X) =vp(h(x)) <max{v,(h(x)*h(y))vy(h(y))}
= max {vy,(h(x * y)). v, (h(y))}
=max{v, ., (X*y), v, ()}
Hence h™'(B) is an intuitionistic fuzzy Z-ideal of a Z-algebra X.
Theorem 5.2.10: Let h:(X,%0)— (Y,¥,0') be an Z-epimorphism of Z-algebras. Let B be an

intuitionistic fuzzy set of a Z-algebra Y. If h™'(B) is an intuitionistic fuzzy Z-ideal of a

Z-algebra X then B is an intuitionistic fuzzy Z-ideal of a Z-algebra Y.
Proof: Let y €Y, there exists x € X such that h (x) =y. Then

() 1a () =5 (M) = 1,y () S 1y ) (0)= Ha(h(0) = 1y (0)
(i) Va(¥) =Ve(h()) =V, (%) 2V, (0)= v, (h(0) = v, (0)
Letx,y € Y. Then there exists a, b € X such that h(a) = x and h (b) = y. It follows that
(i) pp(x)=py(h(@) =p, . (a)=minfu . (axblp, . (b
= min{p,(h(a * b)), uy (h(b))}
= min{py(h(a) * h(b)),n, (h(b))}
=min{uy (x*y), pug(y)}
(V) Vy(x)=Vy(h@)=v, ., () <maxiv, ., (axb)v, ., (b)
_ max {v, (h(a *b)),v, (h(b))}
=max {vy(h(a) * h(b)),vy(h(b))}

= max{vy(x ¥ y),v4(y)}
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Hence B is an intuitionistic fuzzy Z-ideal of a Z-algebra Y.

Theorem 5.2.11: Let h be an Z-endomorphism of Z-algebra (X,*,O). If A be an intuitionistic
fuzzy Z-ideal of X. Then intuitionistic fuzzy set A" =(].1 AoV Ah) is also an intuitionistic fuzzy
Z-ideal of X.

Proof: Let x,ye X ,

1, (0)=p, (0(0)) 2 p,y (h(x)) =, (x)

t ()=, (h(x)) = minfp, (h(x)*h(y)h, (h(y)) = minfu, (h(x = y))p, (h(y)))
= min{u,, (x*y)p,. (v)f
v (1) = v, (h(x)) < max{v, (h(x)«h(y)). v, (h(y))} = max{v, (h(x = y))v,, (h(y))
=max{y . (xxy)v,. (v))
Hence A" is an intuitionistic fuzzy Z-ideal of a Z-algebra X.
Theorem 5.2.12: Let A and B be two intuitionistic fuzzy Z-ideals in a Z-algebra X. Then

A x B is an intuitionistic fuzzy Z-ideal of X xX.

Proof: Take (x,,x,)e XxX.

Then p,,5(0,0)=min{u, (0).15(0)} 2 minfu, (x, ) py (x,)} = pos(x,,%,)
and  v,5(0,0)=max{v,(0),v,(0)} < max{v, (x, vy (x,)f = vaun (x1.%,)
Now take (xl,xz),(yl,yz)e XxX . Then
Haep (X15X5) = min{p, (x)), 1 (X,)}
2 min{min{p, (x; *y,), 1, ()}, min{py (X, *y,), 1y (¥,)}}
= min{min{p, (x; *y,), g (X, *y,)}, min{p, (y,), 1 (¥2)}}
= min{p 5 ((X; *y,), (X, % ¥,)) s (Y15 Y2)
= min{p,, 5 (X, X,) * (¥, ¥2)) Hass (Y1, Y2) )
Vs (X1,X,) = max{v, (x,),vg(X,)}
< max{max{v, (X, *y,),v,(y,)},max{vy(x, *y,), vy (y,)}}

=max{max{v, (X, *y,), vg(X, *y,)}, max{v, (y,), vg(y,)}}
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=max{v, (X, *y),(X, *¥,)),Vo.(Y1,¥2)}

= maX{VAXB((Xl, Xz) * (Y1’ Y ))9VAxB(YI’ Y2)}

Hence A xBis an intuitionistic fuzzy Z-ideal of X xX.
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