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Intuitionistic Fuzzy Structures in Z-Algebras 
                       In 1986, the idea of “intuitionistic fuzzy set” was first published by Atanassov [8], 

as a generalization of the notion of fuzzy set. Using the Atanassov’s idea, in this chapter, we 

establish the intuitionistic fuzzification of Z-Subalgebras and Z-ideals in Z-algebras and explore 

some of their properties in detail. Further, we investigate some characterization theorems on 

these notions using the concepts of upper s-level and lower t-level subsets. This chapter is 

divided into two sections. The first section deals with the study of intuitionistic fuzzy                     

Z-Subalgebras in Z-algebras. In section 2, we introduce the concept of  intuitionistic fuzzy                 

Z-Ideals in  Z-algebras and prove some interesting results. 

5.1   Intuitionistic Fuzzy Z-Subalgebras in Z-Algebras 

In this section we introduce the notion of Intuitionistic Fuzzy  Z-Subalgebra of a Z-algebra. Also 

we prove some interesting results.  

Definition 5.1.1:  An Intuitionistic Fuzzy Set   AA ,A   in a Z-algebra  0,,X   is called an 

Intuitionistic fuzzy Z-Subalgebra of X if  it satisfies the following conditions: 

(i) )}y(),x(min{)yx( AAA   

(ii) )}y(),x(max{)yx( AAA   , for all Xy,x  . 

Example 5.1.2:Consider a Z-algebra X={0,1,2,3} with the following Cayley table as in Example 

2.1.2. 

 0 1 2 3 

0 0 1 2 3 

1 0 1 3 2 

2 0 3 2 1 

3 0 2 1 3 



    5 
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An intuitionistic fuzzy set ),(A AA   in X defined by 













3,2xif3.0

1xif4.0

0xif6.0

)x(A   and 














3,2xif6.0

1xif5.0

0xif4.0

)x(A  is an intuitionistic fuzzy Z-Subalgebra of X. 

Theorem 5.1.3:  Let 1A  and 2A  be two intuitionistic fuzzy Z-Subalgebras of a Z-algebra X. 

Then 21 AA   is an intuitionistic  fuzzy Z-Subalgebra of X. 

Proof: Let 21 AAy,x  then 21 AandAy,x  . 

Now,  

(i) )}yx(),yx(min{)yx(
2121 AAAA    

 )}}y(),x(min{,)}y(),x(min{min{
2211 AAAA   

 = )}}y(),y({min,)}x(),x(min{min{
2121 AAAA    

 )}y(),x({min
2121 AAAA    

 (ii) )}yx(),yx(max{)yx(
2121 AAAA    

    )}}y(),x(max{,)}y(),x(max{max{
2211 AAAA   

    = )}}y(),y({max,)}x(),x(max{max{
2121 AAAA    

  )}y(),x(max{
2121 AAAA    

From (i) and (ii) we get 21 AA   is an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X. 

The following example illustrates Theorem 5.1.3. 

Example 5.1.4: Let X = {0, 1, 2, 3} be a Z-algebra with the following Cayley table: 

 0 1 2 3 

0 0 1 2 3 

1 0 1 2 3 

2 0 2 2 1 

3 0 3 1 3 

 


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Intuitionistic fuzzy sets  
11 AA1 ,A    and  

22 AA2 ,A   in  X  defined by  



 


otherwise3.0

2,0xif6.0
)x(

1A    ,  


 


otherwise5.0

2,0xif4.0
)x(

1A    , and  














3xif7.0

2,1xif4.0

0xif3.0

)x(
2A       are   intuitionistic fuzzy Z-Subalgebras of X.       

Then,   
















 

3xif2.0

2xif5.0

1xif3.0

0xif6.0

)x(
21 AA          and    













 

3xif7.0

1xif5.0

2,0xif4.0

)x(
21 AA  

Clearly   is an intuitionistic fuzzy Z- Subalgebra of a Z-algebra X. 

 

We can generalize the above theorem as follows 

Corollary 5.1.5:   Let  i|Ai  be a family of intuitionistic fuzzy Z-Subalgebras of a                       

Z-algebra X. Then 
i

iA  is an intuitionistic fuzzy Z-Subalgebra of X. 

Theorem 5.1.6: An intuitionistic fuzzy set  AA ,A   is an intuitionistic fuzzy  Z-Subalgebra 

of  a Z-algebra X  if and only if the fuzzy sets A  and  cA  are fuzzy  Z-Subalgebras of X. 

Proof: Let  AA ,A   be an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X then  

)}y(),x(min{)yx( AAA   and                   (1) 

)}y(),x(max{)yx( AAA   Xy,x         (2) 

For every ,Xy,x  we have, 

)yx(1)yx()( A
c

A  )}y(),x(max{1 AA   )y(1),x(1min AA     

                                                                                       )y()(),x()(min c
A

c
A   

Hence A   and    cA  is a fuzzy Z-Subalgebras of X.  

      

 














3xif2.0

2,1xif5.0

0xif7.0

)x(
2A

21 AA 
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Conversely, for every  ,Xy,x   we have, 

)}y(),x(min{)yx( AAA   and       (3) 

)yx()()yx(1 c
AA   )y()(),x()(min c

A
c

A   )y(1),x(1min AA   

                                                                                      )}y(),x(max{1 AA   

i.e.,  )}y(),x(max{)yx( AAA                     (4) 

By (3) and (4) we get,  AA ,A   is an intuitionistic fuzzy Z-Subalgebra of  X. 

Theorem 5.1.7:  AA ,A   is an intuitionistic fuzzy Z-Subalgebra of  a Z-algebra X  if and 

only if    c
AA )(,A   and   A

c
A ,)(A  , both are intuitionistic fuzzy Z-Subalgebras of  

X. 

Proof: Let  AA ,A   be  an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X. 

Let  .Xy,x  Then, 

(i) )}y(),x(min{)yx( AAA   

(ii) )}y(),x(max{)yx( AAA   

(iii) )yx(1)yx()( A
c

A  )}y(),x(min{1 AA   )y(1),x(1max AA   

                                                                                )y()(),x()(max c
A

c
A   

(iv)   )yx(1)yx()( A
c

A  )}y(),x(max{1 AA  )}y(1),x(1min{ AA   

                                                                                    )y()(),x()(min c
A

c
A   

 From (i) and (iii), we get A is an intuitionistic fuzzy Z-Subalgebra of X. 

And, from (ii) and (iv), we get A is an intuitionistic fuzzy Z-Subalgebra of  X. 

Conversely, for any Ay,x  ,   and    

)}y(),x(max{)yx( AAA  implies  AA ,A   is an intuitionistic fuzzy Z-Subalgebra of 

X. 

Theorem 5.1.8: If  AA ,A   is an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X, then 

 and  t;L A   are Z-Subalgebras of X for all ]1,0[t,s  . 

Proof :   (i)  Let  y,x  s;U A  . Then s)x(A   and s)y(A  . 

It follows that, )}y(),x(min{)yx( AAA   s,smin s    so  that  yx  s;U A . 

 

)}y(),x(min{)yx( AAA 

 s;U A
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Hence,  s;U A  is a Z-Subalgebra of  X. 

 (ii) Let  y,x  t;L A . Then, 

t)x(A   and  t)y(A   

It follows that, )}y(),x(max{)yx( AAA   t,tmax = t     so  that     yx  t;L A . 

Hence,  t;L A  is a Z-Subalgebra of  X. 

From (i) and (ii), we get the upper s-level subset  and lower t-level subset   t;L A  of A 

are Z-Subalgebras of  X. 

Theorem 5.1.9:  Let  AA ,A   be an intuitionistic fuzzy set in a Z-algebra X such that the 

sets  s;U A  and  t;L A  are Z-Subalgebras of X for every ]1,0[t,s  . Then  AA ,A   is an 

intuitionistic fuzzy Z-Subalgebra of X. 

Proof : Suppose  there exist Xy,x 00   such that )}y(),x(min{)yx( 0A0A00A        (1) 

Let  10A )x(   ,  20A )y(   and  )yx( 00A  = s . Then ,   21,mins  . 

Let us consider,     )y(),x(minyx
2

1
s 0A0A00A1   },min{s

2

1
21   

Therefore, 1
  211 ,mins

2

1
s   > s and   2  >   211 ,mins

2

1
s   > s 

Hence,    )yx(ss,min 00A121  , so that  1A00 s;Uyx  . 

But,    12110A s,min)x(  and    12120A s,min)y(  implies 

 1A00 s;Uy,x  ,which is a contradiction. 

Hence    )}y(),x(min{)yx( AAA  , for all y,x X. 

Suppose there exists Xy,x 00   such that  )}y(),x(max{)yx( 0A0A00A    (2) 

Let  10A )x(   ,  20A )y(   and  )yx( 00A  = t. Then,  21,maxt   . 

By taking       )y(),x(maxyx
2

1
t 0A0A00A1    21,maxt

2

1
  

Therefore, 1
  211 ,maxt

2

1
t   < t and   2  <   211 ,maxt

2

1
t   < t  

 Hence,    )yx(tt,max 00A121    so that  1A00 t;Lyx   . 

 s;U A
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But    12110A t,max)x(  and    12120A t,max)y(   implies 

 1A00 t;Ly,x   which is a contradiction. 

Thus, )}y(),x(max{)yx( AAA  , for all y,x X. 

Therefore,  AA ,A   is an intuitionistic fuzzy Z-Subalgebra of  X. 

Theorem 5.1.10: Any Z-Subalgebra of a Z-algebra X can be realized as both the upper s-level 

and lower t-level Z-Subalgebras of some intuitionistic fuzzy Z-Subalgebras of X. 

Proof : Let Q be a  Z-Subalgebra of a Z-algebra X and let A  be an intuitionistic  fuzzy set in X 

defined by 



 


otherwise,0

Qxif,s
)x(A    and  



 


otherwise,1

Qxif,t
)x(A    for all Xx  and  )1,0(t,s   and .1ts    

To prove: A is an intuitionistic fuzzy Z-Subalgebra of  a Z-algebra X.  Let Xy,x  . 

Case 1:  If Qy,x   then Qyx  . Also,     tx,sx AA  ,     ty,sy AA   , 

    tyxandsyx AA  .   

Hence,   syxA    s,smin =     y,xmin AA    and  

         y,xmaxt,tmaxtyx AAA   

Case 2:  If  Qx  and Qy , then     tx,sx AA   and      1y,0y AA  . Thus, 

  0yxA   0,smin     y,xmin AA   

and   1yxA   1,tmax     y,xmax AA   

Case 3:  If  Qx   and   Qy  , then      1x,0x AA   and     ty,sy AA  . Thus, 

  0yxA   s,0min     y,xmin AA   

and   1yxA   t,1max     y,xmax AA   

Case 4:  If  Qx   and   Qy  , then      1x,0x AA   and     1y,0y AA  . Thus, 

  0yxA   0,0min     y,xmin AA   

and    1yxA   1,1max     y,xmax AA   

Therefore, A is an intuitionistic fuzzy Z-Subalgebra of  a Z-algebra X. 

 



                                                                              Intuitionistic Fuzzy Structures in Z-Algebras        

   Fuzzy Structures on Z-Algebras  136 

 

Obviously, Q)s;(U A  )t;(L A . 

Theorem 5.1.11:  Let Q be a subset of  a Z-algebra X and A be an intuitionistic fuzzy set on X 

which is given in the proof of Theorem 5.1.10. If Q be realized as upper s-level Z- Subalgebra , 

lower t-level  Z-Subalgebra of intuitionistic fuzzy Z-Subalgebra A of X, then Q is a                          

Z-Subalgebra of X. 

Proof: Let Q be a subset of  a Z-algebra X and A be an intuitionistic fuzzy Z-Subalgebra of X 

such that Q)s;(U A  )t;(L A . 

To prove: Q is an intuitionistic fuzzy Z-Subalgebra of  a Z-algebra X. 

Let  Qy,x  . Then s)x(A   , s)y(A  , t)x(A    and  t)y(A    . 

Thus,       y,xminyx AAA  }s,smin{ s  

      y,xmaxyx AAA  }t,tmax{ t  

Hence,      Qyx   

Therefore, Q is a   Z-Subalgebra  of a Z-algebra X. 

As a generalization of Theorem 5.1.10, we prove the following theorem. 

Theorem 5.1.12: Let  0,,X   be a Z-algebra. Then any given chain of Z-Subalgebras 

XQ...QQ r10  , there exists an intuitionistic fuzzy Z-Subalgebra A of X whose level 

(both upper  level and lower level ) Z-Subalgebras are exactly the Z-Subalgebras of this chain. 

Proof: Consider set of numbers r10 s...ss    and r10 t...tt   , where each set ]1,0[t,s ii   

and 1ts ii  .  

Let  AA ,A   be an intuitionistic fuzzy set of a Z-algebra X is defined by 

 








 r,,2,1i,QQxif,s

Qxif,s
x

1iii

00
A 

          (1) 

and     








 r,,2,1i,QQxif,t

Qxif,t
x

1iii

00
A


         (2) 

Case 1: Let  y,x 1ii QQ   . Therefore, by (1) and (2),  xA =  yA = is  and 

 xA =  yA = it . 
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Since iQ  is a Z-Subalgebra, iQyx    1ii QQyx   or 1iQyx  . In any case, we 

conclude that  

  iA syx   ii s,smin     y,xmin AA   

and    iA tyx   ii t,tmax     y,xmax AA   

Case 2:  Let  1ii QQx    and 1jj QQy   for i>j. Therefore, by (1) and (2),  xA = is  , 

 yA = js  ,   xA = it   and  yA = jt . Since iQ  is a Z-Subalgebra of X and ij QQ  , 

iQyx  . 

 Hence,   iA syx   ji s,smin     y,xmin AA   

 and    iA tyx   ji t,tmax     y,xmax AA   

Thus A is an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X.  

From (1) and (2), it follows that  r10A s,...,s,s)Im(   and  r10A t,...,t,t)Im(  . Hence, the 

level Z-Subalgebras of A are given by the chain of Z-Subalgebras 

      Xs;U...s;Us;U rA1A0A          (3) 

and       Xt;L...t;Lt;L rA1A0A          (4) 

Now,          0A0A00A0A t;Ltx|XxQsx|Xxs;U  . 

Clearly,  iAi s;UQ   and  iAi t;LQ  . If  iA s;Ux   and  iA t;L  , then    iA sx   and 

  iA tx   which implies that jQx   for j > i.  

Hence,    i10A s,...,s,sx   and    i10A t,...,t,tx   and so kQx  for some ik  . As 

ik QQ  , it follows that iQx . Therefore,   iiA Qs;U  =  iA t;L   for  r,,1,0i  . This 

completes the proof. 

 

Note: If X is a finite Z-algebra, then the number of Z-Subalgebra of X is finite, but on the other 

hand  the number of  level Z-Subalgebras of an intuitionistic fuzzy Z-Subalgebra A appears to be 

infinite. But since every  level  Z-Subalgebras is indeed a Z-Subalgebra of X, not all these                  

Z-Subalgebras are distinct. The next theorem characterizes this aspect. 
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Theorem 5.1.13: Let  AA ,A   be an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X.  

Then, 

(i) two upper s-level Z-Subalgebras  1A s;U   and  2A s;U   (with 21 ss  ) of A are equal if 

and only if  there is no Xx   such that   2A1 sxs  . 

(ii) two lower t-level Z-Subalgebras   1A t;L   and   2A t;L   ( with 21 tt  ) of A are equal if 

and only if  there is no Xx   such that   2A1 txt  . 

Proof:  

(i)  Assume that   1A s;U   =  2A s;U   for 21 ss   and assume that there exists  Xx   

such that   2A1 sxs  . Then  2A s;U   is a proper subset of  1A s;U  , which is a 

contradiction. 

Conversely, suppose that there is no Xx   such that   2A1 sxs  .  

Since 21 ss  , we have   2A s;U  1A s;U         (1)  

If  x  1A s;U   , then   1A sx   and  so   2A sx  , because  xA  does not lie between 1s  

and 2s . Hence, x  2A s;U  , which implies that   1A s;U  2A s;U  .     (2) 

From (1) and (2) we get,   1A s;U  2A s;U  . 

 (ii)       Assume that   1A t;L   =  2A t;L   for 21 tt   and assume that there exists  Xx   such 

that   2A1 txt  . Then  2A t;L   is a proper subset of  1A t;L  , which is a contradiction. 

Conversely, suppose that there is no Xx   such that   2A1 txt  .  

Since 21 tt  , we have   2A t;L  1A t;L                   (3)  

If  x  1A t;L   , then   1A tx   and  so   2A tx  , because  xA  does not lie between 1t  and 

2t . Hence, x  2A t;L  , which implies that   1A t;L  2A t;L  .              (4) 

From (3) and (4) we get,  1A t;L  =  2A t;L  . 

Theorem 5.1.14: Let X be a finite Z-algebra and  AA ,A   be an intuitionistic fuzzy                      

Z-Subalgebra of X. 

(i) If  n1A s,...,s)Im(  , then the family of Z-Subalgebras  iA s;U  , n,,2,1i   

constitutes all the upper s-level Z-Subalgebras of A. 
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(ii) If  n1A t,...,t)Im(  , then the family of Z-Subalgebras  iA t;L   , n,,2,1i   

constitutes all the lower t-level Z- Subalgebras of A. 

Proof:  

(i)   Let ]1,0[s   and  AIms  . Suppose n21 s...ss   without loss of generality. If   1ss   , 

then    s;UXs;U A1A  . If nss  , then obviously    s;U A . If i1i sss  , then by 

Theorem 5.1.13, we get    iAA s;UXs;U  . Then for any ]1,0[s  , the upper s-level                    

Z- Subalgebra is one of   n,...,2,1i|s;U iA  . 

(ii)   Let ]1,0[t   and  AImt  . Suppose n21 t...tt   without loss of generality. If   1tt   , 

then    t;LXt;L A1A  . If ntt  , then obviously    t;L A . If i1i ttt  , then by 

Theorem 5.1.13, we get    iAA t;LXt;L  . Then for any ]1,0[t  , the lower t-level                   

Z- Subalgebra is one of   n,...,2,1i|t;L iA  . 

Theorem 5.1.15: Let  AA ,A   be an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X. 

Then 

(i) If  )Im( A  is finite , say  n1 s,...,s , then for any    jAiAAji s;Us;U),Im(s,s   

implies ji ss  . 

(ii) If  )Im( A  is finite , say  n1 t,...,t , then for any    jAiAAji t;Lt;L),Im(t,t   

implies ji tt  . 

Proof: (i) Assume that ji ss  , say ji ss  . If   jA s;Ux  , then   ijA ssx  , which implies 

that  iA s;Ux  . Let Xx  be such that   jAi sxs  . Then  iA s;Ux  , but  jA s;Ux  . 

Hence,    iAjA s;Us;U   and    iAjA s;Us;U  , a contradiction. Therefore ji ss  . 

(ii) Assume that ji tt  , say ji tt  . If  jA t;Lx  , then   ijA ttx  , which implies that 

 iA t;Lx  . Let Xx   be such that   jAi txt  . Then  iA t;Lx  , but  jA t;Lx  . 

Hence,    iAjA t;Lt;L   and    iAjA t;Lt;L  , a contradiction. Therefore ji tt  . 

Theorem 5.1.16: Let h be a Z-homomorphism from a Z-algebra  0,,X   onto a Z-algebra 

 0,,Y   and  AA ,A   be an intuitionistic fuzzy Z-Subalgebra of X with sup-inf property. 
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Then the image         Yyy,y,yAh AhAh   of A under h is an intuitionistic fuzzy Z-

Subalgebra of Y. 

Proof: Let Yb,a   with   ahx 1
0

   and   bhy 1
0

  such that  

 
 

 tsupx A
aht

0A
1




 ;   
 

 tsupy A
bht

0A
1




    and  

 

 
 

 
 

 tsupba A
baht

)A(h
1


 

 00A yx      0A0A y,xmin                            

                                                                 
 

 
 









 

tsup,tsupmin A
bht

A
aht 11                                                   

                                                                   )}b(),a(min{ AhAh   

Also       
 

 tinfba A
baht

)A(h 1


 
 00A yx      0A0A y,xmax       

                                                                              
 

 
 




 

 
tinf,tinfmax A

bht
A

aht 11
 

                                                                                   b,amax AhAh   

Hence  h(A) is an intuitionistic fuzzy Z-Subalgebra of a Z-algebra Y.  

Theorem 5.1.17  Let YX:h    be a Z-homomorphism of Z-algebras and B be an intuitionistic 

fuzzy Z-Subalgebra of a Z-algebra Y. Then the inverse image of B,  

        Xxx,x,xBh
BhBh

1
11  

  is an intuitionistic fuzzy Z-Subalgebra of  a Z-algebra X. 

Converse is true if h is an Z-epimorphism. 

Proof: Let B be an intuitionistic fuzzy Z-Subalgebra of a Z-algebra Y. 

Let Xy,x  . Then,  

  ))yx(h()yx( BBh 1   ))y(h)x(h(B  ))}y(h()),x(h(min{ BB     

                                                                         )}y(),x(min{
)B(h)B(h 11                                                                        

Also,     ))yx(h()yx( BBh 1   ))y(h)x(h(B  ))}y(h()),x(h(max{ BB   

                                                                                     )}y(),x(max{
)B(h)B(h 11                                                                                     

 
 

   
 

 tinfy;tinfx A
bht

0AA
aht

0A 11


 
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Thus   Bh 1   is an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X. 

On the other hand, assume that h is an Z-epimorphism and  Bh 1  is an intuitionistic fuzzy          

Z-Subalgebra of a Z-algebra X. 

Let y1, y2   Y. Since h is an Z-epimorphism there exists x1, x2 X such that   h(x1) = y1 and 

h(x2) = y2. 

This implies x1=h -1(y1) and  x2= h -1(y2). 

Now,   ))x(h)x(h()yy( 21B21B  ))xx(h( 21B    21Bh
xx1    

                                                                                               }x,xmin{ 2Bh1Bh 11    

                                                                                         ))}x(h()),x(h(min{ 2B1B   

                                                                                         )}y(),y(min{ 2B1B   

))x(h)x(h()yy(and 21B21B  ))xx(h( 21B    21Bh
xx1    

                                                                                              }x,xmax{ 2Bh1Bh 11    

                                                                                         ))}x(h()),x(h(max{ 2B1B   

                                                                                         )}y(),y(max{ 2B1B   

Hence B is an intuitionistic fuzzy Z-Subalgebra of  a Z-algebra Y. 

Definition 5.1.18: Let h be an Z-endomorphism of Z-algebras and A be an intuitionistic fuzzy 

set in a Z-algebra X. We define a new intuitionistic fuzzy set  hh AA

h ,A   in X as 

Xxallfor))x(h()x(and))x(h()x( AAAA hh  . 

Theorem 5.1.19: Let h be an Z-endomorphism of a Z-algebra )0,,X(  . If A be an intuitionistic  

fuzzy Z-Subalgebra of X. Then hA is also an intuitionistic fuzzy Z-Subalgebra of X. 

Proof: Let x, yX. Then 

))yx(h()yx()i( AAh  ))y(h)x(h(A  ))}y(h()),x(h(min{ AA     

                                                                            )}y(),x(min{ hh AA
  

))yx(h()yx()ii( AAh  ))y(h)x(h(A  ))}y(h()),x(h(max{ AA   

                                                                             )}y(),x(max{ hh AA
  

From (i) and (ii) we get, hA  is an intuitionistic fuzzy Z-Subalgebra of a Z-algebra X. 
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Theorems 5.1.20: Let A and B be any two intuitionistic fuzzy Z-Subalgebras of a Z-algebra X. 

Then  is an intuitionistic fuzzy Z-Subalgebra of . 

Proof: Take  and   . Then 

       

                                           

                                           

                                          

                                          

         2121BA2211BA yy,xxy,xy,x    

                                      21B21A yy,xxmax   

                                            2B1B2A1A y,ymax,x,xmaxmax   

                                            2B2A1B1A y,xmax,y,xmaxmax   

                                      22BA11BA y,x,y,xmax    

This proves that the Cartesian product of any two intuitionistic fuzzy Z-Subalgebras of a                     

Z-algebra X is again an intuitionistic fuzzy Z-Subalgebra of X. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

BA  XX 

 11 y,x   XXy,x 22 

         2121BA2211BA yy,xxy,xy,x  

    21B21A yy,xxmin 

          2B1B2A1A y,ymin,x,xminmin 

          2B2A1B1A y,xmin,y,xminmin 

    22BA11BA y,x,y,xmin  
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5.2   Intuitionistic Fuzzy Z-Ideals in Z-Algebras 

In this section we introduce the notion of Intuitionistic Fuzzy Z-ideal of a  Z-algebra. Also we 

have proved some simple but elegant results. 

Definition  5.2.1: An intuitionistic fuzzy set   AA ,A   in a Z-algebra  0,,X   is called an 

intuitionistic fuzzy Z-ideal of X if it satisfies the following conditions: 

(i) )x()0( AA   and  )x()0( AA   

(ii) A (x) min{ A (x y), A (y)} 

(iii) A (x) max{ A (x y), A (y)}, for all  Xy,x  . 

Example 5.2.2: Let X = {0, 1, 2, 3} be a set with the following Cayley table: 

  0 1 2 3 

0 0 1 2 3 

1 0 1 1 3 

2 0 1 2 2 

3 0 3 2 3 

Then )0,,X(    is a Z-algebra. 

Define an  intuitionistic fuzzy set  AA ,A   in X as follows: 

A (x)=0.8 for all x = 0,1,2,3   and   A (x)=0.1 for all x = 0,1,2,3 . Then,   AA ,A   is an 

intuitionistic fuzzy Z-ideal of a Z-algebra X. 

Theorem 5.2.3: Intersection of any two intuitionistic fuzzy Z-ideals of  a Z-algebra X is again an 

intuitionistic fuzzy Z-ideal of X. 

Proof : For every Xy,x   

 0BA     0,0min BA      x,xmin BA   xBA                                       

 0BA     0,0max BA      x,xmax BA   xBA                                         

 xBA     x,xmin BA            y,yxmin,y,yxminmin BBAA     

                                                         y,ymin,yx,yxminmin BABA   

                                                   y,yxmin BABA                              
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 xBA     x,xmax BA            y,yxmax,y,yxmaxmax BBAA   

                                                         y,ymax,yx,yxmaxmax BABA   

                                                   y,yxmax BABA        

Hence  BA    is an intuitionistic fuzzy Z-ideal of a Z-algebra X. 

We generalize the above theorem as follows. 

Theorem 5.2.4: Let  i|A i  be a family of intuitionistic fuzzy Z-ideals of a Z-algebra X. 

Then 
i

iA  is an intuitionistic fuzzy Z-ideal of X. 

Lemma 5.2.5:   An intuitionistic fuzzy set  AA ,A   is an intuitionistic fuzzy Z-ideal of a                

Z-algebra X if and only if the fuzzy sets  A  and  c
A )(  are fuzzy Z-ideals of X. 

Proof : Let  AA ,A   be an intuitionistic fuzzy Z-ideal of a Z-algebra X. 

It is clear that A  is a fuzzy Z-ideal of X. 

Now, for any Xy,x  , we have, 

   1)0()( c
A A (0) )x(1 A )x()( c

A  

and           )x(1)x()( A
c

A   )y(),yx(max1 AA   )y(1),yx(1min AA   

                                                                                                 )y()(),yx()(min c
A

c
A   

Hence  c
A )(  is a fuzzy Z- ideal of X.  

Conversely, for every Xy,x  , we have, 

(i) )x()0( AA   and   

(ii) )0()()0(1 c
AA  )x()( c

A )x(1 A           )x()0( AA   and 

      )x()()x(1 c
AA   )y()(),yx()(min c

A
c

A   )y(1),yx(1min AA   

                                                                             )y(),yx(max1 AA   

              That is,   )y(),yx(max)x( AAA   

From  (i) and (ii)   we get   AA ,A   is an intuitionistic fuzzy Z-ideal of a Z-algebra X. 

Theorem 5.2.6:  Let  AA ,A   be an intuitionistic fuzzy  set  in a Z-algebra X. Then 

 AA ,A   is an intuitionistic fuzzy Z-ideal of X if and only if  c
AA )(,A    and  

 

)}y(),yx(min{)x( AAA 
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 A
c

A ,)(A   are intuitionistic fuzzy  Z-ideals of X. 

Proof: Let  AA ,A   be  an intuitionistic fuzzy Z-ideal  of  a Z-algebra X. 

Let  .Xy,x  Then, 

)x()0()i( AA     and   (x) min{ (x y), (y)} 

 (ii)   )x()0( AA    and     )y(),yx(max)x( AAA   

(iii)    )0(1)0()( A
c

A  )x(1 A )x()( c
A  

 (iv)   )x(1)x()( A
c

A  )}y(),yx(min{1 AA  )}y(1),yx(1max{ AA    

                                                                                           )}y()(),yx()(max{ c
A

c
A   

 (v)   )0()(1)0()( c
A

c
A  )x(1 A )x()( c

A  

(vi)    )x(1)x()( A
c

A  )}y(),yx(max{1 AA   )y(1),yx(1min BA   

                                                                         )y()(),yx()(min c
A

c
A   

From (i), (iii) and (iv) we get  c
AA )(,A   is an intuitionistic fuzzy Z-ideal of  X. 

And, from (ii), (v) and (vi)  we get  A
c

A ,)(A  is an intuitionistic fuzzy Z-ideal of  X. 

Conversely, assume that  c
AA )(,A   and   A

c
A ,)(A   are intuitionistic fuzzy                

Z-ideals of  a Z-algebra X. For any Ay,x  ,  

(i) )x()0( AA   and )x()0( AA   

(ii) )}y(),yx(min{)x( AAA  and  

(iii)  )y(),yx(max)x( AAA   

 Hence  AA ,A   is an intuitionistic fuzzy Z-ideal of a Z-algebra X. 

Theorem 5.2.7: An intuitionistic fuzzy set  AA ,A   is an intuitionistic fuzzy Z-ideal of  a  

Z-algebra X  if and only if for all ]1,0[t,s  , the sets  s;U A  and  t;L A  are  either empty or 

Z-ideals of X. 

Proof :  Assume that     s;U A  t;L A  for any  ]1,0[t,s  . 

Since  s)0(A   and t)0(A  ,  it  is clear that  0  s;U A  t;L A  

Let  yx  s;U A  and y  s;U A  for all Xy,x  . Then, s)yx(A   and  s)y(A  . 

Now,  )}y(),yx(min{)x( AAA  s              x  s;U A  

A  A  A


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Hence   s;U A  is an Z-ideal of  a Z-algebra X. 

Let Xy,x   such that  yx  t;L A  and y  t;L A  . Then  t)yx(A   and  t)y(A  . 

Now,   )y(),yx(max)x( AAA  t               x  t;L A . 

Hence   t;L A  is an Z-ideal of  a Z-algebra X. 

Conversely, assume that for each ]1,0[t,s  , the sets  s;U A  and  t;L A  are  either empty or   

Z-ideals of  a Z-algebra X. 

For any x X, let  s)x(A   and  t)x(A  . 

Then  x  s;U A  t;L A               s;U A  t;L A  

Since   s;U A  and  t;L A   are Z-ideals of  X, 0  s;U A  t;L A  

Hence,  )x(s)0( AA   and  )x(t)0( AA   Xx  .    (1) 

Suppose there exist  Xy,x   such that )}y(),yx(min{)x( AAA  . 

By taking   )y(),yx(min)x(
2

1
s AAA0   

We have,   0A s)x(  )y(),yx(min AA   

Hence  0A s;Ux   but  0A s;Uyx    and  0A s;Uy  . 

That is,  0A s;U   is not an Z-ideal of  X, which is  a contradiction. 

Therefore, )}y(),yx(min{)x( AAA  .       (2) 

If there exist a, bX such that,  )b(),ba(max)a( AAA  . 

Then by taking   )b(),ba(max)a(
2

1
t AAA0   

We have,   )a(t)b(),ba(max A0AA   

Therefore,  ba  0A t;L   and b  0A t;L   

But a  0A t;L  .  That is,  0A t;L   is not an Z-ideal of  X, which is a contradiction. 

Hence,   )y(),yx(max)x( AAA  .       (3) 

By (1), (2) and (3), we get  AA ,A   is an intuitionistic fuzzy Z-ideal of  a Z-algebra X. 
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Theorem 5.2.8: Let h be a homomorphism from a Z-algebra  0,,X   onto a Z-algebra  0,,Y   

and A be an intuitionistic  fuzzy Z-ideal of X with sup-inf property. Then the image of A, 

        Yyy,y,yAh AhAh    is an intuitionistic  fuzzy Z-ideal of Y. 

Proof: Let Yb,a   with  ahx 1
0

   and   bhy 1
0

  such that  

 
 

 tsupx A
aht

0A
1




 ;   
 

 tsupy A
bht

0A
1




 

 
 

 tinfx A
aht

0A 1



 ;   

 
 tinfy A

bht
0A 1




 

Now, 

   
 

   0tsup0)i( AA
0ht

Ah
1


 

 0A x
 

 tsup A
aht 1




  aAh  

   
 

   0tinf0)ii( AA
0ht

Ah 1


 
 0A x   

 tinf A
aht 1


    aAh  

    
 

 
 

 









 

tsup,tsupminb,bamin)iii( A
bht

A
baht

)A(h)A(h
11

 

                                                       0A00A y,yxmin   

                                                   0A x  

                                                  
 

 tsup A
aht 1




 

                                                    aAh  

     
 

 
 

 




 

 
tinf,tinfmaxb,bamax)iv( A

bht
A

baht
)A(h)A(h 11  

                                                        0A00A y,yxmax   

                                                    0A x  

                                                   
 tinf A

aht 1


  

                                                    aAh    

Hence  h(A) is an intuitionistic fuzzy Z- ideal of  a Z-algebra Y. 

Theorem 5.2.9: Let )0,,Y()0,,X(:h   be a Z-homomorphism of Z-algebras and B be an 

intuitionistic fuzzy Z-ideal of  a Z-algebra Y. Then the inverse image of B, 

        Xxx,x,xBh
BhBh

1
11  

  is an intuitionistic fuzzy Z-ideal of  a Z-algebra X. 
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Proof: Let Xy,x  . Now it is clear that  

      0h0 BBh 1   )0(B    xhB   x
Bh 1                                                                               

     0h0 BBh 1   )0(B    xhB   x
Bh 1                                                                                

Then,         xhx BBh 1           yh,yhxhmin BB   

                                                   yh,yxhmin BB   

                                                 )}y(),yx(min{
BhBh 11         

Also,         xhx BBh 1             yh,yhxhmax BB   

                                                     yh,yxhmax BB   

                                                   )}y(),yx(max{
BhBh 11       

Hence  Bh 1  is an intuitionistic fuzzy Z-ideal of  a Z-algebra X. 

Theorem 5.2.10: Let    0,,Y0,,X:h   be an Z-epimorphism of Z-algebras. Let B be an 

intuitionistic  fuzzy set of a Z-algebra Y. If  )B(h 1  is an intuitionistic fuzzy Z-ideal of  a                

Z-algebra X then B is an intuitionistic fuzzy Z-ideal of  a Z-algebra Y. 

Proof: Let y Y, there exists x X such that h (x) = y. Then 

  x))x(h()y()i(
BhBB 1   0

Bh 1 = ))0(h(B = )0(B   

(ii)     x))x(h()y(
BhBB 1   0

Bh 1 = ))0(h(B = )0(B   

Let x, y   Y. Then there exists a, b   X such that h(a) = x and h (b) = y. It follows that 

   a))a(h()x()iii(
BhBB 1      }b,bamin{

BhBh 11    

                                                        ))}b(h()),ba(h(min{ BB   

                                                        ))}b(h()),b(h)a(h(min{ BB   

                                                  )}y(),yx(min{ BB   

  a))a(h()x()iv(
BhBB 1      }b,bamax{

BhBh 11    

                                                       ))}b(h()),ba(h(max{ BB   

                                                       ))}b(h()),b(h)a(h(max{ BB   

                                                 )}y(),yx(max{ BB   
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Hence  B is an intuitionistic fuzzy Z-ideal of a Z-algebra Y. 

Theorem 5.2.11: Let h be an Z-endomorphism of Z-algebra . If A be an intuitionistic 

fuzzy Z-ideal of X. Then intuitionistic fuzzy set  hh AA

h ,A 
 
is also an intuitionistic fuzzy             

Z-ideal of X. 

Proof: Let Xy,x   , 

    0h0 AA h    xhA  xhA
  

    0h0 AA h    xhA  xhA
  

    xhx AA h          yh,yhxhmin AA        yh,yxhmin AA   

                                                                                     y,yxmin hh AA
  

    xhx AA h          yh,yhxhmax AA        yh,yxhmax AA   

                                                                                      y,yxmax hh AA
  

Hence hA  is an intuitionistic fuzzy Z-ideal of  a Z-algebra X. 

Theorem 5.2.12: Let A and B be two intuitionistic fuzzy Z-ideals in a Z-algebra X. Then 

is an intuitionistic fuzzy Z-ideal of  . 

Proof:  Take . 

Then    

and          0,0max0,0 BABA       2B1A x,xmax   21BA x,x   

Now take . Then 

      

                          

                          

                          

                                                     

      )}x(),x(max{)x,x( 2B1A21BA    

        )}}y(),yx(max{)},y(),yx(max{max{ 2B22B1A11A   

                          )}}y(),y(max{)},yx(),yx(max{max{ 2B1A22B11A   

 0,,X 

BA  XX 

  XXx,x 21 

      0,0min0,0 BABA       2B1A x,xmin   21BA x,x

    XXy,y,x,x 2121 

)}x(),x(min{)x,x( 2B1A21BA  

)}}y(),yx(min{)},y(),yx(min{min{ 2B22B1A11A 

)}}y(),y(min{)},yx(),yx(min{min{ 2B1A22B11A 

)}y,y()),yx(),yx((min{ 21BA2211BA  

)}y,y()),y,y()x,x((min{ 21BA2121BA  
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                          )}y,y()),yx(),yx((max{ 21BA2211BA    

                         )}y,y()),y,y()x,x((max{ 21BA2121BA                               

Hence is an intuitionistic fuzzy Z-ideal of   . 

 

 

BA  XX 


