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CHAPTER 4 

In this chapter, the concepts of r *g* a -closed sets and 

r *g*  a -continuous maps in topological spaces are studied .Properties, 

characterizations and applications are analyzed. 

SECTION 4.1 

ON r *g* a -CLOSED SETS IN TOPOLOGICAL SPACES 

In this section, the concepts of z-  *g* a  -closed sets and 

z- *g* a -open sets in topological spaces are studied .Properties, 

characterizations and applications are analyzed. 

4.1.1 Preliminaries 

In this section the preliminary definitions are discussed. 

Definition 4.1.1.1 

A subset A of a topological space (X, r) is called r *_generalized 

pre-regular closed (briefly r *gpi...closed)  set if pcl*(A)cU  whenever 

A ç U and U is r * 1.egular  open in (X, r). 

Definition 4.1.1.2 

A subset A of a topological space (X, r) is called r *semj_ 

generalized closed (briefly r*sgclosed)  set if scl*(A)cU  whenever 

A U and U is r *seIi  open in (X, r). 
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Definition 4.1.1.3 

A subset A of a topological space (X, r ) is called r *_generalized 

semi-closed (briefly r *gs_closed)  set if scl*(A)cU  whenever A cU and 

Uis r*_Open  in(X,r) 

Definition 4.1.1.4 

A subset A of a topological space (X,) is called r *ga  *-closed 

set if cl (%  *(A) int*(U) whenever A c U and U is r * a -open in (X, r) 

Definition 4.1.1.5 

A subset A of a topological space (X, r) is called r *generalized 

a-closed (briefly r*gaclosed)  set  ifcl(,*(A)cU  whenever A c U and 

Uis r * aopenin (X r ) 

Definition 4.1.1.6 

A subset A of a topological space (X, r) is called r *a-generalized 

closed (briefly r * a g-closed) set if cl (, *(A)ciU  whenever A c U and U 

is r *open  in (X,r) 

Definition 4.1.1.7 

A subset A of a topological space (X, r) is called z-  * a -generalized 

regular closed (briefly r *a  gr-closed) set if c10  *(A)U  whenever AcU 

and U is r * a g-open in (X, r). 

Definition 4.1.1.8 

A subset A of a topological space (X, r) is called r *g - -closed set 

if cl*(A)c U  whenever  A c Uand U is r*agopen  in(X,r) 
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Definition 4.1.1.9 

A subset A of a topological space (X, z -) is called r *wga  -closed 

set if cl(%*(int*(A))U  whenever A c U and U is r*aopen  in 

(X, r) 

Definition 4.1.1.10 

A subset A of a topological space (X, r) is called r *wa  g-closed 

set if cl 1  *(int*(A))cU  whenever A c U and U is r *_open  in (X, r) 

Definition 4.1.1.11 

A topological space(X, r) is said to be *g(%  T *g*  -space if every 

z- *wga  -closed subset of (X, r) is r *g*  a -closed in (X, r) 

Definition 4.1.1.12 

A topological space(X, r) is said to be T -space if every 

r  *g* a -closed subset of (X, r) is r *closed  in (X, r) 

4.1.2i- *g*a  -closed sets in topological spaces 

Definition 4.1.2.1 

A subset A of a topological space (X,i) is said to be *g*a  -closed 

set in (X,T) if cl, *(A)cG  whenever AG and G is z- *ga  -open in(XT). 
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Notation 4.1.2.2 

The collection of all z- a -closed sets of (X,T) is denoted by tr 

r *G*  a C(X,t). 

The collection of all r*ga_open  sets of (X,t) is denoted by 

r *G* a O (X,t). 

Theorem 4.1.2.3 

If a subset A of a topological space (X,'t) is r *closed, then it is 

r *g*  a -closed. 

Proof 

Let G be a z- *gopen  set containing A. Then G D A = cl(A), as A 

is r- *closed.  Since cl(A) Q cl*(A) cl  *(A).,  G D cl (  *(A).  Hence A is 

a r* 9 * a -closed set in (X,'t). 

The converse of Theorem (4.1.2.3)need not be true as seen from 

the following example 

Example 4.1.2.4 

Let X = Ia, b, c} and 'r = (X, , {a}}. Then the subset cj is 

*g* a -closed but not closed. 

Corollary 4.1.2.5 

If a subset A of a topological space (X,T) is r *regular  closed, then 

it is r *g*  a -closed but not conversely. 

Proof 

Since every z- *i.egljlar  closed set is r *closed  and every r *closed 

set is r *g*  a -closed. Hence every z-  *t.eg1lar  closed set is r *g* a -closed. 
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Theorem 4.1.2.6 

If a subset A of a topological space (X,T) is r *g* a -closed, then it 

is r *ga  -closed. 

Proof 

Let G be a z*copen  set containing A. Then G is a r *gaopen 

set, as every z- *yopen  set is z-  *gopen  .Thus G TD A and G iJc1(%  *(A), 

as A is z-  *g*a_closed. Thus G iD cl (%  *(A)  Hence A is r *ga  -closed in 

(X,T). 

The converse of Theorem (4.1.2.6) need not be true as seen from 

the following example. 

Example 4.1.2.7 

Let X a, b, c, } and -t = {X, 4, I a, b 11  }. Then the subset 1  c 1, is 

r *ga.c losed but not r *g*  a -closed in (X,i). 

Theorem 4.1.2.8 

If a subset A of a topological space (X,i) is r * a —closed, then it is 

r *g* a -closed 

Proof 

Let G be an r*gaopen  set containing A .Then G DA= cl / *(A), 

as every z- * a -open set is r *ga..open  .Thus G D cl (. *(A).  Hence A is 

r *g*  a -closed in (X,T). 

The converse of Theorem (4.1.2.8) need not be true as seen from 

the following example: 

Example 4.1.2.9 

Let X a, b, cJ and -r = {X, , 'a',,' b,c 1  j1 . Then the subset {c is 

gc-closed but not z- *g*  a -closed in (X,T) but not r * a -closed 
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Theorem 4.1.2.10 

If a subset A of a topological space (X,T) is r *g*  a -closed, then it 

is r * g-closed 

Proof 

Let G be an open set containing A. Then G is a r *gyopen set 

containing A. Thus G T ci a *(A), as A is a r *g*  a -closed set. Therefore 

A is z- *g-closed  in (X,t). 

The converse of Theorem (4.1.2.10) need not be true as seen from 

the following example: 

Example 4.1.2.11 

Let X = {a, b, c} and t {X, , {aJ). Then the subset {a, c} is 

r *c gciosed but not r *g*  a -closed in (X,t). 

Proposition 4.1.2.12 

If a subset A of a topological space (X,T) is r *g* a -closed, then it 

is r *wga..closed. 

Proof 

Since every r * 9 *a-closed set is z- *g.closed  and every 

r *g ..ciosed set is r *wg.c1osed  .Hence every r *g* a -closed set is 

r *wgclosed.  

Proposition 4.1.2.13 

If a subset A of a topological space (X,t) is r *g*  a -closed, then it 

is r *wag..closed. 
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Proof 

Since every z *g*  a -closed set is r *wg _c1osed and every 

r *wg _c losed set is z- *wag.closed.  Hence every z- *g*  a -closed set is 

r *wgclosed. 

Theorem 4.1.2.14 

If a subset A of a topological space (X,T) is r *gc1osed,  then it is 

r *g* a -closed. 

Proof 

Let G be a gcJ-open set containing A. Then G is an z-  *agopen  set 

containing A. Since A is z-  *g closed, G D c l*(A) ii c1 *(A).Hence  

G D cl *(A).Thei.efoi.e  A is z- *g*  a -closed. 

The converse of Theorem (4.1.2.14) need not be true as seen from 

the following example. 

Example 4.1.2.15 

Let X a, b, c } and T = { X, 4, 'a' ,  a, b J. Then the subset { b } is 

both r a -closed and r *wg  a.-closed but not r *gclosed in (X,t). 

Theorem 4.1.2.16 

If a subset A of a topological space (X,T) is r *g* a -closed, then it 

is r *gs_closed. 

Proof 

Let G be an open set containing A. Then G is a r *gy.opefl  set 

containing A. Since A is z- *g*aclosed,  G D cl, *(A)TIjs  G D cl 1  *(A) 

scl*(A).Hence  A is r *gs. c l osed in (X,i). 

The converse of Theorem (4.1 .2.16) need not be true as seen from 

the following example. 
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Example 4.1.2.17 

Let X {a, b, c} and -c= {X, , (a}}. Then the subset {a, b} is 

r *gs. c105ed but not r *g*a_closed in (X,'t). 

Theorem 4.1.2.18 

If a subset A of a topological space (X,i) is r *g* c losed, then it is 

r * gi.. c1osed. 

Proof 

Let A be a r *g* ac!osed set in (X,t). Let G be a r *1.egular  open set 

of(X,t) such that A c G. Then G is a z-  *gopeI  set containing A, since 

every regular open set is z-  *gopen.  Thus G D cl1  *(A),  as A is 

z- *g*aclosed.  Therefore A is r * gi. c I osed.  

The converse of Theorem (4.1.2.18) need not be true as seen from 

the following example. 

Example 4.1.2.19 

Let X a, b, c} and T = fj X, 4, f al,, f b, c } }. Then the subset { b is 

r *cgrclosed but not r *g*a..c losed in (X,t). 

Theorem 4.1.2.20 

If a subset A of a topological space (X,T) is r *g*a. c losed, then it is 

r *gpl._closed. 

Proof 

Since every r *g*aclosed  set is r *jgi.closed and every r 

closed set is z-  *gpIclosed. Hence every z-  *g*aclosed set is r *gpl. 

closed. 
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4.1.3 Properties of z-  *g*u..closed sets in topological spaces 

Theorem 4.1.3.1 

A set A is z- *g*a.closed  if and only if Cia *(A) 
- A contains no non- 

empty r *ga..closed set. 

Proof 

Assume that A is z-  *g*jclosed. Let G be a r *ga..closed set such 

that G c c10  *(A).  - A. Then G is a z- *gyopen  set containing A. From 

the definition of r *g*a..closed,  cl(%  *(A)  c GC.  That is G c (cia *(A))( 

This implies that G cli cl (/  *(A)n ( c l *(A))( . That is cl (J  *(A) 
- A 

contains no non-empty r *gclosed set. 

To prove the sufficiency, let us assume that cl, *(A)— A contains no 

non-empty r *g ..closed set. Let A c G where G is a z-  *gopen  subset 

of(X,t). If cl,(A) is not contained in G, then cl(J*(A)  nG is a non-

empty r *g..closed  set of cl (  *(A) 
- A. Thus obtain a contradiction. 

Therefore cl (  *(A)  c G and hence A is r *g* closed. 

Proposition 4.1.3.2 

A *g*u..ciosed  set A is z- *_closed  if and only if cia *(A) - A is 

r *g ..c losed. 

Proof 

Since A is r ci 
, 
*(A) = A. Then ci a  *(A) 

- A is r 

closed and hence r *g .ciosed. 

To prove the sufficiency, by Theorem (4.1.3.1) cl a  *(A) 
- A 

contains no non-empty z-  *guci osed set. That is c10  *(A) 
- A = 4. 

Therefore c1(  *(A) = A. Hence A is r * c1 osed 
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Theorem 4.1.3.3 

Let (X,'r) be a topological space and let B c A X. If B is a 

z-  *g*uclosed set relative to A and A is a r *g*a_closed  subset of (X,T). 

Then B is a z- *g*u_closed  set relative to (X,t). 

Proof 

Let B c G and G be a z- *gopen  set in (X,t). Then B c A n G. 

Since B is z- * g*u_closed relative to A, (cia *) (B) c A n G. That is 

A n Cla *(B) c A n G. Thus Ancl1*(B)cG  and 

And 7  *(B)u (c l *(B))( cGu(cl7  *(B))( 
. Since A is z-  *g*a_c losed in 

(X,t), cL1 *(A) cGu(cl, *(B))( 
. Also B c A implies 

cl *(B)  cl1  *(A)  Thus cl (%  *(B)  c cl 1  *(A)  c u(cl *(B))( ' . Therefore 

c1 0  *(B)  cG, since cI7*(B)  is not contained in (cl 7  *(B))( 
. Thus B is a 

r *g*a. d losed set relative to X. 

Proposition 4.1.3.4 

If A is r *g* d losed and F is closed in a topological space (X,i), 

then A n F is r *g*a-closed in (X,T). 

Proof 

Since A n F is closed in A, ci *(AnF)  =AnF in A. Let A nF c G, 

where G is r *gopen  in A. Then (cl7 *) (A n F) ç ci *(AnF)AnF 

cG. Thus (c177*)  (A n F) and hence A n F is r g*aclosed in A. 

Hence A n F is r * g*aci osed in (X,T). 
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Theorem 4.1.3.5 

If A is a z-  * g*a.closed set in (X,-c) and A c B E Cia *(A), then B is 

a r *g*a_closed set in (X,T). 

Proof 

Let U be a z- * ga-open set in (X,T) such that B c U and hence 

A c U. Since A is z- *g*a_c!osed,  cl%  *(A)  c U. Since B c cl (%  *(A), 

C!(J *(B)c (cl(,  *(c1 ,  *(A))) = cl ( , *(A)  c U. Hence cl (%  *(B) U which 

implies that B is z-  * g*a_closed in (X,t). 

Theorem 4.1.3.6 

Let (X,T) be a topological space and A c Y c X. If A is a 

r g*a_c losed set in X, then A is z- * g*a. closed relative to Y. 

Proof 

Let A be a r * g*a. closed set in X and let A çY n G, where G is 

r *gopen  in (X,t). Since A is z-  *g*a_closed in (X,t) and A ci G implies 

c! 1  (A)ci G. That is Y n cl a  *(A) Y n G where Y n cl, *(A)  is 

r * ci-closure of A in (Y,G). Thus, A is z-  * g*a_closed relative to Y. 

Theorem 4.1.3.7 

If A is z-  *ga..open  and r *g*aclosed  in (X,T), then A is 

r *a.closed  in (X,T). 

Proof 

Let A be r *ga0pen  and z- *g*aclosed  in (X,T).Then c! *(A)  ci A. 

Since A c c l 1 *(A) for every subset A of X. Hence CI a  *(A) = A. This 

implies that A is r *uc!osed in (X,T). 

89 



Theorem 4.1.3.8 

For each x E X, either {x} z- *GC(X,t) or its complement 

X - {x} E r *G*aC(X T). 

Proof 

Assume that {x} z- *G(xC(Xt)  for each xEX. Therefore 

X - {x} z*GcLO(X,t).  Then X is the only 2*guopen  set containing 

X - {x}. Hence ci a  *(X.{x})  which implies that X - {x is r *g*a_c losed 

in (X,T). Hence X - {x} E r 

Definition 4.1.3.9 

The r * generaIized*c _c1osure  of a subset A (briefly r * g* ci,, *(A) 

in (X,T) is defined as follows: 

r * g* cl, (A)= n t F c X : Ac F and F is g*closed  in (X,t)J. 

4.1.4 r *g*aopen  sets in topological spaces 

Definition 4.1.4.1 

A subset A of a topological space (X,t) is called r *generalized*ct-

open (briefly z- *g*yopen) if its complement Ac  is r * genera iized*c  

closed in (X,t). 

Notation 4.1.4.2 

The collection of all z- *g*a_open  sets of (X,T) is denoted by 

2 *G*Q(X,T) 
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Proposition 4.1.4.3 

 Every r *.open  set is z- *g*jopen. 

 Every r *regijlar  open set is r *g* open. 

 Every z- *g*open  set is z-  *wgopen  

 Every r *g*open  set is r *wag open. 

 Every r *g*open  set is r *gopen. 

 Every z- *g*open  set is r * gopen. 

 Every r *g* open  set is r *wg* open.  

 Every r *g Lopen  set is r *g*a_open. 

 Every r *_open  set is r *g*yopen. 

The converses of (i), (ii), (iii), (iv), (v), (vi), (vii), (viii) and (ix) 

need not be true. 

Theorem 4.1.4.4 

A subset A is z- *g*çopen  in (X,i) if and only if Gç int, *(A) 

whenever A D G and G is r *gclosed in (X,i). 

Proof 

Let A be a z- *g*yopen  set and let G be a r *gcl osed set in (X,i) 

contained in A. Then Gc  is a z- *gopen  set in (X,t) containingA. 

Since Ac is r *g*_closed, ci, *(Ac )Gc 
. This implies 

G c int, *(cl(A)).  

To prove the sufficiency, assume that G mt 1  *(A) whenever 

G c A and G is r *ga_closed  in (X,T). Then (Ic  is a r *gopen  set 

contai n i ng Ac .  Now mt,1  *(A)  cG is equivalent to (IC  c ci, *( Ac) 

Therefore Ac  is r *g*_closed.  Hence A is r *g*uopen. 
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Proposition 4.1.4.5 

If A and B are r *g*..open  sets in (X,'t), then A n B is 

r* 9 *a-open  in (X,'r). 

Proof 

Similar to Proposition 4.1.4.3 

Proposition 4.1.4.6 

If A is z- *g*a_closed  in (X,T), then cl (, *(A) 
- 

A is z- *g*cjopen. 

Proof 

Let A c X be r *9*y.c1osed and F be a r *gcI osed set such that 

F c cl , *(A) 
- A. By Theorem (4.1.3.1), F , which implies that 

F c int1*(  cl(J  *(A) 
- A). This shows that cl (1  *(A) 

- A is r *g*a_open. 

SECTION 4.2 

ON r *g*  a -CONTINUOUS MAPS IN TOPOLOGICAL SPACES 

In this section, the concept of z- *g*  a -continuous maps r a - 

open maps z- a -closed maps are studied. The relations between 

r a -continuous maps with various existing continuous maps are 

discussed. Properties, characterizations of such maps are studied. 

4.2.1 Preliminaries 

Definition 4.2.1.1 

A map f: (X,T) - (Y,c) is said to be z-  *g_continllolls  if f' (V) is 

r *g. open  in (X,'t) for every *open  set V in (Y,G). 
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Definition 4.2.1.2 

A map f: (X,t) - (Y,c) is said to be r *a.continuous  if f-I  (V) is 

r *open  in (X,-t) for every*open  set V in (Y,o. 

Definition 4.2.1.3 

A map f: (X,i) —* (Y,) is said to be z- *ga  -continuous if f-I  (V) 

is r *ga  -open in (X,t) for every *open  set V in (Y,o). 

Definition 4.2.1.4 

A map f: (X,T) -> (Y,) is said to be r * a  g-continuous if f-I  (V) 

is r *a  g-open in (X,t) for every ç*.open  set V in (Y,). 

Definition 4.2.1.5 

A map f : (X,t) -> (Y,) is said to be z-  *semi...contintlous  if 

f-I  (V) is r *senhi _open  in (X,T) for every *open  set V in (Y,G). 

Definition 4.2.1.6 

A map f: (X,T) - (Y,o) is said to be r *sg_continuotls  if f-I  (V) is 

sg-open in (X,t) for every *open  set V in (Y,o. 

Definition 4.2.1.7 

A map f: (X,t) - (Y,) is said to be z-  *gs.contintlous  if f' (V) is 

z- *gs.open  in (X,z) for every G*open  set V in (Y,oj 

Definition 4.2.1.8 

A map f: (X,-t) - (Y,) is said to be r *completely...continuous if 

f-I  (V) is r *regular  open in (X,'t) for every G*open  set V in (Y,o. 
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Definition 4.2.1.9 

A map f: (X,t) -> (Y,) is said to be z- *a  -irresolute if f' (V) is 

* a -open in (X,-r) for every a -open set V in (Y,c). 

Definition 4.2.1.10 

A map f: (X,t) - (Y,G) is said to be r *wga  -continuous if f' (V) 

is r *wga  -open in (X,T) for every open set V in (Y,). 

Definition 4.2.1.11 

A map f: (X,t) - (Y,) is said to be r*wagcontinuous  iff'(V) 

is r *wa  g-open in (Xt) for every open set V in (Y,o. 

Definition 4.2.1.12 

A map f: (X,'t) —* (Y,) is said to be r *g -continuous if f' (V) is 

z- *g  -open in (X,t) for every open set V in (Y,). 

Definition 4.2.1.13 

A map f : (X,-r) -> (Y,) is said to be r *g  pre-continuous if 

f-'  (V) is z- *gpr.open  in (X,T) for every open set V in (Y,). 

Definition 4.2.1.14 

A map f (X,-t) -> (Y,cT) is said to be r *  a pre-continuous if 

f-I  (V) is r *a  pr-open in (X,'t) for every open set V in (Y,o). 
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4.2.2 r *g*a..continuous maps 

Definition 4.2.2.1 

A map f: (X,t) —* (Y,) is said to be z- *generalized*a... 

continuous (brieflyr *g*continhjous)  if the inverse image of every 

set in (Y,) is r *g*aclosed in (X,t). 

Proposition 4.2.2.2 

Every r *..continuous  map is r *g* continuous. 

Proof 

Assume that f: (X,T) — (Y,) is a r *_continuous map. Let V be 

any c*closed  set in (Y,G). Then LV) is r-  - closed in (X,t). By 

Proposition (4.1.2.3), every r*_closed  set is r *g*cLc1osed and hence 

L'(V)is r*g*c_cIosed  in (X,t). Therefore fis r *g*ccontinuous. 

The converse of the Proposition (4.2.2.2) need not be true as seen 

from the following example: 

Example 4.2.2.3 

Let X Y= {a, b, cj with z = {X, , {a}} and c = {Y, , a, bJ J. 

Let 1: (X,i) —(Y,) be defined by f(a) = b, f(b) = a, f(c) = c. Then f is 

r *g*ccontinuous  but not continuous, since for the *_c1osed  set I c I in 

(Y,), f 1 ( c{c is not *cIosed  in (X,T). 

Proposition 4.2.2.4 

Let f: (X,t) —> (Y,G) be a z- *g*  continuous map where (X,T) is a 

a T r *c5pace  Then f is r *COfltIIU1O1JS 



Proof 

Let V be any a *closed  set in (Y,G). Since f: (X,T)-> (Y,() is 

r *g*ccontinuous, f (V) is r *g*closed  in (X,-r). Since (X,T) is a 

r r space, f_ I  (V) is r *_closed  in (X,t). Hence f is r 

Proposition 4.2.2.5 

Every completely z- *_continuous  map is r *g* continuo1s. 

Proof 

Assume that f: (X,t)— (Y,) is z- *_coipIetely  continuous. Let V 

be any c*closed  set in (Y,). Then L1 (V) is r *i.egii laI._c1osed in (X,T). 

By Corollary (4.1.2.3), every z- - regular-closed set is r *g*closed  and 

hence f'(V) is r *g* c losed in (X,T). Therefore f is r *g* continuotjs. 

The converse of the Proposition (4.2.2.5) need not be true as seen 

from the following example: 

Example 4.2.2.6 

Let X = Y = ta, b, c} with r= {X, , {a}, {a, bl, }. and Y, j, 

{b, c 1  }. Let f: (X,'t) -> (Y,) be defined by f(a) = b, f(b) = c, f(c) a. 

Then f is r *9*..contin1ous  but not r *_coinpletely continuous, since 

is a*closed  in (Y,) but L1 ({a))=(c) is not r*regular  closed in 

(X,i). 

Proposition 4.2.2.7 

Every r *g*  continuous map is r *gcontintious. 
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Proof 

Let f: (X,-r) —(Y,(y) be r *g* continuous  and let V be any 

set in (Y,c). Then f 1 (V) is z-  *g*_closed in (X,t). Since 

every r *g*closed  set is z-  *ga_closed and hence f_ I  (V) is r *ga_ 

closed in (X,t) Hence f is r *gycontinuous. 

The converse of the Proposition (4.2.2.7) need not be true as seen 

from the following example: 

Example 4.2.2.8 

Let X = Y = (a, b, c} with -r = {X, , {a}, {b, c} } and a = {Y, 4, 

(a) J. Let f: (X,-r) —(Y,) be defined by f(a) = b, f(b) = a, f(c) = c. 

Then fisr *gcontinuous  but not z-  *g* continuous, since for the ci* 

closed set (b, c} in (Y,), f'((b, c)){a. c) is not r*g*cclosed  in 

(X,i). 

Proposition 4.2.2.9 

Every r *g*continuous  map is r *agcontinljous. 

Proof 

Let f: (X,-r) —(Y,) be z- *g*continuous  and let V be any 

set in (Y,). Then f(V) is z*g*cc_closed  in (X,-r). By 

Theorem (4.1.2.10), every z- *g*a.  closed set is r * g. c I osed and hence 

f_ I  (V) is r *gc!osed  in (X,-t). Therefore f is r * g_continuous. 

The converse of the Proposition (4.2.2.9) need not be true as seen 

from the following example: 
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Example 4.2.2.10 

Let XY = {a, b, c} withT= {X, 4), a}, {b, c}I and o {Y, 4), 

(a), (a, b) }. Let f: (X,t) - (Y,o) be defined by f(a) = b, f(b) = a,f(c)=c. 

Then f is r *agcontinuous  but not r *g*continuous,  since (b, c) is 

a* closed in (Y,) but f 1 ((b. c))(a. cj is not r*g*cc1osed  in (X,T). 

Proposition 4.2.2.11 

Every z- *g*continuous  map is z-  *wgcontinuo,js. 

Proof 

Assume that f is z-  *g* continuo1js  and let V be anyG*closed  set 

in (Y,). Then f (V) is r *g*closed  in (X,T). By Theorem (4.1.2.12), 

every r *g*_c1osed set is r *wgclosed,  hence L'(V) is r *wg ..c I osed 

in (X,t). Therefore f is r *wg ..continuojs. 

The converse of the Proposition (4.2.2. 11) need not be true as seen 

from the following example: 

Example 4.2.2.12 

Let X = Y = {a, b, c, d} with T {X, 4), {a, b), (a, b, c)). and 

(Y, 4), (a}, {a, d}}. Let f: (X,'t) —>(Y,(3) be defined by f(a) = b, 

f(b) = a, f(c) = d, f(d) = c. Then f is z-  *wg .contin1jo1s  but not r 

continuous, since for the closed set (b, c in (Y,G), L' ( (h. c ) (a. dI is 

not z- *g*_c1osed  in (X,-t). 

98 



Proposition 4.2.2.13 

Let (X,t) be a r * \% o a  T r **(L  -space and let f: (X,t) -f (Y,) be a 

- *wgcontinuous  map. Then f is r *g*çjcontjnjous. 

Proof 

Let V be anyc*  closed set in (Y,). Since f is z- *wga. continuous, 

f(V)is r*wgccIosed  in (X,T). Since (X,t) is a r* (x T r* g* 5pace, 

f'(V) is r *g*closed  in (X,t). I-fence f is r *g*_continljous. 

Proposition 4.2.2.14 

Every r *g* continIous  map is r *wgcontinuo 1s. 

Proof 

Assume that f: (X,t) -*(Y,c) is r *g* continuoIs. Since f is 

1 *wgcontinuous  and every z-  *wgcontinIous  map is r *wcjg  

continuous. Hence f is r *wg.co11tjnjous. 

The converse of the above Corollary need not be true as seen from 

the following example: 

Example 4.2.2.15 

Let X = Y = a, b, c) with  -u = X, 4, . 
and Y, 4, ta), 

(a, b I }. Let f: (X,T) ->(Y,a) be defined by f(a) = a, f(b) = c, 

f(c) = b, then f is z- *wg_continjjojs  but not z-  *g* continljoIs, since 

for the closed set {a, c} in (Y,), f_I( (a. (a. h) is not r 

closed in (X,T). 
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Theorem 4.2.2.16 

1ff: (X, i) (Y, ) is a map, then every r *continuous  map is 

. *g*a..continuous, 

Proof 

Let V be any *closed  set in (Y,). Since f is r 

f_ I  (V) is r *_closed in (X,t). Since every r set is r 

closed, f 1  (V) is *g*..c1osed  in (X,i). Therefore f is z-  *g*a..continuous. 

The converse of the Theorem (4.2.2.16) need not be true as seen 

from the following examples 

Example 4.2.2.17 

Let X = Y {a, b, c, d with T = {X, , la,b,ctj and c7 =  {Y, 4, 

{d}, {a, d) . Let f: (X,t) -> (Y,) be defined by f(a) = b, f(b) = d, 

f(c) = a, f(d) = c. Then f is r *g*  continuous but not r *.continuous, 

since {b, c} is in (Y,) but L'(Jb. c)){a, d) is not r *aclosed 

in(X,t). 

Theorem 4.2.2.18 

1ff: (X, 't) -> (Y, ) is a map, then every r *g#..continuous map is 

r *g*  continuous, 

Proof 

Let f be a r *g#..continuous map and let V be any cy*closed  set in 

(Y,). Then f (V)is rg -closed in (X,T). By Proposition (4.1.2.14), 
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every r *g#c1osed set is r *9* c1osed, hence [(V) is r *9*_c1osed in 

(X,T). Therefore f is r *g*_contin1ous.  

The converse of the above Theorem need not be true as seen from 

the following examples 

Example 4.2.2.19 

Let X = Y = {a, b, c with T = (X, , (a}, {a, bJ I and cF = (Y, , 

(b, c} . Let f: (X,T) -> (Y,(7) be defined by f(a) = b, f(b) = a, f(c) = c. 

Then f is r *g*jcontinIoljs but not r *g .continuoLs, since for the 

closed set {a in (Y,c), L'({a)h is not r*gclosed  in (X,i). 

Theorem 4.2.2.20 

1ff: (X, 't) - (Y, (7) is a map, then every r *g*_conjnJjous  map 

is r *gs_continllol.is  

Proof 

Let V be any cy*closed  set in (Y,). Then f 1 (V) is r *g*ycIosed 

in (X,-r), as f is z-  *g*_continuo1js.  By Proposition (4.1.2.16), every 

r *g*jclosed  set is r *gsc1osed, hence f(V) is r *gs..c losed in (X,T). 

Therefore f is r *gscontinuoljs. 

The converse of the Theorem (4.2.2.20) need not be true as seen 

from the following examples. 

Example 4.2.2.21 

Let X = Y a, b, c, d 1, with T {a 1  1 and cy = {Y, 1 b 1k  b, k J'  

c, 1  a, b, c 1  }. Let f: (X,T) - (Y,c) be defined by f(a) = a, f(b) = d, 
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f(c) = b, f(d) = c. Then fisr * gs-continuous but not r *g* continL1ous, 

since for the cy*closed  set {a, c, d} in (Y,), f( {a, c, d})={a, b, d} is not 

r *g*cclosed in (X,T). 

Theorem 4.2.2.22 

1ff: (X,t) - (Y,) is a map, then every r *g*continuous  map is 

r *agr  continuous. 

Proof 

Let V be any *cIosed  set in (Y,). Then f(V) is r *g* c losed 

in (X,T), as f is r *g*continhjo1js.  Since every z-  *g* c1osed set is 

*g1.cIosed, L1  (V) is r *gr  -closed in (X,t). Therefore f is r *g1. - 

continuous. 

Example 4.2.2.23 

Let X=Y= (a,b,c} witht= {X,, (a}, {b,c}} and a= 

{b}, tc, b, c} }. Let f: (X,T) -* (Y,() be defined by f(a) = b, f(b) 

f(c) = a. Then f is r *ag  r-continuous but not z-  *g*..continuous, since 

{a, bl, is G*closed  in (Y,) but f({a, b))={a, c) is notr*g*aopen  in 

(X,t). 

Theorem 4.2.2.24 

Every r *g* conti n1jous  map is r *gpr. continuous. 

Proof 

Assume that f: (X,t) - (Y,o is z-  *g* continhjoljs. Since every 

r *g*..continIoljs  map is r * gI...continljoijs  and every r *cygi... 
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continuous map is r *gprcontinuous.  Hence every r *g* continuous 

map is z-  *gpNcontinjous. 

Remark 4.2.2.25 

The following examples show that r *sern i continuous and r 

continuous maps are independent: 

Example 4.2.2.26 

Let X = Y a, b, cl with r = {X, , (a 5' k bk '  'a,  b} } and 

{Y, , {a}, {b, c} }. Let f: (X,T) -> (Y,) be defined by f(a) = a, 

f(b) = c, f(c) = b. Then f is semi-continuous but not z- *g* contin1ous, 

since (a) is open as well as *closed  in (Y,), I ({a){a is not 

r *g*c_closed  in (X,t). 

Example 4.2.2.27 

Let X = Y (a, b, c} with t {X, , a, b}) and cy= {Y, 4 , 'b ' 

{ b, c } }. Let f: (X,t) -> (Y,o) be defined by f(a) b, f(b) c, f(c) a. 

Then f is r-  *g*ycontinuous but not r *seI i. conti nuous  since (a, c) 

is * closed in (Y,) but f 1 ({a. c})=(b. cl is not r *seiclosed in (X,T). 

Theorem 4.2.2.28 

If a map f: (X,'t) - (Y,) is z-  *_ir1.esoI ute, then it is r 

continuous. 

Proof 

Let V be any *_closed  set in (Y,(3). Then V is r * c1osed in 

(Y,). Since f is r * a-irresolute, I (V) is r *closed  in (X,T). By 
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Proposition (4. 1 .2.8) every r * closed set is z- *g*a_closed  and hence 

r1 (V) is z-  *g*aclosed in (X,-t). Therefore f is z- *g*_continuous. 

The converse of the Proposition (4.2.2.28) need not be true as seen 

from the following example: 

Example 4.2.2.29 

Let XY {a, b, c, d with -u= (X, , (a, b), {a, b, cfl and 

{ Y, , { b }, (d  }, if  b, d }, I b, c, d ). Let f: (X,T) - (Y,) be defined 

by f(a) = d, f(b) = b, f(c) = a, f(d) = c. Then f is r *g*cx _continuoljs  but 

not r *c,L _i rresol ute, since for the r * closed set {a, b, c} in (Y,o, 

f 1 ((a.b.c(b.c.d is not r*cclosed  in (X,t). 

Remark 4.2.2.30 

The following examples show thatr *gcontinuous  and r 

continuous maps are independent: 

Example 4.2.2.31 

LetX=Y= {a,b,c} withT= (X,, (a}} ando {Y,, (a}, (a, 

c}}. Let f: (X,t)—> (Y,(T) be defined by f(a) = c, f(b) = a, f(c) = b. Then f 

is r *gcontinuous  but not z-  *g* continuoIs, since (b, c) is G*closed  in 

(Y,c) but f( {h. cJ)(a. cl, is not r *g* closed in (X,T). 

Example 4.2.2.32 

Let X = Y = (a, b, c( with -r = (X, 4, (a), (a, b)) and {Y, , 

(a, b} }. Let f: (X,T) -* (Y,o) be defined by f(a) = b, f(b) = c, f(c) = a. 

Then f is r *g*contjnjjous  but not r *gconti nuous, since for the a- 

closed set (c) in (Y,), i((c)(b( is not r*gclosed  in (X,T) 
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Theorem 4.2.2.33 

A map f: (X,'t) -> (Y,) is r *g*continuous  if and only if the 

inverse image of every *open  set in (Y,) is r *g*a_open  in (X,T). 

Proof 

Let V be an cy*open  set in (Y,c). Then Vc  is *.cIosed  in (Y,). 

Since f is r *g* ycont jnuoijs,  f_t(Vc) is r *g*closed  (X,T). But 

LVc) = X - f(V). Hence r(V)is r*g*copen  in(X,t). 

To prove the sufficiency, assume that the inverse image of every 

z- *open  set in (Y,) is z-  *g* open  in (X,T). Let V be a c*closed  set in 

(Y,(). Then Vc  is *open  in (Y,c).By assumption,f(Vc) = X — L t (V) 

is r *g* open  in (X,T) which implies that L'(V) is r *g* c1osed in 

(X,T). Hence f is r *g* continuoLIs. 

Theorem 4.2.2.34 

Every r *g* continuoljs  map is r *wgcontinuous. 

Proof 

Assume that f is a z-  *g*_continuous  map. Let V be any o.* closed 

set in (Y,). Then f(V) is r *g* closed in (X,i). By Theorem 

(4. 1 .2. 1 2), every z-  *g* c!osed set is z-  *wgc1osed and hence 

f(V) is r *wga..c losed in (X,t). Thus f is r *wgj.contin1joIs. 

The converse of the Proposition (4.2.2.24) need not be true as seen 

from the following example: 
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Example 4.2.2.35 

Let XY = {a,b,c,d} withT==  {X,, {a,b}, (a,b,c}} and 

cT = {Y, 4, {c}, {b, c}, {b, c, d}}. Let f: (X,t) —> (Y,c) be defined by 

f(a) d, f(b) = c, f(c) a, f(d) = b. Then f is r *wgcontinuous  but not 

r *g*ycontinuous,  since for the *_closed  set ta, d} in (Y,), 

f'({a. d})=.a.c} is not r*ga_closed  in (X,i). 

Theorem 4.2.2.36 

Let (X,T) and (Z,1) be any two topological spaces and let (Y,) be 

a T*g*(% T T*C  -space. 1ff: (X,T) — (Y,) and g : (Y,(7) - (Z,1) are 

. 
*g* continuous  maps, then their composition go I : (X,T) —> (Z,) is 

also a z-  *g* continuous  map. 

Proof 

Let F be a closed set in (Z,r1). Since g is z- *g*.continuous, 

9 1 (F)is r*g*c._closed  in (Y,c). Since (Y,) is a r *O*(LT r *('-space, 

g'(F) is *c1osed  in (Y,). Since f: (X,t) -(Y,c) *wg*c 

continuous, I (g'(F))=(gof'(F) is r*g*cclosed  in (X,T). Hence 

g o f is a r *g*continuous  map. 

Theorem 4.2.2.37 

Let f: (X,c)-(Y,) be an z*a_irresoIute  map and let 

g : (Y,) ->(Z,1) be a r*g*c_continuous  map. If(Y) is a 

space, then the composition go I: (X,T) —> (Z,q) is r *.cont inuous. 
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Proof 

Let F be a c*closed  set in (Z,q). Since g is r *g*a. continuous, 

g'(F) is r*g*c_closed  in (Y,(). Since (Y,) is a T*g*aT(%  space, 

g' (F) is in (Y,). Since f is r *iri.esolute, 

f(g(F))(gof 1 (F) is r*cLclosed  in (X,z). Hence gof  is r  *a 

continuous. 

Theorem 4.2.2.38 

Let f: (X,'r) —(Y,() be a r *gcontinuous,  r  *pi.eclosed  map. 

Then f(A) is *cLgcIosed  in (Y,() for every z- *g*c1osed  set A in (X,i). 

Proof 

Let A be a r *g*yclosed set in (X,t) and let V be an cy*open  set 

in (Y,) such that f(A) ciV which implies that A f'(V). Since V is 

çy*_open in (Y,c) and f is r *gcontinhjous, f 1 (V) is r *gjopen in 

(X,i). Since A is r *g* closed and Ac f(V), cl (1  *(A)c  f'(V) which 

implies that f(cl /  *(A))  c f(f - '(V)) cV. Hence f(cl,(A)) çV Since f is 

F *preccl osed, i(cl,,  *(A))  is  *cLclosed  in (Y,o. Therefore 

cl *(f(cI ,  *(A))) c f(cl, *(A)).Since  A c c10  *(A),f(A)  c f(cla *(A)) 

which implies that cl /  *(f(A))  c ci , *(f(cl *(A)))f(c1 *(A)) c V. 

Hence ci (, *(f(A))  c V. Therefore f(A) is *agc1osed  in (Y,). 
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Theorem 4.2.2.39 

Let f: (X,t) —> (Y,) be a z- *g _continuous, r *pre__c!osed map 

where (Y,) is a a T b -space, then f(A) is *g*c _c1osed in (Y,G) for every 

z- *g*c!osed  set A in (X,t). 

Proof 

Let A be ar *g*cx.closed  set in (X,'t) and V be a *gcopen  set in 

(Y,() such that f(A) c V. Since every *gcopen set is *cgopen,  V is 

ç*g.open in (Y,). Since (Y,) is a 1 T1, -space, V is y*open  in (Y,ci). 

Since f is r *gcontinuous,  f (V) is r *gjopen in (X,T). Since A is 

r *g* c1 osed in (X,t) and A f(V), c!1 *(A)c  f(V) which implies 

that f(cla *(A)) f(f' (V)).Hence ci, *(A)(iV  Since f is *pre cL  

closed, f(cl (J  *A))  is  *c_closed  in (Y,(3). Therefore c1, *(A) 

(f(cl 1  *(A)))c(f(c! *(A)) cV. Since Ac cl (, *(A),  f(A) c f(c1 *(A)) 

which implies that ci a  *((f(A))c  f'(V) cl i, *(A)  c (f(cl, *(A))) c 

(f(cl (1  *(A))  c V . Hence f(A) is cy*g*ccI osed in (Y,(7). 
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