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CHAPTER 4

In this chapter, the concepts of r*g*a-closed sets and
¢ ¥g* o -continuous maps in topological spaces are studied .Properties,

characterizations and applications are analyzed.

SECTION 4.1
ON 7 *g*a -CLOSED SETS IN TOPOLOGICAL SPACES

In this section, the concepts of r*g*a-closed sets and
r*g*g-open sets in topological spaces are studied .Properties,

characterizations and applications are analyzed.

4.1.1 Preliminaries

In this section the preliminary definitions are discussed.

Definition 4.1.1.1
A subset A of a topological space (X, ) is called r *-generalized
pre-regular closed (briefly r*gpr-closed) set if pcl*(A)cU whenever

A < Uand U is ¢ *-regular open in (X, 7).

Definition 4.1.1.2
A subset A of a topological space (X,r) is called 7 *semi-

generalized closed (briefly r*sg-closed) set if scI*(A)cU whenever

A c Uand Uis r*semi-open in (X, 7).
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Definition 4.1.1.3
A subset A of a topological space (X,7) is called 7 *-generalized
semi-closed (briefly r*gs-closed) set if scl*(A)cU whenever A cU and

U is ¢ *-open in (X, 7).

Definition 4.1.1.4
A subset A of a topological space (X,7) is called r*ga *-closed

setif ¢l *(A)cint*(U) whenever A ¢ Uand Uis 7 *a-open in (X,7).

Definition 4.1.1.5
A subset A of a topological space (X,7) is called 7 *generalized

a -closed (briefly 7 *ga -closed) set if ¢l *(A)c U whenever A ¢ U and

Uis r*a-openin (X,7).

Definition 4.1.1.6
A subset A of a topological space (X,7) is called 7 * « -generalized

closed (briefly 7 * a g-closed) set if ¢l *(A)cU whenever A ¢ U and U

is ¢ *-open in (X, 7).

Definition 4.1.1.7
A subset A of a topological space (X,7) is called 7 * « -generalized

regular closed (briefly r *« gr-closed) set if cl , *(A)c U whenever AcU

and U is 7 *a g-openin (X,7).
Definition 4.1.1.8

A subset A of a topological space (X,7) is called 7 *g"-closed set

if c1*(A)c U whenever A ¢ Uand U is r *a g-open in (X, 7).
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Definition 4.1.1.9
A subset A of a topological space (X,7) is called r *wga -closed

set if cl *(int*(A))cU whenever A c U and U is ¢*«a-open in

(X,7).

Definition 4.1.1.10
A subset A of a topological space (X,7) is called r*wa g-closed

set if ¢l , *(int*(A))c U whenever A < U and U is 7 *-open in (X, 7).

Definition 4.1.1.11

A topological space(X,7) is said to be T..,.,-space if every

*wga T T

r *wga -closed subset of (X, 7) is 7 *g*a -closed in (X, 7).
Definition 4.1.1.12

A topological space(X,r) is said to be . ., T .. -space if every

r *g* a -closed subset of (X,7) is r *closed in (X, 7).

4.1.27 *g* a -closed sets in topological spaces

Definition 4.1.2.1
A subset A of a topological space (X,1) is said to be 7 *g* « -closed

set in (X,1) ifcl, *(A)c G whenever AcG and G is 7 *ga -open in(X,1).
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Notation 4.1.2.2

(1) The collection of all 7 *g* « -closed sets of (X,1) is denoted by
r *G* a C(X,1).

(iil)  The collection of all r*ga -open sets of (X,1) is denoted by
r*¥*G*a O (X,1).

Theorem 4.1.2.3

If a subset A of a topological space (X,t) is r *closed, then it is
r *g* o -closed.
Proof

Let G be a r *ga-open set containing A. Then G © A = cl(A), as A
ist *closed. Since cl(A) D cl*(A) ocl, *(A).,G 2ecl,*(A). Hence A is
a t *g* a -closed set in (X,1).

The converse of Theorem (4.1.2.3)need not be true as seen from

the following example

Example 4.1.2.4
Let X = {a, b, ¢} and © = {X, ¢, {a}}. Then the subset {c} is

r *g* a -closed but not closed.

Corollary 4.1.2.5

If a subset A of a topological space (X,t) is r *regular closed, then
it is r *g* a -closed but not conversely.
Proof

Since every r *regular closed set is r *closed and every r *closed

set is 7 *g* « -closed. Hence every r *regular closed set is r *g* a -closed.



Theorem 4.1.2.6

If a subset A of a topological space (X,1) is r *g* « -closed, then it
is r *ga -closed.
Proof

Let G be a 7 *a-open set containing A. Then G is a 7 *ga -open
set, as every r *a-open set is 7 *go-open .Thus G 2 A and G 2cl, *(A),
as A is r *g*a-closed. Thus G D cl, *(A). Hence A is r*ga -closed in
(X,7).

The converse of Theorem (4.1.2.6) need not be true as seen from
the following example.
Example 4.1.2.7

Let X ={a, b,c, } and 1= {X, ¢, {a, b}}. Then the subset {c} is

r *ga-closed but not 7 *g* a -closed in (X, 7).

Theorem 4.1.2.8

If a subset A of a topological space (X,1) is r ¥« —closed, then it is
r *g* o -closed
Proof

Let G be an 7 *gea -open set containing A .Then G DA= cl, *(A),
as every r*a-open set is r*ga-open .Thus G 2 cl, *(A). Hence A is
r *g* a -closed in (X,1).

The converse of Theorem (4.1.2.8) need not be true as seen from

the following example:

Example 4.1.2.9
Let X = {a, b, c} and 1= {X, ¢, {a},{b,c}}. Then the subset {c} is

ga-closed but not r *g* a -closed in (X,1) but not ¢ * « -closed



Theorem 4.1.2.10

If a subset A of a topological space (X,1) is r *g* « -closed, then it
is r *ag-closed
Proof

Let G be an open set containing A. Then G is a r *ga-open set
containing A. Thus G o ¢l *(A), as A is a r *g*a -closed set. Therefore
A is 7 *ag-closed in (X,1).

The converse of Theorem (4.1.2.10) need not be true as seen from

the following example:

Example 4.1.2.11
Let X = {a, b, ¢} and T = {X, ¢, {a}}. Then the subset {a, c} is

r *aig-closed but not 7 *g* a -closed in (X,1).

Proposition 4.1.2.12

If a subset A of a topological space (X,1) is 7 *g*a -closed, then it
is 7 *wga-closed.
Proof

Since every r*g*a-closed set is r*go-closed and every
r *go-closed set is r*wga-closed .Hence every z*g*a-closed set is

r *wga-closed.

Proposition 4.1.2.13
If a subset A of a topological space (X,1) is 7 *g*« -closed, then it

is  *wag-closed.
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Proof

Since every r*g*a -closed set is 7*wgo-closed and every
r *wgo-closed set is 7 *wag-closed. Hence every ¢*g*a-closed set is

r *wog-closed.

Theorem 4.1.2.14

If a subset A of a topological space (X,1) is t *g_closed, then it is
r *g*a -closed.
Proof

Let G be a ga-open set containing A. Then G is an 7 *og-open set
containing A. Since A is r *g#-closed, G o cI*(A) o cl, *(A).Hence
G ocl, *(A).Therefore A is r *g* a -closed.

The converse of Theorem (4.1.2.14) need not be true as seen from

the following example.

Example 4.1.2.15
Let X ={a, b, c} and 1= {X, ¢, {a}, {a, b}}. Then the subset {b} is

both r *g* « -closed and r *wg a-closed but not ¢ *g"_closed in (X,1).

Theorem 4.1.2.16

If a subset A of a topological space (X,1) is 7 *g*a -closed, then it
is t *gs-closed.
Proof

Let G be an open set containing A. Then G is a r*ga-open set
containing A. Since A is ¢ *g*a-closed, G D cl, *(A). Thus G 2 cl, *(A)
> scl*(A).Hence A is r *gs-closed in (X,1).

The converse of Theorem (4.1.2.16) need not be true as seen from

the following example.



Example 4.1.2.17
Let X = {a, b, ¢} and 1 = {X, ¢, {a}}. Then the subset {a, b} is

r *gs-closed but not 7 *g*a-closed in (X,1).

Theorem 4.1.2.18

If a subset A of a topological space (X,1) is 7 *g*a-closed, then it is
r *ogr-closed.
Proof

Let A be a 7 *g*a-closed set in (X,7). Let G be a r *regular open set
of (X,t) such that A = G. Then G is a r *ga-open set containing A, since
every regular open set is r*go-open. Thus G 2 cl, *(A), as A is

r *g*a-closed. Therefore A is r *agr-closed.
The converse of Theorem (4.1.2.18) need not be true as seen from

the following example.

Example 4.1.2.19
Let X = {a, b, c} and 1= {X, ¢, {a}, {b, c}}. Then the subset {b} is

r *agr-closed but not 7 *g*a-closed in (X,1).

Theorem 4.1.2.20
If a subset A of a topological space (X,1) is r *g*a-closed, then it is
r *gpr-closed.
Proof
Since every r*g*a-closed set is r *ogr-closed and every r*agr-
closed set is ¢ *gpr-closed. Hence every r*g*a-closed set is r*gpr-

closed.
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4.1.3 Properties of 7 *g*a-closed sets in topological spaces

Theorem 4.1.3.1

A set A is 7 *g*a-closed if and only if ¢l *(A) — A contains no non-

empty r *go-closed set.
Proof

Assume that A is r *g*a-closed. Let G be a r *ga-closed set such
that G ccl, *(A). — A. Then G is a r *ga-open set containing A. From
the definition of r *g*a-closed, cl, *(A) < G°. Thatis G < (cl, *(A))‘.
This implies that G < cl, *(A)n(cl, *(A))* = ¢. That is cl, *(A) — A
contains no non-empty 7 *go-closed set.

To prove the sufficiency, let us assume that cl, *(A)— A contains no
non-empty 7 *go-closed set. Let A < G where G is a r *ga-open subset
of (X,1). If cI* (A) is not contained in G, then cl,*(A) nG* is a non-
empty 7 *ga-closed set of ¢l *(A) — A. Thus obtain a contradiction.

Therefore cl, *(A) < G and hence A is 7 *g*a-closed.

Proposition 4.1.3.2

A r*g*a-closed set A is 7 *a-closed if and only if cl, *(A) — A is

r *ga-closed.
Proof
Since A is r *a-closed, ¢l , *(A) = A. Thencl, *(A)— A =¢ is r *a-

closed and hence r *ga-closed.

To prove the sufficiency, by Theorem (4.1.3.1) cl, *(A) — A
contains no non-empty r*ga-closed set. That is cl, *(A) — A = ¢.

Therefore cl , *(A) = A. Hence A is 7 *a-closed
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Theorem 4.1.3.3

Let (X,1) be a topological space and let Bc A < X. IfBisa
r *g*q-closed set relative to A and A is a z *g*a-closed subset of (X,1).
Then B is a r *g*a-closed set relative to (X,1).
Proof

Let B< G and G be a r *go-open set in (X,1). Then B AN G.

Since B is r* g*a-closed relative to A, (cl, *), (B) € A m G. That is
A ~ cd *B) < A n G. Thus Ancl, *B)cG and
Ancl *(B)u(cl, *(B)) cGu(cl, *(B)) . Since A is r*g*a-closed in
(X,1), cl *(A) <Gu(cl,*B)“. Also B < A implies
cl *B)c cl, *(A). Thus cl, *(B) < cl, *(A) < u(cl,*(B)). Therefore
cl_*(B) G, since cl, *(B) is not contained in (cl,*(B))‘. Thus B is a

r *g*a-closed set relative to X.

Proposition 4.1.3.4

If A is r*g*a-closed and F is closed in a topological space (X,1),
then ANF is ¢ *g*a-closed in (X,1).
Proof

Since ANF isclosed in A, ¢l ,*(ANF) =ANF in A. Let ANF c G,

where G is 7 *go-open in A. Then (cl, *) , (A N F) c cl, *(ANF)=ANF
cG. Thus (cl_ *),(A n F) and hence ANnF is r* g*a-closed in A.

Hence ANF is ¢ * g*a-closed in (X,1).
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Theorem 4.1.3.5

If Aisa r* g*a-closed set in (X,1) and A € B c cl, *(A), then B is
a r *g*a-closed set in (X,1).
Proof

Let U be a r* ga-open set in (X,t) such that B < U and hence
A c U. Since A is 7 *g*a-closed, cl, *(A) c U. Since B < cl, *(A),
cl *B)c (cl,*(cl, *(A))) = cl, *(A) < U. Hence cl,*(B)c U which

implies that B is 7 * g*a-closed in (X,1).

Theorem 4.1.3.6
Let (X,1) be a topological space and A < Y < X. If Ais a
r* g*qg-closed set in X, then A is r * g*a-closed relative to Y.
Proof
Let A be a r* g*a-closed set in X and let A €Y N G, where G is
r *ga-open in (X,1). Since A is 7 *g*a-closed in (X,7) and A < G implies

cl *(A)c G. That is Y mncl, *(A) ¢ Y N G where Y n cl, *(A) is

r * a-closure of A in (Y,o). Thus, A is ¢ * g*a-closed relative to Y.

Theorem 4.1.3.7
If A is r*go-open and r*g*a-closed in (X,t), then A is
r *a-closed in (X,1).
Proof
Let A be ¢ *ga-open and ¢ *g*a-closed in (X,t).Then cl, *(A) € A.
Since A < ¢l *(A) for every subset A of X. Hence cl, *(A) = A. This

implies that A is ¢ *a-closed in (X,1).
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Theorem 4.1.3.8

For each x € X, either {x}e 7r*GaC(X,t) or its complement
X —{x} € £ *G*aC(X,1).
Proof

Assume that {x}e¢ ¢*GaC(X,t), for each xeX. Therefore
X — {x} ¢ t*GaO(X,1). Then X is the only z*ga-open set containing
X — {x}. Hence cl, *(X-{x}) which implies that X — {x} is 7 *o*o-closed

in (X,1). Hence X — {x} € 7 *G*aC(X,T1).

Definition 4.1.3.9

The 7 * generalized*a-closure of a subset A (briefly 7 * g* cl, *(A)

in (X,1) is defined as follows:

r*¥g*cl (A= {FcX:AcFandF isg*a-closed in (X,1)}.

4.1.47 *g*a-open sets in topological spaces

Definition 4.1.4.1

A subset A of a topological space (X,1) is called r *generalized*a-
open (briefly r*g*o-open) if its complement A is ¢ * generalized*a-

closed in (X,1).

Notation 4.1.4.2

The collection of all r*g*a-open sets of (X,t) is denoted by

r *G*aO(X,1).
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Proposition 4.1.4.3
(i)  Every r *-open set is r *g*a-open.
(i)  Every r *regular open set is r *g*a-open.
(iii) Every r *g*a-open set is 7 *wgo-open
(iv) Every r *g*a-open set is 7 *wag-open.
(v)  Every r*g*a-open set is r *ga-open.

yr°g p ga-op
(vi) Every r*g*a-open set is 7 *og-open.
(vii) Every r *g*o-open set is ¢ *wg*o-open.
(viii) Every r*g’-open set is ¢ *g*a-open.
(ix) Every r*a-open set is 7 *g*o-open.

The converses of (i), (ii), (iii), (iv), (v), (vi), (vii), (viii) and (ix)

need not be true.

Theorem 4.1.4.4
A subset A is r*g*a-open in (X,1) if and only if G< int, *(A)

whenever A © G and G is r *ga-closed in (X,1).
Proof

Let A be a r *g*a-open set and let G be a ¢ *go-closed set in (X,1)
contained in A. Then G® is a r*ga-open set in (X,1) containing A®.
Since A¢ is r*g*a-closed, cl, *(A“)cG®. This implies
G c int_ *(cl(A)).

To prove the sufficiency, assume that G < int, *(A) whenever
Gc Aand G is r*goa-closed in (X,t). Then G* is a r*go-open set
containing A°. Now int, *(A) <G is equivalent to G° < cl, *( A").

Therefore A€ is r *g*a-closed. Hence A is 7 *g*a-open.
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Proposition 4.1.4.5

If A and B are r*g*a-open sets in (X,1), then A N B is
r *g*a-open in (X,T1).
Proof

Similar to Proposition 4.1.4.3

Proposition 4.1.4.6

If A is 7 *g*a-closed in (X,1), then cl , *(A) — A is ¢ *g*a-open.
Proof

Let A X be r*g*o-closed and F be a r *ga-closed set such that
F c cl *(A) — A. By Theorem (4.1.3.1), F =¢, which implies that

F cint, *(cl, *(A) — A). This shows that cl, *(A) - A is r *g*o-open.
SECTION 4.2
ON 7 *g* o -CONTINUOUS MAPS IN TOPOLOGICAL SPACES

In this section, the concept of ¢ *g* « -continuous maps z *g* a -
open maps r *g* a -closed maps are studied. The relations between
r *g* ¢ -continuous maps with various existing continuous maps are

discussed. Properties, characterizations of such maps are studied.
4.2.1 Preliminaries
Definition 4.2.1.1

A map f: (X,1) - (Y,0) is said to be r *g-continuous if {'(V) is

r *g-open in (X,1) for every o*-open set V in (Y,0).



Definition 4.2.1.2

A map f: (X,1) > (Y,0) is said to be 7 *a-continuous if (V) is

r *o-open in (X,1) for everyc*-open set V in (Y,0).
Definition 4.2.1.3

A map f: (X,1) - (Y,0) is said to be r *ga -continuous if f'(V)

is 7 *ga -open in (X,1) for every o*-open set V in (Y,0).
Definition 4.2.1.4

A map f: (X,1) - (Y,0) is said to be r *« g-continuous if f'(V)

is 7 *a g-open in (X,1) for every o*-open set V in (Y,0).
Definition 4.2.1.5

A map f: (X,1) - (Y,0) is said to be ¢ *semi-continuous if

£~ (V) is 7 *semi-open in (X,1) for every c*-open set V in (Y,0).
Definition 4.2.1.6

A map f: (X,1) - (Y,0) is said to be r *sg-continuous if f'(V)is

sg-open in (X,1) for every c*-open set V in (Y,0).
Definition 4.2.1.7

A map f: (X,1) - (Y,o0) is said to be 7 *gs-continucus if f'(V)is

r *gs-open in (X,1) for every o*-open set V in (Y,0).
Definition 4.2.1.8

A map f: (X,1) - (Y,0) is said to be r *completely-continuous if

f-'(V) is r *-regular open in (X,1) for every c*-open set V in (Y,0).
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Definition 4.2.1.9

A map f: (X,1) > (Y,0) is said to be 7 *a -irresolute if (V) is

r *a -open in (X,1) for every 6* « -open set V in (Y,0).
Definition 4.2.1.10

A map f: (X,1) > (Y,o) is said to be r *wga -continuous if (V)

is 7 *wga -open in (X,1) for every open set V in (Y,0).
Definition 4.2.1.11

A map f: (X,1) > (Y,o) is said to be ¢ *wa g-continuous if (V)

is 7 *wa g-open in (X,1) for every open set V in (Y,0).
Definition 4.2.1.12

A map f: (X,1) - (Y,0) is said to be 7 *g" -continuous if {' (V) is

r *g*-open in (X,1) for every open set V in (Y,o0).
Definition 4.2.1.13

A map f: (X;1) - (Y,0) is said to be r*g pre-continuous if

£~ (V) is ¢ *gpr-open in (X,1) for every open set V in (Y,0).
Definition 4.2.1.14

A map f: (X,1) —» (Y,0) is said to be r*a pre-continuous if

£~ (V) is ¢ *a pr-open in (X,1) for every open set V in (Y,0).
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4.2.2 r *g*oi-continuous maps
Definition 4.2.2.1

A map f: (X,1) > (Y,0) is said to be r *generalized*o.-
continuous (briefly r *g*o-continuous) if the inverse image of every

o*-closed set in (Y,0) is = *g*a-closed in (X,1).
Proposition 4.2.2.2

Every r *-continuous map is r *g*o-continuous.
Proof

Assume that f: (X,1) — (Y,0) is a r *-continuous map. Let V be
any o*-closed set in (Y,o). Then £7'(V) ist *- closed in (X,1). By
Proposition (4.1.2.3), every 7 *-closed set is 7 *g*a-closed and hence

£7'(V)is ¢ *g*o-closed in (X,1). Therefore fis r *g*o-continuous.

The converse of the Proposition (4.2.2.2) need not be true as seen

from the following example:
Example 4.2.2.3

Let X=Y={a, b,c} witht={X, ¢, {a}} and c = {Y, ¢, {a, b} }.
Let f: (X,1) ->(Y,0) be defined by f(a) =b, f(b) = a, f(c) = c. Then fis
r *g*o-continuous but not continuous, since for the *-closed set {c} in

(Y,5), f'({c})={c}is not o*-closed in (X,1).
Proposition 4.2.2.4

Let f: (X,1)— (Y,0) be a r *g*a-continuous map where (X,1) Is a

r *g* o Tr *c-space. Then fis 7 *-continuous.



Proof

Let V be any o *closed set in (Y,o0). Since f: (X,1)— (Y,0) is
r *g*a-continuous, £7'(V)is r *g*a-closed in (X,1). Since (X,1)isa

rera ] 7 cSpace, 7' (V)is r *-closed in (X,t). Hence fis z *continuous.
Proposition 4.2.2.5

Every completely ¢ *-continuous map is ¢ *g*a-continuous.
Proof

Assume that f: (X,1)— (Y,0) is ¢ *-completely continuous. Let V
be any o*-closed set in (Y,5). Then £7'(V) is r *regular-closed in (X,1).
By Corollary (4.1.2.3), every r *- regular-closed set is r *g*a-closed and

hence f~'(V)is ¢ *g*a-closed in (X,1). Therefore fis 7 *g*a-continuous.

The converse of the Proposition (4.2.2.5) need not be true as seen

from the following example:
Example 4.2.2.6

Let X =Y ={a, b, c} witht={X, ¢, {a}, {a,b}} and c=1{Y, ¢,
{b,c}}. Let f: (X,1) — (Y,0) be defined by f(a) = b, f(b) =c, f(c) =a.
Then fis r *g*o-continuous but not r *-completely continuous, since
fa} is o *-closed in (Y,o) but f~'(fal)={c} is not r *-regular closed in

(X,71).
Proposition 4.2.2.7

Every r *g*o-continuous map is r *ga-continuous.
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Proof

Let f: (X,1) »(Y,0) be r *g*a-continuous and let V be any
c*-closed set in (Y,o). Then (V) is r *g*o-closed in (X,1). Since
every r *g*o-closed set is 7 *ga-closed and hence £ (V) is r *ga-

closed in (X,1) Hence f'is 7 *ga-continuous.

The converse of the Proposition (4.2.2.7) need not be true as seen

from the following example:
Example 4.2.2.8

Let X =Y = {a, b, ¢} witht={X, ¢, {a}, {b,c}} and c=1Y, ¢,
{a}}. Let f:(X,1) »(Y,0) be defined by f(a) = b, f(b) = a, f(c) =c.
Then fist *go-continuous but not r *g*oi-continuous, since for the a*-
closed set {b, ¢} in (Y,0), £71({b, c})={a. ¢} is not 7 *g*a-closed in

(X,1).
Proposition 4.2.2.9

Every r *g*o-continuous map is 7 *ag-continuous.
Proof

Let f: (X,1) »(Y,0) be 7 *g*a-continuous and let V be any
c*-closed set in (Y,o5). Then £7'(V) is r *g*a-closed in (X,1). By
Theorem (4.1.2.10), every r *g*a- closed set is r *ag-closed and hence

£ '(V)is r *ag-closed in (X,1). Therefore f'is 7 *ag-continuous.

The converse of the Proposition (4.2.2.9) need not be true as seen

from the following example:

7



Example 4.2.2.10

Let X =Y ={a, b, c} witht={X, ¢, {a}, {b,c}} and c={Y, 0,
(a}, {a,b}}. Let f: (X,1) > (Y,0) be defined by f(a) = b, f(b) = a,f(c)=c.
Then fis r *og-continuous but not 7 *g*a-continuous, since {b, ¢} is

a*-closed in (Y,o) but £7'({b. ¢})={a. ¢} is not r *g*a-closed in (X,1).
Proposition 4.2.2.11

Every r *g*o-continuous map is 7 *wgo-continuous.
Proof

Assume that fis 7 *g*o-continuous and let V be anyc*-closed set
in (Y,o). Then f~'(V) is 7 *g*a-closed in (X,1). By Theorem (4.1.2.12),
every r *g*a-closed set is ¢ *wga-closed, hence £~ (V)is ¢ *wga-closed

in (X,1). Therefore fis r *wgo-continuous.

The converse of the Proposition (4.2.2.11) need not be true as seen

from the following example:
Example 4.2.2.12

Let X=Y ={a, b, c,d} witht={X, ¢, {a, b}, {a,b,c}} and
c =1{Y, 0, {a}, {a,d}}. Let f: (X,1) >(Y,0) be defined by f(a) = b,
f(b) = a, f(c) = d, f(d) = c. Then fis r *wgo-continuous but not z *g*o.-
continuous, since for the closed set {b, ¢} in (Y,o), £~ (b, c})={a, d} is

not r *g*a-closed in (X,1).
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Proposition 4.2.2.13

Let (X,t) be a 7 xyga Trrera -space and let f: (X,1) — (Y,o)bea

r *wga-continuous map. Then fis 7 *g*a-continuous.

Proof

Let V be anyc*- closed set in (Y,0). Since fis 7 *wga-continuous,

f'(V)is ¢ *wga-closed in (X,1). Since (X,t)isa , T
g r

wega © t*g*a

-space,
f~'(V)is r *g*a-closed in (X,t). Hence fis r *g*a-continuous.
Proposition 4.2.2.14

Every r *g*a-continuous map is r *wog-continuous.

Proof

Assume that f: (X,1) =(Y,0) is r *g*a-continuous. Since f'is
7 *wgol-continuous and every r *wga-continuous map is 7 *wolg-

continuous. Hence fis r *wag-continuous.

The converse of the above Corollary need not be true as seen from

the following example:
Example 4.2.2.15

Let X=Y ={a, b, c} witht={X, ¢, {a}} and c ={Y, ¢, {a},
(b}, {a,b}}. Let f: (X,1) >(Y,0) be defined by f(a) = a, f(b) = c,

f(c)=b, then fis r *wog-continuous but not r *g*a-continuous, since
for the a*- closed set {a, c} in (Y,0), f~'(fa. ¢})={a. b} is not 7 *g*o-

closed in (X,1).
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Theorem 4.2.2.16

Iff: (X, 1) > (Y, o)isamap, then every r *o-continuous map is

r *g*o-continuous,
Proof

Let V be any c*-closed set in (Y,o). Since f'is 7 *o-continuous,
f~'(V)is r *a-closed in (X,1). Since every r *a-closed set is 7 *g*a.-
closed, (V) is r *g*a-closed in (X,1). Therefore fis 7 *g*a-continuous.

The converse of the Theorem (4.2.2.16) need not be true as seen

from the following examples
Example 4.2.2.17

Let X =Y ={a, b,c,d} witht={X, ¢, {a, b, c}} and c={Y, ¢,
(d}, {a,d}}. Let f: (X,1) - (Y,0) be defined by f(a) = b, f(b) =d,
f(c) = a, f(d) = c. Then fis r *g*o-continuous but not z *a-continuous,
since {b, c} is o*-closed in (Y,o) but £~'({b. ¢c})={a, d} is not 7 *a-closed

in(X,1).
Theorem 4.2.2.18

Iff:(X,1) » (Y,o)isamap, thenevery r *g”_continuous map is

r *g*o continuous,
Proof

Let fbe a r *g"-continuous map and let V be any c*-closed set in

(Y,0). Then £ '(V)is ¢ *g#-closed in (X,1). By Proposition (4.1.2.14),
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every r*g"-closed set is r *g*a-closed, hence f~'(V)is r *g*a-closed in

(X,1). Therefore fis 7 *g*a-continuous.

The converse of the above Theorem need not be true as seen from

the following examples
Example 4.2.2.19

Let X=Y ={a, b, c} witht={X, ¢, {a}, {a,b}} and 5= {Y, ¢,
{b,c}}. Let f: (X,1) - (Y,o) be defined by f(a) =b, f(b) =4, f(c) =c.
Then fis r *g*a-continuous but not ¢ *g"_continuous, since for the o*-

closed set {a} in (Y,0), f'({a})={b}isnot 7 "‘g#-closed in (X,1).
Theorem 4.2.2.20

Iff:(X,1) > (Y,0o)isamap, then every r *g*o-continuous map

is r *gs-continuous
Proof

Let V be any o*-closed set in (Y,5). Then f'(V)is r *g*o-closed
in (X,1), as fisr *g*a-continuous. By Proposition (4.1.2.16), every
r *g*o-closed set is 7 *gs-closed, hence f~'(V)is r *gs-closed in (X,1).

Therefore fis r *gs-continuous.

The converse of the Theorem (4.2.2.20) need not be true as seen

from the following examples.
Example 4.2.2.21

Let X=Y ={a, b, c,d} witht={X,0, {a}} and o = {Y, ¢, {b}, {b,
¢}, {a,b,cyl. Let f:(X,1) > (Y,0) be defined by f(a) = a, f(b) = d,
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f(c)=Db, f(d) = c. Then fisz * gs-continuous but not r *g*o-continuous,
since for the o*-closed set {a, c, d} in (Y,0), f~'({a, c. d})={a, b. d} is not

r *g*o-closed 1in (X,1).
Theorem 4.2.2.22

If f: (X,1) > (Y,o)is a map, then every ¢ *g*o-continuous map is

7 *ougr continuous.
Proof

Let V be any o*-closed set in (Y,5). Then f'(V)is r *g*a-closed
in (X,1), as fis r *g*a-continuous. Since every r *g*a-closed set is
r *ogr-closed, £7'(V)is ¢ *agr -closed in (X,1). Therefore f'is 7 *ogr -

continuous.
Example 4.2.2.23

Let X =Y = {a, b, ¢} with 1= {X, ¢, {a}, {b,c}} and o ={Y, ¢,
{bl, {c}, {b,c}}. Let f: (X,1) > (Y,0) be defined by f(a) = b, f(b) =c,
f(c) = a. Then fis r *og r-continuous but not r *g*ca-continuous, since
{a, b} is o*-closed in (Y,o) but f~'({a, b})={a, ¢} is notr *g*a-open in

(X,1).
Theorem 4.2.2.24

Every ¢ *g*a-continuous map is r *gpr-continuous.
Proof

Assume that f: (X,1) - (Y,0) ist *g¥a-continuous. Since every

r *g*o-continuous map is 7 *ogr-continuous and every r *ogr-
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continuous map is z *gpr-continuous. Hence every r *g*a-continuous

map is r *gpr-continuous.
Remark 4.2.2.25

The following examples show that r *semi-continuous and 7 *g*a.-

continuous maps are independent:
Example 4.2.2.26

Let X=Y ={a, b, ¢} with 1= {X, ¢, {a}, {b}, {a,b}} and
o =1{Y, 0, {a}, {b,c}}. Let f: (X,1) > (Y,0) be defined by f(a) = a,
f(b) = ¢, f(c) =b. Then fis semi-continuous but not 7 *g*o-continuous,
since {a} is open as well as c*-closed in (Y,0), f~'(ta})={a}is not

r *g*a-closed 1n (X,1).
Example 4.2.2.27

LetX=Y = {a, b,c} witht={X, ¢, {a,b}} and o= {Y, ¢, {b},
{b,c}}. Letf: (X,1) » (Y,0) be defined by f(a) = b, f(b) = ¢, f(c)=a.
Then fis 7 *g*a-continuous but not r *semi-continuous, since {a, &}

isc*-closed in (Y,o) but £™'({a. ¢})={b. ¢} is not r *semi-closed in (X,7).
Theorem 4.2.2.28

Ifamapf:(X,1) > (Y,0)is r *a-irresolute, then itis 7 *g*o-

continuous.
Proof

Let V be any c*-closed set in (Y,o). Then Vis ¢ *o-closed in

(Y,o). Since fis ¢ * a-irresolute, ' (V)is r *a-closed in (X,1). By



Proposition (4.1.2.8) every r *a-closed set is ¢ *g*o-closed and hence

£ (V)is r *g*a-closed in (X,1). Therefore fis 7 *g*a-continuous.

The converse of the Proposition (4.2.2.28) need not be true as seen

from the following example:
Example 4.2.2.29

Let X =Y = {a, b, c,d} witht={X, ¢, {a, b}, {a, b, c}} and
o=1{Y, d, {b}, {d}, {b,d}, {b,c,d}}. Letf:(X,1) - (Y,0) be defined
by f(a)=d, f(b)=b, f(c)=a, f(d) =c. Then f'is z *g*o-continuous but
not ¢ *o-irresolute, since for the r *a-closed set {a, b, c} in (Y,0),

f~'({a,b.c})={b.c.d} is not r *a-closed in (X,1).
Remark 4.2.2.30

The following examples show thatz *g-continuous and 7 *g*a.-

continuous maps are independent:
Example 4.2.2.31

Let X=Y ={a, b, ¢} witht={X, ¢, {a}} and 6 = {Y, ¢, {a}, {a,
c}Y. Let f: (X,1)—> (Y,0) be defined by f(a) = ¢, f(b) = a, f(c) =b. Then t
is 7 *g-continuous but not r *g*c-continuous, since {b, ¢} is 6*-closed in

(Y,o) but £7'({b. ¢})={a. ¢} is not r *g*a-closed in (X,1).
Example 4.2.2.32

Let X =Y ={a, b, ¢} with 1= {X, ¢, {a}, {a,b}} and o =Y, ¢,
{a,b}}. Let f: (X,1) = (Y,0) be defined by f(a) = b, f(b) = ¢, f(c) = a.
Then fis r *g*a-continuous but not r *g-continuous, since for the 6*-

closed set {c} in (Y,o), £ '({c})={b} is not r *g-closed in (X,T1)

104



Theorem 4.2.2.33

A map f: (X,1) - (Y,0) is 7 *g*a-continuous if and only if the

inverse image of every o*-open set in (Y,o0) is 7 *g*a-open in (X,1).
Proof

Let V be an c*-open set in (Y,o). Then V© is 6*-closed in (Y,0).
Since f'is r *g*o-continuous, £7' (V%) is r *g*a-closed (X,1). But

=" (V) = X - £ '(V). Hence f'(V)is 7 *g*a-open in (X,1).

To prove the sufficiency, assume that the inverse image of every
r *open set in (Y,o) is ¢ *g*o-open in (X,1). Let V be a 6*-closed set in
(Y,o). Then V* is o*-open in (Y,o).By assumption, f've)y= X-ft(v)
is r *g*o-open in (X,1) which implies that f~'(V)is r *g*a-closed in
(X,1). Hence fis r *g*a-continuous.
Theorem 4.2.2.34

Every r *g*a-continuous map is 7 *wgo-continuous.

Proof

Assume that fis a r *g*o-continuous map. Let V be any *-closed
setin (Y,o). Then £ '(V)is r *g*a-closed in (X,t). By Theorem
(4.1.2.12), every 7 *g*a-closed set is 7 *wgo-closed and hence

£~ (V)is ¢ *wga-closed in (X,1). Thus fis r *wgo-continuous.

The converse of the Proposition (4.2.2.24) need not be true as seen

from the following example:



Example 4.2.2.35

Let X=Y = {a, b, ¢, d} with t={X, ¢, {a, b}, {a, b, c}} and
o =1{Y, ¢, {c}, {b,c}, {b,c,d}}. Let f: (X,1) - (Y,0) be defined by
f(a) = d, f(b) = ¢, f(c) = a, f(d) = b. Then fis 7 *wga-continuous but not
¢ *g*o-continuous, since for the c*-closed set {a, d} in (Y,0),

f~'({a, d})={a.c} is not 7 *ga-closed in (X,1).
Theorem 4.2.2.36

Let (X,1) and (Z,n) be any two topological spaces and let (Y,o) be

a T*g*a

T .. -space. If f: (X,;1) - (Y,0)andg:(Y,0) > (Zn)are
r *g*o-continuous maps, then their composition gof :(X,1) > (Z,n) is

also a r *g*o-continuous map.
Proof

Let F be a closed set in (Z,n). Since g is 7 *g*o-continuous,
g '(F)is r *g*a-closed in (Y,o). Since (Y,0) is az «+, T 7 «c-space,
g '(F) is o*-closed in (Y,o0). Since f: (X,1) »>(Y,0) 7*wg*a-
continuous, (g™ (F))=(go° £)"'(F) is 7 *g*a-closed in (X,1). Hence

gof isa r*g*o-continuous map.
Theorem 4.2.2.37
Let f: (X,1)—(Y,0) be an ¢ *a-irresolute map and let

g:(Y,0) >(Zn) be a r *g*o-continuous map. If (Y,o)isa .., T,-

space, then the composition gof: (X,1) = (Z,n) is r *o-continuous.
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Proof

Let F be a o*-closed set in (Z,n). Since g is r *g*a-continuous,

¢ '(F) is r *g*a-closed in (Y,o). Since (Y,0)isa regrq | o ~SPACE,
g '(F)is o*a-closed in (Y,0). Since fis r *a-irresolute,
(™" (F))=(go ) "(F) is r *a-closed in (X,t). Hence gofis 7 *a-

continuous.
Theorem 4.2.2.38

Let f:(X,1) >(Y,0) be a r *ga-continuous, 7 *pre-o-closed map.

Then f(A) is c*ag-closed in (Y,o) for every r*g*a-closed set A in (X,1).
Proof

Let A be a r *g*a-closed set in (X,1) and let V be an 6*-open set
in (Y,o) such that f{A) < V which implies that A C f~'(V). Since V is
c*-open in (Y,o0) and f is z *go-continuous, f7'(V) is r *go-open in
(X,1). Since A is 7 *g*a-closed and AC (v, cl, *(A)c £~'(V) which
implies that f(cl, *(A)) < f(f ' (V)) < V. Hence f(cl, (A)) € V Since fis
r *pre-a-closed, f(cl, *(A)) is c*a-closed in (Y,5). Therefore
cl *(f(cl, *(A))) < flcl, *(A)).Since A c cl, *(A),f(A) c f(cl, *(A))
which implies that ¢l , *(f(A)) < cl, *(f(cl, *(A)))=f(cl, *(A)) = V.

Hence cl *(f(A)) < V. Therefore f(A) is c*ag-closed in (Y,0).
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Theorem 4.2.2.39

Let f: (X,1) —» (Y,0) be a r *ga-continuous, 7 *pre-o-closed map
where (Y,o)isa , T,-space, then f(A) is *g*a-closed in (Y,o) for every

r *g*a-closed set A in (X,1).
Proof

Let A be ar *g*o-closed set in (X,1) and V be a 6*ga-open set in
(Y,o) such that f(A) ¢ V. Since every c*go-open set is c*og-open, V is
c*og-open in (Y,o). Since (Y,o) isa , T, -space, V is *-open in (Y,0).
Since fis 7 *go-continuous, f~'(V) is r *ga-open in (X,1). Since A is
r *g*a-closed in (X,1) and A < vy, cl, *(A)c f~'(V) which implies
that f(cl  *(A)) < f(f"'(V)).Hence cl ,*(A)cV Since f'is 6*-pre-a-
closed, f(cl, *A)) is o*a-closed in (Y,5). Therefore cl, *(A) <
(flel, *(A))<(fcl, *(A))  V . Since A < cl, *(A), f(A) < f(cl, *(A))
which implies that ¢l *((f(A))< £~ (V) cl, *(A) < (f(cl, *(A)))

(f(cl, *(A)) < V . Hence f(A) is c*g*a-closed in (Y,0).
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