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CHAPTER – I

INTRODUCTION


Queueing theory is the mathematical study of waiting lines (or queues). The theory enables mathematical analysis of several related processes, including arriving at the queue, waiting in the queue, and being served by the server(s) at the front of the queue. Queueing theory has wide range of applications. It is generally considered as a branch of operations research because the results are often used when making business decisions about the resources needed to provide service. It has applications in different fields, like communication networks, computer systems, machine plants and so forth.


In designing queueing systems, we need to aim for a balance between service to customers (short queues implying many servers) and economic consideration (not too many servers). In essence, all queueing systems deal with customers queueing for service. Interms of the analysis of queueing situations, the type of question in which we are interested are typically concerned with measures of performance and might include :

· What is the average length of the queue ?

· How long does a customer expect to wait in the queue before they are served and how long will they have to wait before the service is completed ?

· What is the expected utilization of the server and the expected time period during which he will be fully occupied ?

· In fact if we can assign costs to factors such as customer’s waiting time and server idle time then we can investigate how to design a system at minimum total cost ?

The answers for these questions may help the management to evaluate alternatives in an attempt to control or improve the situations. In order  to get answers to the above questions there are two basic approaches namely, analytical  methods of queueing theory (formula based) ; and simulation (computer based). Analytical methods are only available for relatively simple queueing systems where as complex queueing systems are utmost always analyzed using simulation.

To analyze the queueing system we need information relating to : arrival process, service mechanisms, queue discipline, system capacity and service channels.

1.1
CHARACTERISTICS OF QUEUEING SYSTEM

The basic characteristics of a queueing system are the following :

1.
Arrival Process


Arrival process describes the manner in which units arrive and join the system. If the pattern at which customers arrive at the service system or time between successive arrivals (inter-arrival times) is uncertain, the arrival pattern is measured by either mean arrival rate or inter-arrival time. These are characterized by the probability distribution. Associated with this random process. The simplest arrival process is one where we have completely regular arrivals (the same constant time interval between successive arrivals). The most common stochastic queueing models assume that the arrival rate follows a Poisson distribution or the inter-arrival times follow an exponential distribution.

Compound Poisson Process

There are many possible and unknown generalization of the Poisson-exponential process. The most common generalization is the one which relaxes the Poisson assumption that more than one occurrence in (t is 0((t). Instead it allows the event of i simultaneous occurrences in (t with probability 

Pr{i occurrences in t + (t} = (i (t + 0((t), i = 1, 2, (, n with 
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(i (t + 0((t) and each individual steam of occurrences of the same batch size i itself forms a Poisson process. If these substreams are denoted by Ni(t), then the total process is

N(t)
=
(i Ni (t), with probability function,

Pn(t)
=
Pr{n occurrence in [0, t]}


=
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 is the probability that i occurrences give a grand total  on n (i.e., the probability associated with the i-fold convolution of the batch size probabilities {(i / (}. The process N(t) is called compound Poisson process.

2.
Service Pattern

Service mechanism is a description of the resources needed for service to begin. The units may be served either singly or in batches. The time required for servicing a customer or a batch is called service time. The service process may depend on the number of customers waiting for service. The situation in which service depends on the number of customers waiting is referred to as state-dependent service.

3.
Queue Discipline

The queue discipline is the method by which the customers are selected for service from the set of customers arriving for service. The most common discipline is first come first served (FCFS).

4.
System Capacity

The number of customers in the queue and in service put together is called system capacity. A system may have a queue of finite capacity or effectively infinite capacity. Some of the queueing processes admit the physical limitations to the amount of waiting room, so that when the waiting line reaches a certain length, no further customers allowed to enter until space becomes available by a service completion. Such system with a finite limit to the queue size is called finite queueing system.

5.
Kendall’s Notation

Kendall [9] proposed a convenient notation to understand the characteristics features of the queueing models. A queueing models is described by the notation A / B / C / X / Y where,

A
-
represents the inter-arrival time distribution of customers,

B
-
the service time distribution of the given service facility,

C
-
the number of parallel service channels,

X
-
the capacity of the system,

Y
-
the type of queue discipline.


If the capacity of the system is infinite and the queue discipline is FCFS, the notations X and Y may be dropped. Whenever the inter-arrival times and the service times are exponential (Markovian), then A and B are replaced by the symbols M and M. This is because, exponential distribution has the memory-less or Markovian property.

Example
1.
M/M/1 – (n this model, the inter-arrival time and the service time are exponentially distributed. There is only one server to serve. The system capacity is infinite and the type of queue discipline is FCFS.

2.
MX/M/1 – This model differs from M/M/1 in that the arrival stream forms a Poisson process with some parameter ( and the actual number of customers in any arriving module is a random variable X, which may take on any positive integral value k less than ( with probability distribution {gk = Pr(X = k)}, k = 1, 2, 3, (.

3.
M[X]/G/1 – Model differs from M[X]/M/1 only in service distribution. The service time of this model follows a general distribution.

6.
Markovian and Non-Markovian Queueing Models

In general, queueing models are classified into two categories :

Queueing models in which the inter-arrival time and the service time (and all the other distributions involved in it) follow the exponential distribution which satisfies the Markovian property, are called Markovian queueing models. Queueing models in which either inter-arrival time or service time or both (or any other distribution involved in it) do not follow the exponential distribution are called Non-Markovian models.

7.
Transient and Steady State Queueing System

A queueing system is said to be in transient state when its operating characteristics are dependent on time. Otherwise (independent of time), the system is said to be in steady state or equilibrium state. 


Solution of a queuing system depending upon time is called transient solution and independent of time is called steady state solution. Most of the analysis of queueing models are confined to steady state results.

1.2
METHODOLOGY

Since most queueing systems have stochastic elements and these measures are often random variables, their probability distribution or at the very least, their expected values are required to study the systems.

Steady state equations for Markovian models

In Markovian queueing models, if N(t) denotes the number of units available in the system at an instant t ( 0, then {N(t) ; t ( 0} is a Markov process, in continuous time with denumerable number of states 0, 1, 2, 3, ( The transitions take place only to two neighbouring states. This is a type of birth and death process. By defining, 


Pr{N(t) = n / N(0) = i} = Pn(t), n ( 0 

and using some probabilistic arguments one can write transient difference differential equations satisfied by Pn(t). For the steady state solution, first we assume the existence of a steady state and then the steady state difference differential equations are obtained by putting Pn((t) = 0 and replacing Pn(t) by Pn in the transient difference differential equations. There are different methods to write difference differential equations at steady state and the methods are explained in various book such as Gross Harris [5] and Medhi [17].

Non-Markovian Queueing Models

If we consider queueing models where the distributions of the inter-arrival time or service time do not posses the memory less property, (i.e.,) are not exponential, then the {N(t)} giving the state of the system at the time t will no longer Markovian. However, the analysis of the process can be based on an associated process which is Markovian. Two techniques are generally being used for this purpose. Kendall [9] uses the concept of regeneration point by suitable choice of regeneration points and extracts from the process {N(t)}, a Markov chain in discrete time at those points. This is known as the technique of (mbedded Markov chains. The second important technique due to Cox [3] (see also Keilson and Kooharian [10]) is known as supplementary variable technique, involves inclusion of such variables.

Probability Generating Function
Mean and Variance

Suppose that X is a random variable that assumes non-negative integral values 0, 1, 2, (, and that


Pr{X = k} = pk, k = 0, 1, 2, ( 
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then the corresponding generating function P(S) = ( pk Sk of the sequence of probabilities {pk} is known as the probability generating function (p.g.f) of the random variable X.


It is sometimes also called the S-transform (or geometric transform) of the random variable X.


We have P(1) = 1 ; the series P(S) converges for atleast – 1 ( S ( 1 and is infinitely differentiable. The function P(S) is defined by {pk} and in turn defines {pk} uniquely, (i.e.,) a probability generating function (p.g.f) determines a distribution uniquely. Again,


P(S)
= 
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where  E(SX) is the expectation of the function SX (a random variable) of the random variable X. The first two derivatives of P(S) are given by,


P((S)
=
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                    (1.1)

and 
P((S)
=
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the expectation E(X) is given by


E(X)
=
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we have,


E(X(X – 1)}
=
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and 
E(X2)
=
E{X(X – 1)} + E(X) = P((1) + P((1)

Hence Var(X)
=
E(X2) – [E(X)]2


=
P((1) + P((1) – (P((1))2
                                         (1.5)

If, as S ( 1, ( k pk diverges then we say that E(X) = P((1) = ( and if ( k(k(1) pk diverges then P((1) = ( and Var (X) = (.


The relation (1.3) gives the mean and (1.5) gives the variance of X interms of the probability generating function (p.g.f) of X. In fact, moments can be expressed interms of generating functions. More generally, the kth factorial moment of X is given by,

E{X(X – 1) ( (X – k +1)} = 
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 P(S) / S = 1 for k = 1, 2, (
Remark

If we need the variable to be a complex variable we may use z in the place of S 

(i.e.) P(z)  =
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Laplace Transforms

Laplace transforms is a generalisation of generating function. Laplace transforms serve as very powerful tools in may situations. They provide an effective means for the solution of many problems arising in our study. For example, the transforms are very effective for solving linear differential equations. The Laplace transformation reduces a linear differential equation to an algebraic equation. In the study of some probability distributions, the method could be used with great advantage, for it happens quite often that it is easier to find the Laplace transform of a probability distribution rather that the distribution itself.

Definition

Let f(t) be a function of a positive real variable t. Then the Laplace transform of f(t) is defined by,
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                              (1.7)

for  the  range  of  values  of  S  for  which  the integral exists. We shall write 
[image: image19.wmf]f

(S) = L(f(t)) to denote the Laplace Transform of f(t).

Laplace (Stieltjes) Transform of a Probability Distribution or of a Random Variable 

Definition

Let X be a non-negative random variable with distribution function.


F(X)
=
Pr{X ( x}


The Laplace-Stieltjes Transform F*(S) of this distribution is defined, for S ( 0 by,
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Equation (1.8) can also be written as 
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suppose that X is a continuous variable having density f(X) = F((X), then from (1.8),
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                              (1.9) The Laplace Transform of the Distribution Function interms of that of the density function.


Let X be a continuous (and non-negative) random variable having density function f(X) and distribution function,


Pr(X ( X} = F(X) = 
[image: image26.wmf]ò
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The (ordinary) Laplace transform of the distribution function F(X) is,


L {F(X)}
=
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The relation can also be obtained by integrating by parts the relation (1.10),

thus we get,
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Mean and Variance in terms of (Derivatives of) Laplace Transform



We note here that differentiation under the integral sign is valid for the Laplace Transform given by (1.8), since the integrand is bounded and continuous.

Differentiating (1.8) with respect to S, we get
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and in general, for X = 1, 2, (
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We can use the above relation to find E(Xn), the nth moment of X when it exists ; we have

(( 1)n 
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When the LHS exists (i.e.) the random variable X possess a finite nth moment  iff


[image: image49.wmf]n

n

S0

d

 F(S)

ds

*

=

æö

ç÷

ç÷

èø

exists.

In particular, we have,

E(X)
=
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Var (X)
=
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Some of the properties of L.T, that we use in our work are the following

(i)
L(f((t))
=
SL (f(t)) ( f(0)

(ii)
L 
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1.3
PRELIMINARY RESULTS

We here list the identities and the notations used in the thesis.
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1.4
REVIEW OF LITERATURE

The N-policy queueing system forms an analytically attractive and physically useful class of queues. The N (or) threshold policy is a rule specifying the beginning of a busy period. However, the N-policy is tied to the queueing process, namely, once the server enters an idle period, the policy specifies how many customers (N-threshold level) should be accumulated in the queue before the server turns on. The N-policy is designated to minimize servers switchovers. Other common name for N-policy is removable server introduced by Yading and Naor [23] in 1963.


In recent years several papers have been published on the subject of N-policy queueing models. In N-policy queueing models, the server is turned off as soon as the system empties. When the queue length reaches or exceeds a predetermined value N (threshold), the service turned on and begins to serve the customers exhaustively.

N-Policy Queueing Models

The concept of N-policy M/M/1 queueing system was first introduced by Yadhin and Naor [23] for a reliable server. Wang and Huang [21] have studied the M/Ek/1 system under N-policy. The N-policy M/G/1 queueing system was first investigated by Heyman [6] and other researchers analyzed the N-policy M/G/1 queueing system are Bell [2], Teghem [20], Wang and Ke [22]. Ke and Wang [8] presented a recursive method, using the supplementary variable technique to develop analytic closed form solutions for the N-policy G/M/1 queueing system.

Batch Arrival N-Policy Queueing Models

The first study on M[X]/G/1 N-policy (batch arrivals) queue was by Lee and Srinivasan [11]. They presented a procedure to find the optimal stationary operating policy under a linear cost structure. To do this, they derived the mean waiting time which was expressed by the ratio of the first and second factorial moments of the system size at a service initiation epoch. Later Lee [12] developed an efficient algorithm to compute the steady state probabilities. For control policies including, N-policy and their application, readers are urged to see Lee and Srinivasan [11] and references therein.


Neither Lee [12] nor Lee and Srinivasan [11] attempted to draw their attentions to the understanding of the operational characteristics of the queueing system. Lee and Srinivasan [11] could not explain the terms involved in the mean waiting time and the optimal control policy due to their complexity. Lee [12] did not explain what the terms involved in the system size distribution meant. Generally speaking, in queueing theory if meaningful interpretations of the terms are possible, their direct applications often make it much easier to analyze other similar systems. This motivates H.W.Lee, S.S.Lee and Chae [13] to present the meaningful interpretations of the operating characteristic of the M[X]/G/1 queue with N-policy.

N-Policy Queueing Model with Setup / Startup Time

The server setup corresponds to the preparatory work of the server before starting the service. In some actual situations, the server often requires a startup time before starting his each service period. Queueing systems combining N-policy with startup time, have attracted much attention of several researchers, since Barker [1]. The extensions of his basic model can be found in Minh [18], Medhi and Templeton [16], Takagi [19], Lee and Park [14] and so on. Hur and Paik [7] examined the operational characteristics of M/G/1 queueing system under N-policy with server startup and explained how the system’s optimal policy and cost behave for various arrival rates. It is to be noted that fewer researchers studied queue system under N-policy with server startup time and vacation time treated as different random variables.

N-Policy Queueing Model with Early set-up Time (or) Double-Threshold Policy

In the case of N-policy queueing models with startup time the server is allowed to start his startup time only when he finds atleast N-customers waiting in the queue. In such models, if the server needs a startup time, it is beneficial to allow the server to start his startup work when m(m ( N) customers accumulate in the queue, instead of waiting for N-customers to accumulate. This situation is termed as Early setup. In this case the model has to follow the double-threshold (m, N) policy. It is proved that the double‑threshold policy is more beneficial than the conventional single threshold N‑policy when the set-up cost excessively high compared with the inventory hold cost.


Lee and Park [14] considered a production system in which an early set-up is possible. They first considered a double-threshold policy with set-up time for a single arrival queueing model and later [15] extended their results to a batch arrival queueing model with multiple vacation and single vacation. They have obtained the stationary probability generating functions of the queue length and also derived,  various performance measured for the model.


Lee and Park [14] for a single unit arrival queue have given a setup linear cost model and developed a procedure that allows one to find the joint optimal (m, N) values that minimizes the average stationary operating cost.

1.5
WORK DONE IN THE THESIS

In this thesis, a batch arrival queueing system is analysed under bilevel threshold control and early setup time. Double-threshold policy fits into the real manufacturing settings because, the set-up operation does not start immediately after the machine ceases its production operation. Lee and Park [14] have shown that the double-threshold policy is more beneficial than the conventional single threshold N-policy when the setup cost was extremely high compared with the holding cost. The models considered in this thesis are among the most general Poisson arrival system with thresholds and set-up time and include many previous work as special cases.


The queueing model analysed in chapter III of the thesis has the following specifications :


The customers arrive at the service facility according to the compound Poisson process with group arrival rate (.


The service time {Si} are independently identically distributed random variables with the common LST 
[image: image121.wmf]S
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((), finite mean E(S) and finite variance V(S).


As soon as the system becomes empty, the server is turned off. The server remains idle and is said to be in buildup period, until, the queue length becomes m or more.


The server is reactivated and starts a set-up operation when m or more customers accumulate in the queue. The set-up time is a random variable D with common LST 
[image: image122.wmf]D
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((), finite mean E(D) and finite variance V(D).


At the end of the set-up period, if there are less than N(( m) customers in the queue, the server remains idle again until the number of customers in the queue reaches N or more and this period is termed as dormant period. If the number of customers in the queue after setup is greater than or equal to N, then the server immediately begins to serve the customers exhaustively. In this case the length of the stand by period is 0.

Thus the servers idle period is partitioned into three subperiods

1. Buildup period

2. Set-up period

3. Standby period

The queue-discipline followed is first in first out, and it is assumed that, the setup period is independent of the arrival process and service time. The system is denoted by MX/G/1 (m, N) SU queue where SU denotes setup time.

In chapter II of the thesis, a corresponding Markovian batch arrival queueing model with bilevel threshold is analysed. i.e. In the model of chapter II, the random variables service time, setup time are assumed to follow exponential distribution. For the Markovian model of chapter II, steady-state Chapman Kolmogror equations are obtained to disucss the probability distributions and other performance measures. For the Non-Markovian  queueing model of chapter III supplementary variable technique introduced by Cox [3] is used to write the steady state system size equations. The remaining service time of the customer in service and remaining setup-time are introduced as supplementary variables to obtain the steady-state balance equations.

The stationary probability generating functions of the queue length distribution is derived and the mean queue length is calculated. The decomposition property of Fuhrman and Cooper [4] is also discussed for both the models. i.e. It is proved that the total PGF P(z) of the number of customers in the system is decomposed into the product of two PGF’s

P(z) = 
[image: image123.wmf]X
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where 
[image: image124.wmf]X
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(z) gives the PGF of the queue length of the ordinary continuous parameter MX/G/1 queue and ((z) is the conditional PGF of the queue length under the condition that the system is idle.


To obtain the decomposition property, the following performance measures are calculated.


The average probabilities that the system is in buildup period, in setup period and the dormant period when the system is idle, and the corresponding probability generating functions. Expected buildup period and dormant period and the probability that the buildup period and dormant period ever visits state level n are also calculated etc.


Finally the results of both Markovian and Non-Markovian models are compared.

CHAPTER – II 

MX/M/1 QUEUEING MODEL WITH EARLY SETUP
In this chapter, we analyse an MX/M/1 queueing system under bilevel threshold control. We consider a single server queueing system in which the server is deactivated as soon as the system empties, and reactivated and starts a set-up when m or more customers accumulate in the queue. After the set-up, if there are less than N(( m) customers in the queue, the server remains idle (dormant) in the system until the number of customers reaches N. If N or more customers are in the queue after the set-up, the server begins to serve the customers immediately. This policy is called (m, N) – policy. The system is depicted in Figure. This (m, N) – policy is more general than the usual N – policy in which the server starts the set-up when N customers piled up in the queue and hence the server starts the service as soon as the set-up period is completed. The (m, N) policy is justified when the customer waiting cost is more expensive than the server idle cost. The model is described in the following system.

The difference differential equations satisfied by the steady state system size probabilities are obtained and the probability generating function of the steady state system size probabilities when the server is idle, in setup time and busy are calculated.


The decomposition property of the total probability generating function of the system size probabilities is also analysed. The system characteristics – the expected number of customers in the system, expected idle time, expected busy time are also discussed for the model.

Description of the Model

In MX/M/1 queueing model, it is assumed that the arrival stream follows a Poisson process and the actual number of customers in any arrival module is a random variable X, which may take on any positive integer value i < ( with probability gi. If (i is the arrival rate of the Poisson process of batch size X = i, then (gi = (i, where ( is the composite arrival rate of all batches and is equal to 
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(i. This total process which arises from the overlap of the set of Poisson processes with rates (i, i = 1, 2, ( is a multiple or compound Poisson process. 

There is only one server who may serve only one customer at a time, the service times are exponentially distributed random variables with mean 
[image: image126.wmf]1
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. Batches are admitted to serve according to First Come First Served (FCFS) order and within a batch, customers are served according to any inner order. For example, one specified by the management .


The server is turned off as soon as the system empties. He waits in the system until the number of customers reaches or exceeds m (buildup period) and begins a setup which takes an exponential random variable (setup period). After the setup, if less than N customers exist in the system, he remains dormant in the system until N or more customers accumulate (standby period).


If N or more customers are in the system after the setup, he begins to serve the customers immediately.


In this model, the idle period of the server is partitioned into the following 3 sub periods namely,

a.
build-up period (Tbu)

:
i.e., The period during which the                   
 




server is idle before starting the                  
 




set‑up work.

b.
set-up period (D)

:
The period in which the server doing                             
 




the preparatory work.

c.
stand-by period (Td)

:
The period during which the server                  





remains dormant.


Thus the idle period is ( = Tbu + D + Td. This system is called MX/M/1 N‑policy queueing model with early setup time.

Notations and Assumptions

The following notations are used for the system described.

X
-
Group size random variable

gk
-
Pr(X = K), (K ( 1) 
X(Z)
-
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gn Zn, the probability generating function (PGF) of X

(
-
Service rate

S
-
Service time random variable which follows the exponential                 
distribution with mean 
[image: image128.wmf]1
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Y
-
Set-up time random variable which follows the exponential            
distribution with mean 
[image: image129.wmf]1
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YR
-
Residual set-up time

(
-
Set-up rate

V((()
-
The Laplace Stieltjes Transform (LST) of random variable V.

N(t)
-
The number of customers in the system at time t, including the       
one in service

(
-
0   if the server is in build-up period



1   if the server is in set-up period



2   if the server is in stand-by period



3   if the server is in busy period

Rn(t)
=
Pr [N(t) = n, ( = 0]
(n = 0, 1, (, m – 1)

Dn(t)
=
Pr [N(t) = n, ( = 1]
(n = m, m+1, (, ()

Un(t)
=
Pr [N(t) = n, ( = 2]
(n = m, m+1, (, N – 1)

Pn(t)
=
Pr [N(t) = n, ( = 3]
(n = 1, 2, (, ()


Then Rn(t), Dn(t), Un(t) and Pn(t) denote the probability that there are n‑customers in the system when the server is in buildup period, setup period, standby period and in busy period respectively.

Let 
Rn
=
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be the corresponding steady state probabilities.

Steady-State System Size Equations

The process can be formulated as the continuous time Markov chain with the state space {(0, n), 0 ( n ( m – 1} ( {(1, n), m ( n ( (}  ( {(2, n), m ( n ( N – 1} ( {(3,n), n ( 1} considering the states of the system, the difference differential equation when the server is in buildup period can be obtained as,

R0(t + (t)
=
(1 – ((t) R0(t) + ((t P1(t) + 0((t)

i.e., 
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Letting (t ( 0, we have
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Dividing the equation by (t and letting (t ( 0, we have 
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At steady state, when t ( (, the probabilities are assumed to be stable so that Rn(t) ( Rn and 
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Thus the corresponding steady-state equations satisfied by Rn are given by

( R0
=
( P1







         (2.1)

​( Rn
=
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         (2.2)


By similar arguments, the steady state equations satisfied by the system size probabilities Dn(n ( m) when the server is in setup period, Un(m ( n ( N – 1) when the server is in stand-by period and Pn, (n ( N) when the server is busy are given by

0
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( (( + () Dm + 
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         (2.3)
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                              (2.5)
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0
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                              (2.7)

0
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Probability Generating Function

Let us define the following partial generating functions to obtain the total probability generating function of the steady state system size probabilities.


R(z)
=
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Rn​ zn,


D(z)
=
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Dn zn,


U(z)
=
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P(z)
=
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X(z)
=
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Derivation of R(z)

To derive R(z), we first introduce (0 = 1 and 


(n
=
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(n(k gk
                                                             (2.10)

Equation (2.1) implies,


( R1
=
( g1 R0 = ( (1 R0
(i.e.)
   R1
=
(1 R0


Equation (2.2) at n = 2 gives,


( R2
=
( [g2 R0 + g1 R1]



   R2
=
[(g2 R0) + g1 g1 R0]



=
R0 [g2 + g1 g1]


   R2
=
R0 (2
Similarly proceeding Rn = R0 (n, 1 ( n ( m – 1 


                  (2.11)

Thus, R(z)
=
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The definition of (n implies that it is the probability of all possible combinations of arrival groups sizes that form n customers.


For example, (2 = 
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 + g2 implies the possible combinations to form 2 customers. (i.e.) This happens either by the arrival of two groups containing one customer in each group or by the arrival of one group containing two customers. Thus conditioning on the size of the first arrival group, 

We have
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Derivation of D(z) and P(z)

Multiplying equation (2.3) by zm and (2.4) by zn (n ( m + 1) and adding, we have

(( + () 
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Multiplying equation (2.2) by zn and adding over 1 to m – 1, we have
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Adding the above two equations, we have

(( + () D(z) + ( (R(z) – R0)
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One can prove that
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and  
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Using these identities in (2.13), we have

(( + () D(z) + ( (R(z) – R0)
=
( D(z) x (z) + ( R(z) x (z)

D(z) [( + ( ( ( x (z)]
=
( R0 + ( R(z) [X(z) – 1]

i.e., D(z)
=
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Next we shall find P(z) from equations (2.7) to (2.9). Multiplying the equations (2.7), (2.8) and (2.9) by suitable powers of z and adding, we get

(( + () 
[image: image185.wmf]n1

¥

=

å

Pn zn
=
( 
[image: image186.wmf]n1

¥

=

å

Pn+1 zn + ( 
[image: image187.wmf]n2

¥

=

å

zn 
[image: image188.wmf]n1

nkk

k1

 g P

-

-

=

æö

ç÷

ç÷

èø

å

 +



( 
[image: image189.wmf]nN

¥

=

å

Dn zn + ( 
[image: image190.wmf]nN

¥

=

å

zn 
[image: image191.wmf]N1

nkk

km

 g U

-

-

=

æö

ç÷

ç÷

èø

å


It is easy to verify that


[image: image192.wmf]n2

¥

=

å

zn 
[image: image193.wmf]n1

nkk

k1

 g P

-

-

=

æö

ç÷

ç÷

èø

å


=

[image: image194.wmf]n

n

n1

 P z

¥

=

æö

ç÷

ç÷

èø

å

 
[image: image195.wmf]n

n

n1

 g z

¥

=

æö

ç÷

ç÷

èø

å



=
P(z)  X(z)

Using the identity in the above equation, we have
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Multiplying equation (2.5) by zm and (2.6) by zn(m + 1 ( n ( N – 1) and adding, we have
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in the previous equation we have
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Theorem 2.1

Let Qm be the queue size at the starting point of a setup period under the condition that the system requires atleast m customers to start the setup period. Then the probability generating function of Qm is given by,
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The proof is by Mathematical induction. Conditioning on the first arrival size, we have the following recursive equation.
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Where Qm(k denotes the queue size of the setup initiation point under the condition that atleast (m – k) customers required.


If m = 1, then Pr(Q1 = n) = gn,  n ( 1 whose generating function is X(z) which coincides with the equation (2.19) at m = 1, namely
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By induction, Qm(k(z) = 1 + (X(z) – 1) (m(k(z), for k = 1, 2, 3, (, (m – 1).

Substituting this in the above equation,
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Next we shall derive the probability generating function U(z)

Equation (2.18) can be rewritten as
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We know from equation (2.16) that,
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If hk denotes the probability that k customers arrive during the exponential setup period of parameter (, then
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Equation (2.21a) can be written as
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Substituting the coefficient of zk of D(z) in (2.21),

we have
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Before deriving the total probability generating function of the model, we first give the interpretations for (n = 
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(n and Un in the following theorems.

Theorem 2.2
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Proof 


Let (j be the random variable defined by
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Conditioning on the first arrival size,
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(j is the mean number of arriving groups during the buildup period.

And the mean buildup period is given by
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To get the interpretation of Un we proceed as follows

Let (n  =  The  probability  that   the   dormant   period   ever   visits   level               
       n(m ( n ( N –1)

then we have the following theorem.

Theorem 2.3
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Proof  


It is obvious that (n depends on the queue length at the starting point of the setup time and the number of customers that arrive during the setup time.


Thus if the queue length at the setup initiation point is Qm = r, then the probability that the dormant process visits the state n is
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where hk
=
probability that k customers arrive during the setup time            and

(n(r(k is the probability that the arriving groups give a total number of (n – r –k) customers.

Then by the law of total probability,
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gives the probability that the dormant period ever visits level n (m ( n ( N – 1)

Thus (n  =  
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And hence Un = R0 (n (from equation 2.23)

Argueing as in Theorem (2.2) 
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(n gives the mean dormant period.

Total probability generating function of the system size

The partial probability generating functions of the steady state probabilities of the model, when the server is

i. in buildup period (R(z)),

ii. in setup period (D(z)),

iii. in standby period (U(z)) and

iv. busy (P(z)) are given by
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Thus the total probability generating function G(z) of the model is given by
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R0 can be calculated by using the normalizing condition G(1) = 1.
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Then substituting for R0 in (2.27), G(z) is given by,
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Decomposition property

The probability generating function of MX/M/1 queueing model G(z) can be rewritten as
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 is the probability generating function of the queue length distribution of the ordinary MX/M/1 queue [5] and A(m, N)(z) is the generating function of the additional queue length due to the bilevel control policy.

Interpretation of A(m, N)(z)

Theorem 2.2 and 2.3 imply,
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gives the mean length of an idle period, since the mean interarrival time is  
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gives the probability that the queue length is n under the condition that the system is idle. Therefore, the corresponding probability generating function of the queue length under the condition that the system is idle is
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which explains the first term of A(m, N)(z).

Interpretation of the second term

The probability that the system is in setup period under the condition that the system is idle is
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The queue length at an arbitrary point of time during a setup period is the sum of the queue length at the setup initiation point and the number of customers that arrive during the elapsed setup period and these two are independent.


By the definition of 
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Since, the setup time follows an exponential distribution, the probability generating function of the number of customers that arrive during the elapsed setup period is same as the probability generating function in the exponential setup period which is proved to be,
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This gives the 2nd term of G(z).


To interpret the third term, we note that probability that there are n customers in the system at an arbitrary point of time during a standby period is (n.


Thus the probability that the system is in a standby period under the condition that the system is idle is
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And the probability generating function of the queue length at an arbitrary point of a standby period is
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which  explains the last term of A(m, N)(z).

Expected system length

If L denotes the average number of customers waiting in the system, then
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Some Performance Measures for the Model

Let us denote, the expected length of a build up period, idle period, the setup period, the busy period, the dormant period and busy cycle by E((), E(D), E(B), E(U) and E(C) respectively.


The long-run fraction of time the server is in build-up period, in setup period, busy and in dormant period are given by
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(from 2.26)
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Which is of the form 
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Substituting for D((1) in P(1)
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CHAPTER – III 

MX/G/1 QUEUEING MODEL WITH EARLY SETUP


In this chapter we analyse a Non-Markovian batch arrival MX/G/1 queueing system with early setup. The operating policy of the model is same as before except that the probability distribution of the service time and setup time follow a general (Non-Markovian) distribution with finite mean and variance. Supplementary variable technique is used to derive the steady state system size equations by employing the remaining service time and remaining setup time as supplementary variables. The system size distribution is derived and various operational characteristics of the model are also discussed.

Model Description


The queueing system under discussion has the following specifications

1.
The customers arrive in batches and the arrival streams form a Poisson process with parameter (. The number of units arriving in a stream is the random variable X with probability distribution Pr(X = k) = gk, k ( 1.

2.
There is only one server and the service time Si’s are independently identically distributed random variables with common Laplace Stieltjes Transform S*(() with finite mean E(S) and finite variance V(S).

3.
As soon as the system becomes empty the server is turned-off. When the queue length reaches or exceeds m, the server starts his setup work. The setup time is a random variable which has a general distribution D(t). The Laplace Stieltjes Transform of D(t) is D*(() and it has finite mean E(D) and finite variance V(D). The system is said to be in build up period when the queue length is less than m.

4.
At the end of the setup period, if the number of customers in the queue is less than N, the server remains dormant in the system waiting for the queue length to reach or exceed N before starting the service. On the other hand if the number of customers at the setup termination point is greater than or equal to N, the server immediately begins to serve the customers one by one according to FCFS rule exhaustively. In this case the length of the dormant period is zero.

5.
The setup period, arrival process and service process are independent of each other. In this model also, the buildup period (Tbu), setup period (D) and standby period (Td) together forms an idle period.

Notations and Assumptions

For the system described in this section, we will use the following notations.

m
-
The threshold to start the setup period

N
-
Threshold to start the service

X
-
Group Size Random Variable (that is number of customers                   
 
contained in an arrival group)

gn
-
Pr(X = n) n ( 1 with g0 = 0.

X(z)
-
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(
-
Group arrival rate

S
-
Service time random variable

D
-
Setup time random variable

s(x)
-
The probability density function of S

d(x) 
-
The probability density function of D.

Steady State Equations

We use the following supplementary variables.

S0(t)
=
remaining service time of a batch in service at time t.

D0(t)
=
remaining setup time at time t

The state of the system at time t is given by (N(t), Y(t)), where N(t) denotes the number of customers in the system at time t and

Y(t)
=
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Thus, the probability that there are n customers in the system at time t when the server is in buildup period is given by

Rn(t)
=
Pr(N(t) = n, Y(t) = 0)

This exists for 0 ( n ( m ( 1

Dn(x, t)
=
Pr(N(t) = n, x ( D0(t) ( x + (t, Y(t) = 1), 
n ( m

and

Pn(x, t)
=
Pr(N(t) = n, x ( S0(t) ( x + (t, Y(t) = 3),
n ( 1

denote the probability that the system has n customers at time t when the system is in setup period and busy respectively. The remaining setup time and service time lie in [x, x + (t].


Let Pn(0, t), (Dn(0, t)) denote the probability that there are n customers in the system at service (setup) termination point.

Let U​n(t)
=
Pr(N(t) = n, Y(t) = 2)

(m ( n ( N ( 1)

denote the probability that there are n customers in the system when the server is in dormant period.

Difference Differential Equation of the Model

By observing the changes of the states in the interval (t, t + (t), the following steady state system size equations are obtained using the supplementary variable technique.


Steady state system size equations when the server is in buildup period are same as in chapter II.

(ie) ( R0
=
P1(0)





                    (3.1)
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Steady State Equations
In steady state we define, as t ( (
Rn(t)
=
Rn
 ; 

[image: image470.wmf]n

R

¢

 (t) 
= 
0, 

0 ( n ( m ( 1

Dn(0, t)
=
Dn(0) 
;
 
[image: image471.wmf] x

¶

¶

 Dn(x, t)
= 

[image: image472.wmf] x

¶

¶

 Dn(x)






[image: image473.wmf] t

¶

¶

 Dn(x, t)
=
0,

n ( m

Pn(0, t)
=
Pn(0) 
;
 
[image: image474.wmf] x

¶

¶

 Pn(x, t)
= 

[image: image475.wmf] x

¶

¶

 Pn(x)






[image: image476.wmf] t

¶

¶

 Pn(x, t)
=
0,

n ( 1

Un(t)
=
Un
;

[image: image477.wmf]n

U

¢

(t) 
= 
0, 

m ( n ( N ( 1

Using these we obtain the following steady state equations.
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Further we define the Laplace Stieltjes Transform (LST) of the distribution as
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Probability Generating Function of the Steady State System size Solutions

Let us define the following probability generating functions for | z | ( 1 to get the system size distribution of the model.
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Thus P*(z, () gives the joint transform of the number of customers during busy period and remaining service time of the customer in service.

P(z, 0) denotes the generating function of the number of customers at departure epoch.

Similarly D*(z, () gives the joint transform of the number of customers during set-up period and remaining set-up period.

D(z, 0) is the generating function of the number of customers when the set-up period is terminated.

We first derive the expression for R(z)
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Then Equation (3.1) implies,
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Equation (3.2) at n = 1 gives
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Similarly proceeding, it is found that
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Next we shall calculate the PGF’s of D((z, () and D(z, 0) using the equations (3.15) and (3.16).


Multiplying the equations (3.15) and (3.16) by appropriate powers of z and then adding we have,
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Multiplying the equations (3.1) and (3.2) by suitable powers of z and adding we have
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Multiplying the above equation by D((() and adding with the RHS of equation (3.18) we have
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where w(z)
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((1 – X(z))
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in the previous equation, we have
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substituting for R(z) from equation (3.17) we have
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D(z, 0) can be obtained by letting ( = w(z) in the above equation as,
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Next to derive the expression for the PGF of P((z, () and P(z, 0), the equations (3.12) and (3.13) are used.

Multiplying the equations (3.11) to (3.14) by appropriate powers of z and then adding we have,
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Using the identity,
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Multiplying equations (3.5) and (3.6) by zn (m + 1 ( n ( N – 1) and adding
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Multiplying the above equation by S((() and adding with (3.23), we have
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P(z, 0) can be obtained by letting ( = w(z) in the above equation as
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Substituting for P(z, 0) in (3.24) we have
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Substituting for D(z, 0) from (3.20), we have
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The PGF of the System Size Probabilities

The total PGF of the number of customers in the system at an arbitrary time point of the model is given in the following theorem.

Theorem  :  3.1.2

The total PGF P(z) of the number of customers in the system at an arbitrary time point of the model at steady state is given by
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Proof

To get the simplified form of P(z), we first calculate P((z, 0), D((z, 0) and R(z) and U(z).

The equations (3.21) and (3.25) at ( = 0 give
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To calculate U(z) the probability generating function of the system size probabilities, when the system is in standby period we proceed as in chapter II.

Equations (3.5) and (3.6) imply
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In general
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By definition of D(z, 0),

D(k, 0)
=
coefficient of zk in D(z, 0)

where D(z, 0)
=
P1(0) 
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 ((m(z) (X(z) – 1) + 1) (from 3.20)


The generating function of hk – the probability that k customers arrive during the setup period is


[image: image610.wmf]k0

¥

=

å

hk zk
=

[image: image611.wmf]k0

¥

=

å


[image: image612.wmf]ti

k

(i)

k

i=0

0

e(t)

   g d(D(t))

i !

¥

-l

æö

l

ç÷

ç÷

èø

å

ò

 zk

[image: image613.wmf]ti

k

k(i)kt X(z)

k

k=0i=0

e(t)

Using  z   g z e 

i !

-l

¥

l

æö

l

=

ç÷

ç÷

èø

åå



[image: image614.wmf]k0

¥

=

å

hk zk
=

[image: image615.wmf]0

¥

ò

e( (t(1(X(z)) d(D(t))

=
D((w(z))

It is proved in theorem (2.1) of chapter II that the probability generating function of the queue length at the setup initiation point is given by
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Substituting for D(k, 0) in (3.28) we have
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If (n denotes the probability that the dormant process ever visits level n(m ( n ( N – 1) then it is proved in Theorem (2.3) that
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Now we shall calculate the total PGF P(z)

P(z)
=
P((z, 0) + D((z, 0) + R(z) + U(z)

From equations (3.27), (3.26), (3.17) and (3.29)
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Adding the above equations we have

P(z)
=
P1(0) 
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Substituting in equation (3.30), we have

P(z)
=
P1(0) 
[image: image646.wmf]Sw(z) (z1)

 

zSw(z)

*

*

-

-

 




[image: image647.wmf]N1

n

n

mnm

  z

Dw(z) ((z) (1X(z))1)

1

  + 

w(z)w(z)

-

*

=

æö

f

ç÷

P--

ç÷

+

ç÷

l

ç÷

ç÷

èø

å



=

[image: image648.wmf]1

P(0) Sw(z) (z1)

 

zSw(z)

*

*

-

-










[image: image649.wmf]N1

n

n

mnm

  z

(z)

1

 Dw(z) +  +  (1Dw(z))

w(z)

-

**

=

æö

f

ç÷

P

ç÷

-

ç÷

ll

ç÷

ç÷

èø

å


       (3.31)

Thus P(z) is expressed interms of the only unknown P1(0) and P1(0) can be calculated using the normalizing condition P(1) = 1.

Thus at z = 1, we have
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That is, P1(0)
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Substituting for P1(0) in equation (3.31)

P(z)
=
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Where (1(z)
=
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Before analyzing the Decomposition property of the total probability generating function of the model, we note the following results.


It is proved that D(w(z) is probability generating function of the number of customers arrive during the setup time D(t). Since the setup time is not an exponential distribution, the probability generating function of the number of customers that arrive during the remaining setup time is different from D(w(z) In the following theorem the probability generating function is derived.

Theorem  :  3.1.3


The probability generating function of the number of customers arriving during the elapsed setup time is He(z) = 
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Proof 

Let RD(t) denote the cumulative density function of elapsed setup time D(t).

Then RD(t)
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Let Hk denote probability that k customers arrive during the residual setup time. Then 
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Substituting function dRD(t),
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Then the generating function of Hk is
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Here we recall some of the interpretation discussed in chapter II.

By definition of (n(s, it is proved in theorem (2.2) that,


(j(j = 0, 1, 2, ( m – 1) is the probability that the system state (number of customers in the system) visits j during a buildup period.


[image: image685.wmf]m1

j0

-

=

å

(j is the mean number of arriving groups during a buildup period.
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Since (n denotes the probability that the dormant process ever visits level n(m ( n ( N – 1), arguing as in theorem (2.3). One can prove that (n gives the probability that the system state visits n during a standby period and 
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(n gives the mean numbering of arriving groups during the standby period and 
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(n gives the mean standby period E(Td).


Thus, the mean length E(() of the idle period is given by 

E(()
=
E(Tbu) + E(D) + E(Td) 
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Let Pbu, Psu and Pd be the time average probabilities that the system is in a build-up period, in a setup period and in a dormant period respectively, under the condition that the system is idle.

Then

Pbu
=
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Psu
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Decomposition Property of the System Size Probabilities

Theorem  :  3.1.4

The PGF P(z) of the queue length (that is the number of customers in the system including the one in service) can be expressed in a decomposed form as P(z) = 
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(z) is the PGF of the queue length of the classical continuous time parameter MX/G/1 queue which can be found in most queueing text [5, 17] and is given by
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Where ( = ( E(X) E(S) and (1(z) is the conditional PGF of the queue length under the condition that the system is idle.

Proof

Equation (3.33) implies


P(z)
=
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To obtain the interpretation of ((z), we first derive the following probability generating functions.

Let Pbu(z) denote the probability generating function of the system size at an arbitrary time during the build up period under the condition that the server is in the buildup period.


The probability that the system is in state n of the buildup period under the condition that the system is in a buildup period is
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Hence the corresponding probability generating function 


Pbu(z)
=
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                                                         (3.38)
Similarly, the probability that the system is in state k of the dormant period under the condition that the system is in dormant period is 
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 and the corresponding probability generating function

Pd(z)
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                                                                        (3.39)
Let Psu(z) denote the conditional probability generating function of the queue length at an arbitrary point during the setup period under the condition that the server is in setup period.

The queue length (su) at an arbitrary point of time during the setup period is the sum of the queue length at the start of setup period and the number of customers that arrive during the elapsed setup time (He).

Pr(su = n)
=
Pr(Qm + He = n)

Thus,

Psu(z)
=
probability generating function of su


=
product of the generating function of Qm and He

=
Qm(z)  He(z)

He(z)
=
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 (from theorem 3.1.3)

Psu(z)
=
((m(z) (X(z) ( 1) + 1) 
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Thus (1(z) 
= 
Pbu . Pbu(z) + Psu . Psu(z) + Pd . Pd(z)

Substituting equations (3.35), (3.36), (3.37), (3.38.), (3.39), (3.40) in the above equation,

We have
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Mean Queue Length

Let L denote the average number of customers waiting in the system then 
L
=
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Substituting in equation (3.41)
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SUMMARY AND CONCLUSION

The concept of the models discussed in chapter II and III are the same except that, the service time and setup time follow exponential distribution (Markovian) in chapter II, where as they follow general distribution S and D respectively with finite mean and variance in chapter III. To analyse the model of chapter II, we write Chapman-Kolmogrov steady-state equations satisfied by the system size probabilities and find the total PGF for the model. In chapter III, we have used supplementary variable technique for writing the steady-state system size equations and derive the PGF and various operating characteristics of the model.


We here list the total PGF and expected system size of both the models and show that they coincide when the setup period and service time follow exponential distributions.
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and the expected system size is
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If the service time is exponential with parameter ( then 
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Similarly,  when the setup is exponential,
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That is the total PGFs, of MX/G/1 and MX/M/1 models coincide.

Substituting for E(S) and E(D) in (2)

We get
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That is the expected system size of MX/G/1 and MX/M/1 coincide.
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