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INTRODUCT ION

The concept of fuzzy set was first introduced hy
zadeh in 1965S. Since then the theory of fuzzy sets has
developed enormously leading to a number of interesting
articles on fuzezy topologies and fuzzy algqebraic
systems. The concept of fuzzy groups was introduced by
Rosenfeld _ in 1971. In 1981 Das has developed this
concept of fuzzy group and has obtained a
characterisation of fuzzy subgroups of a prime cyclic
group. The concept of fuzzy qroups and fuzzy
neighbourhood rings were studied by Ahsanullah and
Ganguly in 1988 and 1990 and fuzzy vector spaces and

fuzzy topological spaces by KatSaras and Liu in 1977,

The aim of this dissertation is to study in detail

the following two articles.

(i) Fuzzy groups by Azriel Rosenfeld (11)
(ii) Fuzzy groups and level subgroups by

Sivarama krishna Das (12]

In the first Chapter fuzzy subgroupoid, fuzzy
ideal, lattice of fuzzy groupoid and fyzzy ideal, fuzzy

homomorphism and fuzzy subgroups are studied.



In the first section of this chapter fundamental
ideas of fuzzy sets that are needed for the study are

collected.

In section two, fuzzy subgroupoid and fuzzy ideal

are defined as follows:

A fuzzy subset u is said to be a fuzzy subgroupoid

if, for all x, y € S, u(xy) 2 min (u(x), u(y))

A fuzzy subset u is said to be a fuzzy ideal if

U(xy) 2 max(u(x), uty))

Some of interesting results proved here are as

follows:

(i) If A is a qroupoid, then the characteristic
function VA is a fuzzy subgroupoid.

(ii) 1If the characteristic function Pp of A is a

fuzzy subgroupoid, then A is a subgroupoid.

It is proved here that similar results hold for

ideals and fuzzy ideals.

Section three is devoted to the study of lattices

of fuzzy subgroupoids and fuzzy ideals.



If T is a subset of G, (T) is the subqroupoid
generated by T, (VT) is the fuzzy subgroupoid generated

by PT' then the author has proved (VT) = V(T)

In section four we study fuzzy homomorphism and

prove the following results.

(i) A homomorphic Pre-image of a fuzzy subgroupoid
or fuzzy ideal is a fuzzy subgroupoid or fuzzy
ideal respectively.

(ii) A Thomomorphic image of a fuzzy subqroupoid
(ideal) which has the Sup property is a fuzzy

subgroupoid (ideal).

The study of fuzzy sukqroup is dealt with in

section five. A fuzzy subgroup is defined as follows:

If S8 is a group a fuzgy subgroupoid u of s is
called a fuzzy subgroup of 8 if u(x'l) 2 u(x)

for all xes.

A few interesting results are as follows:

(i) FT is a fuzzy subgroup <=> T is a subgroup.

(ii) The fuzzy subgroup generated by the
characteristic function of a set is just the
characteristic function of the subgroup

generated by the set.

(0



(iii) Under suitable condition a homomorphic imaqge
(or) pre-image of a fuzzy subqroup is g
fuzzy subgroup.

(iv) Fuzzy ideals in 4 group are just the

constant functions.

In chapter two fuzegy subgroups and level subgroups
are analysed. Here a characterisation of fuzzy

subgroups of a prime Ccyclic group is obtained.

In the first section of this chapter we start with

the definition of level subqroups.

Let G be a group and u be a fuzzy subgroup of G.
The subgroups Uy = {xeG|u(x)zt} for te(0,1) and t fu(e)

are called level subgroups of y,

The two important theorems discussed here are as
follows:
(i) Any subgroup H of a group G can be realised as
a level subgroup of some fuzzy subgroup of G.
(ii) If X is the collection of all fuzzy subgroups
of agroup G and B is the collection of all
level subgroups of members of K, then there is
4 one-one correspondence between the subqroups
of G and the €quivalence classes of level

subgroups.



In 1971 Azriel Rosenfeld (11) has obtained a
characterisation of a fuzzy subgroup of a prime cyclic
group in terms of the membership function. Section two
of this chapter is devoted to the study of a similar
characterisation of fuzzy subgroups of a finite cyclic
group G obtained by Sivaramakrishna Das (12) in 198].
The characterisation of Sivaramakrishna Das is stated

as follows:

Let G be a finite cyclic qroup. Any fuzzy subset y
of G 1is a fuzzy subqroup if there exists a maximal
chain of subgroups ¢ cc,c....cC Cr = G such that for
the numbers tg, t,, ... tr € Im(u) with ty > t, doo.t,
We have ule) = to, u()) = t) ....u(8)at,

Where C; = C; - ¢;_,, i=l,2,.... r.

Conversely, any given fuzzy subgroup u satisfy such a

condition.
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REVIEW OF LITERATURE

In 1965 L.A. Zadeh introduced the concept of fuzzy
set which i3 a generalisation of an ordinary set. Since
its inception the theory of tuzzy set has developed in
many directions and is finding applications in a wide
variety of fields. In 1968 chang introduced the concept
of fuzzy topological spaces. In 1976 Lowen modified the
definition of chanq and developed the theory of fuzzy
topological spaces. In 1971 Azries Rosenfeld studied
fuzzy set ;heory with reqard to algebraic structure
like groupoids, qroup, subgroups, ideals,

homomorphisms, etc.

In 1975 Negoita and Ralescu and in 1979 Anthony
and Sherwood redefined fuzzy group and they developed

the theory of fuzzy group.

In 1977 Katsaras and Liu applied the concept of
fuzzy set theory to elementary theory of vector spaces
and topological vector spaces. In 1979 Foster
introduced the concept of product fuzzy subgqroups of
the groups with respect to minimum function and in 1984
Abuosman introduéed the concept product fuzzy subqroups
of the groups with respect to t-norm and generalised

the results of Foster.

(5N



In 1981 8ivaramakrishna Das generalised same basic
properties of group theory in terms of fuzzy group and
he obtained a characterisation of all fuzzy subgroups

of finite cyclic group.

In 1988 Phullendu Das redefined fuzzy subqroups
using the notion of t-norm and obtained several results
which are generalisations of the results of Ketsaras

and Liu.
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CHAPTER - 1
FUZZY SUBGROUPS
Chapter one is devoted to the study of the article
"Fuzzy groups” by Azriel Rosenfeld (11) in 1971. 1In
this the author has defined fuzzy subgroupoid, fuzzy
ideal, fuzzy subgqroups etc and has obtained some inter-
esting results connecting subqroupoids and fuzzy sub-
qroupoids, ideals and fuzzy ideals and ;oubqroups and
fuzzy subqroups and a characterisation of fuzzy sub-

group of a cylcic qroup of prime order P.

In section one of this chapter a few preliminary

results on fuzzy sets are collected.

Fuzzy subgroupoid and fuzzy ideal are studied in
section two. Here the author has shown that A is sub-
groupoid (ideal) iff the characteristic function Pa is

a fuzzy subqroupoid (fuzzy ideal).

As an arbitrary intersection of fuzzy subgroupoid

(fuzzy ideal) is a fuzzy subqroupoid (fuzzy ideal),

In section three the author has proved that the
characteristic function of the subgroupoid generated by
a subset T is same as the fuzzy subgroupoid generated

by the characteristic function VT (ie) (VT’=V(T)

0



In Section four homomorphic image and Pre-imaqe of

fuzzy subgroupoid and fuzzy ideal are studied.

Section five devoted to the study of fuzzy sub-
group and its properties. Here the author has obtained
a characterisation of fuzzy subgroup of a cyclic qroup

of prime order p,

SECTION 1.1 : PRELIMINARIEE ON FUZZY BET5:-

In this section some fundamenta] definitions and
results on fuzzy subsets that are needed for our Study

are collecteqd.

Definition 1.1.1
Let X be a set and 1 = (0,13, By a fuzzy subset

on X. We mean a function f:X-->1.

Remark: 1.1.2
Every subset ACX can be identified with the fuzzy
subset Y, (characteristic function on A) defined by
Pal(x)=1 if xea
=0 © if x¢A
Notation: -~
The collection of all fuzzy subsets on X is

denoted by ¥



1L

Definition:l.1.3.
For any two fuzzy subsets f,q9 on X, the fuzzy
subsets fuUg (f join g) and f N g (f meet g) on X are
defined as follows:
(f U g) (x)
(£ N g) (x)

SUP ( £(x), g(x) ) for x ¢ X

Inf ( £(x), g(x) ) for x ¢ X

Definition:- 1.1.4
The complement of a fuzzy subset on X is defined as the
fuzzy subset 1-f on X and is denoted by f’

(i.e.) £'(x) = (1-£f)(x) = 1-f(x) for xex

Properties of fuzzy subsets:- 1.1.5

Let £,, £5, ........... f, be fuzzy subsets on X
Then,

n

1) ( uf;) (x) = (£)Uf5U......... Uf ) (X) fOr xeX

i=]
= max {f;(x)/i=1,2,...... n}

2) (_gfi) (x) = (£,0f,N.......... Nfn)(x) for xex
ol = min {f;(x)/i=1,2,......n}
Let (fx|xaA} be an arbitrary collection of fuzzy
subsets on X. Then,

3) (Uf ) (x) = sup £ (x), for xeX
ag N Xea A

4) (ﬂfk) (x) = inf f (x), for xeX
AEA AEA A

S) (1-uf_ ) =N (1-f )
Nerd NEA A



Definition 1.1.6
The inclusion of fuzzy sets on X is defined as
follows: -

ugg means u(x) C Vv(x) for all xeX.

Definition 1.1.7

A subset which contains intersection and union is
called a lattice.
(i.e.) A subset whigh contains inf and sup is

called a lattice.

Definition 1.1.8
For any subset S of L, if sup S and inf SelL

then, L is a complete lattice.

Notation:-
The least and greatest elements in IX are the
constant functions 0 and 1. These functions are denoted

as ¢, and Px respectively.

Definition 1.1.9.
A mapping ¢ from a group G into a group G is said

to be a homomorphism if for all a, beG,
@(ab) = ?(a) ¢(b)

Definition 1.1.10.

A set X which is closed under a binary operation

is known as a groupoid.



Definition 1.1.11.
A set & which is closed under binary composition
and in which the binary composition is asscoative is

known as Semi-group.

Definition 1.1.12.
Let u be a fuzzy subset on X and f be a function defined on
X. The fuzzy subset V¥ in f(x) defined by
V(y) = sup u(x) for all yef(X) is called the
xef~1(y)

image of p under f.

Definition 1.1.13.
Let V¥ be a fuzzy subset on £(X). The fuzzy subset

M = f.¥ On
X defined by

“u(x) =9V ( £(x) ) for all xex is called

the preimage of v under f.

Definition 1.1.14.
A fuzzy subset w on X is f- invarient if

£(x) = £(y) => u(x) = u(y)

Definition 1.1.165,. CHAIN -
A set with a relation which linearely ordered is called a

chain.
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Definition 1.1.16. LINEARELY ORDERING
i) If x<y and y<x then x=y and

ii) X ¢ y or y ¢ x whenever x and y are distinct
Number of union of the domain and the range of ¢

Definition 1.1.17. MAXIMAL

A chain C is maximal if there exists no chain which contains'c.
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SECTION-2

FUZZY SUBGROUPOIDS AND FUZZY IDEAL

In this section fuzzy subqroupoids and fuzzy ideals which
are generalations of groupoids and ideals are defined and some of

the properties are studied.

Definition.l1.2.1.

A fuzzy subset w on S will be called a fuzzy sub groupoid if
for all x, y in §

u(xy) 2 min (w(x), u(y))

Definition.1.2.2.

A fuzzy subset u on 8§ will be called a fuzzy left ideal if

u(xy) 2 u(y) for all x,y € S.

Definition 1.2.3.

A fuzzy subset u on S will be called a fuzzy right ideal if

u(xy) 2 p(x) for all x, y € 8.

Definition.1.2.4.

A fuzzy subset u on S will be called a fuzzy ideal if it is

a fuzzy left and right ideal.
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REMARK: 1.2.5.

Equivalently a fuzzy subset uw on S is a fuzzy ideal if

u(xy) 2 max(u(x), u(y) for all x, y ¢ 8

PROPOSITION: 1.2.6.

Bvery fuzzy (left, riqght) ideal is a fuzzy subgroupoid.

PROOF: -
Let u be a fuzzy ideal on s.
Let X,y € S. Then we have
u(xy) : max (u(x), w(y)) 2 min (u(x), uty))
(i.e)u(xy)2 min (u(x), u(y)) for all X, Yyes

Hence u is a fuzzy subqroupoid on S.

PROPOBITION: 1.2.7.

For any fuzzy subgroupoid u on S, we have u(x®) 2 u(x) for

all x € & where x* is any composite of x's.

PROOF: -
Let u be a fuzzy subgroupoid on §.

For any x, 'y € 5, we have

uixy) 2 min (u(x), u(y)) ———--o—o > (1)
Putting y=x in (1) we get

uM(x?) 2 min (u(x), u(x))

(i.e.) u(x?) 2 p(x)

Therefore, the result is true for n=] and 2.



We shall prove the result by the method of induction.
Assume the result is true for all positive inteqers < n

and we shall prove it for n+l.

w(xP*l) > min (u(x), p(x") CFrom (1)1
But u(x") 2 u(x) for all xeX (By induction hyphothesis)
Hence u(xn*l) 2 u(x)

Hence the Result,

THEOREM:- 1.2.8.

For any t ¢ (0,1), {2 / Zes, u(g) 2 t} is a subgqroupoid or
(left, right) ideal if u is a fuzzy subgroupoid or fuzzy (left,

right) ideal.

PROOF: -
Let u be a fuzzy subgroupoid on S.
For any t ¢ (0,1],
let A={Z / Zc8, u(z) 2 t}

Claim: -

A is a subgroupoid of 8.
Let %X, y ¢t A,

= u (x) 2 ¢t and u(y) 2 ¢
=> min ( u(x), u(y) ) 2 t

Since u is a fuzzy subqroupoid of §,

16
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We have u(xy) 2 min ( w(x), u(y) )
Hence u (xy) 2 t
=> Xy € A
= A is a subgroupoid,
Hence the claim

Let u be a fuzzy (left, right) ideal on S.

Claims-
A is'a left (right) ideal of 8.
Let X, Y €¢ A and s ¢ S.
= u(x) 2 t

Since u is a fuzzy (left,right) ideal,

Iv

u(xy) u(y) and

u(xy) 2 u(x)

u(sx) 2 u(x) 2 t
(i.e.) u(sx) 2 ¢t

=) 8X € A.

similarly we can prove

ys € A
Hence A is a (left, right) ideal of s.

PROPOSITION 1.2.9.

If A is a groupoid of &,then the characteristic function §p

is a fuzzy subgroupoid on &
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PROOF: -
Let A be a groupoid and Pa be the characteristic

function of A,
Claim:-

¥ is a fuzzy subgroupoid.

Let x, y € A.

nThen YA (x) =1 and ?A(Y) = ],

Since A 'is a groupoid, xy € A

Therefore §,(xy) =1

Therefore Pp(xy) 2 min (§a(x), §ply) ?
Therefore ¥ao is a fuzzy subgroupoid on Ss.

Hence the claim.

PROPOBITION 1.2.10.

1f the characteristic function ¥a of A is a fuzzy sub-

groupoid on 8 then A is a subgroupoid of S§.

PROOF:
Let 73 be a subgroupoid on S,
Claim: -

A is a subgroupoid of s.



0[S

Let X, ¥y € A. Then §p(x) = Pa(y) =1

since Y, is a fuzzy subgroupoid,

v

Palxy)
=> §Palxy)

min (§p(x), Pp(y) )
1

=> Xy € A
Therefore A is a subqroupoid of §
Hence the claim

PROPOSITION: 1.2.11.

If A is (left, right) ideal, then the characteristic §, is

fuzzy (left, right) ideal.

PROOF: -

Let A be a (left, right) ideal.

Claim: -
¥a is a fuzzy (left, right) ideal.
Let x, Y € A,
Then P, (x) = 1 and §p(y) = 1
Also Pp(xy) = 1
Therefore TA(XY) 2 Paly) and

va(XY) 2 VA(X)

Hence FA is a fuzzy ideal.
Hence the claim.

PROPOBITION:1.2.12

I1f the characteristic function §, of A is a fuzzy (left,

right) ideal, then A is a (left, right) ideal.



PROOF: - Let ¥, be a fuzzy ideal on S

Claim:- A is an ideal.
Let x ¢ A and 8 € §
=> Palx) =1
Since ¥a is a fuzzy (left, right) ideal
Palxy) 2 §p(y) &
Pa(xy) 2 ga(x) 2
Therefore §p(xs) 2 §p(x) =1

=> Pa(xs) =1

=> X8 € A

Similarly we can prove sx € A
Therefore A i3 an ideal

Hence the claim

20



SECTION — 3
The lattices of fuzzy subqroupoids and fuzzy ideals.

Here it is shown that the set of all fuzzy subaroupoids
as well as fuzzy ideals form a complete lattice and the sub-
groupoid lattice of 8 is ijdentified with a sublattice of the

fuzzy subgroupoid lattice of S.
PROPOSITION: 1.3.1

The intersection of any 'collection of fuzzy subgroupoids is8

a fuzzy subgroupoid.

PROOF: -
Let {u; /7 i e} be any collection of fuzzy subgroupoids on S.
Then [ Nyp; 1 (xy) = inf C uj(xy) ) 2 inf (min u;(x), ui(y)ld

= minlinf w;(x)., infu;(y))
(Nu;J (xy) = min (0OW;) (X)), (N(u;)) (y) )

Hence the intersection of any set of fuzzy subgroupoids is a

fuzzy subgroupoid.

REMARK: 1.3.2.

The set of all fuzzy subgroupoids on S form a complete
lattice. In this lattice the inf of a set of fuzzy subqroupoids
u; is Nu; and sup is the least u (i.e. the Nof all u’s) which

contains Uu;.



Definition 1.3.3.

The fuzzy subqgroupoid (o) generated by the fuzzy set ¢
defined as the least fuzzy sub qroupoid which contains ¢
THEOREM 1.3.4.

(§p) = Y(1). Where
i) (Pqp) - fuzzy subgroupoid generated by Yy
ii) (T) - subgroupoid ‘generated by T
iii)y(py - characteristic function of (T)

PROOF: -

Let u be a fuzzy subgroupoid, that contains yq

Then u(x) =1 for all x ¢ T,

ince u is a fuzzy subgroupoid, u = 1 for any composite

elements of T and

Therefore u contains ¥ r)

22
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of

Thus ?(T) is contained in the intersection of all such u’s.

(i.e.) T(T) is contained in the intersection of all such u’s

which contains V.
(i.e.) (Pp)C ¥(1)
Conversely Y (p) itself is one such u which contains §o

(By proposition 1.2.8)

(i.e.) Y(r) C (Yp)

LLL o Sl

Hence the theorem

REMARK:- 1.3.5.

The subqroupoid lattice of & can be regarded as a sublattice

of the fuzzy subgroupoid lattice of S.



PROPOSITION : 1.3.6

The N or U of any set of fuzzy (left, riqht) ideal 1is a
fuzzy (left, riqht) ideal.

PROOF :

Let {u;/ i 543'} be any arbitrary collection of fuzzy

(left,right) ideal.

Then, (Nu;) Exy) = inf (y; (xy))
= inf Cu; (y))
= 00 w3 ().
Similarly.,

(U ugd (xy) =(U u;)(y)
Hence, the intersection or wunion of any set of fuzzy

(left,right) ideal is a fuzzy (left,right) ideal.

PROPOSITION : 1.3.7

The set of all fuzzy ideals of 8 forms a complete sublattice.

PROPOSITION : 1.3.8.
Let S5 be a semi-group and has a left - identity. Then the left
ideal generated by T C S is ST and the fuzzy left ideal generated
by g is §gr.
REMARK : 1.3.9
Let T be a subset of 5 and f be defined on 8. If u = {(q).
then the image ¥ of u under f is Y(T)-
PROOF :
For, X € 8,

uwix) = Py(£(x))



= LP'{'—l(W) ()'\').

REMARK : 1.3.10
Let f be defined on 5 and let W C f(s).
under £ is Pg-1yy.

PROOF

For, y € £(8)

V(y) = Sup (x)
xef'l(y)vT

= Ve(m)ly).

Then the preimage u

of Yy

24
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SECTION 4. HOMOMORPHISM
In this section the homomorphic image and preimage of a
fuzzy groupoid (ideal) is discussed. It is proved that the
homomorphic preimage of a fuzzy groupoid (ideal) is a fuzzy
groupoid (ideal) and the image of fuzzy groupoid (ideal) is a

fuzzy groupoid provided it has the sup property.

PROPOSITION : 1.4.1
The homomorphic preimage of a fuzzy subgroupoid or
(left, riqght) ideal is a fuzzy subgroupoid or (left, right)

ideal respectively.

PROOF :
Let f be a homomorphism defined on S and ¥ be a fuzzy

subgroupoid on £f(s)

CLAIM: -
The homomorphic preimage u of a fuzzy subgroupoid v

under f is a fuzzy subgroupoid.

Let X, y € 5.
Then u(xy) = V(£(xy)) = ¥ (£(x)f(y)) 2 min (¥ £(x), ¥ £(y))
u(xy) 2 min (u(x), u(y))

Hence the claim



lLet ¥ be a fuzzy (left, right) ideal on f(s)

CLAIM:- The homomorphic preimage u of a fuzzy ideal v under

f is a fuzzy ideal.

Let x, y € §
Then u(xy) =9 (£(xy)) =9 (£(x)f(y)) 2 max (VE(x)VE(y))
u(xy) ; max (u(x), u(y))
Hence the claim.
Definition .1.4.2.

A fuzzy subset u on 5 has the sup property if for any
subset TCS there exists a t,€T such that
u(ty) = sup u(t)

teT

EXAMPLE:- 1.4.3.

Let u be a fuzzy set on S which can take only finitely
many values. Then u has the Sup property. In particular if it

is a characteristic function then u has the sup property.

PROPOSITION:- 1.4.4.
The homomorphic image of a fuzzy subgroupoid which has
the sup property is a fuzzy subgroupoid and similarly - for

(left, riqht) ideals.
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PROOF: - Let f be a homomorphism defined on S.

Let u be a fuzzy subgroupoid on & which has the sup property.

CLAIM:- The image of a fuzzy subgroupoid u which has the sup

property under the homomorphism £ is a fuzzy subgroupoid.

Let x, y € S
" Then f£(x), f(y) € £(S) Let x, € £} (£(x)) and yo € £ 1(£(y))

be such that

uix,) = sup p(t)
© cee-l (£0x))
and u(yy) = sup r(t) respectively
tef™  (£(x))
consider ¥ (f(x)f(y)) = sup r(z)
zef  (£(x)f(y))

2 min (u(xg5). u(yg))
= min (¥ (£(x)). ¥ (£(v)) )
Therefore V(£f(x)f(y)) 2 min (V£(x), Vf(y))

Hence the claim.
CLAIM:-
Let 4 be a fuzzy (left, right) ideal in S which has the
sup property.
Let X, y € S.
Then £(x), f(y) € £f(s).
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Let x, € £-1 (f£(x), yoef'l(f(y)) be such that

sup. u(t)

u(xgs)
e tef-1(£(x))

u(yg) = sup. u(t)
tef‘l(f(y)) respectively
Consider

v (£(x)f(y)) = sup lu(z)
zef " (f(x)f(y))

2 max (u(xg), w(yy))
= max (V£(x), V£(y))
V(E(x)£(y) 2 max (Vf(x), VE(y))

Hence the clainm.

REMARK: 1.4.5

Let f be any function defined on S and ¥ be a fuzzy set
on f(s), Then the image of the preimage of ¥ under f is just
Vv itself as

sup V(£f(x)) = ¥(y) for all y e 8
xef'l(Y)

REMARK: 1.4.6
Let f be any function defined on 5 and u is any fuzzy
set on S. Then the preimage of the image u under £ always

contains u since
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sap u(z) 2 u(x) for all x € 8.
eef 1 (£(x)) :

BOTE:-1.4.7.

1f u is £ - invarient then, sup_ u(z) = u(x), ¥ ¢ S.
. zef—1(£(x))

{i.e.) The preimage of the image of u under f is u itself.

PROPOSITION. 1.4.8.
There is a one - to - one correspondence between the

f-invarient fuzzy sets on 5 and the fuzzy sets on f(38).

RESULT 1.4.9.

There is a one - to - one correspondence between the
f-invarient fuzzy subgroupoids on s and the fuzzy
subgroupoids on £(s) provided that the former have the sup

property.



SECTION-S FUZZY SUBGROUPS
In this section fuzzy subgroup is defined and a
relation between a subgroup and a fuzzy subgroup is obtained.
It is shown that the homomorphic image or preimaqe of a fuzzy
subgroup is a fuzzy subgqroup provided the sup property holds
in the former case and the fuzzy ideals on a group are just

the constant functions on S.

Definition 1.5.1.
I1If S is a group, a fuzzy subgroupoid u on S will be
called a fuzzy subgroup on S if

u(x'l) 2 u(x) for all x € 8

PROPOSITION 1.5.2
VT is a fuzzy subgroup if and only if T is a subgqroup.
PROOF:
Let ?T be a fuzzy subgroup.
CLAIM:
T is a subgroup.
Since vT is a fuzzy subgroup.
?T(X'l) 2 Pp(x) for all x € S.
and  Pp(xy) 2 min(Yplx), Vo(y))

Let x,y € T.



i)l

=> Pp (x) =1 and Pply) =1

But Pp(xy) 2 min (Pp(x), Pp(¥))

Prxy) 2 min (1,1)

Pp(xy) =1

=> xy €T

We know that Pp(x~1) 2 §p(x)

(i.e.) Pop(x1) 2 §p(x) =1

pr (x71) 21

= xlerT

Therefore T is a subgroup

Hence the claim.

conversely assume that T is a subgroup.
CLAIM: - vT is a fuzzy subgroup.

Let x, Yy € T = Pp(x) = 1 and Pqly) = 1.
Since T is a subgroup xy € T and x~ler.
(i.e.) Pplxy) = 1 and gp(x71) =1

=> Pplxy) 2 min (Pp(x), Pply)) and
Pr(x~1) 2 gp(x)

Therefore Jp is a fuzzy subgroup.

Hence the claim.

PROPOSITION 1.5.3.

The intersection of any collection of fuzzy subgroup is
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a fuzzy subgroup.
PROOF: Let {u;} be a collection of fuzzy subqroups.

CLAIM: Nu;

;i is a fuzzy subgroup.

We know the intersection of any collection of fuzzy
subgroupoids is a fuzzy subgroupoid ( by proposition TERSERID)
Consider Nu;(x~1) = inf Cuy(x~1))

2 inf (p;(x))
g (x~1) 2 0 pgox)
=> Nu; is a fuzzy subgroup.
(ie.) The N of a collection of fuzzy subgroups is a fuzzy
subgroup.
Hence the claim.
PROPOSITION 1.5.4.

The fuzzy subgroup generated by the characteristic
function of a set is just the characteristic function of the
subgroup generated by the set.

PROOF: -

The proof is obvious from Theorem | R and

Proposition 1.5.2.
PROPOSBITION 1.5.5.
Let u be a fuzzy subgroup on S, Then u(x‘l) = p(x) and

u(x) ¢ u(e) for all x e S, where e 1is the identity



element of S.

PROOF:~- Let u be a fuzzy subgroup on S and x € S

CLAIM:- u(x~1) = u(x) and u(x) s u(e)
Since u is a fuzzy subgroup
uixx~1) 2 min (u(x), wix~1y)
and p(x~1) 2 Mix)
As u(x) = ul(x"1)~13 2 pex71)
= w(x~l) = u(x) for all x € 8.
As u(e) = u(xx~1) 2 min (u(x), w(x~1))
= u(x)
(i.e.) u(x) ¢ u(e) for all x ¢ 8
Hence the proof.
COROLLARY 1.5.6.
{x / u(x) = u(e)} is a subgroup.
PROOF:~ Let G, = {Xx /u(x) = u(e)}
Let x.y € G,
yhen u(x) = u(e) and u(y) = u(e)
Since u is a fuzzy subgroup
u(xy) 2 min { u(x), w(y)} and
wix~1)2 wix)

Therefore u(xy) 2 min (u(e), u(e))

Iv

Therefore u(xy) uie)



But u(xy) < u(e)
Therefore u(xy) = u(e)
Therefore xy ¢ G,

wix1) 2 u(x) = ue)

But u(x~1) < u(e)

Therefore u(x~1) = p(e)
Therefore. x~! ¢ Gy
Therefore G, is a subgroup.
PROPOBITION: 1.5.7.

nixy™l) = u(e) implies n(x) = u(e)
PROOF: '
Let u(xy~l) = u(e)
As u(x) = u(x(y ly))

u((xy~1)y) 2 min (uixy~l), uiy))

min (u{e), u(y))
u(x) = u(y) ’
PROPOSITION 1.5.8.
b is constant on each coset of G,
PROOF: -
Given u is a fuzzy subgroup on S.
A coset of G, is of the form

aG,, = {ab/ beG,}, where a € S
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CLAIM:-
u is constant on each coset of G,
Let b € G,. This => u(b) = u(e)
For a € S,
u(a) = u((ab~1)b)2 min (u(ab~l), u(b))
= min (u(ab~l), u(e))

But u(ab’l) < u(e) (by Proposition 1.5.5)
Hence u(a) 2 p(ab~l)
But u(ab=l) 2 min (u(a), u(b1))
Since G, is a subgroup, bt G, = b1 ¢ Gy
= u(bl) = e.
Hence u(ab~l) 2 u(a)
(i.e) u(a) 2 u(ab~l) 2 u(a). This is true for all b~l € G,
and hence true for all be G,
Hence u(a) 2 u(ab) 2 u(a) . ¥ be G,
(i.e) u(ab) = u(a) for all be G,
Hence u is constant on each coset of Gy -
PROPOSITION 1.5.10

1f G, has finite index, u has the sup property.
PROOF: -

Let G, have a finite index

(i.e) The number of distinct cosets of G, is finite,.



Since u is constant on each coset of Gy(By Proposition 1.5.8)
u takes on only finitely many values.
=> u has the sup property.
Hence the proof.
PROPOSITION 1.5.11
u is a fuzzy subgroup on S (=) u(xy'l) 2 min{u(x),u(y))
for all x,y in s.
PROOF: -
Let u be a fuzzy subgroup on S and x,y € 8 .
CLAIM:-
uixy~1l) 2 min (u(x), w(y™1)
Since uw is a fuzzy subgroup
u(y~!) = u(y) (By Proposition 1.5.5)
Hence u(xy~l) 2 min (u(x), u(y)) for all x,y € S.
Conversely assume that
u(xy'l) 2 min (u(x), u(y)) for all x,y ¢ S.
CLAIM:-
- M is a fuzzy subgroup on S.
When y=x, we have
uixx~1) 2 min (p(x), ui(x)).
(i.e) u(e) 2 u(x), ¥ x € 8.

Now u(y‘l) = u(ey“l) 2 min (u(e), u(y)).



==> u(y~ 1) 2 u(y).
Consider

pix(y-H~1) 2 min (utx), wiy™D)

pi{xy)

v

u(xy) min (u(x), u(y))

Hence the claim

PROPOSITION 1.5.12.

A group cannot be the U of two proper fuzzy subgroups.
PROOF:

Let u and ¥ be proper fuzzy subgroups of 8 such that
u(x) =1 or ¥(x) =1 ¥x €8

Let u, V in 8 be such that
u(u) =1 and u(v) ¢ 1
Y(u) ¢ 1 and (V) =1
We know that u(u‘l) = u(u) (by proposition 1.5.5.1
Hence u(u'l) =1
Consider u(V) = u(u_l(uV))

> min (p(u 1), weuv))

If u(uv) =1
Then u(V) 2 min (u(u™l), wuv)) =1

which is a contradiction

Consider Vv(u) = O(UVV_I)



t)
(&)

2 min (¥ (uv), Q(V'l)}
But (V1) = (V) =1
If Y(uv) =1
Then ¥(V) 2 min(¥(uv), ¥(v-1)) =1
which is a contradiction
Hence a group cannot be the union of two proper fuzzy

subgroups

PROPOSITION:1.5.13

A homomorphic image or preimage of a fuzzy subgroup is
a fuzzy subgroup (in the former case, provided the sup
property holds).
PROOF:

Let £ be a homomorphism defined on S.

Let 9 be a fuzzy subgroup on £(S). Then the pre-image u
of ¥ under f is given by u(x) = 9(£f(x)) for all x € S
CLAIM: -

U is a fuzzy subgroup on S
We know u is a fuzzy subgroupoid (By proposition 1.4.1)
Consider n(x~1) = V(£(x~1)) = Vf(x)"!)(Since £ is a
homomorphism)

' 2 ¥(f(x)) ( 'Bince ¥ is a fuzzy subqroup)

= u(x)



(§9]
(&)

2 min (¥ (uv), O(V‘l))
But (V1) = 9(v) =1
If Y(uv) =1
Then W(V) 2 min(¥(uv), ¥(v-1)) =1
which is a contradiction
Hence a group cannot be the union of two proper fuzzy

subgroups

PROPOSITION:1.5.13

A homomorphic image or preimage of a fuzzy subgroup is
a fuzzy subgroup (in the former case, provided the sup
property holds).
PROOF:

Let £ be a homomorphism defined on S.

Let ¥ be a fuzzy subgroup on f(s). Then the pre-image u
of ¥ under £ is given by u(x) = ¥(£f(x)) for all x € S
CLAIM:-

u is a fuzzy subgroup on S
We know u is a fuzzy subgroupoid (By proposition 1.4.1)
Consider wu(x~1) = 9(£(x71)) = V£x)"l)rSince £ is a
homomorphism)

‘ 2 ¥(£f(x)) ( Bince ¥ is a fuzzy subgroup)

= u(x)



(i.e.) u(x™" ) 2 u(x) ¥ xeS
=) u is a fuzzy subgroup
Hence the claim.
Let u be a fuzzy subgroup on S. Then the image Vv of
under £ is given by.

V(y) = sup. u(x) for all y € £(S)
xef'l(Y)

~Given £(x)ef(8), Let x e£ 1(£f(x)) be such that

uixgy) = sup_ u(t)
tef-l(£(x)

CLAIM:- ¥ is a fuzzy subqroup
Wwe know ¥ is a fuzzy subgroupoid (By proposition 1.4.1)
Consider

O(f(x)_l) = sup u(z). 2 u(xo'l) ( By Remark 1.4.61]
zef 1 (f(x)" 1)

(i.e.) ¥ (£(x)~ 1) 2 u(x,) (Since u is a fuzzy subgroup)

V(f(x))
(i.e.) ¥ (f(x~1) 2 V(£f(x)) for all x ¢ S
=> ¥ is a fuzzy subgroup .
PROPOBITION 1.5.14
The fuzzy (left, right) ideals on a group 8 are just

the constant functions on S.



PROOF:

Let u be a constant function on 8.

=) u(xy) u(x) = u(y) for all x, y ¢ s

v

=> u(xy) 2 max (u(x), u(y)) -—--—-—-——- > (1)
=> W is a fuzzy ideal

Conversely

Let u be a fuzzy left ideal on the group &

Bince u is a fuzzy left ideal,

v

uixy) u(y) for all x,y ¢ 8 ——=> (2)

Putting y = e, we have
u(xe) 2 u(e)

(i.e.) u(x) 2 u(e) for all x

Putting x = y‘l in (2), we have

1

m(y 'y) 2 u(y) for all y

In_Particular

(e)2 u(x)
(i.e.) u(x) = u(e) for all x
(i.e.) M= u(e) is a constant function

Hence the proof

PROPOSITION: 1.5.15

Let Gp be the cyclic qroup of prime order P

and let
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be any fuzzy subgroup of Gp- Then u(x) = u(l) £ u(0) for all

x #0 in Gp and conversely - such u is a fuzzy subgroup.

PROOF: —

Let u be a fuzzy subgroup of Gp such that
u(x) = u(l) ¢ u(o) for all x # 0 in Gp

CLAIM:-

u is a fuzgy subgroup.

Let X,y # 0 in Gp.

=> u(x) = u(l) ¢ u(o) and

u(y) = u(l) € u(o).

If Xy = 0o in Gp then,

u(xy) = u(o) 2 min (u(x), u(y)).

Suppose if xy #0 in Gp. then,

u(xy) u(l) < u(o)

Therefore u(xy) = min (u(x), u(y)).

Hence u(xy) 2 min (u{x), u(y) for all x,y # 0 in GP.
Let x # 0 in Gp

x~1 £ 0

=) p(x) = u(x'l) = p(l)

Hence u is a fuzzy subgroup.

Hence the clainm.



Conversély. assume that u is a fuzzy subgroup on G

CLAIM: -

u(x) = u(l) £ u(o) for all x # 0 in Gp

Let X # 0 and y # 0 in Gp

X can be written in terms of y and
y can be written in terms of x.

Yl (say), and

(i.e.) x

y = x9 (say)

Therefore pi(x) = u(yl) 2 u(y) amnd

u(y) = u(x9) 2 u(x).

(i.e.) u(x) 2 u(y) 2 wni(x)

=> u(x) = wu(l) £ u(0) for ali x # 0 in Gp
Hence the claim.

p'
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CHAPTER 2
CHARACTERISATION OF FUZZY SUB GROUPS OF A

FINITE CYCLIC GROUP

This chapter is devoted to a study of character-
isation of fuzzy subgroups of finite cyclic group. In
the first section of this chapter fuzzy level sub gqroup
of a fuzzy subgqroup is studied. 1In this section every
subgroup H of a gqroup G is identified with same level
subgroup of some fuzzy sub qroup on G. Based on this it
is shown that there is a one - one correspondence bet-—
ween the subgroups of G and the equivalence classes of

level subgqroups of a fuzzy subgroups on G.

The characterisation of all fuzzy groups of a
Prime cyclic group in terms of membership function is
obtained in 1971 by Rosenfeld (11] . 1In section two of
this chapter we study a similar characterisation of all
fuzzy subgqroups of finite cyclic qroup G in terms of
maximal chain of subqroups of G obtained by

Sivaramakrishna Das in 1981 (12].

)



BECTION 1

FUZ2Y GROUPS AND LEVEL SUBGROUPS

In the first section of this chapter level
subgroup of a fuzzy subgroup is discussed. It is shown
that
i) Any subqroup H of G can be identified with

same level subgroup of some fuzzy subgqroup

on G.
ii) There is a one - one correspondence between

the subgroups of G and the equivalence classes

of level subgroups of fuzzy subgroups of G.
Definition:2.1.1

Let u be a fuzzy subset on 5. For te (0,1,

e = {XeB/u(x)2t} is called a level |

subset of the fuzzy set u.

THEOREM 2.1.2
Let G be a qroup and u be a fuzzy subgroup of G.
Then the level subset Uy, for tel(0,1), t< pu(e) is

a subgroup of G, where e is the identity of G.

PROOF:
Let u be a fuzzy subgroup of G.Then for +te(0,1),
the level subset

Mg = {XeG / u(x) 2t} and eecu,
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Claim: u; is a subgroup of G
Let x,YE My
= u(x) 2 t and u(y) 2 t.
Bince u is a fuzzy subgroup,
u(x y) 2 min (u(x), u(y))
Therefore, u (xy) 2t
=> XYEMU;
Therefore Uy satisfies closure property
Let xeu
= u(x) 2t
But u(x'l) 2 pu(x)
Therefore u(x'l) 2t
= x"1 ¢ He
Hence every element in uy has an inverse in u,
Therefore u, is a subgroup of G.
Hence the theoren.
THEOREM: 2.1.3
Let G be a Group and u be a fuzzy subset of G such
that Ug is a subqroup of G for all te (0,1) and
t<u(e). .Then u is a fuzzy subgroup of G.
PROOF:
Let u be a fuzzy subset of G and for te(0,1),
Uy is a subgroup of G and t < u(e).
Therefore ecu, for every te(o0,1).
Claim::
u is a fuzzy subgroup of G.

Let x,y €G,



W(x)= t; and uly) = t,

Then x¢ utl and y ¢ utz

without loss of generality we can assume
that t; < t,
As
Mty = (xeG/u(x) 2 t;} and
Mt = (xeG/uly) 2t,},
Hence we get utz C utl
As utl is a subgroup,
X, Y€ utl =) Xye utl
Therefore u(xy) 2 t; = min {u(x), u(y)}
Therefore u(xy) 2 min {u(x), u(y)}
Let XeG and u(x)=t
Then xeu,
Since y; is a subgroup. x’l £ wy
u(x_l) 2 u(x) [Since u(x)=t)
Therefore u is a fuzzy subqroup of G.
DEFINRITION 2.1.4 LEVEL SUBGROUPS
Let G be a qroup and u be a fuzzy subqroup of G.
Then the Subgroups Uy, te(0,1) and t < u(e) are
called level Subgroups of .
REMARK 2.1.5
If G is finite, then the number of level subgroups
of a fuzzy subgroup u is finite,
REMARK 2.1.6
Every level subgroup 1is a subgroup of G

(By Theorem 2.1.,2)
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NOTE It is to be noted that not all the level
subgroups are distinct.
THROREM 2.1.7
Let G be a group and u be a fuzzy subgroup of G.Two
subgroups Mt; and VYt, with (t;<t,)
of u are equal <=> There is no x of G such that
t] ¢ u(x)<t,.
PROOF
Let p be a fuzzy subgroup of G and “tl and utz are equal.
Claim:
There is no X of G such that t; ¢ u(x)< t,.
Suppose there exists xeG such that
t] < um(x) < ty.
= u(x) > t; and u(x) ¢ t, and
e € My
=> xeutland x4 utz'
=> a contradiction to the fact that two subgroups are
equal.
Therefore there exists no such xeG such that tjdu(x)<t,.

Conversely assume that there exists no x such that

ti<u(x)<t,.
Claim:
utl = utz

“tl and “tz are two subgroups with ti<ty

utl = {xeG/p(x)2t,}

My = {x€G/u(x)2ty)

as tpty, el — o (1)
\

Let x € Mt



Then u(x) 2 t; and there exist no xe¢G such that
ti<u(x)<t,
Therefore u(x)>t,
=> xelt,
= Mty e My ——»  (2)
From (1) and (2) Mt; = ¥,
Hence the claim.
RESULT 2.1.8.

Let G be a finite group of order n and u be a
fuzzy subgroup of G. Let Im(u) = {t;ju(x) = t; for some
X€G}, Then {"ti} are the only level subgroupsof u.

PROOF

Let G be a finite group of order n

and G = {xX;, X9, ...... » Xpt

Let u be a fuzzy subgroup of G. Then for te(0,1],
the level subgroup Uy is a subgroup of G.

Let Im(u) = {t;|u(x) = t; for some xeG)

Claim::-

(uti|u(x)=tilfor Xx€G) are the only level subgroups of .
Let y # e be in

=> uly) 2 t (since u. is a level subgroup)
Therefore u(y) 2 t

Given that t = u(e)

= u(y) 2 u(e)

Contradication to proposition 1.5.5.

Therefore u, ={e}

Hence the claim



Let te (0,1), t¢ Im(u) and
t; ¢t ¢ t;, where t;, t; € Im(u)
Therefore Yt; = p, = "tj ( By Theorem 2.1.7)
If t ¢ t,, where t, is the least element in Im(u)
Then for t, = inf{t;|u(x) =t; for some xeG}
Claim::-
GC VW, = p,.
PROOF: -
Given xe@,
M(x) 2 t; > ty
= u(x) 2 t,
=> xekt,
Therefore G C Yt, = u, [ since t£ Imu)
Hence the claim.
Since, Mt  are the subgroups of G,
e, C 6.
Therefore Yt = G
Mg = Y, =G
Therefore, for any t €(0,1), the level subgroub is one
of {Mt;}, where tieIm(u)
Hence the proof.
THEOREM: 2.1.9.
Any subgroup H of a group G can be realised as a
level subgroup of some fuzzy subqroup of G.
PROOF: -
Let u be a fuzzy subset of G defined by

u(x) =t 1if xeH
=0 if xtH, O<Ct¢l



Claim::
W is a fuzzy subgroup of G.
CABE (i)
Let X, ye G
If x,yeH,
Then xyeH Bince H is a subgroup of G,
=> U(Xy) = t and
uixy) 2 min (u(x), u(y))
Let xeH, Then H(x) = ¢
Since H is a subgroup of G, x-leH
= ux71) = ¢
= wix~l) 2 pix)
Therefore w is a fuzzy subgroup of G.
CABE (ii)
Let x, ye G
Suppose x € Hand y ¢ H
=> U(x) =t and u(y) = 0 and Xy ¢H
=> ulxy) =0
M(xy) 2 min (u(x),u(y))
S8ince x¢tH, x leH
= uix7l) = ¢
Therefore u(x1) > u(x) Caince u(x) = t3

Therefore u is a fuzzy subgroup of G.



CASE (1iii)

Let X,y €G
X¢ Hand y £ H,
=> u(x) = 0 and u(y) =0
Let us assume Xy ¢ H
Then u(xy) = 0

u(xy) = min { u(x), w(y) }
Let x€H. Then x~lH.
= wix"l) =0 = px)
Therefore u is a fuzzy subgroup of G.
CASE (iv)
Let x,YeG be such that xfH and yfH and xyeH
=> UW(X) = u(y) = 0 and u(xy) =t
=> u(xy) 2 min {u(x), u(y)}
Let x¢H. Then x~! ¢ H
= uix1) = 0 = prx)
Therefore u is a fuzzy subgroup of G and the subgqroup H can be
realised as the level subgroup e of the fuzzy
subgqroup G.

Hence the proof.

THEOREM.2.1.10,
Let X be the collection of fuzzy subgroups of qgroup G
and B be the collection of all 1level subgroups of
members of K. Then there is a one-one correspondence
between the subqroups of G and the equivalence classes
of level subgroups (under a suitable equivalence

relation on B).



PROOF: -

Let X be the collection of all fuzzy subgroups of
a group G and B be the collection of all level subgroups
of members of K. Then
B=XX1I, where I = [0,1)
Let the relation'~'in B be defined by (A,t) ~(B,t’)
<=> A,=B;.,
We shall prove '~ is an equivalence relation.
REFLEXIVITY: -
For any fuzzy subqroup A of the qroup G and te(0,1),
Ay = A,
Therefore (A,t)'~ (A, t).
Therefore-~'is reflexivity.
SYMMETRY

Let A and B be two fuzzy subgroup of the group @
and t, t' ¢ (0,1),
Let (A,t) ~ (B,t’)
Then A, = B,,
Therefore B,, = A,
Hence (B,t’) ~ (A,t)
Therefore-~*is symmetry.
TRANSITIVITY
Let A,B, and C be fuzzy subgroups of the group G and t,
t’, t" € (0,1)
Let (A,t) ~ (B,t’)

(B,t') ~(C,t")

> (1)

‘A.t) ~ (B.tp') =) At = Bt'

(B,t') ~(C,t") = Bgr= Cpw > (2)
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From (1) and (2)

=> At = Ctn
(i.e.) (A,t) ~ (C,t")
Therefore~ is a equivalence relation on B
So'~' partitions B into egquivalence classes
Let (A.), (By,), (Ci.) .... be the equivalence class of
level subgroups in B.

Let B be the set of all eguivalence classes
determined by-.~.

Let H be a subgroup of G. By Theorem 2.1.9
H can be realised as a level subgroup of some fuzzy
subgroup A.
(i.e.) H = A, for some te(0,1)
Claim::-
There i3 a one-one correspondence between the subgroups
of G and the equivalence classes of level subgqroups of
fuzzy subqroups of the gqroup G.
Let (A,) be the equivalence class of the level subgroup
determined by A,.
Let E be the set of all subgroups of G.
Let §: G —> B such that
P(H) = (A.)
Let A be a fuzzy subgroup of G. For every equivalence
class [(A,) we get a element

Ay = {XeG|A(X)2t, ¥ xeG} and A; is a subgroup of G

Hence the clainm.



Conversely for any fuzzy subgroup A of the group @ and

te(0,1), Ay = {XeG|A(x)2t} is a subgroup of G.

REMARK 2.1.11
In the chain C(u) of level subgroups of the fuzzy
subgroup u of the gqroup G, {e} is the smallest level

subgroup and G is the largest level subgqroup.

REMARK 2.1.12.

All the subgroups of G need not form a chain.

We shall find a fuzzy subgroup u of G which accom-

modates as many subgroups of G as possible in C(u).

THEOREM.2.1.13.
Let G be a finite qroup such that
Cp

are Prime cyclic groups of orders P Then

i i
there exists a fuzzy subgroup u such that C(u) is a
maximal chain of length 2.
PROOF:

We prove by induction on r.

If r=1, then G=cPi is a prime cyclic group of order Py

Define w: G->I as u(e) = to and u(x) = ¢, for x f e and
t, 2t;. Then p is a fuzzy subgroup and uto = {e},
Mt = { xeGu(x) 2 t, ¥xeG} and

utl = G = Cpl

W u
and Mt ¢ Vi,



Then ("to, utl} is the maximal chain of level subgroups
of length 2.
Hence the theorem is true for r=l.
Let r>] and we assume that the theorem is true for the
integers < r-1 and we shall prove it for r.
Let H = ®p) x ®py x ....... x Cp__,
Then G = H.x Cp_
Define a fuzzy set u:G —> (0,1) by u(e) = t, and
M [c;ri =t,,
w % €1 = t,,.....
u [H ; cPrJ = t  where ty, > | TP t, and
CSI = cPl - (e)
Cp, x €2, = Cp) x %, - Cp, and so on.
Claim:: u is a fuzzy subgroup of G.
PROOF: Let x,yeG and X,YEH
Since H is a subgroup, xyeH
By induction there exists a fuzzy subqroup u such that
uixy) 2min (u(x), u(y))
uex~ly 2 pix)
Let x.feG and xeH, yeG-H
=> Xy § H

Then u(xy) = t_,

(04

uix) t,_1 (Bince x ¢ H)

uly) t, (8ince y ¢ Cp,)
=> u(xy) 2 minCu(x), u(y)) (since tro1 2 t.)
and u(x_l) 2 p(x) for every x ¢ H

Let X, ¥y € G and X,y fH



Then xy may or may not be in H
Let xyeH
Then u(xy) 2 tp_; and
u(x) = tp, uly) = tp
==> u(xy) 2 min Cu(x), u(y)l
Let xy ¢ H.
Then u(xy) = t.,
u(x) = t. and u(y) = t,
==> p(xy) 2 min Cu(x), u(y)l
u(x'l) 2 u(x)
Therefore u is a fuzzy subgroup of G.
Let “to = (e), “tl = cpl, utz = cpl X cpz,....

e, = H x Cp,

Then “to Cc utl C .ie o o - C utr and
ctu) = { Mgy, . . . . Yt} is the maximal chain of
lenght r+l

REMARK: 2.1.14

In the same way Qe can find fuzzy subgroups Wwith
maximal C(u) in the following cases.
i) G is a cyclic P-group
ii) G is a product of cyclic P-groups

iii) G is a Finte abelian gqroup.



Bection - 2.2
CHARACTERISATION OF FUZZY SUBGROUPS OF A FINITE CYCLIC

GROUP.

In 1971 Rosenfeld has obtained a characterisation
of all fuzzy groups of a prime cyclic group in terms of
membership function. 1In this section we study a similar
characterisation of all fuzzy subgroups of - finite
cyclic group G is obtained by Sivaramakrishna Das in
1981. Here the characterisation is obtained in terms of

maximal chain of subgroups of G.

THEOREM 2.2.1
Let G be a cyclic P- group of order Pn, where P is
a prime, Let u bhe a fuzzy subgroup'of G then for X,YEG
i) If O(x) > O(y), then u(y) z u(x)
ii) If o(x) = O(y), then w(x) = u(y)
Proof:-
Let 0(G) = pR
We prove by induction on n
I1f n=1, then 0(G) = P, a prime Number.
In this case we have u(y) 2 u(x) if O(x) > O(y) and

u(y) = u(x) if o(x) = o(y) (by Proposition 1.5.15)
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Assume that the result is true for all integers ¢ n-1.
Let G be a cyclic group of order P? and H be a subgroup
of G of order pR~1,
Let u be a fuzzy subgroup of G.
Claim:- PFor X,y € G
i) If Oo(x) > O(y) then u(y) 2 u(x)
ii) If O(x) = O(y) then u(x) = u(y).
proof: -
Let x,y be any two elements in G.
Case (i)
Let x,yeG, and x,yeH
By induction the result follows.
case (ii)
Let X,y e G, X £ H and y € H
x fH==> O(x) = pP
y € H == 0(y) = P where r ¢ n-1.

Therefore x i3 a generator of G.
1

=> y = x- for some integer 1.

wixly 2 uix)

=> u(y)

v

u(y) uix).

Case (iii)

Let X,y € G and X,y £ H

=> O(x) = P? and o(y) = pP

Therefore x and y are the generator of G

Therefore xB = y and yl = x for some integers m and 1
ply) = p(x®) > p(x) --> (1)
wix) = uiyl) > wiy) - (2)



|
6ig}
\D

From (1) and (2).
u(y) = u(x)

Hence the theorem.

Note:-
The following example shows that the above theorem

i3 not true in general.

Example :- 2.2.2.
Consider Kliens 4 - group.

Let G = (a,b/a=b2=(ab)2 = e}

Let the fuzzy subset u: G --> (0,1) be defined as

u(e) = tgo, wa) = £, u(b) = t; = u(ab)

where t_ > t) > ¢,

Claim::-

U is a fuzzy subgroup of @G

As u(a) = t;, w(b) = t, and wu(ab) = ty,

u(ab) 2 min {(u(a), u(b)} and

u(a_l)z u(a) [8ince a~! € G, G is a Group]

Therefore py is a fuzzy subqroup of G.

But u(a) f u(b) even though O(a) = 0(b).

THEOREM 2.2.3

Let G be a finite cyclic group. Any fuzzy subset u of

G is a fuzzy subgroup if there exists a maximal chain of

subgroup.
(8GR e e S C, =G
Buch that for the numbers tor 3. o .t € Im(u)

With tod t12 . ... 0t we have

r



nie) =t'°p u(cl) =t1 50 0o o D 0 M(cr) =tr

-~

Where C; =0C; - C; ;. i=1,2. . . r conversely any

i
given fuzzy subgroup u satisfy such a condition.

Proof:-

Let w : G -> (0,1) be fuzzy subset and

Cob €C CCy . . .. CC, be a maximal chain of sub-
groups such that for the numbers tj > t; . . . . > t,. We

have
N

N

Ci

Claim: -

=C; - Cjiy -

W is a Fuzzy subgroup of G
Let X,y € G

Let X,y € C; but not in C;_;
Then u(x) = t; and u(y) = t;
=> Xy € C; or C;_; (since Cé.cl. . . C: are
the subgroups of G)

Xy € Cp ==> u(xy) = tj

Xy € C;_1 == u(xy) = t; 4

But t;_; > t;

==> U(XY) 2 t;

> u(xy) 2 min (u(x), u(y))
€ Cc; ==> u(x) = t;
1

|

L]

€ C; [ 8ince C,,Cy.... C; are the subgroups of G)
u(x_l) 2 t; = p(x)

u(x“l) 2 ulx)

€0



Sl

Therefore u is a fuzzy subgroup of G

Hence the claim

Let G be a fin ite cyclic group and

Let u be a fuzzy subgroup of G

Claim:-

There exists a maximal chain of subgroups.
(e) =C,€C CCy .... C =G such that

for the Numbers t_, t;, t,. . . t. € Im(}§) with

r

ta Bl SiEnriRe o et

we have u(e) = tg, u(Cy) =t;. . . u(C)= t,.

Where C;

1=C.

1—01_1. i—1.2.3...r.

By theorem 2.1.2.
utD utl utz..... utf are the only level subgroups

of u.
The 1level Subgaroups of the fuzzy group u form a

chain and it is the maximal chain.

Therefore C(u) : M, € My, ¢ ...ou. Wi

Where Yt = {e} and Mt = G where tg > t). . . > t,
case (i) C(u) is meximal chain

Let ¢c; = uti

(i.e) e = €5 = Yt and c; = Yt

= e=06,€C€....CC, =G.

cin) = Cc €C. .. .CC, is a maximal chain of 1length
r+l.

Hence C(u) is a maximal chain.
Case (ii) C(u) is not a maximal chain.
We define C(u) by introducing subgroups of G.

(it Ui =€ (€8 o 5 o ©)€5
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where Co =Mt = (e) and ¢, = ¥, = ¢

For all C; between Yt, and Mt

W(e;) = ¢

where Vt, = (C,) and ¥t (= C; for some j)Similarly ¢,
between Wt; ana Wt ,

u(ak) = ti,

u
Cy; between t,_; and utr

A

u(Cg) = t. thus

u(Cy) = tg, u(al) =l # 4 u(aj) =t

(i.e) u(al) = u(82> vr w e s u(aj) =t

and u(E,+1). - .. u(ak) = t,

where 61 = C - C5 and

g§>=tf? ? ?l.'>'t; T S Gt

Therefore C(u) is a chain of subqroups with u(e) = toe
_u(gl) =hith

Hence the result
Corollary 2.2.4

If G is a cyclic P-Group of order PL, then the
necessary and sufficient condition for a fuzzy subset u
of G to be fuzzy subgroup is that for all elements x
such that O(x) = P! we have p(x) = t;, i=0,1...r with

CaiE D bR EE



Sumumary and Conelusion



SUMMARY AND CONCLUSION

In this thesis we have attempted to give a de-
tailed survey of the fundamental results on fuzzy
groupoids and fuzzy groups. For this purpose we have
discussed the following two papers

(i) "FUZZY GROUPS" BY AZRIEL ROSENFELD (1971)

(ii)"FUZZY GROUPS AND LEVEL SUBGROUPS" BY SIVA-

RAMAKRISHNA DAS (1981)

It is very interesting to study the inter rela-
tionship between subgroups and fuzzy subgroups and
ideals and fuzzy ideals. An important characterisation
of fuzzy subgroups of a finite cyclic group is obtained

by Das.

Based on the definition of fuzzy subgroups and
fuzzy groups stranger algebraic structures like fuzzy
rings, fuzzy vector spaces, fuzzy module etc. are
developed and studied by various authors in the subse-

quent years (1967, 1977, 1982, 1983, 1984, 1988)

we hope that a deep study of these concepts will
lead to many interesting open problems yielding a very

good scope for further research.
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