


C H A P T E R I V 

P A I R W I S E C L O S E D S E T S AND B I C O N T I N U O U S M A P S IN 

B I C L O S U R E S P A C E S 

In this chapter pairwise closed sets in biclosure spaces and 

bicontinuous maps in biclosure spaces are studied. 

S E C T I O N 4.1 

P A I R W I S E C L O S E D S E T S IN B I C L O S U R E S P A C E S 

In this section, the concepts of pairwise closed sets in biclosure spaces 

are studied. 

Definition: 4.1.1 

A subset A of a biclosure spaces (X,U],U2) is called Pairwise closed i f 

U\U2A=A= ii2U\A. The complement of pairwise closed set is called Pairwise 

open. 

Proposition: 4.1.2 

Every closed set is pairwise closed. 

Remark: 4.1.3 

The converse of the above proposition need not be true. 

Example: 4.1.4 

Let X = { 1 , 2 } and ux be a closure operator on X defined by = (j) 

and u\{\] = u\{2} = U]X = X. Let ui be a closure operator on X defined by 

W2(t) =(t), ^ 2 ( 1 } = U2{2} = U2X = X. Then { 1 } is pairwise closed but it is not 

closed. 
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Proposition: 4.1.5 

Let Qi,U\,U2) be a biclosure space. I f A and B are pairwise closed 
subsets of {X,u\,ui) , then AHB is pairwise closed. 

Proof 

Let A and B be pairwise closed. Then ii\U2A=A^ U2ii\A and U\U2B=B^ 

U2U]B. Therefore, U\U2 ( A f l B ) = U] (u2(A f l B)) = U](u2A f) U2B)= 

U\U2A n u\H2B= ARB and U2U\{Ar\B) = U2(u]A f l ii\B)= U2ii\A f l ii2U\B= 

AflB.We have Uiih (AnB)= A n B = M2Z/i(AnB). 

Hence, A f l B is pairwise closed. 

Remark: 4.1.6 

The union of two pairwise closed sets need not be a pairwise closed set 

as can be seen from the following example. 

Example: 4.1.7 

Let X = {1,2,3,4} and U] be a closure operator on X defined by U](^ = (j) 

and u,{\} ={\},iu{2} ={2}, w,{3} ={3} , u,{4} ={4} , 1,2} = { 1,2,4}, 

. / ,{1,3}={1,3}, w , { l , 4 } = { l , 4 } , i / ,{2,3}={2,3}, zy,{2,4}={2,4}, 

i / , {3 ,4} -{3 ,4} , w,{l ,2,4}={l,2,4},and w,{l ,2,3}= w,{l ,3,4}= i/,{2,3,4} = 

U]X = X. Let U2 be a closure operator on X defined by U2^ ihi 1 } = { 1 } ' 

U2{2} ={2} , U2{3} ={3}, U4{4} ={4} , t / . j 1,2}={ 1,2,4}, 1 ,3}={ 1 ,3}, 

1/2{1,4}={1,4}, W2{2,3}={2,3}, W2{2,4}={2,4}, i/2{3,4}={3,4} and ^2(1,2,4}= 

2/2(1,3,4}= W2{2,3,4}= U2X = X. Then { 1 } and {2} are pairwise closed but 

{ 1 } U {2}={ 1,2} is not pairwise closed 

85 



Proposition: 4.1.8 

Let (X,U\,U2) be a biclosure space and let U],U2 be additive. I f A and B 
are pairwise closed subsets of ( X , M I , W 2 ) , then A U B is pairwise closed. 

Proof 

Let A and B be pairwise closed. Then u^ujA^A^ U2U\A and Uiii2B^B^ 

U2U\B. Since Ui and U2 are additive, Uiii2 (AUB)= U\{ii2A U ihB)= 

U\U2A U u\U2B^ A U B and U2U\{A[}B) = ii2{u\A U u\B)= U2U\A U U2U\B= 

AUB.We have U\U2 (AUB) = A U B = i/2Wi(AUB).Hence, A U B is pairwise 

closed. 

Proposition: 4.L9 

Let {X,U\,U2) be a biclosure space and let (Y,V|,V2) be a closed subspace 

of (X,wi,W2)- I f F is a pairwise closed subset of (Y,vi,V2), then F is a pairwise 

closed subset of ( X , M i , W 2 ) -

Proof 

Let F be a a pairwise closed subset of (Y,Vi,V2). Then V]V2F=F and 

V2V]F=F. Since Y is both a closed subset of ( X , z < | ) and (X ,W2) , u\¥=V and 

z/2F=F. Therefore, F=v,V2F= v,(w2FnY)- v,(w2(FnY))= v,(w2F)= z/,(w2F)nY= 

w,(z^2FnY)= W|(zy2(FnY))= u^ii2V and F=v,V2F= V2(z/2FnY)= V2(w,(FnY))= 

V2(z/,F)= z/2(?/iF)nY= z^2(«iFnY)= W2(w,(FnY)) =U2U\¥. 

Consequently,wiW2F=F=W2MiF. 

Hence, F is a pairwise closed subset of {X,U\,U2). 
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Proposition: 4.1.10 

Let (X,U\,U2) be a biclosure space and let A c X . Then 

(i) A is pairwise open i f and only i f A= X-uiii2(X-A) = X-U2U](X-A). 

(ii) I f G is pairwise open and G c A, then G c X- U\U2(X-A)=X- U2U\(X-A) 

Proposition: 4.1.11 

Let {(X„, u^, u^) : a E I } be a family of biclosure spaces and let 

P G L Then F is a pairwise closed subset of (Xn,ul,uV) i f and only i f 

F X ̂ J j is a pairwise closed subset o f ^ ^ (X„, i i^ , i4)-
a£l 

Proof 

Let P G I and let F be a pairwise closed subset of (Xp, lip, l ip) . 

Then F is both a closed subset of (Xp.iip) and (Xp, l ip). 

Since Tip: J-J^ (X„, l i ^ ) ^ (Xp.iiJ) is continuous, Rp\¥) =F x ^ i ^ X„ is a 
ael 

closed subset of̂ .̂-* (X„, l i ^ ) . 

Since nf (^x ,̂ l i ^ ) ^ (Xp, lip) is continuous \F) = F X ^^]] X„ is a 
c t l 

closed subset o f ^ ^ (X«, l i ^ ) . Hence, F X^^J3x„ is a closed subset of 
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„ 5 0^«'"a'W^)- Then F X ^ J^X„ is a pairwise closed subset of 
eel 

Conversely, let F X ^ X„ be a pairwise closed subset of 

„ 5 O^a'Ui.u^)- Then F X ^JJ X„ is both a closed subset of (X„, ul) and 

at I 

n n 
Since Ttp: (X„, ui)^ (Xp.wJ) is closed, 7tp(F X J^X„) =F is a 

c-tl 

closed subset of (Xp,iip). Since Tip: J}^ (X„, (Xp/Up) is closed, 

;tp(F X „ J j x j =F is a closed subset of (X^,u^). Hence, F is a closed subset 

of (Xp, u^, Up) and F is a pairwise closed subset of(Xp, Up,iip). 

Definition: 4.1.12 

Let (X ,W|,M2) and (Y ,V i ,V2) be biclosure spaces. A map 

f: (X,wi,W2) ^ ( Y , V i , V 2 ) is said to be preserve pairwise closed i f f(F) is a 

pairwise closed subset of (Y,vi ,V2) whenever F is a pairwise closed subset of 

(X,Wi,W2)-

Definition: 4.1.13 

Let (X,wi,W2) and (Y,vi ,V2) be biclosure spaces. A map 

f: (X,U],U2) —>(Y,Vi,V2) is said to be preserve pairwise open i f f(F) is a 

pairwise open subset of (Y,vi ,V2) whenever F is a pairwise open subset of 

(X,W,,W2). 
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Proposition: 4.L14 

Let (X,U\,U2), (Y ,V | ,V2) and {Z,W],W2) be biclosure spaces. I f 
f: (X,u\,U2) —*(Y ,Vi ,V2) and g: (Y ,V i ,V2) (Z ,W| , iV2) are be preserve pairwise 
closed maps, then g o f : (X,U\,U2) -^{Z,w\,W2) is preserve pairwise closed. 

Proposition: 4.1.15 

Let {(X,i , i ^ ' ^4) : a G I } be a family of biclosure spaces. Then for 

each p e l , the projection map Trp:^^ (X„, ul.u^) -^{Xn,ul,ul) is preserve 

pairwise closed. 

Proof 

Let F be a pairwise closed subset of (X„, i ^ , i 4 ) -

Then F is both a closed subset of (X^., ul,) and J_ (X^,, u^). 

Since TTji: (X„, " a ) ^ (Xp/lip) is closed, Ttp (F) is a closed subset of 

(X^/ui).Since 71(5: (X„, ( X s , ^ ) is closed, 7rp(F) is a closed subset 

of (Xp/Uo).Hence 7rp(F) is a closed subset of ( X „ , i 4 ' ^ 4 ) and 7r|i(F) is a 

pairwise closed subset of (X„, l4< t4)-Hence, Tip is preserve pairwise 

closed. 

Proposition: 4.1.16 

Let (X,wi,W2) be a biclosure space,{(YK,r„^,rc^): a G I } be a family of 

biclosure spaces and f: X ^ ^ ^ ^ Y ,̂ be a map. Then 
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f: (X,z/i,z/2) /̂̂  0« '^ 'c t ' ' '« ) is preserve pairwise closed i f and only i f 

71 u 0 f: (X,W|,W2) (Y„,t'„^t'^) is preserve pairwise closed i f and only i f 

7 i „ o f : (X,wi,W2) ^ O a - i K ' t a ) prcscrvc pairwisc closed for each a G I . 

Proof 

Let f be preserve pairwise closed. Since TT „ is preserve pairwise closed 

for each a G I, also TT uo f is preserve pairwise closed for each a G I . 

Conversely, let TTU o f be preserve pairwise closed for each a G 1. 

Suppose that f is not preserve pairwise closed. Then, there exists a pairwise 

closed subset F of (X,w,,W2) such that j } 7i„( J 7i„(f(F)))e f(F) or 

M ^"(cS 7r„(f(F)))g f(F). I f ,,^1 J , ,2 ;,^(f(F)))g f(F). 

Then there exists (3 G I such that rph ' | TT,; (f(F)) ^ 7i|i(f(F)).But T T o f is 

preserve pairwise closed, 7i(i(f(F)) is a pairwise closed subset of ( Y p , t ' g , t ' i ) . 

This is a contradiction. I f ^«(ali Then there P G I 

such that VQV^K p (f(F)) 2 n (5(f(F)).But T T ^ o f is preserve pairwise closed, 

7ip(f(F)) is a pairwise closed subset of ( Y p , i ' p , i ? p ). This is a contradiction. 

Proposition: 4.1.17 

Let { ( X a , i 4 , " « ) : « e 1 } and { (Ya , r„^^V; ) :a G 1 } be families of 

biclosure spaces. For each a G I , let fa : Xa Yo be a surjection and let 
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be defined by f((xj„e,)=(fa(x„))„e,. Then 

f:^_ (X„,ii^,u^)^^^_^ ( Y ^ , r „ \ r ^ ) is preserve pairwise closed i f and only 

i f f„: (Xa,v^l,vl) -* ( Y n , r ^ ^ r ^ ) is preserve pairwise closed for each a G I. 

Proof 

Let p G I and let F be a closed subset of (Xp, i i i , i i | ) . Then F X X„ 
ael 

is a pairwise closed subset of (X„,ii^,ii^). Since f is preserve pairwise 

closed, f (F X ^ ^ i X„) is a pairwise closed subset of ^jj- (\\^, v^,v^). 
ael 

But f (F X ^ n X J = f p ( F ) x ^ J ] Y„ , hence fp(F)x „ J ] Y„ is a pairwise closed 
a t l ael ael 

subset of (Y^^^,i^^,2y By Proposition 4.1.11, fp(F) is a pairwise closed 

subset of (Yp ,T ' p , rp ) . Hence, fp is preserve pairwise closed. 

Conversely, let fp be preserve pairwise closed for each P G I . Suppose 

that f is not preserve pairwise closed. 

Therefore, there exists a pairwise closed subset F of J_ (X„,ii^, l i ^ ) such that 

^ " ( ^ a(f(F)))£ f(F) or ^ n , , 2 ^ J ^ , : ^ „(f(F)))^ f(F). I f 

91 



Then there exists p E I such that v^v^ K p (f(F)) ^ n p(f(F)).But n p(F) is a 

pairwise closed subset of ( X p , i i p , i i p ) and fp is preserve pairwise closed, 

fpC^ p(F)) is a pairwise closed subset of ( Y p . i ' p . i ' p ). This is a contradiction. 

I f " °(«y^« ^ a(f(F)))2 f(F). Then there p G I such that 

^'l^'pTt p (f(F)) 2 n p(f(F)).But n p(F) is a pairwise closed subset of 

( X p , U p , U p ) and f p is preserve pairwise closed, fp(7t p(F)) is a pairwise closed 

subset of (Yp,v^,Vp). This is a contradiction. 
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S E C T I O N 4.2 

BICONTINUOUS MAPS 

In this section, the concepts of bicontinuous maps in biclosure spaces 

are studied. 

Definition: 4.2.1 

Let ( X , M i , W 2 ) and (Y,V|,V2) be biclosure spaces and let i £{ 1,2}. A map 

f: (X,U\,U2) ^ ( Y , V i , V 2 ) is called i-continuous i f the map f: ( X , z / , ) - ^ ( Y , V i ) is 

condnuous. A map f is called continuous i f f is i-continuous for each 

i G { l , 2 } . 

Definition: 4.2.2 

Let (X,U],U2) and (Y,vi,V2) be biclosure spaces. A map 

f : ( X , W ] , W 2 ) - ^ ( Y , V i , V 2 ) is called bicontinuous i f the map f: ( X , M I ) ^ ( Y , V 2 ) is 

continuous. 

Proposition: 4.2.3 

Let (X,U\,U2) and (Y,Vi,V2) be biclosure spaces. Then 

f: ( X , W i , W 2 ) - ^ ( Y , V i , V 2 ) is bicontinuous i f and only i f z/|f "'(B) Q f "'(vaB) for 

every B ^ Y. 

Proof 

Let B ^ Y . Then f ' ( B ) e v 2 B . Since f is bicontinuous, 

f ( w , f ' ( B ) ) c V2f(f "'(B)) c V2 B. Therefore, w,f "'(B) c f -'(V2B). 
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Conversely, let A c x . Then f(A) Q Y.Thus z/,f "'(f(A)) c f " ' (v2f(A)) . 

Consequently, f(w,A) ef(w,f-'(fCA))) ̂  f(f-'(v2 f(A))) c v 2 f ( A ) . 

Hence, F is bicontinuous. 

Proposition: 4.2.4 

Let (X,U],U2), (Y,Vi,V2) and {Z,W\,W2) be biclosure spaces. I f 

f: (X,z/],W2) ^ ( Y , V i , V 2 ) is bicontinuous and g: (Y,vi,V2) —> (Z,n'i,n'2) is 

2-continuous, then g o f :X -^Z is bicontinuous. 

Proof 

Let A Q X. Since g o f(w|A)=g(f(wiA)) and f is bicontinuous, 

g(f(z/|A)) e g(v2 f(A)). Since g is 2-continuous, g(v2 f(A)) Q W2g(f(A)). 

Thus g o f(wi A) c W2g o f(A). Consequently, g o f is bicontinuous. 

Definition: 4.2.5 

Let (X,wi,M2) and (Y,vi,V2) be biclosure spaces and let i G{1 ,2}. A map 

f: {X,uuU2) (Y,V],V2) is called i-closed i f the map f: (X, u,) -^{Y, V|) is 

closed. A map f is called closed i f f is i-closed for each i G{1 ,2}. 

Definition: 4.2.6 

Let (X,Mi,M2) and (Y,vi,V2) be biclosure spaces and let i G{1,2}. A map 

f: (X,U\,U2) (Y,Vi,V2) is called i-open i f the map f: (X, u-,) -^(Y, Vj) is open. 

A map f is called open i f f is i-open for each i G{1 ,2}. 
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Definition: 4.2.7 

Let (X,U],U2) and (Y,Vi,V2) be biclosure spaces. A map 
f: (X,Wi,W2) (Y,vi,V2) is called biclosed i f the map f: (X, u\) -^(Y, V2) is 
closed. 

Definition: 4.2.8 

Let {X,u\,U2) and (Y,vi,V2) be biclosure spaces. A map 

f: (X,Mi,M2) (Y,Vi,V2) is called biopen i f the map f: (X, U\) -^{Y, V2) is 

open. 

Proposition: 4.2.9 

Let (X,uuU2), (Y,Vi,V2) and (Z,vvi,vv2) be biclosure spaces. I f 

f: (X,Mi,M2) - ^ ( Y , V i , V 2 ) is 1-closed and g : (Y,vi,V2) (Z,W\,W2) is biclosed, 

then g 0 f : (X,U],U2) -^{Z,W\,W2) is biclosed. 

Proof 

Let F be a closed subset of (X,wi). Since f is 1-closed, f(F)is a closed 

subset of (Y ,V | ) . Since g is biclosed, g ( f ( F ) ) is a closed subset of (Z,W2). 

Hence, g o f ( F ) is a closed subset of (Z,W2). Consequently, g o f is biclosed. 

Proposition: 4.2.10 

Let (X,U],U2), (Y,Vi,V2) and (Z,wi,W2) be biclosure spaces. I f 

f: (X,M|,W2) ^ ( Y , v i , V 2 ) and g: (Y,Vi,V2) (Z,W|,vv2) is maps. Then 

(0 I f g o f is biclosed and f is surjective 1-continuous, then g is biclosed. 

(//) I f g o f is biclosed and g is injective 2-continuous, then f is biclosed. 
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Proof 

(/) Let F be a closed subset of ( Y , v i ) . Since f is 1-confinuous, f ' ' ( F ) is 
a closed subset of ( X , u\). Since g o f is biclosed and f is surjective 
g o f(f ' ' (F))=g(F) is a closed subset of (Z,vv2). Hence, g is biclosed. 

(//) Let F be a closed subset of {X,U]). Since g o f is biclosed, g o f(F) is 

a closed subset of (Z,W2). Since g is 2-continuous and injective 

g ' '(g o f(F))=f(F) is a closed subset of (Y,V2). Therefore, f is biclosed. 

Proposition: 4.2.11 

Let { ( X u , ul., i 4 ) : a G I } be a family of biclosure spaces. Then for 

each p G I , the projection map Tip:^^ ( X „ , i 4 , i 4 ) ^ ( ^ " ^ 3 ' " 3 ) is closed. 

Proposition: 4.2.12 

Let {(X„, i 4 ' "It) : oc G 1} and {(Y,,, v^) : a G I } be families of 

biclosure spaces. For each a G I , let f^: (X„ , u^, u^) ^ ( Y , „ v^l, r,^) be a 

surjecfion and let f: (X„, u^) - ^ ^ J (Y„,r„\iV^) be defined by 

f((Xa)aei)^(fa(Xa))aei. Thcu f is bicloscd i f and only i f is biclosed for each 

a G I . 

Proof 

Let (3 G I and let F be a closed subset of (XQJLI.). Then F X X,, is 

a closed subset o f ^ ^ (x^^^u^). Since f is biclosed, f (F x 1̂] X J is a closed 
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subset of J(Y,,T^„^). But f ( F X „ J ] X J - f / ? ( F ) X „ J ] Y„ 

hence f^(F) X ^J] is a closed subset of^^^ (Y„,-t'^). 

cel 

By Proposition 1.1.16 fp(F) is a closed subset of (Y^,t'^).Hence, is 

biclosed. 

Conversely, let fgbe biclosed for each |3 G I . Suppose that f is a not 

biclosed. Then there exists a closed subset F of (X„,, such that r | 

7rp(f(F)) ^ f (F) . 

Therefore, there exists P G I such that t'p f/j(7t(j(F)) £ f/7(7rp(F)). But 7rp(F) is a 

closed subset of (Xp , U p ) and is biclosed, f/j(7rp(F)) is a closed subset of 

(Yp , l 'p). This is a contradiction. 

Proposition: 4.2.13 

Let {(X,i, III,, W K ) CX G I } be a family of biclosure spaces. Then for 

each (3 G I , the projection map Ttpi^J (X„ , i4 , i i ^ ) ^ ( X o / w i , ! ; ; ) is 

continuous. 

Proposition: 4.2.14 

Let (X,U\,U2) be a biclosure space, {(Y^, r ^ ) : a G I } be a family 

of biclosure space and f: (X,ui,U2) ^ ^ ^ ( Y „ , r ^ , r ^ ) be a map. Then f is 

bicontinuous i f and only i f Tiuof is bicontinuous for each a G I . 
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Proof 

Let f be bicontinuous. Since Tta is 2-continuous for each a G I , 7i„ o f is 
bicontinuous for each a G I . 

Conversely, let o f be bicontinuous for each a G I . Suppose 

that f is not bicontinuous. Then there exists a subset A of X such that 

f{U]A) g J}^ TUu (f(A)). Therefore, there exists p G I such that 

7rp(f(wiA)) £ i?p ;ip(f(A)). This is contradicts the bicontinuity of Tip o f 

Hence, f is bicontinuous. 

Proposition: 4.2.15 

Let { ( X „ , u^, u^) : a G 1} and {(Y„, r „ \ r^^) : a G I } be families of 

biclosure spaces. For each a G I , let fa: ( X „ , i i ^ J ^ ( Y „ , r ^ ) be a map and let 

f: «5 ( X „ , i i c c , i 4 ) be defined by f ( (x„)„e i )= ( f , (Xu) )„e , . Then 

f is bicontinuous i f and only i f is bicontinuous for each a G I . 

Proof 

Let f be bicontinuous, let P G I and let A £ Xp. Then 

Ip( i i jA) = ; rp( fp ( i i |A)x J f , ( i i i X j ) 
cel 

cei 

^p(f(„l!"X(Ax^^l]xJ)) 
ael 
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ael 

- vl f p ( A ) . 

Hence, fp is bicontinuous. 

Conversely, let fa be bicontinuous for each a G I and let A 

n x „ . T h e n 

f(„5uX(A)) =„5fa(„5l4^a(A)) 

= 5̂ ,,2 ^^(f(A)) 

Therefore f is bicontinuous. 
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