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CHAPTER IV
PAIRWISE CLOSED SETS AND BICONTINUOUS MAPS IN
BICLOSURE SPACES

In this chapter pairwise closed sets in biclosure spaces and

bicontinuous maps in biclosure spaces are studied.

SECTION 4.1
PAIRWISE CLOSED SETS IN BICLOSURE SPACES
In this section, the concepts of pairwise closed sets in biclosure spaces

are studied.
Definition: 4.1.1

A subset A of a biclosure spaces (X,u,u;) is called Pairwise closed if
u ,A=A= uy A. The complement of pairwise closed set is called Pairwise

open.
Proposition: 4.1.2

Every closed set is pairwise closed.
Remark: 4.1.3

The converse of the above proposition need not be true.
Example: 4.1.4

Let X = {1,2} and u, be a closure operator on X defined by u;¢ = ¢
and u, {1} = {2} = ;X = X. Let u, be a closure operator on X defined by
urd =, ux{1} = u{2} = up,X = X. Then {1} is pairwise closed but it is not
closed.
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Proposition: 4.1.5

Let (X,u;,u2) be a biclosure space. If A and B are pairwise closed

subsets of (X,u;,u>) , then ANB is pairwise closed.
Proof

Let A and B be pairwise closed. Then uju,A=A= uu, A and u,u,B=B=
upu,B. Therefore, wuju, (ANB) = u; (ut(A N B)) = w(uA N u,B)=
A N upuB= ANB and  wu (ANB) = ux(uiA N wyB)= wpui A N wruB=
ANB.We have uu; (ANB)= ANB= uu,(ANB).

Hence, ANB is pairwise closed.
Remark: 4.1.6

The union of two pairwise closed sets need not be a pairwise closed set

as can be seen from the following example.
Example: 4.1.7

Let X = {1,2,3,4} and u, be a closure operator on X defined by u;¢ = ¢
and {1} ={1} {2} ={2}, wi{3} ={3}, w{4} ={4}, wi{1,2}={1.2,4},
u1{1,3}={1,3}, w1 {1,4}={1,4}, u1{2,3}={2,3}, u{2,4}={2,4},
ui{3,4}={3,4}, wi{1,2,4}={1,2,4},and u{1,2,3}= u{1,3,4}= u{2,3,4}=
;X = X. Let u, be a closure operator on X defined by w,¢ =¢, ur{1} ={1},
up{2y ={2}, w3} ={3}, w{4} ={4}, w{1,2}={1,2,4}, w{1,3}={13},
ur{1,4}={1,4}, u,{2,3}={2,3}, u,{2,4}={2,4}, u»{3,4}={3,4} and u,{1,2,4}=
u{1,3,4}= u{2,3,4}= u,X = X. Then {1} and {2} are pairwise closed but
{1}U{2}={1,2} is not pairwise closed
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Proposition: 4.1.8

Let (X,u;,u,) be a biclosure space and let u,u, be additive. If A and B

are pairwise closed subsets of (X,u,u,) , then AUB is pairwise closed.

Proof

Let A and B be pairwise closed. Then uju,A=A= uu, A and u,u,B=B=
wuB. Since u; and u, are additive, uju, (AUB)= uj(ibA U u,B)=
A U uyu,B= AUB and wou (AUB) = uy(inA U uyB)= wpu A U wpu,B=
AUB.We have uju;, (AUB) = AUB= wu;(AUB).Hence, AUB is pairwise

closed.

Proposition: 4.1.9

Let (X,u;,u,) be a biclosure space and let (Y,v,,v,) be a closed subspace
of (X,uj,up). If F is a pairwise closed subset of (Y,v},,), then F is a pairwise

closed subset of (X,uy,u»).
Proof

Let F be a a pairwise closed subset of (Y,vy,v,). Then vv,F=F and
vov F=F. Since Y is both a closed subset of (X,u;) and (X,u,) , u,F=F and
u,F=F. Therefore, F=v\v,F= v{(1u,tFNY)= vi(ua(FNY))= vi(1oF)= u(u,F)NY=
1 (FNY)= ui(ux(FNY))= wyuoF and F=viv.F= vy(ui,FNY)= vo(u (FNY))=
vo(u F)= w(uF)NY= ur(u FNY)= ux(u (FNY)) = F.
Consequently,u,u,F=F=uu,F.

Hence, F is a pairwise closed subset of (X,u,,u5).
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Proposition: 4.1.10

Let (X,uy,u,) be a biclosure space and let AcX. Then
(i) A ispairwise open if and only if A= X-ujuy(X-A)= X- uu;(X-A).
(i) 1f G is pairwise open and G C A, then G < X- uju(X-A)=X- uru;(X-A)
Proposition: 4.1.11

Let {(X, ul, uz) : o € 1 } be a family of biclosure spaces and let

B € I. Then F is a pairwise closed subset of (Xguéug) if and only if

F X C(:I;a[ X, is a pairwise closed subset of |5 (X, 13, ug).

el
Proof

Let B € I and let F be a pairwise closed subset of (Xﬂ,ué,ué).

Then F is both a closed subset of (Xs,ué) and (Xg,ué).

Since mg: ag X ud)— (XB,ué) is continuous, ngl(F) =F X a:l;l X, 1s a

eel
closed subset of“g (X Ud).
Since mg: ccg (X UZ)— (Xg,ué) is continuous 1, (F)=F X GE X, Is a
el
closed subset of ' (X, uz). Hence, F X _.EIX is a closed subset of
el @ a=p T«
wel
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“g (Xul,uz). Then F X agxa is a pairwise closed subset of
eel

Il (U, 1,

el

Conversely, let F X, P X, be a pairwise closed subset of

el

ag (X Ug,uz). Then F X “;.Ig X, is both a closed subset of ag (X ul) and
eel

Il (X UZ).

el

Since m: “E (X UL)— (Xg,ué) is closed, mp(F X “:1;[ X, =F is a

el

closed subset of (XG,ué). Since mp: 1_[(Xa, uz)— (Xg,ué) is closed,

el
n(F X “zlg X,) =F is a closed subset of (Xg,ué). Hence, F is a closed subset
ael
of (Xg,ué,ug) and F is a pairwise closed subset of (Xg,ué,ué).
Definition: 4.1.12

Let (X,uj,u,) and (Y,v,v;) be biclosure spaces. A map
f: (X,up,uz) —(Y,v1,1,) is said to be preserve pairwise closed if f(F) is a
pairwise closed subset of (Y,v,v;) whenever F is a pairwise closed subset of

(X,lﬂ,uz)-
Definition: 4.1.13

Let (X,u;,up) and (Y,v,v,) be biclosure spaces. A map
f: X,up,up) —(Y,vy,v,) is said to be preserve pairwise open if f(F) is a
pairwise open subset of (Y,v;,v,) whenever F is a pairwise open subset of
(X, uy,us).
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Proposition: 4.1.14

Let (X,up,up), (Y,v,v2) and (Z,w,w;) be biclosure spaces. If
f: (X,up,un) —(Y,vi,v2) and g: (Y,vi,v2) — (Z,w1,w,) are be preserve pairwise
closed maps, then g o f: (X,uy,u2) —(Z,w1,w,) is preserve pairwise closed.
Proposition: 4.1.15
Let {(X,, ul, uz) : o € 1 } be a family of biclosure spaces. Then for
each [} € I, the projection map TEBI“g (Xoul,u) —>(X3, u.é, “:3) is preserve

pairwise closed.

Proof

Let F be a pairwise closed subset of c}:{ (Xul,ui).
Then F is both a closed subset of lj! (X ud) and H (X, U).
e @ el (¢4 (2§

Since mg: cg X ud)— (XB,'ué) is closed, my (F) is a closed subset of
(Xg,ug)-Since mp: ag (X uz)— (Xg,ug) is closed, my(F) is a closed subset
of (Xg,ué).Hence n(F) is a closed subset of Cg (X ud, 1) and mp(F) is a
pairwise closed subset of “13 (X Uz, Ug )-Hence, my is preserve pairwise
closed.
Proposition: 4.1.16

Let (X,u,,u;) be a biclosure space,{(Ye, v}, v2):« € [} be a family of
biclosure spaces and . X— “g p be a map. Then
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£ (Xuy,up) — n (Ya, vl,v2) is preserve pairwise closed if and only if
T oo f1 (X,uy,uy) —, H ( Ve, 12) is preserve pairwise closed if and only if
Toof: (Xu,up) = (Y, vl,v2) is preserve pairwise closed for each « € 1.
Proof

Let f be preserve pairwise closed. Since 7, is preserve pairwise closed

for each « € [, also 0 fis preserve pairwise closed for each «« € 1.

Conversely, let m, o f be preserve pairwise closed for each « € [.

Suppose that f is not preserve pairwise closed. Then, there exists a pairwise

closed subset F of (X,u;,u,) such that HI na( 2 m(f(F))) & f(F) or

] "«

oz a (Moirene o) 1e Doin Doz nary)e 1)

aes] "«

Then there exists B € I such that 1-‘51’5 ny (f(F)) € np(f(F)).But o fis

).

TI )

preserve pairwise closed, mp(f(F)) is a pairwise closed subset of (ti,ré,r

This is a contradiction. If ag v2 nu( C(IE]I vl mo(f(F ))),Cé f(F). Then there § € 1
such that 1’51’§n p (f(F)) € = g(f(F)).But m o fis preserve pairwise closed,
n p(f(F)) is a pairwise closed subset of (Y, 1’5,1-‘5 ). This is a contradiction.
Proposition: 4.1.17

Let {(Xe,ui,ui):a€ 1} and {(Yo,vl,v2):cc€ I} be families of

biclosure spaces. For each a € I, let fa: Xo — Yo be a surjection and let
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f: I_—IX - ag Y, be defined by f((Xo)ee)=(fu(Xe))eerr Then

£ H g s W B )5 H( v4,vg) is preserve pairwise closed if and only

if f: (Xe, v}, v2) = (Yo, v2,v2) is preserve pairwise closed for each o« € 1.

Proof

Let B € I and let F be a closed subset of (Xg,ué,ué). Then F X

is a pairwise closed subset of H 1 Ko U, UG 2). Since f is preserve pairwise

closed, f(F x ag X,) is a pairwise closed subset of H g oo P 0

el

But f(F x a:l_;al XG)=fB(F)x “g Y. » hence f3(F)x “E Y, 1s a pairwise closed

el eel esl

subset of EI(Ya,l?cg,l-’cf). By Proposition 4.1.11, f3(F) is a pairwise closed

subset of (Yp,t g G) Hence, f3 is preserve pairwise closed.

Conversely, let f3 be preserve pairwise closed for each B € I. Suppose

that f is not preserve pairwise closed.

Therefore, there exists a pairwise closed subset F of I:[ (X, ul,uz) such that

sz (M2 o @) fF) or Moz n, 1 J(fE))E f(F). If

ae]l " el C(I “

lTl

e (2 @) 2 1F)
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Then there exists B € I such that vgt’g n g (f(F)) € n p(f(F)).But = 4(F) is a
pairwise closed subset of (Xg,ué,ué) and fg is preserve pairwise closed,

fa(m g(F)) is a pairwise closed subset of (YB' vﬁl, 1?5 ) This is a contradiction.

If “g v m a(“g vl m f(F))E f(F). Then there B € I such that
1*51?&7: g (f(F)) € n g(f(F)).But =n 3(F) is a pairwise closed subset of

(Xg,up,u3) and fg is preserve pairwise closed, fz(n 4(F)) is a pairwise closed

subset of (YB' vé, vé ). This is a contradiction.
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SECTION 4.2
BICONTINUOUS MAPS

In this section, the concepts of bicontinuous maps in biclosure spaces

are studied.
Definition: 4.2.1

Let (X,u;,u;) and (Y,v;,v;) be biclosure spaces and leti €{1,2}. A map
f: (X,uy,u5) —(Y,v1,v,) is called i-continuous if the map f: (X,u;) —(Y,v;) is
continuous. A map f is called continuous if f is i-continuous for each

1€{1, 2}.
Definition: 4.2.2

Let (X,uj,u;) and (Y,v,v;) be biclosure spaces. A map
f:(X,up,uy) —(Y,v1,v,) is called bicontinuous if the map f: (X,u;) —(Y,v,) is

continuous.
Proposition: 4.2.3

Let (X,u,u) and (Y,v,») be Dbiclosure spaces. Then
f: (X,uy,u) —(Y,v1,v,) is bicontinuous if and only if u,f '(B) € f '(v,B) for

every BEY.

Proof

Let BSY. Then f'(B)SwB. Since f is bicontinuous,

fa,f'(B)) € wff '(B))S v, B. Therefore, u,f '(B)S f ~'(,B).
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Conversely, let A € X. Then f(A) € Y.Thus u,f (f(A)) € f '(»f(A)).
Consequently, f(u;A) Sf(u,f ' (f(A))) € f(f ' (v, f(A))) S v, f(A).

Hence, F is bicontinuous.

Proposition: 4.2.4

Let (X,u1,u2), (Y,v1,v2) and (Z,w;,w;) be biclosure spaces. If
f: (Xuy,up) —(Y,v1,v2) is bicontinuous and g: (Y,v,v,) — (Z,w,w,) is

2-continuous, then g o f :X —Z is bicontinuous.
Proof

Let A © X. Since g o f(u;A)=g(f(z;A)) and f is bicontinuous,
g(f(i,A)) € g(v, f(A)). Since g is 2-continuous, g(v, f(A)) S wyg(f(A)).

Thus g o f(2;A) € wyg o f(A). Consequently, g o f is bicontinuous.

Definition: 4.2.5

Let (X,u1,u,) and (Y,v},v,) be biclosure spaces and leti €{1,2}. A map
f: (X,uy,uy) — (Y,v,v,) is called i-closed if the map f: (X, u) —(Y, v;) is

closed. A map fis called closed if f is i-closed for each i €{1,2}.

Definition: 4.2.6

Let (X,u,u,) and (Y,v,v,) be biclosure spaces and let i £€{1,2}. A map
f: (X,u1,up) — (Y,v1,») is called i-open if the map f: (X, u;) —(Y, v;) is open.
A map f is called open if fis i-open for each i €{1,2}.
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Definition: 4.2.7

Let (X,u;,u) and (Y,v,v,) be biclosure spaces. A map
f: (X,uy,u2) — (Y,v1,v,) is called biclosed if the map f: (X, u;) —(Y, v,) is

closed.
Definition: 4.2.8

Let (X,u,u;) and (Y,v,v;) be biclosure spaces. A map
f: (X,uy,uy) — (Y,vy,0,) is called biopen if the map f: (X, u;) —(Y, v) is

open.
Proposition: 4.2.9

Let (Xyupu), (Y,v,v2) and (Z,w;,w;) be biclosure spaces. If
f: (X,uy,up) —(Y,v1,v,) is 1-closed and g: (Y,vi,v2) — (Z,w,,w,) is biclosed,
then g o f: (X,u),u0) —(Z,w,w>) 1is biclosed.

Proof

Let F be a closed subset of (X,u;). Since fis 1-closed, f(F)is a closed
subset of (Y,v;). Since g is biclosed, g(f(F)) is a closed subset of (Z,w»).
Hence, g o f(F) is a closed subset of (Z,w,). Consequently, g o f is biclosed.

Proposition: 4.2.10

Let (X,upu2), (Y,vi,v2) and (Z,wy,w;) be biclosure spaces. If
f: (X,uy,uz) —(Y,v1,v) and g: (Y,vy,vy) — (Z,w,w,) is maps. Then

(i) If gofis biclosed and fis surjective 1-continuous, then g is biclosed.

(ii) If gofis biclosed and g is injective 2-continuous, then f'is biclosed.
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Proof

(i) Let F be a closed subset of (Y,v;). Since fis 1-continuous, f "'(F) is
a closed subset of (X, u;). Since g o f is biclosed and f is surjective

g o f(f '(F))=g(F) is a closed subset of (Z,w,). Hence, g is biclosed.

(ii) Let F be a closed subset of (X,u,). Since g o f'is biclosed, g o f(F) is
a closed subset of (Z,wp). Since g is 2-continuous and injective

g (g o f(F))=f(F) is a closed subset of (Y,v,). Therefore, f'is biclosed.
Proposition: 4.2.11
Let {(Xq ul, uZ) : oo €I} be a family of biclosure spaces. Then for

each 3 € I, the projection map T H ()&a, Uk, ug )—»(\n un,u ) 1s closed.

Proposition: 4.2.12

Let {(Xq ul, u2) : o € 1} and {(Y, v, v2) : o € 1} be families of

biclosure spaces. For each a € I, let f;: (X, u, uy) =Y v4, v7) be a

surjection and let f: H ) — l_[ 1 (Yo vg,vz) be defined by
f((xo)ue)=(fu(Xa))eer- Then f is biclosed if and only if f, is biclosed for each

o€l

Proof

Let B € I and let F be a closed subset of (\G,ul) Then F X 1_[ z X 18

a closed subset of H | (X l). Since fis biclosed, f(F x 1:[‘( .) is a closed

=

96



-

subset of H(Ya,vj. But f (F x X,) = fp(F) X .I:IYG,

el =
o

=t

m

hence fz(F) X

5 Yo is a closed subset of ' (Y, 1)
1

m

By Proposition 1.1.16 fz(F) is a closed subset of (:YB,‘L’I;).Hence, fg is

biclosed.
Conversely, let fzbe biclosed for each B € I. Suppose that f is a not

biclosed. Then there exists a closed subset F of c}:{ (X o 1l) such that On IS

el
np(f(F)) EA(F).
Therefore, there exists € I such that 1’5 f5(np(F)) € fp(mp(F)). But mp(F) is a
closed subset of (Xg,ué) and fz is biclosed, f5(my(F)) is a closed subset of
(‘1’3, I§) This is a contradiction.
Proposition: 4.2.13
Let {(X, uk, uZ) : o €1} be a family of biclosure spaces. Then for

each B € I, the projection map n[;:ag (Xud,uz) —>(X3,u§,u§) is

continuous.
Proposition: 4.2.14

Let (X,u;,u,) be a biclosure space, {(Y, v, 117) : o € 1 } be a family

[1

we1(YeVa, Vg ) be a map. Then f is

of biclosure space and f: (X,uj,u,) —

bicontinuous if and only if 7, of is bicontinuous for each o € I.
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Proof

Let f be bicontinuous. Since 7, is 2-continuous for each o € I, , of is

bicontinuous for each o € I.

Conversely, let m, of be bicontinuous for each o € I. Suppose

that f is not bicontinuous. Then there exists a subset A of X such that
flu;A) & Uﬂc{ ne (f(A)). Therefore, there exists B € 1 such that
n(f(u1A)) Ql?é mp(f(A)). This is contradicts the bicontinuity of my of.

Hence, f is bicontinuous.
Proposition: 4.2.15

Let {(Xo ug ud) 1 o € I} and {(Y,, v, v2) : o € I } be families of

biclosure spaces. For each a € I, let f;: (X, u,) —(Y,,v.,) be a map and let

£ Hxuuzy = v, v v2) be defined by f(x,)ue)=(£,(x))uer. Then

f'is bicontinuous if and only if f, is bicontinuous for each o € I.

Proof

Let f be bicontinuous, let B € I and let A € X;;. Then

fB('u.éA) = nﬁ(fg(uéA )X =HG f ('ug(}(a))

eel

= Rp(fg(ll}éfz\ X I1 G Uu Xa))
I

o

m

= my(f( Ln(ax 11x0))
vel
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c n( Hvzn(iax x,))

el

_nB( el ana(fB(A)xa*Q C((XC()))

acl
=my(vE fy(a) x Llvze,x)
= v f3(A).

Hence, fj is bicontinuous.

Conversely, let f, be bicontinuous for each o« € I and let A ©

1l Then
N unga) = e Luinga)
= i mya))
c 2ty

el

= D20 may)

xe] "«

Therefore fis bicontinuous.
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