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Abstract

Consider an AY/C/l queue with exponentially distributed multiple and

single working vacations where the ser\er cooks at a slower rate rather
than completely stops service durinu \acation periods. Using
supplementary Wtiriable technique, we deme the sie,ul\-state distributions
for the number of customers m the system both at the tirbitrar)' epoch and

departure epoch. Further the expected system si/fe and various
probabilities are calculated and the results obtaineil are illustrated
numerically.

0. Intrwduetion

Queueing systems with server vacations have wide tipplicabilily in analyzing the
performance of computer systems, data communication networks and product

systems. During ihe last three decades, the queueing systems with vacations have
been studied extensively. Various vacation policies provide more flexibility for
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optimal design. The csplanaiions arc seen in monograph ol'Takagi [11], Tian and
Zdiamz [12] and the suilc\ oi Doshi [3]. In these studies, it is assumed that the server
stops primary service complcicly during vacations. In 2002. Scrvi and Finn [10]
introduced a class of semi vacation policies according to which a customer is served
at a lower rate during vacation. Servi and Finn [10] analyzed an Mj Mj\ queue with
working vacation, where the server works at a lower service rate rath'er than

completely stopping the sciwice during vacation period. Subsequently, Kim et al. [6],
and Wu and Takagi [11] generalized this model as an MjGjX queue with working

vacations. Baba [1] provided a study of GIIMj\ queue with multiple working

vacations by using matri.x geometric method. Banik et al. [2] discussed G//A//lIl]

queue with working \acations. l.iu et al. [7] proved the stocha>tic decomposition of

the iVH/IIVIII queue wiih working vacations and Li and Tian [8] considered two types
of discrete-time G//(.uv;/l queues with working vacations. Later, Li et al. [9] in
their paper considcrcil die ,\V//G/1 with exponentially distributed working vacations

which is a special case of that in Wu and Takagi [13] and is the same as that in Kim
et al. [6]. But they have utilized the ma.rix analytic approach and derived more
results and properties about the system peifomiance. Recently, Jemila Parveen et al.
[4] analyzed M/M/\ queue with working vacations and derived the steady state
solutions in a closed form by directly solving the difference differential equations.
Later, they have discuswd the waiting time distrihution of an arbitrary customer for
the model and veritied the classical relation between the PGF of the system and the
LST of the waiting time distribution. The st:ady state results of M/A//1 working

{

vacation are also extended to i Mjl working vacation queueing model for both

multiple and single vacations by Julia et al. [5].

In this paper, we have analyzed a non Markovian M/G/\ queue with

exponentially distributed working vacation. Many authors have paid attention on
matrix geometnc approach, where the results are not easily reachable. In this spirit,
we have made an attempt to derive the probability generating functions of the steady
state distribution using supplementary variable technique and presented in closed
form. Finally the perfonnance measures including expected system size, probability
that the server is idle, on vacation and regular busy are calculated and numerical

values are tabulated.



I. M/G/\ Multiple Workin}> Vacations

Model description
Consider a classical MjGjl queue with arrival rate L and regular service rate

fil,, The server begins a working vacation of random length Kat the instant, when

the queue becomes empty. The vacation duration follows an exponential distribution
with parameter A\ During a working vacation, an arriving customer is served at the
rate of p,,. When a vacation ends if there are no customers yet in the queue, another

vacation is taken. Otherwise the server switches the ser\iee rate from p* to p" and

then regular busy period starts. It is assumed that the remaining regular service time

and remaining service time during vacation (5'."(/)) are supplementary

variables following general distributions with finite mean and variance and they are
independent of each other and also independent of the arrivals. In addition, the

service discipline is assumed to be FIFO.

System size distribution
In this section to derive the steady state system size equations, the following

notations and probabilities are defined.
Let N{i) denote the system size including the one in service at time /.
Y{t) = {0, if the server is idle in vacation at time t 1, if the server is busy in

vacation with lower service rate at time !, 2, if the server is busy with regular service

rate at time t}.

0o(/) = Pr(A™N/) = Q F(/) = 0),
0 = Pr(iV(/) - II. F(l) = 1 V< mVedii n>1

IT(v. 0 = Pr(V() - YI) =2 vE V(U v»icil), /1] 1.

Thus, Qq gives the probability that the ser\er is idle m \.ieation at time / 0
and P,(v, /) give the probability that there are /, eusiomers m the system while the

server is serving at lower service rate and in regular ser\ lee rate, respectively at time



Assuming the steady state probabilities QozfﬂDQo(O- 0 =

— . ATA A - = i
,"I(EO Q..{x,t), P, {xt)= Y-E» [U-v. 0, A~771 C{%,(.V,/ ) g [ ) 0 exist

and observing the changes of states in the interval {t, t+ A/) at any time t we
obtain the following steady state system size equations.

Steady state equations:

(a” t)0o = /1,(0)-(3,iO0).

- (s + H)(2,(-0 7> 2
Zt - AMi(-v) r A0).v/,(v) © 3) Q\Y{y)d}n\si,{x),
I
i P, Qniy)PyP " hix) » >P\{x), n>2 (1)
0

To obtain the probability generating functions we make u“e of the following
LS|

°y
- (. {x)dx and p, = \lh @ “*'E;,(,V)riv.

Taking the LS1'" on botli Mdes of the steady state equations and using the LST
properties, we have

0eV(0)-{Ji(0) - U - n)cl,*(0)-CI2(0)JI>\’(0)->~to5v’(0), 2

0(2,:(0) - cT,(0) - (k - n)c2,;(0) - c2,,.i(0)S-;(0)

>o(2(k,A*(0)-AC2,:-i(0). T > 2 (3)
0/72*(0)- INOL A [.1>+(())- IMQ)5;:(0)- 5%2,0')"rT|""*(0). (4)

0/7;(a) - p,(0) = kp;{{)) - p...(0)5;(e)

- &)" Qniy)dmSK{Q) - TP; ,(0), n>2 (5)



Steady state solutions;

In order to derive the distribution of the system size probabilities, we define the

following pgfs:

a‘(ze)="¢e;(9)z”, a(z,0) =2"e,(0)z”, />;iz,e) =er(z.e)+20>
M\ M\

Pi(2,e)="/>;(e)z" and />s(z,0) ="~P,(0)z".
«l1 n=I

Multiplying equations (2) and (3) by the proper powers of z and summing up over
n=1to 0] we get

Al

e-A@@=N+XI-2),a(z, 0 =-iLEE£IL(xz20 - a(0)).
z-S™{h{:)) =

The unique root zj of z - 5*(/i(z)) lies inside (0, 1) (by similar argument of Li
etal. [9])
2i(0) - ~\Q- (7)

Substituting for 2i(0) in 2i(z, 0),

n(2 o)*hE£s£d!M kzJil (8)
| ’ z-8*{h{z))

Therefore substituting Qi(z, 0) in equation (6), we have

p/ - z7){$*{h{z)) - 5*(9))
{Q-hiz)){z-S:{h{z)))
At

=0, f ’
070 et Ji(2)(2-5:(Ir (2)) ©



Similarly multiplying equations (4) and (5) by appropriate powers of z and then

adding, we have

BP;{z, B)-Pb{z. 0) = >Polz, » ) -~ (P s(z, 0)-P,{0)z)

(I) N
-8B (0)N  Qniy)ty - 0)-
n=|
w J
Since M f Q,(y)dyz™ - *g*(0)z" = Q*(z, 0), we have
=ik
{Q-w{2))P*s{z, Q = Pp{2 0) -SHQ){y1Q:{z, 0)-P,(0)).
At
0=H(Z =" - 2,
Pgiz. 0) =~~4d " (iia*(z, 0)- P|(0))
z-Si,(>42))
and
pb(Z. 0) = . .(,/\g|_(” 0) -p,m-
(0-u<z))(z-"i(w(z)))
At 0 =0,

e) = gor0 - mN(*<-)) 2z~ 2)(I - S'{h{2)))

AL -21)
w{z)[z - Sl{yv{z))) h{z){z - SI{h{z)))

Thus, the total PGF P{z) of the system size probabilities is given by
P{z) = Ps{z, 0) + p;(z, 0).
Using the normalizing condition /~(l) = 1

Go = Pi
T hiz)  pfe(l - Zi)5*(r))
A (i-7:(n))

(10)

(1
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Mean system length
Let Ly and denote the mean system size during the working vacation and

regular busy, respectively. Then

I 0),

Mfi] L ifiM M

0),%,

w-pi M{XEX)FE{s)  Mn)* (h -i)*v(n)

-Qo'[l-Pi 2(1-pi)2 I ]

Pb \I-2,){Sy(r]) + XS:'{")) S*Mhjz,) "A(zi)
Pb (L- AP TiO - 5;(t)) rn
Hence, the mean system size of the model L is given by Z = Ly + ZN

Other performance measures

* Probability that the ser\'er is on vacation (/™) is given by

Z>1 )

* Probability that the server is busy (P?) is given by

M
2. MjCjl Single Working Vacations

Model description

The model of this section differs from the model of Section 1 only in vacation
pattern, i.e., the server who finds the system empty after a regular service takes a
working vacation and after returning from, vacation remains idle in the system. The

other assumptions are same as in Section 1



System size distribution

In this section to derive the steady state system size equationsl, the following
notations and probabilities arc defined.

Let AY/) denote the system size including the one in service at time t.

Y{t) = {0, if the server is idle in vacation at time /; 1, if the server is idle in the

system at time /. 1 if the ser\ er is busy m x'acation wiih lower service rate at time /,
3, if thc'serc'er is Ivisy wiili regular ser\ ice rate at time t],

(@n(L)  1-r(A'(0 - 0. K(/) = 0),
PWI] A Pr(V(G - 0, Y{!) =1).

Q.(x. f) Pr(V() =n Y{i) =2 v< <v+df), n>1
P{x DAPI(V()= Y{t)=3 v< <x +dt), n>\.

Thus, Qo and /f, gi\e the probability that the server is idle in vacation and in
system, rcspcciilel\ at time /. Q,{x. /) and T,(v, /) give the probability that there

arc n customers m the system while the server is seiwing at lower service rate and in
regular ser\'icc rate, respectively at time /.

Assuming the steady state probabilities as in previous section the following are

the steady state system size equations:

) = FiG)- (12)
(L4-p)C0 - T,0) +a(0),

:t Qlix) - -(>. - 11)2i(d) + 02(0)5' () +

MM (N - AN (&) + P2(0)Ma-0 A Q\{y)dyr]Si*{x),

= -YP,{x)+ P,Ni(0)si.{x)



1))
and = e-"P {x)dx.

0 D

Taking the LST on both sides of the above equations, wc have

ee;(0) - a(o) = +fi)a’(0) - e2(0)*VX0) - (14)

012;(0)- s2,(0) = (~+n)e;(0)- 2,,.,(0)";(0)- "e;-i(0). ~~ 2, (i5)

JMZI(T)«[UISi(O). (16)

0

(@

- anWrnSm-yAle. n>2. (17)

By similar algebraic manipulation, the probability generating functions are obtained
as follows.
The expressions for Qi{z, 0) and Q*{z, 0) are obtained using equations (14)
and (15) as
w:wz))(r-£i_
z-S'M2z))

and

0i'0.0) =

(e-*(2))(:-s;(M-"1))
A, 6=0,ef(z, 0) =M o(lZ .£1I(LTrII(M il.
h{z)(z - S'Mz2)))

Using equations (13), (16) and (17), the pgf of corresponding to the busy period
is found to be

pb(z. 0) - 2-Sb{w{2)) ») - “ A - fl(o»



and
0)

QoASHw{z)) - AX0) rini(z-zi)(1-5;(/7(j)))

J - n(i - -")- Ml - 2\
(0 - w{:)){z - SIAw{z))) h(z){z - 5*(/7(z2)))
and at 0 = 0,

Qaz{\ - SIAV{z))) zMi(z-Zi)(I-5M/i(z))) 10 -2)-2.(1-Z i)
w{z){z - SHwW{z2))) h{z){z - SI{h{z)")

Thus, the total PGF P{z) of the system size probabilities is given by

A(z) = p;(z, 0) + a;(z,0)-.Po-

Using the normalizing condition P(1) - UQq = Ph
h{iz) _p pl(l- z).S3(t)
n (i-5;(n))

Mean system length

Let and Z" denote the mean system size during the working vacation and

regular busy, respectively, fhen

i,=Lp;i,, o_,
- X0, Mzi)  (i-zi)5,:(p)
ir n>- MMp)) .
d
P )PE{Sf) /1) (@ - 15,,(p) _n
Sy 2(1-p/ )~ A 1-Z\,(p)

Po fi-z,)(5,(n) +<(n)) ['U)M(p) , h{zi)i
P (>-M(n))* ("-®M@) nf

Hence, the mean system size of the model L is given by L =+ Z7.



* Probability that the server is on vacation IS given by
K=h@K.0=

Probability that the ser\'er is busy (//,) is given by

a xfP A Ma)) M A-1 -
u ' n ,-.9;(n)

Probability that the server is idle (//) is given by

3. >iimerical Analysis

In this section, we present some numerical analysis for .17/671 queue under

working vacation (multiple (MWYV) and single (SWV) vacations) .to explain the
influence of various parameters such as mean vacation time (l/p), arrival rate X

mean regular servdee time (l/p”) and mean working vacation service time (1/pv)
on mean system size (L). Let us assume the service time distribution follow Erlang k
distribution.

Values given in Table 1 and Table 2 show that the mean system size (1)
decreases as the vacation parameter (r|) increases for .'V//G/L multiple working

vacation (MWV) and MjCjl single working vacation (SW\ ). The table values also
show that the traffic intensity p/, also causes changes m mean system size. The

graphical representati,ons of Tables 1and 2 are given in Figures land 2, respectively.
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Table 2. E for AE/G/I-SWV

0.05

6.793
7.108
1.541
8.159
9,11

10,723

0.06

5.924
6.241

6.675
1.297

8.249

9.865

0.1
4,148
4,471
4911

5.539
6.5

11.414 1

0.1

4.148
4.471
4.911
5,539
6.5

8.125

0.9

0.55
1.832
2.179
2.646

3.303

4.293
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0.55

1.832
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4.293
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Tables 3 and 4 jndicate the effect of \ij, and on mean system size (L). It is

shown tliat for a fixed value of r|, L decreases as the server works faster and faster
during vacation period <¥ during regular busy period.

Table 3. L for AT/C/ MWV

Er = | 2 3 4 5
0.5 8.87 8.59 8.328 8.081 7.847
0.6 3906  3.673  3.465 3.279 3.11
0.7 2272 2.079 1.915 1775 1.6528
0.8 1,47 1312 11831 1.077 0.987

I I 0.872 0.772 0.691 0.625

Tabic 4. Z for M/671 SWV

By = 2 3 4 5
05 8.98 8.956 + 8937 8924 8.9145
0.6 3.987 3.962 3.946  3.935  3.926
07 2.325 2.303 2.882 2278  2.2705
0.8 1,496 1.477 1464 1455  1.448

1 1 0983 m 0972 0.965  0.959



Conclusion

Till now working \acation models are discussed using matrix geometric

method. In this paper, we have made an attempt to discuss the AT/G/I queue under

working vacations (both multiple and single) through supplementary variable
technique. The PGF of the stetidy state system size distribution is derived and
presented in closed tonn. Various performance measures are calculated and

numencal analysis is earned out for the corresponding measures obtained. The

research can be extemled U more general models such as bulk ser\ ice, bulk arrival

models, working vacation ith startup, etc. in future.
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mAbstract :
In this paper, a batch arrival M"/(i'l queueing s\siem with exponentially
distributed multiple working \acaiions is analyzed. The system si/e distribution is derived
using the supplemenlar\ variable technique and various performance measures including

e.xpected syestem size are calculated. |inallv some particular cases and numerical results for

the system measures obtained are illustrated.
Key words : working vacations, batch arrival and MYG/1 queue.

2000 Mathematics subject classillcaiion: 60K25
Introduction:
Over the last two decades, the queueing system with vacations have been well studied

because of their applications in modeling the computer nelw'orks. communication and

manutacuiring/ .service systems, in the previous studies of classical vacation queueing



models, it is assumed that tlie server stops the primar \ service completely and utilizes the
vacation time for other '“condar\ jobs. In 2002. Servi and finn |0| introduced the concept ot
uorkinu vacatimi in \l M | ijueue. where the seiwer works at a lower rate rather than
completcK stopping the primarx service during the \acati('ii period. Me has considered
multiple vacation polie> and obtained simple explicit lormiila h'r the mean . \ariance. the
probabilitx generatine function of number of customers in the sxstem and the LSI ot waiting
time distribution, and .ipplied results to performance anaixsis of gatewax router in fiber
communicatibn networks. Subsequently, Kim, Clu)i and Cliae [5J, Wu and Takagi[ll]
analyzed the Non M.irkox lan M/(i/l queue and obtained the steady .state results for multiple
vxorking vacations Baba|l ] prox ided a study ofCil M/l N queue with working vacations.
Liu et al [8] established the stochastic decomposition in the M VI/I queue with working
vacations. Li et al | ’| considered two types of discrete time (leo/G | queues with xvorking
vacations and in 20)nS. lian et al [10] studied M/M/1 queue under single working vacation.
Using quasi birth and death process and matrix-geometric solution method, they derived the
distributions for the number of customers, the virtual time in the system in steady state,

expected busy period and expected busy cycle.

Recently Xu et al fl2| analyzed the bulk input X 'M-1queue with multiple xvorking
vacations. They denxed the PGP of tjie stationary queue length, mean queue length and the
lower bounds of the mean waiting time, .lemila parveen et al [3] analyzed M/M/I queue with
xvorking vacations and derived the steady state solutions in a closed form by directly solving
the difference differential equations. Later they have discussed the waiting time distribution
of an arbitrary customer for the model and verified the classical relation between PGF of
gueueing system and 1.S'f of the waiting time distribution. 1lhe steady state results of M/M/1
working vacations ,ire also extended to MMM/l wt'rking vacation queueing model for both

multiple and single working vacations by Julia Rose Mary and Afthab Begum [4]. Later Li et



al [6J analyzed M/Cj/l queue witii exponentially distributed multiple working vacations using
matrix a:\alytic approach. Ihe> obtained the distribution for the stationary queue length at
departure epochs, the joint distributions for the stationary queue length and service .status at
the arbitrary epochs and the stationary waiting time and busy period. All these authors used

matrix geometric method or embedded Markov chain technique to analyze the steady state

distributions of the working vacation models.

In this paper, for the first time, we analyze the batch arrival Non Markovian MNG/1
queue with exponentially distributed multiple working vacatiems using supplementary
variable technique and deduced the results in closed form. The method used in this paper to
derive the stationary distribution of the model is very different and simple compared to the
methods used in previous studies. Performance measures including expected system length,

probabilities that the server is on \acation and busy are obtained, finally numerical analysis

is carried out for better understanding of the queue.

Model Description;

Consider a batch arrival M?/(i | queueing system where the arrival stream forms a
Poisson process and the actual number of customers in any arriving stream is a random
variable X. which may take on any positive integral value k less than oo with probability

distribution Pr(X = k) g k - 1. 2 .T ... Let Tj be the arrival rate of the Poisson process of

batches t)f the si/c k then g, . Kk 1.2.T.. where 7 is the composite arrival rate of all

batches and is cvitial to V 7 . lotal pi‘oeess, which arises from the overlap of the set of

Poisson processes with rate [7 . 12.] is called a Compound N)is.son process. Further

more, we assume that X has the pgf \(z). with fnite mean I:t.X) and second order moments



E(X). ie. A'(n=V e- .|f<land £(A")- " Whenever the system

-t

beeomes empty at a ser\ ice completion instant, the server starts a working vacation during

*

which the busv period s follous a tzeneral distribution with the mean £(.S’,,) = m

The service liiikK during the working vacation period Sv also follows a general

distribution with the mean E(S )=— . The vacation time is exponentially distributed with
Ik

rate //. At a vacation ccanpletion instant, if there are customers in the systems, the server will
start a new bus\ period. Otheiosise. he takes another working vacation. Inier arrival times,

service times and working vacation times are mutuallv independent of each other and the

service discipline is ft 1.S

.System Size Distrihntioii:

Let N{t) denote the s>stcm size at time t.

@i if the server is idle in \acation
Yit) = if the server is buss in vacation at u. rate
d if the server is bus \ in\acationat //,, rate
Let' and .V'(/)denote the remaining regular service time and remaining seivice

time during Vv\orking vacation respectively. Then supplementary variables S“(/)and f"(/)

make the state space |N(t), Y(t)J a bivariate Markov process. The svstetn size probabilities

used to describe the model are the following.

Qo(t) - Pr(N(t) 0. ~(t) - 0). denotes the probabilitv that the server is idle during vacation a.'

time t



Q,(\t) = Pr(N(t) =n Y(t) = 1,\ <S"(/)< x+dt), n> | denotes the probabi litythat there are
n customers in the s\stem and the server is doing service at a lower service rate and

remaining service time lies in the interval (\. x+dt).

And P, (xt) = Pr(N(@) n Y() ¢2 x - A x+dt), n>l denotes the corresponding

probability when the server is busy with regular service rate at time .

Assuming tnal the steads slate probabilities Qo - It 0,,(i). U,(x t) = It Q,,{x]j).

P.x. D = /t I’ix.i) . nel. exist and independent of time.d—(l:P (\J) =§iQ (xj) =0.

r-'ollowing the arguments ofC\'x|2| and observing the changes ol'states in the interval (t,

t" At) at an\ lime i. \se t)biain the lollossing steady state s>slem size esiualions.

Steady state equations:

= 17,(0)-(:(0) (1
- (_I 4;,(.v) = - (A MIjUii.v) + (A(0)\ (M + A9IG.V, (V)
X
d = -(rl +n)QA-<) + (M + Ag,(2,,.v,,(v) + {X)}™Nn >2
X

0 Fi(N) = 137 (V) + IF(0).v,,(.v) + 1AL, (V)M (y)riv

11

d P,,(X) =-A/l",(V) +/',](0).5,,(.v) +/AAN) + N2
X

To obtain the probabilils generating funetions we make use of the following LST



X °
Q:{0)" e (M<lv and /7 (6= /MW .

Taking the LST on both “ides of the steady state equations and using the LST properties, we

have

00\(0)-¢;,0)=( pi= - (d.,(0).v;{")- T(d,9..v; [O (2)

do:xe)~ o -p)id:(td)-cd,.(0).s";(EN-T(;,g .vtt/)

a'y a9 ©)
op; (0)-p,(0) - ap (01- /f(0).v; (FY - (yyh ns;. u)) (4)
CP:{0)- p,,(0) = aP iO)- p,..(Q)s;,{0)- jg.(yyiyn"~' {<n- d.y «>2 (5)

Steady state solutions:

fo derive the sxstem size distribution, the thilovving partial pgt's are defined for

i-i N e

a;{z.0) =f*0:(0).- .Ld(-() =X "n(0)=" =K - a;(i.o)- (@,

P;{:.0) =YK (""- and PJ:.0) =Y p,,(0):"

Multiplying equations (2) and ( Mb> the proper powers ofz and summing up over n= | to 0o,

we get



(0-h, {)Q:{:.0) - O (6)

At 0 =h,(=)"n +MI -A'(r)) . ~,(-.0) ()% -(0)).

(AY
___A!' (/91(__))
By similar argument of Li et al[], r - .S’ (/2, {:)) =0 has unique root Z inside (0,1).

Therefore. O, (0) = /LM )(7,, )

Substituting for Qi(0) in Oi(z* 0)- (7, (r.0) = z-S:(h,{2))

Substituting the value of (,1/(r.0) in eqtiation (6). we have

_ AZGL(TE) ME=DS (2 () - 35(7)
(0-h,(2))(z-S:ih, ()

a'(--.0) and hence

at 0=0. i);(z.0) (8

3+(17,(-))

Similarly multiplying equations (4) and (5) b) appropriate powers ot z and then adding, we

have

or;Az.0)-p,(z.0) Ar,Az.0)-""- Mp,,(z.0)-[1(0)z)-ns;AQ)Y.

- A\N'(2)P'iz.0)

Since » \Q,,{y)Py:" =7Q',,{0)z" =c;'(c.0). we have

{0-yy[2))P; . {z,0) = />,(--0)(I -*")-.S":(6")(;/C1,-{c.0)-T,(0)) ©)



MO = (-)=21- V(-)).r. (-m0)= (---0)-I"(O)
Equation (1) inipK /°(Di =2>,- (7, (0) = 2(7y(I -A'ir,)) uii,ing (7)).
Thus b\ substituting liic \ .lines of (--0) T(0) inequation!9) anti at 0 =0.

Ti(-0) = 0,,j(1-S lu () -2[/(A'(r)-A'(r,) ) (1 i 2(1-AAF))I (10)

ir,(r)(r-N-m (r))) ey (r)(r- s (M (r )l
Thus the total PGf Pi/.) ol'ihe system size probabilities is given b>
P{:) =/)1{z.0)-r (r-m
Pi,

RyEi)_ ITO - til""”’
n Im:(X){\-.s’{n})

Using the normalizing eondition P(I)=I,

Mean system Icnotli:

Let Lvand  denote the mean system size during the working vacation and regular

bust ,period respecti\el\. Then

(.

it

aE{X{.\ - )E(Sj +{AE(X))' E(S'I ). (A'(e,)-NA, (7)
7 ( 1 _ 7 (7)

Y

p_ E{ (v-D)YA A - Dv(n> e(t)h (,)s; ()
- " 2E(X){\-S:in)) H(i-.v; (/)



M2 {S:(n) +AE{X)S:{n)) _ J(AE(M))-
(1

Hence ihe mean s\ siem size of the nu)del L is given by L=Lv+Ln
t
Other Perl'ormance measures:
» Probability that the server is on vacation (PJ is given b>

=1l =
n

Probability that the server is busy (Ps) is given by

hy(:r) pn(\' X{Z’))Sl(r])

, = n o{-. =
: Pit--0) “Pi) n E{X){\-SXri))

Particular cases:

In this section, the stead) slate results of M'/M/I [4], M'M/I Llj. M/G/I [6] are

deduced as particular cases of the model.

1 MVm/1 MWV/4]

When both regular serviee lime and service time during working vacation follow

exponential distribution, the probabilil) generating functions coincide with the corresponding

uenerating functions of the 1MWV model.
ie. A'(r.Q) = all, and
D1 (D)
0,-7/,1G (£ - I S1)-. m-rA (-0 (1--0)]

(--- D - zh, {)){fi (--- ) + 2w (r))



2. MiVIIL MW'VJ3|

The results of MM/1 MWV can be obtained b\ taking X{z)=z in the corresponding

equations. Let r, <1 and r, >1 be the two roots of the egLiation

Ne(-r) +h (-- 9+ ' (m

Then /Lr(1- r) +//, (r qz - --r1,){z- 1,) and the relation c, = XZA = —implies
v 4

lz(\- 1) l)- 4- -r,)(r - l/r ). thus (J,'(--.0) = ,rz

p.i(=0) =

{\-pz){\-zr ) u(p~i\){\-i\)
3. M1 .M\VV|6)
faking X(z)=z in equations (8) and (10). we have

. and Pi'{z.0) =
hir) (:-h{:)){z-a{2))

where o(c) =.S/(n( 1L./m(r) =S (/;(r)).v(j) = I h2) and c(/.)=a(z)v(z). These
z

results show- that the I’(if of system size during regiilai' bLis\ period and during working
vacation busy period o f\I/G/1 mt)del are obtained.

Numerical .Anahsis;

In this section, some numerical results are obtained to >tud\ the effect of various parameters
such as mean vacation time (1/ q ). arrival rate T. mean regular service time (1/ /t,,) and
mean ser\ ice rate during working vacation (1/ //, ) on mean .system size(l.) and how the

probability of a customer being served completely at a regular ser\ ice rate change with //,..

In classical v™acation models, since the service rate is stopped completely during vacation, the



system size increases notably as the mean vacation time increases. But. in working vacation,

since the service is done with smaller rate //, (< the vacation rate // has little effect on
I

the system size. The values of table 1 illustrate this. From table I. The mean system size is
found to be a decreasing function of / and the effect of // is smaller and turns to 0 when

= /i,, and the effect of // is larger when //, =0. Table 2 shows that the mean system size
decieases as the vacation parameter increases and it is pictured in figure 1. The influence of
vacation parameter //. service rale during working vacation (//, ) and regular service rate
(/1,,) on the mean system size is shown in figure 2 and 3. fhe values m table 3 gives the
effect of traffic intensiiv on the probabilities includiim probabililv that the server is on

1 ]
vacationfPv) and bus> (Pb).

mfable I.rMean system size Vs // Vs//

0 0.5 1 15 2 I 25 3
1
1
0.5 1.0954 0.8333 0.6190 0.4773 0.3805 0.31 15 0.2603
1 0.5791 0. 5013 0.4121 0.3399 0.2826  i0.2367 0.1994
J
15 3.4069 0.3714 0.3217 0.2767 0.2379 0.2047 G.1762

Jl

2 0.3209 0.3012 0.2695 0.2384 02101 ~ 0.1847  0.1621

1
1.



Table 2. Mean system si/e Vs Arrival rate for different \alues of g
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Table 3. Probabilities Vs Traffle intensify
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Conclusion:

Since 2002. leu authors have worked on working vacation queues using matrix
geometric method and Eimbedded Markov chain technique. However, the approach employed
b\ them is not easy and sufficient to obtain the results in closed form. Concerning the Non
Markovian queues, the most widely used tool is supplementarv technique. In this paper, we
have analyzed the batch arrival MMCi/l quetie with multiple working vtications. The pgf of
the system size probabilities are derived and preseirted in closed lorm. Further various

performance measures including expected system length, probabilit} that server is busy and
on vacation are obtained and numerical analysis is carried out. The results obtained in this

paper can be extended to unreliable server in future research.
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sersace channel under bi-leye! control |x.ilicy and .server's single vacation.
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second se'vice will inimeduilcly commence, or else with proliability (1 - /) he
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policy with an early setup and lakes a single vacation whenever the system
becomes empty. ITor this mixict, the stationary probability generating function
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1 Introduction

The hatch arrival queueing .sysletn with double-threshold policy, setup time and vacation
atuly.scxi ON Lee el al. (2003) is among the iixast general queueing systems with threshold
policies and mel.ide inany previous works as special case.;. The authors used die
decompo.ation property of vacation queues to derive directly the probability generating
function (p g t) of queue length. Also Lee et til. (2(X)3) in dieir paper have assumed that
die sy.sietii lias a single sen er who provides only one kind of service to the uiconiing
eustoiners.

But Il everyday life diere are queueing situations where all the arriving ctLsloincrs
a’quire the first essential sendee and some may require the second optional service
provided by the same sener. Madan (2000) lias introduced the concept of second
optional sen'icc, where the customers tnay deptirl from the system either with probability
(1 - /) or may imnicdiatcly opt for a 2nd optional service with probability r. Choudhury
and Paul (2006) have extended the second optional sendee results for batch arrival queue
with N-pohey and obtamed die system size p.g.i using s”pplcinenlary variable technique.
Later Kalyana Raman and Razliani Bala Murugan (2008) have considered the second
optional sendee in batches with server vacation and denved the p.g.f for queue length.
Recently, Gautam Choudhury el al. (2909) have dealt with an ,t/V(7/l queueing system
with tin additional second pha.se of optional service (SOS) and unreliable server which
consists ot break down period and delay period under N-policy,

To the best of our knowledge the batch amval queueing model with sereond optionr.|
.sen ice is not analy.scd wddi single vacation and early setup time, in this paper, we have
analysed the second optional sendee btitch amval queueing model with early .setup time
and single vacaiicn and presented the queue si/e distnbutioii at random epoch as well as
at the departure epoch in a closed fomi. Further, we have derived the stochastic
decomposition propeny and various perfomiaiicc measures also in a clostxi form, so that



one can obtain the numerical values of every measure directly. Moreover, we have
developed a simple procedure to obtain the ootimal value of m and iV imder suitable
linear cost structure. Finally, graphical representation of'he expected system length, total
cost and the optimal cost need to ran the system are giyen'corresponding to a set of

parametric values.

2 Literature review

The first study of batch arrival queueing system with N-policy was carried out by Lee
and Srinivasan (198)).In their paper, they have discussed the mean waiting time of an
arbitrary customer and a procedure to find the stationary optimal policy under a linear
cost structure. Later, many authors including Lee et al, (1994, 1995) have analysed the
N-policy of /V/fl071 queueing models with servers haling multiple and single vacation.
Recently' Zhang and Xu (2008) hasc studied the NLpolicy of the MiMI\ queue with
multiple working vocation. But these models, do not involve the .server's setup time, hi
queueing models, serv'er’s setup time corresponds to the preparatory work ol the server
before starting his service. Him and Park (1999) and Kc (2001) are some of the authors
who analysed the N-policy of .vr'/GIl queueing models with sers'cr's setup time. Only
few authors have analysed the N-policy of batch arrival queueing system with vacation
aixi the setup tirrie together

As far as the setup models are concerned the server starts their setup work only when
the queue length reaches which is the minimiiin limit to .start the setaiee. But in
practice, it is effective if the pre-sersnee work (setup) starts at m where (m<;V). This
concept is considered as .sencr’s early start-up or bi-level control policy

Lee and Park (1997) and Lee etal. (2003) examined the operating eharactcristic
functions of the M/G/\ queueing system and ,\t'/G/\ queueing system under the bi-level
control with early setup time and .servers vacation and derived the stationary' p g.f t'f
queue length by following the stochastic decomposition property. The system studied by
them is the most general queueing system with threshold policies and include many
previous work as special cases. Ke (2004) has derived the p.g.f for an unreliable server
with a bi-level batch arrival queue. Later, Ke (2006) has also analysed the bi-level control
for M/G/\ queueing system' in which die server is unreliable and is characterised by a
single vacation and an early setup time.

In all the above nxidels mentioned above, the cuslomers are provided only a single
service. Madan (2000) has introduced the concept of second optional sciv'icc for .U/G71
queue in which, the first service is essential and the second service is optional. Later,
Al-Jararha arxl Madan (2003) has extended his results with gerteral .serviice time
distribution and obtained the time-dependent p.g.f in lenns of their Laplace transforms.
Choudhury and Paul (2006) have extended tlie results Madan's irKxiel to btitch arrival
queue imder N-policy and obtained the queue size distribution at random ep<ich as well as
at a departure epoch and prc.sented a simple procedure to obtain an optimal policy. Later,
Madan and Choudhiuy (2006) have studied tire steady slate analysis ot the 6')/1
queue with restricted admissibility :md nmdom setup time.

In a day-to-day life, one encounters numerous examples of second optional service
gqueueing situations, thus second optional service queueing systems fonn an active
research area. Recent work incluctes Gco/(j/l retrial queue with second optional



service by Atencia and Moreno (2006), SIIGI\ relnal queueing system with two phases of
service subject to the server break down and repair by Choudhury and Deka (2008), on
the single server batch arrival retnal queue with genera) vacation time under Bernoulli
schedule and two phases of heterogeneous service by Senlhil Kumar and Arumuganathan
(2008), die N-policy for an ujircliable server with delaying repair and two phases services
by Choudhury ei til. (2000) and an d//671 retnal queue with an additional phase of second
scrMce and general retrial time by Choudliury (2009)

3 Model description

Wc consider SriGIll queueing system in which the customers arrive according to tlie
compound Poisson process with the random arrival sice x. The server is turned off and
leaves die system for a vpcation of random length V, each time when the system becomes
emply After reluming fnom the vacation if the server finds the system size is less than m
then he remains idle (build up period; in the system until the queue length reaches at leajt
m. On die other hand, if the sen'er finds m or more customers in the system at the end of
the vacation then he immediately starts the setup opcniiion which takes a random length
D (early setup).

After the setup period, if the number of customers in the queue is less than N (N> m),
then die server reinauis again idle (donnaiit) until the queue length reaches at least A.
Instead, at the end of'he set up period if the .server linds more than .V customers waiting
in the system then the sener iminediately begias to scrve'the customers. Here, the idle
period ot the server is made up of vacation penod, build up penod, set up period and
donnani period.

If the queue length reaches .V or more either-at trie end of the setup period or at the
end ol the vloniiant penod, dieii the server begins a busy period. Diuing busy period, the
server provides to each unit, two stages ol heterogeneous service of which one is
optional, that IS, the server begins to serve the first pha.se of essential service (FFS) foj all
die units The sen ice discipline is assumed to be R'FS. .Micr the completion of FFS ol’a
imii, die customer may leave the system widi probabiliiyt 1 - r) or may opt for a SOS in
an additional channel by the sainc serv'cr with probability r (0<r< 1). The serv-er
continues diis type of service until the system becomes empty and then nimcd off the
system Thus, a cycle is completed. The system will be turned on again for setup when at
Ica.st m customers are present in the rystem The service times .§ and ,S; of two channels
(FITS and SO.S) arc assumed to be mutually iixlependcnt of each other having general law
ot distribution ,V.(f) with its Laplace Sticltjes transform (L.ST) i” 1, 2. Further, we
note here that the m'amc server .serves both the ehanncis. The system is depicted in
Figure 1

Noititionally, this queueing system is denoted by W 1(C, (7,)"1ISV, where

(m. A denotes the bi-level diresholds due to ear]y setup and N-policy, 6'i denotes FFS,
G; denotes SOS and SV denotes single vacation the semee tinx-s 3j, ST, vacation lime

independent of each other and follow general di.stribiuion .



Figure 1 The system
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4 Queue size distribution at random epoch *

In this section, we first setup the system state equations for tlic queue si/e distribution
imder the steady state conditions and then derive the p.g.fof it. To obtain it let us define:

7. group arrival rate

X\ group size random variable
g~ I>r(A'=X:);'=1,2,3

X(2): p.g.fofVv

{s.{x))\ probability distribution (density function) of the random \anable .§
Nx)("m{x)): probability distribution (density function ) of the random \anable 1'
D(x)(il(x)): probability distribution (density fiuiction) of the random \ariable D.

Let ;Vj(r) denotes the system size at time i, f"(1), Sf(i) and .Vfir) denote the

remaining vacation time, setup time, FHS and SOS time, respectively at time (also lie in
the interval (.r, x -mdr)

if the system is in vacation state at time i

if the system is in build-upst~te at tinx'r |I

A if the system is in setup state at time /
>i) =
if the systcni is in svitli FKS state at time t

0

1

2

3 ifthe system is in dommnt state at tinte r
4

5 if the SN'Stem is in with SOS state at tinx r

The supplementary vrjiables K(r), IT(t), S*(i) and S°(i) make the state space (Al;(ij,
}i0), a bi-variate Markov process. Next, we define the probabilities to derive the steady

State system size equations.

Q,,(x, ) = PriV,(;) n. r< (/) <r*dr t</)=0),1i>0



RrU) = Pr(V,(() = /31! =1), O<n<m-\

D,{x, i) = Pr;V,(0 = n, r < Lf{l) <x~ d\ =-). 2>m
11@ “ Pr{"s(l) = n.MIl) = 3), m<ll<,V-1
/) = Pr;VA) =50, r< <r-dM<0 “«).">1

FEM ', n = Pr(V,(0 = /!, r< .V°(0 < r *d/. \ii) =0), fi>1
«

Thus, Rji) and UA>) give the probability that there are it customers in the system at time /

when the system is in the build up and dormant state, respectively.

(3,(.r, i). DA-x. 0 and Fr,,(r. 1), i = 1.2 denote the probability that there are it customers
m the system at time / when the system is in vacation, setup and busy state, respectively
with the remaining time variables as a function of r

Also letpJO), (= 1,2 denote the probability that there are it customers in the system

at the tennination of.service time.
By assuming that at the steady state, the probabilities are independent of time /, we

have
"V cX cr
.V =QX((?"(t));A(a(A|)) =0;a7t1rlr) =QJx)
— {IM(x.,)) =-"(OMx))~{0JIxj)=0:DMx.i)=11{x)
1V cv cr
Similarly , ihe steady state probabilities for Rjn and are denoted by

Imi (RID] = lim[C', (/) = U,

4./ Sieuly stale equanoit.x

By using the above delhiitions and following the arguments of Cox (1955), the
Kolnn)gro\ -lorward eqtiations under the steady state condition are written as:

r.R, =Qo{0) I

\< It <lit ~\ (2)
*=

d
-(1il(.)) = (.r)-(1-n)aj(0),Vv,(v)-/C(0),V,(.r) (3)



dr
M1 @)

'my, 2<,,< V.

il iGv)* (-, L 1(0).91(.n)~ Y

)
(6)
(It
N — H A A
drPnZ(X) =-4P,j(,t)-r",(0).1,(.t) . g . @
L =0 - )= NO)v<r) ®
g O=QrP)- (O 1> )
-AEi,(r) =-XDJX) - QjO)d.x - /iT A, K?>*f7.r (10
ar N, (r) =-.07,(r)*(7,,(0)dr
fi nm (11)
~k Y A, _Kexdt- D, *(.1),?;i >m- |
krtn-m A\ it
Mn:Dn{O) (12)
n~m
XU, =D,{Q)-"YA--kik m~\<n<N -\ (13)

The LST of Equations (3)-( 10) are dbtained by defining the following LST and thereby
using their properties we get

Q:{6) = £e-""a(.r)dr. D’Xd) = e""'D,(.rXdr),D'((?) = j[ e ™d(.r)dr



PB) = Jc-*/,(ndT; V'(0) = (ndr; i, *(fl)
= /=12

Tlius, wc hale

aR,=QNQ
"R

(") - 61(0) = xyfi (6) - (1-/m)/",.(O)SV(Y) - A :(0)5: «?)
(60- ,(0)=AN"N-(0-r)p:."wsiip)

R 2<n<N-\
k-\

pp:Aff)-p:, = Al'i«-(i -r)/>,.,](0).5";(6")

N y>5,1(60 - £), (0).v; ( ( 0)s; (60

kel
nm
AN
r-1
6/-;.(6)-1",.(0)=:/;1.(6)-1/>,,,(0).v:(6)-Iy y ;;(R,g. m 2
k]-

paap)-Qo(") =-".(2;(6)-[yil(oxi -/+) w],(0)ji--(6)

0<J'A0)-Qr.(Q) = "Aq
ko
*

PP'r,(tf)-07(>) :'-Ol(e)-Qn(O)iy{B)-A':‘Fm,g,D'(O)

r

OIKiB)-D,,(0) =W,,(0)-QNQD'(tf)-r. ~ P,...giD'(ff)
N )I i-n-fite\
- XAt Am~\

(14)
(15)

(16)

17

(18)

(16)

(20)
(21)

(22)

(23)

(24)



m

lia, =£), (V1 m-\<n<N-I 26)
i

4.2 Probability generatingfunction ofthe steady state probabilities

To abtain the queue size distribution luider the steady state condition, we consider the
following the p.g.fas:

0 () = P2f) =AF(0)2\ C()=
«=| rl n~m
X ml

D‘(z.B)=~DJB)2f D (:,0)"*DJ0)2": R(2)="B,c"

O'(z.P) = Cxc.0)=£a(0)z"
p29)} no

Now by multiplyinj~haquations (21) and (22) by the proper powers of.- and then adding
both equations we get

2.)- (2z,0) = AO'Q2 Ff)-[f, (OXI-r)-  (0))y*(0)

Aceording o the identity 1 ™ve equation
reduces
(ff- 1. * ax(2))(7'(-m M) = 0(2.0) ~ (" (O)K'(67) (Where/; (0) = /;,(0X1 - r) « /12(0))(27)

By letting (I1"A- AXi/) =iy(/),we gt
("2.0) =7;(0K*((r(2)) ()
Hence,

0,V (>(-))- ()
Q @6Y" B->f2)

Next, we shall caloulate the generating Ilirction of D (5, B) andP (2, )
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Tlic generating function corresponding t setup probabilities can be calculated
by multiplying Houations (23) and (2°1) by suitable powers of e and then adding over m o

oC as

>'(:,&)- D(z,0)= W ! D "iff)
(30)
n-m KT
@ /1
X m" Z 1
»-m.|  W.;: >

Alter multipl)nng liquation (15) by r", D\Q) and adding with (14) over 0 to (m - 1I)

we lia\c

“R(z)D'(6) =D (9)"Q.,.{Q)z" - aD'(B)Y"z"| (3D
140 »-| W)
Further bv subtracting liquation (31) from (30) we datain

eo'(z,ff)- /X-.0) - [.R(z)D'(9) = /.D (z.ff)- D(ff)Q(z,0)

n-) (r
r .
r:m W-fl >ml 7
X | rmm
According to the identities
X (r-m \
=x(z)D W)
rh-1 Vv,
and
il I -
v X(IR()
"Vt 'l JJ vl |

die above equation becomes.
(0 »U))D’(z.0) =0i:.0) r'(0)(Q{z.0) - R{z)Az2))

At



By substituiing for D(z, 0) and Q[z, 0) in Equation (32) we get.

\D
D (2,6/\ =- (9"_]4)

Simtlarly, multiplying Equations(19) and (20) by appropriate powers o f; and then

scumming we have

(33)

LA~ fr\ U
eP"{z.9)-1>,{z,0) =kP.{z.0)-r1](2,0)i'2(19)-/i*:2"| Y,P'-k:™'>Si: H
r2a Vel
But one can prove iliat » i j~(- <o
Hence, ,
(0 - w(’)) P:(z.0) - fttz.0-r/1Cz.01S,)!1?) (34)
Now by substituting f) = vifz) in Equation (34) we geb
iPj(2,0) =r/]1(z,0)S:(u<z)) (35)
Then
.y MDI(r0)(s'(u<2))-52(F?))
P.Gg.fi)y=— ®m ® e (36)

Next, we calculate the expansion for P*(z.0).
By multiplying Equations (16) (18) by the corresponding powers of; and summing
over 1to oo we get,

(I-r-)(s'(")

OP* (2,0)- Pfzfi) =AP" (Z.0)-- -(Pfz.0)-ff0):]

_E(;>,(;,0)_/>,(0)2)

» j n-\ (37)

- \h |

T )] / ft;m
“a2M3,(0)2"S:(R)-A2"1 A U, w56y

Further, multiplying Equations (25) by z'S'*iO) and (26) by z'S “(0) it follows iliat,

(\YA| V-i  An-m
M -=7)5[(") =" 77,(0)r"SV (8)%/,V (") 2"1"6,.%  g*
flrm f=m V%) J

Now by subtracting (38) from (37) and by using the following identities

zZ-" UVETE2MNV2)
2 Vw4 /
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and

=U(2)x(z)

we uci.

ny. (/)

(i.ff) =p(z.0)- iP(-.0)-Pu(0)z

s'(ff) (P(z.0}-/1:(GU)-S;(ff)D(z.0)

-AS,'(ff)D(z.0)
-AS;(fF)C'(2)AN(2)-yr(z)S;(ff)

Substiiuiiiig the value o f 0) from (35) and after simplification it is found that

(r-(F-n).f1((9)5%u<n)

(B - M2))P; (j.BI = /7(r,0)4---mmmmmmmmmmmmemmeeeeeee — (39)
- 5,(69[D(.",0) - ~(0) -
When B = u<j) Lqua ion (39) becomes
_ ¢5](ut;))(fj)(c.0)-/7,(0)-(, (j)"(c)) (40)
j- @-Ltr(t<)) - B (»<5))il(u<r)))
H>; using (40) in (39), I'.giialion (39) reduces to
. r(i','(ii<e)) - Y (B){/Mz.0) -  (0) - t'(r)»(;)!
A= " N e (41)
(6>-(u<)N(" -y, (u<r))|
who-e Vusj = V&> (j))(@A- ;- RV (u(.-)j
Now by substituting ('dc, 0) in (36) we get,
. el ("te)[(;(u-(2))- Hi(Mi(i]:,0) - p,iCi-i'(2)>M2z)} o
(92)
(<?- GLINICr - s, (>-(2)))
The toial p g.l is given b>’
I (1=/m("C)- /"(-.0)- D'(:.0) -y *(5,0) - L'(=)- R() (43)
The expressions for (9 (c.0). D'(z.0). /i"¢:.¢iy and 0) can be obiamed by

p g.f/*(:) in a more simplilled form we need to calculate R(z) and L'(j).



4.3 Computation ofR(z) and U(z)
Let us ftr>l define =1, and t.,. I<n<m-1) (Lte etal., 1994) then
Equation”(l) and (2) together imply that /.R* “ (S'i ihy reairsioti) where

g), (0) = "*he coefficient of r* of(”;,0).

Equation (28) implies (;(r,0) - r,(0)r'(H-(c)), where ("(n't.-)) - and o,
gives the probability that n cusnonxtrs arrive during a vacation.
Hence,

C(r0) =/~ (0)Varr
that is,

aR, =P, toilet”IT,

*0
By defining , - o,, and (/. = we get,
3R"=p,{Q)P, Il'or0</i<m-l (Lee etal., 1995)

and the p.g.f/?(z) of R, is given by
Q)= /1(0))? _ (a4)
.0

Ne.xt, we calculate p.g.f C'(z) of C] in the following manner: liquations (12) and (I 3)

togetlier imply by reairsion tliat

(cyner ferm<ii< V. I (45)

where D, (0) is the coefficient of in D(:,0) and D(z,0) = D' iifz) |(9(2,0) Riz) w<z)]
(from (32)) substituting for Q{zfi) from (28) and for R(z) from (44) we get

D(z,0) =D'Gi{z))PA0) '(n<z))-*((/nz"(,x(2)-1) (46)

To interpret the second term of liquation (-t6), we introduce SI(X) to denote die
probability that there are k customers available at a set up initiation point. Then by
conditioning the number of custonxrrs arrised during a \'acation, we hale
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Here, Sl is a random variable which denotes the queue length at the setup initiation point
and denotes die number of customers at a busy period initiation point for the m policy

queueing model with out vacation and the generating function of Q,, is
given b\'
(D
0n(i) =1-(Cr(r)“pn» (Le'e ct al., 1994)
(»=0)
Thus.
K f ® X ‘I l
SI(r) = Si(Ir)zx =~ N z jl
k.~ ksm k=m /=0
'l
= K'(M<r) T? n - 1 (by simplification)
=0 | F=».-/ /
ml
=k("<n)* er MNPy, (-7)-1)
;=0
ol
=K (H<e)) (.r(r)-)r<7,j, Y Te”
j~0 n-.0

IU' the dctliiition of

Then, we get

m-\

(47)

Moreoier,

l(u<j)) =
to
where iu represents the probability that k custonxTs arrive durirtg a setup time.
Then by using f/.iuations (47) and (48) in (46) we get /9(r, 0) as
f x
[7f.-.0) =;i,(0) ~  firet I~ SI(-).-
V(t-0) ) K(rr:m)
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Remark 1: It is verified that the result of the model discussed he'c, coincides with the

corresponding result of the
*« model discussed by Lee et al. i2003) when r * 0
« model of Choudhury andMadan 12006) when N ~ m. Etv) = 0 and P.ID) = 0.

Remark 2 (Decomposition property): The p.g.fofthe system size of the Im. W policy of
\ f /(Gi. Gp/t queueing model with early setup time and single vacation is decomposed in
the form.

(54)

where
T(7) =

Proof The first term of Equation (-53) corresponds to the p.g.f of the second optional
scrs'ice Af'/(j,,C;/l queueing model without N-policy (Choudhury and Paul, 2006) which

is denoted by ,

(i-p,k--1)5;w(7)

P .
2 =S,Hiz)

()=

LIC] (77 Tw-ithout S

Alsc' 4'(r) is the conditional p.g.f of the queue length during the idle period which

includes (vacation period, building up period, setup period and dormant period).

Remark 3 (Mean system size): Let denote the expected system size of Sf'Gi.G ft

queueing s\stem under the early setiq and single yncation then.
i-sos - o,.d, |

A -(R)(F(DT))-2£(D)E:(K)-£(K")
(55)

Z. 0

Proof

N'sos - © (E(™));-i = Expected system size of .V /'/6'|/6'i/l without ,V-policy
4

mAA(ANT))-, (by Kquation (54)



The expected system size o fSt'i(,G\C:)i\ wniioiit N-policy =
(XE(Grn~(£(5,-)-2/"E(y (D) -rE(?[)-;dE(N(A-D)(rE(G)+E(T,))/2(1 -p)

(by Choudhury and Madan, 2006)

TE(K X E(E>-)- 2E(/2)E(F)-£ (K -)

2 £

Sy FLE(ES)E(V )i
n=0

Hence, we et the value of expected system size as in Equation (55).

5 Queue size distribution at departure epoch

By following the arguments of PASTA Wolff (1982), a departing customer will see /
customers m the system just after a departure, it and only if there werej ~ 1 customers in
the system lust before the departure. Thus, we have ) - A'jr(I-r)E~., ,(0) +£,.i :(0> J-

/>0 where K is the tiomialising constant
Let ,T(r) be the p.g.lI'ofthe depamire epoch probabilities \r* :y SQ

Then

(r-r)y~ 10 ((i)r'-y £.(0).-
(;01 I

that s,
A
-m(c) =-[/i(c,0)(I-r).£,(c,0)]
«Substituting, £; (r,0) from Egnalion (35), we get
-T-(-')=/v/|(-’,0)[(|-r)*rS:(ir(C))

K D (»())V (,<_-)-1--1-1/P (,v(,))
\ z-S'M z)) /.
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Using the simplified form of(40)
rc' (z) = P(z) here P[z) is the total p.g.fgiven by Equation (53)

By using the normalising condition, K can be calculated as (1) 1
It is found that A'= (1'/1ft.V))

Remark 4: If ,7 (zj denotes the p.g.fof queue size distribution at a departure epoch, then

under the stability condition p< I. we haw n (z) .» A(z) Plzj where Afzj =p.g.f cf
number of customers placed before an arbitrary test custonier in a batch in which the test
customer arrives and P(z) - p.g.fofqueue size distribution® at a random epoch ISO)

6. The performance measures

In this section, we present various steady state system size probabilities for the .seA'cr is
on vacation (Pf). build up period (/™ ), on set up period (/~), on domiant period (P/)
and on busy period (P”y), respectively. Further ()"(c,0), R(z), 0'(z.Q), U(z) and
P*(z,p) =.(/;*(z,0) + F(z,0)) as discu.sscd in sectioa j(4) represent the p.g.f of number

of wailing customers in the system when the sener is on vacation, idle, doing tlic
pre-seA’ice work, in dormant and busy, respectively. Then the expression for the

probabhilities can be obtained as:
1 =lim,.,|C/(-.0)

P’ =P.(0)E(v) (by substituting Q {:. 0) from Equation (25)). But follov.mg long fraction

time that the seAer is on vacation is given by P. =(/;(i))./ length of

the cycle and its expected values are denoted by and where
T'cytk = vacation period - build up period - setup period - domiant period - busy period)

Thus,

f(") I D. (from Equation (51))
I f Pr(0)
2 s=lim ,»,/i(z)

By letting R(z). from Equation (44) we get

AO)" '

pAO) vn

3 =hm,_,/)'(z,0)

By substituting If(z. 0) from Equation (33) and appl>ang the L 'Hospital nile we get.
Pi. =PA0)E{D).



4 p; =lim._J|L'() |

- fr.— (by using liquation (49))
N oh
5 Sl™ A IV (-.0) +/7%(-7.0))
By lettmg for /*'(z,0) and /7 (z.0) from liquations (41)'to (42) and then applying L’
Hos'pital nile we have

SAE-(AN[E(,) +/1-£(5,)]=7>/

7 Optimal optcrating policy

In this scetioii, we develop a total expectexl cost function per unit time for St"tG\G-<Ji
queue under bi-level threshold model with single vacation in which m and N are decision
variables Our ob;eclive is.to find the optimal values m and if(m) which minimise the
linear cost function. For otir optimal cost model, we consider the sarrie cost structure that

has been widely tised by many authors as
C, = uini on cost per cycle

Ch= holding cost per unit lime

C = setup cost per unit time

a

reward per luiit lime due to vacation

Cji=domunt cost per unij time

C\ = build up cost per unit time

C,, = operating cost per unit time

I’, (m. X) =average cost per unit time

S\Iso by I.'liowing the arguments of Lee and Snimasan (1989) and Lee and Park (1997),
tlie average cost per unit time isgivet' bv

C.

TAm_.\) =- A Q/l>. - (56)

Siibstiiuiiiu! the values ol and I'i Irom Section (5) and (6), we have

Lv i (Vh 1
Ol V) = - a X 'r (57)
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where
XME(X)[e(D'*)- 2E{E)E{v) 2 E { "
h
m-| Q-
2,=C.,Y,n",r((XE(D)E(X)C,~C,(\-p,)Y" V,
(=0
and £)",v as in Equation (52)
By letting J' - and .i/f - and also using Equatu'ii (57)
wc get,
TA(M k~\)-TA{m k) =- [w) (58)
where
W =C\kL,-u: -M:]-C,[\-p,)L..-(A-z,
and

L. =E(D)~ E{v)~-"tf/"

Equation (58) implitj that TA(m, X- 1) - (m, N\ >0 whenc\cr i;,,(X) m0 and also
5, (A1) = ', (X)*c, (/,,-.1;)> 0

whenever, hj*k) >0
It'« is the first k for wtiicli h,,(k) >0 dicn

Tc(m. k) >Te(m. W fork>n
Tltis means that for any given m, die optimal value A" (m) of .Vis given by the first k

such that h,, (k) >0 and that once T, (m. A'(m)) increases with respect to A’ it keeps on
increasing thereafter. Therefore, we can say that for a given m. (m. N(m)) is
conditionally unimodal and thereby /V'(m) is conditionally optimal. Thus

=min'j-*— " >0
hjk

)
(59)

1 -U: -5/;).C,@1x-p,), >(A- )

Now the search for ttie global optimum is in order. Let the pair (/», A'Vn)) be the optimal
for the given m. It is clitTiciilt to prove mathematically that Tr (m. .V) as functions of botn
'm and iVis convex. Blit through numerical experiments, it is proved that the cosi function
is probably convex, which wc assume in the following algorithm to find the joint optimal

values of (m",/V’(m)).



Step | Set m = 1, Delcmiine N"(m) from F-'quation (59), Calculate  (m,//(m)). Go to
step2

Step 2 Calctilate .V'(m - I)and (m - 1,N'(m ~ 1)) Go to Step 3.

Stepi It D) >r,(m,y(m)), slop. TAm.fA(m)) is ihe optimal
policy, Othcru'isc set m =m - land go to Step 2.

8 Numerical analysis

In this section, we illustrate the results obtained in the preGous sections numerically and
di.scuss the effects of system parameters on system pierformancc indices. Moreover, the
demonstration of the sensitivity calculation is focused on four critical input parameters
arrival rate (/), scivice rate (u), the mean vacation parameter E(v) and the mean service
parameter E(s).

S.1 Panimeier selling

For con\cmence of compulation, we as.sume the following distributions for dilTerent
random variables involved in the model as;
The batch si/,e X follows the aeometne distributions that is.

1 PriA'=il) =@- p)p” ', it>1 with mean fTIA'i: L
p
The scrvtce times .S,(i = 1,2) follow two-stage Ilyper-Fxponential distributions with

nic<i:i

14(.8] = =1 oo E(vy=-1-. " M
oo I
=(\-r)E{S,)~rE(S.)

and  /;'(.v)

Further e ir second .moments are
f{,ST)=2 '~ -~
VAfi
ami
flv:)=:"4 -4
t P2\

s Tile setup liiiK' D and vacation time V follow Friang three-type distributions with
mean FaD )-\*‘\, /i(v)- (1///) further tlirr second moments are £(D*‘) = (4/3Vv")

and /.'(v'l =(4/3r/").



Step I S'Am =1, [X'temiinc A/(m) from liquation (59). Calculate TA{m. N'{m)). Go to
step2.
Step 2 Calculate N'(m + 1)and Tdm ~ 1, (m ~ 1)) Go to Step 3

Stepi If Tc{m-r\, N\m-r\)) > Tc{m,N\m)), stop. V'(m)) is the optimal
policy, Other'vise set m'= O T | and ao to Step 2;

8 Numerical analysis

In this section, wc illustrate the results obtained in the previous sections uunKTically and
discuss the effects of system parameters on system' perfomiancc indices. Moreover, the
demonstration of the sensitivity calculation is focused on four critical input paranteters
arrival rate (/), service rate (p), the mean vacation parameter £(v) and the mean service

parameter E(s).

8.1 Paramtter setting
, .
For convenience of computation, we assume the following distributions for dilTerent

random variables involved in the model as:
The batch size X followS*the geometric distributions that is.

1 gj=Pr(A"=*) =(1- h>1 with mean li{X) =

The service times S,(i =1,2) follow two-stage Ily'per-Fxponential distributions with

mean

£(,9)=-1 and E(
“1n . La

={\-r)E(S,)-rE(S.)

Further their second nxrments are

\
<,
"4 )
Bh j
and
i(5") =2"Jh.
Bh )

3 The setup time D and vacation time V follow F.rlang three-type distributions with
mean £(0) =1/v, E(v) =(\iq) further thcT second moments are F.(/9') = (4/3vM

and £(v') =(4/3r/).
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By Icitmg ilic lollowiiig parametric values as/r = 0.01./. = 0.2, un = \.5,*n =2, =6.
uii =0 5.n, =0.1, «2 = 1.5.i| =2 and > = 3, llie performance nx;asures calculated are.
1 tiic expected queue length and

2 the total cost lunciion  (m. N) atid Its optimal value T. (m . V)

Figures 2 and 3 show that as the mean system si/.e i de‘trcases as the mean vacation
A'(v) and the nx’an setup time B(D) decrease.

The elled of £(v) and £(s) on tlic expceied number customers in the sysieni is
presenled m Figure 4. Figured sliows lhat as the scrx'icc rau; increases, the nieap
vacation time /f(v) and tlte mean system size (m,, i also decreases

The total cost function T~fm, A) for various values of m and A and its optimal cost
TV(/I ..N') arc reprc,scnted in Figure 5. For the eoiiveaienee of computation, we consider

the ct'st elements as
C2 = 10, =01, Co=100. C =50. C, = I,«)0, C, =8 and Cs = 8 and note that the

optimal value cost per unit time of S67.567 is achieved at m = 2, ;V= 11

Fiqurc 2 Hifc'ci of /' ,, with the iri’Ific intensity p. lor v 1(see online version forcolours)



Fig«re 3  EfTectof wiili the traffic.iotensiiy p, for g = 0.03 (see online version for colours)

Pr

Figure 4 Effectofpandy on

Figure 5 The expected cost T,(m, S') for dilfcrent values of m and .V

Ti{7,U)-4"73167
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9 Conclusion

Lee el al, (2003) used the decomposition property in their paper for vacation queues to
derive the queue length for the ss'stem. However, the approach employed by tltem is not
sufticieni to derive the busy period aixJ waiting time distnbution of the tnodel. In most of
the works, concerning the analysis of batch arrival queues, the supplementary variable
technique is one of the most widely used tools. In this paper, we have analysed the most
general second optional service queueing mixlel St'IGt Cyl with early setup lime and
single vacation using supplementary variable technique and presented the p.g.f of the
system size probabilities at random epoch, at setup initiation point aitd at departure epoch
and various perfomiance measures including the oKan system length m a dosed fomi.
Moreover, a procedtuv to obtain 1/ which minimises the long-run average cost under a
suitable linear cost suuciure is also suggested. FurtJier, we notice that the results of our
model aecommodaie many presious models as particular cases. Thus, this model may
beconx; very useful in practical applications where more general situations may arise.
The msults ol our model mav be considered for uiueliable server in futme research.
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