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15BMAC21 Abstract Algebra I1
Part A 10x1 =10

Choose the Correct Answer

1. a,is aprime elementof Riff ideal A = (aq) IS a of the Euclidean ringR.
a. maximal ideal b. minimal ideal
c. no ideal d. none of the above

2. If a + biis not a unit of J[i], then, a? + b? is

a.<1 b. =1
c.<1 d>1
3. If V is a vector space overF, then,
a.a0=0 b.a020
c.a0<0 d. none of the above

4. Any two finite-dimensional vector spaces over F ,having same dimensions are
a. homomorphic b. isomorphic
c. endomorphic d. automorphic

5. If dimpV = n,ithen,dimgz(Hom(V,V)) =
a.2n b. 2n?
c. n? d.n

6. If dimpV = m, then, dimp(Hom(V,F)) =

a.2mé b. 2m?
c. m? d.m

7. If W is a subspace of VV then the annihilator of W, A(W) =

a{felV|fw)=0alweW} b.{f eV|f(w) <0allw e W}
c.{feV|f(w)>0allweW} d. none of the above
8. vl =
a. (v,v)? b. (v,v)
CA/(v,v) d. none of the above
9. Wnwt =
a.o b.w
c.wt d. none of the above

10. Any finite number of elements in a subset S of vector space V is
a. linearly dependent b. linearly independent
c. finite-dimensional d. None of these
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Part B 3x6=18
Answer any Three questions
Each answer should not exceed 400 words or two pages

Let R be a Euclidean ring. Suppose that for a, b, c € R, a|bc but (a,b) = 1.
then,Show that a|c.

If p is a prime number of the form 4n + 1, then show that the equation
x?> = —1(mod p) has solution.

Show that L(S)is a sub-space of V, for, S < V a Vectorspace.

If V is a vector space over F, then, show that,
i.a0=0forxeF.
i.0v=0forvelV.
iii. (—x)v = —(xv) forxe F,veV.
iv. If v # 0,then < v = 0 implies that x=0

If v, ..., v, are in V, then prove that either they are linearly independent or
some v, is a linear combination of the preceding ones, vy, ..., Vj_1.

If A and B are finite-dimensional subspaces of a vector space V, then show that,
(A + B) is finite-dimensional and dim(A + B) = dim(4) + dim(B) — dimi{A N B).

If V is finite dimensional inner product space and I/ is a subspace of V then
prove that (W)t =Ww.

Prove that ||oc u|| = |o|||u]|, for u € V and « is a scalar.

Prove that A(W) is a subapace of V, for a subspace W of a vector space V.

Prove that A(A(W)) =W,

Part C 2x11 =22
Answer any Two questions
Each answer should not exceed 800 words or four pages

State and Prove Fermat’s Theorem.
State and Prove Unique Factorization Theorem.

If vq, ..., v, is a basis of V over F and if wy, ..., w,, in VV are linearly independent
over F, thenm <n.

If V is the internal direct sum of Uy, ..., U,,, then Vis isomorphic to the external
direct sum of Uy, ..., U,.

If V is finite-dimensional vector space and if W is a subspace of I/, then show that,
I.W is finite-dimensional
ii.dimW < dimV and
fii.dimV/W =dimV — dim W



26. 1) If V is finite-dimensional vector space over F then show that, any two
bases of V' have the same number of elements.
ii)show that F™ is isomorphic F™) if and only if n = m.

27. If V is finite-dimensional vector space and v # 0 € V, then there is an element
f €V such that f(v) # 0.

28. If V and W are of dimensions m and n, respectively, over F, then show that
Hom(V, W) is of dimension mn over F.

29. If V is a finite-dimensional inner product space and if W is a subspace of V,
then prove that V = W + W+L. More particularly, V is the direct sum of W and W+.

30. State and Prove Schwarz Inequality.
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