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INTRODUCTION

“THE ESSENCE OF MATHEMATICS IS ITS FREEDOM”

— George Cantor.

In 1969, Chang introduced the concept of fuzzy topology on a set X.
In the definition of Chang fuzzy topology, fuzziness in the concept of openness
of fuzzy subset is absent. Keeping this in mind Hazra, Samanta and
Chattopadhya introduced the concept of gradation of openness of fuzzy
subsets of X and gave a new definitiorr of fazzy topology on X.

The aim of this thesis is to study the concept of separation axioms in this
new set-up as introduced by R. Srivastava [16]. Our study is based on the
following articles.

(1)  “Fuzzy topology redefined” by Hazra, Samanta, Chattopadhyay [9]
(2) “On separation axioms in a newly defined fuzzy topology” by

R. Srivasata [16]

This thesis is split into three chapters. In the first chapter, fundamental
concepts on fuzzy topological spaces, separation axioms in a fuzzy topological
space are introduced.

This chapter deals with the results established mainly in the following
articles.

(1)  “Fuzzy topological spaces” by Chang [2]

(2)  “Fuzzy topological spaces and fuzzy compactness” by Lowen [11]
1



(3)  “Fuzzy Hausdorff topological spaces” R. Srivastava, S.N. Lal and

A.K. Srivastava [13]
The second chapter is devoted to the study of fuzzy topologica. spaces,

subspaces of fuzzy topological spaces and fuzzy continuous mappings through

the concept of gradation of openness.

The results presented in this chapter are contained in the article “Fuzzy

topology redefined” [9].

By a gradation of openness T on a set X, we mean a map T : |l

satisfying the following conditions:
(1) 1(o)=1(1) =1
(1)  t(m)>0,i=L2= 1 (piak2) >0

(i) T()>0,ieA=>1( v pj)>0
1€A

With every gradation t, a Chang fuzzy topology  is associated as follows:
&= {p/w(n)>0}.

The concept of gradation of closedness is also introduced. A simple
relation between these two concepts is established. The closure of a fuzzy set
is obtained in terms of gradation of closedness. It is proved that the

intersection of a finite family of gradation of openness is again a gradatior. of

2



openness. It 1s shown that arbitrary intersection of gradation of opennzss need

not be a gradation of openness by constructing an interesting example.

With every Chang fuzzy topology & a collection of gradation of

openness T, is constructed.

Let (X, 1) be a fuzzy topological space and Yc X. The mapping

ty : I¥ = I defined by
ty(W=vitA)/Ael®;A|y=pnlisa gradation of openness on Y.

The fuzzy topological space (Y, ty) is called a subspace of the fuzzy
topological space (X, 1) and 1y is called the induced gradation of openness on

Y from (X, 1).

The author has obtained a relation between the closure of a fuzzy set in

(X, 1) and 1ts closure in the subspace (Y, ty).

Let (X, 1) and (Y, t') be two fts and f be a function from X into Y. The
map f is called
(1) a gradation preserving (gp-) map, if

' (w) <t (£7'(n)), foreach p e 1V,
(1)  astrongly gradation preserving (sgp -) map if

r'(u) =1 (f'(n)), foreach p e I".

(U8 )



(ili) a weakly gradation preserving (wgp -) map if

'c'(u) >0=>r1 (f‘](u)) >0, for each p € 1%

The author has constructed an example to show that weakly gradation
preserving map need not be a gradation preserving map and gradatior.
preserving map need not be a strongly gradation preserving map.

The third chapter is devoted to the study of separation axioms throuzh
gradation of openness. Starting with the fuzzy topology in terms of gradation
of openness the concept of base, subbase, product etc. are defined.  The
separation axioms T,, R,, T;, T, and regularity are introduced and the following
results are proved.

(1)  Let(X, 1) be afts. Then the following statements are equivalent :

(a) (X, 1) is Hausdorff

(b) Ax = {(x;x) € X x X} has positive grade of closedness in
(X x X, 1x x x) Where tx « x is the product fuzzy topology on
X x X.

(c)  For any two weakly gradation preserving maps f, g from a fts
(X', 1Y) to fis (X,1), the set A = {x' e X' / f(x') = g(x')} has
positivé grade of closedness in X', )

(d) Iff: (X', 1) (X, 1) is a weakly gradation preserving map then

the graph G of f, that is {(x', f(x")) / x' € X'} has positive grade

of closedness in (X xX, Txxx)
4



(2) Let {(X, ) /1 € A} be a family of fts. Then their product fts (X, 1) is
HausdorfY iff each (X, 1) 1s Hausdorff.

(3)  Hausdorffness is a hereditary property
(4)  The separation properties T,, R,, T; and regularity are productive and

hereditary.
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REVIEW OF LITERATURE

Now we present abstracts of some important papers on fuzzy gradation
of openness published by K.C. Chattopadhyay, R.N. Hazra, S.K. Samanta.
1. Gradation of openness : "Fuzzy topology" by K.C. Chattopadhyay,

R.N. Hazra, S.K.Samanta [3]

In [2], the authors have given a new definition of fuzzy topology by
introducing a concept of gradation of openness of fuzzy subsets. In order to
make the concept more appropriate, the authors modify the definition of
gradation function and then study subspace of fuzzy topological spaces,
gradation preserving maps and category of fuzzy topological spaces and
gradation preserving maps.

2. "Fuzzy topology : Fuzzy closure operator, fuzzy compactness and

fuzzy connectedness” by K.C.Chattopadhyay, S.K.Samanta [4]

In this paper, definitions of fuzzy closure operator, fuzzy compactness
and fuzzy connectedness are given in a redefined fuzzy topological space and
then some characteristic properties of fuzzy closure operator, product theorems
of fuzzy compactness, invariance of fuzzy compacmess and fuzzy
connectedness under gradation preserving maps and invariance of fuzzy
connectedness under the fuzzy closure operator are studied.

Now we present abstracts of some important papers on fuzzy separation

axioms published by R. Srivastava, A.K. Srivastava, A. Kandil,



Dewan Muslim Ali, D.R. Cutler, I.L. Reilly, Ali Ahmad Fora
3. "On fuzzy Hausdorffness concepts" by R. Srivastava,

A.K. Srivastava, (1985) [14]

In this paper, the authors compare several existing definitions of fuzzy
Hausdorffness with their definitions.

4. "On separation axioms in fuzzy topological spaces”" by A.Kancil,

(1987) [10]

The author uses the concept of fuzzy points and Q-relations introduced
by P.M.Pu and Y.M.Liu [12]. In this paper, some separation axioms for
fuzzy topological spaces, all of which are a natural generalization of
Tii = 0,1,2,3,4) in topological spaces are studied. The author generalizes
many theorems concerning separation axioms for topological spaces.

5. "Some weaker separation axioms in fuzzy topological spaces" Dy

Dewan Muslim Ali, (1988) [6]

In this paper, the author gives an elementary discussion of the
counterparts of some separation axioms, such as Ro, Ry, Tq, T, and regularity,
in the setting of fuzzy topological spaces. In the literature on fuzzy topology,
some related research, for example on the investigation of T, is already rather
in-depth. Nevertheless the discussion on Ry and R; seems to be new.

6. "A comparison of some Hausdorff notions in fuzzy topological

space" by D.R. Cutler, L.L. Reilly, (1990) [5]



There exist several equivalent definitions of Hausdorff topological
space. Their fuzzification leads to different definitions of a fuzzy Hausdorff
space. In the paper under review the authors analyse 12 such definitiors and
find out when one is a corollary of the other and when it is not. In this
connection some interesting counter examples are provided.

7. "Separation axioms, subspaces and product spaces in fuzzy

topology" by Ali Ahmad Fora, (1990) [1]

The author introduces some fuzzy separation axioms and study their
hereditary and productive properties. Further they establish the relation

between spaces having the fixed point property and fuzzy connected space.
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CHAPTER 1
PRELIMINARY DEFINITIONS AND RESULTS

DEFINITION : 1.1

Let X be an arbitrary non-empty set. Let 1 =[0,1]. A fuzzy setin Xisa
mapping from X into I (i.e.) a fuzzy set is an element of 1*. For any two fuzzy
sets i, Ain X,

n=x < u(x) = Ax), forall x € X.

n<A e u(x) <Ax), forall x e X.
The union p v A and the intersection p A X are defined respectively by

(kv A) (x) = Max{p(x), AMx)}, for all xeX.
and

(1 A A) (x) = Min{p(x), A(x)}, for all xeX.
The complement p' of a fuzzy set p is defined by px) = 1 - X,

for all x eX. For a family {i}ics of fuzzy sets, the union v p; and the
1eA

intersection A |y are defined respectively by
€A

v pi(x) = Sup {ui(x)}, forall x € X

1€A ieA
and

A i (x) = Inf {pi(x)}, forall x € X.
ieA '

DEFINITION : 1.2

A fuzzy set a'is said to be constant if for all x € X, a(x) = a.
| 9



DEFINITION : 1.3

Let X and Y be any two non-empty sets. Let 6 be a function from X to
Y and A be a fuzzy set in Y. Then the inverse of A under 6 written as 87'(\) is
the fuzzy set in X defined by

07 (A) (x) = A (B(x)), forx € X
For every fuzzy set pu in X, the image of p under 0, written as 6(p) is the fuzzy

set defined by

B(n)(y) = Sup w(z),if0"(y)is not empty
zee_l(y)

=0, otherwise.

DEFINITION : 1.4

An ordinary subset A of X can be considered as a fuzzy set by
identifying it with its characteﬁstic function ya, such fuzzy sets are called crisp
sets.
DEFINITION : 1.5

The crisp sets corresponding to ¢ and X are denoted by 0 and 1. That is

xeo=0and xy x=1.

DEFINITION : 1.6

Let p: X — [0,1] be a fuzzy et. Then the support of p is {x /pu(x) > C}.

10



DEFINITION : 1.7

Let X be a non-empty set. Then a fuzzy point denoted by x,, is defined
as a fuzzy set in X which takes value o € (0,1) at x and 0, elsewhere. x and «
are respectively called the support and value of the fuzzy point x,. Fuzzy
points with distinct supports are called distinct.

Let u € X, Then x, is said to belong to p if a < p(x) and denoted by
Xo € M.
PROPOSITION : 1.8

Let {i;/ie A} c1*. Thenx, € v y; iff x4 € ;, for somei € A.
1EA

PROOF
Assume x, € L, forsomei e A

Then o < py(x), for somei € A

= a< v pikx)
1€A

= X € V I
1A

Conversely, assume X, € Vv
1€EA

Then a< v p; (x)
1€A

= a < pi(x), for some 1 € A
=5 Xq € L, for some1 e A

Hence the result.
11



DEFINITION : 1.9 [Chang] [2]

A fuzzy topology [Chang] is a family & of fuzzy sets in X which

satisfies the following conditions:

(a 0,1ed
b) IfpuAredthenpaped

(c) Ify edforeachie Athen v p;ed
1eA

d is called a fuzzy topology for X and the pair (X, d) is called a fuzzy

topological space. Every member of d is called a -open fuzzy set.

DEFINITION : 1.10

A fuzzy set is d-closed iff its complement is §-open.

DEFINITION : 1.11 [Lowen] [11]

(1)
(11)
(iii)

8 < I*is a fuzzy topology [Lowen] on X iff
Every constant function a belongs to &
WA €d=p A .

(4)jea € 8 = Sup pje &
JEA

The fuzzy sets in 3 are called open fuzzy sets and the pair (X,9) is called a

fuzzy topological space.

12



DEFINITION : 1.12 [2]
A function 6 from a fuzzy topological space (X, &) to a fuzzy

topological space (Y,8") is fuzzy continuous iff the inverse of each &' — open

fuzzy set is d-open.

DEFINITION : 1.13
The closure and interior of a fuzzy set p € I* are defined respectively
as
Clp=Inf{A/A2>pu r'e 8}
Intu=Sup {A/A<p A ed}
NOTE
Cl p is the smallest closed fuzzy set larger than p and Int p is the largest
open fuzzy set smaller than p.
DEFINITION : 1.14 [11]
An operator ¢ : I - I¥ is a fuzzy closure operator iff
(1)  ¢(a) = a, for every a constant
2 o= foreverype ¥
(3) o Vo) = V), forevery u, A e I

@)  o(e(w) = o), for every p e I*,

13



DEFINITION : 1.15 [11]
Let (X, 8) be a fuzzy topological space. A subset ¢ < § is a base for &

iff for every p € 9, there exists a .gollection (1,); < < o such that p = Sup ;.
JEA

DEFINITION : 1.16
Let (X, &) be a fuzzy topological space. A subset ¢ ' < & is a subbase

for & iff the family of finite infima of members of ! is a base for §.
DEFINITION : 1.17

Let (X, 8) be a fuzzy topological space and Yc X. Then the famuly Sy
defined by

dy ={u[Y/pe s},

where p|Y denotes the restriction of the function p to the set Y, is a fuzzy
topology for Y called the relative fuzzy topology of & io Y. The fuzzy
topological space (Y, dy) is called a subspace of (X,9).
DEFINITION : 1.18

Let {(X,, 8,) / o € A} be a family of fuzzy topological spaces.

Let X = HXa be the usual product set and let p, be the projection from X

aeA

onto X,. Letpu € 8,. The p;I (1) 1s a fuzzy set in X. The family of fuzzy sets

c= {p(;1 (W) / p € d,, a € A} will be a subbase for a topology & on X, called

14



the product topology on X. The pair (X, 8) is called the product fuzzy
topological space.
DEFINITION : 1.19 (Rekha Srivastava) [13]

A fuzzy topological space (X, d) is said to be fuzzy Hausdorff if for any
two distinct fuzzy points X,, yp in X, there exist disjoint fuzzy sets A, p € &
with x, € A and yp € p.

THEOREM 1.20 [13]

Let (X,8) be a fuzzy topological space. Then the following are
equivalent.

(1) (X, d) 1s fuzzy Hausdorff

(1)  Ax = {(x,x) € X x X} is fuzzy closed in X x X.

(1)  For any two fuzzy continuous functions f, g : (Y, &) = (X, 8) the

setA={yeY/fy)=g(y)}
is fuzzy closed in the fuzzy topological space(Y, &')
(iv) If f: (Y, 8") > (X, &) is a fuzzy continuous function, then the
graph of f (ie) {(y, fly)) / y € Y} is fuzzy closed in
(YxX, &' x8)
THEOREM 1.21 [13]
a) A fuzzy subspace (A, 8,) of a fuzzy Hausdorff topological space (X, )

is fuzzy Hausdorff.

* 13



b) If {(X;, &) /1 € A} is a family of fuzzy Hausdorff topological spaces,

then their product (X, d) is also fuzzy Hausdorff.
DEFINITION : 1.22 [Rekha Srivastava] [15]

Let (X, 8) be a fuzzy topological space. Then (X, d) is called a fuzzy
T, — topological space iff for every pair of distinct fuzzy points X, yp in X,
there exist fuzzy open sets A and p in (X, 8) such that x, € A, yp ¢ p and
YBEH, Xo& N
DEFINITION : 1.23 [16]

A fuzzy topological space (X, 8) is said to be fuzzy T, if V x, y € X,
x#y, there exists p € & such that either p(x) = 1 and p(y) = 0 or p(y) = 1 and
H(x) = 0.
DEFINITION : 1.24 [16]

A fuzzy topological space (X, J) is said to be Ry if each fuzzy open set
can be written as a supremum of fuzzy closed sets.
THEOREM : 1.25

Fuzzy T,, T) and R, are productive and hereditary.
DEFINITION : 1.26

A fuzzy set p in a fuzzy topological space (X, d) is a neighbourhood of

a fuzzy set p, iff there exists an open fuzzy set A such that p; <A <p.

16



THEOREM 1.27
A fuzzy set p is open iff for each fuzzy set A contained in p, pis a

neighbourhood of A.

17
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CHAPTER 11

FUZZY TOPOLOGY REDEFINED

R.N. Hazra, S.K. Samanta and K.C. Chattopadhyay have approachzd the
concept of fuzzy topological space by introducing the concept of gradation of
openness [9]. In this chapter, fuzzy topological spaces, subspaces of fuzzy
topological spaces and gradation preserving mappings are discussed.
SECTION 2.1
NOTATIONS AND PRELIMINARIES
DEFINITI()N 1211

Let Y be a subset of X and p € 1*. For each TS 1" the extension of n
on X, denoted by py is defined by

ponyY -
Ux =
onX-Y.

R.N. Hazra, S.K. Samanta, K.C. Chattopadhyay [9] introduced
definition of fuzzy topological space as follows :
DEFINITION : 2.1.2

A fuzzy topological space (fts) is a pair (X, 1) where X is a non-empty
set and 1 :IX — I is a mapping satisfying the following properties :

01 ©w0)=t(1)=1

(02)  Ift()>0,1= 1,2, then t(p; A pp) > 0;

18



(03) Ift(y)>0,1€ A thent( v p;)>0.
ieA

Then 1 is called a gradation of openness on X or a fuzzy topology on
X.

DEFINITION : 2.1.3
Let X be a set. A mapping ¥ : I* — I, satisfying
(Cl)y 30)=3()=1
(C2) () >0, fori=1,2, then &F (1 v pz) > 0
(C3) 1) >0, fori € A, then (A 1) >0,
is called a gradation of closedness on X.
PROPOSITION : 2.1.4
Let t be a gradation of openness on X and 3, : I* — I be a mapping

defined by () = (n'). Then ¥, is a gradation of closedness on X.

PROOF
Given 7 is a gradation of openness on X and & : I* — I is defined by
(W =1n').
CLAIM : ¥, is a gradation of closedness on X.
(C1) 3O =«D=1
F(H=10)=1

(C2) Assume F(n;)>0,and F () >0

19



Then t(p;') > 0 and (uy') > 0.
Since 1 is a gradation of openness on X,

(' Ape')>0

= (i v 12)'1>0

= (i VvH)>0

(C3) If 3 (w)>0, fori e A, thent(p;') >0 forieA..

Since 1 is a gradation of openness on X, r( v pi') >0

1€A
= ‘E\:( A ui) j\ >0
ieA

= gt(./\ Hi) >0
ieA
Hence the result is proved.
PROPOSITION: 2.1.5
Let & be a gradation of closedness on X and 1 ¥ -1 be a mapping

defined by 1 5 (W) = (1'). Then1 7 1s a gradation of openness on X.

The proof is straight forward as previous proposition 2.1.4.

COROLLARY: 2.1.6

Let &F,t be gradation of closedness and openness respectively on X.

Then
Tgt =T aﬂd g“g ¢

20



PROOF

For p eI,
Ty, (W)= TFp) = (1)) =)
fg =T
and
Fey W=13W)=F(W)) =T
b Ty =
ﬁence the corollary.

REMARK :2.1.7

Let X be a set and let GO(X) (CO(X)) be the set of all gradations cf

openness (closedness) on X. From the preceding results it follows that the
mapping 1> - is a bijection of GO(X) onto CO(X), and 17— J- and 1> 15
are the inverse of each other. In view of this fact, each of the pair (X, t) ané
(X, &), where 1 (3)is a gradation of openness (closedness) on X, will be
referred to as a fuzzy topological space. Henceforth t( &), with or withou:

suffix, will be referred to as a gradation of openness (closedness).

DEFINITION : 2.1.8
Let (X,7) be a fuzzy topological space and p € IX. Then t-closure of 1,

denoted by 11, is defined by

0 =na{nel*/Fn)>0,n>p}
21



PROPOSITION : 2.1.9

(1)

(i1)

Io(n)>0

p > implies that ©> n, forall y, n € ¥,

PROPOSITION : 2.1.10

Let (X, 1) be a fuzzy topological space, then

i) 0=0
(i) p2p
(iil) By VHy =1 Vi
(iv) n=n
PROOF
From the definition 2.1.8, (i) and (i1) are obvious.
(iii) TOPROVE: p Vv, =y Vi,
MV o2 2
= BV =H (D
and
M1V 2 2 Ho
= K VH2TH2 @
Using (1) and (2)
HiVHy 211V 12 (3)



Since F«x)>0fori=1,2,  Fupiv H2)>0
But py < gy and py < 1
SHIV 2 S BV

Hence 3+( L1 vit,)>0suchthat p) v o< pyvps.

= Hi1VH2€ 11V

SORIVH22 B VY (4)

From (3) and (4)

HiVH2= 1y VI,
(iv) TOPROVE: p=p
We know that

E=a{n e */Fn)>0,n2p}

=Afne*/FMm)>0,n21}

=

= us;
But;SH.
Hence, i =H.

PROPOSITION : 2.1.11

Let (X, 1) be a fuzzy topological space. Then for each p e &)

F(W>0=p=H.

23



PROOF
The proof follows from the above results.
PROPOSITION : 2.1.12

Let {tx:K=1,2, ... , n} be a finite family of gradation of openness

n
on X. Thent= A 7y 1s a gradation of openness on X.
k=1

PROOF
Let{tx :K=1,2, ..., n} be a finite family of gradation of openness
on X.
Since each 1k is a gradation of openness,
(01) (0) =1¢(1)=1foreveryk=1,2, ... n
~10)=11)=1
(02) Lett(w)> O., fori=1,2. Then
n
k/zltk (1) >0, for1=1,2.

= u(w) >0, fori=1,2andk =12, ... n.

= (A pp) >0, fork=1,2,.....n.
n
= A% (M Ap2)>0

=  (Ap)>0

(03) If t() >0 foralli € A, then

24



n
A Ty () >0, foralli € A
k=1

= (i) >0, forie Aandk=1,2,....n

n
= Ah(Vvp)>0
k=1 i€eA

=5 (v p)>0
1€eA

Hence, t© is a gradation of openness on X.
REMARK: 2.1.13

There is a difference between fuzzy topology defined by R.N. Hazra,
S.K. Samanta, K.C. Chattopadhyay [9] and the fuzzy topology defined by
Chang [2] in the sense that arbitrary intersection of fuzzy topologies of Chang
type is again a fuzzy topology, but this is not necessarily true in this case which
is illustrated in the following example.
EXAMPLE : 2.1.14

Let X = N, the set of all natural numbers.
Define

o = Yo , where O is the set of all odd numbers.

Mg = tuds pﬂ‘= xAn,whereAn:{1,3, ...... 2n-1} foralln e N.

Clearly, for eachn € N, po, i, are fuzzy sets on X.

25



Now for each 1 € N, we define a mapping

1;: I = 1, by the rule

Ti( o) = 1
1

ri(pﬂ')ZMax{l : }

i’ 2n-1
(1) = 1, for other fuzzy sets on X.

Then for each 1 € N, 1; 1s a fuzzy topology on X.

Take 1= A 14
1eN

Then 1() =0
Since foreachn=1,3,5, ... (ug) = 1, but 1(vp,) = (o) = 0, it follows that
1 is not a fuzzy topology on X.
REMARKS : 2.1.15
If 7 is a graduation of openness on X, thensuppt={ p € X/ 1(p) > 0}
1s a Chang fuzzy topology on X.
PROOF
(01) As t1s a gradation of openness on X,
1(0)=1(1)=1
= 0,1 € supp t.

(02) Assume ; € supp 1, for1=1,2.
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Then t(p;) > 0 and .t(uz) > 0.
Since 1 is a gradation of openness on X,
(1 A p2) >0
= U A My € SUPP T.
(03) Assume y; € supp, tfori e A
Then () > 0, fori1 € A

Since 7 1s a gradation of openness on X,
(v p)>0
ieA

= V I €SuppT.
ieA

Hence supp 7 is a Chang fuzzy topology on X.
DEFINITION : 2.1.16

Let & be a Chang fuzzy topology on X. Then a gradation 1 of openness
on X is said to be compatible with  if supp 1 = 9.
PROPOSITION : 2.1.17

Let & be a Chang fuzzy topology on X. Then for each r € (0,1], there 1s
a gradation of openness 7, on X compatible with 3.
PROOF

For each r € (0,1], define a mapping

T ¥ - 1 by the rule
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w(0)=1(1)=1
() =| r, forall p(#0,1) € 6
0, elsewhere

Now,
(01) Given 1(0) =1(1) =1
(02) () =r>0and 1(p)=1r>0

S (M AR)=T>0

(03) t(u)=r>0,1€A
St Ap)=r>0
1IeA

Hence 1, is a gradation of openness on X.
Supp 1, = {p € [*/1(p) > 0}
=9d
.. 1, s compatible with .
Hence the proof.

PROPOSITION : 2.1.18
Let & be a Chang fyzzy topalogy qn X, then the set of all gradation of
openness on X compatible with 8 is equipotent to the set Igwhere Io =(0,1] and

§=5-{0,1}.
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PROOF
Let & be a Chang fuzzy topology on X.
Let fe I§. Define a mapping
10 ¥ — 1 by the rule
1(0)=1(1) =1
and t(p)= f(p),forallpe §
0, elsewhere
(01) Obviously 1(0) =1d1) =1
(02) Assume t¢(p;) > 0 and t¢(p2)> 0 for py, po € 3
= () >0 and = f(p) > 0, for py, pp € &
= (i A p2) >0, for py, po € 3
= 1 (H; A 1) >0, for py, pz € 8
(03) Assume 1¢(p;) >0, foralli €A

= f(w)>0, for all i €A and pie &
=>f(vy)>0, e 3

i€eA
=1 (Vv p)>0.

ieA

. T¢is a gradation of openness on X compatible with 3.

Now, suppose that 7 is a gradation of openness on X compatible with &.
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Define f, : & — I, such that
fi() =tlp), ped
Clearly, f, € 13

Consider Tf, (0)=1 and t¢_(1)=1

Also,
tp, (W)= fp) =(p), forall pe §
0, elsewhere

wis Tfr =T.

Similarly, it can be proved that, for f € 1§

Hence the proof.
SECTION 2.2
FUZZY SUBSPACES AND GRADATION PRESERVING MAP
PROPOSITION : 2.2.1

Let (X, 1) be a fuzzy topological space and Y < X. Define a mapping
ty:I¥ - 1 by the rule ty(p) = v{t(A) / A € T*; A]Y = p}

Then ty is a gradation of openness on Y.



PROOF

(01)

(02)

(03)

Given ty(p) =v{t(A)/ A € 5 WY =)
Clearly 1v(0)= 1y(1)=1
Assume ty(p;) > 0 and tv(p,) > 0
Then v {t(A)/ Ay € 5 MY = w1} > 0 and
v i)/ A e AY = o} >0
= v {HMA ) [ Maky € T Mar]Y = A o} > 0
= 1y {luA 2} >0
Assume ty(1;) > 0, for1 € A

Then v {t(A) / A € X, MY =p} >0, fori eA

Svi{nva) vielX, vAlY= vp}>0
ieA ieA i€A ieA

=ty (Vv p)>0
ieA

Hence 1ty is a gradation of openness on Y.

DEFINITION : 2.2.2

The fuzzy topological space (Y, ty) is called a subspace of the fuzzy

topological space (X, t) and ty is called the induced gradation of openness o1

Y from (X, 7).

Let (Y, ty) be a subspace of the fuzzy topological space (X, 1) and

uwel’. p, means that Ty — closure of .
" 'CY
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PROPOSITION : 2.2.3

Let (Y,ty) be a fuzzy subspace of the fuzzy topological space (X, 1) and
u e IV, then
() TFey W=v{FM)/nel Y=y
(1)  pwy=(EY
(1) IfZcYcXthen 1= (ty)z
PROOF
i)  Fo,® =)

vitA) /A el AlY = '}

vitd) /A e I A Y = u)

VI A e A Y = )

V{F:(m)/n el’,n|Y = p}
AT, () = VT M)/ melnY =y
(i) e, =AMel/ T ()>0n2p)
=a{nel"/ Iael’, AJY =n2p, F(») > 0}
=n{ A]Y / AeI%, g;(x) >0, A > px}
(since A > px iff A]Y > 1)
=(HJY
S, (LY

32



(iii) We have, for each p € I

(yz()  =viw(wmel ,nZ=p}

viv{t (A)/A e 1", A| Y =n} such thatn € ¥, n|Z = u]
=vi{t(A) /A e I", \|Z = p}
(SinceZc Y c X and A € I¥, WY)|Z = A]Z)
(tv)z(W) = tz(1)
Hence, 17 = (1y)z
DEFINITION : 2.2.4
Let (X, 1) and (Y, ') be two fuzzy topological space and f be a function
from X to Y. The map fis called
(1) a gradation preserving (gp-) map,
if ' () < 1(f'()), for each p € 1",
(ii)  astrongly gradation preserving (sgp-) map,
if t' (w) < t(f '(w), for each p e I,
(ii1) a weakly gradation preserving (wgp-) map,
ift' (W>0= 1(f '(n)) > 0, foreach pn e I
REMARK : 2.2.5
Clearly sgp- map = gp- map = wgp- map. However, the converse is
not necessarily true as is evident from the following example.
EXAMPLE : 2.2.6

Let X = N, the set of all natural numbers,
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Define
Lo = Xo, where O is the set of all odd numbers in N.

Ho= XA, where A, = {1, 3, ..., 2n-1}

For eachi=1, 2, define 7; : 5] by the rule

Ti( ko) = 1
1

1 1
T = Max<{ -,
() {i 2n——l}

7i(n) = 1 for all other fuzzy sets p in X.

Then (X, ;) and (X, 1,) are fuzzy topological space. The identity
mapping i : (X, 12) = (X, 1) is a wgp- map, but not a gp- map.

Therefore wgp-map 3> gp- map.
Also, ﬁle identity map,

i:(X, 1)~ (X, 12) is a gp- map, but not a sgp- map.
S, gp-map 3> sgp- map
Hence, wgp- map 3> gp- map 3> sgp- map
Hence the result.

Next, we prove that the composition of two gradation preserving maps is
again a gradation preserving. A similar result holds in case of two weakly

gradation preserving maps or two strongly gradation preserving maps.
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PROPOSITION : 2.2.7
Let (X, 1)), (Y, 12) and (Z, 13) be three fuzzy topological space and fuzzy
topological space f: X — Y and g: Y — Z be two gp(resp. sgp, wgp) maps.

Then g o f is also a gp(resp. sgp, wgp) map.

PROOF
Letf: X —> Yandg:Y — Z be two gp maps
TO PROVE :gof: X — Zis a gp map.
Take p € 1
Since g is gp map, ta(1) < (g (1))
Since f is gp map,
nE'®  <ulfE W)
=ul(fo gH(w]
=ul(go ) (W]
() < ul(g o ' (w)]
Hence g o f is gradation preserving.
The proof for the other cases, (i.¢.,) when f, g are sgp or when f, g are wgp are
similar.
PROPOSITION: 2.2.8
Let (X, 1), (Y, 1) be two fuzzy topological space and f: X - Y be a
function. Then the following are equivalent :

(1)  fisawgp- map
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(i)  f(n)<f(n), forn e I*
PROOF
Assume that f is a wgp- map.

Then, for each n e IX

f1(fm) = AR el"/TM)>0,A2fn)}]
> AT e *T () >0, ') > £
(fm))zn}
> A{pel™/F>0,p2n}
>

ie, f'(f(n))=n
So f(n) 2f(n)
Hence (1) = (11)
Now, Assume f(n) < fTZTr]—), forn e I¥
Foreach p e IV, 7' (u) >0
= g'(W)>0

—Su'=x

Since £(f (1) <f(f 7' (1)

Spl

We have f(f () <f (')
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Hence,

I W' )>0
= W) >0
= (f'(w)>0
St () >0 = (' () >0, for each p e 1Y
.. f1s a weakly gradation preserving map.
Hence (11) = (1)

~.(1) and (i1) are equivalent.
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Chapter I



CHAPTER Il

ON SEPARATION AXIOMS IN A NEWLY DEFINED
FUZZY TOPOLOGY

In this chapter, separation axioms, T,, T}, Ty, Ry and regularity concepts
introduced by Rekha Srivastava [15,16] in a newly defined fuzzy topology
[17].

SECTION 3.1
BASE SUBBASE AND PRODUCT FUZZY TOPOLOGY
DEFINITION : 3.1.1

An fuzzy topological space (X,7) is called discrete if ©(n) =,1 for every
TS I
DEFINITION : 3.1.2

Let (X, ©) be an fuzzy topological space and x € X. Then N e ¥ is
called an a-neighbourhood of x for a e (0,1) if there exists p e I* such that
T (g) >0, a< u(X)and p <N.

N is called a closed a-neighbourhoeod if in addition 3 (N) > 0.
DEFINITION : 3.1.3

A family L of closed a-neighbourhoods of x, a € (0,1) is called a local
base of closed a-neighbourhoods if for each a-neighbourhood N of x, there

exists some M € L with a < M(x) and M < N. A family S of closed -
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neighbourhoods is called a local subbase of closed a-neighbourhoods if thz
family of finite intersection of members of S forms a local base of closad
a-neighbourhoods of X.
DEFINITION : 3.1.4
Let (X, 1) be a fuzzy topological space. Then a family

B={re ¥/ 7(X) > 0} is called a base of (X, 1) iff for every u € I* with
(i) > 0 and for every x, € W, there exists A € ([§ such that x, € A < p.
THEOREM : 3.1.5

A family 3= {A € ¥/ (1) > 0} is a base of (X, 1) iff every p € I* with
7(p) > 0 can be expressed as a union of members of (§3.

PROOF

Let (B be a base of (X, 1) and () > 0 for some p € IX. Then for each

X4 € M, there exists kxaeCBsuchthatxqe Axg SH-

= V Ay =i

: a
Xq EH

Conversely, assume that every pel® such that (1)>0 can be written as a union
of members of (§. That is p = v A; for some subfamily {A;/ A € @B}.
Let x, € n. Then X, € A; for some 1.

DX €M<



Hence (@ is a base of (X, 7).

THEOREM : 3.1.6

Let B < I*, which contains 0 and 1 satisfy the following prcperty :
Forevery p, m € (B and x, € p A n there exists A, € (B such thatx, € 1, <
i A". Then any map 7 : 1 — I such that 1(0) = (l)=1landt(A)>0i1ff Aisa
union of members of ([, defines a gradation of openness on X, with (f§ as a

base.
PROOF

We first show that (X, 1) is a fuzzy topological space.
01 w0)=1u1=1

(02) Letforeachi e A, p; € I*be such that (W) > 0. By theorem 3.1.5. 1’s
are union of members of .

= v ; is also a union of members of (B
i€A

= 1vy)>0
€A

(03) Let u, n € I* such that 1(pt) > 0, ©(n) > 0. Then p and n must be unior.s

of members of B, say p= v pjandn = v n;.
€A JEA

Letx, € paAn 1



Then x4, € pand x, € M
— Xq € W; for some 1 and x, € n; for some j
= Xo € HANSHATN.
Since W, n; € B and x4 € W A M, there exists A, € B such that

Xa € Ay, SHAT. (SincepiAn;<paAn)

RAN=Va

=  UWuan)>0

Hence 7 is a gradation of openness on X. Further, (B is a base sirce,
whenever p e I* is such that t(u)>0, p is a union of members of B, by the

definition of t itself.
PROPOSITION:3.1.7

Let (B be a base on a fuzzy topological space (X, 1). Then for a fuzzy set

IX

pu e I, (n) > 0 iff for every x, € p, there exists A, € @B such that

Xq €Ay SH.

PROOF

Let 3 be a base on a fuzzy topological space (X, 1). Assume the fuzzy

set p e IX, such that () > 0.
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From the definition of (§, we get the result that for every x, € p there

exists A, € B such that x, € A, <.

Conversely, let p € ¥ be such that for every x, €y, there exists a Ax, € B

such that x, €A, <p.

Since t(Ay )>0 for every x,, and 7 is a gradation of openness on X,

©(pn) > 0.
Hence the proof.

DEFINITION : 3.1.8

A family G c ¥ of a fuzzy topological space is called a subbase of
(X, 1) iff the family B¢ of finite intersections of members of G is a base of

(X, 7).
THEOREM : 3.1.9

Let G ¥, contain 0 and 1. Let t be any map from G to I such that
1(0) = 1(1) = 1 and () > 0, for every p € G. Then the extension tg: s ]

given as follows: For each p el®
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Inf {t(p), W(p2)} if B =y A po where py, pr € G
6 (W) = Sup (W), if p= \ixki where each A; € (Bg

0, otherwise

defines a gradation of openness on X.

PROOF

Since for every 1, n € B, i A 7 itself is a member of Pg . By satiszies

the conditions of theorem : 3.1.7.

Further, 14: X — 1 satisfies the condition that 14 (1) > 0 whenever p is a unon

of members of (B and zero otherwise and also 14 (0) = 16(1) = 1.
Hence, from theorem 3.1.7

@ is a base of (X, 1¢) and so G clearly turns out to be a subbase of

X, 1g).
NOTE

The fuzzy topological space (X, t¢) described in the above theorem will

be called a fuzzy topological space generated by G.

REMARK : 3.1.10
Since any map 1 satisfying the conditions of theorem 3.1.9 gives a
gradation of openness on X, the fuzzy topology on X generated by G is not
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unique.
DEFINITION : 3.1.11

Let {(X; ©) / i € A} be a family of fuzzy topological space anc

pi : X = [[X; > Xdenote the i" projection map. Consider the family
1€A

G= {p{l(ui) / (W) >0, 1 € A}, and definet: G—> 1 by 1 (p{' (1)) = ©(;). Then
1, is called the product of 1y’s and (X, 1) is called the product of the fuzzy

topological spaces {(Xi, 1)) / 1€A}.
REMARK: 3.1.12

(1) G as defined above, and the corresponding B, shall be referred to as the

‘Standard subbase’ and the ‘standard base’ for the product fuzzy

topology.

(i)  The product fuzzy topology is unique. Further more, projections are

wgp mapping
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SECTION 3.2
HAUSDORFFNESS IN A FUZZY TOPOLOGICAL SPACE

DEFINITION : 3.2.1

A Fuzzy topological space (X, 1) is said to be Hausdorff or T, if for
every X,, yp € X, X #y, there exists disjoint p, n € ¥ with t(n) > 0, 1(n) > 0,

X, € pandyp €.
THEOREM : 3.2.2

Let (X, 1) be a fuzzy topological space (fts). Then the following

statements are equivalent :
a) (X, 1) is Hausdroff

b) Ax = {(x,x) € X x X} has positive grade of closedness in (X x X, Txxx)

where Ty, is the product fuzzy topology on X x X.

c) For any two weakly gradation preserving maps f, g from a fts (X ') to
fts (X, 1), the set A = {x le X'/ f(x')=g(x")} has positive grade of

closedness in (X', ')

d) If £: (X', 7') > (X, 1) is a weakly gradation preserving map then the
eraph G of f, that is {(x', f(x')) / x' e X'} has positive grade of
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closedness in (X' x X,‘txl XX)
PROOF
(a) = (b)
Let (X, 1) be Hausdorff
CLAIM : txx(X x X - A) > 0
Let (x,y)o € Xx X -Ax Thenx #y
Now X, and y, are distinct fuzzy points in X.
Since (X, 1) is Haudorf¥, there exist p, nel”* such that x, € pandy, € 7,
H(w) >0, t(n)>0and pAn=29¢.
Clearly, (X, y)s € L X1 And [T nVS XxX-Ax
Further, tx « x(1t x 1) = Inf{t (1), ©(n)} and hence is positive.

Therefore, for all fuzzy points (x,y), in X x X - A,, we have found a member

p x | of the standard base of tx x x such that (x,y), € pxn < Xx X - A,

By proposition 3.1.7., we have, Txxx(X ¥ X - A)>(Q

()= ()
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Let us consider the function (f, g) : (X', ’tl) - (X x X, Txxx)
given by (f, g)(xl) = (f(xl),g(xl)) for every x' € X'
Also we know,
(f, &' (uxn)=f' () Ag”'(m), forevery p,m e I" (1)
Now let p x 1 be such that 7« x(Lxn) >0
= (n)>0,1n)>0
Since f and g are wgp maps, we get
(f(w) > 0 and '(g " (n))>0
= TE'@WAg M)>0
Now using (1) we get,
t{(fg)" (rx M)} >0
Thus (£, g)" is also a wgp mapping.
Now, as A=(f, g)" A, X'-A=(f, g) ' Xx X -A)
Hence by (b), we have T'(X'-A)>0

(c)=(d)
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Consider the projection maps,
pai (X xX, 1) > (XL 1)
and  po: (X' xX, 1) > XD
Then the map fo p, : X'x X, LI (X 7).

Since composition of two wgp maps is a wgp mapping, we get f o p ; 1S wW2p

map.
Also,
(', x) e X' x X/ p(x',x)=fop, (x', %)}

= {(xl,x)eXlxX/x=f(xl)}

(', fx')) /x' e X'}
= G
Hence, using (c),
we get T xx (X' xX—G)>0
(d) = (a)
Iﬁ conciiﬁon ((i) , put Xl =X and f = identity map.
Then the set {(x', fix")/x' e X'} reduces to A,.

Therefore we have txxx (X x X - Ax) > 0

Take any two distinct fuzzy points X, and yg in X
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Then x # y and further, without any loss of generality it can be assumed that
a < B. Then (x, y)p is a fuzzy point in (X x X - Ax).
Since Tx xx (X x X - Ax) > 0, there exists a member, say p x 1 of the standarc
base of 1x,x suchthat (x,y)pe pxn <X x X - Ax
Also itisclearthat x, € p,ype nandpAan=¢
Further 1 (1) > 0 and T () > 0. For, otherwise Inf {t (1), T (n)} will be zero.
= Txxx (L X 1) > 0, a contradiction.
Thus (X, 1) 18 Hausdorff.
THEOREM 3.2.3

Let {(X;, 1) /i € A} be a family of fts. Then their product fts (X, 1) is
HausdorfT iff each (X; , 1;) is Hausdorff.
PROOF

Let (X;, 1;) be Hausdorff for every 1.

Let X, and yp be any two distinct fuzzy points in X.
Since x # y, they differ atleast in one co-ordinate, say the 1 * co-ordinate.
(1e) x#Yy;
Since (X;, 1;) is Hausdorff and (x;), and (y;)p are distinct fuzzy points in X,
there exist p; , m; € I* such that t () > 0, 7; (n;) > 0,

(X)o € Mi, (Yi)p € miand AN = ¢
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Now, consider the fuzzy sets H ju} and n jn} where uj' =X forj#1iand
W' =i n' =X forj#iandn! =,
Then it can be easily seen that
%a € [1jn5,vp € [Tnj and (JT jub) o ([T jnly-
Further t(n ju})>0 andt(l—[ jn})> 0
Hence, (X, 1) is Hausdorff,
Conversely, let (X, 1) be Hausdorff
Take any particular factor (Xi, 7)) and let any x, y € X with Xi £Y;
Then the two fuzzy points x, and yp in X such that all the co-ordinates in x and

y except the i ones are the same, and i" co-ordinates are x; and y; respectively,

are distinct.

As (X, 1) is Hausdorff, there exist i, 1 in I* such that () >0, t(n) >0,

Xa € 1L, yp € nand pAn =¢.

Now (1) >0 and x, € p

Hence there exists a member of the standard base for T, say H it
such that x, € ijj <p (1)
Similarly, there exists a membern in; in the standard base for t such that
ype []jn;<n (2)
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NOW(njHj ) A r[ in =¢, since AN =¢
Further, (x;), € w; and (yi)g € ni
CLAIM: y; Am; =0
- Suppose if p; A n; # ¢, then there exists z; €X; such that pi(z;) > 0, ni(z) > 0.
Now consider the point z € X whose i" co-ordinate is z and all the other
co-ordinates are the same as those of x ory.
By using (1) and (2)
Hi(x;) > o and n(y;) > B, 1 #]
Hence, Iy;(z) > 0 and I(n(z) > 0, contradicting the disjointness of IMy; and
[In;.
Hence u An;=¢
Next, since t;(H;,lj) > 0 and ¢(I'ln;) > 0,
we get that ty(p;) > 0 and T(n;) >0, as «(Il w) = Inf; 'l;j () and
t(In;) = Inf; 7(n)).
Thus (X; t;) is Hausdorff.
THEOREM: 3.2.4

Hausdorffness is hereditary

PROOF

Let (X, 1) be a Hausdorff fts and (Y, ty) be its subspace.
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Let X4, g be two distinct fuzzy points in Y. Consider x, and yp as two distinct
fuzzy points in X. Then there exist y, n € I*, such that x, € . v € n. 1(1)>0,
1(n) >0 and p An = ¢.

Now let py = u| Y and ny =n | Y. Then it can easily be seen that,
tv(py) > 0, tv(ny) > 0, Xa € py, yp € nyand py Any = ¢

Hence (Y, 1y) 1s HausdorfY.

DEFINITION : 3.2.5
A fuzzy topological space (X, 1) 1s said to be

1) T, if for every x, y € X, x # y there exists p € 1* such that 1(p) > 0 and
either u(x) = 1, u(y) =0 or p(x) = 0, p(y) = L.

11) R, if whenever, there exists pel® such that t(n) > 0, u(x) = 1 and
p(y)=0 then there exists n € I* with 1(n) > 0, n(y) = 1 and n(x) = 0.

i) Ty if for every x, y € X, x # y there exist y, 1 € I* such that t(p) > 0,
1(n) >0, u(x) = 1, p(y) =0 and n(x) = 0, n(y) = I.

iv)  Regular if for every a € (0,1], A € I* with () >0, x € X and
a < 1-—A(x), there exist p, | € Fwith () >0, 1(n) > 0, a < p(x), A
<nand p+n <X

THEOREM : 3.2.6

The separation properties Ty, Ro, Ty and regularity are productive and

hereditary.
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The productivity of Ty Ry, T; and regularity properties can be proved in
the framework of the above definitions on the parallel lines as in [15, 14] and
[7] respectively and hereditary properties for these axioms can be proved as it
was done earlier in the case of Hausdorffness.

THEOREM :3.2.7

In a fuzzy topological space (X, t) the following statements are
equivalent :

a) Ax, the diagonal kof X, has positive grade of closedness in (X x X, 1 x d)

where d 1s the discrete fuzzy topology on X.

b) {x}, for every x € X, has positive grade of closedness in (X, 1).
c) X, 19)1sT,
PROOF

It can be proved on the same lines as in [14].

A nice characterisation of regularity in terms of closed
a - neighbourhoods is given in this following theorem which can be proved as
Dewan Muslim Ali [8].
THEOREM :3.2.8

The following statements are equivalent in a fuzzy topological space
X, 1)

1) (X, 1) 1s regular
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1) For each x € X, o € (0,1) and p e I* with t(i) > 0 and a < p(x), there
exist | € I with 1(n) > 0 such that a <n(x) and n <.

iii) For each x € X, and a € (0,1), x has a local base of closed
a-neighbourhoods

iv)  For each x € X and a € (0,1), x has a local subbase of closzd

a-neighbourhoods.
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Summary and Conelusion



SUMMARY AND CONCLUSION

In 1992, Hazra Samanta, Chattopadhyay observed that fuzziress 1S
absent in the concept of openness of a fuzzy subset in the definition of Chang
fuzzy topology. They felt that this is a draw back in fuzzyfying the concept of
topological spaces. With this in mind, they introduced a new concept called
gradation of openness and developed the fundamental concepts of fuzzy
topological spaces.

In this thesis we have made an attempt to give a brief survey of various
developments in the study of fuzzy topological spaces through this new
concept "Gradation of openness" [3].

It i§ very interesting to redefine and investigate many concepts like base,
subbase, separation axioms, etc., [3] using gradation of openness. ~There isa
lot of scope for further research in the study of fuzzy topological spaces

through gradation of openness.
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