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INTRODUCTION 

"THE ESSENCE OF MATHEMATICS IS ITS FREEDOM" 

- George Cantor. 

In 1969, Chang introduced the concept of fuzzy topology on a set X. 

In the definition of Chang fuzzy topology, fuzziness in the concept of oenness 

of fuzzy subset is absent. Keeping this in mind Hazra, Samanta and 

Chattopadhya introduced the concept of gradation of openness of fuzzy 

subsets of X and gave a new definition ofzzy topology on X. 

The aim of this thesis is to study the concept of separation axioms in this 

new set-up as introduced by R. Srivastava [16]. Our study is based on the 

following articles. 

"Fuzzy topology redefined" by Hazra, Samanta, Chattopadhyay [9] 

"On separation axioms in a newly defmed fuzzy topology" by 

R. Srivasata [16] 

This thesis is split into three chapters. In the first chapter, fundamental 

concepts on fuzzy topological spaces, separation axioms in a fuzzy topoiDgical 

space are introduced. 

This chapter deals with the results established mainly in the following 

articles. 

"Fuzzy topological spaces" by Chang [2] 

"Fuzzy topological spaces and fuzzy compactness" by Lowen [1 1] 
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(3) "Fuzzy Hausdorff topological spaces" R. Srivastava, S.N. Lal and 

A.K. Srivastava [13] 

The second chapter is devoted to the study of fuzzy topological spaces, 

subspaces of fuzzy topological spaces and fuzzy continuous mappings through 

the concept of gradation of openness. 

The results presented in this chapter are contained in the article "Fuzzy 

topology redefined" [9]. 

By a gradation of openness 'r on a set X, we mean a map t : I -p I 

satisfying the following conditions: 

t(o)t(1)l 

t (p.) > 0, i =1,2 = t (9192) >0 

(pi)> 0, i EA = r( v p1 )>0 
iE1 

With every gradation t, a Chang fuzzy topology ö is associated as follows: 

ö= {p/t(p)>0}. 

The concept of gradation of closedness is also introduced. A simple 

relation between these two concepts is established. The closure of a fuzzy set 

is obtained in terms of gradation of closedness. It is proved that the 

intersection of a finite family of gradation of openness is again a gradatior. of 
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openness. It is shown that arbitrary intersection of gradation of openness need 

not be a gradation of openness by constructing an interesting example. 

With every Chang fuzzy topology 6 a collection of gradation of 

openness t is constructed. 

Let (X, t) be a fuzzy topological space and Yc: X. The mapping 

Ty: I'' -> I defined by 

ty (.t) = v} 'r(2) / X e  JX; X I y t} is a gradation of openness on Y. 

The fuzzy topological space (Y, ty) is called a subspace of the fuzzy 

topological space (X, t) and ty is called the induced gradation of openness on 

Y from (X, t). 

The author has obtained a relation between the closure of a fuzzy set in 

(X, 'r) and its closure in the subspace (Y, 'ty). 

Let (X, z) and (Y, t') be two fts and f be a function from X into V. The 

map f is called 

a gradation preserving (gp-) map, if 

:!~ 'r (f'(t)), for each t E 

a strongly gradation preserving (sgp -) map if 

= t (f'(j.t)), for each j..t e I''. 
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(iii) a weakly gradation preserving(wgp -) map if 

t (ji)> 0 => t (f (ji))> 0, for each i € i Y 

The author has constructed an example to show that weakly gradation 

preserving map need not be a gradation preserving map and gradation 

preserving map need not be a strongly gradation preserving map. 

The third chapter is devoted to the study of separation axioms through 

gradation of openness. Starting with the fuzzy topology in terms of gradation 

of openness the concept of base, subbase, product etc. are defined. The 

separation axioms T0, R0, T1 , T2  and regularity are introduced and the following 

results are proved. 

(1) Let (X, t) be a fts. Then the following statements are equivalent: 

(X, t) is Hausdorif 

Ax = {(x,x) e X x X} has positive grade of closedness in 

(X x X, 'Ex  x x) where 'tX x  x is the product fuzzy topology on 

XxX. 

For any two weakly gradation preserving maps f, g from a fts 

(X', t')  to fts (X,t), the set A = {x' E X' / f(x') = g(x5} has 

positive grade of closedness in (X', 'r') 

1ff: (X', 't') —> (X, 't) is a weakly gradation preserving  map then 

the graph G of f, that is {(x', f(x')) I x1  € X'} has positive grade 

of closedness in (X xX, tx , ) 

El 



Let 'ti) / i e A be a family of fts. Then their product fts 'X t) is 

Hausdorff iff each (X1 t1) is Hausdorff. 

Hausdorffness is a hereditary property 

The separation properties T0, R0, T1  and regularity are productive and 

hereditary. 

5 
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REVIEW OF LiTERATURE 

Now we present abstracts of some important papers on fuzzy gradation 

of openness published by K.C. Chattopadhyay, R.N. Hazra, S.K. Samanta. 

Gradation of openness : "Fuzzy topology" by K.C. Chattopadhyay, 

R.N. Hazra, S.K.Samanta [31 

In [2], the authors have given a new definition of fuzzy topology by 

introducing a concept of gradation of openness of fuzzy subsets. In order to 

make the concept more appropriate, the authors modify the definition of 

gradation function and then study subspace of fuzzy topological spaces, 

gradation preserving maps and categoly of fuzzy topological spaces and 

gradation preserving maps. 

"Fuzzy topology : Fuzzy closure operator, fuzzy compactness and 

fuzzy connectedness" by K.CChattopadhyay, S.K.Samanta [4] 

In this paper, definitions of fuzzy closure operator, fuzzy compactness 

and fuzzy connectedness are given in a redefined fuzzy topological space and 

then some characteristic properties of fuzzy closure operator, product theorems 

of fuzzy compactness, invariance of fuzzy compactness and fuzzy 

connectedness under gradation preserving maps and invariance of fuzzy 

connectedness under the fuzzy closure operator are studied. 

Now we present abstracts of some important papers on fuzzy separation 

axioms published by R. Srivastava, A.K. Srivastava, A. Kandil, 



Dewan Muslim All, D.R. Cutler, I.L. Reilly, Ali Ahmad Fora 

"On fuzzy Hausdorffness concepts" by R. Srivastava, 

A.K. Srivastava, (1985) [14] 

In this paper, the authors compare several existing definitions of fuzzy 

Hausdorffness with their definitions. 

"On separation axioms in fuzzy topological spaces" by A.Kanc.11, 

(1987) [10] 

The author uses the concept of fuzzy points and Q-relations introduced 

by P.M.Pu and Y.M.Liu [12]. In this paper, some separation axioms for 

fuzzy topological spaces, all of which are a natural generalization of 

T1(i = 0,1,2,3,4) in topological spaces are studied. The author generalizes 

many theorems concerning separation axioms for topological spaces. 

"Some weaker separation axioms in fuzzy topological spaces" y 

Dewan Muslim All, (1988) [6] 

In this paper, the author gives an elementary discussion of the 

counterparts of some separation axioms, such as R0, R1, To, T1  and regularily, 

in the setting of fuzzy topological spaces. In the literature on fuzzy topo1oy, 

some related research, for example on the investigation of T2, is already rather 

in-depth. Nevertheless the discussion on R0  and R1  seems to be new. 

"A comparison of some Hausdorif notions in fuzzy topological 

space" by D.R. Cutler, I.L. Reilly, (1990) [5] 

7 



There exist several equivalent definitions of Hausdorif topoLogical 

space. Their fuzzification leads to different definitions of a fuzzy Hausdorif 

space. In the paper under review the authors analyse 12 such definitirs and 

find out when one is a corollary of the other and when it is not. In this 

connection some interesting counter examples are provided. 

7. "Separation axioms, subspaces and product spaces in fuzzy 

topology" by Ali Ahmad Fora, (1990) [II 

The author introduces some fuzzy separation axioms and study their 

hereditary and productive properties. Further they establish the relation 

between spaces having the fixed point property and fuzzy connected space. 
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CHAPTER 1 
PRELIMINARY DEFINITIONS AND RESULTS 

1)EFINITION: 1.1 

Let X be an arbitrary non-empty set. Let I = [0,1]. A fuzzy set En X is a 

mapping from X into I (i.e.) a fuzzy set is an element of l.  For any two fuzzy 

sets , X in X, 

2t(x)=X(x), for all xE X. 

ji(x):!~X(x), for all x e X. 

The union t v X and the intersection li A ), are defined respectively by 

(p. v X) (x) = Max {p.(x), X(x)}, for all xEX. 

and 

(p. A X) (x) = Min{p.(x), X(x)}, for all x€X. 

The complement p.' of a fuzzy set p. is defined by p.'(x) = 1 - 

for all x eX. For a family {p.j}IEA  of fuzzy sets, the union v p.j  and the 
IEL 

intersection A p.1  are defined respectively by 
i€L 

v p.1 (x) = Sup {p.j(x)}, for all x E X 
iEA ieA 

and 

A p. (x) = Inf {p.j(x)}, for all x € X. 
lEtS 

DEFINITION: 1.2 

A fuzzy set ais said to be constant if for all x € X, a(x) = a. 

9 



DEFINITION: 1.3 

Let X and Y be any two non-empty sets. Let 0 be a function from X to 

Y and X be a fuzzy set in Y. Then the inverse of X under 0 written as 0 1 (X) is 

the fuzzy set in X defined by 

0'(X) (x) = X (0(x)), for x E X 

For every fuzzy set jt in X, the image of t under 0, written as 0(i) is the fuzzy 

set defined by 

O(ji) (y) = Sup i(z), if 0'(y) is not empty 

zeO (y) 

=0, otherwise. 

DEFINITION: 1.4 

An ordinary subset A of X can be considered as a fuzzy set by 

identifying it with its characteristic function such fuzzy sets are called crisp 

sets. 

DEFINITION: 1.5 

The crisp sets conesponding to 4 and X are denoted by 0 and 1. That is 

X O =O and Xx  1. 

DEFINITION: 1.6 

Let g : X --> [0,1] beafuzzy et. Then the support ofp is {x/p.(x) >C'}. 

10 



DEFINITION: 1. 7 

Let X be a non-empty set. Then a fuzzy point denoted by x., is defined 

as a fuzzy set in X which takes value a e (0.1) at x and 0, elsewhere. x and a 

are respectively called the support and value of the fuzzy point x. Fuzzy 

points with distinct supports are called distinct. 

Let ji E l. Then x is said to belong to i if a < p.(x) and denoted by 

X1E P. 

PROPOSITION: 1.8 

Let {ji, / ie A} c I>'. Then x<  € v 1ff x, e jj, for some i E A. 
lEA 

PROOF 

Assume x E j, for some i € A 

Then a < p.(x), for some i E A 

= a< V 
iEA 

= XE Vt 
iEA 

Conversely, assume x<  E v 
lEA 

Then a< v 
iEA 

a < x), for some i E A 

X, € j, for some i E A 

Hence the result. 

11 



DEFINITION: 1.9 fC'hangJ /2/ 

A fuzzy topology Chang is a family 6 of fuzzy sets in X which 

satisfies the following conditions: 

O,1E6 

Ifp,XE6then1AJie6 

lfi E 6foreach1 E Athen v E 6 
iEL 

6 is called a fuzzy topology for X and the pair (X, 6) is called a fuzzy 

topological space. Every member of 6 is called a 6-open fuzzy set. 

DEFINITION: 1.10 

A fuzzy set is 6-closed if its complement is 6-open. 

DEFINITION: 1.11 fLowenJ 111/ 

6 1X  is a fuzzy topology [Lowen] on X if 

Every constant function a belongs to 6 

II,XE6LA)E6. 

(Jij)j€  A € 6 Sup 6 
JEL 

The fuzzy sets in 6 are called open fuzzy sets and the pair (X,6) is called a 

fuzzy topological space. 

12 



DEFINITION: 1.12/21 

A function 0 from a fuzzy topological space (X, ö) to a fuzzy 

topological space (Y,31 ) is fuzzy continuous if the inverse of each ö' - open 

fuzzy set is 5-open. 

I)EFINITION: 1.13 

The closure and interior of a fuzzy set t e Ix  are defined respectively 

as 

Cli=Inf{X/X~!t,A'e ö} 

lntt=Sup{X/X:~p., XE } 

NOTE 

Cl p. is the smallest closed fuzzy set larger than p. and Int p. is the largest 

open fuzzy set smaller than p.. 

DEFINITION: 1.14/11/ 

An operator p: 1X  is a fuzzy closure operator iff 

p(a) = a, for every u constant 

p(p.)~!p,  for every  j.te IX 

p(p.) v p(X) = p(p. v X), for every p., X E 

(p((:)(p.)) = (p(p.), for every p. € i> . 

13 



DEFINITION: 1.15 /11/ 

Let (X 6) be a fuzzy topological space. A subset cy ci 6 is a base for 6 

if for every ji e 6, there exists a collection (j..t) ci G  such that ji = Sup ji. 
jEL 

DEFINITION: 1.16 

Let (X, 6) be a fuzzy topological space. A subset o ci 6 is a subbase 

for 6 if the family of finite infima of members of is a base for 6. 

DEFINITION: 1.17 

Let (X, 6) be a fuzzy topological space and Yci X. Then the farn:Iy öy 

defined by 

6y={!Y/j.te 6}, 

where jilY denotes the restriction of the function t to the set Y, is a fuzzy 

topology for Y called the relative fuzzy topology of 6 to V. The fuzzy 

topological space (Y, 6y)  is called a subspace of (X,6). 

DEFINITION: 1.18 

Let {(X., 6)/ a e A) be a family of fuzzy topological spaces. 

Let X 
= fl X be the usual product set and let p be the projection from X 

QLE 

onto Xa. Let t e 8, The p 1  (p) is a fuzzy set in X. The family of fuzzy sets 

a = {p 1 Qi)I ji e a e A) will be a subbase for a topology 6 on X, zalled 

14 



the product topology on X. The pair (X, 6) is called the product fuzzy 

topological space. 

1)EFJNITION: 1.19 (Rekha Srivastava) f131 

A fuzzy topological space (X, 6) is said to be fuzzy Hausdorif if for any 

two distinct fuzzy points xa, yp in X, there exist disjoint fuzzy sets X, t E 6 

with x e X and yjj  E  p. 

THEOREM 1.20 1131 

Let (X,6) be a fuzzy topological space. Then the following are 

equivalent. 

(X, 6) is fuzzy Hausdorif 

AX  = {(x,x) (=- X x X} is fuzzy closed in XxX. 

For any two fuzzy continuous functions f, g: (Y, 65 -)- (X, 6) the 

setA{y € Y/f(y)g(y)} 

is fuzzy closed in the fuzzy topological space(Y, &) 

If f: (Y, &) - (X, 6) is a fuzzy continuous function, then the 

graph of f' (i.e.) {(y, f(y)) / y € Y} is fuzzy closed in 

(YxX, 6' x6) 

THEOREM 1.21 [13/ 

a) A fuzzy subspace (A, 6A)  of a fuzzy Hausdorif topological space (X, 6) 

is fuzzy Hausdorif. 

15 



b) If (X1, ) / i € A} is a family of fuzzy Hausdorif topological saces, 

then their product (X, 6) is also fuzzy Hausdorff. 

DEFINITION: 1.22 fRekha SrivastavaJ 1151 

Let (X, 6) be a fuzzy topological space. Then (X, 6) is called a fuzzy 

T3  - topological space 1ff for every pair of distinct fuzzy points x< , yD  in X, 

there exist fuzzy open sets X and t in (X, 6) such that x<  E X, yp e ji and 

DEFINITION: 1.23 116/ 

A fuzzy topological space (X, 6) is said to be fuzzy T0  if V x, y e X, 

x#y, there exists t E 6 such that either p.(x) = I and ji(y) = 0 or i(y) = 1 and 

= 0. 

DEFINITION: 1.24 1161 

A fuzzy topological space (X, 6) is said to be Ro if each fuzzy open set 

can be written as a supremum of fuzzy closed sets. 

THEOREM: 1.25 

Fuzzy T0, T1  and P.0  are productive and hereditary. 

DEFINITION: 1.26 

A fuzzy set i in a fuzzy topological space (X, 6) is a neighbourhood of 

a fuzzy set ji if there exists an open fuzzy set X such that <X < p.. 

16 



THEOREM 1.27 

A fuzzy set p. is open if for each fuzzy set X contained in p., p. is a 

neighbourhood of X. 

17 
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CHAPTER II 

FUZZY TOPOLOGY REDEFINED 

R.N. Hazra, S.K. Samanta and K.C. Chattopadhyay have approached the 

concept of fuzzy topological space by introducing the concept of gradatioi of 

openness [9]. In this chapter, fuzzy topological spaces, subspaces of fuzzy 

topological spaces and gradation preserving mappings are discussed. 

SECTION 2.1 

NOTA TIONS AND PREL IMINA RIES 

Dff!NJT!ON: 2.1.1 

Let Y be a subset of X and j.t E l>. For each p. E I'' the extension of p. 

on X, denoted by p.x  is defined by 

Ip.on y 
Ax 

'OonX — Y. 

R.N. Hazra, S.K. Samanta, K.C. Chattopadhyay [9] introduced 

definition of fuzzy topological space as follows: 

DEFINITION: 2.1.2 

A fuzzy topological space (fts) is a pair (X, t) where X is a non-empty 

set and t :IX -* I is a mapping satisfying the following properties: 

't(0) = t(1) = 1; 

If t(p.j) > 0, i = 1,2, then t(p.1 A p.)>  0; 

II1 



(03) Ift(ji)>0,i eA, then t( v 
IEA 

Then t is called a gradation of openness on X or a fuzzy topology on 

X. 

DEFINITION: 2.1.3 

Let X be a set. A mapping 37  : I <  -> I, satisfying 

(Cl) (0)=(1)=l 

(C2) 1f(i) > 0, for i = 1, 2, then v 0> 0 

(0) If(.i)> 0, for i E A, then ( A !.t)> 0, 
lEA 

is called a gradation of closedness on X. 

PROPOSITION: 2.1.4 

Let t be a gradation of openness on X and 57, : x  -* I be a mapping 

defmed by t(g) = t(p.'). Then 37, is a gradation of closedness on X. 

PROOF 

Given t is a gradation of openness on X and cT, : x  -3 I is defined by 

3 (jt) = 

CLAIM: is a gradation of closedness on X. 

(Cl) (0) = t(l) = 1 

(1)=t(0)= 1 

(C2) Assume (')> 0, and t(.2)> 0 
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Then tØ.i1 5> 0 and t(P.2')> 0. 

Since t is a gradation of openness on X, 

I I 
AP.2)>O 

=> t[Qi, V P.2)1] > 0 

(i V  P.2)> 0 

(0) If 37, (P.i)>  0, for i € A, then t(P.j'  ) >0 for i€A.. 

Since t is a gradation of openness on X, 
( 
-Cv 

I 
>0 

E 1t  

[(A P.)l>0 
[iet 

j 

P.>° (
iE
A 

A I 

Hence the result is proved. 

PROPOSITION: 2.1.5 

Let 3 be a gradation of closedness on X and t : I +I be a mapping 

defined by t (P.) = (P.'). Then 'r a  is a gradation of openness on X. 

The proof is straight forward as previous proposition 2.1.4. 

COROLLARY: 2.1.6 

Let t be gradation of closedness and openness respectively on X. 

Then 

= . and 

RE 



PROOF 

For i EIX 

tt () = a(t) = t((t' )') = 

t 
c_fl t  

and 

(ji) = t (ji') t' ) ) = 

Hence the corollary. 

REMARK :2.1.7 

Let X be a set and let GO(X) (CO(X)) be the set of all gradations cf 

openness (closedness) on X. From the preceding results it follows that the 

mapping t-* is a bijection of GO(X) onto CO(X), and t-* and t-* t 

are the inverse of each other. In view of this fact, each of the pair (X, t) anti 

(X, ), where t ()is a gradation of openness (closedness) on X, will be 

referred to as a fuzzy topological space. Henceforth 'r( ), with or withou: 

suffix, will be referred to as a gradation of openness (closedness). 

DEFINITION: 2.1.8 

Let (X,t) be a fuzzy topological space and j.t E I Then t-closure of u, 

denoted by , is defmed by 

21 



PROPOSITION: 2.1.9 

(i) (jiiL)>0 

(ii) i > Tj implies that ji ~ for all i, r € I>. 

PROPOSITION: 2.1.10 

Let (X, t) be a fuzzy topological space, then 

0=0 

ii>i 

V p 2  = vgi2 

it 

PROOF 

From the definition 2.1.8, (i) and (ii) are obvious. 

(iii) TOPROVE: 91  vji=t1vt2 

L1 V Jt2 > 

(1) 

and 

ll V 92 ~! jL2 

= 91v 92 =2 (2) 

Usmg(1) and 

9Iv92 ~1v92 (3) 

22 



Since 1(iI)>Ofori1,2, jiii 1 vi[ 2)>O 

But p j 1  and j12 !~ i2 

IJ.IV J2 :!~ P I V 2 

Hence t(!itI VJI 2)>  0 such that jtj V 92 :~ t I VL2 

= 1Vt2E j.L1Vt2 

... i1Ivji12~!P.IvP.2 (4) 

From (3) and (4) 

i::ivi2= 1 

(iv) TOPROVE:ji 

We know that 

ii = A 1 71 €IX /(l)>0>P.} 

A{lEIX / t(1l)>0,1l~t} 

But; < jii. 

Hence,; 

PROPOSITION: 2.1.11 

Let (X, t) be a fuzzy topological space. Then for each p. E 

>0 p. = ji:. 

23 



PROOF 

The proof follows from the above results. 

PROPOSITION: 2.1.12 

Let {tK: K = 1, 2.........., n} be a finite family of gradation of openness 

on X. Then t = k is a gradation of openness on X. 
k l   

PROOF 

Let {tK : K = 1, 2...........n} be a finite family of gradation of openness 

on X. 

Since each tK is a gradation of openness, 

(0 1) tK(0)tK(l) = I for everyk = 1,2,... n 

T(0) = t(I) = 

Let tQ.t1)> 0, for i = 1,2. Then 

k 
0, for i = 1,2. 

k=l   

=:> tk(JJ.I)>O, for i=1,2andk=1,2. ...... n. 

=:> tk(JtI A j.0> 0, fork = 1,2.......n. 

Ift()>0 for a11i E A, then 

24 



k 
e A 

k=I   

> tQi)> 0, for i e A and k = l,2  ...... n 

=; t( v t1 )> 0, for k = 1,2. n 
ieA 

Atk(Vj)>O 
k=1 iEL 

iEA 

Hence, t is a gradation of openness on X. 

REMARK: 2.1.13 

There is a difference between fuzzy topology defined by R.N. Hazra, 

S.K. Samanta, K.C. Chattopadhyay [9] and the fuzzy topology defined by 

Chang [2] in the sense that arbitrary intersection of fuzzy topologies of Chang 

type is again a fuzzy topology, but this is not necessarily true in this case which 

is illustrated in the following example. 

EXAMPLE: 2.1.14 

Let X = N, the set of all natural numbers. 

Define 

PO = Xo , where 0 is the set of all odd numbers. 

* 

J.tnX{n},ltn —XA,whereAfl—{l,3. ...... 2n-l} for all neN. 

Clearly, for each n e N, t0, p, are fuzzy sets on X. 
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Now for each i N, we define a mapping 

—> I, by the rule 

= - 

= Max 
f i 

._I I 2n— 

= I, for other fuzzy sets on X. 

Then for each i E N, is a fuzzy topology on X. 

Take t = A t1  
icN 

Then t(ji0) = 0 

Since for each n = 1, 3, 5. ..... 't(t) = 1, but t(v) = 0, it follows that 

t is not a fuzzy topology on X. 

REMARKS: 2.1.15 

If't is a graduation of openness on X, then supp t = ( i E I! 'r(i) >0) 

is a Chang fuzzy topology on X. 

PROOF 

(0 1) As 't is a gradation of openness on X, 

t(0)=t(1)= I 

:.0,lesuppt. 

(02) Assume j  c supp t, for i = 1,2. 
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Then t(ii)> 0 and t(J.t2)> 0. 

Since i is a gradation of openness on X, 

A p2)>  0 

t1 A l2 E 5Uj t. 

(03) Assume e supp, t for i e A 

Then t(ji> 0, for i E A 

Since t is a gradation of openness on X, 

t(v p.)>0 
1€L 

=> vJJ.E supp t. 
leA 

Hence supp t is a Chang fuzzy topology on X. 

DEFINITION: 2.1.16 

Let 6 be a Chang fuzzy topology on X. Then a gradation t of openness 

on X is said to be compatible with 6 if supp t = 6. 

PROPOSITION: 2.1.17 

Let 6 be a Chang fuzzy topology on X. Then for each r e (0,1], there is 

a gradation of openness 'r on X compatible with 6. 

PROOF 

For each r € (0,1], define a mapping 

tr. 
 I 

—). I by the rule 

27 



tr(0)=tr(1)= I 

tr(t) r, for all t (#0,1) e 

0, elsewhere 

Now, 

Given tr(0) = '41) = I 

Tr(i)>0andtr(I.12)1>0 

..Tr (lAL2)r>O 

t(.i1) = r> 0, i E A 

..tr(AI.11)r>0 
ieA 

Hence 'ti- is a gradation of openness on X. 

Supp 'Cr  = E IX/ tr( l)> 0) 

tr  is compatible with 8. 

Hence the proof. 

PROPOSITION: 2.1.18 

Let 6 be a Chaii fwzy tppojQy qr >, tn the set of  all gr4ion of 

opermess on X compatible with ö is equipotent to the set Iwhere lo = (0,1] and 



PROOF 

Let 6 be a Chang fuzzy topology on X. 

Let fE I. Defme a mapping 

tf: 1 -* I by the nile 

t(0)=tj(l)= 1 

and t(jt) = f(i), for all t € ö 

0, elsewhere 

Obviously 't j(0) = = I 

Assume tfQil)> 0 and tf(p2)> 0 for -2 € 

=> f(ji1) >0 and g92)> 0, for j, jt 

= f(jt1 At2)>0, for ti,.12 € 

=:> tf(Jt1 A 92) >0, for 91, 92 € 

Assume 'rf(L) >0, for all i eA 

=> fQi)>O, for a11i€A and tje 

v i)>O,ji€ 
1E 

tf( v 
i€A 

tf is a gradation of openness on X compatible with & 

Now, suppose that 'r is a gradation of openness on X compatible with 5. 
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Define f : 8 -+ lo such that 

fQj.) = t('4, Ji E 6 

Clearly, f  e I 

Consider i (0) = 1 and t (1) = I 

Also, 

tr (hi) =

f0( 

Q.t) t( t), for all t E 6 

, elsewhere 

Similarly, it can be proved that, for f E 1 

Hence the proof. 

SECTION 2.2 

FUZZY SUBSPA CES A ND GRI DA TION PRESER VING MA P 

PROPOSITION: 2.2.1 

Let (X, t) be a fuzzy topological space and Y X. Define a mapping 

-* I by the rule ty(p.) = v{t(A) I X E I ?Y = 

Then uy is a gradation of openness on Y. 
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PROOF 

Given ty(L) = v{t(X) / X E 
1X; 

?IY = 

Clearly ty(0) = ty(l) = 1 

Assume ty(pi)> 0 and 'ty(Ji2) > 0 

Then v {t(X i )I X1  E I X y = > 0 and 

v {t(X2) / X2 € 
1X y 

= t2} > 0 

=> v {t(XIAX2)/X1AX2 E i; k l Ak2ly 11A >0 

ty 111A J12} > 0 

Assume ty(ij)> 0, for i € A 

Then v {t(X) / X e 1X  21Y = i} > 0, for i €A 

=v{t(v ?)/ v v ?Y= v 
lEA iEA IEA lEA 

=ty( v 
i€A 

Hence ty is a gradation of openness on Y. 

DEFINITION: 2.2.2 

The fuzzy topological space (Y, ty) is called a subspace of the fuzzy 

topological space (X, t) and ty is called the induced gradation of openness Xl 

Yfrom(Xt). 

Let (Y, ty) be a subspace of the fuzzy topological space (X, t) and 

€ means that ty - closure of p.. 
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PROPOSITION: 2.2.3 

Let (Y,'cy) be a fuzzy subspace of the fuzzy topological space (X, t)and 

E I'', then 

ty () = v{t(1) / fl E 
I 

11Y t} 

(ii) iity(ji[ x)IY 

IfZ c Y c X then t (ty)z 

PROOF 

371 N,
(II) = 

= v(t(X)/? EIX,  XJY = t'} 

= vt(X) / X' E I X1Y = t} 

= v{(X')/X' EIxXhIYL} 

= 

= v{(l)/ lEIX,n jY= L} 

=A{1 E IX/ ()>o,i ~) 

= At  Tj 
 € 1X jy = t,(X)> O} 

XIY I X€ 1X (X)> 0, X > l-'x} 

(since A ~: Jx if AIY i) 

=(iii)I Y 
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(iii) We have, for each i' E l 

(ty)z(L) = v{ty(0/1 E  I, ii IZ = t} 

= v[v(t (X)/x e l,  Xi Y = ii) such that 11 € I, iZ t} 

= v{t (X) /X e I'', XIZ = p} 

(Since Z c Y c X and X € I (XIY)IZ = XjZ) 

(ty)(i) = tz(p) 

Hence, 't7 = (ty)z 

DEFINITION: 2.2.4 

Let (X, t) and (Y, t' ) be two fuzzy topological space and f be a function 

from X to Y. The map f is called 

a gradation preserving (gp-) map, 

if t' (p.) ::~ c(f 1(p)), for each p. E I, 

a strongly gradation preserving (sgp-) map, 

if t' (p.) :!~ c(f'(p.)), for each p. € i'', 

a weakly gradation preserving (wgp-) map, 

if t'  (p.)>O t(f'(p.)) > 0, for each p. €  ly  

REMARK: 2.2.5 

Clearly sgp- map gp- map => wgp- map. However, the converse is 

not necessarily true as is evident from the following example. 

EXAMPLE: 2.2.6 

Let X = N, the set of all natural numbers, 
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Define 

po = Xo, where 0 is the set of all odd numbers in N. 

XA ,whereA {1, 3,..., 2n-l} 

For each i = 1, 2, define t1 : x  -+ I by the rule 

= Maxfl,_1 I 

 [ 2n—1 

= 1 for all other fuzzy sets j.i in X. 

Then (X, r) and (X, t2) are fuzzy topological space. The identity 

mapping i : (X, '12) -* (X, '11) is a wgp- map, but not a gp- map. 

Therefore wgp-map gp- map. 

Also, the identity map, 

i : (X, TO - (X, TO  is a gp- map, but not a sgp- map. 

gp-map 4> sgp- map 

Hence, wgp- map # gp- map V sgp- map 

Hence the result. 

Next, we prove that the composition of two gradation preserving map; is 

again a gradation preserving. A similar result holds in case of two weakly 

gradation preserving maps or two strongly gradation preserving maps. 



PROPOSITION: 2.2.7 

Let (X, t1), (Y, 12) and (Z, t)  be three fuzzy topological space and fuzzy 

topological space f: X - Y and g: Y -* Z be two gp(resp. sgp, wgp) maps. 

Then g o f is also a gp(resp. sgp, wgp) map. 

PROOF 

Let f: X —* Y and g: Y—* Zbe two gp maps 

TO PRO VE:gof: X —*Zisagpmap. 

Take t E I" 

Since g is gp map, t3(9) :!~ t2(9 1 (t)) 

Since f is gp map, 

t2(g(t) ~ 

= t i[(f'o g')(j.t)] 

= ti[(g 0 

Yt3(JJ.) :!~ r[(g o 

Hence g o f is gradation preserving. 

The proof for the other cases, (i.e.,) when f, g are sgp or when f, g are wgp are 

similar. 

PROPOSITION: 2.2.8 

Let (X, t), (Y, t') be two fuzzy topological space and f: X -> Y be a 

function. Then the following are equivalent: 

(i) fisawgp- map 

Obi 



f(r1)!~f(i1), for Tj E 
I 

PROOF 

Assume that f is a wgp- map. 

Then, for each r e 

f 1 (f(r1)) f'[A(A. € l'' I (X)>0, X ~! f(i1))} 

A f'(X) E 1X1 (f 1(X)) >0, f'(X) ~! f 

'(f01)Pr } 

i.e., f'(f(1)) > r 

So f(q) ~:f( ii) 

Hence (i) =: (ii) 

Now, Assume f(1 f(ri),  for r E  IX  

For each e 1Y 1 (p)> 0 

=, 57r,Q.t1)>  0 

= 
I 

Since  

:!~J-tl  

We have f(f'(j.1)) ~f'(t')) 
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Hence, 

37'(f )) >0 

> 0 

= 

t '  (p.)> 0 => t(f'(p.))> 0, for each p. e I' 

f is a weakly gradation preserving map. 

Hence (ii) => (i) 

(i) and (ii) are equivalent. 
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CHAPTER III 

ON SEPARA TION AXIOMS IN A NE WL }T  DEFINED 
FUZZY TOPOLOGY 

In this chapter, separation axioms, T2, T1, To, R0  and regularity concepts 

introduced by Rekha Srivastava [15,16] in a newly defmed fuzzy topology 

[17]. 

SECTION 3.1 

BASE SUBBASE AND PRODUCT FUZZY TOPOLOGY 

DEFINITION: 3.1.1 

An fuzzy topological space (X,z) is called discrete if 'r(ji) = , 1 for every 

1 € I. 
 

DEFINITION: 3.1.2 

Let (X, t) be an fuzzy topological space and x € X. Then N € I is 

called an a-neighbourhood of x for a E (0,1) if there exists t € i <  such that 

't (p.)> 0, a< p.(X)and p. :!~ N. 

N is called a closed a-neighbourhood if in addition (N)> 0. 

DEFINITION: 3.1.3 

A family L of closed a-neighbourhoods of x, a e (0,1) is called a local 

base of closed a-neighbourhoods if for each a-neighbourhood N of x, there 

exists some M € L with a < M(x) and M :!~ N. A family S of closed a- 
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neighbourhoods is called a local subbase of closed a-neighbourhoods if rh 

family of finite intersection of members of S forms a local base of closed 

a-neighbourhoods of X. 

DEFINITION: 3.1.4 

Let (X, t) be a fuzzy topological space. Then a fani1y 

(13 
= {2. E 1X / t(X) > O} is called a base of (X, i) if for every t E lX with 

t(p) > 0 and for every Xa  € , there exists X € B such that € X :!~ ji. 

THEOREM: 3.1.5 

A family (13= {A. (=- 
1X1 t(X)> O} is a base of (X, t) if every t € i with 

t(i)> 0 can be expressed as a union of members of B. 

PROOF 

Let (13 be a base of (X, r) and tQj.)> 0 for some i € I. Then for each 

Xa € j.i, there exists € (13 such that x € :~ p.. 

v 

Conversely, assume that every JIE I such that tQ4>0 can be written as a union 

of members of (13. That is p. = v X for some subfamily (X. / X4  € (J3}. 

Let xc, e p.. Then Xa  € X. for some i. 

E?p. 



Hence (13 is a base of(X, 'r). 

THEOREM: 3.1.6 

Let (13 c I,  which contains 0 and I satisfy the following prcperty 

Foreveryt, il e(13 and x(1 E 1A1] there exists XE (B such that xae xa  

.LA1. Thenanymapt:IX),1  such  thatt(0)=t(1)=1andt(X)>0iftXisa 

union of members of (13, defines a gradation of openness on X, with (13 as a 

base. 

PROOF 

We first show that (X, t) is a fuzzy topological space. 

t(0)=t(1)=1 

Let for each i E A, 1.1i  E IXbe such that 'cQ.xj)>O. By theorem 3.1.5. j.i's 

are union of members of (13. 

v gi is also a union of members of(13 
iEA 

=: 
iEL\ 

Let i, r e I>  such that t(.i) > 0, t(ri)> 0. Then t and i  must be uniots 

of members of(13, say i = V and r = v r1. 
lEA jEA 

Letx.1  e 1A1 
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Then x € t and x1  €  Tj 

= x, € p1  for sornei and x1.€ Tjj  for somej 

Xa€A1j:!~tA 11. 

Since , E (13 and Xa € A T, there exists A. € (13 such that 

(SinceJtAq1<LAr) 

tAT=V 

t(1Ar)>O 

Hence t is a gradation of openness on X. Further, (I3 is a base sitce, 

whenever t € I is such that t(t)>O, p. is a union of members of (13, by the 

definition of t itself. 

PROPOSITION:3. 1.7 

Let (13  be a base on a fuzzy topological space (X, t). Then for a fuzzy set 

x p. € I , t(p.) > 0 if for every x e p., there exists A. € (13 such that 

Xa 

PROOF 

Let ([ be a base on a fuzzy topological space (X, t). Assume the fuzz" 

set p. E  I such that 'r(p.) > 0. 
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From the definition of (13, we get the result that for every x e j.i there 

exists X € (13 such that x E  

Conversely, let t e I  be such that for every xa  €.t, there exists a X,,  e (13 

such that x € XX 1 1.  

V 
Xa€i a 

Since t( X, )> 0 for every x and 'r is a gradation of openness on X, 

t(p)> 0. 

Hence the proof. 

DEFINITION: 3.1.8 

A family ç 9 
1X  of a fuzzy topological space is called a subbase •f 

(X, t) if the family CBG  of fmite intersections of members of ç is a base of 

THEOREM: 3.1.9 

Let g 1X  contain 0 and 1. Let t be any map from ç to I such that 

T(0) = = 1 and tQi) > 0, for every t € G. Then the extension 'rg : > I 

given as follows: For each u 



[ lnf (t(.i1), tQi2)} ifi A It2 where ji1, 1.12 e g 
tq (pt) . Sup t(J.ij), if t = v X1  where each X E J3ç 

L 0, otherwise 

defines a gradation of openness on X. 

PROOF 

Since for every t, 1 E (13ç,  P A 1 itself is a member of Bc. (T3. satisEies 

the conditions of theorem : 3.1.7. 

Further, tç: l< 
- I satisfies the condition that 'tç  (j.1) > 0 whenever J.1 is a un. -on 

of members of Bc  and zero otherwise and also iç  (0) = tç(l) = 1. 

Hence, from theorem 3.1.7 

(J3g  is a base of (X, tç) and so ç clearly turns out to be a subbase of 

X, tg). 

NOTE 

The fuzzy topological space (X, tç) described in the above theorem will 

be called a fuzzy topological space generated by G. 

REMARK: 3.1.10 

Since any map 'r satisfying the conditions of theorem 3.1.9 gives a 

gradation of openness on X, the fuzzy topology on X generated by ç is not 
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urnque. 

DEFINITION: 3.1.11 

Let {(X1, Ti) I i E Al be a family of fuzzy topological space anc. 

p, : X 
= fl X 1  - X1  denote the ith  projection map. Consider the family 

iEL\ 

ç= i € and define t: G ---> I by t (pr' = t(1j). Then 

tg  is called the product of 'r1's and (X, r) is called the product of the fuzzy 

topological spaces {(X1 , 'r1) I i€A}. 

REMARK: 3.1.12 

ç as defined above, and the corresponding (J3g, shall be referred to as the 

'Standard subbase' and the 'standard base' for the product fuzzy 

topology. 

The product fuzzy topology is unique. Further more, projections are 

wgp mapping 
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SECTION 3.2 

HA USDORFFNESS IN A FUZZY TOPOLOGICAL SPA CE 

I)EFINITION: 3.2.1 

A Fuzzy topological space (X, t) is said to be Hausdorif or T2  if for 

every x, yj, e X, x # y, there exists disjoint t, Tj E lX with t(t)> 0, t(ii) > 0, 

X(j E tandy E i'. 

THEOREM : 3.2.2 

Let (X, t) be a fuzzy topological space (fts)- Then the following 

statements are equivalent: 

(X, t) is Hausdroff 

Ax = {(x,x) € X x X} has positive grade of closedness in (X x X, tX,x) 

where t>x is the product fuzzy topology on X x X. 

For any two wealdy gradation preserving maps f, g from a fts (X l,  t) to 

fts (X, t), the set A = {x I  € X 'I f(x' ) = g(x ')} has positive grade of 

closedness in (X1, 1)  

If f: (X', t') -* (X, t) is a weakly gradation preserving map then the 

graph G of f, that is {(x', f(x')) I x1  e X1  } has positive grade of 
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closedness in (X' x X ti) 

PROOF 

(a) => (b) 

Let (X, t) be Hausdorif 

CLAIM: t(XxX-A)>O 

Let (X,)(, e X x X - A Then x # y 

Now x and ya  are distinct fuzzy points in X. 

Since (X, t)is Haudorif, there exist .i, 111X such that xa  Eg and y € ii, 

t(i)>O, t(i)>Oand p.A1. 

Clearly, (x, y) E ji X Tj and t X il :!~ X x X - 

Further, tXXX(.t xi) = Inf{t (ii), t(i)} and hence is positive. 

Therefore, for all fuzzy points (x,y) in X x X - Ar., we have found a member 

x Tj of the standard base of tx x such that (x,y) e t x i :!~ X x X -  Ax 

By proposition 3.1.7., we have, txXx( X - 4) > Q 

(b) = (c) 

we 



Let us consider the function (f, g) : (X1 , t') -+ (X x X, tXXX) 

given by (f, g)(x') = (f(x'),g(x')) for every x1  E X'. 

Also we know, 

(f, g)'( x = f'(t) Ag '(i), for every p,  il  E Ix (1) 

Now let i x il be such that t x ri)>  0 

:::: t(ji)> 0, t()> 0 

Since f and g are wgp maps, we get 

'r1 (f'(.t)) >0 and ¶1(g 1())>0 

= t'(f'(t) A g 

Now using (1) we get, 

t'{(f,g)' (pxi)} >0 

Thus (f, g)' is also a wgp mapping. 

Now, asA(f,g) 1  AX'—A=(f,g)'(XxX-A) 

Hence by (b), we have 'r'(X'-A)>O 

(c) = (d) 
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Consider the projection maps, 

p: (X' x X, tX1XX) -* (X', t') 

and px (X1 X , ti,jc )(>,t) 

Then the map fo px, : (X' x X, tixx ) -* (X, t). 

Since composition of two wgp maps is a wgp mapping, we get f o p, is wgp 

map. 

Also, 

{(xl, x)eX1 xX/P(Xl,X)f0Px,(,o)} 

= {(x',x)eX'xXlxf(X')} 

= 

= G 

Hence, using (c), 

wegettx' x x(X' xX — G)>O 

(d) = (a) 

In condition (d) , put X' = X and f = identity map. 

Then the set {(x', f(x') / x1  E X') reduces to A. 

Therefore we have txx(X xX - Ax)>O 

Take any two distinct fuzzy points Xa and yo in X 



Then x :# y and further, without any loss of generality it can be assumed that 

a :!~ P. Then (x, y) is a fuzzy point in (X x X - Ax). 

Since -cx xX  (X x X - Ax)> 0, there exists a member, say t x Ti of the standarc 

baseoftxx suchthat(x,y)€ .jx1:!~XxX-Ax 

Also itisclearthatxa E p.,ye Tj and tA 

Further t (ji)> 0 and t (i)> 0. For, otherwise Inf {t (jt), t (i)} will be zero. 

> TX xX (ji x ri)> 0, a contradiction. 

Thus (X, t) is Hausdorif. 

THEOREM 3.2.3 

Let I (X1, Ti) I i e A} be a family of fts. Then their product fis (X, t) is 

Hausdorif if each (X1 , t1) is Hausdorif. 

PROOF 

Let (X1 , t1) be Hausdorif for every i. 

Let x.1  and y be any two distinct fuzzy points in X. 

Since x # y, they differ atleast in one co-ordinate, say the i th  co-ordinate. 

(i.e.) x1 #y1  

Since (X1, 'ti) is Hausdorff and (xi)a  and (y are distinct fuzzy points in X1, 

there exist E 
1X  such that t ()> 0, t, (Tb)> 0, 

(xi)a € 

ice 



Now, consider the fuzzy sets fl j  pl and fl where t '  = X forj # i and 

41=; 11j'X1 forj#i and i-j1 '=1 

Then it can be easily seen that 

XaE fljIj,YE lJjfl and 

Further t( fl j  41 ) > 0 and t( J] j  11  1 )> 0 

Hence, (X, t) is Hausdorff. 

Conversely, let (X, t) be Hausdorff. 

Take any particular factor (X1, t1) and let any x, y e X with xi  # y1  

Then the two fuzzy points xa  and yp in X such that all the co-ordinates in x and 

y except the I th ones are the same, and i h co-ordinates are xi  and y, respectively, 

are distinct. 

As (X, t) is Hausdorff,  there exist in 
1X 

 such that 't(i)> 0, 'r(ri)> 0, 

Xa  e t, y1  E 1  and t A 1 = 0. 

Now t(t)> 0 and x E 

Hence there exists a member of the standard base for t, say j] 

such that xa Efl j . <i (1) 

Similarly, there exists a member U j  r 1  in the standard base for t such that 

(2) 
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Now (fl yj  ) A fl jTjj  =4), since ji A 11 = 4) 

Further, (x E jtj and (yj) (=- rj, 

CLAIM: A T1I = 4) 

Suppose if tj A :# 4), then there exists Zj eX1  such that t1(z1) > 0, r(zj)> 0. 

Now consider the point z E X whose 1th co-ordinate is z. and all the other 

co-ordinates are the same as those of x or y. 

By using (1) and (2) 

a and (yj)>  3, I #j 

Hence, I1p(z) > 0 and I1(i(z)> 0, contradicting the disjointness of FIi and 

[hi1. 

Hence 14 A 'qi = 4) 

Next, since t1(fl)> 0 and r(fl)> 0, 

we get that t1(t) > 0 and ;(i) >0, as 'r([T pj) = Infj ç (jlj) and 

t(I1) = Inf t(ri). 

Thus (X, t1) is Hausdorif. 

THEOREM: 3.2.4 

Hausdorffness is hereditary 

PROOF 

Let (X, t) be a Hausdorif fts and (Y, 'ry) be its subspace. 

51 



Let Xa, y be two distinct fuzzy points in Y. Consider x{1  and y as two distinct 

fuzzy points in X. Then there exist i, YJ E I, such that x e y E 1. t)>0, 

t() >0 and i-' Afl = 4) 

Now1etty=Y and i1yIY. Then it can easily be seen that, 

ty(iy) > 0, ty(rly) >0, Xcx  € j.Ly, y € iy and Ly A Tly = 4) 

Hence (Y. Ty) is Hausdorif. 

DEFINITION: 3.2.5 

A fuzzy topological space (X, t) is said to be 

i) To  if for every x, y€ X, x #y there exists ,i € such that t(ji) >0 and 

eitherp.(x)= 1, i(y)0ort(x)=0, p(y)= I. 

Ro  if whenever, there exists gEIX  such that r.(jt) > 0, p(x) = 1 and 

p.(y)=O then there exists i € I with t(ii) >  O,ii(y) = 1 and i(x) = 0. 

T1  if for every x, ye X, x #y there exist i4 Tj e 
I  such that T(g) >0, 

t(rj) >0, t(x) = 1, p(y) = 0 and rj(x) = 0, r(y) = 1. 

Regular if for every a E (0,1], X e l>  with (X) > 0, x € X and 

a < 1 - X(x), there exist Ii, Tj € l with t()> 0, t(Ti) > 0, a < p(x), X 

:!!~rl and 1.x+i1:!~X. 

THEOREM: 3.2.6 

The separation properties To,  R0, T1  and regularity are productive and 

hereditary. 



The productivity of To  R0, T1  and regularity properties can be proved in 

the framework of the above definitions on the parallel lines as in [15, 14] and 

[7] respectively and hereditary properties for these axioms can be proved as it 

was done earlier in the case of Hausdorffness. 

THEOREM: 3.2.7 

In a fuzzy topological space (X, t) the following statements are 

equivalent 

Ax, the diagonal of X, has positive grade of closedness in (X x X, 't x d) 

where d is the discrete fuzzy topology on X. 

{x}, for every x e X, has positive grade of closedness in (X, z). 

(X,t)isT1  

PROOF 

It can be proved on the same lines as in [14]. 

A nice characterisation of regularity in terms of closed 

a - neighbourhoods is given in this following theorem which can be proved as 

Dewan Muslim All [8]. 

THEOREM: 3.2.8 

The following statements are equivalent in a fuzzy topological space 

(Xt) 

i) (X, t) is regular 
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For each x c X, a e (0,1) and Jt E 
1X  with t(p> 0 and a < i(x), there 

exist 11 E I with t(ri)>  0 such that a < ri(x) and ri :!~ p. 

For each x E X, and a e (0,1), x has a local base of closed 

(x-neighbourhoods 

For each x e X and a e (0, 1), x has a local subbase of c1os 

a-neighbourhoods. 
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ummarg tnt Gurtim tou 



S UMMA R V AND CONCLUSION 

In 1992, Hazra Samanta, Chattopadhyay observed that fuzziress is 

absent in the concept of openness of a fuzzy subset in the definition of 'Chang 

fuzzy topology. They felt that this is a draw back in flizzyfying the concept of 

topological spaces. With this in mind, they introduced a new concept called 

gradation of openness and developed the fundamental concepts of fuzzy 

topological spaces. 

in this thesis we have made an attempt to give a brief survey of various 

developments in the study of fuzzy topological spaces through this new 

concept "Gradation of openness" [3]. 

it is  very interesting to redefine and investigate many concepts like base, 

subbase, separation axioms, etc., [3] using gradation of openness. There is a 

lot of scope for further research in the study of fuzzy topological spaces 

through gradation of openness. 
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