Chapter 2

LMI Optimization Approach to New Stability Results for Uncertain
Stochastic Neural Networks with Discrete Interval and Distributed

Time-Varying Delays

2.1 Introduction

Neural networks have great potential applications in various areas such as signal
processing, pattern recognition, static image processing, associative memory and
combinatorial optimization, see Cichoki and Unbehauen (1993) and Haykin (1998).
The achieved applications heavily depend on the dynamic behaviors of the equilib-
rium point of neural networks. Since stability is one of the most important issues
related to such behavior, the problem of stability analysis of neural networks has
attracted considerable attentions in recent years. However, in the neural networks,
the interaction between neurons are generally asynchronous, which inevitably results
in time-varying delays. Furthermore, time delay is frequently a source of instabil-
ity and deterioration of a systems performance; therefore, the stability analysis of
time delayed systems has received considerable attention over the past several years.
In electronic implementation of artificial neural networks, time delay is often time
variant and sometimes varies dramatically with time because of the finite switch
speed of amplifiers and faults in the electrical circuits. Recently, many investigators
have examined the stability of delayed recurrent neural networks by various efforts
directed for obtaining delay-independent and delay-dependent stability conditions,
see Arik (2000 a, 2004), Cao (2001), Chen and Rong (2003), Chen et al.(2006), Gao
et al. (2008), Hua et al.(2006), Li and Feng (2009), Li and Chen (2009), Liao and
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Wang (2000), Samidurai et al. (2010), Singh (2004), Xu et al.2006) , Zeng and Wang
(2006) and Zhang et al. (2007 b). The earlier works of these efforts are devoted
to assessing stability of Delayed Recurrent Neural Networks for arbitrary delays
including zero, while the latter ones are devoted to determining the delay-intervals
such that stability is preserved when the network is not delay-independently stable.
In the literature, the term delay-dependent is often used in stability analysis of a
delay recurrent neural networks with time delay 7 which belongs to the delay in-
terval, 0 < 7 < 7, refer, Chen et al (2006), Hua et al.(2006), Li and Feng (2009),
Samidurai et al. (2010), Xu et al. (2006), Zeng and Wang (2006) and Zhang et
al.(2007 b). On the other hand, interval time-varying delays 0 < h; < 7(t) < hs
are used to indicate that the propagated speed of signals is finite and uncertain in
systems. Also, there are systems which are with some nonzero delays, but they are
unstable without delay, see Gu (2001),Gu et al.(2001) and Zhao and Wang (2004).
Therefore, it is important to perform the stability analysis for systems with non-zero
delays as in Tian Peng (2006) and the non-zero delay can be placed into a given
interval.

It is worth noting that the synaptic transmission is a noisy process brought on
by random fluctuations from the release of neurotransmitters and other probabilistic
causes in real nerves systems. Therefore, it is of practical importance to study the
stochastic effects on the stability property of delayed neural networks, see for exam-
ple Li et al. (2008 a) and Wan and Sun (2005). On the other hand, the connection
weights of the neurons depend on certain resistance and capacitance values that
include uncertainties. In addition, the stability criteria for neural networks with
delays can be classified into two categories, namely, delay-independent criteria and
delay-dependent criteria, and the former is more conservative than the latter. As
discussed in Balasubramaniam et al.(2009),Li et al.(2008 a) and Rakkiyappan et al.
(2008) distributed delays should be incorporated into the model due to the fact that
there may exist a distribution of propagation delays over a period of time in some
cases. Recently, some results on stability of stochastic neural networks with delays
have been reported in Chen et al. (2011),Chen and Lu (2008),Feng et al.(2009 a,
2009 b), Huang and Feng (2007, 2008), Li and Fu (2010), Li (2010), Li and Xu
(2012), Meng et al. (2011), Pan and Cao(2012), Yu et al. (2009) and Zhang et al.
(2007 a). To the best of authors knowledge, very few results on the delay/interval
dependent robust exponential stability analysis for uncertain stochastic neural net-
works with discrete interval and distributed time-varying delays are available in the

literature.
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Based on the above discussions, a class of uncertain stochastic neural networks
with discrete interval and distributed time-varying delays is considered in this chap-
ter. The main purpose of this chapter is to study the global robust stability in
the mean square for uncertain stochastic neural networks with discrete interval and
distributed time-varying delays. The parameter uncertainties are assumed to be
norm bounded. By using the new Lyapunov-Krasovskii functional technique, global
robust stability conditions for the considered uncertain stochastic neural networks
are given in terms of LMIs, which can be easily calculated by MATLAB LMI con-
trol toolbox. Numerical examples are given to illustrate the effectiveness and less
conservativeness of the proposed methods.

Notations: Throughout this chapter, R™ and R"*" denote, respectively, the n-
dimensional Euclidean space and the set of all n x n real matrices. The superscript
T denotes the transposition and the notation X > Y (respectively, X > Y'), where
X and Y are symmetric matrices, means that X — Y is positive semi-definite (re-
spectively, positive definite). I, is the n X n identity matrix. |- | is the Euclidean
norm in R™. Moreover, let (£2, F,{F:}i>0, P) be a complete probability space with
a filtration {F;}:>o satisfying the usual conditions (i.e., the filtration contains all
P-null sets and is right continuous). The notation x always denotes the symmetric
block in one symmetric matrix. Sometimes, the arguments of a function or a matrix

will be omitted in the analysis when no confusion can arise.

2.2 Problem Description and Preliminaries

Consider the following Hopfield neural networks with both discrete and dis-
tributed time-varying delays described by

yi(t) = —ai(yilt +me9g y;(t +wagy (y;(t = 7(1)))

n t
+Zb§j/ gi(y;(s)ds+ I;;, i=1,2,..n (2.2.1)
j=1 t—r(t)
or equivalently the vector form
t
Y (t) = —Ay(t) + Bog(y(t)) + Big(y(t — 7(1))) + B2/ ( )g(y(S))dS +1 (22.2)
t—r(t

where y(t) = [y1(t), y2(t), -+, y.(t)]" € R™ denotes the state vector associated with

n neurons. The matrix A = diag(ay,as,--- ,a,) is a diagonal matrix with pos-
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itive entries a; > 0. By = (0;)nxn, B1 = (bf)nxn and By = (b};)nxn are con-
nection weights, the discrete delayed connection weights and the distributed de-
layed connection weights of the j neuron on the i neuron respectively. g(z) =
[g1(71), g2(2), -+, gn(x,)]T € R™ is the activation function with g(0) = 0. [ =
[I1, 15, ,I,] is a constant external input.

In order to obtain our main results, the assume the following condition hold.
Assumption A; : The activation function ¢ is bounded and satisfy the Lipschitz

condition
lg(x1) — g(x2)| < Lijzy — xa|, V290 €R i=1,2,--+ ,n.
Then, by (A;) we can have
lg(x)| < li|x]|, VxeR.
Assumption A, : The time-varying delays 7(t) satisfy
0<h <7(t) < hs, ()< p<l,

where hq, ho, p are constants.

Assuming v* = (y5,95,...y5)T is an equilibrium point of equation (Z2232), one
can derive from (ZZ22) that the transformation x(t) = y(t) — y* transforms system
(Z27) into the following system:

t

2'(t) = —Aw(t) + Bof (x(t)) + Buf (x(t - 7(t))) + By / fla(s)ds  (2.2.3)

t—r(t)
where z(t) is the state vector of the transformation system, f;(z(t)) = g;(z;(t) +
y;) — g;(y;) with f;(2(0)) =0 for j =1,2,--- ,n.

In reality, it is often the case that the connection weights of the neurons include
uncertainties, and the network is distributed by environmental noises that affect the
stability of the equilibrium. In this chapter, as in Li et al.(2008 a), the Hopfield
neural network with parameter uncertainties and stochastic perturbations can be

described as follows:
de(t) = | = A@w() + Bo(®)f (2(t)) + Bi(t)f(a(t = 7(1))) + Ba(t) / , faloys]d
+[C0)2(t) + Dot)a(t — (1)) + Da(t) (1)) + Da(t) fx(t — 7(2)
+Ds(t) / f(z(s))ds|dw(t) (2.2.4)
t—r(t)

x(t) = o(t), Vte[-2h,0], h=max{hy, 7}, 7=max{r(t)}, (2.2.5)
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where w(t) denotes a one-dimensional Brownian motion satisfying E{dw(t)} = 0
and

E{dw(t)*} = dt. The matrices A(t) = A+ AA(t), Bo(t) = By + ABy(t), Bi(t) =
By + ABy(t), Ba(t) = By + ABy(t), C(t) = C + AC(t), Do(t) = Do + ADy(t),
Di(t) = Dy + AD+(t), Do(t) = Ds + ADo(t) and Ds(t) = D3 + ADs(t), where
A = diag(ay,as,--- ,a,) has positive entries a; > 0,By, By, By, C, Dy, D1, Dy and
D3 are connection weight matrices with appropriate dimensions. In this system, the

parameter uncertainties are assumed to be of the form:
[AA(t), ABy(t), ABy(t), ABy(t), AC(t), ADy(t), AD1(t), ADy(t), ADs(t)]

= HF(t)[T17T27T3aT4aT57T67T77T87T9]7 (226)

where AA(t) is a diagonal matrix, H and 7}, (i = 1,2, - -+ ,9) are real known constant
matrices of appropriate dimensions. The matrix F(t), which may be time-varying,
is unknown and satisfies

FI(t)F(t) < I. (2.2.7)
It is assumed that all the elements of F'(t) are Lebesque measurable. The matrices
AA(t), ABy(t), ABy(t), ABs(t), AC(t), ADy(t), AD:(t), ADy(t), ADs(t) are said
to be admissible if both (2228) and (22277) hold. ¢(t) € C([—2h, 0];R") is the initial
function.
f(x) = [filzr), fa(xa), -, fu(zn)]T € R™ is the activation function with f(0) = 0.

Lemma 2.2.1. [Schur Complement] Given constant matrices (21,25 and (23 with

appropriate dimensions, where QT = 2, and Q2T = (2, > 0, then
O+ 0250705 <0

if and only if

.(21 Qg _QZ (23
<0, or < 0.

* —QQ * .Ql

Lemma 2.2.2. For any constant matrix M > 0, any scalars a and b with a < b,

and a vector function x(t) : [a,b] — R™ such that the integrals concerned as well

defined, then the following holds
[/bx(s)dé‘] TM[/b:E(s)ds} < (b—a) /b 7 (s)M(s)ds.
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Lemma 2.2.3. Let M, E and F(t) be the real matrices of appropriate dimensions
with F(t) satisfying FT(t)F(t) < I. Then, the following inequality holds for any
e> 0,

MF#)E + ETFT(t)MT < eMM” + ¢ 'ETE.

2.3 Main Results

In the following Theorem, the delay-dependent robust stability results are de-
rived for the following uncertain stochastic neural networks with interval discrete

and distributed time-varying delays
de(t) = | = A@w() + Bo(®)f (@(t)) + Bi(t)f (a(t = 7(1))) + Ba(t) / | fatis]d
+|CW) + Do(t)a(t = 7(t)) + Da(t)f (w(®)) + Da(t) f(a(t = 7(1)))

Dy x(s))ds|dw
#Ds0) [ (st
z(t) = ¢(t), Vte[-2h,0], h=max{hy,7}

Defining two new state variables for the stochastic neural networks (2224),

y(t) = —A(t)x(t) + Bo(t)f(x(t) + Ba(t) f(x(t — 7(t))) + Ba(t) /t o fa(s))ds
(2.3.1)

g(t) = C)x(t) + Do(t)x(t — 7(t)) + Dr(E) f(x(t)) + Do(t) f(x(t — 7(1)))

+Ds(t) /t_ o f(z(s))ds, (2.3.2)

then the above can be represented as
dx(t) = y(t)dt + g(t)dw(t). (2.3.3)

Moreover, the following equality holds,

t t t

() — 2t — 7(t)) = / d(s) = / y(s)ds + / g(s)dw(s).  (2.3.4)
t—7(t) t—7(t) t—7(t)

Theorem 2.3.1. For given scalars ho > hy > 0 and p, the equilibrium solution of

stochastic neural networks (2-24) is globally asymptotically stable in the mean square
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iof there exist matrices P, >0, Y >0, @, = QZT >0,1=1,2,--+,4, Ry = Rl >
0, 1 = 1,2, diagonal matrices K; > 0, Ky > 0, K = diag{k1, ko, -+ ,k,} >0, and

positive scalars ¢, > 01 =1,2,--- ,4 such that
1, -N -M -S UBy+VDs UH VH UH VH

x Iy O 0 0 0 0 0 0

* * x Iy 0 0 0 0 0
I = * * * * II; 5 0 0 0 0 <0, (23.5)

* * * * * —el 0 0 0

* * * * * * —eo 0 0

* * * * * * * —e3l 0

* * * * * * * * —eqd
with

T ST 1 1
IIy = (pijlsxs+aliTi+ely Ty, Ihy=——Ry, I33=————"-(Ri+ Ry),
h (ha — )
II L' n, 7 Ly + 3T Ty + e, T T
= ———— Ry, 5=—= € € ,
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where

011 = Qi+ Qo+ Qs+ P+ P, pio=—-Pf +P] — P —PA+ PC,

Y13 = PZ—P6A+P100, <P1,4=—P3:‘F—P7A+P1107 901,5:P1—ATP8+CTP12,

16 = —ATPg+CTPr+ Py, o17=L"Ki, ©15=0, @ao=—(1—p)Q1+ PDy+
Dy Py, 23=DgPy, wsa=DgP, ¢a5=—Fs+DyPp,

26 = —Ph+ Ply—PL+ D{Pyy— Py, 097 =PsBy+ PyDy,pa5 = PsB1 + PyDa + LT Ky,

w33 = —Q2, w34=0, @35=—F (36= P1T5 — Py, 37 =B+ PioDa,

38 = PsBi+ PioDa, uu=—Qs, @u5=—Pr, @i6=—P},— P,

war7 = PrBo+ PuDy, @us=P;By+ PiiDy, @55 =—2Ps+ hiRy + (ha — h1)Ro,

s = —Pl—Pa, ¢s7=K"+ PRBy+ PiaDy, ¢58= BB+ PiaDs,

ves = P14+ K+ hRy+ (hy—hi)Ry — 2Py, 067 = Pi¢Bo + Pi7D1, 98 = PigB1 + Pi7Ds,

orr = Qu+7TY —2K;, ¢r58=0,088 =—(1—p)Qs — 2Ky, Ty =[-T1,0,0,0,0,0,Ts, T3],

T, = [15,T4,0,0,0,0,7%,T5], M"' =[P,,0,0,0,0,P3,0,0], N' =][Ps0,0,0,0,Py,0,0],
ST = [P;,0,0,0,0, Pi5,0,0],U = [0, PY, P, PX, P], P, 0,0],
V - [O’P57P§]7P£’P£7P£7070]

Proof. Consider the Lyapunov-Krasovskii functional as follows

V(th,t) = ‘/i($t,t)+‘/v2($t,t) ‘l“/z’,(l't,t) —|—V4(:Ut,t)

+Vs(4,t) + Vo(2, 1) (2:3.6)
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where

with

and

‘/l(xtat) =

‘/fi(xtat) =

w(xtat) =

%('Ttat> =

%(xtat) =

GOEPG), Vi) =23k [ s

21 (8)Q1x(s)ds t 2T (8)Qqx(s)ds
[ @eus s [ a6

2T (8)Qs2(s)ds t Tlr(s))Qaf(x(s))ds
w O [ Q)

/ @ Jiro fH ()Y f(2(s))dsdb

—h2 t+0 —ha t+0

/ / ) Ryy(s)dsdd + / / $)Ryg(s)dsde,
- t+6 t+0

0 0 P 0 0 0 0 0
00 P, 0 0 0 0 Pis
00 P 0 0 0 0 P
) P - ) 50<t> =
00 P, 0 0 0 0 Pis
00 0 P Fs P Py Pg
00 0 Py Py Pu P2 Py

EP =PTET >0,

it is noted that &I (t) EP&y(t) is actually T (¢) Py (t).
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On the other hand, from the stochastic theory, the following equations are true

t

m = 2T ON[x(0) ~ ot - 7(0) - [

= QgT(t)M[x(t —7(t)) — z(t — hy) — /t—T(t) y(s)ds — /t

7]7,2

t—ho

SRS / tTm gls)du(s)

t—7(t)

g(s)du(s)]

3 = S|zt —hy) —z(t—71 o s)ds — o s)dw(s
. (05t =m0 = [ v [ gyt
mo= 267(1) U[ A(t)a(t) + Bo(t) f () + By(0)f(a(t — 7(1)))
‘I"BQ / dS— ]
ms = 2670V |CWa(t) + Do(t)(t = 7(1)) + Di(t)f (2(t) + Dalt) f (a(t = 7(1)))

D41 /t_r(t)ﬂ o(5))ds — g(0)]

Then, it can be obtained by Ito’s formula that

dV (xy,t) = LV (x4, t)dt + 227 (t) Pg(t)dw(t),

where

LVi(xze,t) = 227 (t)Py(t) + g" (t) Prg(t) + 265 (t)PT
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Denote

EN(t) = [T (t) 2" (t—7(t)) T (t—h1) 2" (t—ha) y"(t) g"(t) f7(x(t)) fM(x(t—T(1)))],
then

2600 | | mo= 2" @M[alt) - ale—r(0) - [

t—T7(t)

s~ | ;(t) ols)du(s)] =

27 (1) e = 267Nt —7(t) — a(t — ha) — /

T
P14
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0 t—hy t—h1
260 | | m = 2 OS[s—m) et —r) - [ e)is— [ gts)au(s)] =0,

t—7(t) —7(t)
0
0
Py
0
Py
Fy
h(t) = 26 (1) T
PY
F
Py

= 267U | = A@)(t) + Bo(t)f(2(t)) + By(0) (w(t = 7(1)))

+wa['wf@@»w—ym _o,

48



Py
haot) = 2§ (t) 15
Py

T
P12

T
P17

= 27tV [C(t)w(t) + Do(t)a(t — 7(t)) + Di(t) f(2(t) + Do () f (x(t — 7(1)))

#Dy(0) [ falads —g0)] =0

LVy(e,t) < 2f7(x(t)Ky(t) +g" (K g(1), (2.3.9)

LVy(ze,t) = @' ()Qux(t) — (1 — pa’ (t — 7(1))Qua(t — (1)) + 2" (1) Q2x(t) — &™ (t — )
XQox(t — hy) + 2" ()Qsx(t) — 2" (t — ha) Q3 (t — hy) (2.3.10)
+ 1 (@()Quf (x(t) — (1= p)
< f1(x(t = 7(1)))Qaf (x(t — 7(1))) (2.3.11)

LVi(wnt) < FfT @)Y f@) - / YT (2312

LVi(ent) = hay"(0)Ruy(t) — / y7(s) Ruy(s)ds + hag" () Rug (t) — / o (5) Rug(s)ds
(2.3.13)
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t—ha
— /t_h g7 (s)Rag(s)ds (2.3.14)

Then by Lemma 222 and using 0 < h; < 7(t) < hy and 0 < r(t) < 7, we have
¢

—hy /:T(t) yT(s)Rly(s)ds < _[/th(t) y(s)ds]TRl[/t_T(t)y(s)dS},

—(hy — hy) /t::: y'(8)(R1 4+ Ry)y(s)ds < — [/tt_hl y(s)ds}T(Rl + Ry) [/t_hl y(s)ds},

—(hs — hy) /t o YT (s) Roy(s)ds < —[ /1t o y(s)dsr&[ /t tT(t)y(s)ds](ZS.l?)

_h2 —h2 _h2

It is obvious that
20K T () () + 2/ (x(t)) K  La(t) > (2.3.18)
—2K2fT(:c(t —7(t)) f(x(t —7(¢))) + 2fT(:c(t —7(1))KyLx(t — 7(t)) > ({2.3.19)

Substituting from (Z3R) to (Z=319) into (22371) we get

dV (2, 1) < CH(OPC(E) + E(dw(t)),

where
2 =N —M —S  UBs(t)+ VDs(t)
x —AR 0 0 0
=1, L (Ry + Ry) 0 0
* * * —ﬁRQ 0
* * * * —ly
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with
2 = (gOl‘j)gxg + AQl + AQ%
Ay = UHFOT, + T'FT)HTUT,

ARy = VHFO T, + Ty FT ) H'VT,

o = [ [ e [ e [ [ ]

—ho 7T(t)

() = —2T(HN /

2Ty ]\/[/ $)duw(s) — 267 S/ w(s) + 227 (£) Pg(t)duw(t).
According to II; < 0 and there exist a scalar o« > 0 such that
I, + diag{al,,0,0,0,0,0,0,0,0} <O.
Hence we have

EdV(I’t, t)
dt

Thus, if II; < 0 the equilibrium point of the stochastic neural networks (2=24)

<E(E" ()Z¢(1) < aElz(t)]*.

is robustly asymptotically stochastically stable in the mean square. The proof is

completed. O

Remark 2.3.1. In the following Theorem, the new stability results of the stochastic
neural networks are discussed (2-24) by using the same Lyapunov-Krasovkii func-

tional as defined in Theorem 223711

Theorem 2.3.2. For given scalars ho > hy > 0 and p, the equilibrium solution
of stochastic neural networks (2-24) is globally asymptotically stable in the mean
square if there exist matrices P, >0, Y >0, Q=Qf >0,1=1,2,---,4, R; =
RY >0, i=1,2, diagonal matrices Ky > 0, Ky > 0, K = diag{ky, ks, ,k,} >0,
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and positive scalars ¢, > 04 =1,2,--- .4 such that

— I, —heN ILs IL, I, UH VH UH VH |
x  —hoRy 0 0 0 0 0 0 0
* * 155 0 0 0 0 0 0
* * x  Ilyy 0O 0 0 0 0
I, = N N N s Iy 0 0 0 0 <0, (2.3.20)
* * * * x —l 0 0 0
* * * * * * —el 0 0
* * * * * * * —egl 0
* * * * * * * * —eyl
where

IIw = (pij)sxs+ €1T1TT1 + €2T2TT2, II 3= —(hy — hy)M, Il 4= —(hs — h1)S,
IIs = UBy+VDs, Il33=—(hy—hi)(Ri+ Rs), Il44=—(hy—hy)Ry,

Iy = —%Y + eT{ Ty + 4Ty Ty.

The remaining terms are defined in Theorem =31

Proof. Consider the same Lyapunov-Krasovskii functional as defined in Theorem
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22310 and utilizing proof of the same Theorem, we have

IN

IN

IN

IA

<

—2h2§T(t)N[ / t

t—7(t)

s [ gtepnto)] < [ Rt

—he /t ¥ Eg(s)ds < = /H@ TN+ ( / NG /t_T(t)gw)dw(e))Rl}

t—7

xR [NTg(t) + Ry ( /t Y y(0)do + /t Y g(e)dw(e)ﬂ ds + h2€T () NRT ' NE(t)
hs€" () NRTINE(1), (2.3.21)

—2(hy — hn)ET (H)M [ / o y(s)ds + /t o g(s)dw(s)] — (ha — hy)

t—ho —ha

t—7(t)

t—7(t)
/t_h y"(s)(Ry + Ra)y(s)ds — (hy — ha) /t_h 9" (s)(Ry + Ry)g(s)ds

t—7(t)

—(hg — hy) /::(t) [ﬁT(t)M + (/;:(t) y(0)do + /t_h g(e)dw(e)) (Ry + R2)} (Ry+ Ry)™!
M7E() + (Ry + Bo) /t :T(t) y(0)d0 + /t :T(t) 9(O)du(9))]ds
+(hg — h)2T ()M (Ry + Ry) " ME(t)
(hy — hy)?E€T (1) M (Ry + Ry) " ME(t), (2.3.22)
~2(hy — )" (0)S /t t_; y(s)ds + /t t_; o()du(s)] — (ha — ) /1t t_; o7 (s) Ray(s)ds
t—hq
(=) [ NACLYOE
~(ha— ) /() s+ (| () wojan + [ () o(6)du(6)) Ry
Ry [STg(t) + R, ( /t ;(t) y(6)d0 + /t i; g(e)dw(9)>] ds + (ha — h1)%€T (1) S Ry LSE(1)
(hy — hy)*E7 () SRy 1 SE(t). (2.3.23)

The remaining part of the proof follows from Theorem PZZ31. Then we have

dV (e, t) < CT(OPC(L) + E(dw(t)),

53



where

with

l

(pij)sxs + A2y + Ay + hyNRIN + (hy — hy) M (Ry + Ry) ' M”
+(hg — hy)SR;'ST,

Ay = UHFOT, +TIFP () HTUT, AQy=VHF)T, + Ty FT(t)H' VT,

0 = [0, [ ], o) =270 Pa0ant)
According to (2228) and Lemma 23, A2y and Af2, satisfy the following inequality

A < TUHHTUT + 6 T8Ty, Ay < & 'VHH'VT + T3 Ts.
According to II; < 0 and there exist a scalar v > 0 such that
11, + diag{al,,0,0,0,0,0,0,0,0} < 0.

Hence we have

dEV(xt, t)
dt

Thus, if I, < 0 the equilibrium point of the stochastic neural networks (224)

<E(E"(t)Z¢(t) < aElx (1)

is robustly asymptotically stochastically stable in the mean square. The proof is

completed. O

Remark 2.3.2. In the following Theorem, the new stability results of the stochastic
neural networks are discussed (Z-24) by using the same Lyapunov-Krasovkii func-

tional as defined in Theorem PZ31.

Theorem 2.3.3. For given scalars hy > hy > 0 and p, the equilibrium solution of
stochastic neural networks (2-.24) is globally asymptotically stable in the mean square
if there exist matrices P, >0, Y >0, @Q=Qf >0,1=1,2,--- .4, Ry =Rl >

o4



0, i = 1,2, diagonal matrices K1 > 0, Ky > 0, K = diag{ky, ko, ,k,} >0, and
positive scalars €, > 01 =1,2,--- 4 such that the linear matriz inequalities (LMIs)

are feasible

]_71,1 UB,+VDys UH VH UH VH
* ]72’2 O O 0 O
* * —al 0 0 0
I3 = <0, (2.3.24)
* * * —el 0 0
* * * * —e3l 0
* * * * * —eqd
X N
¥, = >0, (2.3.25)
* Rl
Yy S
v, = >0, (2.3.26)
k RQ
X+Y M
Yy = >0, (2.3.27)
% Rl + RQ
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where
ﬁ1,1 = (I, j)sxs + €1T1TT1 + €2T2TT2, ﬁ2,2 = —%Y + €3T4TT4 + €4Tg;‘FT9,
with
Y11 = Q1+Q2+Q3+P2+P2T+h2X11+(h2—h1)Y11,<P1,2 = —P2T+P3T—P4T
—Ps A+ PyC + hoXqo + (ho — h1) Y12, 013 = P4T — PsA+ PioC + ha X3

+(hy — h1)Yi3, 014 = _PgT — P A+ PiC + ho Xy + (ho — h)Yig,

015 = PL— ATP+ CT Py + hyXi5 + (ha — h1)Yis,

o6 = —ATPig+ CT P+ PhL+ hyXi6 + (hy — hy)Yis,

o7 = hoXir+ (ha — h)Yir + LTKy, 18 = hoX1g + (hy — h1)Yig, 20 = —(1 — 1)Q1 + Py Dy
+DOTP9T + by LT L + hy Xoy + (hg — h1)Ya2, o3 = Dgpf(; + hoXos + (he — hq)Yas,

P24 = DOTPE + hoXos + (he — h1)Yas, o5 =—PFs+ DOTPE; + hoXos + (ho — h1)Yas,

()02,6 = —P£+P12—P£)+D§P17+h2X26+(hz—hl)}/ég

wor = —Py+ PsBy+ PyDy + hoXor + (ha — hy)Yar,

o5 = P5By+ PyDy+ hoXog+ (he — hy)Yas + LTK,, 033 = —Q2 + hoXs3 + (hy — hq)Yss,

034 = hoXsa+ (ho —h1)Yss, @35 =—Fs+ hoXss+ (ho — hy1)Yas,

P36 = Pf;, — Pio+ hoXs6 + (ho — h1)Y36, @37 = PsBo + PioD1 + hoXs7 + (ha — hy) Y3y,

w35 = FPsBi+ PioDa+ hoXss+ (he — h1)Yas, @44 = —Q3 + hoXys + (hg — hy)Yaa,
Va5 = —Pr+hoXys+ (ho —h1)Yis, pup = —Pﬂ — P11 + hoXye + (ho — h1)Yae,

ws7 = PrBo+ PiDy+ hoXyr + (ha — h)Yar,  @as = PrBy + PiiDa + hoXyg + (he — hy)Yis,
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w55 = —2P5+hiRy+ (he — hi)Ry + hoXss + (ha — h1)Yss, 56 = —Pf% — Pio + hy X5
+(hy — h1)Ys6, @57 = K" + PyBy + PiaDy + hoXs7 + (ha — h1)Ys7,
058 = PsBy+ PiaDsy + hoXss + (ho — hy)Yss,

ves = P+ KL + hy Ry + (he — h1)Ry — 2Pi7 + hoXgs + (ha — h1)Yes,

ver = PigBo+ PirDy + hoXer + (he — h)Yer,

ves = PigB1+ Pi7Day+ hoXes + (ha — hy)Yes,

017 = Qu+7Y — 2K + hoX77 + (hy — 1) Y77,
075 = hoXgg+ (ho —h1)Y7s, @ss=—(1 — p)Qs — 2K5 + hoXsg + (ha — h1)Yss,

Tl = [_T1)07070a 0)07T27T3]7 TQ - [T57T6707070707T7aT8]

M* = [P,0,0,0,0,P3,0,0], U=[0,P P P PL PL 0,0,
NT = [P;,0,0,0,0,P14,0,0], ST =][P,0,0,0,0,Pys,0,0],

v = [o,R, PL PL PL P 0,0].
Proof. From Theorem PZ31, it follows that

AV (z,t) < CT(t)WC(t)—/

t—7(t)

t t—hy

0 (t, 8)W&(t, s)ds — / (L, 8)Wné(t, s)ds

t—r(t)

t—7(t)
_ /t €T (8, 5)WsE (t, 5)ds + E(dw(1)),

—ho

where

II,; UBy(t) + VDs(t)

t
My = (T + A2+ A%, 70 = [0, [ (o)),
t—r(t)
Ay = UHFWT, +TIFT()HTUY, AQ =VHF@)T, + Ty FT () HTVT,
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Sldw(t)) = —267 N/ $)duw(s) — 267 M/
_2e™(1)S / §) + 227 () Pg(t)duw(t),

§t,s) = |2"(t), 2" (t —7(t), 2 (t = he),a"(t = ha),y" (1), 9" (1), f7 (2(2)),
It = 7)), y(s)|.
According to (228) and Lemma P23, A2y and Af2, satisfy the following inequal-
ity:
A < TUHHTUT +6TIT, Ay < e 'VHH'VT + T3 T,
According to II; < 0 and there exist a scalar a > 0 such that
II, + diag{al,,0,0,0,0,0,0,0,0} < 0.

Hence we have
dEV (x4, t —
BV < g(ernyze() < Bl
Thus, if II} < 0and ¥; > 0,7 = 1, 2, 3, the equilibrium point of the stochastic neural

networks (E224) is robustly asymptotically stochastically stable in mean square.

The proof is completed. [

Remark 2.3.3. When the derivative of T(t) is unknown, and the delay 7(t) satisfies
0 < hy <7(t) < hg, by setting Q; = 0,7 = 1,4 in (ZZ3Q), we can know that the sys-
tem (2-24) is delay/interval dependent and rate-independent robustly asymptotically
stable in mean square for delays 0 < hy < 7(t) < hg and 0 < r(t) < 7.

The stability results for the following uncertain stochastic neural networks with

time-varying delays are stated in the following three Corollaries.
du(t) = | = AW() + Bo(®)f (2(t)) + Bi(t) f(a(t = 7(0)))|dt + [C(0)a(t
+Do(t)x(t — 7(t)) + Di(2) f (x(t)) + Da(t) f(2(t — T(t)))] dw(t)(2.3.28)

where the time-delay 7(t) satisfies 0 < hy < 7(t) < hg, 7(t) < p. Then, we have the

following results.
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Corollary 2.3.1. For given scalars hy > hy > 0 and u, the equilibrium solution
of stochastic neural networks (ZZ32Z8) is globally asymptotically stable in the mean
square if there exist matrices P, > 0,Q; = Q7 > 0,1 =1,2,--- 4, R, = R] > 0,
i = 1,2, diagonal matrices K1 > 0, Ky > 0, K = diag{ky, ko, -+ ,k,} > 0, and
positive scalars €, > 01 =1,2,--- 4 such that

i, -N -M —S UH VH

x I, 0 0 0 0

<0, (2.3.29)

=
[

* * * *  —el 0

* * * * * —eod

the terms 1111, 159, 153, 114 4 is defined in Theorem 2Z31.

Corollary 2.3.2. For given scalars hy > hy > 0 and u, the equilibrium solution
of stochastic neural networks (ZZ32Z8) is globally asymptotically stable in the mean
square if there exist matrices P, > 0,Q; = QT >0,1=1,2,---,4, R, = R > 0,
i = 1,2, diagonal matrices Ky > 0,Ky > 0, K = diag{ky, ko, ,k,} > 0, and
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positive scalars €; > 01 =1,2,--- 4 such that

I, —heN ILs Iy, UH VH
* —h2R1 0 0 O 0
* * H373 0 0 0
15 = <0, (2.3.30)
* * *  Ily4 0 0
* * * x  —el 0
* * * * * —eod

the terms 1111, 159, 153, 114 4 is defined in Theorem -3

Corollary 2.3.3. For given scalars hy > hy > 0 and u, the equilibrium solution
of stochastic neural networks (ZZ3Z8) is globally asymptotically stable in the mean
square if there exist matrices P=PT >0,Q,=QT >0,1=1,2,--- 4, Z;, = ZF >
0, 1=12 K = diag{ki, k2, - ,kn} > 0, X = (Xij)sxs > 0, Y = (Yij)sxs > 0
diagonal matrices K1 > 0, Ky > 0 and positive scalars e, > 0, e > 0, €3 > 0 and

€4 > 0 such that the linear matriz inequalities (LMIs) are feasible

I, UH VH

Oo=| , _.1 o |<O (2.3.31)
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X N
7 = >0, (2.3.32)
* R1
Yy S
Wy = >0, (2.3.33)
% RQ
X+Y M
Wy = >0, (2.3.34)
* R1 + RQ

where
ﬁl,l = (I j)sxs + €1T1TT1 + GZTQTTQ.

The remaining terms are defined in Theorem 2=373.

2.4 Numerical Examples

In this section, two examples are provided showing the effectiveness of the conditions

given here.
Example 2.4.1

Consider the uncertain stochastic neural networks
da(t) = | = AB)a(t) + Bo(t) [ (2(t)) + Bi()f((t = 7(1))) + Ba() / RO
+[C)(t) + Dottt = 7(2)) + Do) f () + Do(t)f(w(t — 7(1)))

+Ds (1) /t Fa(s))ds] dw(?)

—r(t)
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where

4 0 0.2 —4 04 0.2 0.2 0.6
A = ) BO - ) Bl - ) Dl - )
0 6 0.1 0.3 0.1 0.7 0.5 0.1
0.3 0.6 03 0 05 —=0.1 0.1
Dy = ) C= , Do = ) H= )
0.2 —0.1 0 -0.1 —0.5 0 0.1

BQZD3:I,L:0.21, and T1:T2:T3:T4:T5:T6:T7: 1 1

In order to show the significant contributions of this chapter, the comparisons
between the obtained results of Theorem PZZ31, Theorem 2232 and Theorem 22373 are
summarised and presented.Table 2.1 gives the comparison results on the maximum
allowable upper bounds h, and 7. It is found that the equilibrium solution of

uncertain stochastic neural networks (2224) is asymptotically stable in mean square.

when p =0, hy =0 | Theorem 2231 | Theorem 2234 | Theorem 22373

he =1 0.4936 0.4806 0.4103

Table 2.1: Comparison of our result

Example 2.4.2

Consider the uncertain stochastic neural networks
dz(t) = [ — A(t)z(t) + Bo(t) f(x(t)) + Bi(t) f(x(t — 7(t))) |dt

+[C@(t) + Do(ty(t = 7(8)) + Dy(O)f (2(t)) + Do) (w(t = 7(1))) | du(?)
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where

D, =

10 04 —07
) BO_

05 01 0
01 0 05 0
, C=
0 0.1 0 05
051, Tv = g9 g3 | T2=

=Ts=Tr=1 91 01

0.2

—0.2
Bl =
0.5
0
Dy =
—0.5
—0.3 7T3 -

0.6
) Dl =
—0.1
—0.5
, H=
0
—0.2 —-0.3

0.1

—0.1

and

when =0, hy =0

Corollary 223711

Corollary 22372

Corollary 22373

ho

0.8998

0.8998

0.6436

Table 2.2: Comparison of our result

For the above system, applying Theorem P31 in Huang and Feng (2007) and
Theorem 232 in Yu et al.(2009), it is found that the equilibrium solution of stochas-
tic neural network is robustly exponentially stable in mean square for any delay 7(t)
satisfying 0 < 7(¢) < 0.4109 and 0 < 7(t) < 0.6196 respectively. However, by our
Corollary 2231, Corollary 2232 and Corollary 2333 in this chapter it is concluded
that the system (22372R) is robustly asymptotically stable in mean square for maxi-

mum allowable upper bounds hs is given in Table 2.2. Hence the proposed method

is finer than the previous works based on the upper bound techniques.

Sodhdbdd
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