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CHAPTER VI

ORDERED FUZZY TOPOLOGICAL SPACES

Section: 1

Fuzzy ordered sets

Definition: 6.1.1

A fuzzy set u , in a preordered set X, is called:
(1) Increasing if x <y implies p(x) < u(y).
(2) Decreasing if x <y implies p(x) = u(y).

(3) Order-convex if x <z <y implies p(z) = min{u(x), p(x)}.

Theorem: 6.1.2

Let (u)ieca be a family of fuzzy sets in a preordered set X and let
u = infeaw. Then, if each L is increasing (resp. decreasing), then p is

increasing (resp. decreasing). Also if each y; is order-convex, the same is true

for the fuzzy set p.

Definition: 6.1.3

Given a fuzzy set pu, in a preorder set X, there exists the smallest
increasing fuzzy set p in X with p > u. This fuzzy set is called the increasing

hull of p and we will denote it by i(u). The decreasing hull d(u) and the

order-convex hull c(p) of u are defined analogously.
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Theorem: 6.1.4

Let u be a fuzzy set in a preordered set X. Then, for each xeX, we
have

i(n) (x) =sup{u(y) :y<x}

d(p) (x) = sup{u(y) : y = x}

c(p) (x) = sup{min{p(x1), p(x2)} : X1 < X < Xz}

Proof

Define pp on X by

Ho(x) = sup{u(y) :y <x}
Since x < x, for each xeX, we have p < py. Also it is clear that pg(x1) < po(X2)
if Xx; <Xo. Hence g is increasing. Finally, let p be an increasing fuzzy set X
with < p. If y <x, then p(x) = p(y) = p(y) and thus po(x) < p(x). This proves
that ug=i(u). The proof for the d(p) is similar.

To prove the result for the order-convex hull of p, let us consider the

fuzzy set p4 defined by

re(x) = sup{min{u(xy), p(X2)} X1 < X < Xo}

Since x < x £ x, we have p(x) < p(x) for each x. Also p, is
order-convex. In fact, let x < z <y and let 8 < min{u(x), p4(y)}. Since
ni(x) > @, there are x4, xoeX with x4 < x<x, and min{u(xs), p(x2)} > 6.
Similarly, from the p4(y) > @ follows that there are y4, y, in X with y; <y <y,

and min{u(y4), u(y2)} > 6.
Now
X1 X<zLZy<y;

and thus
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11(z) 2 min{u(xy), ply2)} > 6.

Since p4(z) > 9 for each 6 < min{u4(x), n1(y)}, it follows that
1(z) 2 min{p4(x), pa(y)}
which proves that p, is order-convex. Finally, let p be order-convex, p = p. If
X1 £ X < Xp, then
P(x) = min{p(x1), p(x2)} = min{p(x1), p(x2)}.

It follows that p(x) > p4(x), for each xe X, and this completes the proof.

Lemma: 6.1.5

Let py be an increasing fuzzy set and p, a decreasing fuzzy set in a

preordered set X. Then L = p4 Ay, is order convex.
Proof

Letx <z <y. Since p(z) = ps(x) = p(x) and po(z) = po(y) > u(y), we have

w(z) = min{u4(z), pa(z)} 2 min{u(x), uly)}-

This proves that p is order-convex.

Theorem: 6.1.6
Let u be a fuzzy set in a preordered set X. Then c(u) = i(w)A d(p).

Proof

Let p =i(n) A d(n). By the Lemma 6.1.5 p is order-convex. Also it is
clear that n < p. Therefore c(u) < p. Suppose, by way of contradiction, that

there exists an x with c(uL)(x) # p(x). Then, there exists ¢ with

c(p)(x) < 6 < p(x)
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Since i(1L)(x) = p(x) > @ there exists (by Theorem 6.1.4) x4 < x with p(xy) > 6.
Similarly from the d(u)(x) > ¢ follows that there exists x, = x with p(xz) > 6.
Since x1 < x < X, we have (by Theorem 6.1.4).

c(p)(x) = min{u(xy), p(x2)} > 6

which is a contradiction. This contradiction completes the proof.

Theorem: 6.1.7

Let pbe a fuzzy set in preordered set X. Then pis order-convex iff

there exists on increasing fuzzy set |, and a decreasing fuzzy set L1, such that

B= Ao,
Proof

The sufficiency of the condition follows form Lemma 6.1.5. Conversely,
if . is order-convex, then

b= o) = (A d(p)
by the Theorem 6.1.6. The result follows.

Definition: 6.1.8

Let X, Y be preordered sets and f a function from X to Y. Then f is

called increasing (resp. decreasing) if x < y in X implies f(x) < f(y) (resp.

f(y) = f(x)).

Theorem: 6.1.9

Let X, Y be preordered sets, f a function from X to Y and p a fuzzy set
inY. Then:
1) If f is increasing and L is increasing (resp. decreasing), then fi(n) is

increasing (resp. decreasing).
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2) If f is decreasing and L is increasing (resp. decreasing), then fln) is
decreasing (resp. decreasing).
3] If 1 is order-convex and if f is either increasing or decreasing, then am

is order-convex.

Definition: 6.1.10

Let X be preordered set. The relation ~ on X, defined by x ~ vy iff
x <y <X, is an equivalence relation. Denote by X the equivalence class in
which x belongs. Let
A A
X = {x:xeX}
A A
The relation X < {/\ iff x <y is a well defined partial order on X. Thus X

becomes on ordered set. We will refer to )Q to as the ordered set

corresponding to the preordered set X. We will call the function
A A
e: X > X exX)=x

A
the quotient map from X onto X.

Remark: 6.1.11

Clearly x <y iff e(x) < e(y). If nis an order-convex fuzzy set in X, then
| is constant on each x. In fact if yeQ thenx<y<xandy <x<y. Hence
pn(y) = p(x) and p(x) = p(y) and so p(x) = p(y). Also, e(u) is order-convex

in X. In fact e(1) (x) = supfu(y) : yex} = n(x).

IfQSfS{/\,thenszﬁyandthus

e() (2) = p(z) = min{ p(x), py)}

minge() (%), e(w) ()}

63



Section: 2

Definition and properties of ordered fuzzy topological space.

Definition: 6.2.1

A preordered (resp. an ordered) set on which there is given a fuzzy

topology is called a preordered (resp. an ordered) fuzzy topological space.

Definition: 6.2.2

A preordered fuzzy topological space X is called locally order convex
if, for each xeX, the collection of all order-convex neighbourhoods of x is a

base for the system of all neighbourhoods of x.

Definition: 6.2.3
A preordered fuzzy topological space X is called order-convex if the

family of all open order-convex fuzzy sets is a base for the topology.

Note: 6.2.4

An order-convex fuzzy topological space is locally order-convex.

Theorem: 6.2.6

Let X be a preordered fuzzy topological space and suppose that the
family of all open decreasing and all open increasing fuzzy sets in X is a
subbase for the topology. Then X is order-convex.
Proof

If wy, wo, ....... , Ln are open increasing (resp. decreasing) fuzzy sets in
X, then py A pp A L.l A u, is an open increasing (resp. decreasing) fuzzy
set. Thus, the hypothesis implies that the family of all fuzzy sets in X of the
form py A po, with py open increasing and p, open decreasing is a base for the

topology of X. In view of Lemma 6.1.5 the result follows.
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Definition: 6.2.6

A net (x,) in a fuzzy topological space X is said to converge to xeX,
and write x = lim x, or X, — X, if for each neighbourhood L of x there exists an

index oy such that p is a neighbourhood of x, for each o = 0.

Theorem: 6.2.7

Let X be a locally order-convex preordered fuzzy topological space. If

Xog VYo < Zg, Xg—> Xand zy —> X, theny o, — Xx.

Definition: 6.2.8
A preorder < on a fuzzy topological space X is said to be:
(1) Semiclosed on the left if x, — x and x, <y imply that x <;

(2) Semiclosed on the right if x, —> x and x, >y imply that x > y;
(3) Semiclosed if it is semiclosed both on the left and on the right;

(4) Closed if X4 < Yo, Xo—> X and y,—> y imply x <y.

Theorem: 6.2.9

The preorder of a preordered fuzzy topological space X is:

(1) Semiclosed on the left iff the following condition is satisfied: If x <y is
false, then there exists a neighbourhood i of x such that i(u) (y) = 0;

(2) Semiclosed on the right iff the following holds: If x <y is false, then
there exists a neighbourhood p of y such that d(n) (x) = 0;

(3) Closed iff the following condition is satisfied: If x < y is false, then

there are neighbourhood p, p of x, y, respectively, such that

i(w) A d(n) =0,
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Proof

(1)

3)

Suppose that the preorder is semiclosed on the left and let x < y be
false. Assume, by way of contradiction, that for each neighbourhood p
of x we have i(i) (y) > 0. By theorem 6.1.4 there exists an x, <y such
that pu(x,) > 0. Let

A ={u : n open neighbourhood of x}.

The set A is directed by the relation

W< U iff po < py.
It is easy to see that the net (x,).ca converges to x. Since x, <y, our
hypothesis implies that x <y which is a contradiction.

Conversely, suppose that the condition is satisfied and let x, — X,
X< y. We need to show that x <y. Assume that this is false. Our
hypothesis implies that there exists a neighbourhood p of x such that

i(L) (y) = 0. Let p be an open neighbourhood of x such that p < p. For

each a« we have
p (Xa) = p(Xa) = i(n)(y) =0
and thus p is not a neighbouhood of x,. This contradicts our

hypothesis that x, — x.
The proof is similar to that of (1).

Suppose that the preorder of X is closed and let x, y be such that x <y
is false. We need to show that there are neighbourhoods L, p of x, y
respectively, such that i(it) A d(p) = 0. Assume the contrary and let p, p

be open neighbourhoods of x, y respectively. Let zeX such that
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i(n) (2) >0, d(p) (z) > 0.

In view of the Theorem 6.1.4 there are z4, z, in X such that z; £z < z,.
wzs) > 0 and p(zz) > 0. Thus for all pairs (u,p), where pis an open
neighbourhood of x and p an open neighbourhood of y, there are X,z = z;
and Y. p) = Zo with zy <z, p(z4) > 0 and p(z;) > 0. Let

B ={(u, p) : 1, p open neighbourhoods of x, y, respectively}.

The relation

(K1, p1) < (U2, p2) iff py = o and py = p2, makes B into a directed set.
In this way we get two nets

X o) preBs (Yiwp)wp)es
such that X, 0) < y(up). L€t Lo, po be open neighbourhoods of x, y respectively.
If (1, p) = (Lo, Po), then p < g and p < po.

Hence
Ho(X(w, p)) = KXy, p)) > 0 and

Po(y(u. P)) 2p (Y(u, p)) >0
This proves that x(,, ,)—> x and y, ,— Y. By hypothesis x <y which is
a contradiction.

Conversely, assume that the condition is satisfied and let x, <Yy,
Xa —> X, Yo —> X. Assume that x < y is false. By hypothesis there are
open neighbourhoods of x, y, respectively, such that i(u)A d(p) = 0. Since
X, —> X and y, — X, there exists some index a such that pu(x,) > 0 and

p(y,) > 0. Let z =y, Since z > x,, we have i(1) (z) = p(x,) > 0. Also
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d(p)(z) = p(z) > 0. Thus i(u) A d(p) # 0 which is a contradiction. This

contradiction completes the proof.

Definition: 6.2.10
Let X be a preordered fuzzy topological space and let X be the ordered

set which corresponds to the preordered set X. Let e be the quotient mapping

from X onto )IE Let Tt be the quotient topology on )Q (et iff e‘1(u) is open in
)Q). Then X, with the topology T, is an ordered fuzzy topological space. We

A
will refer to (X, t) as the ordered fuzzy topological space corresponding to

the preordered fuzzy topological space X.

Theorem: 6.2.11
Let X be a preordered fuzzy topological space whose topology is locally

order-convex. Let X be the corresponding ordered fuzzy topological space

A
and e : X — X the quotient mapping. Then:

(1)  p=e"(e(u)) for each open set p in X.

(2) eisan open map.

(3) pisopen in X iff = e™(p) for some open set p in X.
Proof

(1) LetubeopeninX. Clearly u< e‘1(e(u)),
Suppose, by way of contradiction, that there exists xe X such that
H(x) < e”(e(w) (x) = e(w) (X).
Since e [)Q] = )’<\, there exists ye;(\ such that p(y) > n(x). Since L is open,
K is a neighbourhood of y. Our hypothesis and the p(y) > p(x) imply

that there exists an order-convex neighbourhood p4 of y such that

68



< pand py(y) > ux). But pq(y) = 1(x) since w4 is order-convex and

yef(\. Hence
H(X) = pi(X) = pa(y) > pUX).
This contradiction shows that L = e™'(e(u)).
(2) ltis direct consequence of (1) since p is open in )Q iff e'1(p) is open in X.

(3) It follows form (1) and from the definition of the topology of X.

Lemma: 6.2.12

Let X be a preordered fuzzy topological space which is locally order-
convex. If pis an order-convex neigthbourhood of a point x in X, then e(u) is

an order-convex neighbourhood of xin X.

Proof

By theorem 6.2.11, e is an open map. Let now pu be an order-convex
neighbourhood of xe X. Then e(n) is order-convex and e(u)(fl\) = (y) for each
yeX. In particular e(p.)(Q) = u(x). Since p is a neighbourhood of x, there
exists an open neighbourhood p of x with p < p and p(x) = p(x). Now e(p) is
an open neighbourhood of X and e(p) < e(n). Moreover

e(p)(X) = p(x) = p(x) = e(L)(X).
and hence e(p)(Q) = e(u)(ﬁ\(). This proves that e(u) is an order-convex

neighbourhood of X.
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Theorem: 6.2.13

If the preordered fuzzy topological space X is locally order-convex, then
>“< is locally order-convex.
Proof

Let X be locally order-convex and let i be a neighbourhood of X in )Q
Let0< @< u()’?). Sin ce e is continuous, e“(u) is a neighbourhood of x in X.
Moreover, e'1(u)(x) = ;,L(Q) > 6#. Hence, there exists an order—convex
neighbourhood p of x, p < e'(u), with p(x) >6. By the preceding lemma, e(p)

is an order-convex neighbourhood of X. Also, e(p) < e(e'1(u)) = 1. Finally,
e(p) (X) = p(x) > 6

This shows that the family of order-convex neighbourhoods of X is a
base for the system of all neighbourhoods of X. Hence )2 is locally

order-convex.

Theorem: 6.2.14

Let X be a preordered fuzzy topological space. Then X is locally
order-convex iff there exist an ordered fuzzy topological space Y whose

topology is locally order-convex and an increasing function f from X to Y such
that a fuzzy set pin X is open iff u = f'(p) for some open fuzzy set pin Y.

Proof

If X is locally order-convex, then we may take Y = )Q and f the quotient
mape: X —> )Q
Conversely, suppose that there exist Y and f with the properties

mentioned in the statement of the theorem. Let p be a neighbourhood of x in

X. There exists an open neighbourhood 14 of x with py < p and py(x) = p(x).
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Let p be open in Y with p = f‘1(p) and let 0 < 8 < u(x) = wy(x) = p(f(x)). Since
Y is locally order-convex, there exists an order convex neighbourhood p, of
f(x) with p; < p and p4(f(x)) >60. Let p, = f‘1(p1). Since f is increasing, L, is
order-convex (Theorem 6.1.9). Also since f is continuous, L, is a

neighbourhood of x. Clearly pt, < py < p. Also, pa(x) = p4(f(x)) >6. This

proves that the family of all order-convex neighbourhoods of x is a base or the

system of all neighbourhoods of x. Hence X is locally order-convex.
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