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PREFACE

Nearly two hundred years have elapsed since Lagrarge published his Méca-
nique Analytique (1788) which laid the foundations of analytical dynamics.
Later discoveries, most notably those of Hamilton and Jacobi, contributed to
a theory of dynamics having unusual elegance and beauty. The next great
advance came early in this century when Einstein presented a new view of the
physical world with the publication of the first of his papers on relativity in
1905. In the intervening years, these foundations have been studied and
improved upon, particularly with respect to the mathematical methods and
notation, as well as in their logical and experimental basis. Furthermore, a
wider use has been made of the advanced theories of classical mechanics as
our society has become more sophisticated in its technology. It is appropriate,
then, that graduate students in science and engineering should have a strong
background in these more abstract and intellectually satisfying areas of
dynamical theory. This is the subject of the present textbook.

The topics covered represent a somewhat expanded version of the mate-
rial in an advanced dynamics course at the University of Michigan. 1t is
assumed that the incoming students are familiar with the principles of vec-
torial mechanics and have some facility in the use of this theory for the analy-
sis of systems of particles and for rigid body rotation in two and three dimen-
sions. Furthermore, they should be familiar with Lagrange’s equation and
preferably have had some experience in its application to relatively difficult
problems. At present, the typical incoming student in this course at Michigan
has had some exposure to dynamics in a freshman physics course, as well as
an introductory dynamics course of four semester hours and an intermediate
course, also of four hours. The intermediate and advanced courses form a
two-term sequence.

Because the student is assumed to be familiar with the more elementary
topics in dynamics, these are not covered in any detail in this book. The
first chapter, Introductory Concepts, is included, however, in order to
establish some of the notation and the more important definitions to be used
later. For example, the ideas of virtual work and d’Alembert’s principle are
introduced here. If the student has already attained a proficiency in these
areas, then little time needs to be spent on this chapter.

Chapter 2 uses d’Alembert’s principle as a starting point for the deriva-
tion of Lagrange’s equations of motion. The explicit form and nature of these

ix



X PREFACE

equations are discussed in detail for holonomic and nonholonomic systems.
The discussion of particular applications of Lagrange’s equations is continued
in Chapter 3 where the idea of impulsive constraints is introduced. The study
of impulsive motion also provides the opportunity for a brief discussion of
quasi-coordinates. Further topics include discussions and comparisons of
gyroscopic systems and dissipative systems, as well as velocity-dependent
potentials. Some of these applications may be omitted without a loss of
continuity in the remaining chapters.

In Chapter 4 the calculus of variations is introduced in the study of
dynamics. The most emphasis is given to Hamilton’s principle, but other
results such as the principle of least action are studied. Noncontemporaneous
variations, as well as the usual contemporaneous variations, are considered
in a general evaluation of the canonical integral. The Hamiltonian viewpoint
of dynamics is given careful consideration in the discussions of the canonical
equations of motion and phase space. Much of the groundwork for the
theory of the next two chapters is presented here.

Chapters 5 and 6 are concerned primarily with the theory of canonical
transformations. It was decided to consider the Hamilton-Jacobi theory
before a more general discussion of canonical transformations, rather than
attempting the reverse order. This allows the student to obtain some rather
concrete procedures for solving problems, and it is hoped that there will be
a further motivation for the rather extensive theory of canonical trans-
formations which follows.

The final chapter is an introductory presentation of special relativity with
the Lagrangian and Hamiltonian formulations included. Enough examples
and problems are presented to encourage a good working familiarity with the
subject at this level.

The author would recommend, in general, that the problems at the end
of each chapter be used as much as time will allow. The problems are of
varying difficulty and should help greatly in solidifying the principal con-
cepts of classical dynamics. Occasionally, theoretical results which were not
included in the text because of limited space are presented instead as problems.

A major portion of this book was written during a sabbatical leave at the
University of California at San Diego. I wish to thank Professors J. W.
Miles and R. E. Roberson of the Department of Aerospace and Mechanical
Engineering Sciences for helping to make my stay there enjoyable and
fruitful. I am particularly appreciative of the heip of my wife who did all the
typing and helped with the proofreading.

DoNALD T. GREENWOOD

Ann Arbor, Michigan
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INTRODUCTORY CONCEPTS

Dynamics is the study of the motions of interacting bodies. It describes
these motions in terms of postulated laws. Classical dynamics is restricted to
those systems of interacting bodies for which quantum mechanical effects are
negligible; that is, it applies primarily to macroscopic phenomena. The non-
relativistic theories and methods of men such as Newton, Euler, Lagrange,
and Hamilton are included, as well as the more recent relativistic dynamics
of Einstein.

In this chapter we introduce a few of the basic concepts of nonrelativistic
classical dynamics and shall begin to form the notational framework to be
used throughout the book. Some of the material should be familiar to the
reader and is not presented in detail. Other topics are explained more care-
fully in order to clarify the more important definitions and assumptions.

1-1. THE MECHANICAL SYSTEM

Let us consider a mechanical system consisting of N particles, where a
particle is an idealized material body having its mass concentrated at a point.
The motion of a particle is therefore the motion of a point in space. Since
a point has no geometrical dimensions we cannot specify the orientation of
a particle, nor can we associate any particular rotational motion with it. In
this nonrelativistic treatment, that is, for all but the final chapter, we shall
assume that the mass of each particie remains constant.

Egquations of Motion. The differential equations of motion for a system of
N particles can be obtained by applying Newton’s laws of motion to the
particles individually. For a single particle of mass m which is subject to a
force F we obtain from Newton’s second law the vector equation

or
F=9_, (1-2)

where the linear momentum p is given by

p=my (1-3)

1



2 INTRODUCTORY CONCEPTS CH. 1

and where the acceleration a (or ¥) is measured relative to an inertial frame
of reference.

The existence of an inertial, or Newtonian, reference frame is a fundamen-
tal postulate of Newtonian dynamics. As an example of an inertial reference
frame, consider a frame with its origin at the sun and assume that it is non-
rotating with respect to the so-called “fixed” stars. It can be shown that any
other reference frame that is not rotating, but that is translating with a uni-
form velocity relative to a given inertial frame, is itself an inertial frame.
Hence, the existence of a single inertial reference frame implies the existence
of an infinity of other inertial frames which are equally valid (but not neces-
sarily equally convenient) for the description of the motion of a particle,
using the principles of Newtonian dynamics.

Let us assume, then, that we have found such a suitable inertial frame
and that the vector r, specifies the position of the ith particle relative to that
frame. The equations of motion for the system of N particles can be written
with the aid of Eq. (1-1).

mf, =F, + R, (i=12...,N) (1-4)

where m;, is the mass of the ith particle and where we have broken the total
force acting on this particle into two vector components, F, and R,. F, is
called the applied force and R, is the constraint force. Briefly, R, is that force
which ensures that the geometrical constraints are followed in the motion of
the ith particle. The applied force F, represents the sum of all other forces
acting on the ith particle. A more detailed discussion of constraints and the
associated forces is given in Secs. 1-3 and 1-4.

In general, the forces that act on a body may be classified according to
their mode of application as follows: (1) contact forces and (2) body, or field,
forces. Contact forces are transmitted to the body by a direct mechanical
push or pull. Body forces, on the other hand, are associated with action at
a distance and are represented by gravitational, electrical, or other fields. It
frequently occurs that body forces are applied throughout a body, but contact
forces are applied only at its boundary surface. The forces R, associated with
the geometrical constraints are always contact forces. However, the applied
forces F, may be of either the body or contact type, or a combination of the
two.

Instead of writing a single vector equation such as (1-4) for each particle,
it is sometimes more convenient to write three scalar equations. Using the
Cartesian coordinates (x,, y,, z,) to represent the position of the ith particle,
we obtain

m%, = Fi, + R,
mp, = F,+ R, (i=12...,N) (1-5)
mi, = F, + R,
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where F,, and R,, are the x components of F, and R, respectively, and where
F,, R, F,., R, are defined similarly.

The notation of Eq. (I1-5) is somewhat unwieldy, however. In order to
simplify the writing of the equations, let us denote the Cartesian coordinates
of the first particle by (x,, x,, x;), of the second particle by (x,, x5, X4), and
so on. Then, noting that the mass of the kth particle is

Myp_p = My = My (1-6)
we can write the equations of motion in the form
mx, = F, + R, G=1,2,...,3N) (1-7)

where F, and R, are the x, components of the applied forces and the con-
straint forces, respectively. As particular examples of this notation, we see
that Fy is the y component of the applied force acting on the second particle,
and R,y is the z component of the constraint force acting on the Nth particle.

For the case in which there are no constraints, the force components F;
are expressed as functions of position, velocity, and time; the R’s are zero.
Hence the system ot' N particles is described by 3N second-order differential
equations which are, in general, nonlinear. Although these equations may be
solvable, in theory, for the position of each particle as a function of time,
the equations are not often completely integrable in closed form. Frequently
the practical solution involves the use of a computer.

If there are m constraints acting on the system, then the forces may be
functions, not only of position, velocity, and time, but also of m additional
variables known as Lagrange multipliers. In this case there are a total of
(3N + m) variables to be obtained as functions of time, using the 3N differ-
ential equations of motion and the m equations of constraint.

Thus we see that the writing of the equations of motion for a system of
N particles, using Cartesian coordinates, may result in a formidable set of
nonlinear ordinary differential equations. In certain cases, however, the anal-
ysis can be simplified considerably by the use of a different set of coordinates,
involving fewer constraints, or perhaps eliminating the constraints altogether.
The proper choice of coordinates and the use of further transformations of
variables for the purpose of simplifying the analysis are topics which are
discussed extensively in the remainder of the book.

Units. The equations of motion, whether they are written in the vector
form of Eq. (1-4) or in the scalar form of Eq. (1-7), require that the variables
be expressed in a consistent set of units. By consistent we mean that the quan-
tities on both sides of each equation must be expressed in the same, or equi-
valent, units. If we consider the dimensions of the units used in the equations
of motion, we find that mass, length, time, and force are present. Because the
equations of motion must exhibit dimensional homogeneity, however, these
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four dimensions are not independent. In fact, any one dimension can be
expressed in terms of the other three.

Certain systems of units known as absolute systems use mass, length, and
time as the fundamental dimensions. For example, the mks system uses the
meter as the fundamental unit of length, the kilogram as the fundamental
unit of mass, and the second as the fundamental unit of time. The unit of
force, the newton, is a derived unit and is equivalent to 1 kg m/sec?. In gen-
eral, we shall use this system whenever explicit units are mentioned.

Another common system of units is the English gravitational system in
which units having the dimensions of force, length, and time are considered
to be fundamental. Here the foot is the fundamental unit of length, the second
is the fundamental unit of time, and the pound is the fundamental unit of
force. The fundamental unit of mass is the slug and is a derived unit. It isequal
to 1 Ib sec?/ft.

1-2. GENERALIZED COORDINATES

Degrees of Freedom. An important characteristic of a given mechanical
system is its number of degrees of freedom. The number of degrees of freedom
is equal to the number of coordinates minus the number of independent
equations of constraint. For example, if the configuration of a system of N
particles is described using 3N Cartesian coordinates, and if there are / inde-
pendent equations of constraint relating these coordinates, then there are
(3N — 1) degrees of freedom.

To illustrate the idea of degrees of freedom, suppose that three particles
are connected by rigid rods to form a triangular body with the particles at
its corners. The configuration of the system is specified by giving the locations
of the three particles, that is, by 9 Cartesian coordinates. But each rigid rod
is represented mathematically by an independent equation of constraint. So
3N — =9 — 3 = 6, and the system has six degrees of freedom.

The triangular body is an example of a rigid body, and has the sarme num-
ber of degrees of freedom as a general rigid body. One can see this by noting
that the triangle can be imagined to be embedded in any given rigid body.
In this case, each possible configuration of the triangle determines the con-
figuration of the rigid body, and vice versa.

It is important to realize that the number of degrees of freedom is a char-
acteristic of the system itself, and does not depend upon the particular set of
coordinates used in its description. For example, the configuration of the
previous triangular body might be specified by giving the three Cartesian
coordinates of an arbitrary point in the body and also a set of three Eulerian
angles describing its orientation. In this case, there are six coordinates and
no constraints, again yielding six degrees of freedom.

Frequently it is advantageous tc search for such a set of independent coor-
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dinates with which to describe the configuration of a system. In this case,
there are as many coordinates as degrees of freedom, and the analysis con-
tains a minimum number of variables.

Generalized Coordinates. We have seen that various sets of coordinates
can be used to express the configuration of a given system. Furthermore,
these sets do not necessarily have the same number of coordinates nor the
same number of constraints. Nevertheless, the number of coordinates minus
the number of independent equations of constraint is always equal to the
number of degrees of freedom.

Now consider two sets of coordinates which describe the same system.
At any given time, the values of each set of coordinates are simply a group of
numbers. The process of obtaining one set of numbers from the other is
known as a coordinate transformation.

As we think of the wide variety of possible coordinate transformations,
any set of parameters which gives an unambiguous representation of the
configuration of the system will serve as a system of coordinates in a more
general sense. These parameters are known as generalized coordinates. All the
common types of coordinates can serve as generalized coordinates, but many
other parameters can also be used. For example, motion of a certain gener-
alized coordinate might involve translation of one portion of the system and
rotation of another portion.

Generalized coordinates usually have a readily visualized geometrical
significance, and are often chosen on this basis. Furthermore, it is helpful in
most analyses to choose a set of generalized coordinates which are indepen-
dent. If the generalized coordinates specify the configuration of the system
and can be varied independently without violating the constraints, then the
aumber of generalized coordinates is equal to the number of degrees of free-
dom.

Straightforward procedures, such as the use of Lagrange’s equations, exist
for obtaining the differential equations of motion in terms of generalized
coordinates. As we shall discover in the discussion of Chap. 2, the use of
independent generalized coordinates allows the analysis of the motion of most
systems to be made without solving for the forces of constraint.

Returning now to a consideration of the transformation equations relating

the Cartesian coordinates x,, x,, . . ., X;5 to the generalized coordinates ¢,
Gay - - - » qs, We will assume that these equations are of the form
xl = Xl(Qn‘]z, o 9qm t)

Xy = X(q15 G2y -+ - G 1)
. . . (1-8)

.

Xiy = X3n(q1, G2 - - - 3 Gms 1)
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It is possible that each system of coordinates has equations of constraint
associated with it. If the x’s have / equations of constraint and the ¢’s have m
equations of constraint, then, equating the number of degrees of freedom in

each case, we find that
3N—I=n—m (1-9)

It is desirable that one and only one set of ¢’s corresponds to each possible
configuration of the system. In other words, there should be a one-to-one
correspondence between points in the allowable domain of the x’s and points
in the allowable domain of the ¢’s for each value of time. The necessary and
sufficient condition that one can solve for the ¢’s as functions of the x’s and
t is that the Jacobian determinant of the transformation be nonzero.

As an example, suppose that the 3N x’s have [ equations of constraint of
the form

Ji(x s Xay ooy Xa 1) = @ (J=3N—14+1,...,3N) (1-10)
Let the n generalized coordinates be chosen so that they are independent,
that is, the number of degrees of freedom is
n=3N—1
Now define an additional set of [ ¢’s and identify them with the / constant
a’s.
q, = a, (G=n+1,...,3N) (1-1D)
Then the transformation equations of (i1-8) can be considered to be of the
form

Xy =x1(q1,92> - -+ »Gsn> 1)
X3 =X(q1sG2s - - sG> 1)
. . - (1-12)
Xsv = X3n(G1: 920 -+ - 5 Gans D)
If the Jacobian determinant is nonzero, that is, if
(9(X1y xZ,...‘x,,\');ﬁO (1_13)

(g1 Gas oo v qan)

then Eq. (1-8) or Eq. (1-12) can be solved for the g’s as functions of the x’s
and time.

q! :.f/(xhxb---yx3N,t) (/: 1,2,...,}1) (1'14)

The remaining constant ¢’s for j = »n + 1,.. ., 3N were given by Egs. (1-10)
and (1-11).

Example 1-1. As a simple example of a transformation from Cartesian to
generalized coordirz~s, consider a particle which is constrained to move on
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a fixed circular path of radius a, as X3
shown in Fig. 1-1. The equation of con-
straint is

(1 + ¥ = a

Let a single generalized coordinate ¢,
represent the one degree of freedom. 4
This polar angle can vary freely with- a
out violating the constraint. In accor- a4

dance with Eq. (1-11), let us define a X
second generalized coordinate g, which

1s constant.

q. = a
The transformation equations are

Fig. 1-1. A particle on a fixed circular
path.

X, =4, €084,
X, = q; sing,
The Jacobian for this transformation is
ox, Ox,
0(xy, X,) dq, 9dq,
091, 92)  |9x, dx,
dg, dg,
Hence, the ¢’s may be expressed as functions of the x’s except when the
Jacobian is zero at g, = 0. In this case the radius of the circle is zero and the
angle ¢, is undefined. These transformation equations are

= —q2

q, = tan™! Xz

Xy
g = (x} + x)'?
where we arbitrarily take 0 <{ ¢, << 2z and 0 < ¢q, << oo in order that the ¢’s
will be single-valued functions of the x’s. These transformation equations
apply at all points on the finite x,x, plane except at the origin.

Configuration Space. We have seen that the configuration of a system
of N particles is specified by giving the values of its 3N Cartesian coordinates.
If the system has / independent equations of constraint of the form of Eq.
(1-10), then it is possible to find » independent generalized coordinates ¢q,, q,,

., 4., where n = 3N — [. Hence a set of n numbers, namely, the values of
the n q’s, completely specifies the configuration of the system. It is convenient
to think of these » numbers as the coordinates of a single point in an n-
dimensional space known as configuration space. In other words, the configura-
tion of any mechanical system having a finite number of degrees of freedom
is represented as a single point in an n-dimensional g-space. We may also
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consider a vector q to be drawn from the origin to the given configuration
point. This q vector has the corresponding n ¢’s as its components in a Euclid-
ean (rectangular) space of n dimensions.

As a given mechanical system changes its configuration with time, the
configuration point traces out a curve in g-space. For the usual case of inde-
pendent ¢’s, the curve will be continuous but otherwise unconstrained. But if
there are constraints which are expressed as functions of the ¢’s, the configura-
tion point moves on a hypersurface having fewer than n dimensions.

The concept of a configuration space or g-space is used frequently in our
further discussions of analytical dynamics.

1-3. CONSTRAINTS

We have seen that a system of N particles may have less than 3N degrees
of freedom because of the presence of constraints. These constraints put
geometrical restrictions upon the possible motions of the system and result
in corresponding forces of constraint. Now let us consider the classification
and mathematical description of constraints in greater detail.

Holonomic Constraints. Suppose the configuration of a system is speci-

fied by the n generalized coordinates q,, g4,, .. ., ¢, and assume that there are
k independent equations of constraint of the form
é.¢,.92...,4,21)=0 G=1,2,...,k (1-15)

A constraint which can be expressed in this fashion is known as a holonomic
constraint.

A system whose constraint equations, if any, are all of the holonomic
form given in Eq. (1-15) is called a holonomic system. As an example of a
holonomic system, consider the motion in the xy plane of the two particles
shown in Fig. 1-2. These particles are connected by a rigid rod of length /;
hence the corresponding equation of constraint is

(2 =X+ =y, =P =0

In this case there are four coordinates and one equation of constraint,
yielding three degrees of freedom. One could use this equation to eliminate
one of the variables from the equations of motion. This procedure often
entails algebraic difficulties, however, and is rarely used. Instead, let us search
for a set of independent generalized coordinates, since it is known that these
coordinates exist for all holonomic systems. For example, we can choose the
Cartesian coordinates (x, y) of the center of the rod and the angle 8 between
the rod and the x axis as the generalized coordinates.

We have assumed that the length / of the rod is constant, and therefore
the holonomic constraint equation does not contain time. Constraints of this
sort in which the time ¢ does not appear explicitly are known as scleronomic
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(Xz, ,Vz)

(xl,yl)

o x
Fig. 1-2. Two particles connected by a rod of length /.

constraints. On the other hand, if the length / had been given as an explicit
function of time, the constraint would have been classed as rheonomic. In the
usual case, a rheonomic constraint is a moving constraint.

The terms scleronomic and rheonomic can also be applied to a mechanical
system. A system is scleronomic if (1) none of the constraint equations contain
t explicitly and (2) the transformation equations (1-8) give the x’s as functions
of the ¢’s only. If any of the constraint equations or the transformation equa-
tions contain time explicitly, the system is rheonomic.

To explain this point further, it sometimes occurs that the generalized
coordinates can be chosen in such a manner that there are no equations of
constraint, or perhaps only scleronomic constraints, and yet the transforma-
tion equations contain time explicitly. An example is a particle constrained
to move on a rigid wire which is rotating uniformly about a fixed axis, the
single generalized coordinate being the position of the particle relative to the
wire. Here there are no equations of constraint, but the system is rheonomic.

So far we have discussed two methods that can be used in the analysis
of systems with holonomic constraints, namely, the elimination of variables
using the constraint equations and the use of independent generalized
coordinates. A third approach, which can be applied to either holonomic
or nonholonomic systems, is the Lagrange multiplier method. This method
represents the constraints by introducing the corresponding constraint forces
which are expressed in terms of k variable parameters A; known as Lagrange
multipliers. This method will be explained further in Sec. 2-1.

Nonholonomic Constraints. Now let us consider a system of m con-
straints which are written as nonintegrable differential expressions of the form

'Zn:'aj,dqi+aj,dt=0 G=1,2,...,m) (1-16)
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where the a’s are, in general, functions of the ¢’s and ¢. Constraints of this
type are known as nonholonomic constraints.

As a result of the nonintegrable nature of these differential equations, one
cannot obtain functions of the form given in Eq. (1-15) and use these to
eliminate some of the variables. Nor is it possible to find a set of independent
generalized coordinates. Hence, nonholonomic systems always require more
coordinates for their description than there are degrees of freedom.

As an example of a nonholonomic system, consider again the two particles
and rigid rod of Fig. 1-2. We assume that the particles can slide on the
horizontal xy plane without friction. The system is changed, however, by the
addition of a nonholonomic constraint in the form of knife-edge supports at
the two particles, as in Fig. 2-6. These supports move with the system and
are oriented perpendicular to the direction of the rod in such a manner that
they allow no velocity component along the rod at either particle. Hence, the
velocity of the center of the rod must be perpendicular to the rod, resulting
in the constraint equation

= —ytanf
or
cos@dx -+ sinfdy=0 (1-17)

This expression is not an exact differential, that is, no function ®(x, y, 8)
exists such that Eq. (1-17) is of the form

Jo d¢ — }
dd>—§—dx+ dy +09d0 0 (1-18)
Furthermore, Eq. (1-17) cannot be multiplied by any integrating factor to
yield an exact differential. Hence, it is not integrable.
More generally, it can be shownt that the necessary and sufficient condi-
tion for the integrability of the differential equation

a,dx + a,dy + a,df =0 (1-19)

da da da da, da, da)\ __
oG5~ 5) + o (5 —56) ~ (3 -5 =0 00
where the a’s are functions of x, y, and . Applying this criterion to Eq. (1-17),
we confirm that the expression is not integrable.

The system consisting of two particles and a rigid rod illustrates an impor-
tant kinematic difference between holonomic and nonholonomic constraints.
This difference occurs with respect to accessibility. If we first consider two
unconstrained particles moving on the xy plane, we note that there is a four-
dimensional configuration space, corresponding to the four independent coor-

is that

tSee E. L. Ince, Ordinary Differential Equations (New York: Dover Publications,
Inc., 1956), p. 54.
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dinates used to describe the configuration of the system. The addition of a
holonomic constraint in the form of a rigid rod connecting the particles results
in a reduction of the number of degrees of freedom from four to three. Since
there are now three independent generalized coordinates, the configuration
space is afso reduced to three dimensions. But any point in configuration space
is accessible from any other point; that is, any possible configuration can
be reached from any other configuration.

Now consider the effect of the addition of a nonholonomic constraint
represented by knife edges at the particles. This constraint restricts the particle
velocities to the direction of the perpendicular to the rod. The number of
degrees of freedom is reduced to two, but the number of required generalized
coordinates remains at three. Furthermore, any point in the three-dimensional
configuration space is accessible from any other point. In general, the kine-
matic effect of a nonholonomic constraint is to constrain the direction of the
allowable motions at any given point of configuration space. But this does
not reduce the number of dimensions in the configuration space, nor does it
limit the variety of configurations available to the system. This last result is
a direct consequence of the nonintegrability of the differential form; for if a
function of the form

DG g . qt)=c¢ (1-21)

could be found, it would represent a hypersurface (embedded in g-space) on
which the configuration point would be constrained to move, thereby limiting
its region of accessibility.

Example 1-2. A classical example of a nonholonomic constraint occurs
when there is rolling contact without slipping. For instance, consider a vertical
disk of radius r which rolls without slipping on the horizontal xy plane, as
shown in Fig. 1-3. Let us choose as generalized coordinates the point of con-
tact (x, y), the angle of rotation ¢ of the disk about a perpendicular axis
through its center, and the angle & between the plane of the disk and the yz
plane. The requirement of rolling without slipping implies that

dx —rsinodp =0

1-22
dy — rcosa dd = (1-22)

since r d¢ is a differential element of displacement along the path traced by
the point of contact, and « is the angle between the tangent to this path and
the y axis.

In this example, there are four coordinates and two independent equations
of constraint, resulting in two degrees of freedom. Notice, however, that the
entire four-dimensional configuration space is accessible; that is, it is possible
to arrive at any configuration (x, y, ¢, &) from any other configuration by
properly choosing the path.
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Fig. 1-3. A vertical disk rolling on a horizontal plane.

Previously we found that the integrability of a differential form requires
it to be an exact differential, or be capable of becoming an exact differential
through multiplication by an integrating factor which is some function of the
variables. The necessary and sufficient conditions for the exactness of the
differential form of Eq. (1-16) are that

day _ day
-
e k=12 (1-23)
da, _ da,
9 T dg,

Since the coefficients of d¢ in Eq. (1-22) are functions of «, but the coefficients
of da are zero, it is clear that no integrating factor can be found such that the
resulting expression meets the conditions of Eq. (1-23). Hence both constraints
are nonholonomic.

Unilateral Constraints. The constraints which have been discussed so
far have all been bilateral; that is, if one imagines a small allowable displace-
ment from any configuration of the system, the negative of this displacement
is also allowable, assuming any fixed value of time. Such bilateral constraints
are always expressed as an equality.o

Now consider a constraint which is written in the form of an inequality
involving a function of the ¢’s and possibly time, such as

f(QI,Qz,--wqmt)gO (1-24)
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This implies that the configuration point is restricted to a certain region of
an n-dimensional configuration space which may vary with time. If the con-
figuration point lies on the boundary of the allowable region, the unilateral
nature of the constraint is apparent because the negative of a permitted small
displacement generally will lie outside the region and therefore will not be
allowed.

As a specific example of a unilateral constraint, suppose that a free particle
is contained within a fixed hollow sphere of radius r which is centered at the
origin of a Cartesian coordinate system. Then, using (x, y, z) as the coordi-
nates of the particle, the unilateral constraint is given by

x2+yr 422 —r2<0 (1-25)

If the particle is within the sphere and not touching its surface, the ine-
quality holds and the particle moves freely with three degrees of freedom. On
the other hand, if the particle moves along the sphere during some interval,
the equality applies and the particle moves freely on a two-dimensional sur-
face. Finally, if the particle hits the sphere and rebounds in accordance with
some coefficient of restitution, the instant of impact provides the boundary
point between two periods of free motion, the initial conditions of a given
period being calculated from the final conditions of the previous period.

In any event, the motion of the particle is obtained by considering a
sequence of holonomic systems, where switching occurs whenever the particle
hits the spherical surface or leaves it. Thus the unilateral or inequality form of
constraint is holonomic in nature.

1-4, VIRTUAL WORK

The concept of virtual work is fundamental in the study of analytical
mechanics. It is directly associated with the application of energy methods in
the derivation of the equations of motion, as well as being an important
concept in the study of stability. Since virtual work is associated with a virtual
displacement, let us consider first the nature of a virtual displacement.

Virtual Displacement. Suppose the configuration of a system of N par-
ticles is given by the 3N Cartesian coordinates x,, x,,..., x5 Which are
measured relative to an inertial frame and may be subject to constraints.
At any given time, let us assume that the coordinates move through infinitesi-
mal displacements dx,, dx,, ..., ;5 which are virtual or imaginary in the
sense that they are assumed to occur without the passage of time, and do not
necessarily conform to the constraints. This small change §x in the configura-
tion of the system is known as a virtual displacement.

In the usual case, a virtual displacement conforms to the instantaneous
constraints, that is, any moving constraints are assumed to be stopped during
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the virtual displacement. For example, suppose the system is subject to k
holonomic constraints

S (xi XX ) =0 (j=1,2,...,k) (1-26)
Let us take the total differential of ¢, and obtain

(=1 d

A virtual displacement which conforms to these constraints has the dx’s
related by the k equations

dpy =5 % ae + % =0 G=12...0 a2

V950 =0 (G=1,2....k (1-28)
Siox,
Here we have replaced the dx’s in Eq. (1-27) by dx’s and have omitted the dr
term because the time is held fixed during a virtual displacement.
In a similar fashion, let us now assume that the system has m nonholonom-
ic constraints of the form

S ade +apdi=0 (j=1,2,...,m) (1-29)
1-1

Any virtual displacement which conforms to these constraints must have the
dx’s related by the m equations

Sa,6x,=0 (j=12,...,m) (1-30)
-1

The question arises whether a virtual displacement can also be a possible
real displacement, described by a set of dx’s, and assumed to occur during
the time increment dr. In other words, under what conditions can Jdx be
replaced by dx? A comparison of Egs. (1-27) and (1-28) shows that any
holonomic constraints must also be scleronomic, that is, the condition

9¢, _ -
5= (=1,2,...,k) (1-31)
must apply. Similarly, any nonholonomic constraints must meet the condi-
tion

a, =90 (J=1L2,...,m (1-32)

Since these conditions are not met in the general case, it is clear that a virtual
displacement is not, in general, a possible real displacement.

It is sometimes convenient to assume that a set of dx’s conforming to the
instantaneous constraints occurs during an interval §¢. The corresponding
ratios of the form §x/d¢ have the dimensions of velocity and are known as
virtual velocities. In general, virtual velocities are not possible velocities for
the actual system. It is only when Eqs. (1-31) and (1-32) apply that a virtual
velocity consistent with the constraints is also a possible velocity.
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Thus far in the discussion of virtual displacements we have used Cartesian
coordinates. Now let us consider a system whose configuration is given by
the minimum number of generalized coordinates. Thus, any constraints will
be nonholonomic and can be expressed in the form

Sa,dg +a,dt=0 (j=12...,m (1-33)
i=1
or, alternatively,
g;a,,q',—i-aj,:O (=12...,m {1-34)

where the a’s are functions of the ¢’s and .
Any virtual displacement consistent with the constraints must meet the
conditions

S a,8¢,=0 (=12...,m) (1-35)
i=1

The corresponding generalized virtual velocity u has components «, which
satisfy

Sau=0 (j=12...,m) (1-36)
i=1

Now let us consider once again the necessary conditions for the virtual
velocity of any point of the system to be a possible velocity. Comparing Egs.
(1-34) and (1-36) we see that

a,=0 (j=12...,m (1-37)

In addition, however, the transformation equations relating the x’s and the
g’s must not contain ¢ explicitly; that js, there can be no moving constraints
since moving constraints induce actual velocity components other than the
allowable virtual velocities u,.

Virtual Work. Let us return now to a system of N particles whose con-
figuration is given by the Cartesian coordinates x;, X,, ..., X35. Suppose that
force components Fy, F,, ..., F;y are applied at the corresponding coordi-
nates in a positive sense. The virtual work 6 W of these forces in a virtual
displacement Jx is given by

N
oW =73 F éx, (1-38)
J=1
An alternate form of the expression for the virtual work is
N
oW =3 F.dr, (1-39)
=1

where F, is the force applied at the ith particle, and where r, is the position
vector of this particle. We see from the vector formulation that the virtual
work does not depend upon the use of any particular coordinate system,
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assuming, of course, that the motion is measured relative to an inertial
reference frame.

In the expressions for virtual work, it is important to realize that the forces
are assumed to remain constant throughout the virtual displacement. This is
true even if the actual force changes drastically as the result of an infinitesimal
displacement. A sudden change of force with position could occur, for
example, in certain nonlinear systems.

Another point to notice is that the virtual work expressions are defined
to be linear in the virtual displacements. In other words, the virtual work is
similar to a first variation.

Now consider a system which is subject to constraints. Let the total force
acting on the ith particle be separated into an applied force F, and a constraint
JSorce R,. The virtual work of the constraint forces is

SW, = ¥ R,-dr, (1-40)

Many of the constraints that commonly occur are of a class known as
workless constraints. We can define a workless constraint as follows: 4 work-
less constraint is any bilateral constraint such that the virtual work of the
corresponding constraint forces is zero for any virtual displacement which is
consistent with the constraints. It can be seen that, for a system having only
workless constraints, the virtual work § W, is equal to zero, or

$R,6r, = 0 (1-41)

where the virtual displacements Jr, are consistent with the instantaneous
constraints.

Examples of workless constraints are (1) rigid interconnections between
particles, (2) sliding motion on a frictionless surface, and (3) rolling contact
without slipping. Let us consider these examples in more detail.

First assume that two particles are connected by a rigid massless rod, as
in Fig. 1-4(a). Because of Newton's third law, the forces exerted by the rod
on the particles m, and m, are equal, opposite, and collinear. Hence

R, = R,e, = —R, (1-42)
where e, is a unit vector directed along the rod, as shown. Furthermore, since

the rod is rigid, the displacement components of the particles in the direction
of the rod must be equal, or

e,*0r, = ¢,+0r, (1-43)
Therefore, the virtual work of the constraint forces is zero.
JWC—: Rl'érl +Rz'6r2 - 0 (1'44)

Now consider a body B which slides without friction on a fixed surface
S, as shown in Fig. 1-4(b). The constraint force R is normal to the surface
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my

(a)

(b) (c)
Fig. 1-4. Examples of workless constraints.

at the contact point P, but any virtual displacement of P involves sliding in
the tangent plane at that point. Hence no work is done by the constraint
force R in a virtual displacement.

As a third example, consider a vertical circular disk which rolls without
slipping along a straight horizontal path, Fig. 1-4(c). The total force of the
surface acting on the disk can be separated into a normal component R, and
a frictional component R,, the latter being directed tangent to the surface.
These force components pass through the instantaneous center C. The instan-
taneous center, however, does not move as a result of a virtual displacement
00 if we make the usual assumption that infinitesimals of higher order are
neglected. In other words, the virtual velocity of C is zero. Hence the virtual
work of the constraint forces is zero.

Although this example involved the particular case of a disk rolling on a
plane, a similar argument would apply to the rolling contact of any body on
a fixed surface.

The examples we have given include the most common types of workless
constraints, but many others are possible. A rigid rod whese length is given
as an explicit function of time is a workless constraint because time is con-
sidered to remain fixed during a virtual displacement. Similarly, a frictionless
surface moving as a given function of time would also be workless. In these
cases, the constraint forces do work on the system in an actual displacement,
but not in the assumed virtual displacement.

It should be emphasized that workiess constraints do no work on the
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system as a whole in an arbitrary virtual displacement. Quite possibly, how-
ever, the workless constraint forces will do work on individual particles of
the system. For example, constraint forces are responsible for the transfer
of energy from one particle of a rigid body to another as the particles move
with changing speed in some general motion of the body.

Unless a statement is made to the contrary, we shall assume in any further
discussions of constraints that the term constraint force should be interpreted
as a workless constraint force. In cases such as sliding constraints with friction,
the tangential force of friction is lumped with the applied force F,, and the
normal component is treated as a workless constraint force in the usual
manner.

Unilateral constraints are not classed as workless constraints because
allowable virtual displacements can be found in which the virtual work of
the constraint forces is not zero. In the discussion of the principle of virtual
work we shall consider this point further.

Principle of Virtual Work. One of the important applications of the idea
of virtual work arises in the study of the static equilibrium of mechanical
systems. Suppose we consider a scleronomic system of N particles. If this
system is in static equilibrium, then, for each particle,

F,+ R, =0 (1-45)

Therefore the virtual work done by 2ll the forces in moving through an arbi-
trary virtual displacement consistent with the constraints is zero.
N N N
3. (F, +R)dr,=> Fdr, 4+ > Ror, =0 (1-46)
i=1 i=1 i=1
If we now assume that all the constraints are workless, and if the dr, are
reversible virtual displacements consistent with the constraints, then

3 R,dr, = 0 (1-47)
i=1
From Eqgs. (1-46) and (1-47), we conclude that
SW =S F,6r, = 0 (1-48)
i=1 -

We have shown that if a system of particles with workless constraints is
in static equilibrium, then it follows that the virtual work of the applied forces
is zero for any virtual displacement consistent with the constraints.

Now assume that the same system of particles is initially motionless, but
is not in equilibrium. Then one or more of the particles must have a net force
applied to it, and in accordance with Newton’s law of motion, it will start to
move in the direction of that force. Since any motion must be compatible with
the constraints (which are assumed to be fixed), we can always choose a
virtual displacement in the direction of the actual motion at each point. In
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this case the virtual work is positive, that is,
N N
Z F;or, + E R,-dr, >0 (1-49)
i=1 =1

But again the constraints are workless and Eq. (1-47) applies. Hence

N

SW =13 F,dr,> 0 (1-50)

A reversal of the dr’s would yield a negative virtual work for this system. But
in any event, if the system is not in equilibrium, it is always possible to find
a set of virtual displacements consistent with the constraints which will result
in the virtual work of the applied forces being nonzero.

These results can be summarized in the principle of virtual work: The
necessary and sufficient condition for the static equilibrium of an initially motion-
less scleronomic system which is subject to workless constraints is that zero
virtual work be done by the applied forces in moving through an arbitrary virtual
displacement satisfying the constraints.

As an example of the application of the principle of virtual work, consider
the system shown in Fig. 1-5. Two frictionless blocks of equal mass m are
connected by a massless rigid rod. Using x, and x, as coordinates, solve for
the force F, if the system is in static equilibrium.

This example shows a scleronomic system with workless constraints. The
external constraint forces are the wall and floor reactions R, and R;; the
internal constraint forces are the equal and opposite compressive forces in
the rod. We note that the total virtual work of these constraint forces is zero.

Fig. 1-5. A frictionless system which is constrained to move in the vertical
plane.
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The applied forces are the gravitational forces acting on the blocks and
the external force F,. Hence, using the principle of virtual work, we see that
the required condition for static equilibrium is that

mgdx, + F,6x, =0 (1-51)

But dx, and Ax, are related by an equation of constraint. Since the displace-
ment components along the rod must be equal at the two ends, we have

sinf dx, —cosfdx, =0 (1-52)
Solving Egs. (1-51) and (1-52), we obtain
F, = —mgcotf
This is the force required to keep the initially motionless system in static
equilibrium.
The principle of virtual work was derived for systems with bilateral con-
straints. But the idea of a virtual displacement and the associated virtual work

is quite general and can be applied to unilateral systems. So let us consider
the system of Fig. 1-6, consisting of a cube of mass m which is resting in

Fig. 1-6. A system with unilateral constraints.

static equilibrium at a corner formed by two frictionless, mutualiy perpen-
dicular planes. Assume that any motion is restricted to the vertical plane.
The unilateral constraint equations are

x; =0, x, 20 (1-53)

where we assume that x, = x, = 0 when the cube is in its equilibrium posi-
tion. In this case, the only applied forces are due to gravity and consist of
the components in the directions of x, and x,, respectively.

F,=F = (1-54)

!
7z
Therefore the virtual work of the applied forces is

SW = F, bx, + F, 6x, = — -L%(ax, 4+ 8x,) (1-55)
~
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Thus, the virtual work 6 W < 0 for any virtual displacement consistent with
the unilateral constraints.

In general, for an initially motionless system containing frictionless fixed
constraints, which may be unilateral, the necessary and sufficient condition
for static equilibrium is that the virtual work of the applied forces be equal to
or less than zero, that is,

W <0 (1-56)

for all virtual displacements consistent with the constraints.
Now let us calculate the virtual work of the constraint forces. Noting that

R =R,=—_mg (1-57)

we obtain
OW.= R, 0x, + R, 6x, >0 (1-58)

where we recall that R, and R, are assumed to remain constant during the
virtual displacement. In this example of a system with unilateral constraints,
we see that there can be nonzero virtual work by the constraint forces in an
allowable virtual displacement. Hence, unilateral constraints cannot be classed
as workless, even though they may be frictionless.

It should be pointed out that the constraint forces R, and R, can be
found by using the principle of virtual work. The procedure followed is to
set the total virtual work of all forces equal to zero, that is,

(R, - 3%) ox, + (Rl - %) 5x, =0 (1-59)
Here we assume that the dx’s are not constrained, and therefore are reversible
and independent. Hence each coefficient of Eq. (1-59) must be zero, and we
obtain

R, =R, = —=mg

In the study of unilateral constraints, one finds that the constraint forces
can change suddenly as the constraint function reaches or leaves its limiting
value. A similar sudden change can occur in Coulomb friction forces, but
in this case the force is considered as a discontinuous function of the sliding
velocity. Let us examine now the virtual work of a system containing elements
having Coulomb friction.

Our approach is to separate the total reaction force at a sliding surface
into a normal workless component and a tangential frictional component
which is considered as an applied force. Let us assume that each Coulomb
friction force opposes relative sliding motion and has a magnitude equal to
the coefficient of friction 4 multiplied by the normal force at the given surface.
With these assumptions, an initially motionless system is in static equilibrium
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if and only if the virtual work § W of the applied forces is given by
SW <0 (1-60)

for all virtual displacements consistent with the constraints.

Note that the actual friction forces of a system in static equilibrium are
not equal, in general, to the forces used in the virtual work expression, but
are smaller in magnitude. This implies that a finite additional force is required
to cause a system with Coulomb friction to break free of the equilibrium
condition and start to move. In contrast, a frictionless system with bilateral
constraints requires only an infinitesimal change in an applied force in order
to cause it to move from its position of static equilibrium.

D’Alembert’s Principle. Let us consider again a system of N particles
and write the equation of motion for each particle in the form

F,+R —mi,=0 (i=12...,N) (1-61)

where, as before, F; is the applied force and R, is the constraint force acting
on the ith particle. The term —m,F, has the dimensions of force and is known
as the inertial force acting on the ith particle, where m, is the constant mass
and ¥, is its acceleration relative to an inertial frame.

It is customary to call F, and R, real or actual forces in contrast to the
inertial forces. Hence Eq. (1-61) states that the sum of a// the forces, real and
inertial, acting on each particle of a system is zero. This result is sometimes
known as d’Alembert’s principle.t

The requirement that the sum of all the forces at each particle be zero is
similar to the necessary condition for static equilibrium. Since the principle
of virtual work applies to systems in static equilibrium, let us use the principle
on this force system, including the inertial forces. The total work done by all
the forces in an arbitrary virtual displacement is

oW = i (F, + R, — mi)edr, =0 (1-62)

If we now assume that the R, are workless constraint forces, and if we choose
the Jr, to be reversible virtual displacements consistent with the constraints,
then we obtain from Egs. (1-47) and (1-62) that

S (F, — mii)dt, = 0 (1-63)

+A somewhat different statement was made by J. d’Alembert in his Traité de Dynamique
(1743). Although he referred to velocities rather than forces, he stated in essence that the
constraint forces, meaning interaction forces, form a system in static equilibrium. As a
consequence of this principle, the applied and inertial forces together form a system that
also is in equilibrium in the sense of the virtual work expression of Eq. (1-63). See Lindsay
and Margenau, Foundations of Physics (New York: Dover Publications, Inc., 1957),
pp. 102-112.
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This equation is the Lagrangian form of d’Alembert’s principle and is one of
the most important equations of classical dynamics.

As a result of including the forces of inertia in this application of the
principle of virtual work, the validity of the principle is extended to dynamic
as well as static systems. Notice that Eq. (1-63) does not contain the forces
of constraint, which are often unknown, but requires only the applied forces
F,. Also, the equation applies to rheonomic as well as scleronomic systems,
provided that the dr’s are consistent with the instantaneous constraints.

Example 1-3. A particle of mass m is suspended by a massless wire of
length
r=a-+ bcoswt (a>b>0) (1-64)

to form a spherical pendulum. Find the equations of motion.

Let us use the spherical coordinates # and ¢, where 8 is measured from the
upward vertical, as shown in Fig. 1-7. The angle ¢ is measured between a
vertical reference plane passing through the support point O and the vertical
plane containing the pendulum.

€, e
Fig. 1-7. A spherical pendulum of variable length.
The general expression for the acceleration of a particle whose spherical
coordinates are (r, 8, ¢) is as follows:
i = (F — r0* — rd?sin? e,
+ (r 4 2¢0 — rd? sin 0 cos B)e,
+ (rd sin @ + 27¢ sin 6 + 2104 cos e, (1-65)

where e,, e,, and e, are unit vectors forming an orthogonal triad.
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A virtual displacement consistent with the instantaneous constraint is
or=rdbe, +rsinfode, (1-66)
Furthermore, the applied gravitational force is
F= —mgcosfe, + mgsinfe, (1-67)
Substituting from Egs. (1-65), (1-66), and (1-67) into Eq. (1-63), we obtain
mr[gsin @ — (r@ + 270 — ré? sin 8 cos )] 60
— mrsin [rd sin @ + 2¢¢ sin @ + 2r0d cos 0] 6¢ =0 (1-68)

Since d6 and d¢ are independent virtual displacements, their coefficients must
each be zero. Dividing out the common nonzero factors, and substituting for
r and its derivatives from Eq. (1-64), we obtain

(a + b cos wr)f — 2bwh sin wt
— (a + b cos w)d? sin 6 cos § = g sin 6
(a + b cos w)d sin § — 2bwé sin wf sin 6
+ 2(a + b cos wt)fd cos § = 0
These are the differential equations of motion for this system.

(1-69)

Generalized Force. In our previous discussions of virtual work, we have
been concerned with the work done by applied forces (or their equivalent
orthogonal components) in moving through a certain virtual displacement.
For example, if a given set of forces F,, F,, ..., F; is applied to a system of
N particles, the virtual work of these forces is

SW= 3 F, éx, (1-70)
=/

Now let us suppose that the 3N ordinary Cartesian coordinates x,, x,,
..., x;y are related to the n generalized coordinates q,, q,, . . . , g, by trans-
formation equations of the form of Eq. (1-8). If we differentiate this equation
and set §t = O (since we are considering a virtual displacement), we obtain
the following:

5x,=i‘%c’5q, G=1,2...,3N) a-71)
i=1 f

where the coefficients dx;/dg, are, in general, functions ot the ¢’s and ¢. Sub-
stituting this expression for dx, into Eq. (1-70), we obtain

3N n 0)(
SW =33 F, 5 8q, (1-72)
j=1i=1 q;
Let us define the generalized force Q, by the equation
_ X 0x P —
0, =3 F 3! i=12,...,n (1-73)

Jj=1 dq,
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Then, substituting from Eq. (1-73) into Eq. (1-72) and changing the order of
summation, we obtain

SW = 2 0, 8g, (1-74)

Comparing the virtual work expressions of Eqs. (1-70) and (1-74), we see
that they are of the same mathematical form. Previously we defined the F’s
as the ordinary force components applied at the corresponding x’s in the
positive sense. From Eq. (1-70) it can be seen that F, is also equal to the virtual
work per unit displacement of dx, for the case in which all the other dx’s
are zero. In a similar fashion, we can consider the generalized force Q, to be
the virtual work done by all the F’s acting on the system per unit displacement
of 8g,, assuming the other dg’s are zero. Here we make the usual assumptions
that the virtual displacement is small enough to have an insignificant effect
on the geometry of the system, and the forces remain constant during this
virtual displacement.

The dimensions of a generalized force depend upon the dimensions of
the corresponding generalized coordinate. But in all cases Q, d¢; must have the
dimensions of work or energy. So if ¢, represents a linear displacement, the
corresponding Q, is an ordinary force. On the other hand, if g; is an angle,
then the corresponding Q; is a moment. In some cases, a generalized coor-
dinate may represent a deflection form in which both translations and rota-
tions occur at various parts of the system. If we take the g, in this case to be
a dimensionless ratio, then the corresponding Q, has the dimensions of energy.

Usually the generalized coordinates are chosen in such a manner that they
are independent. If there are constraints, however, these constraints are
ignored in making the required virtual displacement in which only one of the
44g’s is nonzero. This does not mean that the constraint forces can be ignored,
for the R’s as well as the F’s will contribute to the generalized force Q, under
these conditions. For example, generalized constraint forces occur in non-
holonomic systems because it is impossible to choose independent generalized
coordinates. These generalized constraint forces are usually expressed in
terms of Lagrange multipliers and will be discussed in Sec. 2-1.

The concept of a generalized force is very useful in the statement of the
principle of virtual work. Suppose we consider an initially motionless
holonomic system having workless, fixed constraints. If its configuration is
expressed in terms of independent generalized coordinates, then the necessary
and sufficient condition for static equilibrium is that all the Q’s due to the
applied forces be zero.

One is tempted at this point to find expressions for the generalized inertial
forces and to use these with the principle of virtual work to arrive at the
general dynamical equations, that is, the differential equations of motion for
the system in terms of generalized coordinates and forces. This is a valid
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approach which can be used to derive Lagrange’s equation, but we will post-
pone this derivation until the next chapter.

Example 1-4. Three particles are connected by two rigid rods having a
Joint between them to form the system shown in Fig. 1-8. A vertical force F

F M
/{\m
m F—
m X3
X
‘} X 2
F / - { >
7 # TSI A 77

Fig. 1-8. A system with an applied force and moment.

and a moment M are applied as shown. The configuration of the system is
given by the ordinary coordinates (x,, x,, x;) or by the generalized coordinates
(91, 92, 45), Where
Xy =¢q; + ¢, ‘f‘%‘h
X =4; — (5 (1-75)
X3 ={q, _qz+%q3
Find the generalized forces Q,, (,, and Q,. Assume small motions.
First, let us check whether the transformation equations of Eq. (1-75)

yield independent ¢’s. Evaluating the Jacobian of the transformation, we
obtain

i L
X1y X3y X3
S = ] 0 —1]=-3
0(q1, 92, 95)
I -1

Since this determinant is nonzero, we see that the ¢’s are independent. Eq.
(1-75) can be solved for the ¢g’s as functions of the x’s, yielding

g1 = 31'(xl + x, + x3)
g, = "_},'(xl — X3) (1-76)
q; = Tlf(xx — 2x; + x;)
Thus, for any set of x’s, we obtain a corresponding unique set of ¢’s.
The generalized forces are obtained by considering small virtual displace-
ments of each of the generalized coordinates, whose deflection forms are
shown in Fig. 1-9. Notice that an increase in g, represents a pure translation,

while ¢, is associated with a rotation about the center, and ¢, denotes a defor-
mation or bending of the system. If we consider the translational displacement
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X; =Xy =x3 =1 q, =1 G, =43 =0
(a)
!
~e.
x; =1 q, =1 1
xy=0 4,=49;=0

Xq = —

(b)

(c)
Fig. 1-9. Deflection forms corresponding to the generalized coordinates.

of the point of application of the applied force F, and also the rotation of the
applied moment M, we obtain the following expression for the virtual work:

_ 3. M 1., 3M )
SW = Fdq, + (TF - T) 5qs - (§F + .7) 545 (1-77)
Comparing Egs. (1-74) and (1-77) we find that the generalized forces are
Q1 =F
_3yp M .
0= 3F—1 (1-78)
1 3IM
Q=g F+5r

Another approach is to obtain the Q’s by using Eq. (1-73) directly. First
note that the force F can be replaced by a force 3F/4 at x, and a force F/4
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at x,. Also, the moment M can be replaced by equal and opposite forces of
magnitude M// acting in the directions of —x, and x,;. With these substitu-
tions of equipollentt force systems, we find that

3
FIZTF
1 M
= _F - -
Fy=—F—1 (1-79)
M

Then, using Eq. (1-73) and remembering that the partial derivatives have been
calculated previously in evalvating the Jacobian, we obtain expressions for
the Q’s which are identical with those given in Eq. (1-78).

In this example, we have chosen a particular set of generalized coordinates
which have the geometrical significance of representing translation, rotation,
and deformation of the system. But this is not necessary. Any set of indepen-
dent parameters which specifies the configuration of the system may serve as
generalized coordinates. The corresponding generalized forces are then
obtained by finding the virtual work of the applied forces per unit dq.

1-5. ENERGY AND MOMENTUM

Potential Energy. Let us consider a single particle whose position is
given by the Cartesian coordinates (x, y, z). Suppose that the total force F
acting on the particle has the components

)%
Fx_ 'a—x'

__ar )
F==% (1-80)

— 9
F. = dz

where the potential energy function V(x, y, z) is a single-valued function of
position only; that is, it is not a function of velocity or time. A force F meeting
these conditions is known as a conservative force.

Now let us consider the work dW done by the force F as it moves through
an infinitesimal displacement dr. We have

dW = ¥.dr = F,dx + F,dy + F, dz (1-81)

tTwo force systems acting on a given rigid body are equipollent if they have the same
total force and the same total moment with respect to an arbitrary point.
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and, substituting from Eq. (1-80), we obtain
av av av
% dx — e dy — 3z
Thus we see that dWW is an exact differential. If we consider next the work W

done by the force F as the particle moves over a certain path between points
A and B, we find that

B B
w=1 F-dr:—f V=V, —V, (1-83)
Ja A

aw = — dz = —dV(x, y, 2) (1-82)

Since the potential energy is a function of position only, we conclude that the
work done on the particle depends upon the initial and final positions, but is
independent of the specific path connecting these points. A further conclusion
arises if 4 and B coincide, namely, that the work done in moving around any
closed path is zero. Thus we have

§§F-dr =0 (1-84)
for any conservative force F.

Work and Kinetic Energy. Suppose we define the kinetic energy T of a
particle of mass m by
T = {mv? (1-85)

where v is the velocity of the particle relative to an inertial reference frame.
Let us corsider the line integral of Eq. (1-83) which gives the work done on
the particle by the total force F as the particle moves over a certain path from
A to B. In accordance with Newton’s law of motion, we can replace F by mi
and obtain
O "diiya=Lom [ awy
—mL & r—-z-mJj4 d_t(r r t——2—mJ‘A (v

where each integral is evaluated over the same path. Then, using the defini-
tion of kinetic energy, we obtain

W=1Jim@vi —v)=Tz—T, (1-86)

Equation (1-86) is a statement of an important general principle of
dynamics, namely, the principle of work and kinetic energy: The increase in
the kinetic energy of a particle as it moves from one arbitrary point to another
is equal to the work done by the forces acting on the particle during the given
interval.

Note that the force F may arise from any source; it need not be conser-
vative. Furthermore, force components which remain normal to the particle
velocity v do no work and can be negiected in applying the principle.
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Conservation of Energy. If the only forces acting on a given particle are
conservative, then Eq. (1-83) applies and, with the aid of Eq. (1-86), we obtain

V,— Vy=T,— T,

or
Vo+T,=Vy+ T, =E (1-87)

Since the pomnts 4 and B are arbitrary, we conclude that the total mechanical
energy E remains constant during the motion of the particle. This is the
principle of conservation of energy.

Now let us consider the more general case of a system of N particles whose
configuration is specified by the Cartesian coordinates x;, X5, ..., X;5. [f the
only forces which do work on the system during its motion are given by

av
F == — e -

y ax, (1-88)
where the potential energy V{(x,, x,,..., X;y) is a single-valued function of
position only, then the total energy E is again conserved.

Frequently it is convenient to specify the configuration of a system of
particles by using generalized coordinates. Suppose, for example, that the

x’s and g’s are related by
xj=xj(qliq2!--';qn) (j=12,...,3N) (1-89)

Then we can use Eqs. (1-73) and (1-88) to obtain an expression for the gen-
eralized force @, associated with the conservative force field.
- Ny dx, av
== 55l = — 5 1-90
2 ng 6—-;/ 0q: aq; ( )
where the potential energy ¥ is now expressed as a function of the ¢’s. Each
Q, may be considered to be a component of a generalized force vector QQ in

an n-dimensional configuration space. If no other generalized forces do work
on the system, then, as in Eq. (1-83), we can write

B B
W= Qdq=—[av=v,—v,
J4 Ja

where the points 4 and B are now considered as end-points of the path in
g-space. Once again W is independent of the path between the given end-
points, and the total energy is conserved.

Now let us consider briefly the case where Eq. (1-89) applies, but the
potential energy function V is an explicit function of time as well as the g’s.
Typical situations in which ¥ can assume this form include (1) a system with
moving constraints, (2) a system in which a parameter such as a certain stiff-
ness is an explicit function of time, and {3) a system with a time-varying field
such as an electric field. In this case the work done by the force Q in an



SEC. 1-5 ENERGY AND MOMENTUM 31

infinitesimal displacement dq is no longer equal to an exact differential, but
differs by a term (0V/d¢) dt. Hence the work done on the system in going
from configuration A4 to configuration B in an actual motion depends upon
the path as well as the time, and the force Q is not conservative.

Egquilibrium and Stability. Consider a system of N particles whose ap-
plied forces are conservative and are obtained from a potential energy func-
tion of the form V(x,, x,,..., x35). From Egs. (1-38) and (1-88) we see that
the virtual work of these applied forces is

__JNQ—K _
oW = ,-; 3%, ox; = —oV

which we note is linear in the dx’s and is, therefore, the first variation of the
potential energy. Then, using the principle of virtual work, we find that the
necessary and sufficient condition for the static equilibrium of this system is
that

V=20 (1-91)

for every virtual displacement consistent with the constraints.
If the potential energy is expressed in terms of the generalized coordi-
nates ¢, ¢z, - - - , 4, then

v =% g—g; 54 (1-92)

For a holonomic system having independent q’s, the condition that 6V = 0
for an arbitrary virtual displacement requires that the coefficients be zero at
the equilibrium configuration; that is,

9V =0  (i=1,2...,n (1-93)

But these conditions imply that the potential energy is at a stationary value.
Therefore, we conclude that an equilibrium configuration of a conservative
holonomic system with workless fixed constraints must occur at a position
where the potential energy has a stationary value. :

Next let us consider the question of the stability of this sysiem at a posi-
tion of static equilibrium. If we expand the potential energy in a Taylor
series about a reference value V,, we obtain

V=V, -+ (g%)o 5q: + (%)Oéqz o %(%;i;)o(éql)z o

g9 N\ .-
+ (~——aq1 57.), 07100+ T (198

where a zero subscript on a function implies that it is to be evaluated at the
reference values of the ¢’s. The §¢’s represent infinitesimal changes from this
reference configuration.
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Now assume that we choose an equilibrium configuration as the reference
position. From Eq. (1-93) we see that all the coefficients (0V/dq,), are zero.
Therefore, the potential energy expression contains no terms of first order in
the dg’s. Assuming small §g’s, we can write

T O (4 2 v
AV =V — V= (Bq—%)océq,) + (dqlaqz)o dq, g,

2
+ 5 (55) Gar - (99
where AV is the change in the potential energy from its value at equilibrium.
Here we use AV rather than §V to indicate that terms of higher order than
dq are included.

If AV > O for every possible virtual displacement having at least one of
the d¢’s nonzero, then the reference position is one of minimum potential
energy corresponding to stable equilibrium. On the other hand, if a virtual
displacement can be found such that AV <2 0, the equilibrium position is
unstable. A third possibility is that AV > 0 for all possible virtual displace-
ments, but AV = 0 for some virtual displacements in which the d¢’s are not
all zero. This is the case of neutral stability.t

If we consider only the quadratic terms in the dq’s, the static stability of
the system can be determined in certain cases. For example, if AV is a posi-
tive definite quadratic form,i the system is stable. If AV is negative definite,
negative semidefinite, or indefinite, the system is unstable. The remaining
possibilities, namely, that the quadratic form is positive semidefinite or identi-
cally zero, do not determine the stability; higher-order terms must also be
considered.

From a more practical viewpont, suppose we consider the system to be
initially in equilibrium but subject to small random disturbances. In this
case, a stable system will remain near the reference position; a system with
neutral stability will drift slowly mn such a manner that ¥V remains essen-
tially zero; and an unstable system will move away from the reference posi-
tion with an increasing velocity.

Kinetic Energy of a System. Consider a system of N particles, and let
r, be the position vector of the ith particle relative to a point O fixed in an
inertial frame (Fig. 1-10). With respect to this inertial frame, which we shall
consider to be fixed, the total kinetic energy of the system is the sum of the
individual kinetic energies of the particles, namely,

N
T= %Em, i? (1-96)
i=1
tSometimes neutral stability is considered as a form of instability. See, for example, the

discussion of gyroscopic stability in Sec. 3-3.
1See Eq. (2-11) and the discussion following Eq. (2-239).
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m

om
i '

®m,

X

Fig. 1-10. Position vectors for a system of particles.

“where we use the notation that
PP = if =0}

From Fig. 1-10, we see that

n=r.+pm (1-97)
Hence we obtain
N
T =} 33 mdEE + b + 67 (1-98)
But
N
mp, =0 (1-99)
1

i

since p, is measured from the center of mass. Also, f, does not enter into the
summation and can be factored out. Therefore, using the notation that m
is the total mass of the system, we see that Eq. (1-98) reduces to

N
T = ymi? 4 § Y mip? (1-100)

The last term of Eq. (1-100) can be considered as the kinetic energy of
the system relative to its mass center; that is, it is the kinetic energy of the
system as viewed by an observer translating with the center of mass but not
rotating. Now we can state Konig’s theorem: The total kinetic energy of a
system is equal to the sum of (1) the kinetic energy due to a particle having a
mass equal to the total mass of the system and moving with the velocity of the
center of mass and (2) the kinetic energy due to the motion of the system rela-
tive to its center of mass.

Eq. (1-100) was derived for a system of particles, but it can be adapted
to the case of a rigid body in general motion. Suppose we consider a small
volume element dV having a density p (Fig. 1-11). Each element of the body
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dv

c.m. ¥

X

Fig. 1-11. A typical volume element in a rotating rigid body.

will, in general, be translating and rotating, the only possible exception being
that an instantaneous axis of rotation might exist in the body, and the ele-
ments along this line might then have no translational velocity at the given
instant. Nevertheless, the dimensions of a typical volume element can be
chosen to be so small that its rotational kinetic energy is negligible compared
with its translational kinetic energy. Hence, in the limit, each element of the
rigid body can be considered as a particle of infinitesimal mass and Eq.
(1-100) can be modified as follows:

— n2 . .
T = ymi? + } ny pp* dV (1-101)

where p is the position vector of the volume element relative to the mass
center. The first term on the right side is called the transiational kinetic energy
of the rigid body; the second is the rotational kinetic energy.

Let us consider the rotational kinetic energy in more detail. If we take
the reference point O’ at the center of mass and assume that the body is
rotating with an angular velocity @, we see that

p=oxp (1-102)
and therefore
pPP=poxp=-pxp (1-103)
Hence the rotational kinetic energy of the rigid body can be written in
the form

Tow = 40+ | pp x (@ x p)aV (1-104)
| 4
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If we substitute an equivalent expression for the triple vector product, we
obtain

Tow = 40+ [ plp*e — (prw)pl dV (1-105)

Now let us take a Cartesian coordinate system with its origin at the center
of mass and assume that it rotates with the body. Then, in terms of the unit
vectors i, j, k, we have

p=xi+ yj+ zk (1-106)
and
o =w,i+ wj+ ok (1-107)
Substituting from Eqgs. (1-106) and (1-107) into (1-105), we obtain

T = {m-fy AG? + Do, — (xyo, + xzo )i + -+-}dV  (1-108)

which reduces to
Trot = %Ixx(oi + %[yyw; + %Inwf

+ Lo, + 1,,0.0, + 1,00, (1-109)
or

T = ‘122 ;1116010)1 (1-110)

where the moments of inertia are
Lo= [ p0? + ) av
Ly= [ p(x* + 2y av (1-111)
L= | p(x*+yav

and the products of inertia are

I.xy = I_vx = —-[V pxy dav

1,=1, = —j pxzdV (1-112)
1 4
Li=I,=—[ pyzav

Using matrix notation, the rotational kinetic energy can be written in
the form
T, = to'lo (1-113)
or, writing the matrices in detail,
1IN ;IZX IX)’ IXZ— wx

w, ;|1 1,

128

Ti = 'i" (1'114)

y

102

_‘rx zy 2z
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Another useful form is obtained by noting that if @ has the same direc-
tion as one of the coordinate axes at a given moment, then the expression
for T, reduces to a single term, namely,

T = $le0? (1-115)

where 7 is the moment of inertia about an axis which is in the direction of
o and passes through the mass center.

We have obtained expressions for the kinetic energy of a system in terms
of its motion relative to a fixed point, and also in terms of its motion relative

V4
m;
om;
]
P
c.m.
f;
P
rC
P
I, om,
0

X

Fig. 1-12. Position vectors for a system of particles, using an arbitrary
reference point.

to its center of mass. Now let us find an expression for the kinetic energy in
terms of the motion with respect to an arbitrary reference point P (Fig. 1-12).
In this case,

I, =1,+p (1-116)
Then, substituting from Eq. (1-116) into the basic kinetic energy expression
of Eq. (1-96), we obtain

T =43 ml, + 6)+(E, + b)

~ N
— mil + 4 3 mpt 4 by 3 mi, (1-117)

But the center of mass location g, relative to P is

N

mp, (1-118)

1
m iz

p. =
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Hence,
N
T =mi + 43 mpt + k,omp, (1-119)
{=]

Thus we find that the total kinetic energy is the sum of three parts: (1)
the kinetic energy due to a particle having a mass m and moving with the re-
ference point P, (2) the kinetic energy of the system due to its motion relative
to P, and (3) the scalar product of the velocity of the reference point and the
linear momentum of the system relative to the reference point. It can be seen
that Eq. (1-119) reduces to Eq. (1-100) for the particular case where the ref-
erence point P is taken at the center of mass and p. = 0.

Now suppose that we consider the kinetic energy of a rigid body in terms
of its motion relative to an arbitrary reference point P. The kinetic energy
due to its motion relative to P is

T = zmp? + % 21: X}: I,ow,; (1-120)

where the moments and products of inertia are taken with respect to the
mass center. Then the total kinetic energy is

T =4dmi} + Imp2 + 1 X 3 Liww, + t,omp, (1-121)
T 7

If it turns out that the motion of the rigid body relative to P is a pure
rotation about P, that is, P is fixed in the body, then the kinetic energy of
relative motion can be written in the form

Trel = '% Z ; ll/a)tw/ (1-122)

where the moments and products of inertia are now taken with respect to P.

Angular Momentum. Let us consider once again a system of N particles,
as shown in Fig. 1-10. The total angular momentum H with respect to a
fixed point O is

N
H=>r xmf, (1-123)
i=1
that is, it is the sum of the moments about O of the individual linear mo-
menta of the particles, assuming that each vector mf; has a line of action
passing through the corresponding particle.

Now let us substitute the expression for r, from Eq. (1-97) into Eq. (1-123),
obtaining

H = $(r.+ p) X (k. x )

N. N N
= rc X mi‘c + rc X z;: ml")l +IZI ’"ipx X it + Z| pl X mipl (1-124)
= - =
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Using Eq. (1-99), the two middle terms are zero and the result can be simpli-
fied to

H=r, x mi, + Y p, x mp, (1-125)
i=1

where the last term on the right is the angular momentum H, about the
center of mass, that is,

M =3 p. x mp, (1-126)
t

To summarize, the angular momentum of a system of particles of total mass
m about a fixed point O is equal to the angular momentum about O of a single
particle of mass m which is moving with the center of mass plus the angular
momentun of the system about the center of mass.

If we apply this result to the case of a rigid body (Fig. 1-11) in arbitrary
motion, we find that the total angular momentum with respect to a fixed
point O is

H=r, x mi, + H, (1-127)
where
H, = [ ppx(exp)dV (1-128)

o
In terms of the moments and products of inertia about the center of mass, we
can obtain the body-axis components of H, from the matrix equation

H, = lo (1-129)

Also, comparing Eqgs. (1-104) and (1-128), we see that the rotational kinetic
energy can be written in the form

T, = j0-H, (1-130)
in agreement with Eq. (1-113).

We have obtained expressions for the angular momentum of a system of
particles with respect to a fixed point and with respect to the center of mass.
Now let us consider the angular momentum with respect to an arbitrary
point P (Fig. 1-12). More explicitly, let us obtain the angular momentum

about the point P, as viewed by a nonrotating observer moving with that
point. We can define H,, as follows:

.
H, = > p, x mp, (1-131)
i=1
where we notice that p, is now the position of the ith particle with respect
to the reference point P. If we substitute
pi=T —T. P (1-132)
and note that the center of mass location is
1
.,

[«

rL=

[4

mer. (1-133)
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we obtain, after some algebraic simplification,
N
H,=Yr,xmt —r, xmi, +p, xmp, (1-134)
i=1

or, using Eq. (1-123),
H,=H —r, x mi, + p. x mp, (1-135)
This result illustrates the general procedure for changing the reference
point in an angular momentum expression, where neither point is at the
center of mass. Starting with H taken about O, the term —r, x mf, shifts
the reference point to the center of mass. Then the addition of p, X mp,
shifts the reference point away from the center of mass to the point P. Note
that even though P is not fixed in any inertial frame, the general form of the
angular momentum equation is the same as would occur for a fixed reference
point.

Generalized Momentum. Consider a system whose configuration is de-
scribed by n generalized coordinates. Let us define the Lagrangian function
L(g, 4, 1) as follows: .

L=T—-V (1-136)
The generalized momentum p, associated with the generalized coordinate
g, 1s defined by the equation
— 9L
=3,
It is, in general, a function of the ¢’s, §’s, and t. Note, however, that the La-
grangian function is, at most, quadratic in the ¢’s. Therefore p, is a linear
function of the ¢’s.

In the usual case the potential energy ¥ is not velocity-dependent; hence

dV/d¢, equals zero and

(1-137)

_or
P = 34,
if the potential energy is of the form V{(qg, 1).
As an example, consider a free particle of mass m whose position is given
by the Cartesian coordinates (x, y, z). The kinetic energy is

(1-138)

T =70+ + 27

and, using Eq. (1-138), we obtain
Px = mx
Thus, p, is just the x component of the linear momentum.

in a similar fashion, if the position of the particle is given by the spheri-
cal coordinates (r, 6, ¢), as in Fig. 1-7, the kinetic energy is

= 20 + 16" 4 r*¢? sin* 6)
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Using Eq. (1-138), we have

p, = mi

Do = mr20

ps = mrid sin? @
We see that p, is the linear momentum component in the radial direction,
while p, is the horizontal component of the angular momentum, that is, it is
the angular momentum about the horizontal axis associated with an angular
velocity 0. Similarly, since ¢ is vertical, p, is the vertical component of angular
momentum.

In general, p, has the dimensions of energy divided by §,. The examples
illustrate that whenever ¢, denotes a distance from a certain reference point,
the corresponding p, is a linear momentum. If ¢, is an angle, then p, is an
angular momentum. For more general ¢’s, the physical significance is more

obscure, but we know that p, is linear in the ¢’s and is therefore proportional
to a weighted sum of the velocities at various points in the system.

Example 1-5. Consider once again the system of particles and rods shown
in Fig. 1-8. Find expressions for the kinetic energy and the generalized
momenta.

The total kinetic energy can be obtained easily in terms of x’s, namely,

T =21+ 3 + x3) (1-139)
In order to express T as a function of the ¢’s, we first differentiate Eq.
(1-75) and obtain
X =4, + 4, + 44
X, =6q; — 4 (1-140)
X3=¢ — ¢+ %‘?3
Substituting from Eq. (1-140) into Eq. (1-139) and simplifying, we have
T =2 (3¢ + 263 + 5.63) (1-141)

The generalized momenta are obtained with the aid of Eq. (1-138), the
result being

p, = g% = 3mgq,
T _, . ]
p:= d_q; = <mq, (1-142)
aT
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In this example the kinetic energy is a quadratic function of a particu-
larly simple form, namely, the sum of squares of ¢’s. This results in each
generalized momentum p; being a linear function of only its corresponding
generalized velocity ¢,; no other ¢’s are present. The physical meaning of
this mathematical simplicity is a complete lack of inertial coupling between
the motions corresponding to the individual ¢’s. In other words, the inertial
forces arising from the motion of ¢, do not tend to drive the system in a
different coordinate ¢,.

The coefficients of the §’s in the expressions for the generalized momenta
are known as inertia coefficients. By studying the deflection forms given in
Fig. 1-9, it can be seen that the inertia coefficient corresponding to a certain
generalized coordinate ¢, is equal to the particle mass times the square of
its displacement per unit g,, summed over all particles. For example, the
inertia coefficient cerresponding to g, is

1?2 Y 1\*] _ 3
@) e ()=
Inertia coefficients will be discussed further in the next chapter.
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PROBLEMS

1-1. A simple pendulum consists of a particle of mass m and a massless string of
length / that is attached at a point O which moves along the horizontal x axis with a
displacement x, = A sin w¢. Assume that the positive y axis points upward and the
coordinates (x, y) represent the location of the particle. If we consider the angle
6 of the pendulum (measured counterclockwise from the direction of the negative y
axis) as a generalized coordinate, write the transformation equations of the form of
Eq. (1-8). What is the constraint equation relating (x, y, £)?
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1-2. A rigid rod of length / undergoes small motion in which the coordinates
(xy, x;) represent the vertical displacements of the ends. The configuration is also
given by the generalized coordinates (z, @), where z is the vertical displacement of
the center and 8 is the rotation angle. What are the transformation equations ? For
the given applied forces at the ends, evaluate the generalized forces Q, and Q,.

Fig. P1-2

1-3. Particles 1 and 2 are connected by a rigid rod of length /. The configuration
of the system can be given by the Cartesian coordinates (x,, y;, X2, y2) or by the

y

Fig. P1-3
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generalized coordinates (x, y, ). Write the
transformation equations giving the Cartesian
coordinates in terms of the generalized coor-
dinates. Next define a fourth generalized
coordiniate ¢4 = / and evaluate the Jacobian
9(xy, ¥1, X2, ¥2)/0(x, y,0, q,). Solve for the
generalized coordinates in terms of the Cartesian
coordinates.

1-4. A particle can slide on a rigid wire
which is bent in the form of a circle of radius
r. This wire rotates about point O on its circum-
ference with an angular velocity w. Assuming
that the position of the particie is specified by
an angle f measured from the line 00’, find
the kinetic energy and the generalized momen-
tum ps.

PROBLEMS 43

-~
w
Fig. P1-4

1-5. A thin uniform rod of mass m and length / is constrained to move in the xy
plane with end A4 remaining on the x axis. Using (x, 8) as generalized coordinates,
find expressions for the kinetic energy and the generalized momentum p,.

y

Fig. P1-5

1-6. A disk of radius r and mass m can roll without slipping on a thin rod which
rotates about a fixed point O at a constant rate . Obtain an expression of the form

T(q, ¢) for the total kinetic energy of the disk. (See p. 44).
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Fig. P1-7

Fig. P1-6

1-7. The given system has a thin
rigid bar of length /and mass m which
can rotate about O. A uniform disk
of radius r and mass m is attached to
the bar by a pivot at O’ and rolls
without slipping on the inside surface
of a rotating cylinder having a moment
of inertia I, about its central axis at O.
Find a constraint equation which ex-
presses ¢ as a function of 8 and V¥,
where these angular rates are absolute.
Obtain an expression for the total
kinetic energy in terms of § and ¥, and
solve for the generalized momenta p,
and p,.

1-8. Show that if the angular
momentum of a system of N particles
is defined by using the absolute velocity

r; of each particle rather than the relative velocity p, of Eq. (1-126); that
is, if the angular momentum about the center of mass is defined by the

equation

H, =

the value of H, is not changed.

=

[]

p: X m¥;
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1-9. A particle of mass m can
slide without friction on a fixed
circular wire of radius r which lies in
a vertical plane. Using d’Alembert’s
principle and the equation of con-
straint, show that yx — xy — gx = 0.

1-10. Particle A of mass 2m and
particle B of mass m are connected
by a massless rod of length /. Particle
A is constrained to move along the
horizontal x axis while particle B
can move only along the vertical y
axis. What is the equation of con-
straint relating x and y»? Use
d’Alembert’s principle to obtain the
equation of motion 2y% — xy — gx
=0.

m
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Fig. P1-9

Fig. P1-10

1-11, A flywheel having a moment of inertia I can rotate freely in the horizontal
plane about a vertical axis through O. A particle of mass m is attached to O by a
spring of stiffness k and unstressed length x,. The particle slides without frictionin a
radial groove in the flywheel. Use d’Alembert’s principle to obtain the differential
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equations of motion in terms of the coordinates (x, #). Show that one of these
equations implies that the total angular momentum is conserved.

Fig. P1-11

1-12. Two particles having masses m and 2m are connected by a massless rod to
form a dumbbell. It can slide without friction in a circular bowl of radius r. Consider
a virtual displacement 86 and usc the principle of virtual work to obtain the vaiue of
8 at the position of static equilibrium.

Fig. P1-12

1-13. Two thin rods, each of mass # and length /, are pinned together at their
upper ends. A particle of mass m is suspended by massless strings connected to the
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midpoints of the rods, as shown. Assume planar motion and use the method of
virtual work to find the position of static equilibrium in the interval 0 < 8 << 7/6.
Is it stable?




2
LAGRANGE’S EQUATIONS

There are two general approaches to the subject of classical dynamics. These
approaches are usually given the names vectorial dynamics and analytical
dynamics. Vectorial dynamics is based on a direct application of Newton’s
law of motion. It concentrates on the forces and motions associated with the
individual parts of the system, and on the interactions among these parts.
On the other hand, analytical dynamics is more concerned with the system
as a whole, and uses descriptive scalar functions such as the kinetic and
potential energies. By performing certain operations on these functions, it is
often possible to obtain a complete set of equations of motion withoutsolving
explicitly for the constraint forces acting on the various parts of the system.
Furthermore, new insights are obtained into the variational principles which
are so important to a thorough understanding of dynamics.

With the derivation and application of Lagrange’s equations, we begin
an emphasis on the analytical approach to dynamics. This approach will be
shown to be very useful in attacking the more complex and difficult problems
of classical dynamics in a systematic way.

2-1. DERIVATION OF LAGRANGE’S EQUATIONS

Kinetic Energy. Let us consider a system of N particles whose positions
relative to an inertial frame are given by the Cartesian coordinates x,, x,, . . .,
x;x~. The total kinetic energy of the system is found from Eq. (1-96) or, equiva-
lently, from

N
T=4 3 moit (2-1)

where m, = m, = m, is the mass of the first particle, and (x,, x,, x,) specifies
its position. Similarly, m, = m, = my is the mass of the second particle, and
so forth.

Now let us express the kinetic energy in terms of the generalized coor-

dinates g4, ¢,, . . . , g,. Using transformation equations giving the x’s as func-
tions of the ¢’s and time, we have
x, = x,{q, 1) k=1,...,3N) (2-2)

where we assume that these functions are twice differentiable with respect to

48
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the ¢’s and . We find that

%40, 4,0) = 3 52+ 5 23)

Note that x, is linear in the §’s, and that dx./dq, and dx,/d¢ are functions of
the ¢’s and .
If we substitute from Eq. (2-3) to Eq. (2-1), we obtain

. d :
7,60 = 5 & (3, G ¢+ 52) (2-4)
Let us group the terms according to their degree in the ¢’s, using the notation
T=T,+T, +T, (2-5)

where T, is a homogeneous quadratic function of the ¢’s, T, is a homogeneous
linear function of the ¢'s, and T, includes the remaining terms which are
functions of the ¢’s and ¢.

More explicitly, we find that T, is of the form

T, = %;1 jE my4.4 (2-6)
where
- _ ¥ 0x O, R
my; =m; = kgl m 94, 0q,— 2N
Also,
T, =3} ad (2-8)
where
_ ¥ dx, 0x, -
o= Em GG @
Finally,
T,= L%, (‘9—"&)2 (2-10)
D M~ R A W 7 -

Note that the coefficients m,, and a;, as well as T, are functions of the g’s
and ¢.

Assuming that m, > 0 for all k, we see from Eq. (2-1) that the total kinetic
energy T is a positive definite quadratic function of the x’s. In other words,
T is zero only if all the x’s are zero; if any of the x’s is nonzero, the kinetic
energy is positive.

Now suppose we express T as a function of the ¢’s, ¢’s, and ¢. It is still
true for any real system that the kinetic energy is zero only if the system is
motionless; otherwise it is positive. Since the ¢’s are usually chosen such that
the ¢’s are all zero if and only if the system is motionless, T is usually a posi-
tive definite function of the ¢'s. But this is not always the case, particularly
if there are moving constraints.
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Let us consider T, in more detail. We see from Eqgs. (2-4), (2-6), and (2-7)
that T, is the rotal kinetic energy for the case in which all the partial deriva-
tives dx,/d¢ are zero, that is, for a system in which any moving constraints
or moving reference frames are held fixed. Then, assuming that one or more
nonzero ¢'s implies the motion of one or more particles of the system, and
vice versa, we conclude that T, must be a positive definite quadratic function
of the ¢'s.

The positive definite nature of T, restricts the possible values of the inertia
coefficients m,,. If we consider the symmetric n X n generalized inertia matrix
m, the necessary and sufficient conditions that T, be positive definite are that

My My e My,
m m Mar Mz
1 12
my >0, >0,..., : >0 2-11)
May Moy : :
r"nl * * * .,

This is equivalent to the requirement that the determinant of the matrix and
all the principal minors be positive. One of the consequences is that all the
inertia coefficients m,, along the main diagonal must be positive, as can be
seen directly from Eq. (2-7).

From Egs. (2-9) and (2-10) we observe that T, and T, are nonzero only
for the case of rheonomic systems. It follows, then, that the kinetic energy
T of a scleronomic system is a homogeneous quadratic function of the g's.
In this case we see from Eq. (2-7) that the 1nertia coefficients m,, are func-
tions of the ¢’s, but not of time.

Since T, is linear in the ¢’s, it is apparent that it can be positive or nega-
tive. On the other hand, T, is positive or zero.

Lagrange’s Equations. As a starting point for the derivation of Lagrange’s
equations, let us consider a system of N particles and write d’Alembert’s
principle, Eq. {1-63), in the form

k’z_;"l (F, — m,%,) 6x, = 0 2-12)

where F, is the applied force component associated with x,, that is, it includes
ail the real forces acting on the given particle except the workless constraint
forces.
Using Eq. (2-2), the virtual displacement dx, can be expressed in terms
of the d¢’s as follows:
ox, = 3 9 5 (2-13)

k={7'1 dq,
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Hence, from Egs. (2-12) and (2-13) we obtain

b " d\’
\_‘ V3ik _ — -
pI3 (F Gk — "a )aq, 0 (2-14)
Now, it is evident from Eq. (2-3) that
dx, dx,
9Xe . 94 2-15
94, dq, ( )

Also, noting that the order of differentiation can be changed, we obtain

d (Ix,\ _ & 0%, 9%x, _ 0% ;
dr \afh) =1 (9‘11 dq Ij + dt dq, er 0‘11 (2-16)

Then we can write the generalized momentum p, in the form

0T ¥ . Ox
L= o \ 2k -
Pi 0q‘ s M Xy dq( (2 17)
and, using Egs. (2-15) and (2-16), we obtain
N
(g;) ?_: m.x, 0 et + 2 ’nkxkg (2-18)
But
T = ¥ o G 2-19)

3‘]; k - | k k 6
Hence, from Eqs. (2-18) and (2-19), we have

W dx, _ d T\ _ T )
kgl My Xy aq, dt \aq‘ ‘(;E (2 20)

The generalized force Q, was previously defined to be

_ (9x,,
0 = k; a0, (2-21)
Then, using Eqs. (2-14), (2-20), and (2-21), we obtain
o d (0T ar _a
Sle— 4 (G0) + 9 |oa =0 (2-22)

which is essentially a restatement of the Lagrangian form of d’Alembert’s
principle in terms of generalized coordinates.

Thus far we have not made any restrictions on the dg’s, except that they
must conform to the instantaneous constraints. This restriction was neces-
sary in order tc neglect the virtual work of the constraint forces. Now let
us make the additional assumptions that the system is holonomic and its
configuration is described by a set of independent generalized coordinates.
If the d¢’s are independent, then the coefficient of each dg, in Eq. (2-22)
must be zero. Hence,

d (dT oT P —
= (d—q,) i =0, G(=12...,n) (2-23)

These n equations are known as Lagrange’s equations and are written here in
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one of their principal forms. As we shall demonstrate, they consist of n
second-order nonlinear differential equations.

In attempting to gain some physical insight into the meaning of Lagrange’s
equations, let us note first that, since the d¢’s are independent, all the gener-
alized constraint forces are zero. Then we see that the generalized applied
force Q, is equal and opposite to a generalized inertial force given by

o7 _d (o7

dg, dt \dq,
where —d/d1(0T/dq;) represents the negative rate of change of the generalized
momentum.

We have been considering a holonomic system whose configuration is
given by a set of independent generalized coordinates. Now let us make the
additional assumption that all the generalized forces are derivable from a
potential function V(q, t) as follows:

av
0= -3 (2-24)

Then Lagrange’s equations can be written in the form

d (T\ OoT , vV _ . .
2?(8@)‘92*‘9;—” (=1,2....n) (2-25)
Let us recall from Eq. (1-136) that the Lagrangian function L(g, ¢, t) is
L=T—-V (2-26)

Then, since V is not a function of the ¢’s, we find from Eqs. (2-25) and (2-26)
that
%(%)_%=0 Gi=1,2...,n) (2-27)
This is the standard form of Lagrange’s equation for a holonomic system.

Here we have derived a method of obtaining a complete set of differential
equations of motion for the system by operating on a single scalar function
L(q, 4, t). Hence, it can be seen that the Lagrangian function must contain
all the necessary information concerning its possible motions. Furthermore,
the form of Eq. (2-27) does not depend upon which particular set of gener-
alized coordinates is chosen to describe the system, provided that the ¢’s are
independent.

Another form of Lagrange’s equations can be written for systems in
which the generalized forces are not wholly derivable from a potential func-
tion. Let

4 ;
Q= — g + @ (2-28)
Then we obtain from Egs. (2-23), (2-26), and (2-28) that

d (9L ] PP . .
E?\EZ)—a—q,_Q‘ (i=12...,n) (2-29)
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where the @ are those generalized forces not derivable from a potential
function. Examples of typical Q' forces are friction forces and time-varying
forcing functions.

Form of the Equations of Motion. Now let us consider more explicitly
the form of the equations of motion which result from the application of
Lagrange’s equations in the standard form given by Eq. (2-27).

We note first that the generalized momentum is /inear in the ¢’s. Referring
to Egs. (2-6) and (2-8), we have

B
~

(== 2omyq; - a 2-30
p 34, ~ 195 ( )
where m,; and a, are functions of the ¢’s and ¢. Hence, it follows that the equa-
tions of motlon are linear in the ¢'s, since all the terms containing §’s arise
from differentiating Eq. (2-30) with respect to time. Performing this differen-
tiation, we have

oT n - < .
( ) = 2, myg; + 3 myg, + 4 (2-3D)
0q1 j=1 =1
where
iy = 3o 9w gy Iy (2-32)
R~ 0g; ' dt
and
. % da; . . Oa, :
= iy L T -
6=¥ z g+ % (2-33)
Also,
n n n am L1 m;
=y v my i
Y g, & A g, 1 + ,}:, a &
~ L @my I g Oy -
=z X (0(], + ql)qqu -+ ~ ot 4q; (2-34)
IT; _ L <5 9muy g 235
0q,-—— 2 S dg, U @39
9T, _ 394, -36
dq, ~ 1 dq, ¥ 0

where we note that several dummy indices have been changed.
Finally, substituting from Egs. (2-3]) through (2-36) into Lagrange’s
equations, we obtain

& 1 & dm, | dm,  dImy
jé;]mquj"}_ 21_1121<aq[ +0q aq‘)‘l‘h

& (dm,; | da,  da)\ da, 0T, , oV
IS AR o LR Tl AR

(i=12...,n (2-37)
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The notation can be shortened by using a Christoffel symbol of the first kind
which is applied here to the quadratic form T,. Let

g 1 /dm odm, dm,\
Li] = = (2 Gl Oy 2.38
L1 = 7 ( dq, " dg, ~ dq,/ (2-38)
Then Eq. (2-37) can be written in the form
2 myd, + 3 3 Uihilgd + 3 vud,
j=1 /=1 =1 j=1
= dm,, . da, 0T, Vv
! i 9 _— =
TR YT E "3 tag =0

(i=12...,n) (2-39)
where y,, is an element of a skew-symmetric matrix and is given by

e da, 61/

Yu= —Vn= dq, ~ 9q,

The n equations of Eq. (2-37) or (2-39) are the equations of motion.

Although these equations are nonlinear in general, they are linear in the

§’s. Furthermore, since T, has been shown to be a positive definite quadratic

form in the ¢’s, the matrix m is also positive definite and has an inverse.

Therefore, it is always possible to solve for the §’s in terms of the ¢’s, §s,
and ¢. If this is done, the resulting equations of motion are of the form

g+ fg.¢$=0 (=12..n (2-41)

(2-40)

Nonholonomic Systems. The derivation of Lagrange’s equations for a
holonomic system required that the generalized coordinates be independent.
For a nonholonomic system, however, there must be more generalized coor-
dinates than the number of degrees of freedom. Therefore, the dg’s are no
longer independent if we assume a virtual displacement consistent with the
constraints. For example, if there are m nonholonomic constraint equations
of the form

2 apdg, +a,dt =0 (j=12,...,m) (2-42)
the d¢’s must meet the following conditions:
;a,,éq,=0 G=,L2,....,m) (2-43)

Now let us assume once again that each generalized applied force Q,
is obtained from a potential function, as in Eq. (2-24). The constraints are
assumed to be workless, so the generalized constraint forces C, must meet
the condition

z: C g, =0 (2-44)

for any virtual displacement consistent with the constraints.
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Now suppose we multiply Eq. (2-43) by a factor 4, known as a Lagrange
multiplier and obtain the m equations

;'Jl:z:l a,dq, =0 G=1,2...,m) (2-45)

Next, subtract the sum of these m equations from Eq. (2-44). Interchanging
the order of summation, we obtain

32 (€= 35 hau) g, =0 (2-46)
i=1 \ J=1

Up to this point, the A’s have been considered to be arbitrary, while the
dq’s must conform to the constraints of Eq. (2-43). But if we choose the
A’s such that

C=3Aa, G(=12...,n) (2-47)
/=1

then the coefficients of the dg’s are zero, and Eq. (2-46) will apply for any
set of dg’s. In other words, the d¢’s can be chosen independently.

With these assumptions, we can equate the generalized force C, with
Q; and, using Eqs. (2-29) and (2-47), we obtain

d OL) JL “ .
—l7=) — 5= = =12,..., 2-
- ( %) 9. = mban  (=12...n (2-48)
This is the standard form of Lagrange’s equation for a nonholonomic system.

In addition to these n equations of motion, we have the m nonholonomic
constraint equations which can be written in the form

Z:la,,q,+a,,=0 U=1,2,...,m) (2-49)

Thus we have a total of (n + m) equations with which to solve for the (n - m)
independent variables, namely, the n ¢'s and the m A’s.

If we consider what has been accomplished by the Lagrange multiplier
method, we see from Eqs. (2-47) and (2-48) that the constraints enter the
equations of motion in the form of constraint forces rather than in geometric
terms. Also, we can understand the physical significance of the 1’s by noting
that they are linearly related to the constraint forces.

The standard form of Lagrange’s equation for a nonholonomic system,
Eq. (2-48), can also be applied to a holonomic system in which there are
more generalized coordinates than degrees of freedom. For example, suppose
there are m holcnomic constraint equations of the form

6995, qut)=0 (=12,...,m) (2-50)
Taking the total differential of ¢, we obtain

d, = ,El g%dq, + %’%1 dt =0 (2-51)
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which is of the form of Eq. (2-42), where we let

a, = 3’35’ a, =% (2-52)

If the Lagrange multiplier method is applied to this system and the result-
ing differential equations are completely solved, the result will be that the
g’s and A’s are expressed as explicit functions of time. Then, with the aid of
Eq. (2-47), the generalized constraint forces C, can also be obtained as explicit
functions of time.

In general, however, holonomic systems will be described in terms of
independent g’s, thereby avoiding any equations of constraint. The Lagrange
multiplier method is normally used with holonomic systems only if one
desires to solve for the constraint forces.

2-2. EXAMPLES

Example 2-1. Find the differential
equations of motion for a spherical pen-
dulum of length / (Fig. 2-1).

Using spherical coordinates, we see that
the kinetic energy of the particle is

T = 4m(I*6* + I*¢*sin* §) (2-53)
and the potential energy is
V = mgl cos (2-54)

where the support point O is at the ref-
erence level corresponding to zero potential

Fig. 2-1. A spherical pendulum. energy.
The Lagrangian function is
L=T— V= {mi*6* + ¢*sin? 0) — mgl cos 6 (2-55)

from which we obtain, for g, = 9,
d oLy _ g 0L opgig -
d1(09>—m1 , da—mlq‘ sin # cos 6 + mgl sin &
Hence, Eq. (2-27) yields the following equation of motion:
mit§ — mi*¢? sin 8 cos @ — mgl sin = 0 (2-56)
In a similar manner,
% (%) = ml*¢ sin2 0 + 2mi*0¢ sin 8 cos 9
L
3= 0
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and the ¢ equation of motion is
ml* sin? @ -+ 2mI*0¢ sin @ cos § = 0 2-57)

Equations (2-56) and (2-57) are the differential equations of motion.
Note that these equations are nonlinear, although d and ¢ appear linearly.
Note also that the equations of motion are identical with the equations
obtained by setting the coefficients of the virtual displacements 66 and 34
equal to zero in Eq. (1-68) for the case » = /. This indicates that the Lagran-
gian procedure has resulted in terms proportional to the § and ¢ components
of the inertial and gravitational forces acting on the particle.

The ¢ equation of motion is immediately integrable in this example
because di/dd = 0, and therefore

d (dL
LY o) QY 2-58
dt \o¢/ (2-38)
Hence,
JL _ mi*$ sin2 6 = p, (2-59)

dé

where p, is a censtant equal to the generalized momentum conjugate to
$. In this instance, p, is the angular momentum about a vertical axis through
the support point O.

Example 2-2. A double pendulum consists of two particles suspended by
massless rods, as shown in Fig. 2-2. Assuming that all motion takes place in
a vertical plane, find the differential equa-
tions of motion. Linearize these equations,
assuming small motions.

First let us obtain an expression for the
kinetic energy. The absolute velocity of the
lower particle is equal to the vector sum of
(1) the absolute velocity of the upper particle
and (2) the velocity of the lower particle
relative to the upper particle. Since the two
velocity vectors differ in direction by the
angle (¢ — @), we can use the cosine law to
obtain the magnitude v of the vector sum.
We have, then, that the velocity of the Fig. 2-2. A double pendulum.
lower particle is

v = 1[0* + ¢ + 20¢ cos (p — 6)1'>
and therefore the total kinetic energy is
T = ymP[20* + $* + 264 cos (¢ — 6)] (2-60)



58 LAGRANGE’S EQUATIONS CH. 2

Choosing the reference level for potential energy at O, we obtain
V = —mgl(2 cos § + cos ¢) (2-61)
The Lagrangian function is
L = iml}[20* + ¢ + 20¢ cos (§ — 0)] + mgl(2cos @ + cos §)  (2-62)
The 6 equation is obtained from
oL _ mi*[20 + ¢ cos (§ — 6))
6
d (dL

= \ﬁ) = mi*[20 + @ cos (¢ — 0) — (@ — 0) sin ($ — 9)]

g—g‘ = mi*0¢ sin (§ — 6) — 2mgl sin 8

which, upon substitution into Lagrange’s equation, yields
ml*(20 + ¢ cos (¢ — 6) — $*sin (¢ — )] + 2mglsin® =0 (2-63)
In a similar fashion, the ¢ equation is obtained from

% = mP[$ + 0 cos (¢ — 6))]

i /a_LL —_ 2 7 3 _ _ 0 H _ . .
o \\d¢-) mi*{§ + 6 cos (p — ) — 0(d — 0) sin (¢ — 9)]
9L — 09 sin (¢ — 6) — mglsin ¢
yielding

mP[§ + Gcos (@ —0) + 0*sin(p — )] + mglsindg =0  (2-64)

In this example, the kinetic energy is a homogeneous quadratic function
of the ¢’s; hence, T, and T, are zero. One can obtain the generalized inertia
matrix m from the kinetic energy expression of Eq. (2-60). It is

m = mi? 2 cos (¢ — 6) (2-65)
| cos (¢ — ) 1
By using the criteria of Eq. (2-11), it is apparent that T is positive definite.
Having obtained m, one can substitute into the explicit form of the equations
of motion given in Eq. (2-37) in order to check the actual equations of motion
given in Eqs. (2-63) and (2-64).

Now let us linearize the differential equations of motion for the case of
small motions. In other words, let us assume that 8, ¢, and their time deriva-
tives are much smaller than one. With these assumptions, we can use the
approximations

cos(p — =1, sin(¢p —0)=¢ — 6
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and the equations of motion become
mi*(26 + @) -+ 2mglf = 0
mi*f + @) + mglg =0
where we have neglected higher-order terms in the small quantities.

Example 2-3. A block of mass m, can slide on another block of mass
m, which, in turn, slides on a horizontal surface, as shown in Fig. 2-3(a).
Using x, and x, as coordinates, obtain the differential equations of motion.
Solve for the accelerations of the two blocks as they move under the influence
of gravity, assuming that all surfaces are frictionless. Find the force of interac-
tion between the blocks.

N N

X3
— X} — Xl
m my
45° 45°
NN ‘ A N NN
(a) (b)

Fig. 2-3. A system of sliding blocks.

First we observe that x, is the absolute displacement of m,, but x, is the
displacement of m, relative to m,. To obtain the absolute velocity v, of m,,
we can use the cosine law to add the velocity of m, and the velocity of m,
relative to m,;. We find that

v = X! 4+ %} — 2%,%, cos 45°
and therefore
Any changes in potential energy arise from changes in x,, so we can take
1
V= — 77 m,gx, (2-68)
Hence
1 , 1 , , .
L= 7mle 4 ?mz(xf + %2 — /2 X %)+ 7]-7 mygx, (2-69)

The x, equation is obtained as follows:

;7;(5%) = m, %, +m2<551—\/1_2_562)
L _,

dx,
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and, using Lagrange’s equation, we obtain
. 1
(m, -+ my)x, — T m%, =0 (2-70)
Note that, since dL/dx, = 0, the generalized momentum corresponding to

x, is conserved, that is, the horizontal linear momentum is constant. Next,
we find that

and the x, equation is
] . w 1 o .
‘—N—'“/,‘ 3 myXy + myX, — «/——f/ myg =0 (2-1)

Equations (2-70) and (2-71) are the differential equations of motion for
the system. They can be solved for the accelerations X, and %,, yielding

m.g
2m, + m,

. —~ (m, 4- m,)
Xy = \/—2- (—2——“'_’_}_ ng
Now suppose we wish to use the Lagrange multiplier method to solve
for the interaction force between the blocks. This interaction force is normal
to the frictionless contact surface and may be considered as the generalized
constraint force corresponding to a coordinate x; which is shown in Fig.
2-3(b). Although we are using three generalized coordinates, there are only

two degrees of freedom in the actual systemn because there is one equation
of holonomic constraint, namely,

X, =
(2-72)

x3=20 (2-73)
This equation can be expressed in the form
X, =0 (2-74)

which is similar to an equation of nonholonomic constraint. Comparing Eq.
(2-74) with Eq. (2-49), we see that

a,, =0
a,, =20
12 (2-75)
a;; =1

a;,, =0
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This is a rheonomic system with two degrees of freedom corresponding to
the independent generalized coordinates r and §. Let us obtain the kinetic
energy with the aid of Eq. (1-119) which, for this case of a single particle,
can be written in the form

T = ymi% + ymp? + t,emp (2-86)

where f, is the absolute velocity of the point P, and p is the velocity of the
particle relative to P. We see that

i2 = g?w?
p2 =/ + rzg?
Hence,
T, = }mp? = Im(?* 4 r29?) (2-87)
T, = t,-mp = mawli sin (§ — wt) + rd cos (6 — wr)] (2-88)
T, = {mi% = Ima’w? (2-89)
Also,
V = 3k(r — ro)? (2-90)

Therefore, the Lagrangian function is
L = iml* + r20* + 2aw# sin (6 — wr) + 2awrb cos (8 — wr) + a*w?)
— dk(r — ro)? (2-91)

We obtain the r equation from

‘_1‘1? (%%) = mF — maw* cos (6 — ot) + mawl cos (§ — wr)

%17‘ = mrd? 4+ mawl cos (0 — wt) — k(r — ry)

which, after substitution into Lagrange’s equation, yields
mi — mrf* — maw? cos (8 — wt) + k(r — ry) =0 (2-92)

Also, we obtain

‘% (%g) = mr*0 4 2mri@ + marw cos @ — wt)
— marwb sin (0 — wr) + marw? sin (§ — wr)
% = marw cos (0 — wt) — marwd sin @ — o)

and the 6 equation is
mr2@ + 2mri® 4+ marw? sin (@ — wt) =0 (2-93)
Example 2-6. Two particles are connected by a rigid massless rod of

length / which rotates in a horizontal plane with a constant angular velocity
o (Fig. 2-6). Knife-edge supports at the two particles prevent either particle
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from having a velocity component along the rod, but the particles can slide
without friction in a direction perpendicular to the rod. Find the differential
equations of motion. Solve for x, y, and the constraint force as functions of
time if the center of mass is initially at the origin and has a velocity v, in the
positive y direction.

12 X

Fig. 2-6. A nonholonomic rheonomic system.

This is a nonholonomic rheonomic system. Let us express the configuration
initially in terms of the Cartesian coordinates (x,, y,) and (x,, y,) of the
individual particles. There are two independent equations of holonomic
constraint, namely,

(xy —x)*+ (y, —y)2 =1 (2-94)
and
Y=y = (x, — x;) tan wt (2-95)

expressing the given length and orientation of the rod. In addition, there is
the nonholonomic constraint equation

(Xy -F Xy)cosat + (py, + p,)sinwt =0 (2-96)

which restricts the velocity of the center of the rod to a direction which is
perpendicular to the rod, as was shown in the discussion preceding Eq. (1-17).

We have been using four Cartesian coordinates and three independent
equations of constraint, indicating that the system has one degree of freedom.
It is more convenient, however, to choose generalized coordinates in such a
manner that there are no holonomic constraints, and only one nonholonomic
constraint. This can be accomplished by choosing the Cartesian coordinates
(x, ») of the center of mass as the generalized coordinates. The transforma-
tion equations are
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x, = x — 4l cos wt
=y — Llsin ot

Fr=rTz (2-97)

X, = x + 4l cos wt

Y. =y + il sin wt

From Egs. (2-96) and (2-97), we see that the nonholonomic constraint equa-
tion becomes

xcoswt+ ysinwt=0 (2-98)
The total kinetic energy of the system is
T = jm(xt + pt + %3 + D) (2:99)
or, substituting from Eq. (2-97),
T = m(x* + p*) + jmPw? (2-100)

This result can be obtained directly by adding the translational and rotational
kinetic energies, noting that the total mass is 2m and the moment of inertia
about the center of mass is mi?/2.

The potential energy ¥ is zero for this system, so we can write Eq. (2-48)
in we form

d (0T oT
i (5) = 5 = haw (2-101)
where, from the nonholonomic constraint equation of (2-98), we see that
a,; = cos wt
e (2-102)
ai, — S wt

The differential equations of motion are obtained by substituting from Egs.
(2-100) and (2-102) into Eq. (2-101), the result being
2mx = A, cos wt
. (2-103)
2mp = A, sin wt

These two equations and the constraint equation of (2-98) must now be
solved for x, y, and 1,. From Eq. (2-103) we obtain

¥ = X tan wt (2-104)

and, substituting for tan wt from Eq. (2-98), we find that
dit x4+ y)=0 (2-105)
Next, integrating and using the initial conditions, we see that

%2 4yt =03 (2-106)

indicating that the center of mass moves with a constant speed ;. Since the
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direction of the motion is always perpendicular to the rod, we have

X = —v, sin wt
. (2-107)
Yy = vy coswt

Integrating again, we obtain

x = v—°(cos wt — 1)
w
(2-108)
_ Yo .
y = W sin @t

From Egs. (2-103) and (2-107), the Lagrange multiplier is found to be
Ay = —2mv,w (2-109)
It can be seen that the system travels in a circular path of radius v,/ at
a constant speed v,. The centripetal constraint force exerted on the system is
of magnitude 2mv,w and is represented by —A,. The generalized constraint
forces, obtained with the aid of Eq. (2-47), are
C, = —2mv,w cos wt

(2-110)
C, = —2mv,w sin wt

and are directed along the positive x and y axes, respectively.

2-3, INTEGRALS OF THE MOTION

Much of the emphasis thus far in this chapter has been on obtaining the
differential equations of motion by using the Lagrangian method. We showed
that if the configuration of a holonomic system is specified by » independent
generalized coordinates, the equations of motion consist, in general, of n
second-order nonlinear differential equations with time as the independent
variable.

Any general analytical solution of the differential equations of motion
contains 2n constants of integration which are usually evaluated from the
2n initial conditions. One method of expressing the general solution is to
obtain 2n independent functions of the form

f(g,4t)=uqa (J=12,...,2n) (2-111)
where the «’s are arbitrary constants. These 2r functions are called the
integrals or constants of the motion. Each function f, maintains a constant
value ¢, as the motion of the system proceeds, the value of a, depending upon
the initial conditions. In principle, these 2n equations can be solved for the
¢’s and ¢’s as functions of the «’s and ¢, that is, it is possible to find

G = 8015 .oy Oap )
qi = gl(aly LIS | aZn’ t)
such that Eq. (2-111) is satisfied for all j.

G=12...,n (2-112)
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It is usually not possible to obtain all the f’s by any direct process.
Nevertheless, one of the principal topics to be discussed in the following
chapters is a procedure for the determination of coordinate transformations
which will simplify the finding of integrals of the motion. In fact, we shall
look for transformations such that each of the new coordinates and momenta
is constant, thereby forming the required 2n integrals of the motion.

For the present, however, let us consider some more elementary charac-
teristics of dynamical systems which result in obtaining integrals of the motion
directly by quadratures, that is, in terms of known elementary functions or
indefinite integrals of such functions.

Ignorable Coordinates. Consider a holonomic system which can be de-
scribed by the standard form of Lagrange’s equations, that is,

L@ -E=0 =120 @-113)
Suppose that L(g, ¢, ¢) contains all n ¢’s, but some of the ¢’s,say g, ¢z, - « 5 ks

are missing from the Lagrangian. These k coordinates are called ignorable
coordinates. Since 0L/dgq, is zero for each ignorable coordinate, it follows
that

d (0L ;
(77(071,)=0 (i=12....k (2-114)
or
oL . .
p=gi=h (=12...K (2115

where the f§’s are constants evaluated from the initial conditions. Hence we
find that the generalized momentum corresponding to each ignorable coor-
dinate is constant, that is, it is an integral of the motion.

Example 2-7. Let us consider the Kepler problem, that is, the problem
of the motion of a particle of unit mass which is attracted by an inverse-
square gravitational force to a fixed point O (Fig. 2-7). Using polar coor-
dinates, the kinetic and potential energies are

T = (2 4 r*6?) (2-116)

m=1

_ 24
V = — -~ (2-117) ,
where u is a positive constant known as the
gravitational coefficient. P
The Lagrangian function is 0

_ "1)—('.‘2 + rzé;_) + ¥ (2-118) Fig.2-7. The Kepler problem in
2 r terms of polar coordinates.
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and, using Eq. (2-113), we find that the r equation of motion is
o Ao (2-119)

Since 8 does not appear explicitly in the Lagrangian function, it is an
ignorable coordinate. The 8 equation of motion is

L) =0 (2-120)

or

ri0 =P (2-121)

where f is a constant and is equal to the angular momentum of the particle
about the attracting center O.

In this example, we obtain two equations of motion, corresponding to
the two degrees of freedom. The principal consequence of the fact that 8 is
an ignorable coordinate is that one integral of the motion, namely, the con-
stant angular momentum, is obtained immediately. On the other hand, 8 is
not completely eliminated from the analysis since 6 remains in the Lagran-
gian L.

The Routhian Function. Now let us introduce a procedure which results
in the ignorable coordinates being eliminated from consideration as separate
degrees of freedom in the Lagrangian formulation of the equations of motion.

Suppose we consider a standard holonomic system whose configuration
is given by n independent generalized coordinates, of which the first k are

ignorable. In other words, the Lagrangian L is a function of qy41, - ., qu
Gisov oy Gl
Now let us define a Routhian function R(qu,1s. - s dns Gists -« = >Gns
Bis. .., B t) as follows:
k
R=L—3% pd, (2-122)
i=1

where we eliminate the ¢’s corresponding to the ignorable coordinates by
solving the k equations

(‘%:ﬁ, G=12...,k (2-123)
for 4,, 45, ..., 4, as functions of g, 1y ...y Gus Gestr e+ -2 Gm B1s v o5 B b

These expressions for the §’s are linear in the f’s.
Next, let us make an arbitrary variation of all the variables in the Routh-
ian function. We have

% JR > dR
kE_ d

k
SR= 3 SX0q+ 3 04+ Gy 0B+ R (2129
1 0q, ; =1 (4

'
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where we note that the f§’s are regarded as variables. A similar variation in
the right-hand side of Eq. (2-122) yields

. L 4 AL, | w Ly | 9L a5
'5L"[=; 7 Y;aq';éqi+(=k+1dq;5ql+ 9t ot (2-125)

and, using Eq. (2-123),

k
02 Pa= 3_5-’5‘1' + X /_4 4: 9B (2-126)

=1

which results in

k n n
5(L— % pa)= % Eoe+ 3 G

I=k+1 (fq_, i=k+1 04,
— 4,68+ 5o @12

We assume that the varied quantities in Eqs. (2-124) and (2-127) are indepen-
dent; hence the corresponding coefiicients must be equal. Thus,

dL _JdR
a—’h dq,
i =k+1,..., 2-128
op or kAL (2-128)
dg, ~ 94,
and
g = --%‘; G=12...,k
o (2-129)
oL _ 9R
gt ot
Now let us substitute from Eq. (2-128) into Lagrange’s equations and obtain
i(g_f;)_g%:o G=k+1,...,n) (2-130)
i {

These equations are of the form of Lagrange’s equations with the Routhian
function used in place of the Lagrangian function. Note, however, that there
are only (n — k) second-order equations in the non-ignorable variables.
Thus, the Routhian procedure has succeeded in eliminating the ignorable
coordinates from the equations of motion. In effect, the number of degrees
of freedom has been reduced to (n — k).

Frequently there is no need to solve for the ignorable coordinates. But if
Eq. (2-130) has been solved for the (n — k) non-ignorable coordinates, then
we can integrate Eq. (2-129) to obtain expressions for the ignorable coor-
dinates, that is,

__[R,  _ i
g, = — 3,& i=12...,k (2-131)
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To illustrate the Routhian method, consider again the Kepler problen.
of Example 2-7. From Eq. (2-121), we have

6 _ 8 (2-132)

re

Substituting this expression for 8 into the Lagrangian function of Eq. (2-118),
we obtain the following Routhian function:

R=L—ﬂ9=—f2—ﬁ+£ (2-133)

Thus, we see that the system has been reduced to a single degree of freedom.
The corresponding equation of motion is obtained fror{l Eq. (2-130).

4 (IR _ ;
dt \or)
dR _ B> _ &
ar — r*
yielding
2
;_%Jr%:o (2-134)

This result is identical with that found by substituting from Eq. (2-132)
into Eq. (2-119), that is, into the r equation obtained by the Lagrangian
method.

We have seen that the Routhian function replaces the Lagrangian function
for the system after the number of degrees of freedom has been reduced by
the ignoration of coordinates. If we look at the Routhian function of Eq.
(2-133) from the viewpoint of an observer rotating with the line drawn from
the attracting center O to the particle, we see that

R=T -V (2-135)
where
T' =}
o ﬁ u (2-136)
2r? r

Here T’ is the kinetic energy associated with the single degree of freedom.
V' is the potential energy arising from the inverse-square gravitational field
and from the centrifugal force field due to the angular motion of the particle
in its orbit.

Conservative Systems. In Sec. 1-5, we found that a conservative force
field has the properties that (1) the generalized force components are obtained
from the potential energy function by using

1%
0=-5 (2-137)
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where V(gq) is a function of the configuration only, and (2) the integral

W= Qd=-3["0d (2-138)

is independent of the path taken between the given end-points in g-space.
If no other forces do work on the system, the total mechanical energy is
conserved; hence, the system is called a conservative system. In this case, the
total energy E(q,4) = T + V is an integral of the motion.

It is possible, however, to find an energy-like integral of the motion which
is of greater generality. In so doing, we can arrive at a more suitable definition
of a conservative system. Now let us define a system to be conservative if it
meets the following conditions:

1. The standard form of Lagrange’s equation (holonomic or nonholo-
nomic) applies.

2. The Lagrangian function L is not an explicit function of time.

3. Any constraint equations can be expressed in the differential form

Ya,dg,=0 (=12...,m) (2-139)
=1

that is, all the coefficients a,, are equal to zero.t

In order to show that the three given conditions are sufficient to ensure the

existence of an energy integral, let us consider the case in which a system is
described by the standard nonholonomic form of Lagrange’s equations,
namely,
d (dL JL = .
—l5z) — == =1,2,... 2-1
7G5 5= Ehan G=12...m @O
where L(g, ¢) is not an explicit function of time. The actual constraints may
be holonomic or nonholonomic; but, in either event, let us write the m
equations of constraint in the form

z”: ag, =0 (G=L2....m) (2-141)
i=1 b

where the &’s are functions of the ¢’s, and possibly time. Notice, however,
that any holonomic constraint functions ¢,(g) cannot be explicit functions of
time because of the assumption that

a, = "a;ff _0 (2-142)
Now let us consider the total derivative
dL & 0L . 1 0L .
—_—= ), — 2-
Z = 0G0 T X, (2-143)

1By referring to Eq. (1-37), we see that the requirement that a;; be zero for all j is very
similar to the requirement that a virtual velocity at any point of the system be a possible
velocity. The conditions stated for a conservative system, however, do not require that the
system be scleronomic.
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But, from Lagrange’s equations as given in Eq. (2-140), we have

oL _ d _
dq,  dr (dq,) ,Z Ay (2-144)
Hence, we obtain from Eqs. (2-143) and (2-144) that
dL v L.  d R _ -
& == T s (aq,)q' PIPIRILI ! (2-145)

The double summation term of Eq. (2-145) is zero as a result of Eq. (2-141).
Therefore, we obtain

dL _ d (& dL .
7= (85 (2-146)
which can be integrated to give
*dL .
g) Tq,.q‘ L=h (2-147)

where £ is a constant.

Thus, we have obtained a constant of the motion which is known as the
Jacobi integral or the energy integral. This integral of the motion exists for
all conservative systems.

Let us recall that the Lagrangian function can be written in the form

L=T,+T,+T,—V (2-148)

where the kinetic energy terms are separated in accordance with their degree
in the ¢’s, as defined by Eqs. (2-6), (2-8), and (2-10). Assuming that V is not
a function of the g§’s, we see that

Z 93 Lg=or, +1, (2-149)

and therefore Eq. (2-147) can be written in the form
T,— T+ V=h (2-150)

Hence, we confirm that the Jacobi integral has the units of energy. Notice
that T, and V are both functions of the ¢’s only, for this case of a conserva-
tive system. If we group these functions together, we can write

T +V' =h (2-151)
where
T'=T,
(2-152)
Vi=V-—T,

We see that, in addition to the original force field represented by V, the
potential function V' includes a force field due to T,. This field is artificial in
the sense that it consists of inertial forces arising from the fact that some of
the ¢’s are measured relative to a moving reference. T' is the kinetic energy,
assuming that any moving constraints or reference frames are held fixed.
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In summary, then, the energy T° -+ V' is constant for any conservative sys-
tem, but this energy is not always the total energy of the systern measured
relative to an inertial frame.

Natural Systems. A natural system is a conservative system which has
the additional properties that {1) it is described by the standard holonomic
form of Lagrange’s equations and (2) the kinetic energy is expressed as a
homogeneous quadratic function of the 4’s, that is,

T=T,= %I:};‘ Z_,‘l mq.4; (2-153)

where the inertial coefficients m,, may be functions of the ¢’s but not of time.

The Jacobi integral is particularly simple for a natural system; it is equal

to the fotal energy. We see this by noting first that Ty = T, = 0, and there-
fore Eq. (2-150) becomes

T+ V=h (2-154)

indicating that the total energy is conserved.

Although the transformation equations relating the x’s and the ¢g’s may
contain £ explicitly for certain conservative systems, this is no longer possible
for a naturai system. Since T, = 0, we see from Eq. (2-10) that dx,/d¢ must
be zero for all k.

Now let us consider the form of the equations of motion for a natural
system. First, since T, — 0 and T, is not an explicit function of time, we find
from Egs. (2-6) and (2-8) that

a=0, ‘lt’;’;_'z =0 Gj=12...,n (2-155)
Then, referring to Eq. (2-37), we obtain
z, - 1 & & (0m, dm am ) ..o 0V
e e D k) el | QR A AP 14 LA
gm0l 7 2 \Gg, +9g, ~ g, ) Yt g, ="

(G=1,2...,n (2-156)

Comparing Eqgs. (2-37) and (2-156), we see that the differential equations
of motion for a natural system are considerably simpler than those for a
more general conservative system. In particular, the equations describing a
natural system contain no linear terms in the ¢’s. Consequently, the ¢’s
appear only as quadratic terms.

It is important to notice that a holonomic conservative system with
T, = 0 and T, # 0 has equations of motion which are very similar to Eq.
(2-156) even though it is not considered as a natural system. This similarity
results from the fact that if T is viewed as a part of a potential energy V' =
V — T,, then the remaining kinetic energy T, is quadratic in the §’s, asina
natural system. Hence, the equations of motion are those of a natural system
with V' as the potential energy function and T, as its kinetic energy.
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A holonomic conservative system with T, # 0 is, in general, a gyroscopic
system. The presence of T, results in terms of the form y,,¢, in the equa-
tions of motion, where the coefficients y,, form a skew symmetric matrix,
as was shown in Eq. (2-40). Gyroscopic systems will be discussed further
in Sec. 3-3.

Example 2-8. Suppose a mass-spring system is attached to a frame
which is translating with a uniform velocity v,, as shown in Fig. 2-8. Let /,
be the unstressed spring length and use the elongation
x as the generalized coordinate. Find the Jacobi integral
for the system.

Iy +x
‘—’1 The kinetic energy is
K T = im(v, + %) (2-157)
—\\—1 m which yields

T, = imx?
T, = mvo% (2-158)
vo T, = tmv}

Fig.2-8. Atranslating The potential energy is
mass-spring system.
V = }kx? (2-159)

This mass-spring system meets all the conditions of a holonomic conser-
vative system since T and V are not explicit functions of time, and the only
generalized force Q, is derivable from V. Although the moving frame does
work on the system, resulting in a changing total energy T 4 V, the Jacobi
integral exists and is equal to

T,— T, +V=>dmi* —imvt + Lkx* = h (2-160)
where A is a constant. T is constant in this example, so we see that T, + V
is also constant.

Another approach is to notice that the moving frame is a valid inertial
reference. Relative to this frame, we have

T' = imx?

V' = tkx?
Since T is quadratic in %, we see that we have a natural system relative to
this reference frame. Hence, 7’ + V' is constant, that is, the total energy is

conserved. Note that this energy 1s identical with T, + V measured relative
to the fixed frame.

(2-161)

Example 2-9. Let us consider again the system discussed in Example 2-4.
A small tube, bent in the form of a circle of radius r, rotates about a vertical
diameter with a constant angular velocity w. A particle of mass m can slide
without friction inside the tube. At any given time, the configuration of the
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system is specified by the angle 8 which is measured from the upward vertical
to the line connecting the center O and the particle. Find the Jacobi integral.

Suppose we assume a fixed Cartesian reference frame with its origin at
O and with the z axis vertical. The plane of the tube coincides with the xz
plane at ¢t = 0. The transformation equations relating the generalized coor-
dinate & and the position (x, y, z) of the particle are the following:

x = rsin @ cos wt
y = rsin @ sin ot (2-162)
z=rcosf

Since these transformation equations contain time explicitly, this is a rheo-
nomic system. It is also holonomic and has the same number of degrees of
freedom as generalized coordinates, namely, one.

The kinetic and potential energy functions are

T = ym(r*6* + r2w* sin® 6) (2-163)
V = mgr cos 8 (2-164)

Therefore, the Lagrangian function is
L = 4mr20* 4 ymriw? sin? @ — mgr cos 8 (2-165)

We see that the Lagrangian L is not an explicit function of time, even though
the system is rheonomic. Hence, the system is conservative. Its Jacobi inte-
gral is
T, — Ty + V — ymr*0? — fmriw?sin® 0 + mgrcos@ = h  (2-166)
Now let us consider the Lagrangian function of Eq. (2-165) to be of the
form

L=T —V (2-167)
where
T' =T, = ymr*6? (2-168)
and
V'=V — T, = mgrcos § — tmr*w?sin® § (2-169)

We see that T’ is the kinetic energy of the particle relative to a reference
frame which is rotating with the circular tube. The potential energy V'
includes the actual gravitational energy plus another term —T, which
accounts for the centrifugal force due to the rotation about the vertical axis.
The result of taking the viewpoint of a rotating observer is that 7' and
V' are of the form associated with a natural system; that is, neither 7" nor
V' is an explicit function of time, T’ is quadratic in 0, and V' is a function of
the position 8 only. Hence, the total energy relative to this rotating frame is
conserved, and we obtain
T+ V' =h (2-170)

in agreement with the Jacobi integral of Eq. (2-166).
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V'’ is plotted as a function of § in Fig. 2-9 for the case where w? > g/r.
Equilibrium points relative to the rotating frame occur at those values of
8 for which dV’/df = 0, that is, at

6 = 0,7, cos™? (—_—%)
rw
The values 0 and 7 occur at local maxima of V' and therefore are points of

unstable equilibrium, while the values cos~'(—g/rw?) correspond to stable
equilibrium points at local minima of V.

v’

mgr

— ingr
_mgr 2, rw?
~ .
- rw’ 4

Fig. 2-9. Potential encrgy V’ for the case w? > gjr.

If O <C ? << g/r, there is no longer a hump in the curve near § = x. In
this case, there is a maximum of V' at = 0 and a minimum at § = x.

It is interesting to consider the same system using the spherical coordinates
8 and ¢ as generalized coordinates. Ia this case, we obtain

T = Im(r*6* + r*$? sin* 6) (2-171)
V = mgr cos 8 (2172)

The holonomic constraint can be expressed in the differential form
dp —wdt =10 (2-173)

Here we see that neither 7 nor V is an explicit function of time and the
standard form of Lagrange’s equation applies. Nevertheless, the system is
not conservative in this formulation because a,, = —w 3 0. Furthermore,
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the Jacobi expression (T + V in this case) is not constant because the moving
constraint does work on the sysiem.

Finally, let us consider the same system in terins of the Cartesian coor-
dinates of the particle. Here we have

T = tm(x? + y* 4 2%) (2-174)
V = mgz (2-175)
There are two holonomic constraints, namely,

x2FyrttE=rt (2-176)
y = x tan wt 21717y

Wriiten in differential form, these constraints are
xdx -+ ydy +zdz=0 (2-178)
tan ot dx — dy + cwx sec* wr dt = 0 (2-17%)

Leoking at Eq. (2-179) we see that

a, = wx sec* wt = 0
Therefore, the system is not conservative. Again, the Jacobi expression is the
total energy 7'+ V which is not conserved.

In summary, it can be seen that whether a given system is classed as
conservative or not may depend upon the coordinates used in its description.

Example 2-10. Let us consider once again the system of Example 2-6,
Two particles, each of mass m, are connected by a rigid massless rod of length
{ (Fig. 2-6). The particles are supported by knife edges placed perpendicular
to the rod. Assuming that all motion is confined to the horizontal xy piane,
find the Jacobi integral.

Since @ is given explicitly as a function of time, the system is rheonomic.
Let us take the coordinates (x. v) of the center of mass as generalized coor-
dinates. We note that the potential energy is zero, so the Lagrangian func-
tton is

L =T=m{x*+ y*) + Inl*e? (2-180}
The nonholonomic constraint equation is
cos ! dx 4- sin wt dy = (2-181)

which specifies that the velocity of the center of mass must be perpendicular
io the rod.

We observe that the Lagrangian I, is not an explicit function of time,
even though the system is rheonomic and the coefficients in the constraint
equation are explicit functions of time. Furthermore, we see that a;, = 0.
Herce, the system is conservative. Its Jacobi integrai is

T, — Ty + V=mx*+ p*) — ImlPw? =h (2-182)
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Note that T, is a constant in this case and can be omitted from the Lagran-
gian function and from Jacobi’s integral. Thus, we find that the translational
kinetic energy is constant, implying that the velocity of the center of mass is
constant.

Another approach to this example is to describe the system configuration
by using the Cartesian coordinates of its two particles. In this case the Lagran-
gian function is

L = im(x} + y} + 13 + »}) (2-183)

There are two holonomic equations of constraint, namely,
(x = x>+, —yp)* =1 (2-184)
(x, — xy)sinwt — (y, — y)cosewt =0 (2-185)

giving the length and orientation of the rod. There is also a nonholonomic
constraint which can be described by

coswtdx, +sinetdy, =0 (2-186)

expressing the fact that the velocity at the given particle is perpendicular to

the rod. A similar equation could be written for the second particle, but it

would not be independent of the constraint equations already given.
Equations (2-184) and (2-185) can be combined with (2-186) to yield

(x; —x))dx, + (y; —y:1)dy, =0 (2-187)

(x; = xy)dx, + (o —y)dy, =0 (2-188)
Then we see that Eqgs. (2-186)—(2-188) represent a set of three independent
constraint equations which meet the condition that @, = 0. Hence, the
sufficient conditions for a conservative system have been met. The existence
of the Jacobi integral implies that the total kinetic energy is constant.

It is interesting to note that if the orientation 8(¢) were given as any con-
tinuous function of time, the Lagrangian L would, in general, be an explicit
function of time, implying that the system is not conservative. Nevertheless,
if we assume that the given orientation is enforced by the application of a
couple )

M = iml*0
then the translational kinetic energy is conserved because no work is done by
the constraint forces moving over the path of the center of mass. Of course,
the rotational kinetic energy changes as 6 changes.

Liouville’s System. As we consider the problem of finding the integrals
or constants of the motion, a question arises concerning what characteristics
of a system make it possible to completely solve for its motion by quadratures,
that is, in terms of indefinite integrals, each involving only one variable. The
general answer to this question is not known, but we can give examples of
some systems which are separable, and therefore are capable of being solved
by quadratures.
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First, we recall that a system having n degrees of freedom requires 2n
integrals of the motion for a complete solution. For a standard holonomic
system, the presence of ignorable coordinates permits a reduction of the effec-
tive number of degrees of freedom by using the Routhian procedure. Further-
more, if the system is conservative, the energy integral 4 is immediately
available. Hence, it can be seen that any conservative holonomic system with
n degrees of freedom and (n — 1) ignorable coordinates can be integrated
completely by quadratures. We find that 2(n — 1) constants are obtained by
ignoration of coordinates, and the integral of energy then provides an
equation of the form

4= f(g)
which can be integrated to complete the solution. Here g is the last remaining
coordinate after all but one have been eliminated by the Routhian procedure.

If a conservative holonomic system does not have a sufficient number of
ignorable coordinates to guarantee separability, it may still be separable if it
is an orthogonal system, that is, a natural system in which T contains only
4? terms, and no cross-products in the §’s.

As an example, suppose that

T=3f% ¢ (2-189)
V= % Z v(q) (2-130)

where we define
S =3 fla)>0 (2-191)

We will now show that this system is separable.
Let us use Lagrange’s equation in the form

d (0T\ _dT | dV
(5 — 37—+ 3= 2-192
i64) ~ 53+ g 192)
and we obtain
Aoy Lo 1 0v VO )
Now, this is a natural system, so it has an energy integral given by
T+V=4f S @+ V="h (2-194)
=1
Hence,
Lea_ bt 2-195
Substituting from Eq. (2-195) into (2-193) and simplifying, we have

d, .. haf, | 1adv i
a}‘(qu)—TaE-i—Taa—o (2-196)
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Next, we multiply Ea. (2-196) by 2/4, and obtain
d oy o O 40V .
E(f%) Zhaq‘q1‘| 2;5;;‘41—0

d 2.2 ~ d
ar (i) =2 ar (hf, —v) (2-197)

Integrating, the result is
fra = 2hf(g) —vlg) +ei  (G=1,2...,m (2-198)

where the ¢’s are constants of integration. It can be shown from Egs. (2-190),
(2-194), and (2-198) that
3 =0 (2-199)
i=1

Hence the ¢'s and A together comprise x independent constants of the motion.
The remaining » integrals of the motion are obtained by writing Eq.
(2-198) in the form

‘.12! Y Xhf,— v + ¢)
a = f

<

which implies that

dq, - dqi_
V2R — v R o) 2R, — v, +cy)
- dq, &
22—+ )

where 7 is a time-like parameter. Each differential expression is a function
of a single ¢, so the problem is reduced to quadratures. Integrating these
expressions produces the required » additional constants of the motion.

This system can be generalized rather easily to become a Liouville system.
If we replace dg, by /Mg, dg,, we obtain

=dr  (2-200)

T=4f 33 M{@)i} (2-201)
where we assume that M,(q,) > 0. As before,
V=L % (g (2-202)
f &

A natural system having T and ¥V of the form given by Egs. (2-201) and {2-202)
is called a Liouvilie system.

Correspending to Eqg. (2-200) we now have

g _ _dgp _ ... __ dg, _dt _, 2203
Tean - Tead Nz XA
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where
ddq) = X?%’,(”f‘ —v+e) (=L2...,n (2-204)
Using Egs. (2-191) and (2-203), we obtain

s _fide g 2-205
=y " (2209
w [ _fidq _ 2-206
i< J ‘\/¢u(‘71) s ﬂl ( )

Similarly, taking differences of the indefinite integrals of Eq. (2-203), we have

or

" dq, _ dg, _ P -

V- 1 A =p U=20m @)
where the first integral is chosen arbitrarily as a reference. Thus, Eqs. (2-206)
and (2-267) provide n independent constants 8,, B,, . . ., B, which, with the
previous (n — 1) independent ¢’s and the energy constant &, constitute the
required 2rn independent constants of the motion.

In evaluating the integrals of Eq. (2-206) or (2-207), a question arises
concerning the sign of »/@,(g,). Remembering that f is positive, we find from
Eq. (2-203) that o/¢,(q,) has the same sign as dg,. This is of particular impor-
tance in studying libration motions, that is, motions in which one or more
q’s oscillate between fixed limiting values.

The Liouville system is discussed further in Sec. 5-3.

Example 2-11. Consider again the spherical pendulum of Example 2-1.
Reduce the problem to quadratures and obtain the integrals of the motion.

Method 1. Ignoration of coordinates. Using the spherical coordinates
and ¢, the expressions for the kinetic and potential energies are

T = ml(0* + ¢* sin? 6) (2-208)

V = mgl cos 0 (2-209)

where m is the mass of a particle which is suspended by a massless string of
length /.

Here we have a conservative holonomic system having two degrees of

freedom and one ignorable coordinate. Hence it can be solved completely

by quadratures.
First, we see that the Lagrangian function is

L = ymi*(0* + ¢*sin @) — mgl cos 8 (2-210)
Since ¢ does not appear explicitly, it is an ignorable coordinate, and we have
oL _ ml*g sin* 0 = a, (2-211)

9
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where we now adopt the notation that &, is the constant generalized momen-
tum conjugate to ¢. In other words, the angular momentum is conserved
about a vertical axis through the support.

The Routhian function is

7 —wd =] 202 __ o4 _ -
R=1L a,¢——2—m19 S e mgl cos 6 (2-212)

and we note that ¢ has been eliminated by using Eq. (2-211). Thus, we see
that
R=T -V (2-213)
where
T = mi26? (2-214)

' a; )
14 _m+mglcose (2-215)
The form of T’ and V' is that of a natural system having one degree of free-
dom. Hence, we can immediately write the energy integral.

’ P Y. “gﬁ - -
T + V' = 2m19 + oty t mglecosf =h  (2:216)

Solving for §, we obtain

0 = «/%(h — mgl cos @ — a3/2mi? sin* 6)

or
ml? sin 0 d6
= dt 2-217
A/2mi* sin* 8 (h — mgl cos 0) — a} ( )
Integrating, we have
¢ mi? sin 6 dO
= t - tn -
J;., ~2ml? sin? @ (h — mgl cos 0) — o i (2-218)

where 0(t,) = 6,. The motion in 8 is usually a libration with 0 < § < =.
Hence, the sign of the square root should be the same as that of 4@ since
each increment dt is positive.

From Eq. (2-211) we obtain

__G.dt .
d$ = mi* sin* § (2-219)

and, using Eq. (2-217), we find that
o, df

sit 0 /2mIZ sin?  (h — mglcos ) — a3 @ (2-220)
Hence,
8
o, d o
-[7., sin 0 /2mP sin? 0 (h — mglcos 0) — a2 ¢ — o (2-221)
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where ¢(t,) = @,. Again, the sign of the square root is the same as that of
df. Note that e, has the same sign as d(t).

Thus, we have obtained the four required constants of the motion,
namely, the expressions for a,, A, f,, and @, given by Eqgs. (2-211), (2-216),
(2-218), and (2-221).

Method 2. Now consider the spherical pendulum as a Liouville system.
Comparing the expressions for 7 and V given in Eqgs. (2-208) and (2-209)
with the standard Liouville forms of Eqs. (2-201) and (2-202), we find that

1

f8: mi? Sinz 0, Mg= Sin—zo,

vy = m?gl’ sin? 6 cos 8 (2-222)
and
f,=0, M,=1 v,=0 (2-223)
Using Eq. (2-204), we obtain
¢o = 2 sin? 0 [mi* sin® 8 (h — mgl cos 0) + c,]

(2-224)
¢y = 2¢,
where, from Egs. (2-198), (2-199), and (2-211), we have
2, = —2¢p = (mi*$ sin? 0) = «? (2-225)

Finally, substituting these expressions into Eqs. (2-206) and (2-207) and
writing the results in the form of definite integrals, we obtain

* mi® sin® 6 d

s = (2-226)
and '
40 - ¢ d‘i
6o ~/$4(0) o ~ 24
or
*a,dd _ 4 )
=P @227

We see that Eqs. (2-226) and (2-227) agree with Eqs. (2-218) and (2-221)
obtained previously.

In Chapter 5, the problem of obtaining integrals of the motion for separ-
able systems will be considered again using the Hamilton-Jacobi method.

2-4. SMALL OSCILLATIONS

One of the principal applications of Lagrange’s equations is in the analy-
sis of small motions of a conservative mechanical system about an equilibrium
configuration. Although the equations of motion can often be obtained by
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other means such as the direct application of Newton’s laws, the Lagrangian
method results in equations of motion in a form which emphasizes the
symmetries of the system. Let us consider, then, the Lagrangian approach
to the theory of smalil oscillations. We shall present, howevei, only an
introduction o this rather extensive subject.

Egquations of Morion. Suppose we have a natural system whose con-
figuration is specified by the n independent generalized coordinates ¢.,4,,. - . ,
4, Let us assuime that theg’s are measured from a position of equilibrium,
and consider small motions about this equilibrium position. From Eq.
(1-95), we find that if we let the reference value V', be zero, the potential
energy ¢an be written in the form

V = _1_ i‘ :Y: (_‘92’_\) Qg+ (2-228)
24/ 4 GQiaq_/ 0 !
Neglecting terms of higher order than the second in the ¢’s, we obtain
V=1 ’2:,1 jz=:1 k,q.9, (2-229)
where the stiffness coefficients are
ky = k= (550 (2-230)
T \dg, dq,,

Thus, we see that the potential energy V is a homogeneous quadratic function
of the ¢’s for small motions near a position of equilibrium.

Let us assume that the system consists of N particles whose positions
are given by the 3N Cartesian coordinates x,, x,, ..., X35 We find from
Eqs. (2-7) and (2-153) that the kinetic energy is of the form

T= %(; 1; muéféj (2-231)
where, for small motions,
3N . 0
My = my = 3. m, (%)0 (—5;‘—;)0 (2-232)

Also, for the natural system assumed here, the kinetic energy is a positive
definite quadratic function of the ¢'s.

The equations of motion are obtained by using Lagrange’s equations.
First, we find from Eq. (2-26) that the Lagrangian function is

L= ’l';_:l 1;1 mydig; — % ‘Z:]l ;! k9.4, (2-233)
Then, using Eq. (2-27), we obtain the following equations:
3 myd, + ,}:': kg, =0 (=12...,n) (2-232)

or, in matrix form,
md + kq = 0 (2-235)
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Notice that these equations of motion are linear, second-order, ordinary
differential equations. Also, the m and k matrices are constant and symmetric.
In general, if Newton’s laws are used in obtaining the equations of motion
for a system of this sort, the m and k matrices wiil not be symmetric. The
loss of symmetry in the equations can occur merely by multiplying one of
the equations by a constant, or by adding equations. This does not change
the nature of the solution, but nevertheless does change the appearance
of the equations of motion. An advantage of the Lagrangian method is that
the systematic approach preserves the symmetry of the coefficient matrices
for those systems in which 7T and V are adequately represented by quadratic
functions of the velocities and displacements, respectively.

Natural Modes. Let us consider a system whose differential equations
of motion are given by Eq. {2-234). Assume solutions of the form

g, = A,C cos (wt + ¢) (G=1,2,...,n (2-236)

where the amplitude of the oscillation in g, is the product of the constants
A, and C. Here C acts as an overall scale factor for the ¢’s, whereas the 4’s
indicate their relative magnitudes.

If we substitute the trial solutions of Eq. {2-236) into Eq. (2-234), we
obtain

z";l (—w?m;, + k)A,Ceos(ot +¢) =0  (=1,2...,n) (2:237)
j=

The factor C cos (w! + @) cannot be zero continuously except for the trivial
case in which all the ¢'s remain zero. Therefore, we conclude that

Sk, —@m)A, =0 (=12...,n) (2-238)
= J 1 J

If the A’s are not all zero, then the determinant of their coefficients must
vanish, that is,

(kiy — @*myy) (kyy —@Pmyy) - (kg — @Pmy,)
(k1 — @*myy) (ki — @?my,)
: : =0 (2-239)

(knl - wzmnl) M ce (knn - wzmnn)

The evaluation of this determinant results in an nth-degree algebraic
equation in w? which is called the characteristic equation. The n roots wg,
where k = 1,2,...,n, are known as characteristic values or eigenvalues,
each being the square of a natural frequency which is usually expressed in
rad/sec. It is known from matrix theory that the roots w} are all real and
finite if 7 is positive definite and if both m and k are real symmetric matrices.
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If, in addition, V' is positive definite, then the w? are all positive and the motion
occurs about a position of stable equilibrium. If V is positive semidefinite;
that is, if the determinant | A | or any of its principal minors is zero, but none
are negative; then at least one of the wi is zero and the system is in neutral
equilibrium at the refererice configuration. Finally, if | k£ | or any of its principal
minors is negative, then at least one of the w} 1s negative and the reference
position is one of unstable equilibrium.

Let us summarize the effect of a given root w? on the stability of the system
as follows:

Case 1: w? > 0. The solution for each coordinate contains a term of
the form C, cos (w,! + ¢,) in accordance with the assumed solution given
by Eq. (2-236). This term is stable, but the overall stability depends upon the
other roots as well.

Case 2: w} = 0. Here we have a repeated zero root w,, corresponding
to a term in the solution of the form (C,t + D,). This implies that a steady
drift can occur in one or more of the coordinates and is characteristic of a
neutrally stable system.

Case 3. w} < 0. The corresponding pair of roots @, = 4-iy, isimaginary
and the resulting terms of the form (C, cosha y,t -+ D, sink y.t) imply an unsta-
ble solution.

Returning now to Eq. (2-238), we find that for each w? we can write a
set of »n simultaneous algebraic equations involving the n amplitude coeffi-
cients A4,. Because these equations are homogeneous, however, there is no
unique solution for the amplitude coefficients, but only for the ratios among
them. For convenience, let us solve for the amplitude ratios with respect to
Ay, that is, let us take 4, = 1. If we arbitrarily eliminate the first equation
of (2-238) and use matrix notation in solving the remaining (n — 1) equations
for the (n — 1) unknown amplitudes, we obtain

[Cki; — wimu)]{Agk)} = {(wim, — k) Jj=23,...,n) (2-240)
where we have shown a typical element of the matrix in parentheses in each

case. The subscripts refer to the original rows and columns. Solving Eq.
{2-240) for the amplitudes A'¥’ corresponding to the eigenvalue wZ, we obtain

(49 = (ki — oim )] (wimy — kn)} G j=23,...,n)  (2-24])
where we assume that the eigenvalues are distinct and A{¥ 5 0, thereby
ensuring the existence of the inverse matrix. In case ¥ = 0, another coor-
Jdinate should be chosen as a reference. In general, one can use any normaliza-
ion procedure which preserves the correct relative magnitudes of the
~vordinates.
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A complete set of n amplitude coefhicients, including the unit reference
coeflicient, is known as an eigenvector or modal column. There is an eigen-
vector A®’ corresponding to each eigenvalue w}?. This set of amplitude coeffi-
cients can be considered to define a mode shape associated with the given
frequency «,. Each natural frequency w, with its corresponding eigenvector
A'® defines a natural mode of vibration, sometimes called a principal mode
or a normal mode.

For the natural systems that we are considering, the w7 are real and the
corresponding amplitude ratios are also real. If the system is vibrating in a
single mode rather than the more general case of a superposition of modes,
then all the coordinates execute sinusoidal motion at the same frequency.
The relative phase angle between any two coordinates is either 0° or 180°,
depending upon whether the particular amplitude ratio is positive or negative.

The zero frequency modes are somewhat different physically in that no
elastic deformation occurs. For this reason, they are known as rigid-body
modes. Both the potential and kinetic energies are constant, resulting in
uniform translaticnal or rotational motion. The amplitude ratios are cal-
culated in the usual fashion, but are more easily considered as velocity ratios.

Principal Coordinates. We have seen that a linear natural system with n
degrees of freedom has n eigenvalues or natural frequencies. It is possible for
the system to oscillate in a single mode if the initial conditions are properly
established ; for example, if all the initial velocities are zero and the initial
displacements are proportional to the amplitude coefficients 4§ of the given
mode. In the general case, however, a superposition of modes is required.
So, using solutions of the form of Eq. (2-236), we have

q,= kZ:l A, C, cos (ot - ) (2-242)

where A, = A{®.
Now let us define the principal coordinate U, corresponding to the kth
mode by the equation
U, = C, cos (w,t + ¢,) (k=1,2,...,n) (2-243)

Then from Eqs. (2-242) and (2-243) we obtain

q; = :L:a‘ AU, (2-244)
or, in matrix notation,
g =AU (2-245)

where the modal matrix A is an n X n matrix whose columns are the modal
columns for the various modes. The columns may be arranged in any order
but, by convention, they are usually placed in order of increasing frequency
of the corresponding modes.
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From Eq. (2-245) we can solve for the principal coordinates. We cbtain
U=A"Y4q (2-246)

where we assume that the modal columns are linearly independent, a con-
dition which is assured if the corresponding eigenvalues are distinct.

Note that the principal coordinates are generalized coordinates of a
particular type. We see from Eq. (2-244) that if only one U, is nonzero, the
q’s are proportional to the corresponding A’s for that mode. In this case, the
principal coordinate U, oscillates sinusoidally at the frequency w,, assuming,
of course, that the given mode is stable. Hence, if only one mode is excited,
the entire motion is described by using only one principal coordinate. In
general, a description of the motion requires all » principal coordinates.
Nevertheless, since we are often interested in the transient response within
a certain frequency range, the use of coordinates associated specifically with
given frequencies may make possible a reduction in the number of coordi-
nates used in the analysis.

Orthogonality of the Eigenvectors. Let us write Eq. (2-238) for the kth
natural mode in the form

kA® = imA® (2-247)
Similarly, for the /th mode we have
kAW = o}mA® (2-248)

Now premultiply both sides of Eq. (2-247) by the row matrix A" and pre-
multiply both sides of Eq. (2-248) by A", The resulting equations are
ADTRA) = 2 AOTMA® (2-249)
ARTRAD — w,"A""TmA‘” (2_250)
Since k and m are symmetric, the modal columns can be interchanged on
both sides of either equation. If we perform this operation on Eq. (2-249),

we find that its left-hand side is identical with that of Eq. (2-250). Subtracting
Eq. (2-250), we obtain

(w: — WwHA®"MAP =0 (2-251)
If the two eigenvalues are distinct, that is, if w2 = w?, then it follows that
APTMAD = 0 k=1 (2-252)

This is the orthogonality condition for the kth and /th eigenvectors with
respect to the inertia matrix m.

Insight into the physical meaning of Eq. (2-252) is obtained by noting
that a modal column of amplitude coefficients gives the velecity and the
acceleration ratios as well as the displacement ratios for a given mode. So
the orthogonality condition can be interpreted as stating that the scalar
product of the eigenvector for one mode and the generalized inertia force
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vector for another mode is zero. This indicates that the two vectors are
orthogonal in n-space. In practical terms, there is no inertial coupling between
the corresponding principal coordinates.

If one of the modal columns of Eq. (2-252) corresponds to a zero-fre-
quency mode, the orthogonality condition implies that a corresponding
momentum component is zero for all the remaining elastic modes. For exam-
ple, if a system can freely translate in the x direction, a zero-frequency mede
will exist corresponding to this uniform translation and it will contain the
entire x component of translational momentum. All the remaining elastic
modes will have no translational momentum in the x direction. More gener-
ally, the eiastic modes of a body in free space will have zero linear and angular
momentum.

Now let us consider the matrix product of Eq. (2-252) for the case where
k = L. In this instance, the product cannot be zero because it is proportional
to the kinetic energy in the given mode. So let us write

A¥™TmA® =M, (k=12,...,n (2-253)

where M,, is a positive constant. We will show that M,, is the generalized
mass or inertia coefficient corresponding to the principal coordinate U,.
Equations (2-252) and (2-253) can be summarized in the equation

ATmA =M (2-254)

where we recall that each column of A is a modal column. Because of the
orthogonality property of the eigenvectors, we see that M is a diagonal
matrix.

Now let us consider again the expression for the kinetic energy of the
system. From Eqgs. (2-231) and (2-245) we have

T = $q"m§ == {UTATmAU (2-255)
and, using Eq. (2-254), we obtain
T = JU™U (2-256)

confirming that M is the generalized mass matrix associated with the principal
coordinates.

We can show that the transfermation to principal coordinates also diago-
nalizes the stiffness matrix k. Let us write Eqgs. (2-249) and (2-250) in the form

S ADTKA® — AOTmA® (2-257)

k

c(_iiA(k)TkA(') — A(k)TmA(I) (2_258)
1

where we assume that @} and w} are not zero. Again we note thatk and m
are symmetric; hence the modal columns for the kth and /th modes can be
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interchanged. Performing this interchange in Eq. (2-257) and subtracting Eq.
(2-258), we obtain
l 1

A MY amTmpaw }
(mi w})A KA® — 0 (2-259)

If the modes are distinct, we have w? % o}, and it follows that
APTKAD = 0 (k+1) (2-260)

For the case where either w} or w? is zerg, the same result is obtained directly
from Egs. (2-249) and (2-250).

Equation (2-260) represents the orthogonality condition with respect to
the stiffness matrix k. It states that the scalar product involving the cigen-
vector for a given mode and the generalized elastic force vector for another
mode is zero. In other words, the principal modes are not elastically coupled
because no work is done by the elastic forces of one mode in moving through
the displacements of a second mode.

For the case where kK = [, we can write

ABTRA® = K,, (2-261)

where K, is the generalized stiffness coefficient for the kth mode. K, can be
positive, zero, or negative according to whether the kth mode is stable, neu-
trally stable, or unstable. Equations (2-260) and (2-261) are summarized in
the single equation

: ATkA =K (2-262)

where K is an n X n diagonal matrix.
The potential energy V can be written, using Eqgs. (2-229) and (2-245),
in the form

V = 1q'kq = JUTATKAU (2-263)
which can be combined with Eq. (2-262) to yield
V = JUTKU (2-264)

Hence K is the generalized stiffness matrix associated with the principal
coordinates.

In summary, the transformation to principal coordinates has resulted in
the diagonalization of both the m and k matrices. This implies that the natural
modes have neither inertial nor elastic coupling and therefore are independent
for this case of unforced motion.

In order to emphasize further the independence of the natural modes,
let us obtain the differential equations of motion in terms of the principal
coordinates. From Egs. (2-256) and (2-264), we find that the Lagrangian
function L can be written in the form

L=} % MUt — 13 KUt (2-265)
k=1

ket
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Using Lagrange’s equation, we obtain

MU, + KU =0 (k=1,2,...,n) (2-266)
These differential equations of motion indicate that the free vibrations of
the entire system can be described in terms of » independent undamped

second-order systems, each system representing a single mode. We note
that the natural frequency of each mode is given by

wi=fa w_12. .0 (2-267)
Alkk

Repeated Roots. 1n the previous discussion we assumed that the roots
are distinct. With this assumption, we found that the eigenvectors are mutu-
ally orthogonal with respect to both the m and k matrices; that is, both
matrices are diagonalized by a transformation to principal coordinates.

Now let us consider a degenerate system in which the cigenvalues are not
all distinct. For example, suppose there is a double root such that @i = 32, ;.
If we use Eq. (2-241) to solve for the modal columns corresponding to the
distinct modes, we find that these modes are mutually orthogonal. But
if we let w? = cw? in this equation, we find that the inverse matrix
[(ky; — wim,3]~' does not exist, indicating that the corresponding set of
(n — 1) simultaneous algebraic equations is not linearly independent.

In order to avoid this problem, we can choose two amplitude coefficients
arbitrarily when wi = w?. As an example, we might take 4{” = 1, 4A{ = 0.
Then we can solve for the (n — 2) remaining amplitude coefficients from the
(n — 2) independent equations contained in Eq. (2-240). This results in a
modal column A%’ which is orthogonal to all the modal columns correspond-
ing to the distinct modes, since the assumptions for the derivation of Eq.
(2-252) are still valid.

The problem remairs, however, of finding a final modal column A?*P
such that it is orthogonal to A and to the other columns. This is accom-

plished if we set A"*" = 1 and use the (n — 2) independent equations from
Eq. (2-240) plus the orthogonality condition
APTMACPHD = (2-268)

Thus we have (n — 1) equations from which to solve for the (n — 1) remain-
ing amplitude ceefficients in A?*D),

For the more general case of m repeated roots, a similar procedure is
followed. The cigenvector A*» has m arbitrary components, and the remain-
ing (n — m) components are obtained from the (n — m) independent equa-
tions contained in Eq. (2-240). Each succeeding eigenvector has one fewer
arbitrary component, but one more orthogonality condition. Hence, there
are sufficient equations to obtain the required components. In this fashion,
a complete set of mutually orthogonal eigenvectors is obtained corresponding
to the repeated roots.
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The result of this procedure is a medal matrix A which diagonalizes both
m and k. Note, however, that the amplitude ratios are no longer unique, as
they were for the case of distinct roots, since some of the amplitude ratios
can now be chosen arbitrarily. In fact, any linear combination of the modal
columns corresponding to a repeated root forms another possible modal
column for that root. Columns formed in this way, however, are not neces-
sarily mutually orthogonal.

Initial Conditions. The form of the transient solution for a natural sys-
tem having n degrees of freedom was given in Eq. (2-242), namely,

q, = kzl A, C cos (gt + é:)

where we assumed small motions about a position of stable equilibrium,
Assuming that the eigenvalues @} and the modal matrix A have been found,
we must now solve for the n C’s and the # ¢’s from the 2# initial conditions.
The orthogonality properties of the natural modes can be used to simplify
this process.

Let us assume that the initial ¢’s and ¢'s are given. From Eq. (2-242), we
see that

q,(0) = .Zi A, C, cos @, G=12,...,n (2-269)
and

GO =~ 4, Cooesinge (G=12...,n  (2270)

Now muitiply each of these equations by m,, 4, and sum over i and j.
Because of the orthogonality condition of Egs. (2-252) and (2-253), namely,

n = 0, k=1
SN — I 2-271
& 2 muAndse WMy, k=1 2-271)
we obtain from Eq. (2-269) that
_El Z: q,(0)m,, A, = M,C, cos ¢,
i=1 j=
or
Creos = - 3 3 4,(0)my Ay 2-272)
A’{“ =i J=1
Similarly, we obtain from Eq. (2-270) that
N I n » . X
Cising, = '—m 1=21 j; GO0y, 4, (2-273)

Notice that Eqgs. (2-272) and (2-273) enable one to obtain the solutions for
C, and ¢, directly, rather than being forced to solve 2n simultaneous equa-
tions.
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Now suppose we consider a system having an eigenvalue w? = 0, corre-
sponding to a rigid-body mode. We recall that the solution for ¢, contains
the term 4,,(C,t + D,) in this case. If we again use the orthogonality prop-
erties of the natural modes, we find that

l & & .

C, = M ; p3 §,0)m; A, (2-274)
1 n1 r

D, = 7 q,0)m, A, (2-275)

-~

Example 2-12. In order to illustrate the theory of small oscillations,
consider a system consisting of a simple pendulum of length / and mass m
which is pivoted at a point O on a block of mass 2m (see Fig. 2-10). The
block can slide without friction on a horizontal surface. Assuming plane
motion, and using x and @ as generalized coordinates, obtain the differential
equations of motion and the natural modes. Also obtain the solutions for
x and @ as functions of time, assuming the initial conditions are x(0) = 0,
%(0) = 1, (0) = 0.1, 6(0) = 0.

7 b

—_— X
2m

T EEEE E E ==
Fig. 2-10. A simple pendulum attached to a sliding blcck.
First let us obtain an expression for the total kinetic energy 7. It is the
sum of the individual kinetic energies of the block and the pendulum, or
T = mx* + jm(x + 10)* = 3mx? + mix6 + mi*6*  (2-276)

where we assume |6 | < 1.
The potential energy is entirely gravitational and, again assuming small
motions, we can write

V = mgl(l — cos 8) = imglf* (2-277)
If we next obtain the Lagrangian function L = 7'— V' and substitute
into Lagrange’s equation, we obtain the following equations of motion:
3m% + mif — 0

: (2-278)
ml% + ml*0 + mgld =0
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Now let ¢, = x and ¢, = 4. Comparing Eq. (2-278) with the standard matrix
form of Eq. (2-235), we see that
R 0 0
I , k= mgll 1
g lo 1]
and note that both matrices are constant and symmetric.

In order to obtain the natural modes, let us first assume solutions of the
form

m=,n

g, = A,;C cos (wt - @)
Substituting into Eq. (2-278), or using Eq. (2-238) directly, we obtain
—3mw*A4; — miw*4, — 0
(2-279)
—mlw*d, + (mgl — mi*w*)4, — 0

The characteristic equation is obtained by setting the determinant of the
coefficients equal to zero, yiclding

2Wa* — 3gley® =0 (2-280)
The eigenvalues are

1
w? =0, w: = 5‘7

From the second equation of (2-279) we have

4 w?
e 2-
= T (2-281)
Hence we obtain
Ay o A 3
ll ' Alz 1
and, upon setting 4,, = 4,, = 1, we find that the modal matrix is
1 |
A= J
Lo =3/

*We see that each column of A is an eigenvector and is associated with a
particular .

The orthogonality conditions can be checked by using Eqs. (2-254) and
(2-262) to obtain M and K. We find that

3 0 0
M = m[ l, K= mghro ‘
10 6 LO 9/
Furthermore, we note that
p . K ot — Kap 32
oi=gp =0 @i=git =35

in agreement with our previous results.
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Now let us obtain the solutions for x and # as functions of time. These
solutions are of the form

x = A;,(Cyt + D)) + A4,,C, cos (wyt + ¢3)
0 = 4,,(Cyt + D) + 43,C; cos{@yt + ¢2)

The constants C, C,, D,, ¢, are to be determined from the given initial
conditions. Instead of finding these constants directly, however, let us use
Egs. (2-274) and (2-275). We obtain

(2-282)

C, = Ml—X(O)mnAn =1

11

1 !
= ——G(0) A, = ==
D, 1‘4“9(0,m,2 4., 30
Similarly, we find from Eqs. (2-272) and (2-273) that
!
Cyeos by = O‘Ag—(z);(mw“lz + iy dyg) = — 30
Cysing, = —m’:&(",)u(mnfi:z + myA;) =0
which yields
C, = T b, =

Finally, we obtain the solutions

=+l = /3_g>
x—t+30\1 cos 21’
_1 ﬁ
0 = [goos 4/ 3t

Note that the first mode is a rigid-body mode consisting of a uniform transla-
tion in the positive x direction with 8 held at zero. The second mode consists
of an oscillation of frequency »/3g/2/ in both x and @, with the amplitudes
and phasing such that the linear momentum in the x direction is always zero.
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PROBLEMS

2-1. An inverted pendulum consists of
a particle of mass m supported by a rigid
massless rod of length /. The pivot O has
a vertical motion given by z = A sin wt.
Obtain the Lagrangian function and find
the differential equation of motion,

2-2. A particle of mass m is embedded
at a distance / from the center of a
massless circular disk of radius 7. It rolls
without slipping down a plane inclined at
an angle o with the horizontal. Use the
Lagrangian method to write the dif-
ferential equation of motion for the
system.

m

Fig. P2-2
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2-3. A uniform rod of mass m and length / moves on the horizontal xy plane.
At one end it has a knife-edge constraint which prevents a velocity component
perpendicular to the rod at that point.

(a) Write the nonholonomic constraint equation.

(b) Using (x, y, 8) as coordinates, obtain the differential equations of motion.

(c) Show that the Lagrange multiplicr A represents the transverse force at the
constraint,

Fig. P2-3

2-4. Given a standard holonomic system for which the T portion of the kinetic
energy has the form

LI T df
T == T e
! jg aq,qj dt
where f = f(q;, . . . ,q,) and is twice differentiable. Show that any T, of this form

has no influence on the equations of motion.

2-5. A particle of mass m can slide without friction in a straight slot cut in a
horizontal turntable. The turntable rotates at a constant angular velocity {2 abcut
a vertical axis through its center at O. The coordinate y represents the position of the
particle relative to the turntable and is equal to zero when the spring is unstressed
and the particle is at a minimum distance R from the center O. Use the Lagrangian
method to find the differential equation of motion. Identify the terms generated by
T,, T,, Ty, and V. (See p. 98).
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Fig. P2-5

2-6. Consider a natural system with T = {m(q)4% and V = V(q). Show that the
correct differential equation of motion is obtained by equating to zero the time
derivative of the total energy £E =T 4 V.

2-7. Given a conservative holonomic system having » degrees of freedom. Show
that setting the total time derivative of the energy integral equal to zero gives the
same differential equation as multiplying the ith Lagrangian equation by ¢, and then
summing over 1.

2-8. Consider the motion of a particie which slides on a smooth fixed wire
bent in the form of a helix having a radius R and a constant inclination angle &
relative to the horizontal.

(a) Assuming that the central axis of the helix is vertical, find the time required
for the particle to clide through a vertical distance H after it is released from
rest.

(b} Find the corresponding time for the case in which the helix rotates about its
vertical axis with a constant angular velocity Q and the particle is again
released with zero velocity relative to the helix.

2-y. A particle of mass m can slide on a smooth rigid wire having the form
y = 3x?, where gravity acts in the direction of the negative y axis.

a) Use the Lagrangian method to obtain the equations of motion.
b) Assuming the initial conditions y(0) = 0, y(0) = y,, find the maximum
constraint force during the resulting motion.

(
{

2-10. The position of a particle of mass m is given by the Cartesian coordinates
{x,y,z). Assuming a potential energy function V = }k(x? 4+ »* 4 2?) and a
constraint described by the equation 2x + 3y -+ 4z + 5 = 0, find:
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(a) the differential equations of motion,
(b) the velocity of the moving constraint.

2-11. A uniform rod of mass m and length / is freely pivoted at a fixed point O.
Use the Routhian method to eliminate the cocrdinate ¢ and obtain the differential
equation of motion for 8.

Fig. P2-11

2-12. Use (r, §) as coordinates and employ the Lagrangian method to obtain
the differential equations of motion. Show that these equations can be reduced to a

© b

Fig. P2-12
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differential equation for r which is identical
with that obtained by 1the Routhian method.

2-13. A small tube of mass m is bent in
the form of a circle of radius r and is pivoted
about a fixed point O on its circumference. A
particle of mass /m can slide without friction
inside the tube.

(a) Use the Lagrangian method to obtain
the differential equations for plane
motion.

{b) Now assume small motions and obtain
the natural frequencies and the cor-
responding amplitude ratios.

2-14. Consider small motion in a plane Fig. P2-13
about the position of static equilibrium of
the given system. Solve for the natural frequencies and the corresponding ampli-
tude ratios.

Y W\ NN

Fig. P2-14

2-15. Consider the small planar transverse vibrations of three particles connected
by an elastic rod. Assume that the potential energy is ¥V = 4k(y; — 2y, + y3)2,
where the constant & is proportional to the bending stiffness. Solve for the
natural frequencies of the system and a corresponding set of orthogonal modal
columns.
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SPECIAL APPLICATIONS OF
LAGRANGE’S EQUATIONS

This chapter presents some special applications of Lagrange’s equations.
These examples serve to illustrate the diversity of problems which can be
analyzed by the Lagrangian method. Also, they permit a further discussion
of some of the basic topics encountered in classical dynamics, such as virtual
work, the representation of constraints, and the use of energy methods.

3-1. RAYLEIGH’S DISSIPATION FUNCTION

The standard form of Lagrange’s equation given in Eq. (2-27) is appli-
cable to holonomic systems whose generalized forces are derivable from a
potential function V(g, 7) in accordance with Eq. (2-24), namely,

v
o 33,
If, in addition, there are applied forces which are functions of the §’s, these
forces are frequently represented by Q;, and the equations of motion take the
form
d (dL) _9aL _
dt\dg/) — dq, _ *'
as we found in Eq. (2-29).
Another approach, however, can be applied to systems in which each
Q; is of the form

G=1,2,...,n) (3-1)

0= %, eule 4 (3-2)

where the ¢’s are known as damping coefficients and form a real, symmetric
matrix. These generalized friction forces are dissipative in nature and result
in a loss of energy whenever any Q; is nonzero.

Now let us define Rayleigh’s dissipation function F(q, ¢, t) as follows:

F=13 3 cuid, (3-3)

We see from Egs. (3-1)-(3-3) that the equations of motion can be written in
the form
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d (0L dL OF ,
= {57) — 5= 3+ = = cees 34
dt (dq,) 64; T aq’ 0 (l 1, 2, n) ( )
We assume, of course, that the given friction forces are the only generalized
forces which are not derivable from the potential function V.

The rate at which the friction forces do work on the system is

EQ:% = _z Zc.-,q',q, = —2F 3-5)
i=1 =1 j=1

Hence, the dissipation function is equal to half the instantaneous rate of dis-
sipation of the total mechanical energy. Since the rate of energy dissipation
must be positive or zero at all times, it follows that F is either a positive
definite function, or a positive semidefinite function, of the ¢’s. Furthermore,
we find that the value of F is invariant with respect to a coordinate transfor-
mation because the rate of energy dissipation is independent of the coor-
dinates used to describe the configuration.

A common application of Rayleigh’s dissipation function is in the analy-
sis of small oscillations of a natural system to which damping has been
added. For example, suppose we consider a system having a Lagrangian
function

L= 21' > by myq4g; — % r=21 j;l ku‘]t‘h (3-6)

=1 j=1

where the m,, and k,; are constants, and the corresponding m and k matrices
are symmetric.

Using Eqs. (3-3), (3-4), and (3-6), we find that the differential equations
of motion are

JZ_I (m,q, +c, 4, + kiyg)=0 ¢=12,...,n) (3-7)

or, in matrix form,

mi +c +kq=10 (3-8)
Now let us assume solutions of the form
g, = A,Ce* (3-9)

and substitute into the equations of motion. After canceling the common
factor Ce*, we obtain
Am -+ e+ kA=0 (3-10)

where A is a column matrix. These n algebraic equations have a nontrivial
solution if, and only if, the determinant of the coefficients is zero, that is,

[(Am 4+ Ac+ k)| =0 (3-11)

This is the characteristic equation for the system and is of degree 27 in A.
Since the coefficients are real, the 2x roots either are real or occur in complex
conjugate pairs. Making the usual assumption that 4{ = 1 for each root
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Ay, we can solve for the corresponding modal column A%’ by using Eq. (3-10).
These amplitudes are real for real roots and are complex, in general, for
complex roots.

The general solution for the free vibrations is obtained by superimposing
solutions corresponding to each of the 2n roots. Thus we have

9,= 3 AuCee  (J=12...,n) (-12)

where 4, = A!¥ and we assume that the roots are distinct. The 2n C’s are
real, or occur in complex conjugate pairs, and can be determined from the
2n initial conditions.

Now let us consider the effect on the stability of the solutions arising
from the addition of damping to the given natural system. Let us assume
first that Fand V are both positive definite. We see that the total energy T + V
decreases continuously due to the damping, except when ¢ = 0 or, equiva-
lently, when T = 0. Since the only equilibrium position is at q = 0, corre-
sponding to a minimum potential energy ¥ = 0, we see that the system must
approach the condition T = V = 0 as ¢ approaches infinity. This type of
stability is known as asymptotic stability. For this case of a linear system, it
implies that all the roots have negative real parts. By contrast, all the roots
of the original undamped system are imaginary.

If we now assume that F is positive definite but ¥ is not, we find that
asymptotic stability does not result. In fact, if the undamped system is un-
stable, it will remain unstable after the addition of damping. In other words,
each positive real root remains positive. This occurs because V does not have
a minimum value at q = 0 in this instance.

Finally, if ¥ is positive definite but F is positive semidefinite, the system
may not be asymptotically stable because it may be possible to find a con-
tinuing motion for which the energy dissipation is zero. For example, there
may be a pair of imaginary roots, corresponding to an undamped sinusoidal
oscillation, even though the system contains dissipative elements.

3-2. IMPULSIVE MOTION

The study of impulsive motion involves an analysis of the response of
mechanical systems to forces of very large magnitude and short duration.
These impulsive forces often arise as the result of an impact or collision, but
one can imagine other sources such as an explosion or the sudden application
of a constraint. If the mechnical system under consideration includes rigid
bodies or other rigid constraints, the application of known impulsive external
forces will usually result in unknown impulsive constraint forces. As we have
observed, however, the Lagrangian method often allows one to calculate the
motion of a system without having to solve for the constraint forces. Hence



SEC. 3-2 IMPULSIVE MOTION 105

the use of Lagrange’s equations is particularly convenient in the analysis of
the impulsive motion of systems with rigid constraints.

Impulse and Momentum. Before we proceed with the Lagrangian
approach, let us introduce some of the necessary notation and dynamical
theory. Suppose we consider a system of N particles whose positions, relative
to a point O fixed in an inertial frame, are given by r, r,, . . ., Iy. The basic
equation of motion for the center of mass is

F=p (3-13)

where F is the total external force acting on the system, and the total linear
momentum is

p=3 m, = mt, (3-14)
i=1

Here m is the total mass of the system and r, is the position of its center of
mass.

Let us integrate both sides of Eq. (3-13) with respect to time over the
interval ¢, to 7,. We obtain

'[1’ Fdt = Jf:’ pdt = p(t;) — p(t,)

or
F=p,—n (3-15)

where the total impulse ¥ of the external forces is
I
f=("Fd (3-16)
Y n
Thus we have the principle of linear impulse and momentum: The change in
the total linear momentum of a system during a given time interval is equal to
the total impulse of the external forces acting over the same interval.
Let us consider next the basic rotational equation for the system, namely,

M=H (3-17)

where M is the moment of the external forces and H is the total angular mo-
mentum given by Eq. (1-123) or Eq. (1-126). The reference point is the same
for both M and H and is assumed to be either (1) fixed relative to an inertial
frame or (2) at the center of mass.

Notice that the form of Eq. (3-17) is similar to Eq. (3-13). If we integrate
Eq. (3-17) with respect to time over the interval t; to f,, we obtain

M =H, — H, (3-18)

where the angular impulse is

M= ("Ma (3-19)

Jn
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Eq. (3-18) is a statement of the principle of angular impulse and momentum:
The change in the total angular momentum of a system during a given time
interval is equal to the total angular impulse of the external forces acting over
the same interval, provided that the reference point for M and H either is fixed
in an inertial frame or is taken at the center of mass.

It is important to notice that the principles expressed in Egs. (3-15) and
(3-18) are valid for time intervals that are arbitrarily large and for forces and
moments which are not impulsive in nature. But these principles are also
valid for the case of impulsive forces and moments which are applied over
very short intervals of time, and it is with this latter case that we are pri-
marily concerned. So let us assume that the sudden changes Ap = p, — p,
and AH = H, — H, occur during the short interval At — ¢, — ¢,. Then Egs.
(3-15) and (3-18) can be written as follows:

Ap=F (3-20)
AH =M (3-21)

If these vector equations are expressed in terms of the corresponding
scalar components, we obtain a set of algebraic equations which are linear in
the velocity changes at various points of the system. These velocity changes
are finite, so the actual velocities remain finite, resulting in a negligible change
in the configuration of the system during the interval Ar. It follows that the
inertia coefficients (masses and moments of inertia) can be considered as
constants during this interval. Furthermore, any finite forces such as gravi-
tational and elastic forces are small compared with the impulsive applied
forces and can be neglected in obtaining F and M. Note, however, that ¥ and
M may include impulsive constraint forces.

Lagrangiean Method, Having considered some of the results which can
be derived directly from Newtcn’s laws of motion, let us now turn to the
Lagrangian approach to impulsive motion. Suppose the configuration of a
mechanical system is specified by the independent generalized coordinates
qi,91 - - -» 4, From Eq. (2-23) we can write

d (aT oT L l
?1?(671,.)_87,:@ G=1,2,...,n) (3-22)
where the Q’s are due to the applied forces.

Now let us assume that impulsive forces are applied to the system during
the interval Ar. From Eq. (1-138) we recall that the generalized momentum
is given by

p= o= (3-23)

Hence, if we integrate both sides of Eq. (3-22) over the interval Az, we obtain



SEC. 3-2 IMPULSIVE MOTION 107

MIETY o+ Ar
. ’_pi g:J dt = f Q, dt

AP: = Qi (1 = la 21 B -") (3'24)

where Ap, is the change in p, during At, and where the generalized impulse
@, is given by

or

X (3-25)

The wrm —d7/dg; in the integrand can be neglected because it is finite at

time ¢,, and therefore
fim 9T g — 0 (3-26)
A}E}) J n a_qi N ’
Now recall that the ¢’s and t are essentially constant during the interval
At; hence we obtain from Eq. (2-30) that

Ap, = )21 iy Ad, (3-27)

where we assume that the functions m;, (g, t) and g, (g, t) are continuous.
Then, from Egs. (3-24) and (3-27), we find that

-

Yom, A =0 (=12...um (3-28)
=1

Here we have n algebraic equations from which to solve for the n Ag’s. Using
matrix notation, we can write

Ag=m'Q (3-29)

The inertia matrix m is positive definite, so its inverse exists. Note also that
the equations are lmear so the superposition principle applies; that 18, the
change Ag due to Ql + Q2 is equal to the sum of the Aq’s due to Ql and Q2
applied separately.

The generalized impulse Qt is found in a manner similar to that used in
obtaining Q,. For example, suppose a holonomic system of N particles is
described in terms of the Cartesian coordinates x,, x,, . . -, X3x; and the cor-
responding impulses £, £y, ..., F,y are applied to the sysiem during the
small interval Az. Then, using Eqs. (1-73), (3-16), and (3-25), we obtain
- d‘k

) = kf_l 32, F, (3-30)

(%

where the transformation equations relating the x’s and g’s are of the form
X, = x{q, 1) k=1,2,...,3N) (3-30)

If the ¢’s are independent, and if the constraints on the x’s are workless, then
the constraint impulses will not contribute to the O’s.
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Ordinary Constraints. Now let us broaden the discussion of impulsive
motion to include systems for which the ¢’s are not independent. Whether the
constraints are holonomic or nonholonomic, we will express the m con-
straint equations in the form

;a/féf+a/;=0 (j=1L2...,m) (3-32)

where the a's are continuous functions of the ¢’s and ¢. Lagrange’s equations
for this system can be written in the form

d (9T .
E((‘ﬁ) 3— =0 +C ((=12...,n (3-33)
where the C’s are generalized constraint forces given by
= i 2ay (3-34)
=1

and the A’s are Lagrange multipliers. The Q’s are generalized forces associat-
ed with the applied forces, as in Eq. (1-73).
Now suppose we consider the virtual work expression

oW =3 [ d (qu) 6_% — 0, — c,iaq, (3-35)

From Eq. (3-33), it is clear that § W = O for any set of dg’s since all of the
coeflicients are zero. If, however, we assume that the constraints are workless
and the dq’s conform to the instantanecus constraints, then

3 Cig, =0 (3-36)

and we obtain
£ (57) — 5~ oo -39

This important result is a generalization of the Lagrangian form of d’Alem-
bert’s principle given in Eq. (1-63).

In the development of Eq. (3-37), we have not assumed that the applied
forces or the constraint forces are impulsive in nature. But now let us assume
that impulsive forces are applied to the system during the interval At,
beginning at time #,. Then, integrating Eq. (3-37) with respect to time over
the interval Ar, we obtain

Z=J (Ap; — 0)8q,= 0 (3-38)

where we use the same limiting approximations as were used previously in
finding Eq. (3-24).

It is convenient at this point to think in terms of virtual velocities rather
than virtual displacements. So let us consider a set of virtual velocities where
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each component , is proportional to the corresponding dg,, but is not neces-
sarily small. With the aid of Eq. (3-27), we can write Eq. {3-38) in the form

32| Sty — 40 ~ O, u =0 (3-39)
where

A‘L =4, — 40 (3-40)

and the #’s meet the instantaneous constraint conditions, namely,

S au =0  (j=1,2...,m) (3-41)

=1
The ¢’s, however, conform to the actual constraint conditions given in Eq.
(3-32).

To summarize this method, let us assume that the configuration and the
velocities ¢,, are given at time f;, as well as the generalized impulse com-
ponents O,. We can choose (n — m) independent sets of virtual velocity com-
ponents ¥, which meet the instantaneous constraint conditions of Eq. (3-41).
Hence, we obtain (n — m) equations having the form of Eq. (3-39) plus the
m constraint equations given by Eq. (3-32). These n equations can be solved
for the n ¢’s, that is, the velocity components immediately after the impulses
have been applied. The ¢’s are assumed to remain unchanged during the
small interval At.

An alternative approach, which applies to constrained systems with ap-
plied impulses, is the Lagrange multiplier method. We integrate Eq. (3-33)
with respect to time over the interval Az and obtain

Ap,=0,+C (=1,2...,n (3-42)

where the C’s are generalized cons:1aint impulses given by
€= 3 hay (3-43)

The A’s are Lagrange multipliers which are impulsive in this instance. Using
Eqs. (3-27). (3-42), and (3-43), we find that

Ll =40 =0+ B haw  (=12...,m (44

If we consider the actual constraint equations given in Eq. (3-32) and the
generalized impulse and momentum relations of Eq. (3-44), we have a total
of (n + m) algebraic equations from which to solve for the n¢’s and the
m A’s. Then, knowing the A’s, the constraint impulses are readily found by
using Eq. (3-43).

Impuisive Corstraints. So far we have assumed that the coefficients a,,
and a,, are continuous functions of the ¢’s and ¢. Now let us consider the
case of impulsive constraints where one or more of the a’s may be discon-
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tinuous at a given time f,, This allows for the sudden appearance of a con-
straint, or a sudden change in its motion. For example, the sudden application
of a fixed constraint might be represented by a change in the coefficients
a;, from zerc to nonzero values. On the other hand, a discontinuity in the
coefficient a,, would represent a change in the velocity of a moving con-
straint. Unilateral or inequality constraints can also be represented in this
manner, provided that the time of the switching is known.

At this point, let us emphasize the difference between impulsive
constraints and constraint impulses. An impulsive constraint is a suddenly
applied constraint which is represented by a discontinuous constraint equa-
tion. On the other hand, constraint inpulses are constraint forces of an impul-
sive nature which may arise as a result of impulsive censtraints or of applied
impuises 0,.

Now let us assume that any impulsive constraints are workless; that is,
no work is done by the constraint forces in moving through an arbitrary
virtual displacement which is consistent with the instantaneous constraints,
either before or after the discontinuity. With this assumption, the preceding
theory can be generalized easily to include impulsive constraints.

Suppose, then, that any discontinuities in the o’s occur at time f,; and
any impulses 0, are applied during the small interval At immediately after
t,. Equations (3-32), (3-39), (3-41), and (3-44) are still valid, but a guestion
arises concerning which of the discontinuous values of the a’s should be
chosen. It can be seen that the initial velocities ¢,, must conform to Eq.
(3-32), where the a’s are evaluated at + = ¢, —, that is, just before the appli-
cation of the impulsive constraints. On the other hand, the a’s are evaluated
at ¢ = t,-- in the expressions involving the ¢’s, «’s, and 2’s in Egs. (3-32),
(3-41), and (3-44), respectively.

Energy Considerations. At the outset, one should observe that the sudden
application of a consiraint or an impulse nearly always changes the kinetic
energy of a system because, in general, the ¢'s are suddenly changed.

Now suppose we have a system whose kinetic energy function is quadratic
in the ¢’s. The change in the kinetic energy during the period At is

T—T,= v‘th; Z‘l m,4.q; — %Z} _21 m, ;40450 (3-45)
=i el

From Eq. (3-23) we see that
pi= 25 mid; (3-46)
/=1

and therefore
T To=} 2 pdi— } X Piodio (3-47)

i=1 ¢
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But, noting that m,, = m,,, we obtain from Eq. (3-46) that

l_;piq.m = ‘_;Pioq.i (3-48)
Hence, we find from Egs. (3-47) and (3-48) that
T—-T,= 12‘; (p; — pio)(‘?i + ‘?io) (3-49)

If Q,. is the generalized impulse component due to the applied forces and
C, is the corresponding generalized impulse component due to the constraint
forces, then we see from Eq. (3-42) that

Pi—Po=0,+C,  (i=12...,n) (3-50)

and we obtain
AN

T Ty =20+ C) (i34 (3-51)
Note that each impulse is multiplied by the mean value of the corresponding
d., taken before and after the impulse.
The impulses C, can be eliminated from the analysis in the special case
where the &’s are continuous at time ¢, and a;, = 0 for all . Then

Sad=0 (=12...,m) (3-52)
=1
Tt

both before and after the impulse, and, using Eq. (3-34), we obtain

2 éiqi = i {‘ ljaji'?l =0 (3‘53)
=1 =1 ]F‘—‘dl
Similarly, we have
3¢y =0 (3-54)
with the result that Eq. (3-51) reduces to
T—To=43 044+ Go) (3-55)
Now let us define the kinetic energy of relative motion as follows:
K= %‘El ?;:‘ 'nij(q-i - q.io)(q'j - qu) (3'56)

Here we substitute relative velocities for the actual velocities in the kinetic
energy T which again is assumed to be quadratic in the §'s.

In order to illustrate the significance of the kinetic energy of relative
motion, consider a system having impulsive constraints and assume that
O, = 0. Let us suppose that the constraints are given by

ga,,q,=0 G=1,2,...,m (3-57)
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where the a’s are discontinuous at time t,.T We can write the basic equation
(3-39) in the form

23 myld; — i) =0 (3-58)

where we let u, = ¢, since actual §'s meet the conditions on the virtual veloc-
ities given by Eq. (3-41). Here we evaluate the @’s in Eq. (3-57) at time ¢, +-.
Using Eq. (3-58) and recalling that m;, = m,,, we obtain

jir

g:l ;} my4.4;, = ‘; ,; m G4, = :L:l 12::1 m,4.04, (3-59)

Then, from Eqs. (3-56) and (3-59), we have
K= %21 ;Zx m; 4w — '%El Zlmrjqqu =T,—T (3-60)

= = i=1 j=

where we again note that T, is the initial kinetic energy and T is its value
after the application of the impulsive constraint. Thus, the energy lost because
of the sudden appearance of a fixed constraint is equal to the kinetic energy
of relative motion.

As a second illustration, let us consider a system in which the a,, coeffi-
cients are continuous, but the a,, coefficients change from zero to nonzero
values at time t,, corresponding to the sudden start of a moving constraint.
In this case, the firal ¢’s are not possible virtual velocities since they do not
conform to Eq. (3-41). The initial velocities, however, do meet these condi-
tions at time f,. So let us take 4, = ¢, and, again assuming Q, = 0, we find
that Eq. (3-39) results in

>

=17

m(§, — Gj0)4i0 =0 (3-61)

L hJ
=1

or
‘_=Zl j; MGG 0 = .; 3; Mg, = ; ;]mqu'iq.jo (3-62)
Hence, from Eqgs. (3-56) and (3-62), we obtain

”

K= i ) : m 4., ~ '1[2_; j; myGd,e =T — T, (3-63)

1=1 j=

which implies that the increase in the kinetic energy of a system, due to the
sudden start of a moving constraint, is equal to the kinetic energy of relative
motion.

Quasi-Coordinates. The standard forms of Lagrange’s equations apply
for cases where the ¢’s are true coordinates; that is, the g’s specify the con-

tMore precisely, Eq. (3-57) gives the orientation of a differential element of a con-
straint surface in g-space. This element may suddenly appear, or may suddenly change its
orientation, but it cannot have a normal velocity component since this would require that
aj ¢ 0.



SEC. 3-2 IMPULSIVE MOTION 113

figuration of the system and each g, can be obtained by integrating the cor-
responding ¢, with respect to time. Furthermore, the transformation equa-
tions (1-8) give the x’s as explicit functions of the ¢’s and ¢. Thus, we obtain
expressions for the x’s as functions of (g, ¢, t), and, similarly, we find that
the kinetic energy is of the form T = T(q, ¢, ).

It is possible, however, in certain common situations, to obtain a correct
expression for the kinetic energy T which is not of this form. For example,
the rotational kinetic energy of a rigid body, expressed in terms of the Car-
tesian body-axis components of the angular velocity @, is

1 3
T=1%4 :=>:1 ;3;1 I, 0,0, (3-64)
where the ’s are not the time derivatives of true coordinates. In other words,
the integral of w, with respect to time does not result in a parameter which
helps specify the configuration.

Although the w’s are not considered as §'s, they can be expressed as linear

functions of the ¢’s using equations of the form

w; = Z}l A g + Ay (3-65)

where the 4’s are functions of the ¢’s and 1. If we associate a quasi-coordinate
6, with each w; such that

40, = w, dt (3-66)
we obtain
d9, = 3. A, dg, + A, dt (3-67)
i=1
The characteristic that distinguishes the 8’s from true coordinates is the fact
that the expressions having the form of Eq. (3-67) are not integrable; hence,
the @’s cannot be expressed as explicit functions of the ¢’s and ¢.
Returning to the example of rigid body rotation, we can see from Fig. 3-1

that the body-axis (x, y, z) components of the angular velocity can be ex-
pressed in terms of the Euler angle (w, 8, ¢) rates as follows:

w,=¢ —ysinb
®, = 0 cos ¢ - ¥ cos O sin ¢ (3-68)
w, =W cosfcosdp — Osing

These equations are of the form of Eq. (3-65) where 4,, = 0. In terms of
quasi-coordinates, we have

d6, = —sin 8 dy + dé
d8, = cos 8 sin ¢ dy -+ cos ¢ df (3-69)
df, = cos 8 cos ¢ dy — sin ¢ df
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X
Y

line of nodes

Fig. 3-1. Eulerian angles and angular velocity components.

Using the criteria given in Eq. (1-20) or Eq. (1-23), we see that none of these
equations is integrable. In particular, we note that

0A4y, _, 04

A Tk

09 dg;
for at least one pair of coeflicients in each equation.

Even though quasi-coordinates cannot be used with the standard forms

of Lagrange’s equations, we can use the corresponding w’s in the analysis
of impulsive motion. Suppose, for example, that the kinetic energy of a
system of rotating bodies is given by

T= &Z} ,; 1L ww, (3-71)

(3-70)

we can treat the ’s like ¢’s in the sense that we define the ith component of
the generalized momentum according to the equation

aT "
= =Y .
D ) 1, w, (3-72)

The generalized impulse O, associated with the quasi-coordinate 6 is de-
fined in much the same fashion as it was previously. Note, however, that
Eq. (3-30) does not apply because the x’s cannot be expressed as functions
of the @’s. So let us make use of the idea of virtual work to obtain each
component Q‘ due to the applied forces. We see that

L) k]

Z Qiégl =

1=1 k

F, 0x, (3-73)

(g

]
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where the d6’s and dx’s correspond to the same virtual displacement. By
taking all the §8’s except 66, equal to zero, we can solve for each Q, in turn.
Now let us write Eq. (3-39) in the form

; gl I{o; — w,) — Ql u, =0 (3-74)

where, as before, the u’s are any set of virtual velocities which meet the in-
stantaneous constraints of Eq. (3-41). The w’s conform to the actual con-
straints, namely,

Sawita,=0 (G=12...,m) (3-75)
it

where the a's are evaluated at time ¢, +. A similar constraint equation applies
to the w,’s, and the a’s are evaluated at time ¢, — in this case.
Also, Eq. (3-44) can be written in the form

Y@, o) =0t B han  (=1,2...,m  (376)

where the a’s are evaluated at time ¢, +.

The principal results for impulsive constrained motion given in Egs.
(3-39), (3-44), (3-74), and (3-76) apply to systems in which the kinetic energy
is expressed as a function of the ¢§'s or the w’s. The same approach, however,
is valid for systems in which T contains a mixture of ¢’s and w’s.

Example 3-1. Four rigid uniform rods, each of mass m and length / are
joined by pin joints at their ends to form a rhombus ABCD (Fig. 3-2). Ini-

AN
N\

{ !

A

|

N N NN N

»———X——V’

Fig. 3-2. A square framework of uniform rods.
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tially the system is motionless in a square configuration with point C directly
above point A. (a) If point A is given a vertical impulse F, solve for its veloc-
ity immediately after the impulse. (b) Suppose that the system falls with
velocity v, and point A strikes the floor inelastically. Solve for ¢, and ¢,
immediately after the impact.

First, let us obtain an expression for the total kinetic energy. It is equal
to the sum of the translational kinetic energy due to the motion of the center
of mass plus the kinetic energy arising from the motion of the rods relative
to the center of mass. [f we concentrate on the latter portion first, we find
that each rod has an angular velocity

and a translational velocity

|
t=5—=q:
v 2

+J

Hence, adding the two portions, we find that the total kinetic energy of the
system is

, 1 mi? \ { .
T = 2mgt + 4<7mv2 + Waﬂ) = 2mgt + m3 (3-77)

where we note that the moment of inertia of each rod about its center of
mass is m/2/12. The generalized momenta are

b= al = 4mq,
94,

3-78
P2 = dqz - 3 q>
and the inertia matrix is
4m 0"
m = 5 (3-79)
.0 Fm_
The displacement of the point of application A4 of the impulse & is
X =g;— 19, (3-80)
Hence, from Eq. (3-30) we obtain
Oi=F Q= —4F (3-81)
The generalized coordinates are independent, so Eq. (3-28) applies and yields
. 2 . 1 ~
4m Ag, = F, Ag, = mF
2 1 3 (3-82)
3 m Ag, = ——715, Ag, = — 4
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For the case where the system is initially motionless, we find that the velocity
of point 4 immediately after the impulse is

. 1. 52 ;
X—‘Il—'z“h—@;l: (3-83)

Now let us consider part (b). The initial generalized velocities are

G10 = —q, qzo =0

and the final velocity of point 4 is

=g — 44 =0 (3-84)
Front Eq. (3-82) we obtain
Ag, = —3 Aq,
or
3(gy + %) + 4, =0 (3-85)
Then, solving Eqgs. (3-84) and (3-85), we find that the final velocities are
g, = 7%00, 4 = ‘—gvo

Using Eq. (3-82) we can solve for the impulse F applied at point A at the
time of impact.
F=4mAq, = §my,
Another method of analyzing part (b) is to consider the inelastic impact
as the sudden application of an impulsive constraint given by Eq. (3-84).
Using this approach, we have

Ql = Qz =0
since the constraint impulse is internal. Thus, Eq. (3-39) takes the form
2.1
Z_:l ng mrj(‘?/ — Gyoduy = 0 (3-86)

where the virtual velocities in this case meet the same constraint condition
as the actual velocities, namely,

uy — 4u, =0 (3-87)
Let us choose u; = 1, u, = 2. Then Eq. (3-86) becomes
4m(g, + v,) + $mqg, =0 (3-88)

which is equivalent to Eq. (3-85). Hence, from Eqgs. (3-84) and (3-88) we
obtain the same results as before.

Finally, let us consider the kinetic energy lost in the impact. Using the
kinetic energy expression of Eq. (3-77), we obtain

Ty — T = 2mv} — (3¥mv} + 1imv}) = $mol

The same result is found by recalling that the lost energy due to the sudden
appearance of a fixed constraint is equal to the kinetic energy of relative
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motion. Using Eq. (3-56), we find that
K =2m(3v,)* + Im(—$v,)? = $mv}

A further check can be obtained by multiplying the constraint impulse by
the mean value of the velocity at point 4. Adapting Eq. (3-51) to this case
of a single coordinate x, we obtain

T — Ty = $E(x + %) = $(§mo ) (—vo) = —4mv}
where the negative sign indicates that energy is lost.

Example 3-2. A rigid bar can rotate freely about a fixed pivot O (Fig.
3-3) and has a moment of inertia 7 about this point. A particle of mass m

Y

!

! @ x, )

m

Fig. 3-3. The impact of a particle and a freely pivoted bar.
strikes the bar inelastically at time ¢,, and slides along the bar after the im-
pact. Solve for the velocities %, y, § after impact if the initial conditions are
x(t;)=1m yt)=1m 0(t,) = n/4
x(t,—)=0 y(t,—) = 1 m/sec 0(t,—) = —1 rad/sec
Let m = 1 kg and 7 = 10 kg m?

First method: The kinetic energy of the system is
T = ym(i* + 32 + 103 = 4G + 52) + 562 (3-89)

Hence the inertia matrix is

(3-90)

g5

I
o O -
S - O

o o
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The applied impulses are zero so Eq. (3-39) takes the form

3 3
“_Zl 12=:1 m(§; — qyo)u; = 0 (39D
or
suy + (9 — Duy + 100 + Duy, =0 (3-92)
The equation of constraint after the impact is found by noting that
xtanf =y
or
tan@x —y + xsec? 06 =0 (3-93)
For the configuration at time ¢,, this equation becomes
i—y+20=0 (3-94)

Similarly, the virtual velocities must satisfy the instantaneous constraint at
time ¢, +, namely,
U, —u, +2u, =0 (3-95)

Let us take two independent sets of virtual velocities which are solutions of
Eq. (3-95), for example,

u; =1 u; =0
;=0 and wu, =1
u, = —3} u; = 4
Substituting these virtual velocities into Eq. (3-92), we obtain
i—59=5  y+50=—4 (3-96)

The velocities immediately after impact are found by solving Egs. (3-94) and
(3-96). They are

% = 3 m/sec, y = —1m/sec, 6 = —3 rad/sec

Second method: Another approach is to use Eq. (3-44). In this example
the Q’s are zero, and we have

JE:]l mu(é} - éjo) = I;l;‘«kaki (3‘97)

where the ¢'s satisfy the actual constraint equations at time 1, +, namely,

'il i+ @ =0 (k=12,...,m) (3-98)
Substituing the values of the coefficients, Eq. (3-97) yields
x=12
y—1=—A

100 + 10 = 24
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The constraint equation is
£—p+20=0
as before. Solving these four equations, we obtain
X = 7 m/sec, y = —4 my/sec, 6 = —4 rad/sec, A = §Nsec

in agreement with our earlier results.
The constraint impulse acting on the particle in a direction normal to
the bar is

Nﬁl:(él - é?.) == 7}"7(011 - alz) = %TNSCC

Example 3-3. An ellipsoid of revolution (Fig. 3-4) having mass m, semi-
major axis a, and semiminor axis b is lying motionless on a horizontal sur-

z

>

AN RS

Fig. 34. .n ellipsoid on a horizontal surface.

face, as shown. It is st: uck by a vertical impulse # which is applied at a posi-
tion such that a unit ngular impulse is applied about the x and y axes, where
the x axis is the axic of symmetry. Assuming that the ellipsoid rolls without
slipping, solve for the translational and rotational velocities immediately
after the impulse.

First method: Let us write the kinetic energy using a body-axis coordinate
system with its origin O at the center of mass. For the given orientation, we
have

T = im(x* + p¥) + $Lw? + (0! + »?) (3-99)

where I, is the moment of inertia about the axis of symmetry (x axis) and
I, is the moment of inertia about a transverse axis in the yz plane. Here the
translational and rotational velocities are absolute, but the components are
taken in the directions of the body axes at the instant of the impulse. Further-
more, the generalized velocities are associated with quasi-coordinates.
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If we adopt the velocity sequence %, 7, w,, w,, w,, we obtain the follow-
ing components of generalized momentum and applied impulse:

p,=g—§=mx Q1=0
pz=‘;—§—my 0,=0
P=ge =lo, 0i=1
174—3;;:1:0% Qa—l

Ps=3—a—)‘=11601 Qs=0

The rolling constraint can be expressed in terms of two nonholonomic con-
straint equations, namely,

x — bow, =0, y+bw,=0 (3-100)
and the corresponding nonzero a’s are
a;, =1, a,, = —b
a,, =1, a,;=b

Since there are five generalized velocities and two equations of constraint,
we can find three independent sets of virtual velocities. Let us choose the
following:

u, =1 u; =0 u, =1
u, =0 u, = 1 u, =

u; =0 u, = —1/b u; =0
u, = 1/b u, =0 u, = 1/b
us; =0 u, =0 us =1

Noting that the inertia matrix is diagonal, and using each column of «’s in
turn, we obtain from Eq. (3-39) or (3-74) that

mx+]——-‘“’V"1=0

5
my — ’_“’D;‘ —=0 (3-101)
mi = MLt 1, =0

Solving Eq. (3-101), we obtain the velocities immediately after the impulse,
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namely,
P S T
I, + mb? I, + mb*
e NS S
Al Sy Ay

Second method: Now let us use the Lagrange multiplier method, as given
by Eq. (3-44) or (3-76). We obtain the following five equations of impulse
and momentum:

mx = A,

my = 1,
Lw, —1=bi, (3-102)
Lo, — 1 = —ba,

lw,=0

These equations, plus the constraint equations of (3-100), can be solved for
the five velocities and two Lagrange multipliers. The results agree with those
obtained previously, with the addition of

. mb _ —mb
A T 1 = mbt '12_1‘,+me

The constraint impulses obtained from Eq. (3-43) are

C,=da, = %n?
Cy = A0y, = Ia_—(——mmbzbf
C, = Ay = I,;jq%
C,=0

Third method: Perhaps the most direct way of obtaining the motion of
the ellipsoid immediately after the impulse is to use Eq. (3-21) which can be
written in the form

AH, = M, (3-103)

The contact point of the ellipsoid with the horizontal surface is instantane-
ously motionless, since we assume no slipping. Taking this point as the origin
of a fixed Cartesian frame having its x, y, z axes parallel to the original body
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axes at the time of the impulse, we have the following principal moments of
inertia:

I,=14+mb, I ,=1I+mb?, I, =1

where we note that the x and y axes have each been translated a distance b.
The constraint impulse has no moment about the origin; hence the applied
angular impulse components are

-~ - -

M, =1, M, =1, M, =0
Then, from Eq. (3-103) we obtain
I.o,=U,+mbHo, =1
Lw,=( { mb*)w, =1
Lw,=Iw,=0

which yield the same values of w,, w,, and w, as we obtained previously.
The values of X and p are then obtained from Eq. (3-100).

3-3. GYROSCOPIC SYSTEMS

Gyroscopic Forces. Let us consider once again the explicit form of the
equations of motion which arise by applying Lagrange’s equations to a holo-
nomic system. As given previously in Eq. (2-39), we obtain

n

Z mrjqj + Z Z [, i]qiq'l + ; yqu/

J=1 YEA NN

N Om,; . , da; 0T

A adddF} oot SN 0

TETH YT 3,

The terms y,,4, are known as gyroscopic terms, and a system whose equations

of motion contain gyroscopic terms is known as a gyroscopic system. The
gyroscopic coefficients y,, are skew-symmetric and are given by

av .
+3’Z_0 G=12,...,n) (3-104)

Yoy = —"Vu= ag, ~ e (3-105)

where the a’s are the coefficients of the §’s in T,. If the equations of motion
are obtained {rom a Routhian function R, then the a’s are the coeflicients
in R,, the portion of R which is linear in the ¢’s.
Now let us consider how gyroscopic terms arise. If we assume a standard
Lagrangian system, we recall from Eq. (2-9) that
¥ dx, dx
a, = ;_,l ""‘37: W’i

where the x's give the inertial positions of the particles comprising the system.



124 SPECIAL APPLICATIONS OF LAGRANGE'S EQUATIONS CH. 3

It is apparent that a necessary condition for g, to be nonzero is that one or
more of the transformation equations

X, = x,(g, 1) (3-106)

be an explicit function of both ¢, and ¢, as might occur with a moving con-
straint, for example. Furthermore, we see from Eq. (3-105) that some of the
a’s must be explicit functions of the g’s if we are to obtain gyroscopic terms
in the equations of motion.

Expressed in physical terms, gyroscopic forces are most likely to occur
if (1) the system contains a rotating body (or reference frame) and the con-
figuration is expressed relative to this body, or if (2) the system has ignorable
coordinates and the Routhian procedure is used.

An important characteristic of gyroscopic terms is that coupling of the
motions in two or more coordinates is always involved. From Eq. (3-104)
we see that the gyroscopic force conjugate to g, is

0= ~3 74, (3-107)

Since y,; = 0, it follows that Q, may be due to all the §'s except g, thereby
providing a coupling effect.
The rate at which the gyroscopic forces do work on the system is

;nl Qiq'i = _Z” j;l }".-,-q',-qj =0 (3-108)

i=1

where we note once again the skew symmetry of the §’s. In other words, the
quadratic form §7yq is identically zero, implying that the gyroscopic forces
do no work on the system, regardless of the motion. The contrast between
gyroscopic and dissipative forces is emphasized by recalling that the Ray-
leigh dissipation function F =4 7cq is a positive definite (o1 semidefinite)
quadratic form; consequently, any motion of a dissipative element results in
a loss of energy. Also, the damping coefficient matrix ¢ is symmetric rather
than skew symmetric.

To illustrate how the Routhian procedure can result in gyroscopic terms
in the equations of motion, let us consider a system in which q, is ignorable.
Suppose the original Lagrangian function is of the form

L=} Z{ }:x m4i4; -+ Zl ag; +To —V (3-109)
i=1 i= =
Then the generalized momentum p, is a constant of the motion, that is,

D :jz::,'”uq/ +a = (3-110)

and we obtain

g = ——(ﬂ —a, — Sﬁz"’quf> (3-111)
=
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The Routhian function in this case is

R=1L— B4
= {m g + szqu.lq-j + 4 2:2 . ‘mijq':'q.j
i= i=2 j=2
+ a4, +_22a,q,—ﬁ,q, + Ty =V (3-112)
=

If we substitute for ¢, from Eq. (3-111) and consider only that portion R,
which is linear in the ¢'s (since we are interested primarily in gyroscopic
forces), we obtain
R, = (/3_1:&\. o+ 3 agd, (3-113)
my, /i j=2
This equation shows that linear terms in the ¢’s appear in the Routhian
function, in general, even if these terms are entirely absent in the original
Lagrangian function. If more than one coordinate is ignored, a repeated
application of this procedure indicates that additional gyroscopic terms occur.
Notice, however, that if only one non-ignorable coordinate remains, there
are no gyroscopic terms in the equations of motion because, as we showed
previously, gyroscopic forces always involve coupling of the motions in two
or more coordinates.

Small Motions. Now let us consider the small vibrations of a conser-
vative gyroscopic system about a reference condition of steady motion due to
moving constraints or ignored coordinates. Let us choose the ¢'s such that,
at the reference position, all the non-ignorable ¢’s and ¢'s are zero, and the
ignorable ¢'s are constant. Furthermore, the reference position meets the
following equilibrium conditions:

(Q_(K- To)) - (i‘_/_’\. =0
9q; 0 9q:/0
where, in accordance with Eq. (2-152), V' represents inertial forces as well as

applied forces occurring in the reference motion. If we expand V' in a Taylor
series about the origin in a manner similar to Eq. {2-228), we obtain

(i=1,2,...,n) (3-114)

yr— %,", i:‘ kodid, (3-115)
~ <
where
. {0 i
by =k~ G5z ), (-116)

and the higher-order terms in the ¢’s are neglected. If the Routhian procedure
is used, R, (that portion of R not containing ¢’s) replaces —V".

Now let us evaluate the coefficients m,; and g, at the reference configura-
tion and assume that none are explicit functions of time. Then, from Eq.
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(3-104), we see that the /inearized equations of motion are of the form
Z| md; + Zl Y4, -+ ,2:,‘ kig; =0 (i=12,...,n) (3117

where the coefficients are constant. The corresponding Lagrangian function
is

L= ?ljf=l }gl ,"r/(?l(}j + ‘Zl Z' gij(?;qj - %‘Z; 2_:' k,-,-q;q/ (3-118)
where
gy = 4 (3-119)
' dg;
and, from Eq. (3-105),
Vi = 8i; — 8ji (3-120)

Notice that the matrices m and k are symmetric, but g is not.
Next let us assume solutions of the form

g; = A;Ce” (3-121)
and substitute into Eq. (3-117). After canceling the common factor Ce¥, we
have

Az myA; + A Z"l Vs + j?;lk.-,A, =0 (3-122)

or, in matrix form,
(A*m + Ay + kKA =0 (3-123)
The characteristic equation for the system is obtained by setting the deter-
minant of the coefficients of the A’s equal to zero, that is,

|(A'm + Ay -+ k)| =0 (3-129)

This yields a polynomial of degree 2n in A. Because of the skew symmetry
of ¥, however, and the symmetry of m and k, it can be shown that all odd
powers of A are missing from the characteristic equation. Hence we actually
obtain a polynomial of nth degree in A%, as would be the case without the
gyroscopic terms.

The coefficients in the characteristic equation are real, implying that the
n eigenvalues A% either are real or occur in complex conjugate pairs. For
each root 4, we can solve tor the corresponding modal coluinn A® by using
Eq. (3-123). As a result of the gyroscopic effects, however, the amplitude
ratios are #not real, in general. Thus, for a stable system, the motion corre-
sponding to a single negative eigenvalue A2 consists of oscillatory motions of
the various ¢’s which have the same frequency but do not move in phase.

The general solution for the free motion is obtained by superposition.
Assuming distinct A’s, we find that

q, = 52. ApCee™  (j=1,2,...,n) (3-125)
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as in Eq. (3-12). The 2n C’s are determined from the 2 initial conditions, and
either are real or occur in complex conjugate pairs. Because m, v, and k are
real, we can see from Eq. (3-123) that the modal column corresponding to
A%, the complex conjugate of A, is A%®*,

Gyroscopic Stability. In the discussion of the small oscillations of a con-
servative system in Sec. 2-4 we found that the motion is stable if V' is positive
definite, it is neutrally stable if V is positive semidefinite, and it is unstable if
V is indefinite, negative definite, or negative semidefinite.

Now let us consider a definition of stability which is based upon the
response of the non-ignored coordinates to an infinitesimal disturbance from
a reference equilibrium position at the origin of configuration space. If the
response of the system remains infinitesimal; that is, if |¢,| < € < 1 for all
the non-ignored g’s for all future vatues of ¢, then the system is stable. Other-
wise, it is unstable.

This definition of stability differs from the previous definitions in that a
neutrally stable system is now considered to be unstable because any term
which is linear in ¢ will ultimately become larger than €. Also note that we
are considering stability in the small; that is, we are concerned only with
motions in the immediate vicinity of the reference configuration at the origin
of g-space. For linear systems, of course, the stability analysis of smail mo-
tions applies to large motions as well.

Now let us consider the effect of the addition of gyroscopic terms, as in
Eq. (3-117), upon the stability of the linearized system. Assume first that the
reference condition is stable without the gyroscopic terms; that is, V' is posi-
tive definite. Furthermore, the system is conservative and there is a Jacobi
integral

T, + V' =h (3-126)

Assuming an infinitesimal disturbance from the reference condition, both T,
and V’ are initially small and positive; hence /1 is also small and positive.
Since T, and V' are positive definite, it follows that both must remain small
in the ensuing motion, confirming the assumed stability of the nongyroscopic
system. We note, furthermore, that the addition of gyroscopic terms does
not change the Jacobi integral since the gyroscopic forces do no work. There-
fore, an initially stable system remains stable with the addition of gyroscopic
terms.

Next assume that V' is negative definite, corresponding to an unstable
system without the gyroscopic terms. In this case, energy considerations must
allow for the instability, but do not require it. Hence, a more detailed analy-
sis of the equations of motion is necessary to determine the stability. It can
be shown from the characteristic equation, however, that if the system has
an even number of degrees of freedom after ignoring coordinates, then gyro-
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scopic stabilization of the system is always possible. A familiar case of this
type is the gyroscopic stabilization of a vertical top.

If V' is indefinite, that is, if it has both positive and negative regions in
the vicinity of the origin, gyroscopic stabilization is sometimes possible. In
this case it is necessary for the system to have an even number of unstable
modes.

The remaining possible forms for V', namely, positive semidefinite and
negative semidefinite, result in systems which cannot be gyroscopically stabi-
lized. A special case of this sort occurs when V’ is identically zero.

Now let us consider the effect of damping upon a gyroscopic system. Let
us suppose, for example, that the Rayleigh dissipation function associated
with the system is positive definite in the non-ignored ¢’s, implying that no
motion of these coordinates is possible without the loss of energy. The ig-
nored coordinates, however, are assumed to remainundamped. If V'is positive
definite, the addition of damping converts a stable system to an asympioti-
cally stable system. This result occurs because the only position at which the
system can remain without dissipation of energy is the minimum of ¥’ at the
origin.

On the other hand, if V' is negative defirite, negative semidefinite, or indefi-
nite, the presence of damping will result in an unstable system, regardless
of any gyroscopic cffects. Here the damping is associated with a continuing
energy dissipation and an increasingly negative total energy, resulting ulti-
mately in one or more of the ¢,’s being no longer infinitesimal.

Finally, if V' is zero or positive semidefinite, the system remains unstable
with damping. Note, however, that this analysis applies to the linearized
system, that is, V" is assumed to be a quadratic form in the non-ignored g’s.
The inclusion of higher-order terms may also influence the stability.

Example 3-4. Consider a gyroscopic system having two degrees of free-
dom and whose equations of motion are
My gy + Mg, 4 71242 kg + kiag, =0
MGy + MaaG, — PiaGy + Kiagy + kyg, =0

where the coefficients m;; and k,; are symmetric and y,, Is skew-symmetric.
Let us obtain conditions on these coefficients which will ensure stability.

If we assume exponential solutions having the form of Eq. (3-121), the
characteristic equation is

(m A* + kyy) (M2 + 7024 + kyy)
(m2A%> — 9,4 + kyy) (myA% + kjy»)

(3-127)

=0
or |
(myimyy — MDA -+ (myiky, + mykyy — 2mysky, + 92,42
+ (ky1kyy — k2) =0 (3-128)
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The system is stable if the eigenvalues A} are negative real and distinct,
resulting in nonrepeated imaginary roots A,. We recall that the coefhicient
(m,,m,, — m?,) must be positive because the kinetic energy is positive de-
finite for any real system. Hence the system is stable if

kiky, — k1, >0
(3-129)

(my kyy + maky — 2myky, + 1) > 2/ (mymyy — mi) kg kyy — ki)

These results follow directly from the solution for the roots of the character-
istic equation.

Assuming that the system is gyroscopic (y;, # 0), it can be shown that
repeated imaginary roots 4, occur only if V is negative definite, in which case
the system is unstable. Also, repeated zero roots result in an unstable solu-
tion. Furthermore, if A% is complex or positive real, the solution is clearly
unstable. Hence the conditions of (3-129) are, in fact, the necessary and suf-
ficient conditions for the stability of a gyroscopic system with two degrees of
freedom.

Now let us illustrate the nature of the motion of this linear gyroscopic
system with the aid of numerical examples.

Case 1: Positive definite V. Let the inertia and stiffness coefficients be as
follows:
my, =2 ki;=1

my, =4 k,, =8
my, =1 ki, = —1
where we assume a consistent set of units. In this case Eq. (3-123) becomes
QAT+ DA, + (A2 + 9124 — D4, =0

(3-130)
(A2 — 9 A — DA, + (44> +8)4, =0
The characteristic equation is
TA*+ (22 +pipA*+7=0 (3-131)

which yields
Az = F5[—Q2 + 1) + /(22 + 93,7 — 196]

Since both eigenvalues A? are negative real, the system is stable for all values
of the gyroscopic coefficient y,,, that is, for all rotation speeds of the gyro-
scopic coupling clement.

Now let us choose y,, = 1. Substituting into the expression for the eigen-
values, we obtain

A} = —0.339, A, = 10.583
A3 = —295, A, =1il.716
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The amplitude ratios can be found from Eq. (3-130). In general,

A, A —a-—1
A, 4T3

N

which yields

A2 _ 0202 + i0.0877
Ay,

An _ 1043 — i0.453
Ay,

The first complex ratio indicates that in the first mode of oscillation ¢, leads
¢, by tan1(0.0877/0.202) = 23.5° and the amplitude ratio

f—%—} = /02027 F 0.0877% = 0.220
1

Similarly, in the second mode ¢, lags g, by 156.5° and the ratio of the ampli-
tudes is 1.137. The motion in both modes is sinusoidal, the frequency of the
first being 0.583 rad/sec and the second 1.716 rad/sec.

Case 2: Negative definite V. Now suppose the inertia and stiffness coeffi-
cients are as follows:

my; =2 ki, =—1
my, =4 kyr = —8
m12=l klzzl

The amplitude coefficient equations are

Q42 = DA, + (A* + 94+ D4, =0

. (3-132)
(}.‘ e Y12}~ + I)Al ”‘}‘ (412 - 8)A2 = 0
and the characteristic equation is
TA* 4+ (93, —2)A P+ 7 =0 (3-133)

Thus we obtain
2= 14—} — 22) £ /(G — 22)F — 196]

From Eq. (3-129) we see that, for stability, we must have p?, > 36.
Let us take y,, = 7. Then we obtain

A% = —0.280, A =10.529
A3 = —3.58, A, =i1.891

The amplitude ratios are

A —TA 41
A —38

s
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yielding
A2 _ 0.0790 — 10.406
1y,
%u — —0.1155 — 10.594

1

[

Here is an example of a system which has two unstable modes when the
gyroscopic coefficient is zero. It is gyroscopically stabilized for |y,,]| > 6,
however, and its free motion consists of sinusoidal oscillations.

Case 3: Indefinite V. Now let the inertia and stiffness coefficients be as
follows:
my; =2 kyp = —1

8
1

my, =4 ks

my =1 kia
The characteristic equation is

(24 — 1) A*+ped + D]
A2 —9p A+ 1) (447 + 8)
or
T4 + (10 = p2)A? — 9 =0 (3-134)

From the first condition of (3-129) we see that the system is unstable, regard-
less of the value of the gyroscopic constant y,,. Specifically, we find that the
eigenvalues A2 and A} are real and of opposite signs, resulting in an unstable
term of the form e* in the solution, where A is positive real.

Example 3-5. Consider the motion of a top (Fig. 3-5) whose configuration
is expressed in terms of Eulerian angles. Obtain the differential equations of
motion using the Routhian procedure and show the nature of small motions
near a reference condition of steady precession.

Let the moment of inertia about the axis of symmetry be I,, and let the
transverse moment of inertia about the fixed point O be [,. The axial com-
ponent of the angular velocity @ is called the rotal spin Q and is given by

Q=¢ —ysinb (3-135)

The transverse component of the angular velocity is the vector sum of the
orthogonal components & and ¥ cos §. Hence the total kinetic energy is

T = 31( — ¥ sin 0)* + LI(0? 4 ¥? cos? 0) (3-136)
The potential energy is entirely gravitational and is given by

V = mglsin 0 (3-137)
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Fig. 3-5. A top with a fixed point O.

Thus the Lagrangian function is
L = 31($ — y sin 0)* + }1(0% + y* cos? 8) — mglsinf  (3-138)

Since L is not an explicit function of ¢ and y, these coordinates are ignor-
able, The Routhian procedure, however, does not require us to treat both coor-
dinates as ignorable. So let us consider first the consequences of ignoring
Jjust one of these coordinates.

Case 1: Ignore ¢ only. We note that the axial component of angular mo-
mentum is constant, that is,

_ oL _

Pe="==1(—¥sinb) =B, (3-139)
o
or
$=ysinf + /;? (3-140)

Then, using Eq. (2-122) we find that the Routhian function is
R=1L— B¢
Bi 1 b0 g o . Y o B
= z—li -+ 7I,(9 + ¥?cos? B) — mglsin  — ﬁ¢(y/ sin 8 + ]—‘)

or
R = }1,(0% 4 W2 cos? 8) — B sin @ — mgl sin § (3-141)
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where we have omitted the constant — f83/2/, since it does not influence the
motion.

The equations of motion are obtained by using R as the Lagrangian func-
tion in the standard form of Lagrange’s equations. We find that

JR JR

T == i 2 — i - =
I Iy cos* 8 — B, sin 6, Fm 0
which results in the following y equation of motion:
L cos? @ — 2148 sin 6 cos § — ﬂﬁ cos@ =0 (3-142)
In a similar fashion, we obtain
IR _ 16
a0
dR - .
6= Iy? sin 8 cos @ — B, cos 8 — mgl cos @

and the @ equation is
10 4 Iy sin 0 cos @ + B cos @ + mgl cos = 0 (3-143)

The gyroscopic terms are —,B¢,9 cos § in the y equation and S, cos 8
in the 8 equation. Notice that these terms are linear in the §’s and have equal
and opposite coefficients. .

To determine the steady precession rate, let us set 8 = 0 in Eq. (3-143)
and solve for . We obtain

—_ =B (] /(l _ 4lmgl sin 9)
Uaind\ TV T T

Note that there are rwo possible steady precession rates, provided that the

square root is real, that is, for

P > 4lmglsin 6

(3-144)

or

Q> 41*,’?3’1 sin 6 (3-145)
In other words, the magnitude of the total spin must be large enough to
provide gyroscopic stabilization. For the commor case of large spin in which
1:Q? > 41,mglsin 6, the slower precession rate is the one usually observed

and is approximately
g — _mgl_ _mel
i 7 146 (3-146)
In order to obtain the linearized equations for small motions near the
reference condition of steady precession, it is convenient to apply elementary
perturbation theory 1o the nonlinear equations given in (3-142) and (3-143).
In general, if we consider the Taylor expansion of a function F(e, §,,...)
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about a reference value Fy(a,, fo, Yo, - - -), We can write

F=Fo+5F:F0+(g_§)05a+(g—’/;) 5ﬂ+(‘9F) Sy oo

2 ZF -
ot (B ), 07 4 23 gg) suop v () @R 4|+
(3-147)
where @ = a, + o, f§ = S, — 0, and so on. If we assume small perturba-

tions and neglect all terms involving products of these small quantities, we
obtain the linear approximation

(F)aaw< >5ﬂ+(‘”) Sy 4 - (3-148)

Now let F = 0 represent the differential equation to be linearized, and
consider each coordinate ¢ and its derivatives as separate variables in the
expansion. Noting that Fy = 0, Eq. (3-142) becomes

I, cos? 8, 8§ — (L, sin 20, + B4 cos 8y) 66 = 0 (3-149)
In a similar fashion, Eq. (3-143) results in
1,86 + (Jay, sin 20, - B, cos 8,)0w
+ (Iyd cos 20, — B, sin 8y — mgl sin 6,)68 = 0 (3-150)
But from Eq. (3-143) we see that, since éo =0,

195 sin 0 + Bgro + mgl =0 (3-151)
where we assume that cos 8, = 0. Hence, from Eqgs. (3-150) and (3-151), we
obtain

1,60 + (1Lyro sin 20, + B, cos 0,)0% + Lydcos? 0,00 =0 (3-152)

Equations (3-149) and (3-152) constitute the linearized equations for small
perturbations from the steady reference motion of the system. The second
term in each equation represents the gyroscopic coupling.

Next let us make the further assumption that 8, = 0. Then the equations
of motion are

1,6y — B,60 =0

- . . (3-153)
1.60 + Lyt d0 + B, o0 =0
where the reference precessional rate 1s
Wy — __’%&1 (3-154)
¢

Another method of obtaining these equations is to substitute
¥ =, + 0, 6 — 80, 8 = 60 into the Routhian function of Eq. (3-141),
retaining only quadratic terms in the small quantities since linear or con-



SEC. 3-3 GYROSCOPIC SYSTEMS 135

stant terms will not contribute to the equations of motion if the reference
motion is steady. Using this procedure, we obtain
R = J1[(09)* + (80)"] — B, 0% 06 — JLy3 (80)*  (3-159)
which is of the form of the Lagrangian function given in Eq. (3-118). Then,
using Lagrange’s equations and noting that the operations of differentiation
and variation can be interchanged, that is, d/dt (6q) = d4, we obtain Eq.
(3-153) once again.
Now let us assume that the solutions of the equations of motion are of

the form
oy = Ae*, 00 = Ae* (3-156)

Substituting into Eq. (3-153), we have
Ii*4A, — fAd4, =0
ﬂélAl + 1‘(12 + W%)Az =0

The characteristic equation, obtained by setting the determinant of the coeffi-
cients equal to zero, is

(3-157)

At + ({2gd + BDA = (3-158)
which yields the eigenvalues
'ﬁ,z = 0’ _('/‘/% + ﬁi/lrz)
From the second equation of (3-157) we see that the amplitude ratio is
A Bh 3-159
4,7 TIG ) G139

Hence we obtain

A g Az /14 (_r_O>

All ’ AIZ ﬂ¢
The first ratio shows that the solution for 66 contains no secular term, that
is, no linear term in ¢ associated with the repeated zero root. It may, however,
contain a constant term, as we shall see. The factor i in the second ratio

indicates that 60 leads dy by 90° in the sinusoidal motion.
If we use the notation

@ = NW5 + (B IV = i + (LQ]1) (3-160)
we can write the solutions for dy and 66 as follows:

Sy = C, + Cyt + A, sin (@t + @)

10 BN DAY
—]l%Cz + A,Vl + (LQ-) cos (wqt -+ o)

where the constants C,, C,, 4,, « are determined from the initial conditions.
In accordance with the assumption of small motion, 4; and C, must be small,

(3-161)
56 =
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resulting 1n 86 < 1 and S < 1. Sy need not remain small, however, since
it does not appear explicitly in the differential equations of motion.

Case 2: Ignore ¢ and y. The generalized momentum conjugate to y is

Py = gyé/ = —I(¢ — ¥ sin®)sin 6 + Ly cos? 8 = B, (3-162)

and, using Eq. (3-139), we obtain

W= ﬂw1+coﬂs¢2501n0 (3-163)

Also, from Egs. (3-140) and (3-163) we find that

b= (ﬂ_f—cfs%;“—o) sin 6 - Bs (3-164)

The Routhian function is obtained by substituting these expressions for @
and ¢ into Eq. (2-122). Thus,

R=1L— ﬂ¢¢ - .Bw'//
1 3 " 0 2 -
=L - (ﬁ'j, g;sg’“ ¥ _ mglsin 0 (3-165)

where we again neglect constant terms. The equation of motion which results
from using this Routhian function in Lagrange’s equation is

, & Bysin )7 , 4 Basin®
1+ Be p Beda O g Blbet Besin®) & pigicoso—0 (3-166)

The same equation would have been obtained if we had substituted the ex-
pression for ¥ given in Eq. (3-163) into the € equation of (3-143). Note that
Eq. (3-166) contains no gyroscopic terms since there is only one degree of
freedom remaining.

The form of the Routhian function of Eq. (3-165) is that of a natural
system with

T = 1192
; 3-167
yr = B A Bosin 0 2—{1— g;sflg or + mgl sin @ ( )

Thus, we can use conservation of energy to obtain the Jacobi integral

v =16 %%%ﬁ tmglsinf=h  (3-168)

Hence

b= (ﬂv T B 6y' _ 2mal o g (3-169)
r '

This equation, giving §* as an explicit function of 8, could have been obtained
directly by integrating Eq. (3-166). If we let 6 equal zero we obtain an equa-

L4
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tion whose roots are the turning points defining the limits of the nutational
motion in 8.

Now let us return to Eq. (3-166) and find the linear approximation for
small motions about a reference value 8, = 0. In this case the linear approxi-
mation is obtained by assuming that sin@ = @ and cos@ = 1. Then the
resulting equation is

2
0+ (ﬂ& 7 /3.)9 -0 (3-170)
which yields the nutational frequency

@y = 4-~/BE T B = N0 T GOITY (3-171)

in agreement with the result previously given in Eq. (3-160).

In considering systems such as this, a question may arise concerning the
proper initial values which should be assigned to the ignored ¢'s. This ques-
tion is easily answered if we recall that the ignored ¢’s can be expressed in
terms of the #’s and the remaining ¢’s by equations similar to Eqs. (3-163) and
(3-164). Furthermore, for the case of small perturbations about a reference
condition of steady motion, the variation of these equations provides ex-
pressions for the ignored d4’s in terms of the remaining d¢’s 64’s and the con-
stant f’s.

3-4., VELOCITY-DEPENDENT POTENTIALS

In discussing the applications of the standard form of Lagrange’s equa-
tions given in Eq. (2-27), we previously assumed that all the applied forces
can be obtained from the potential energy ¥ which is a function of the ¢’s
and possibly ¢, but is not a function of the §’s. This restriction is not neces-
sary, however, Let us recall the basic form of Lagrange’s equations from Eq.
(2-23), namely,

d (0T T .

E(:?T;,)”BE,‘Q‘ G=1,2...,n (3-172)
If we now assume that Q, is obtained from a velocity-dependent potential
Sunction Ulq, 4, t) in accordance with the equation

d/d U
(), == (2>~Yy _ ¥ _
< (aZ) da; (3-173)
we see that
d 9Ly _IL _ L ]
ai\dg) dg =0 (=L2....m (3-174)
where

L=T—U (3-175)



138 SPECIAL APPLICATIONS OF LAGRANGE’S EQUATIONS CH. 3

Electromagnetic Forces. As an example of a velocity-dependent potential,
consider the electromagnetic force acting on a charged particle. Using rational-
ized mks units, the force on a particle having a charge e and velocity v is

F = e(E 4 v x B) (3-175)

where E is the electric field intensity and B is the magnetic induction vector.
E and B are obtained from a scalar potential ¢ and a vector potential A in
accordance with the equations

- _ Ja -

E= V¢ (3-177)

B=VxA (3-178)

where ¢ and A are, in general, functions of position and time. Then, using
Eqs. (3-176)—(3-178), we obtain

F:e(—v¢—%‘:‘_+vaxA) (3-179)

In order to show how this force can be obtained from a function U, let
us assume that the position of the particle is given by the Cartesian coor-
dinates (x, y, z). The term —eVé is easily explained since eg is analogous to
the ordinary potential energy function V.

Next let us consider the x component of the term v x V x A, If we
designate the Cartesian components of A by A4,, 4,, 4., we see that

94, 94 ) _ vz<0A 4.\

(vxV><A)J‘=vy(—0—x-’——a—}—)rl =~ 9%
0 04y o o 9, dA, A 94, 94,
=Ux TV TV TV T T e
(3-180)

where v,(0A4,/0x) has been added and subtracted on the right-hand side,
But A is a function of position and time, so

dA 04, a4 5 dA, 3A,
(?x *+ Oy 02 2+ 0!
.04, », dA, L, 04, | 34, i
= 1;‘-3— L AL s (3-181)
Hence
A, | 04,
(vxVxA), = ——(v +A) — dt + 0t (3-182)

Then, from Egs. (3-179) and (3-182), we find that the x component of the
electromagnetic force is

F.= e:—d¢ + 2 ) - ;i- (3-183)
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Next we observe that

dd,  d[d . . .
A = E—Lﬁ(v-A)] (3-184)

and find that if we take
U= el — v+A) (3-185)

we obtain
Fo_ d@U\ _dU
YT dr\ox/)  dx
in agreement with Eq. (3-173). Similar expressions occur for F, and F,.
Thus we see that the eleciromagnetic forces on a particle are represented
by the velocity-dependent potential function given by Eq. (3-185). The La-
grangian function is

L=T—U=3ma*+ p* + %) — ed + (A% + A,y + A4,2)
= 1mv? — e(¢ — v-A) (3-186)

where m is the mass of the particle.

Now let us consider the generalized momentum components associated
with a charged particle moving in an electromagnetic field. From Egs. (1-137)
and (3-186) we obtain

py =% = mx + ed, (3-187)

or, more generally,
p=mv+4 eA (3-188)

This rather surprising result indicates that a portion of the momentum is
associated with the electromagnetic field. If L is not an explicit function of
x, that is, if x is ignorable, then it is the momentum p_ given by Eq. (3-187)
(rather than the mechanical momentum mx) which is conserved.

The rotal energy of the particle is

T + ep = tmv? + ed (3-189)

where e¢ is the potential energy associated with the electric field. The mag-
netic force v x B does no work on the system because it is perpendicular to
the velocity; hence A does not enter into the energy expression. If ¢ and A
are not explicit functions of time, the system is conservative and the total
energy is constant.

Now consider an isolated system of two particles, each of mass m and
charge e (Fig. 3-6). Suppose we choose an inertial reference frame which
translates with the center of mass O. We wish to find the interaction forces
between the two particles as each moves in the electromagnetic field of the
other.

First we note that the velocities of the two particles are equal and opposite
relative te the center of mass. Then, using Eq. (3-176) or (3-179j, 1t is
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m 1

& —>
€ A3

AIZ

Fig. 3-6. Two interacting charged particles.

apparent that the interaction forces are equal and opposite, or
fi, = —1y, (3-190)

a result that also follows from symmetry considerations. The symmetry does
not require that the two forces be directed along the line connecting the par-
ticles, however, and in general they are not collinear.

A consequence of the fact that the electromagnetic interaction forces are
not collinear is that the total angular momentum, as defined in Eq. (1-126),
is no longer conserved, even for an isolated system with no external forces.
This occurs because the interaction forces exert a nonzero moment about O,
as can be seen in Fig. 3-6.

Gyroscopic Forces. There are similarities in the mathematical representa-
tions of gyroscopic and electromagnetic forces. As an example, consider a
gyroscopic system whose Lagrangian function has the form

L=T,+T, =V (3-191)
where
Vix,y,z,t) =V =T, (3-192)

The gyroscopic forces arise from T which, in general, has the form
T, =Px+ Qy + Rz (3-193)

where P, O, and R are each functions of (x, y, z, t). If we define a vector G
given by
G =Pi+ Qj+ Rk (3-194)
and let
v=2xi+yj+ Zk (3-195)
we obtain
T, =v.G (3-196)
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Now place the terms arising from T, on the right-hand side of the equation
and consider them as additional forces. We find that the x component of
these forces is
9T, _ d (9T,\ _ . (9P. 90, )

T a(a) =i 2 g -

apP
gt

where v X V X G is the gyroscopic force. It is analogous to the force
ev X V x A in the electromagnetic example.
The x equation of motion is

(ﬁ) 6'T _ _QK’ - %;’ L (vxVxG), (3-198)

Comparing the results for the gyroscopic and electromagnetic systems,
we see from Eqs. (3-179) and (3-198) that ¥’ corresponds to e¢p and G corres-
ponds to eA. Furthermore, the Lagrangian function for the gyroscopic
system is

=(vxVxG), — (3-197)

L=T,—-U (3-199)
where the velocity-dependent potential is
U=V —-T,=V —v.G (3-200)
which is of the same form as in Eq. (3-1895).

Finally, we note that if L is not an explicit function of time, the system is
conservative and its Jacobi integral is

T, + V' =T,—To+V=h (3-201)

Example 3-6. A particle of mass m and charge ¢ moves under the influ-
ence of uniform electric and magnetic fields which are muiually orthogonal.
Relative to a fixed Cartesian frame, these fields are E = Ej and B = Bk.
Find the equations of motion and the path of the particle if it is initially at
rest at the origin O (Fig. 3-7).

y

E B directed
out of page

m, e

Fig. 3-7. The path of a charged particle.
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The scalar and vector potentials which yield the correct fields with the
aid of Eqs. (3-177) and (3-178) are

= —Ey (3-202)
A = {B(—yi+ xj) (3-203)

The Lagrangian function is obtained by using Eq. (3-186), and results in
L = tm(x? 4+ y* + 2*) + eEy + feB(xp — yX) (3-204)

Then, employing the standard form of Lagrange’s equation, we obtain the
following equations of motion:
mx —eBy =0
mj + eBx = ¢E (3-205)
mi=20
It is clear from the third equation and the initial conditions z(0) = 0,
#(0) = 0, that all the motion is confined to the xy plane. Assuming, then,

solutions for x and y having the form ¢, we obtain the characteristic equa-
tion

mii* o e?B*1* =0 (3-206)
which yields the eigenvalues
A, =0 _eBt
2 ’ m*

The solution for the path of the particle is
E mE . eB

X = f’ T B sin —,—n—t

/ (3-207)
y = mE(l — cosiét>
- eB?\ m

This represents a cycloid having cusps which lie on the x axis and are sepa-
rated by a distance 2amEfeB?. This distance is just the average x velocity
E/B multiplied by the period 2zm/eB of the sinusoidal terms.
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PROBLEMS

3-1. Two rods, each of mass m and length /, are connected by a pin at their ends,
as shown. The system is motionless until a transverse impulse Eiis applied at the
coordinate x,. Solve for the initial values of x,, X,, X3. Show that the kineticenergy
just after the impulse is equal to %[515:,.

x| | X2 {3

m m

Fig. P3-1.

3-2. Solve Example 3-2 for the case in which the particle sticks te the rod after
the impact, assurning the same initial conditions. Also find the energy lost 1n the
impact.

3-3. A rigid rod of mass m and length / translates with velocity v, parallei to
the x axis. Then it hits a smooth wall inelastically; that is, after impact the end

v

c.m.
C .
(x. y)

Fig. P3.3.
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slides without friction along the wall. Assuming that 0 and 8 are zero before impact,
find the values of %, y, and 6 immediately after impact. Evaluate the impulse applied
to the rod by the wall.

3-4. A rigid rod of mass m and length / is motionless with 8 = 45° when, at

= 0, the vertical wall begins to move in the positive x direction at a constant

speed vg. Assuming frictionless surfaces, solve for the initial values of x, y, and 6.
Find the impulse exerted by the wall on the rod at t = 0.

Wall

Yo

Fig. P3-4.

3-5. For the previous problem of the rod and the moving wall, use only a single
generalized coordinate # in the analysis. Obtain an expression for pg and solve for
the initial value of .

3-6. Let xyz be a principal axis systemn with the origin at the center of mass of
a rigid body having a mass m and principal moments of inertia I, f,,, and [,,.
Suppose this body has a velocity v = v,i but is not rotating until the point (xg, ¢, 0)
in the body is suddenly fixed. Assume that the body can rotate freely about this
point. Let (vy, v,, v,) and (@, @,, ®,) be the translational and rotational velocity
components for the body immediately after the constraint is applied. Write the
constraint equations and use either the Lagrange multiplier method or the virtual
velocity method to solve for (vx, vy, v;, Wx, W,, W,).

3-7. Given a system with nonzero T; and more than one degree of freedom,
under what conditions on a; does the Lagrangian method produce no gyroscopic
terms in the equations of motion? Give an example of such a system.

3-8. Two massless rods of length / and two particles are connected by pin joints
to each other and to a point P on the edge of a disk of radius / which rotates at a
constant rate ). Assume that all motion occurs in a horizontal plane and let g,
and g, be angles measured relative to the direction of line OP. Obtain T, and the
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A

ke

m

Fig. P3-8.

gyroscopic coefficient p;,. Show that the gyroscopic terms in the equations of
motion represent inertial moments due to Coriolis accelerations.

3-9. Consider the motion of a top (Fig. 3-5) relative to a reference frame XYZ
which rotates at a constant rate @, about its Z axis. Use the Euler angles (¥, 8, ¢)
as coordinates (defined relative to the XYZ frame) and obtain the differential equa-
tions of motion. Indicate the gyroscopic terms,

3-10. An undamped gyroscopic system has the following m, k, and ¥ matrices,
namely,

m 0 0~ 2k —}k 07 0 0 0
0 G m _ 0 0 —k_ 0 —y O_

where m and k are positive real constants and y2 = 5mk. Obtain the characteristic
equation and solve for the roots. Is the system stable?

3-11. For the gyroscopic system of the previous problem, find the range of the
values of y2 for stability. Note that the borderline case occurs for a repeated negative
real eigenvalue AZ.

3-12. The given system consists of masses, springs, and a linear damper having
a positive coefficient c.
(a) Obtain Rayleigh’s dissipation function and ihe differential equations of
motion.
(b) Find the characteristic equation for the system and determine if the system
is asymptotically stable.
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"

Fig. P3-12.

(c) Now add gyroscopic coupling terms to the differential equations. Assume
unit values for m, ¢, k, and y, and determine the stability by finding the
roots.

3-13. Consider a particle of mass m and charge ¢ whose position is given by the
cylindrical coordinates (r, 8, z). Suppose it moves in an axially-symmetric electric
field E = (Ey/r)e, and a uniform magnetic field B = Byk. Obtain the velocity-
dependent potential L’ and the differential equations of motion,



4
HAMILTON’S EQUATIONS

In the previous chapters we have become accustomed to the equations of
motion being expressed in differential form. This procedure emphasizes the
evolution of the system from instant to instant. On the other hand, one can
use a variational principle as the basis for the description of a dynamical
system. This approach tends to view the motion as a whole and involves a
search for the path in configuration space which yields a stationary value
(usually a minimum) for a certain integral. The variational principle of most
importance in dynamics is Hamilton’s principle which was first announced in
1834. Although other variational principles such as the principle of least
action preceded Hamilton’s principle, none has held the same theoretical
Interest.

4-1. HAMILTON’S PRINCIPLE

The mathematics of extremum problems is partially covered in ordinary
calculus and partially in the calculus of variations. Before we enter into a
discussion of Hamilton’s principle, let us review briefly some of the mathe-
matical concepts associated with these problems.

Stationary Values of a Function. Consider a function f(q,,9,,...,4,)
which is assumed to be continuous through the second partial derivatives.
The first variation of f at the reference point q, is

o = 5 (%), % @1

where the dg’s are the variations in the individual ¢’s and can be considered
as virtual displacements. The necessary and sufficient condition that f have
a stationary value at q, is that § = 0 for all geometrically possible dq’s,
where

q=4q, -+ Jdq 4-2)

For the case in which the §¢’s are independent and reversible, this implies that

((%) =0 (=12...,n) (4-3)

1]
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This result is reminiscent of the requirement expressed by Eq. (1-93) for the
static equilibrium of a mechanical system, where the function under con-
sideration is the potential energy V.

Now consider the second variation of the function f about a stationary
point q,. We have

o L[ 9 .
8f =~ 2 ¥ (5arda q,)o 84,84, (4-4)
Let us use the notation
= (9 -
ky = (37! aq,>o (4-5)

where the k’s form the elements of the symmetric n X » matrix k. If the
J¢’s are again independent and reversible, the sufficient condition that q,
be a local minimum is that the matrix k be positive definite. Conversely,
if k is negative definite, the point q, is a local maximum. If Kk is indefinite,
q, is a saddle point.

The reason that we assume the dq’s are reversible is that we wish to
exclude the possibility that the reference configuration g, lies on the boundary
of its allowed domain. This might occur, for example, at a unilateral con-
straint. One can visualize that the function f might assume an extreme value
at a point on this boundary without being stationary, that is, where § f % 0
for certain geometrically allowable 8¢’s. If q, is an interior point, however,
ftakes on a minimum or a maximum value only if it is also stationary.

Constrained Stationary Values. Now let us consider the conditions neces-

sary for a stationary value of the function f(q,,q,, ..., q.,), subject to the m
independent constraint equations
¢](ql:q25"'sqn)=0 (.]= 172;--'sm) (4'6)

where we assume that the ¢’s are continuous through the second partial
derivatives. Once again we have §f = 0, or

5 () da=0 @

where the reference configuration q, satisfies Eq. (4-6). The dg's are no longer
independent, but conform to the m equations

56, =3 (%)ogqi:o G=12....m) (4-8)

-
Note that because the §¢’s are not independent Eq. (4-3) no longer applies,
in general.

It is possible, in theory, to use Eq. (4-6) to eliminate m ¢’s in favor of the
remaining (n — m) ¢’s and to find the stationary value of the resulting uncon-
strained function. Usually it is preferable, however, to apply the Lagrange
multiplier method to problems involving constrained minima or maxima.
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Now let us proceed with the Lagrange multiplier method. First multiply
each d¢, by a Lagrange muluplier A;. If we sum over j and add Eq. (4-7)
we obtain

So far one might normally assume that the A’s are arbitrary and the
dq’s satisfy Eq. (4-8). On the other hand, if we can find a set of m A’s such
that the coefhcient of each dgq, is zero, that is, if

<%)0+§n‘lj<%)0=0 (=1,2...,m (10)

then we can choose the d¢’s arbitrarily. In other words, they can be considered
to be independent. We will now show that the required set of m A’s can indeed
be found, assuming that the given n equations are consistent.

Let us consider the m X »n matrix ¢ where

= (‘;%)0 (4-11)

If ¢ is of rank m, that is, if there is at least one nonzero minor of order m,
then the 4's are obtained by solving the corresponding m equations given in
Eq. (4-10). But this requirement is met if the m constraints are independent
at the reference configuration, as we have previously assumed. Hence we
can always find a set of A’s such that the dg’s can be considered to be freely
variable.

In summary, the problem of finding a stationary value of the function
f(q\, 92 . . ., g,) subject to m constraints of the form ¢,(q,,42,...,4,) =0
is solved by finding m A's and ngq's from the (n + m) equations given by
Eqgs. (4-6) and (4-10).

Another way of viewing the Lagrange multiplier method is to consider
the free variations of an augmented function F(q,,...,q,; A, ..., A,) where

F=f+3 14, (4-12)

and the n¢’s and m A’s are regarded as independent variables. The necessary
and sufficient conditions for F to be stationary are

(OF\ . )

‘\d_q,-)o“o G=1,2....,n) (4-13)
and

/OF\ .

\E)O-o j=12,...,m) (4-14)

It can be seen that Egs. (4-12) and (4-13) lead to Eq. (4-10) while Egs. (4-12)
and (4-14) result in Eq. (4-6). Hence we conclude that an unconstrained
stationary value of the augmented function F occurs at the same configura-
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tion q, as the corresponding constrained stationary value of the original
function f.

Example 4-1. Find the stationary values of the function f = z, subject
to the constraints

o, =x24+y?+22—4=0 (4-15)
¢, =xy—1=0 (4-16)
This corresponds to finding the highest and lowest points on the curve formed

by the intersection of a sphere and a hyperbolic cylinder.
First we form the augmented function F with the aid of Eq. (4-12).

F=z+ A2+ yr+22 =4+ Lxy— 1) (4-17)
Using Eq. (4-13), we obtain
9F — 2xdy + y2, = 0
%: 294, + xd, =0 (4-18)
%§ =124, =0

These three equations plus Eqgs. (4-15) and (4-16) can be solved for x, y, z,
A1, Ay The result is that there are four stationary points, namely, (I, I, /2 ),
(=1, —1L,/2), (1,1, =2 )and (=1, —1, —s /7). It can be seen that the
first two are constrained maximum points of f, while the remaining two are
constrained minimum points. The Lagrange multipliers are

_ b __1_ _ 1 1
h=—gp=Frgp h=7=%77

Stationary Value of a Definite Integral. Thus far we have been concerned
with the ordinary minimization (or maximization) problem; that 1s, we have
searched fcr points in configuration space which will yield a stationary value
for a given function f(q,,43,...,q,).- Now let us consider the problem of
finding the stationary values of a definite integral. In particular, suppose we
wish to find the necessary conditions for a stationary value of

1= Jf: STy(x), y'(x), x} dx (4-19)

where 3'(x) = dy/dx and the limits x, and x, are fixed. Furthermore, let us
assume that f(y, y’, x) has two continuous derivatives in each of its argu-
ments,

Here we are confronted with a problem in the calculus of variations which
involves finding a function y*(x), out of some admissible class, which yields
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a stationary value for the integral I as compared to its value for other neigh-
boring functions. Thus we have
y(x) = p*(x) + y(x) (4-20)
where dy(x) is a small variation in y. The quantity [ is called a functional
because its value depends upon the form of the function y(x); that is, it is a
function of the function y(x). Note, however, that f(y, y’, x) is given.
Let us choose functions having two continuous derivatives as the admis-
sible class for y(x). It is convenient to represent the variation dy in the form

oy = an(x) 4-21)

where 7(x) is an arbitrary function having the required smoothness, and o
is a small parameter which does not depend upon x (Fig. 4-1). Hence, for

y(xy)

.V(Xo)

i

[

|

|

|

[

|

|

|
o — 1
X, x

Fig. 4-1. The variation of a curve between fixed end-points.

any given 5(x), we can consider the varied curve y to be a function of a and
x, that is,

(@, x) = y*(x) -+ an(x) (4-22)

Now let us make the additional assumption that the variation dy is zero
at the end-points, that is,

n(xo) = n(x;) =0 (4-23)
which implies that y(x,) and y(x,) are fixed.
We see that the integral 7 is a function of & only, for any given #(x). Thus,
a necessary condition that y*(x) result in a stationary value of 7 is that its
first variation be zero, or

81 = ( «=0 (4-24)

d_a =0
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for arbitrary n(x) and nonzero a. Since the limits x, and x; are not dependent
on &, we can differentiate under the integral sign. Hence we obtain

dl _ (6fdy‘ of (9y>

do ~ [, \dyda T dy

- X

"f (x)+1 (r)]dx—o (4-25)

Now let us integrate the second term by parts and obtain
dfﬂ(t)dx——‘— —J ﬂ(x)—(af)dx (4-26)

But we have chosen #(x) to be zero at x, and x,. Hence the first term on
the right i1s zero and, from Eqgs. (4-25) and (4-26), we find that

713~ & @) —o o

Because n(x) is arbitrary except for the restrictions upon continuity and the
end conditions, it follows that a necessary condition for the integral to be
zero is that

af  d (adfy

g ()0 o
for any curve y = y#*(x) which results in a stationary value of I. This is the
Euler-Lagrange equation. With the given assumptions, it is both necessar)
and sufficient for a stationary value of the integral I. The sufficiency condition
is apparent from the fact that Eq. (4-28) implies that the integral of Eq. (4-27)
vanishes, resulting in the variation d/ being zero.

The Euler-Lagrange equation was first derived by Euler in 1744 and later
was applied to mechanical systems by Lagrange. In most problems in dynam-
ics, the solution of this equation represents a minimizing curve for the
functional 1.

Example 4-2. The brachistochrone problem is one of the classical prob-
lems of the calculus of variations. We wish to find a curve y(x) between the
origin O and the point (x,, y,) such that a particle starting from 1est at O,
and sliding down the curve without friction under the influence of a uniform
gravitational field, will reach the end of the curve in a minimum time.

Let us assume that the gravitational force is directed along the positive
x axis, as shown in Fig. 4-2. We can obtain an expression for the velocity
v as a function of position by using the principle of conservation of energy.
Thus we obtain

tmv? = mgx

v = 2gx (4-29)

or



SEC. 4-1 HAMILTON'S PRINCIPLE 153

mg¢ (xy, ¥y)

X

Fig. 4-2. The brachistochrone problem.

The time ¢ required to reach the point (x,, y,) is found by noting first
that an infinitesimal path element ds is given by

=4 /14 y?dx (4-30)
where ¥’ = dy/dx and we choose the sign of the square root to give ds > 0.
Then
" ds T4+y'? )
:_f _f \/2gx dx (4-31)

Now we can identify the integral of Eq. (4-31) with the standard form of
Eq. (4-19), where
T+

2gx (4-32)

f(, ¥y x) \/

Since f is not an explicit function of y, the Euler-Lagrange equation of (4-28)

becones
d .
(:‘c (3;’ ) =

af Y 4-33
BT *+3)

where c¢ is a constant. This equatlon may be written in the form

or

2gc x :
'\/1 — 2gc?x (4-34)

Now let us introduce the parameter 8 by the substitution
x = a(l — cos §) (4-35)

where a = 1/4gc?®. Then we obtain

=ja(1 — cos 0) df
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which is readily integrated to yield
y=a(0 —sin ) (4-36)

Note that since the path starts from the origin, the constant of integration is
zZero.

Equations (4-35) and (4-36) are the parametric equations representing a
cycloid. The parameter @ increases continuously as the particle proceeds
along its path, even though x may actually decrease during the latter pertion
of certain trajectories. The constant a can always be chosen such that the
path goes through the final point (x,, y,) for all x; == 0. Although we have
shown only that the cycloidal path leads to a stationary value of ¢, a com-
parison with other neighboring paths will indicate that it is actually the
path of minimum time.

Exgmple 4-3. Another classical probiem of the calculus of variations
is the geodesic problem, that is, the problem of finding the shortest path
between two points in a given space. As an example, let us consider the prob-
lem of finding the path of minimum length between two given points on the
two-dimensional surface of a sphere of radius r.

Let us use the spherical coordinates (6, ¢) as variables. The differential
element of length ds is given by

ds* = r* df* -+ r? sin? 0 d¢p?
or

ds = £ r 1+ sinZ 0(dp/dB)? df (4-37)

where we choose the sign of the square root so that each increment ds is
positive. Thus we obtain

s=r " JTTFTsmz0dd (4-38)

J8,

where ¢’ = d¢/d6. This integral has the standard form of Eq. (4-19) and we

see that
f=AT-F¢*sin?@ (4-39)

Noting that f'is not an explicit function cf ¢, we can write the Euler-Lagrange
equation in the form

o ¢’ sin? g _ 40N
v Crr R (40

Now we solve for ¢’ and obtain

d$ _ c
df ~ sinf./sin? @ — 2

cdf
= fsin 6./sin* 0 — c? (4-41)

which results in
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Integrating, we obtain

¢ = cos™! Ci(ifz + ¢o
or
cos (§ — ) = __12_7 cot § (4-42)

where ¢, is the constant of integration.

In order to obtain a better understanding of this result, let us transform
Eq. (4-42) to Cartesian coordinates. If we use the trigonometric identity for
cos (¢ — ¢,) and the equations

x =rsinfcos¢

y=rsinfsing (4-43)
z=rcosf
we obtain
XCOS(bo_ySinqSo—:/Tc_—c—ZZZO (4-44)

which we recognize as the equation of a plane through the origin. This plane
intersects the sphere in a great circle which is the geodesic in this example.
The constants ¢ and ¢, are chosen so that the great circle goes through the
required two points,

The same resuit can be obtained more easily if we choose a system of
spherical coordinates which are oriented in such a manner that the two end-
points lie at the same value of ¢, and @ is chosen in the interval 0 < 8 < z.
Then it is immediately apparent from Eq. (4-38) that the path length is min-
imized by taking d¢/d@ = 0 at all points. Once again the geodesic is a great
circle.

It is interesting to note that the path giving a stationary value to the
integral of Eq. (4-38) is always a great circle, but it is not necessarily of
minimura length. As an example, if the length of the great circle is more
than z radians, then there are shorter neighboring paths which are not great
circles. On the other hand, if the great circle is less than # radians in length,
and therefore does not contain two diametrically opposite or conjugate
points, then the path is always the shortest one connecting the given points.

The Case of n Dependent Variables. Now let us extend our previous

results to the problem of finding the functions y,(x), y,(x), . . ., ¥,(x) which
will lead to a stationary value of the integral
I= ("0 pm ¥ a i x) dx (4-45)

where the values of each function y(x) are specified at the fixed end-points
x, and x,. Again we assume that the functions y,(x) and the variations dy(x)
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have two continuous derivatives. Let the variations be of the form

0y, = an,(x) (4-46)
where 77:(x) = n(x;) = 0.
It can be seen that the integral 7 is a function of the parameter a for any
given set of #’s, and Eq. (4-24) remains valid. Hence, by analogy to Eq. (4-25),
we obtain

LR N T B ]
o= f > [dyiq,-(x) ‘ dy;”"“’_! dx =0 (4-47)

If we integrate by parts and remember that the #’s are zero at the end-points,

we obtain
Y TOf _d 9y — ]
) f > [5; £ ( (9yf-)_l 7{x) dx = 0 (4-48)

which is similar to Eq. (4-27).

We have chosen the dy’s, and hence the #’s, to be independent. Therefore
each expression in brackets must be zero, and we obtain the Euler-Lagrange
equations for this more general case, namely,

af d /af ,

o — =) = = cies -4

o (0y;) 0 (=12...,n) (4-49)
These n equations represent the necessary and sufficient conditions that §7

is zero.

Hamilton’s Principle. Now let us turn to the important variational prin-
ciple of dynamics known as Hamilton’s principle. As a starting point, con-
sider a system of N pariicles whose configuration relative to an inertial frame
is given by the vectorsr,, r,, ..., ry. Using the Lagrangian form of d’Alem-
bert’s principle, we see that

> (F — mE)-8r, = 0 (4-50)

where F, 1s the applied force acting on the ith particle. We assume that the
virtual displacements dr; are reversible and consistent with the instantaneous
constraints, which are considered to be workless.

Next let us obtain an expression for the variation in the kinetic energy.
We can write

oT =9 (% > mm‘)=i mi,- ¥, (4-51)
But

¥

‘%(XNJ m,-i‘,--én) = ¥ mi,dr, —}z\: mi, Sk (4-52)
=1 i=1

=1

where we note that the operations of variation and of differentiation with
respect to time are interchangeable. In other words, we find that
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gy (5r) = o, (4-53)

because each virtual displacement is assumed to take place without the pas-
sage of time. Hence we obtain from Egs. (4-50), (4-51), and (4-52) that

" d (& . ,
oT + ‘.Z‘ Final“. = o (lzl miri.5r1> (4-54)

Now let us integrate this equation with respect to time between the limits 7,
and t,. Using the notation that § W is the virtual work of the applied forces,
as given in Eq. (1-39), we obtain

("6 + oWy dt =| 3 miveon,| (4-55)

1
o
Next we assume that the configuration of the system is specified at the times
t, and ¢, implying that variations dr, are zero at these times. Thus we con-
clude that
151
(" 6T + 6Wydt =0 (4-56)
“le
Up to this point we have given the configuration of the system in terms of
the position vectors r, of the particles. It is apparent, however, that for a
given virtual displacement and time the values of 87 and § W are independent
of the coordinate system. So let us make a transformation to the generalized

coordinates ¢,,¢,....,q, Then the kinetic energy T is a function of the
q’s, ¢'s, and t, while the virtual work is
W =3 0,54, (4-57)
=1

where the Q’s are the applied generalized forces. Hence Eq. (4-56) can be
written in the form

(6T + 3 0.8q)dt =0 (4-58)

Je

where the dq’s are equal to zero at times ¢, and t,. For constrained systems,
the d¢’s must also conform to the instantaneous constraints.

It is helpful to think of the actual and varied paths in an (n 4 1)-dimen-
sional space consisting of the n ¢’s and ¢, as shown in Fig. 4-3. This is known
as the extended configuration space. Note that the two end-points of the actual
and varied paths are fixed in this space, and each dq vector is perpendicular
to the ¢ axis.

The result given by Eq. (4-56) or (4-58) is often considered as a generalized
version of Hamilton’s principle. It is essentially an integrated form of
d’Alembert’s principle, as given in Eq. (4-50), and is applicable to the same
wide variety of mechanical systems. The usual form of Hamilton’s principle,
however, applies to a more restricted class of systems.
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Fig. 4-3. The actual and varied paths in extended configuration space.

Let us proceed, then, in the derivation by assuming that all the applied
forces are derivable from a potential function V(q, t). If we recall from Eq.
(1-91) that 6 W = -3V, Eq. (4-56) becomes

(8T —vydi=0 (4-59)

where we again assume fixed end-points. Now let us consider a holonomic
system. For these systems the operations of integration and variation can be
interchanged (see p. 159). Then, making the substitution L = T — V, we
obtain

H

b} J( Ldt=0 (4-60)

fa
where both the actual and varied paths meet the conditions imposed by any
holonomic constraints. Hence we obtain Hamilton’s principle:

The actual path in configuration space followed by a holonomic
dynamical system during the fixed interval t, to t, is such that the
integral

131
I=\| Ldt (4-61)

to

is Sstationary with respect to path variations which vanish at the
end-points.

If we compare the integral 7 of Eq. (4-61) with that of Eq. (4-45), we
notice a similarity in form; that is, the independent variable ¢ corresponds
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to x, the ¢’s correspond to the y’s, and L(g, ¢, r) corresponds to f{y, y’, x).
Hence, assuming that the dq’s are independent, the Euler-Lagrange equations
of (4-49) take the following form:

%(%é)‘%‘fo G=1,2...,n) (4-62)
Here we obtain the standard form of Lagrange’s equations as the necessary
and sufficient conditions that 6/ = 0, provided that L(q, 4, t) and g(¢) have
the required smoothness.

Although Hamilton’s principle and Lagrange’s eguations are equivalent
for the assumed system, Hamilton’s principle is broader in the sense that it
applies to distributed systems which have an infinite number of degrees of
freedom.

Nonholonomic Systems. In the development of Hamilton's principle we
considered a holonomic system. For such a system having k degrees of free-
dom, it is always possible to express the configuration in terms of k indepen-
dent ¢’s. Any varied path in the (k + 1)-dimensional extended configuration
space is a geometrically possible path and corresponds to geometrically possi-
ble d¢’s.

Now suppose we describe the same system in terms of » = k -+ m gener-
alized coordinates, where m is the number of independent equations of
holonomic constraint. The same varied paths are possible, but now the con-
figurations are represented by n¢’s which are not freely variable. Nevertheless,
it is still true that any geometrically possible set of d¢’s corresponds to a
geometrically possible varied path, and vice versa. This implies that the
operations of variation and integration with respect to time are interchange-
able for all holonomic systems. In other words, the variation of the integral
is equal to the integral of the variation. Furthermore, since the value of the
Lagrangian function L is invariant with respect to a coordinate transforma-
tion, Hamilton’s principle applies to the given holonomic system, regardless
of which set of generalized coordinates is used.

By contrast, let us next consider a nonholonomic system. Suppose there
are n generalized coordinates and m nonholonomic constraint equations of
the form
Zl a,(q, 4, + a,(q,t) =0 G=12,...,m) (4-63)

Let us use the notation that q*(¢) is the actuai path of the system and q(z) is
a varied path. Then we can write

q,=q’ + 9, (4-64)
and

g, = fIi" + &Ix (4-65)
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Here we have (n + m) equations from which to solve for the n¢’s and m u’s
as functions of time. Note that Eq. (4-81) is merely a reiteration of the
requirement that the solution path conform to the constraints.

Now let us apply Eq. (4-80) to a system in which the constraint functions
are linear in the ¢'s. Using the familiar notation for differential constraints,
we have

gj(q9 q.’ t) = E ajl(q’ t)qi + ajr(qa t) = 0 (.] = ls 23 LI 1 m) (4'82)

i=1

Then, from Egs. (4-79) and (4-80), we obtain

dany 9L _ oo d o g day, | & da
E\dq,/ dq; o ,’gl dt(ﬂ"aﬂ) + j; kgl i 0q, el + j; #" 6q,

or
dr ey
o, (da, _ day, C .

EulF-G) G=t2..m @8

These equations are the Euler-Lagrange equations for finding stationary
values of the integral of Eq. (4-61), where both the actual and varied paths
are required to meet the constraint conditions of Eq. (4-82). Comparing this
result with the known form of Lagrange’s equations for this system, namely,

4 <g—q€) - g—; = $ia (=129 (4-84)
we see that, in general, the equations are different. Hence we conclude that
the use of the multiplier rule leads to incorrect dynamical equations for the
general case of nonholonomic constraints. Conversely, the actual solution
path of a nonholonomic system will not result, in general, in a stationary
value of the integral of Eq. (4-61).

If, on the other hand, the constraints of Eq. (4-82) are actually Aolonomic,
then we find that Eq. (4-83) reduces to the correct form given in Eq. (4-84).
In this case, the integrability conditions of Eq. (4-75) and (4-76) apply, and
the last two sums on the right-hand side of Eq. (4-83) vanish. Then, letting
A, = —p,, we obtain the proper equations of motion.

iaL\_(?_L____"‘ / Sy . dajk__‘?iu\;
(33.-) dq, Eﬂja]l+]§ kgl ’L’(T dq. )

4-2. HAMILTON’S EQUATIONS

Lagrange’s equations, as we have seen, consist of n second-order differen-
tial equations in the ng’s and time. Once the Lagrangian function L(g, ¢, t)
is known for a given system, the equations of motion are obtained by a
straightforward procedure. These # equations have a form which sometimes
permits their complete integration, resulting in analytical soiutions for the
g’s as functions of time.



SEC. 4-2 HAMILTON’S EQUATIONS 163

From a theoretical viewpoint, however, it is often preferable to describe
the system in terms of 2» first-order equations. There are many ways in which
this can be accomplished, and all are not equally suited to our needs. For
example, one can define n new variables v,, where v, = ¢;, and thereby con-
vert the equations of motion to the desired 2n first-order equations. This is
not particularly helpful, however. Instead, we shall define a new function
H(q, p, t) known as the Hamiltonian function, and use it to generate a set of
first-order equations which are particularly symmetrical in form. These are
the canonical equations of Hamilton.

Derivation of Hamilton’s Equations. Let us consider a holonomic system
which can be described by the standard form of Lagrange’s equations, namely,

d (dL\ _ dL .
—_— e = — = 0 = . 4_
i \at},/l 3. i=12,...,n (4-85)
Remembering that the generalized momentum conjugate to ¢, is given by
JdL
=== 4-86
D 94, ( )
we can write Eq. (4-85) in the form
) oL (l = 1’ 2) ey n) (4'87)

b —d_q;
Now let us define the Hamiltonian function H(q, p, t) for the system as
follows:

H@.p.0) = 3. pdi — L@, 4. 1) (4-88)

It is important to note that, in the general case, H is an explicit function of
the ¢'s, p’s, and 1. Since the right-hand side of Eq. (4-88) contains ¢'s, we must
eliminate these quantities by expressing them in terms of the p’s. This is
accomplished by recalling from Eq. (2-30) that

pi= 2, mylq, ), + alq,1) (4-89)

Jj=1

Then we solve for the ¢’s and obtain

4 = j; bu(Pj - aj) (4-90)

where b;,(q, 1) is an element ot the matrix b = m~'. The inertia matrix m
can always be inverted since it is positive definite.

Now consider an arbitrary variation in the Hamiltonian function H(g, p, ).
We have

& OH " GH oH )
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In a similar manner, we obtain from Eq. (4-88) that

< . 5 _ JL - a_L .___(ZL
0H = ‘; p: 64; + 24" q: op; i; qu g, Z 33, d4; or ot

and, using the expression for p, given in Eq. (4-86) to cancel the first and
fourth terms on the right-hand side, we find that
o > 3L . JL
=3 - Y IE 5y - 5 4-92
oM - 4, 6p & dq, L7 ot ( )
Thus far, the expressions given in Egs. (4-91) and (4-92) follow directly from
the definitions of H and p,, but they do not contain any dynamical laws.
Now let us inject some dynamicsinto the analysis by using Lagrange’s equation
in the form given by Eq. (4-87). Substituting this expression into Eq. (4-92),
we obtain

Ly, (4-93)

5H=[=Zlqrfspr_‘;pi54i_3‘t‘

The variations dq,, dp;, and & are mutually independent, so their coefficients
must be equal in Egs. (4-91) and (4-93). Hence

7 = .GL{
ql' ap‘
(i=12...,n {4-94)
_ _oH
P = dg,
and
%% - (29_1;( (4-95)

The 2n first-order equations given in Eq. (4-94) are known as Hamilton’s
canonical equations of motion. The first n equations merely express the ¢’s
as linear functions of the p’s and are equivalent to Eq. (4-90). On the other
hand, the final 7 equations represent an application of the laws of motion
to the system, and give the rates of change of the generalized momenta.
Because of the symmetry of Hamilton’s equations, however, one tends to
accord the equations equal status. If we consider that the ng’s and np’s
together constitute a 2xn-vector x, then Hamilton’s equations can be written
as a first-order nonlinear vector equation of the form

x = X(x, 1) (4-96)

where we note that all the 4’s and p’s occur linearly on the left-hand side of
the equation.

One reason for the importance of the Hamiltonian form of the equations
of motion is that it facilitates the use of transformations in obtaining solu-
tions. In succeeding chapters, we shall discuss the application of canonical
transformations, involving the paired quantities (q,, p,), in the solution of
Hamilton’s equations.
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Comparing the Lagrangian and Hamiltonian formulations of the equa-
tions of motion, we see that either the Lagrangian function L(g, ¢, t) or the
Hamiltonian function H(g, p, t) can be regarded as a descriptive function
for the system, from which a complete set of equations of motion can be
derived. The standard holonomic forms of Lagrange’s equations and Hamil-
ton’s equations are equivalent and apply to the same systems. Note that the
¢’s must be independent in either case.

Now let us consider the necessary modifications to Hamilton’s equations
in order that they will apply to systems in which the generalized forces are
not all derivable from a potential function. Suppose, for example, that we
have a holonomic system obeying Lagrange’s equations in the form of Eq.
(2-29) or, equivalently,

p=gE40 =12..m @-97)

where Q; is that portion of the generalized applied force which is not deriv-
able from a potential function. Hamilton’s equations for this system are

. OH __dH ’ 19 -
qt—?;‘- P = ‘cg_qi“‘Ql (i=142...,n) (4-98)

If each Q; can be expressed as a function of the ¢’s, p’s, and ¢, then it is clear
that Eq. (4-98) is of the form x = X(x, 1) given in Eq. (4-96).
A nonholonomic system described by Lagrange’s equations in the form

pizgé_ll_ S ha,+0  (=12...,n (4-99)
q: =t
has the following set of Hamiiton’s equations:

. _ O0H . _  dH : P

b=y Pi= =g T At O (=120

(4-100)
where the m constraint equations are

‘;aﬁq',-—l—aj,zo (G=12,...,m) (4-101)

Here we have in Egs. (4-100) and (4-101) a set of (2n 4+ m) first-order ordinary
differential equations from which to solve for the ng’s, np’s, and m 4’s as
functions of time.

The Form of the Hamiltonian Function. In order to consider the explicit
form of the Hamiltonian function H(q, p, t) in greater detail, let us first use
Eq. (4-89) to obtain

g:l pidi = ; ]; m;,q4; + ; ag,=2T,+ T, (4-102)

Then we find that the value of the Hamiltonian function is the same as the
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Jacobi integral expression, namely,

H=Ypgi—T+V=T,~To+V (4-103)
i=1
Using matrix notation, we recall from Eq. (2-6) that
T, =44 mg (4-104)
and, from Eq. (4-90),
q = b(p — a) (4-105)
Hence, noting that b = m~! and that both b and m are symmetric, we obtain
=4(p — a)’b(p — a) (4-106)
which may be expanded to yield
= %;:Zn j; bypip; — p- ; bya.p; + ’12 ‘; ; 1y4:4 (4-107)
Since T, and V are functions of the ¢’s and ¢, we obtain
H(g,p,t ‘=21 J; b.-,-.Der — ‘; ]; bijaipj

+ ’i’ gl J; bl'jal.aj —T,+V (4-108)

If we group the terms in the Hamiltonian according to their degree in p,
we can write

H= M, ~ H, + H, (4-109)
where
H: =43 3 bupp, (4-110)
1=1 j=1
Hy= =3 3 b,ap, @-111)
i=]1 j=1
Hy=4%3 3 byaa, — Ty + V (4-112)

i

=1
Hence the Hamiltonian function is, in general, quadratic in the p’s.

Now let us consider a scleronomic system. Since the transformation equa-
tions from Cartesian coordinates to generalized coordinates do not contain
t explicitly, it follows that the a’s are zero and T = 7,. Consequently the
Hamiltonian is of the form

H(g, p,1) = {rg ; bypip; + Vg, 1) (4-113)

where the b’s are functions of the g’s only. 1t can be seen that H, = T,
H, =0, and H, = V. Therefore the Hamiltonian function of a scleronomic
system is equal to the total energy, that is,

H=T=+V (4-114)
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It is interesting to consider how the Hamiltonian function varies with
time. Its total time derivative is

; JH oH
H = E@%+T)+w (4-115)

For the common case of a standard holonomic system where the canonical
equations of (4-94) apply, we see that

JHJH JHJH\ , 0H OJH
= ((9q, 3, " Op9q) T o ~ar (4-116)
Thus the partial derivative of H with respect to time is equal to its total
derivative. It is apparent from Eq. (4-95) that if L does not contain ¢ explicitly,
neither does H. Hence it follows that for a conservative holonomic system, the
Hamiltonian function H(g, p) has a constant value.

This result can be extended easily to nonholonomic conservative systems.
Hamilton’s equations in this case are

. _0H . OH )
q‘_B;,’ b= — 0q +Zlaﬂ “ 117)
We recall from Eq. (2-141) that the constraints for a conservative system can

be expressed in the form

H=Y

Z a,g, =0 (G=L2,...,m)

Hence we find once again that the Hamiltonian is constant, that is,
; JHJH JH JH\

H= Q___—____ Aayd =0 4-118

2 dq, Ip, ap, 041/ E E 79541 ( )

We conclude that every conservative system, holonomic or nonholonomic,

has a constant Hamiltonian function. Furthermore, we see from Eq. (4-103)
that it is equal to the Jacobi integral, that is,

H=T,—T,+V=h (4-119)

Finally, let us consider a natural system. In this case 7, = 0 and Eq.

(4-119) reduces to

H=T+V=h (4-120)

Thus H is constant in value and is equal to the total energy.

Example 4-4. Given a mass-spring system consisting of a mass m and a
linear spring of stiffness &, as shown in Fig. 4-4. Find the equations of motion
using the Hamiltonian procedure. Assume that the displacement x is mea-
sured from the unstressed position of the spring.

First let us find the kinetic and potential energies in the usual form.
We obtain

T = Imx?, V = Lkx?
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Fig. 4-4. A mass-spring system.

which results in
L=T—V=14mi* — }kx* (4-121)

The linear momentum is
p=9% o ms (4-122)

Hence we can write the kinetic energy in the form 7 = p%/2m, and the
Hamiltonian function is found to be
Hoxp)=pi —L=2 4 Lex 2
(x,p) = px — —m"r‘—z'x (4-123)

Since this is a natural system, the Hamiltonian H is equal to the total energy
T + V and is constant.

To obtain the equations of motion, we apply Eq. (4-94) to the Hamil-
tonian H with the following result:

JdH P . oH x (4-124)

These two first-order equations are equivalent to the single second-order

equation
mf% + kx =0 (4-125)

which is the familiar equation of motion that can be obtained by using
Newton’s law of motion or Lagrange's equation.

Example 4-5. A particle of mass m is
attracted to a fixed point O by an inverse-
square force, that is,

F,=—£7 (4-126)
where u is the gravitational coefficient. Using
the plane polar coordinates (7, @) to describe
Fig. 4-5. The Kepler problem, the position of the particle (Fig. 4-5), find the
using polar coordinates. equations of motion. (See Example 2-7).
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First we obtain the Lagrangian function

L=T—V = ym(* + r20%) + ﬁrﬂ (4-127)
and find that the generalized momenta are
_ oL _oéL )
P, = 5 = mb, pa—gg—mrf) (4-128)

The Hamiltonian function can be obtained most easily by noting that we are
studying a natural system for which H is equal to the total energy. Hence we
know immediately that

= —P4 P _um -
H=T+V 55 + Foie - (4-129)
Using Hamilton's equations we now obtain
_0H _p, . _ _OH _ p; um }
A P T U9 T mr T 7 (4-130)
and
6=9H_pr 5 __90H_, (4-131)

Top mr P TG~
These are the equations of motion., From the last equation we see that the
angular momentum is

ps=f (4-132)
where f§ is a constant. Then Eq. (4-130) reduces to a single second-order
equation

mi— B2 LB _ g (4-133)

An advantage of the Hamiltonian formulation can be illustrated by this
example. Here 8 is an ignorable coordinate and one can immediately consider
the conjugate momentum p, as a constant £ in writing the Hamiltonian.
Thus we have

H=p . B um (4-134)

which is a function of r and p, only, implying that only a single degree of
freedom remains. By contrast, the Lagrangian approach to the same problem
dces not result in a reduction of the number of degrees of freedom because
6 is not eliminated as a variable in L.

If, on the other hand, we make the substitution § = f/mr? in the Lagran-
gian function in an attempt to eliminate @, incorrect equations of motion
result. This can be seen by comparing the resulting incorrect Lagrangian
with the correct function which is obtained by the standard Routhian method.
(See Sec. 2-3).
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Example 4-6. Another possible application of Hamilton’s equations is
in the description of a system having a velocity-dependent potential U(q, ¢, t).
For example, let us find the equations of motion for a charged particle in an
electromagnetic field.

We recall from Eq. (3-186) that the Lagrangian function is

L=T7T—U-=4{mv* — e(¢p — v-A) 4-135)
and therefore the momentum is
p=mv+ eA (4-136)

where e is the charge on the particle, v is its velocity, @ is the scalar potential,
and A is the vector potential.
The Hamiltonian H is given in this case by

H=pv—~L=73mv*+ ed (4-137)

which we note is equal to the total energy. Expressing H as a function of
the ¢’s and p’s, we have

1
H= y-(p—eA) +ef (4-138)

where ¢ and A are functions of position and time. In terms of Cartesian coor-
dinates, we find from the first of Hamilton’s equations that

JdH
BE _(px - eAx)
_0H _ 1 . 212
= '07; = H(py CA,V) (4 1"9)
, dH 1 _
Z = a;; = -,;(p, EAI)
or
v— %(p — ¢A) (4-140)
Similarly, the second canonical equation yields
. 04, 04,
sz ¢+__!_(px_eAx)aA—x+(py_‘eAy)T "*— (p‘_eAZ)—a—
ﬂy=—e%‘@+—e— Ps —eA) =+ (p, — eA) >+ (p — eA)a |
Y _
. do A, 6 A,
p.= _ea'z— + - - eAx)‘a_f T (py ('A,) + (pz e 4’) d |
(4-141)

which, with the aid of Eq. (4-140), can be written in the compact form
p=—eVe + eV(v-A) (4-142)
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In summary, Eqs. (4-139) and (4-141) are the scalar equations of moticn
of a charged particle in an electromagnetic field, and Eqs. (4-140) and (4-142)
are the corresponding vector equations.

The Legendre Transformation. Another method of obtaining Hamilton’s
equations from Lagrange’s equations is by means of a Legendre transforma-
rion. Let us consider this transformation, first in general terms, and then as
it applies to the equations of motion.

Suppose a function F(u,, ..., u,, W, ..., W,, t)is associated with a given
system. Let us call the u’s active variables, while the w’s and ¢ are passive
variables. We wish to describe the system in terms of a new set of active vari-
ables defined by

17,:(% (=12...,n (4-143)
Let us assume that the n X n Hessian determinant for the transformation is
nonzero, that is,
d*F dv,
This ensures that the n equations having the form of Egq. (4-143) can be
solved for the u’s as functions of the v’s.

Now let us define a new function G(v,, . .., v, W, ..., W, t)according
to the equation

#0 (4-144)

6= uv, —F (4-145)
i=1

It is important to note that the u’s are expressed in terms of the v’s, w’s, and
¢t whenever they appear in Eq. (4-145).

Consider a variation G associated with arbitrary variations of the active
variables. We see that

_ G & . _OF
66 = 3 G =3 (u, 6o, + 0w, = & 5u,>

or

- 9G 5, — 30 [:u, v, + ( - %E) Su| (4-146)

=1 dvy, Iy

Since the du’s and Jv’s are assumed to be arbitrary, the corresponding coeffi-

cients must be equal on each side of the equation. Hence the coefficient of

du, is zero, in agreement with Eq.(4-143). Furthermore, comparing the
coeflicients of dv,, we obtain

J9G

u, = . (4-147)

Note that Eqs. (4-143) and (4-147) are similar in form and, in fact, are

duals in the sense that interchanging the u, and v,, and also F and G, results
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in transforming each equation into the other. Therefore, if we perform two
Legendre transformations in sequernce, using the «’s and »’s as active vari-
ables, the result is a return to the original function of the original set of vari-
ables.

Now let us consider a holonomic system which is described by the standard
form of Lagrange’s equation which we can write as

. JL .
;== = — i=12,...,n) 4-148)
b= (
where
9L
Di 93,
We wish to use a Legendre transformation to replace the g's by p’s as active
variables. Here we let the ¢'s correspond to the «’s, the ¢’s correspond to
w’s, and the Lagrangian L(q, q.?) corresponds to F(u, w, ). Furthermore
the Hessian determinant is nonzero, that is,
oL
(?q'l dqj
since the inertia matrix is positive definite. Corresponding to the new func-
tion G(v, w, t) we define the Hamiltonian function

(4-149)

= |my,| %0 (4-150)

H(p,g,0) = 2 p4i— L (4-151)
in accordance with Eq. (4-145). Then, corresponding to Eq. (4-147), we obtain
. OJH
;= = 4-152
%= G, ( )

If we vary the ¢’s (the passive variables) in Eq. (4-151) and equate corre-
sponding coefficients, we obtain

0H(q.p.t)  0dL(q,4,1) i

da, T 4 @153
in agreement with a similar comparison of Eqs. (4-91) and (4-92). Note that
the partial derivatives imply that different quantities are held constant on
the two sides of the equation. This result also confirms that if a certain coor-
dinate is missing from L, it is also missing from H; that is, the coordinate is
ignorable using either the Lagrangian or Hamiltonian approach.

Finally, we obtain from Egs. (4-148) and (4-153) that

. O0H

P= =G (4-154)
Thus the use of the Legendre transformation and Lagrange’s equations yields
the canonical equations of Hamiiton, as given in Eqs. (4-152) and (4-154).
In a similar fashion, one could use the Legendre transformation to obtain

Lagrange’s equations from Hamilton’s equations.
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4-3. OTHER VARIATIONAL PRINCIPLES

Modified Hamilton’s Principle. Let us recall first that the usual form of
Hamilton’s principle, given by Eq. (4-60), applies to holonomic systems which
can be described by the standard form of Lagrange’s equations. The varied
paths are taken in an n-dimensional configuration space and are restricted
by the conditions that the d4’s conform to the instantaneous constraints,
if any, and vanish at the end-points. Furthermore, the d4’s are related to
the dg’s by the equations

54:%54,. G=1,2,...,n) (4-155)

The 84’s are not zero, in general, at the end-points.

Now let us consider a holonomic system having n independent q’s. In this
case, however, we use Eq. (4-151) to write Hamilton’s principle in the follow-
ing modified form:

5" (2 pd— H)dt =0 (4-156)

where, as usual, we regard H as a function of the ¢’s, p’s, and ¢. Next we carry
out the indicated variation and obtain

"t e dH oH _
L 2, (p.- 84, +4,0p. — 5, da— 5 Sp)dt=0 (4157

1=

Note that the time is held constant during each variaticon, that is, 6t = 0.
If we integrate the term p; 8¢, dt by parts, using Eq. (4-155) and the end con-
ditions on dg,, we find that

Jf" pigidt = — | p,ogdt (4-158)

vip

Hence, from Egs. (4-157) and (4-158), we obtain

&l

At this point, let us remember that Hamiiton’s principle assumes varied
paths in g-space. Therefore the §¢’s or dp’s are directly related to the éq¢’s
by Eq. (4-155) and p, = dL/dq, (or its inverse, ¢, = d H/dp,). This apparently
implies that the dp’s and d¢q’s cannot be chosen independently in Eq. (4-159).
We note, however, that the coefficient of dp, is identically zero because of
the canonical equation for ¢, and therefore the value of the integral remains
stationary even if the dp’s are considered to be arbitrary. So now let us
broaden our horizons and consider variations of the path in a phase space
of 2n dimensions, namely, the n ¢’s and » p’s. The modified Hamilton’s princi-
ple states that the actual path is such that the integral of Eq. (4-156) is

(q, - g;-f) op, - (p‘ + %{) 5q,-] di =0 (4-159)
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stationary for arbitrary variations of the path in phase space, with the restric-
tion that the dg’s vanish at the fixed times 7, and ¢,. The dp’s need not be
zero at these end-points.

Because of the independence of the dg’s in Eq. (4-159), it follows that
the individual coefficients must be zero. Hence we obtain the »# canonical
equations p, = — dH/dq, as a consequence. Alternatively, if at the start we
assume the validity of the modified form of Hamilton’s principle, then Eq.
(4-159) leads to the 2» canonical equations since both the d¢’s and dp’s are
arbitrary.

Principie of Least Action. The development of Hamilton’s principle
proceeds on the assumption that the variations dq, of the generalized coor-
dinates are contemporaneous; that is, a point {(q + dq, z) on the varied path
corresponds to a point (g, z) on the actual path. Hence the variations are
assumed to occur without the passage of time, as in a virtual displacement.

It is interesting, however, to consider a more general type of variation in
which the point (q + dq, t 4~ ér) corresponds to (q, ?), as shown in Fig. 4-6.

43 (q +8qQ) (dr+dbry 1+ 81 +dr+dbt
r+ 8t \ \ /
T Varied

5q 5q + dbq path

ot
Gt Actual

t+dt path
q q+dq
(9]

Q)

4
Fig. 4-6. A general variation in configuration space.

Here the varied point occurs, in general, at a different iime than the corre-
sponding point on the actual path, Note that we use the symbol d to indicate
the differential changes in various quantities along an individual path;
whereas the symbol § refers to variations which occur in going from a point
on the actual path to a corresponding point on a varied path.

If we consider the small quadrilateral in Fig. 4-6, we see that

qdr -+ 8q + doq = 6q + (§ + 6q)(dt + dbr)
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or, in terms of components,

s d . d
0g;, = & oq; — 4, i ot (4-160)

where we neglect &q (d/dr) d1. Comparing this result with Eq. (4-155), we see
that the sequence of operations involving variation and differentiation with
respect to time can no longer be interchanged.

Now let us define an integral 7/ as before, namely,

1= j L(g, ¢, 1) dt (4-161)

We can apply a general noncontemporaneous variation to this integral and
obtain results which reduce to Hamilton’s principle or to the principle of
least action as particular cases. We obtain, using a procedure analogous to
that of Eq. (4-160),

(51=f (6L+L 5:) (4-162)

where we note that the interval ¢, to ¢, applies to the actual path and hence

is fixed. The varied path, however, can have slightly different starting and

stopping times because d¢ is not necessarily zero, even at the end points.

Thus we regard the time ¢ of the actual path as the variable of integration.
If we expand L and use Eq. (4-160), we obtain

, ILg, OLd g _OL.d Cd
of = J: (dq, 9g, + 0g, dr dq. ~ g, 6’) ar 2oL dt 6’, dt

(4-163)
Then, noting that

d (& 0L & d oL * AL d )
7 (g]l 3564‘) =X - \‘—.) 8g, + Y 5= o 3q, (4-164)

=1 q, i=1 0q1 ot
we obtain
d L " s aL N od o
J:;E(d— (.=10—q,’ Ij‘hc‘t’dt

[ [di (—> aq,_\é dt (4-165)

0

This is the general result which we shall now apply to particular systems.
Let us limit the discussion to holonomic systems in order that the d¢’s corre-
sponding to any virtual displacement will also represent a geometrically
possible varied path.

Suppose we consider how Eq. (4-165) reduces to Hamilton’s principle.
First, we assume that the variations are contemporaneous, that is, 6t is iden-
tically zero. This causes the second integral to vanish. Furthermore, let us
assume that all the applied forces are derivable from a potential function
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V(q, t), and the d¢q’s form a virtual displacement consistent with the instan-
taneous constraints. Then

S a,6q,=0 (=12...,m (4-166)
i=1

and, in accordance with d’Alembert’s principle as given in Eq. (2-22), we
see that the third integral vanishes. Finally, let us assume fixed end-points in
configuration space. Then Eq. (4-165) reduces to

51 = [Z 5:;,1[' —0 (4-167)

since the 8q’s are zero at t, and t,. Hence we obtain Hamilton’s principle,
or 8 = 0. Note once again that we do not require the system to be con-
servative.

Now let us derive the principle of least action with the aid of Eq. (4-165).
We consider a conservative holonomic system in this case and assume that
the d¢’s are consistent with the constraints. If all the applied forces can be
obtained from a potential function F(g) we find, as before, that the third
integral vanishes. Furthermore, let us assume that all the varied paths have
fixed end-points in g-space, with the result that the first integral vanishes in
accordance with the last equality of Eq. (4-167).

The varied paths allowed by the principle of least action are restricted
to those having an energy integral

3 %q, —L=h (4-168)

where £ is a constant for any varied path and is, in fact, equal to the total
energy for the case of a natural system. In general, the time required to
traverse a varied path is not the same as for the actual path since the ¢'s
are determined by energy considerations; hence we assume a noncontem-
poraneous variation in which &7 %= 0. Noting that dL/dt = 0 for a conserva-
tive system, we see that

oI = — 'h % (31) di = — h(St, — 6t,) (4-169)
Let us define the action ;s the intcgral
A= f 39 S = f'_ilp,,q,. dt (@-170)
Then, for the assumed path variations, we obtain
d4 =26 J (L + h)dt = 81 + 8h(t, — to) + h(dt, — ;) (4-171)

Combining Eqs. (4-169) and (4-171), we have
0A = Oh(t, — t,) (4-172)
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Finally, let us restrict the varied paths to those for which 4 has the same
value as the actual path. Then 64 = 0 and it follows that

S4=26 j [):; pdidt =0 (4-173)

This is the principle of least action: the actual path of a conservative holonomic
system is such that the action is stationary with respect to varied paths having
the same energy integral h and the same end-points in g-space.

In order to better understand the meaning of the action integral, notice
that

¥ pd =2T: + T, @174)

For a natural system, we see that T, = 0 and the principle of least action
becomes

5J'"2Tdt =0 (4-175)

In this case, the varied paths have the same total energy 7 -+ V = h. If we
make the additional assumption that the kinetic energy is constant, then
the actual path is that path which requires the least time.

Another form of the least action principle is that of Jacobi. Suppose we
consider a natural system and write Eq. (4-175) in the form

P f 2/TE=V)dt =0 (4-176)
Now define a differential ds in accordance with the equation
ds* = ‘; J; m, G4, dt* = I; ;; my, dq, dg, “4-177)
We see that
ds = /2T dt (4-178)

and therefore we obtain
54 = aj SIR = Vyds — 0 (4-179)

which is Jacobi’s form of the principle of least action.

If we consider ds as an element of arc length, we note that the varied
paths are not, in general, of the same total length, even though the end-points
are fixed in g-space. Therefore, in order to obtain fixed limits on the integral,
let us express ds in terms of another parameter such as one of the ¢’s. Since
V and the m,,’s are functions of the ¢’s only, we obtain an ordinary problem
in the calculus of variations for which the Euler-Lagrange equations apply.
The solution of these equations yields the path of the system in configuration
space without expressing its motion as a function of time.

The result of Eq. (4-179) is similar to Fermat’s principle of optics which
states that the optical path between two given points is such that the time
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required for light to travel between these points is minimized, assuming that
the speed of light is inversely proportional to the refractive index u. Thus,
noting that the time dt required for the light to travel a distance ds is given
by dt = p ds, we see that ./2(h — V) corresponds to x4, and the action A
corresponds to the toial time required for the light to follow a given path.

Example 4-7. Let us use the Jacobi form of the principle of least action
to obtain the orbit for the Kepler problem discussed in Example 4-5.
First we note that this is a natural system having a constant total energy

% m(7 + r2fr) — /‘_r_"' =h (4-180)

Applying the Jacobi form of the principle of least action, we obtain

5],/2(h+@)ds=o (4-181)

where, in accordance with Eq. (4-177),
ds? = m(dr? + r? d6?) (4-182)

Now let us choose 6 as the independent variable and use the notation r' =
dr/dG. Then Eq. (4-131) becomes

0 ﬂm
2 2 —_ .
5L ¢2m(h+ )+ %) df = 0 (4-183)
where the end-points in r and 8 are fixed. This is of the form
5 " ) d =0 @-184)
8o
where
" "o ﬂm 2 ’2 -
}(r,r)—N/Zm(h-i-———r >(r + 73y (4-185)

The integral in Eq. (4-183) is therefore of the standard form of Eq. (4-19);
hence the Euler-Lagrange equation applies, namely,
d (9f\ _of _ )
@(W)'W“O (4-186)
Rather than write this differential equation in detail, let us look immediately
for a first integral of the motion. We note that fis not an explicit function of
the independent variable 8. Therefore, corresponding to the energy integral
of Eq. (2-147), we obtain

of + . R
ar’ f=C (4-187)
From Eq. (4-185) we see that

a _  [2mh = pmir) . (4-188)
o =N Eer
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which leads to
2m(h+pm]r) , _
— N, — r*=C (4-189)
Using the substitution 7 = '@, one can show that this constant of the motion
is equal to the negative of the angular momentum, that is,

—mrif = C (4-190)

In order to obtain the equation of the orbit, we first rearrange Eq. (4-189)
in the form

(%)z = 2—'C"—zrf (hr2 + umr — %) (4-191)

Now choose the reference direction for measuring @ at the position of mini-
mum r; that is, let r = ry = ry, when 8 = @, = 0. Then from Eq. (4-191)
we obtain

C ’ dr
0= 2m J:.; ra/hrt + umr — C*2m (4-192)
This integral can be evaluated to yield
T umr — C*m \_=m )
6 = sin (M/#zmz —5ie) — 3 (4-193)
In obtaining the value n/2 at the lower limit r,, we note that
h =L mrgl — 4™ (4-194)

2 ro
and use the value of C from Eq. (4-190) to show that the argument of the
inverse sine is equal to one.
Next we solve for r as a function of § and obtain
o C*lum?

T 14+ /T + 2hC?*[u*m3 cos 8
This is the equation of a conic section and represents an orbit having a total
energy A, an angular momentum —C, and an eccentricity

e = /1+ 2hC*u*m? (4-196)

(4-195)

4-4. PHASE SPACE

Trajectories. In the previous discussion of the Lagrangian approach to
dynamics we saw that a holonomic system can be described by n second-order
ordinary differential equations, where » is the number of degrees of freedom.
For specified ¢’s and §’s at some initial time ¢,, the solution of the differential
equations consists of n functions ¢,(¢). It is convenient to think of this solution
as a path or trajectory traced by a moving point in an n-dimensional con-
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figuration space. We observe that a general point in the configuration space
of a given mechanical system has many possible trajectories passing through
it because the direction of the velocity ¢ is arbitrary at each point.

The canonical Hamiltonian formulation of the equations of motion, on
the other hand, consists of a set of 2n first-order equations giving the §’s and
p’s as functions of the ¢’s, p’s, and t. Even though each coordinate g, is actually
paired with the corresponding momentum p,, it turns out that, because of
the symmetry of the equations, the ¢’s and p’s are often considered as the
components of a single vector x. Thus the equations of motion for a standard
holonomic system can be expressed in the form given previously in Eq. (4-96),
namely,

x = X(x, t) 4-197)

where X is a 2n-dimensional vector consisting of the n ¢’s and n p’s. We might,
for example, consider that the ¢’s are represented by x;, x,, ..., x, and the
P’S BY Xp415 Xns2s « - - » X2, This 2n-dimensional x-space is known as phase
space.

A point in phase space specifies not only the configuration of the system,
but also its state of motion as represented by the p’s. If the ng’s and np’s
are known at some time 7,, these 2n parameters constitute the required 2n
initial conditions for determining the further motion of the system, and there-
fore the trajectory in phase space.

Phase space is particularly convenient in representing the possible motions
of a conservative system. In this case the Hamiltonian is not an explicit func-
tion of time and the equations of motion have the form

% = X(x) (4-198)

A holonomic systemr described by equations of this form is called autonomous
in contrast with the nonautonomous system of Eq. (4-197).

It can be seen from Eq. (4-198) that the direction of the tangent to a phase
space trajectory corresponding to a conservative system is a function of the
position x only. Hence there is only one trajectory through each point, and
every trajectory is fixed. Furthermore, the whole of phase space with 1ts
trajectories represents the totality of all possible motions of the given system.
Now let us recall that the Hamiltonian function of a conservative system is
constant, that is,

H(p,q) = 3;pdi— L=h (4199)

where the constant 4 is usually evaluated from the initial conditions. This
equation represents a surface in phase space and, of course, the correspond-
ing trajectory must lie entirely on this surface. Other trajectories on the same
surface are those with the same Jacobi integral and, frequently, the same
total energy.

A point in phase space at which all the ¢'s and p’s are zero is known as
an equilibrium point or singular point. Since % remains zero at this point, the
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corresponding trajectory consists of the singular point only. Furthermore, if
we make the usual assumption that the Hamiltonian function has at least
two continuous partial derivatives in the ¢’s and p’s, it can be shown that
there are no other trajectories which include the given singular point. This
follows from the fact that, on the basis of Hamilton’s equations, the magni-
tude of {| X || must be of order € or smaller in the infinitesimal region of radius
€ = ||x — X, || near a singular point at x,. As a consequence, an infinite time
is required for an autonomous system to attain a condition of equilibrium
from a nonequilibrium state, or vice versa. In other words, a trajectory start-
ing at a singular point will never leave it in finite time; nor can a trajectory
starting at an ordinary point arrive at a singular point in a finite time.
An alternate form for Eq. (4-197) or (4-198) is

dx, _dxy _  _dxy _ 4 (4-200)

For autonomous systems the X’s are not explicit functions of time. Hence the
trajectories in phase space can be obtained by omitting the last equality in
Eq. (4-200). This will give their form in phase space without considering the
time dependence. Under these conditions an ordinary point in phase space
will have only one trajectory passing through it, but more than one trajectory
may apparently pass through a singular point in some cases. As we have
seen, however, a trajectory can approach arbitrarily close to a singular point
only as ¢ approaches infinity. Hence, with the given smoothness assumptions
on the X’s, we know that the trajectory cannot actually pass through, or
even reach, a singular point in a finite time, although more than one trajectory
may approach the given singular point.

Now let us consider a nonconservative holonomic system which is repre-
sented by Eq. (4-197). It is possible for the phase space trajectories of this
nonautonomous system to intersect because the direction of x at a given
point x will, in general, change with time. If we consider, however, the trajec-
tories in a (2n + 1)-dimensional space consisting of the ¢’s, p’s, and ¢, then
the trajectories do not intersect. Once again they can be obtained from Eq.
(4-200) for any set of initial conditions.

Extended Phase Space. Another approach, which applies particularly
to nonconservative systems, is to consider the time ¢ as an additional depen-
dent variable; that is, let

Grer = 1 (4-201)
Now choose a parameter 7 as the new independent variable. The solution of
the corresponding differential equations for this system yields trajectories in
a (q, p)-space of (2n + 2) dimensions, consisting of the (n <+ 1) ¢’s and the
corresponding (n 4 1) p’s. Lanczost calls this the extended phase space.

tC. Lanczos, The Variational Principles of Mechanics, (Toronto: University of Toronto
Press, 1949), pp. 185-92.
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An advantage of adding another degree of freedom to the analysis is
that the system now resembles a conservative system because its Hamiltonian
is not an explicit function of 7. Consequently, the trajectories are fixed in
extended phase space and do not intersect.

Now let us consider the nature of the generalized momentum correspond-
ing to ¢, thatis, p,.,. In order to obtain this momentum component in extend-
ed phase space we need to obtain a new Lagrangian function L,(q,,. ..,
Gus1>9%5 - - »Gus1), Where ¢ = dg./dz. Since either the old or the new La-
grangian function cen be used to represent the given system, and since Hamil-
ton’s principle applies in either case, we can choose

Ldt=1L,drt (4-202)
Then, using Eq. (4-151) and noting that dr = t’ dt, we find that
L dr = (3,29 — H)t’dr
Wt
or
L =3 pg.— Hr (4-203)
=1

where H is the original Hamiltonian function. If we are careful to express
L, as a function of the new variables, it can be shown that

a 2 . I ]
and we obtain
Dyuy = %% = —H (4-205)

We conclude that — H, which has the units of energy, is the generalized
momentum conjugate to the time 7. For the particular case of a conservative
system, we see that ¢ is an ignorable coordinate since the Lagrangian function
does not contain t explicitly. As a consequence, it follows that p,,, (or H) is
a constant, in agreement with our earlier results on the existence of an energy
integral for conservative systems.

Liouville’s Theorem. Let us consider a holonomic system described by
n independent ¢’s. Suppose we follow a group of phase points as they describe
trajectories in a phase space of 2n dimensions. We can think of the points
within a small volume element dV = dg, . ..dq,dp, .. .dp, as constituting
the moving particles of a fluid known as the phase fluid. The phase velocity
v of a fluid particle is given in terms of its 2n components (g,, ,) which can
be expressed as a function of the ¢’s, p’s, and ¢ by the canonical equations

. dH . dH )
q = FP—,’ P = a?‘ (4-206)
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As a given volume element of the phase fluid moves, it will, in general,
change its shape, but neighboring particles will remain close to each other.
Furthermore, it can be shown that the volume of each fluid element is con-
stant during this motion. To see this, let us evaluate the divergence of the
phase velocity v in 2n-space. We obtain

I 94, ‘915:) 2207
V=35t 5 (207
which, upon substituting from Eq. (4-206), reduces to
* ( 0*H d*H
Viy =3 ( _ ) —0 4-208
=1 \dg, dp, ap,aq, ( )

A geometrical interpretation of this result is that the phase fluid is incom-
pressible. This is Liouville’s theorem.

Another statement of Liouville’s theorem can be obtained by considering
the equations

ql=qt(qlos---vqnmplo’-n;pnoyl) .
i=12,...,n 4-209
Pi=PLd10s+++Gn0sP10s+ -3 Pnost) ( ) ( )

which represent a trajectory in phase space for arbitrary initial conditions.
We can also think of these equations as a coordinate transformation in
2n-space for any given ¢. If the Jacobian of the transformation is nonzero,
the transformation is one-to-one, implying the uniqueness of the solutions.
For the case of an incompressible phase fluid, however, the Jacobian has
the value +1, that is,

0(g1s - s 9umPis.vsPn)
- d 2 dm 1 =] 4-210
0105+ sGnos Prgs+ -+ s Pno) ( )

This alternate statement of Liouville’s theorem clearly meets the limiting con-
dition that as ¢ approaches the initial time, the transformation equations
must approach the identity transformation. It also implies that the volume
of an infinitesimal element of phase space is conserved by the transformation.

The concept of considering the evolution of a dynamical system in terms
of transformations in phase space is a useful one, particularly when one
considers infinitesimal transformations for which the changes in the ¢’s and
P’s, as well as the time interval are infinitesimal. We shall discuss this approach
further in Chapter 6.
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PROBLEMS

4-1. Consider the problem of the top which is discussed in Example 3-5. Use the
Eulerian angles as generalized coordinates and obtain the Hamiltonian function.
Find Hamilton’s canonical equations for this system.

4-2. Consider the vertical motion of a particle of mass m in a uniform gravita-
tional field. Assuming a damping force of magnitude cv?, where v is the velocity
and c is a constant, obtain Hamilton’s equations of motion.

4-3. A particle of mass m can slide without friction on the inside of a small tube
bent in the form of a circle of radius r. The tube can rotate freely about a vertical axis




)
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and has a moment of inertia I about this axis. Obtain Hamilion’s equations of
motion for this system. Now assume the initial conditions 6(0) = x/2, 9(0) =0,
tf)(O) = 24/¢lr and let I = mr2. Solve for the maximum value of ¢ in the ensuing
motion.

4-4. A particle of mass m moves without friction on a horizontal plane. It is
subject to the rheonomic constraint

sint?dx —costtdy =0
where the Cartesian coordinates (x, ¥} specify its position. Obtain Hamilton’s

equations of motion. Assuming the initial conditions p,(0) = muv,, p,(0) = 0, solve
for p., p,, and the Lagrange multiplier A as functions of time.

4-5. Derive Hamilton’s canonical equations by starting with the modified Hamil-
ton’s principle and applying the Euler-Lagrange equations in a phase space of 2n
dimensions.

4-6. Consider the variational problem
8 [ I ya Y YV Y ) dx = 0

with the usual smoothness assumptions on the y,(x) and £, Show that if any y; is
missing from £, then the corresponding d; need not be zero at x, and x, in the deri-
vation of the Euler-Lagrange equations.

4-7. Evaluate the canonical integral over the interval 0 < ¢ <{ ¢, for the problem
of the free vertical motion of a particle under uniform gravity, with arbitrary initial
conditions. Show that this integral yields a larger value if a constant average velocity
is used in place of the actual velocity.

4-8. Given a holonomic sysiem with a Lagrangian furniction
L =1im(x? + 2% + x}) — mgx,
and a constraint
'il - JE;_ "“ .ifg = 0
Use an augmented Lagrangian function to obtain the differential equations of
motion. Solve for %,.

4-9, Show that Eq. (4-165) can be expressed in the Hamiltonian form

re “ haf, 0H nf.  dH
ol = dq, — (St:l— ( =) dq, dt '[ H-——)Jtit
L& Poa —Hor | IOZ "”Laq,) qdr + ( a5 ) 0
4-30. In the design of a two-stage rocket, it is desired to choose the sizes of the
two stages such that the payload is given a specified final velocity with a minimum
total weight. Mathematically, we wish to choose the mass ratios 4, and u, to mini-

mize

=B |, gl = Ba)
S B +"l-—ﬁzuz
subjact to the condition
ln ﬂl + ln ﬂz =C

'*_*
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where f1, B, and C are known constants. (1/8,) > g, = 1and (1/§,) > u, > 1.
Solve for u, and u, as functions of the given constants. Evaluate fui, for the case
B = 0.10, ﬁ; = 0.12, C = 2.5. The function frepresents the logarithm of the ratio
of the gross weight to the payload weight.
4-11. Given a standard nonholonomic system having a Lagrangian function
L =3m(E + 3 + 4102
where m and [ are constants. The constraint equation is
xcosf + ysinf =0

Assuming initial conditions x(0) = y(0) = 8(0) = 0, %(0) = 0, (0) = wv,, 9(0) =
w,, obtain the equations of motion and solve for x, y, and 8 as functions of time.
Show that Hamilton’s principle does not apply to this system by calculating the
first variation of the canonical integral and showing that it may have either sign for
an assumed varied path with

y = [ﬂ + n(r)] sin Wt
g
where 7(t) is zero at the end-points and is small elsewhere. Assume that the varia-

tions in x are consistent with the given constraint, but 8 is not varied.

4-12. Consider a standard holonomic system with » degrees of freedom. Let
ga.+1 = t and use a new independent variable T = 7(¢). Show that the canonical
integral can be written in the form

7+l ,
I= > piqidt
1o (=1
where primes indicate differentiations with respect to 7. Also let p,,;, = —H.

Next consider the variational problem with the auxiliary condition p,,, -+ H(q, p,t)
= 0. Obtain an augmented Hamiltonian function and show that it leads to the usual
canonical equations,
4-13. Does the principle of least action require the ¢’s to be independent?
Explain.
4-14. Use the Jacobi form of the principle of least action to show that the path
of a particle in a uniform gravitational field is given by
2
=xtanf — —>
Y 97 2p2cos? 6,

Assume that the particle leaves the origin with a velocity v, at an angle 8, above the
horizontal.



HAMILTON-JACOBI THEORY

This chapter and the one foliowing will be concerned primarily with various
aspects of the transformation theory of dynamics. In the spirit of Hamil-
tonian dynamics we shall, in general, consider transformations in phase
space; that is, we shall assume that the generalized momenta are included in
the transformations, not just the generalized coordinates. Furthermore, we
shall restrict ourselves to canonical transformations which preserve the Ham-
iltonian form of the equations of motion in the new variables.

In order to understand how transformation theory can be used in the
solution of dynamical problems, let us recall first that in Chap. 2 we found
that the complete solution for a holonomic system having n degrees of free-
dom is obtained by finding 2» independent functions known as integrals of
the motion. These integrals of the motion can be written in the form

g ¢0=y (i=12...,2n) (5-1)

where the y’s are constants which are normally evaluated from the initial
conditions. Another form is obtained by eliminating the 4’s in favor of the
p’s with the aid of Eq. (4-90), thereby producing integrals of the motion
which are functions of the ¢’s, p's, and .

glg,p-y=y  (=12...,2n) (5-2)

Assumning that these functions are distinct; that is, none is algebraically deriv-
able from the others, the corresponding Jacobian is nonzero.

0(g1s -5 8an) .
a(‘]l----‘Pzn) =0 -3)

Hence one can solve for the n¢’s and np’s as functions of the 2n y’s (in
effect, the initial conditions) and time.

g = qPis s Pans 1)
Pi=DPP1s e es¥zas 1)

Here we have the complete solution of Hamilton’s canonical equations,
commonly known as the solution of the Hamilton problem.

On the other hand, one might view Eq. (5-2) or (5-4) as representing a
transformation in 2n-space, namely, a transformation between a fixed point
specified by the 2x y’s and the moving point (g, p). Because we are concerned

(i=12...,n (5-4)

187
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with canonical transformations, we require that the p’s, as well as the ¢’s and
p’s, obey Hamilton’s equations. These canonical equations are particularly
simple in the case of the s, namely,

5,=0 (=12...,2n) (5-5)

since we have assumed that the p’s are constant. Here we consider that n p’s
act as coordinates and the remaining n y’s act as momenta. A Hamiltonian
function K(p, r) which yields these canonical equations is also very simple,
that is,

K(yp,)=0 (5-6)

Although we have demonstrated that the solution for the motion of a
holonomic system amounts to finding a canonical transformation in which
the new variables are, in fact, constant, the question remains concerning how
this transformation can be found. This is the fundamental problem. In this
chapter we shall approach the problem by studying the generating function
which is associated with the required canonical transformation. This generat-
ing function is the solution of a partial differential equation known as the
Hamilton-Jacobi equation. The transformation equations, and hence the solu-
tion to the problem, are obtained from the generating function by a process
of differentiations and algebraic manipulation.

5-1. HAMILTON’S PRINCIPAL FUNCTION

The Canonical Integral. Consider again the canonical integral

I=|"Ldt (-7

which is associated with Hamilton’s principle. Suppose we evaluate this inte-
gral over the actual dynamical path of a holonomic system that obeys the
standard form of Lagrange’s or Hamilton's equaticns. If 2n independent
initial conditions are specified at the time ¢,; for example, if we know the
q0’s and ¢,’s, then the further motion of the system is determined. Thus g and
p can be found at any final time r,. It turns out, however, that the trajectory
1s determined equally well by its end-points in g-space at times ¢, and ¢,.
In order to show this, let us consider the solution equations

gi = 911(qos Gos tos 1) t=12,...,n (5-8)
and solve for the initial velocity components §,,. Here we assume that the
Jacobian 8(qsq, ..., 4,1)/0(d10, - - - » 4.0) 1s onzero. In other words, we assume

that a trajectory connecting the given end-points q, and q,, and having the
given initial and final times, must have a unique initial velocity vector 4.
Hence we obtain

Gio = 1:(qo> 915 tos 11) (=12 ...,n (59
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Now consider ¢, as running time in Eq. (5-8) and evaluate the integral of
Eq. (5-7) as a function of (g,. 4o, t,, 7;). Then, substituting for the ¢,,’s from
Eq. (5-9), we obtain the canonical integral in the required form

S@or i tor 1) = | Lt (5-10)

The function S(g,,q, 2o, {,) is assumed to be twice differentiable in all its
arguments and is known as Hamilton’s principal function. It will be shown
that it is also the generating function of the desired canonical transformation.

In order to be able to associate changes in the principal function with the
motion of a dynamical system, let us consider a general noncontemporane-
ous variation of the canonical integral, where the reference trajectory is an
actual solution. Referring to the general result given in Eq. (4-165), we note
that the last integral vanishes because the standard holonomic form of La-
grange’s equation applies to the reference path. Now recail that the total
derivative of the Hamiltonian with respect to time is

i =3 (520 +500) + 5] (5-11)

which, with the aid of the canonical equations of (4-94) and Eq. (4-95),
reduces to

s _O0H _ OL _
H=5 =% (5-12)

If we substitute dL/dr = — H in the second integral of Eq. (4-165) and use
the defining equations for p, and H, we obtain

ol = f P 4 p 6q) dt — I ’—_(Hét)dt (5-13)

The principal functicn Sis the canonical mlegral I expressed as a function
of the end-points in extended configuration space, so we can identify 4.5 with
61 in Eq. (5-13) and perform the integration to obtain

88 = \2 pidq — H 5{[1 (5-14)

Now, if we write this equation in differential form, we obtain the important
resuit that

ds = ‘;Pu dgq, — I;Pto dq, — H, dt; + H, dt, (5-15)
On the other hand, a direct differentiation of S(qq, ¢,, to, #,) yields
as=3 95 4o+ Z S dgw+ 9 ar, + 9 4, (5-16)
=1 q (9 Gio d 01‘

Since we assume that the (2n + 2) arguments of the principal function can
be varied independently, the corresponding coefficients in Egs. (5-15) and
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(5-16) must be equal. Hence we obtain

95 S .

= =, 0= — — i=1,2...,n 5-17
P an Pio 3.0 ( ) ( )

and
__ds _3s _
H, = i H, = ar, (5-18)
Let us consider the second equation of (5-17) which gives p,, as a function
of (qi0, 9115 Lo, t1)- Assuming that the following determinant is nonzero, that

is,
9%S

09,0 041

’;& 0 (5-19)

we can solve for each q,, as a function of the initial conditions and time.
Thus we have

qi = (lf1((101 Pas Loy tl) ([ = 13 2’ R n) (5'20)

which is the selution of the Lagrange problem and gives the motion in con-
figuration space as a function of time.
If we substitute this result into the first equation of (5-17) we obtzin

Pir = Pi(Gos Pos tos 1) i=142,...,n (5-21)

which, with Eq. (5-20), completes the solution of the Hamilton problem,
giving the motion in phase space as a function of time.

Hence we see tha:, once the principal function is known, the complete
solution for the motion of the system can be obtained by a process of dif-
ferentiations and algsbraic manipulation. What is needed, however, is a
means of finding the principal function without first knowing the solution.
This will be provided by the Hamilton-Jacobi equation.

Pfaffian Differential Forms. In the study of dynamics and, in particular,
in the theory of canonical transformations, differential forms play an im-
portant part. Of special interest are the Pfaffian differential forms.
In general, a Pfaffian form Q in the m variables x,, x,,..., x,, can be
written as
Q=X (x)dx, + -+ + X,(x)dx,, (5-22)

Here we notice the sirnilarity to a virtual work expression in which the forces
{X’s) are functions of position. This Pfaflian form also leads naturally to a
line integral over a path in x-space.
Now let us define
JdXx, dX,
;= 5 — - 5-23
t] a—x—] de ( )
If the Pfaffian form is an exact differential, then all the ¢’s are zero. In the
usual case, however, the differential form is not exact.
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Let us consider the important differential form of Eq. (5-15). Here we see
that the right-hand side consists of the difference of two Pfaffian expressions,
each having the form

;lp, dq, — H dt
where the (2n -+ 1) variables are the p's, ¢'s, and ¢. Hence m = 2n 4+ 1 and
each Pfaffian expression can be written more explicitly as
pidqy + -+ + p,dg, + 0-dp, + -+ + 0-dp, — H(g, p, 1) dt

Another aspect of a Pfaffian differential form is that, if m is odd, there
is an associated system of m differential equations known as the first Pfaff"s
system. These equations are of the form

Yo da=0 (j=12...,m) (5-24)
iT1

and are obtained by setting equal to zero the coefficients of the dx’s in the
bilinear covariant expression for the given Pfaffian form (see Sec. 6-3). Apply-
ing Eq. (5-24) to the differential form, we obtain

dg. — éijd, ~0

(5-25)
and
JH aH .
};} ( 7,90+ 5 dp,) =0 (5-26)
Eq. (5-25) can be written as the familiar
g = dH
= b,
i=1,2..., 5-27
e G n) (5-27)
by dq,

which we recognize as Hamilton’s canonical equations. If we take the total
time derivative of H(q, p, t), we observe that Eq. (5-26) reduces to

v OH

H= N (5-28)
It can be seen by referring to Eqgs. (5-11) and (5-12) that Eq. (5-28) is not an

independent result since it can be derived from Eq. (5-27
Summarizing, then, we find that dS is equal to the difference between two
Pfaffian differential forms, one involving the initial values and the other the
final values of the p’s, ¢’s, and r. Each Pfaffian form, in turn, is associated
with a set of canonical equations in the given variables. Hence the principal
function S appears to be a connecting link between two sets of canonical
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variables. It is, in fact. the generating function for the canonical transforma-
tion between these variables.

Now let us generalize the differential form of Eq. (5-15) by using the 2n
parameters y,, ..., ¥,, to specify the initial conditions in place of the g,’s and
Po’s. In other words, we assume a transformation

= 3 ety 2;,)
90 9:10(¥1 Y G=12...,n (5-29)
DPio — PiokPi> - - -5 P2n)

where the Jacobian of the transformation is nonzero, that is,

G100 -3 Pa) 4 5-30
0(}’11 ooy YZn) ( )

Then, by direct substitution from Eq. (5-29), we obtain

n 2n
[leio dq, = /‘};1 rj(}’) dy, (5-31)
where
T = 3 %@’ (5-32)
=1 4]

Now, it can be seen from Pfafi’s theoremt that the 27 y’s can always be
replaced by n a’s and # fi’s, where the functions

0 = P vs Van) Y m

G=1,2,....n (5-33)
B:=Byis . s 720
are chosen so that

3. Bide, = 3T, dy, (5-34)

Then, in the same manner as for Eq. (5-32), we obtain

% o 00
Y= ¥ i -3

rm '_,...]B: ay; (5-35)

It can be shown that the a’s and f’s are not unique.
A comparison ot Egs. (5-31) and (5-34) yields

{; Pio dGie = ‘; B dx, (5-36)
where the a’s and #’s are another representation of the initial conditicens.
Eq. (5-36) implies that (g,, p,) and (e, f) are connected by a homogeneous
canonical transformation at the given initial time t,. This type of transforma-
tion will be discussed further in the next chapter.

tA. R. Forsyth, Theor.» of Differential Equations, Part 1 (New York: Dover Publica-
tions, Inc., 1959), pp. 112--14.
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5-2. THE HAMILTON-JACOBI EQUATION

Let us consider once again the differential form
L] "
ds = 1;1 P dqy — ‘;Pm dq,, — H,dt, + H, dt, (5-37)

which is associated with a canonical transformation relating the initial and
final points of a path in phase space. Now suppose that the initial conditions
are specified by n #’s and n s, where

& = 0105+ > nos P10s -« + 5 Pr0)

Bi=B{q10r -+ 90 Pios - -+ Pua)
with the further stipulation that Eq. (5-36) applies. Note that the functions
in Eq. (5-38) are not arbitrary, but represent a homogeneous canonical

transformation.
From Egs. (5-36) and (5-37) we obtain

G=1,2...,n (5-38)

ds = ;Pn dq, — ‘;ﬁtd“l"‘Hl dt, + H,dt, (5-39)

where we now consider S to be a function of (g,q, ¢, ¢;, £,). Hence we can
write

08 A AY as )
dS—-;mdq,, fhzlaada,-rTldt, +3}_‘,d’° (5-40)
Now let us assume that the determinant
as
—a— |70 5-41
dg,, 0, ( )

Then it is possible to solve for the «’s in terms of d5/dg,,, (i = 1,2,...,n),
which, in accordance with Eq. (5-43), will be identified with the p,’s. Thus
the determinant in Eq. (5-41) is actually the Jacobian d(piy,...,Pn)/
(&, ...,a,) where the p,’s are considered to be functions of (g,, a, ¢y, ;).
This implies that there are no identical relations of the form ¢(q,, a, ¢, 1,) = 0,
that is, no relations exist which involve the g,’s and «’s, but not the p,’s.
Hence the ¢,’s and o's are independently variable, and therefore we can
equate the corresponding coefficients in Eqs. (5-39) and (5-40) to obtain

as L. ]
5-B a=12.m (5-42)
Pn =(—$q% (l= 1, 2,...,71) (5-43)

t atl’ ato ( )

Eq. (5-39) can be simplified by arbitrarily setting the initial time ¢, equal to
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5-2. THE HAMILTON-JACOBI EQUATION

Let us consider once again the differential form
dS=‘=Z‘Pu dq,, '—I_ZIP:O dqw — H,dt, + H, dt, (5-37)

which is associated with a canonical transformation relating the initial and
final points of a path in phase space. Now suppose that the initial conditions
are specified by n a’s and n §’s, where

0 = 0(Gio0---5Gnp» P10s - - - s Pro)

ﬁl = /3.(‘110, vy Gnos P1os v o s vpno)

with the further stipulation that Eq. (5-36) applies. Note that the functions
in Eq. (5-38) are not arbitrary, but represent a homogeneous canonical
transformation.

From Egs. (5-36) and (5-37) we obtain

dS:lean dqn —Eﬂldal_Hl dt, + H,dt, (5-39)

where we now consider S to be a function of (g, 0, ¢;, £,). Hence we can
write

G=12...,n) (5-38)

_ & as * dS as as 3
dS_l;Edqu+‘§azrda‘+a:dt,+mdto (5-40)
Now let us assume that the determinant
s
— |30 5-41
dq,, da, ( )

Then it is possible to solve for the &’s in terms of dS5/dg,,, i =1,2,...,n),
which, in accordance with Eq. (5-43), will be identified with the p,’s. Thus
the determinant in Eq. (5-41) is actually the Jacobian d(piy,...,Pm)/
ey, ..., a,) where the p,’s are considered to be functions of (g,, &, #,, Z,).
This implies that there are no identical relations of the form ¢(q,, «, ¢y, #,) = 0,
that is, no relations exist which involve the g,’s and o’s, but not the p,’s.
Hence the ¢,’s and a’s are independently variable, and therefore we can
equate the corresponding coefficients in Eqs. (5-39) and (5-40) to obtain

A . .
‘”"Eﬁ G=1,2,...,n) (5-42)
P = gqi (=1,2...,n) (5-43)
As before, we have
_ _ 0§ _4as .
H=-3% m-3 (5-44)

Eq. (5-39) can be simplified by arbitrarily setting the initial time ¢, equal to
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zero with the result that dr, = 0. We measure the time ¢ from this instant
and drop the 1 subscrip s for convenience. Then we obtain

as = i;l pidq, — I=El Bida, — Hdt (5-45)

Another more general approach is to consider corresponding trajectories
in the (a, #) and (g, p) phase spaces as functions of a common time 7. These
variables are related by a canonical transformation which can be specified by
equating the total differential dS to the difference of two Pfaffian forms,
namely,

‘;p, dg,— Har
and

E }9‘ dd, - Kd’

=1

where K(a, f, t) is the Hamiltonian function which results from considering
the a’s and f’s as variables. Hence we obtain

as = ipt dq, — f} Bidoa, — Hdt + Kdt (5-46)
i=1 =1

Even though we consider the a’s and f’s as variables in the Hamiltonian
formulation, we still would like to have them turn out to be the required 2n
constants of the motion. In other words, we desire that the entire trajectory
in the (&, §) phase space consist of a single fixed point. One way to ensure
this result is to let K be identically zero. Then, in accordance with the canoni-
cal equations, we find that each &, and f, is zero, and we obtain constant
values for the a’s and f#’s. So now let us set X equal to zero and we obtain
once again the differential form of Eq. (5-45).

From Eq. (5-45) we see that the principal function is of the form S(q, a, ?).
Hence its total differential can be written as

_&0S % dS a9S
dS—;a—adq,+§laThda,+Wdt (5-47)
Once again we assume a nonzero determinant, that is,
d:s
— 5-48
dq, da, #0 (5-48)

and, equating coeflicients in Eqgs. (5-45) and (5-47), we obtain the following
important results:

—p =3 a=12...n (5-49)
p,zg—j-‘ G=1,2,...,n) (5-50)
ds

5="H (5-31)



SEC. 5-2 THE HAMILTON-JACOBI EQUATION 195

Eq. (5-49) can be solved for the ¢'s as functions of (a, 8, 1), and this
provides the solution of the Lagrange problem. We know that this is possible
because Eq. (5-48) is essentially a statement that the Jacobian d(f,, ..., 8,)/
d(q,, . ..,q,) is nonzero. Then, substituting these solutions for the ¢’s into
Eq. (5-50), we obtain expressions for the p’s as functions of (a, f, #), thereby
completing the solution of the Hamilton problem.

The Hamiltonian H is usually considered to be a function of (g, p,?).
If we substitute for the p’s from Eq. (5-50), however, we can write Eq. (5-51)
in the form

98 H(a g—g, ) =0 (5-52)
This first-order partial differential equation is known as the Hamilton-Jacobi
equation. 1t has a single dependent variable S and (#» + 1) independent vari-
ables (q, t). Therefore, a complete solution of this equation contains (n + 1)
arbitrary constants. These constants are such that S and its first partial de-
rivatives with respect to the ¢’s may have arbitrary initial values, the initial
value of d5/d¢ then being determined by Eq. (5-52).

We note, however, that S itself does not appear explicitly in Eq. (5-52),
but only its partial derivatives. Hence one of the a’s, say «,,,, is purely addi-
tive and may be disregarded since it disappears upon differentiation. The
remaining nonadditive constants are evaluated by substituting the initial
conditions (g,, po) into Eq. (5-50) and solving for &, «,, . . . , &,. This solution
is possible if the Jacobian d(p,, . .., p,)/d(ay,. .., a,) isnonzero, and this was
assumed previously in Eq. (5-48).

In summary, then, a complete solution of the Hamilton-Jacobi equation
yields the principal function S(g, «, £) which provides the path of the system
in phase space merely by differentiations and algebraic manipulation. This
solution of the Hamilton problem is obtained by using Egs. (5-49) and (5-50)
and is equivalent to the complete integration of the canonical equations.

Jacobi’s Theorem. In considering the solutions of the Hamilton-Jacobi
partial differential equation, we have assumed that the principal function §
can be expressed in terms of n ¢,’s or n a’s, where we see from Eq. (5-38)
that the a’s may be any of a wide variety of functions of the g,’s and p,’s.
The question arises whether a certain solution for S is required to obtain the
complete integration of the canonical equations, or if any complete solution
of the Hamilton-Jacobi equation will do.

The answer to this question is in the affirmative and is given by the Jacobi
theorem:

If S(q, a, t) is any complete solution of the Hamilton-Jacobi equation

as as \ _
%+ H(a o r) =0 (5-53)
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and if the equations

as .
—-p, =2 =1,2,..., 5-54
I] da:, (i n) ( )
I,‘zg—j‘ (l= 1,2,...,1'1) (5'55)

where the B’s are arbitrary constants, are used to solve for qfa, f,t) and
pla, B,1); then these expressions provide the general solution of the canonical
equations associated with the Hamiltonian H(q, p, t).

The proof of this theorem involves first a partial differentiation of the
Hamilton-Jacobi equation with respect to «,, yielding

025 s 2 0[’[(9!71_0 _
da, 0t ' /= dp, da, (5-36)
where p, is considered as a function of (g, , £), as in Eq. (5-55).

Now let us take the total time derivative of Eq. (5-54) for the case where
we are following an actual solution path in phase space. We note that d.5/da,
is a function of (g, a, t), and the a’s and j#’s are constants. Hence we obtain

a:s RER S =S . n -

900, A ag,dn =0 (-57)
The order of the partial differentiations is immaterial because of the assurned
smoothness of S. So, using Eqgs. (5-55), (5-56), and (5-57), we find that

(.  OH\ 9%S . .
Oy 0 =1L2..., -
o (q, ap,> g =0 =1 ) (5-58)
The coefficients d2S/dg, da, are the elements of a determinant which we
assumed to be nonzero in Eq. (5-48). Therefore we see that

. oH - :
=G (G=1,2,...,n (5-59)

which is the first of Hamilton’s equations.

Now let us start again with the Hamilton-Jacobi equation, but differen-
tiate partially with respect to g,, assuming that p, is a function of (g, @, #)
in accordance with Eq. (5-55). We have

9’s |, ¢ 9H gl’_r L9H (5-60)

OqiatTEEE q, ' dg,

Next take the total time derivative of Eq. (5-55), noting that cach «, is con-
stant along a solution path, and obtain

T O L )
P 91 aqj' = dq, 0q,q‘ 0 (5-61)

Then, adding Egs. (5-60) and (5-61), and using Eqs. (5-55) and (5-59), we
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find that

= —9H i )

)2 3a. (J=12,....nm (5-62)
which is the second canonical equation. Thus we see that any complete solu-
tion of the Hamilton-Jacobi equation leads to a solution of the Hamilton
problem. This solution has the proper number of arbitrary constants and, of
course, obeys the canonical equations.

Conservative Systems and Ignorable Coordinates. Now consider a con-
servative holonomic system whose configuration is described in terms of n
independent ¢’s. The Hamiltonian function for this system is not an explicit
function of time and, in fact, is a constant of the motion. So we can write

H(g,p)=0,=h (5-63)
where 4 is the value of the familiar Jacobi integral or energy integral which
we arbitrarily identify with a,.

A suitable form for the principal function of this system is found by using
Eqgs.(5-53) and (5-63) to obtain

‘;_f = —H=—a, (5-64)
This suggests that S can be taken as a linear function of time, that is,

S(q, &, 1) = —a,i + Wig, a) (5-65)
where we have omitted an arbitrary additive constant. The function
W(g,,...rqu %, ...,0, does not contain time explicitly and is known as
the characteristic function. Note that

a5 ow ,

= = = B 5-66
9= da (i=12...,n—1) (5-66)
a5 oW

p——t — 5-
il k. (5-67)
as _ ow ,
=5 = e -6
da, aql (l 1,2, , 1) (5-68)

From Egs. (5-64) and (5-68) we sce that the Hamilton-Jacobi equation reduces
to

oWy _ .
H(q, ’2’?) =q, (5-69)

Eq. (5-69) is the modified Hamilton-Jacobi equation. A complete solution
of this equation involves (n — 1) nonadditive &’s, (&, &5, ..., &,_;), plus the
energy constant o,. The a’s are arbitrary in the sense that their values are
determined by the arbitrary initial values of the dW/dq,, that is, the general-
ized momenta, at the given initial configuration.
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A comparison of Egs. (5-66)—(5-68) with Egs. (5-54) and (5-55) shows
that the solution of the Hamilton problem can be obtained from

. B (s
P = (=142,....,n—1) (5-70)
(= p - (5-71)
_ oW o -
pi'd—qi (t=12,...,n (5-72)

where B, is the initial time t,. Since W is not an explicit function of time,
we see that Eq. (5-70) gives the path of the system in configuration space
without reference to time. Eq. (5-71) then gives the relation of time to posi-
tion along the path.

Now suppose we consider a system having ignorable coordinates q,,
Q2> - - -5 qy. Initially we shall assume that the system is not conservative. We
know that the p’s associated with the ignorable ¢’s are constant; hence we

can take
P = 0, (i=12,...,k) (5-73)

Then we see from Eq. (5-55) that we can assume a principal function of the
form

k
Sg, a, 1) = i; %G+ S(Grrts oo Gu Ops v oo s Oy t) (5-74)

The Hamilton-Jacobi equation leads in this case to

Js’ Js’ s’ \ _
- +H(\qkﬂ,....qn,al.....ak.m... "(?—q,,") =0  (575)

/

The complete solution of this partial differential equation involves (n — k)
nonadditive constants, exclusive of the constant momenta o,,a,, ..., &,.
Once S’ is known, the solution for the motion of the system is obtained from

a8’

—m=ql+ﬁ (i=1,2,...,k) (5-76)

—ﬂ,=g§‘ (=k+1,...,n) (5-77)

D= a; (i=12,...,k) (5-78)

as’ . ‘
P =k+1,..., 5-79
P 3a (i + n) (5-79)
where we note that

ﬂl = '-‘?10 (I == 1: 2’ « ey k) (5_80)

that is, each f§ corresponding to an ignorable coordinate is just the negative
of the initial value of this coordinate.
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Finally, let us consider a system which has ignorable coordinates q,,
gz, ...,q: and is also conservative. Combining the previous results, we see that
the principal function has the form

k
S(q’ a’ t) = '; aiqi - a,,t + Wl(qlﬁ-h veey qn’ al’ LECI ] an) (5'81)

and the modified Hamilton-Jacobi equation becomes

aw’ aw’\
H( IR I T AL - 5.82
Gr+1 G & Ol 30,01 97,:) *, ( )
The complete solution for W' in this case involves the (n — k — 1) nonaddi-
tive constants o, ,, ..., &,_, plus, of course, the energy constant &, and the
constant momenta o,, &,, . . ., .
The motion of the system is given by
W' .
_ﬂlzq,pg_a (=1,2...,k (5-83)
t
_ P _ .
—,B,_(}?IT i=k+1,...,n—1) (5-84)
_aw
t— B, = o (5-85)
P =0 t=12,...,k) (5-86)
oW o :
p,sa—ql (i=k+1,...,n) (5-87)

Example 5-1. As a first illustration of the Hamilton-Jacobi method,
consider its application to a simple
mass-spring system (Fig. 5-1). This is
a natural system having kinetic and F’x
potential energies given by

k
T = kmx?, V = Lkx? (5-88) m -_H\/V\F_—E

t is th ili
The momentum is the familiar TTTT 7T T V T 77

p= gg = mx (5-89) Fig. 5-1. A mass-spring system.

and we find that the Hamiltonian function is equal to the total energy, namely,
2 1
=T+ V=~F 4 kx? .
H=T4+V 2m+2kx (5-90)

Since we are considering a conservative system, we can use directly the
modified Hamilton-Jacobi equation (5-69) which, in this case, is

LjawNe 1, . )
(FF) +wkxt = (5-91)

Zm
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where o is the energy constant. Hence we obtain

o = VI~ ) (592
or
W(x, &) <= mw j BNz s (5-93)
where N
a = 20jmw?,  w=kim (5-94)

In general, the lower limit x, of the integral is chosen to be either (1) a con-
venient absolute constant (not a function of the a’s), or (2) a simple zerc of
f(&), where o/f(&) is the integrand. This choice is made in order to simplify
differentiation under the integral sign and will, of course, be reflected in the
meaning attached to the various fs.

Let us continue, then, by applying Eq. (5-71) to the characteristic function
given in Eq. (5—93). Differentiating with respect to &, we obtain

t—f=— ) «/ad'f = %[cos" % -- cos”! —ax—:l (5-95)
which yields
x=. 2 — cos[aw(t — 1) — @] (5-96)
Y mo*
where
cosp =22 = ~/ mot (5-97)

and f = t,. If we write the total energy o in terms of the initial conditions
x(t,) = x, and x(t,) == v,, we have

1 1
@ = e} + 4k} = ﬁg’_(xo + ) (5-98)
Also
sing =— /a° — xi = -a%‘:) (5-99)

and we can write Eq. (5-96) in the form
x = x,cos O(t — t,) + % sin w(t — t,) (5-100)

which is identical with the resuit obtained by the direct solution of the ordi-
nary differential equation describing the mass-spring system. The ampli-
tude of the oscillation in x is

o= «/x° % (5-101)

In evaluating an integral involving ./ f(£), as in Eq. (5-95), a question
arises concerning which sign is to be chosen for the square root. [t frequently
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occurs that the variable of integration ¢ oscillates between two zeros of f(£),
indicating a librational motion. Thus we see from Eq. (5-95), for example,
that we must change the sign of /7 (&) at each turning point in the libration,
that is, at the point where the direction of motion in & reverses. In this ex-
ample, o/ f(&) is positive for positive d¢ and is negative for negative d¢.
Notice that the turning peints occur at zeros of f(£) and, since the integrand
may become infinite at these points, it can result in an improper integral.
For the usual case of simple zeros, however, this integral converges, indicat-
ing a finite period for the librational motion.

In this example we have found a solution for the motion of the mass-
spring system without the necessity of evaluating the integral of Eq. (5-93)
which leads to an explicit expression for W(x, a). Now let us perform this
integration and substitute the result into Eq. (5-65) in order to obtain the
principal function. We find that

S = —ar + ﬂ,“-’(xm — a*cos™! 4:— — xg+/a%* — x3 + a? cos™! %’)
(5-102)

Here, tor the sake of simplicity, we have expressed W as a function of a, which
we recall is equal to /20 /mw?.

1t is a straightforward process to check that this expression for the prin-
cipal function obeys the Hamilton-Jacobi equation. Furthermore, it leads to
the correct solution for the motion c¢f the system upon the application o.
Eq. (5-54). Thus we obtain

. w 1 - -
—ﬂ=%=—:+%-(;%§=—t+a(cos ’%g—cos ‘iac-) (5-103)
or
x = acos[o(t — ty) — ¢] (5-104)

where we have substituted ¢, for 8. This result is identical with that found
previously in Eq. (5-96).

Finally, let us_calculate the principal function S(x, xy, ¢, #;) by evaluat-
ing the canonical integral with the aid of the known solution given in Eq.
(5-100). We have

t r
S = f (T - V)dt = % ,f (%* — wx?) dt (5-105)
to «fo
Performing the integration and simplifving, we obtain
. - 3 2x4, .
S = ——% sin w(t — tg)l_(x%, — 5)%) cos wl(t — t,) + —:‘%——° sin w(t — to)]
(5-106)

In order to express S in terms of the desired quantities, we note from Eq.
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(5-100) that

Yo _ X — XoCOsat — t;) 21

w sin w(t — 1) (5-107)
Then, substituting Eq. (5-107) into Eq. (5-106), we obtain

S(x, xq, 8, o) = $mo(x? + x}) cot wlt — t,) — mwxx, csc w(t — t,)
(5-108)

By comparing this result with the principal function obtained previously
in Eq. (5-102), we see that there is a considerable difference in form. In par-
ticular, this S function has no linear term in ¢ even though we are analyzing
a conservative system. Nevertheless, it represents another complete solution
of the Hamilton-Jacobi equation and, in accordance with Jacobi’s theorem,
it allows one to find the motion of the system by a process of differentia-
tions and algebraic manipulations.

To illustrate this point, let us consider that x, assumes the role of &, that
is, x, is an arbitrary constant which in this case describes the position of the
system at a preassigned time ¢,. Then we use Eq. (5-54) to obtain

B = gTS — max, ot w(t — ) — max et —t;)  (5-109)
9

Solving for x, we find that
X = Xxgcosm(t — t,) + ;nécf) sin w(t — t,) (5-110)

In accordance with the theory, # is equal to the initial momentum muv,.
Hence Eq. (5-110) is identical to the previous result given in Eq. (5-100).

Example 5-2. Let us use the Hamilton-Jacobi method to analyze the
Kepler problem (see Examples 2-7, 4-5, and 4-7). Suppose a particle of unit
mass is attracted by an inverse-square gravitational
m=1 force to a fixed point O (Fig. 5-2). The position of
the particle is given in terms of the polar coordi-
nates (r, #) measured in the plane of the orbit,
The kinetic and potential encrgies are

___%('-,z_*,,zéz), v=—£ (111

where g is the gravitational coefficient. The La-

grangian function is

Fig. 5-2. The Kepler prob- 1

lem. L=—(*+ gy~ £ (5-112)
< r

and we find that the generalized momenta are given by

_dL_, _ oL _ .
Pe=Gi=h pe=g=rb (3-113)
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We are considering a natural system, so the Hamiltonian function is equal
to the total energy, that is,

1 H -
:=70ﬁ+€$—~%=a, (5-114)
Here we use ¢, to represent the constant value of the total energy.

The coordinate 8 does not appear in H and therefore it is ignorable,
implying that the conjugate momentum p, has a constant value which we
shall designate by a, Then, in accordance with Eq. (5-81), we see that the

principal function can be written in the form

S=—at + o+ W a, o) (5-115)
The modified Hamilton-Jacobi equation is
1 /dWN\? | ol b o_
7(Gr) + - L= (5-116)
and we obtain
W _ TR _
W (5-117)
which results in
W:J m+¥—§m (5-118)

where r, is the value of the radial distance r at the initial time #,.
Now let us differentiate under the integral sign with respect to «,. In
accordance with Eq. (5-85) we obtain

{—1 __QEK, ’ dr___
= = TR (5-119)
v r

Note that the square root is equal to 7, as may be seen from the energy
eqguation (5-1i4).
In a similar manner, we use Eq. (5-83) to obtain

ow' (7 Gy dr
0 -0 =—G,-= J'o r/ 200 - 2ur — al (5-120)
Comparing these last two integrals, we find that the first gives ¢ as a function
of r, whereas the second gives 6 as a function of r, that js, it gives the shape
of the orbit. It is convenient to measure @ from the position of minimum r.
Then 6, = O for the case where we choose #; = rq;,, and the integral can be
evaluated in the same manner as in Example 4-7, yielding

ot —
8 = cos™! (;—ﬁi_f%%ﬁ) (5-121)
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Finally, solving for r, we obtain

ai/p 5
,‘ __ 122
T T T T 208310 cos 0 ( )

which we recognize as the equation of a conic section having an eccentricity
e = /1 + 2ua2/u? (5-123)

5-3. SEPARABILITY

The idea of separability is associated with the solution of partial differen-
tial equations by a reduction to quadratures, that is, by expressing the solu-
tion in terms of integrals, each involving only one variable. In the context
of the Hamilton-Jacobi partial differential equation, the possibility of
obtaining a separation of variables depends partly upon the nature of the phys-
ical system and partly upon the coordinates used in its mathematical repre-
sentation. Quite naturally, we would like to know the conditions under which
such a separation is possible. Unfortunately, the answer to the basic ques-
tion concerning what is the most general separable system is not known.
Some progress can be made, however, if we restrict the investigation to a
certain class of systems. In particular, we shall consider in the following dis-
cussion only orthogonal systems, that is, conservative holonomic systems
whose kinetic energy functicn contains only squared terms in the ¢’s (or p’s),
and no product terms in these variables. In other words, there are no iner-
tial coupling terms.

We shall assume that the term separability implies that a characteristic
function for the system can be found which has the form

W= ‘_2 W{q) (5-124)

that is, it consists of the sum of n functions where each function W, contains
only one of the ¢’s. Furthermore, we shall assume that ¥ is a complete inte-
grai of the modified Hamilton-Jacobi equation and thus contains » non-
additive constants (including the energy constant), usually designated by &’s.
A particularly simple example of a separable system occurs in the case where
all but one of the coordinates are ignorable.

Liouville’s System. In accordance with the previous discussion of Sec.
2-3, let us define a Liouville system to be an orthogonal system which has
kinetic and potential energies of the forms

B R

s g0 -+ (g, _
il Ay (5-126)
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where f;, R, and v, are each functions of g,, and we note that R, is identical
with M ! of Eq. (2-201). Also, we assume that ,,(q‘) =~ 0 and Rfq;) > 0.

These Liouville conditions are sufficient to ensure the separability of the
given system, and therefore a reduction to quadratures is possible. As a
proof, we can show that a complete solution W(g) of the modified Hamilton-
Jacobi equation exists, and this solution has the separable form given in Eq.
(5-124).

The modified Hamilton-Jacobi equation for this system can be written in
the form

5, [_;R (d” u|=n3 s (5-127)
Now let us substitute for ¥ from Eq. (5-124). We shall find that each func-
tion W.(g;) can be obtained in integral form and a complete solution results.
First, let us group the terms in each coordinate ¢, (i = 1,2, ..., ) and use
0.y, 05, ...,0%, as separation constants. Upon setting each group of terms
equal to the corresponding o;, we have

(e

— hf; =« (=12...,n (5-128)

where
Oy eyt e o, =0 (5-129)

Eq. (5-128) can be integrated and the resulting W,’s added in accordance
with Eq. (5-124) tc obtain

w=3, | 5800 da (5-130)
where
¢.(q) = 2R [Af(q) — vfg) +a] (=12 ...,n) (5-131)

This solution actually contains the (7 + 1) constants ¥, ., ..., &, 4, but Eq.
(5-129) represents one relation among the &’s. Therefore, one «, can be elimi-
nated, leaving the required n independent constants. Hence we see that the
expression for W given in Eq. (5-130} is a complete solution of the modified
Hamilton-Jacobi equation, thereby confirming that the Liouville conditions
are sufficient for the separability of an orthogonal system.

We turn next to the solution for the motion of the system, assuming that
we have found the characteristic function W(q). First, let us arbitrarily elimi-
nate ¢, by regarding it as a function of the other o’s, that is,

a,‘ == '—(MI + 0(2 + st + a’n»--l) (5“132)
Then we have

oW _ oW, | 9W,dn, _ W, W,

7l o 0{1, T " ox i=12...,n—1 (5-133)
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and, with the aid of Eq. (5-70), we obtain
W _ [ _dq _ [ _dq,
a?‘ '\/aj(ql) J \‘¢n(qn)
Also, from Eq. (5-71) we find that

aw T fdg,

' =3 [ g L S S .

on =5 ] g =k 6139
The solution to the Lagrange problem is given by Eqs. (5-134) and (5-135)

and presents the path of the system in extended configuration space. The path

in phase space is found by using the additional equations

am 1 . -
P = G0 =R é.(q) (i=12...,m (5-13%)

=—f (=L2....,n—1) (5139

Since f, in Eq. (5-134) is a constant along any actual path of the system,
we see that the increments in the values of any two of the given integrals
must be equal for any interval of time. Hence we obtain

dq, dq, dq, 5
S e Sy Gy > oy Sl {1 5-137
oD T < ) NEXCN 137
in agreement with Eq. (2-203).

Stdckel’s Theorem, We have shown that the Liouville conditions are
sufficient for the separability of an orthogonal system, and hence for its
reduction to quadratures. The question arises whether these conditions are
also necessary. It turns out that the answer is no, except for the special case
in which n — 2. So now let us present a more general set of conditions.

Consider once again an orthogonat system and suppose its kinetic energy
is given by

T=1Y mg=1Y cp (5-138)

=

[¥]

where ¢(q,, ¢4, ...,49,) > 0.
Stdckel’s theorem asserts that this is a separable system if and only if the

following two Stickel conditions are met, namely, that a nonsingular n X »
matrix [®,,(g,)] and a column matrix {i(q;)} exist such that

D = (1,0,...,0) (5-139)
and
ey =V (5-140)

where ¥(q,, g3, .. .,4,) is the potential energy and ¢ is a column matrix com-
posed of the n ¢’s.

To show the necessity of these conditions, assume that the given orthog-
onai system is separable, and therefore possesses a characteristic function
W(gq, &) which consists of the sum of terms of the form Wg, &, %., ..., a,),
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as in Eq. (5-124). Of course, this characteristic function is a complete integral
of the modified Hamilton-Jacobi equation

L& (WA,
7‘;@(97") ¥V =a, (5-141)

where we choose a, as the total energy. Because of the assumed separability,
we know that (dW,/dq,)? is a function of (g, &,, &,, . . ., a&,) and, further-
more, we can choose the separation constants such that the a’s appear lin-
early. Hence we see that the most general form involving the single coordinate

g, 1s

aWi 2 B " n
(522) = —2wida) +2 5 Outa, (5-142)
] -
where the numerical coefficients are chosen for convenience. Then, substitut-
ing this expression into Eq. (5-141) and using matrix notation, we obtain
—cTy 4 o' Pu - V =« (5-143)
Comparing the terms containing «'s, we find that
c’d == (1,0,...,0) (5-144)

which we recognize as the first Stickel condition. Similarly, the terms in Eq.
(5-143) which do not involve &’s must sum to zero, leading to

cy =V (5-145)
which is the second Stiackel condition. Thus, these two conditions are neces-
sary for separability.

Next, let us prove the sufficiency of the Stickel conditions. To simplify
the notation, we define a column matrix a given by

a, = (%%)2 G=12...,n (5-146)
Then, upon writing the modified Hamilton-Jacobi equation in the form
icTa -+ V = o, (5-147)
and using the second Stackel condition, we obtain
feTa + Ty = (1,0, ..., 0 (5-148)
But from the first Stdckel condition given in €q. (5-139), we see that
I =(,9,...,009" (5-149)
Hence, from Eqs. (5-148) and (5-149j, we have
1,0,..., 0@ 'a - ®'y)={(i,0,..., 0 (5-150)

which has a solution
a = —2y + 20 (5-151)
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This result is identical with Eq. (5-142), and indicates that the system is
separable, thereby confirming the sufficiency of the Stackel conditions.

The practical usefulness of Stidckel’s theorem is limited by the fact that it
presents no direct method for determining whether or not a given systein is
separable by looking at its kinetic and potential energies. But even though
@ and v cannot be obtained directly from T and V, these matrices can be
constructed with the aid of the characteristic function, once the solution is
known.t

As an example, we can take

aw, 9w,
= L 5-152
‘ dq, dg,0a, ( )
and, for the case of linear expressions in the a’s, as in Eq. (5-142), we obtain
2 IWLAY
= o, — e 2 5-153
y/l j2=<l d)nj‘zj 2 -\dq‘ ) ( )

The matrix & is nonsingular because the determinant | ®] is nonzero, that is,
oW, OW, | OW.| &*W,
dg, dq,  dq,|dg, du,
This follows from the fact that W is a complete integral of the modified
Hamilton-Jacobi equation, and therefore in accordance with Eg. (5-48) we
have

|| = # 0 (5-154)

W

19g, da,
Furthermore, none of the facters dW,/dg, are zero, in general, since they
represent the generalized momenta.

Finally, let us consider the question of the uniqueness of the functions
associated with the Liouvilie and Stickel conditions. In general, these func-
iions are not unique. It is apparent, for example, that R{(q,), fi(q.), and v{q,)
can be multiplied by the same positive constant without influencing the Liou-
ville conditions. Furthermore, since the potential energy is determined only
to within an additive constant, each v,(¢g,) may be replaced by v(q,) + k7i(g,),
where k is the same constant for all /.

When one considers the Stackel theory, it is clear that the functions ¢/(q,)
are determined uniquely for a given kinetic energy function. On the other
hand, the first Stackel condition is unchanged if each column of @ except the
first is multiplied by an arbitrary nonzero constant. Also, we see from Egs.
(5-139) and (5-140) that each function y,(¢,) may have terms added of the

4 (5-1 55)

n
form Y @,k ,, whereeach k,(j = 2,3,...,n)is aconstant and is associated

with the jth column of @.

tSee L. A. Pars, A Treatise on Analytical Dynamics (London: Heinemann, Ltd., 1965),
pp. 322-23.
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Example 5-3. Let us consider the Kepler problem once again, this time
inquiring into its separability. Suppose we use spherical coordinates to specify
the position of the particle of unit mass
(Fig. 5-3) which is attracted to the fixed ¢
point O by an inverse-square gravita-
tional force.

The kinetic and potential energies m=1
are |
1 . 7} r :
T=-50+ r*6% -+ r2¢? sin? 6) 0 |
' y
¢ !
_— _1 2 I 2 1 2 )\ !
TIP3 T ehe N
(5-156) /x N
and
u Fig. 5-3. The Kepler problem, using
V= — (5-157)  spherical coordinates.

where p,, pg, s are the generalized momenta. Then, since this is an orthogonal
system, we know that the Hamiltonian H = T 4+ V is consiant, and the
modified Hamilton-Jacobi equation is

1WA\ 1 (We\* 1 (OWN\?  p .
T\ m) 52790 +zrzsinze\a¢> ;=@ (5158)
where

W= W)+ We0) + Wy9) (3-159)

In other words, we seek a characteristic function which is a complete solution
of the modified Hamilton-Jacobi equation and which has the separable form
of Eq. (5-159).

At this point we note that ¢ is missing from T and V, and is therefore an
ignorable coordinate. Hence

m:&?al’f:% (5-160)
and it follows that
W) = ad (5-161)

So far, we have obtained two of the required three a’s. The third is found by
obtaining a separation of variables through first multiplying Eq. (5-158)
by 2r2, yielding

,z@g‘r_’r)z _ 2,2(% n “,) n <Q;g_e)2 n gﬁ% =0  (5162)

Here the first two terms are functions of » only, and the last two terms are
functions of @ only. Hence, they are each equal to a separation constant,
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that is, we can take

() + stg = (199
and
T

The separation constant is chosen to be af (rather than ag) as a matter of
convenience. This choice permits a, to have the dimensions of angular mo-
mentum, but does not influence the validity of the Stickel conditions.

We are now assured that the system is separable because we have

aw H

Ge=a s 2)— % (5-165)
and

W, 2 x;

90 —N% T n2e (5-166)
which are immediately integrable. W, was found previously.

Now let us check to see that the Stackel conditions are met. From Eqgs.
(5-138) and (5-156) we see that

1 1 )
= {12 e (5-167)
Then, using Eq. (5-152), we obtain
- . -
1 - 7{ 0
o= o (5-168)
0 & —gig
10 0 a, |

which confirms that the first condition of Eq. (5-139) is met. We immediately
see that if we choose

v = {—% 0, 0} (5-169)

the second condition, Eq. (5-140), is also satisfied.

It is interesting to note that this separable system does not meet the cri-
teria of a Liouville system for n = 3, thereby illustrating that the Liouville
conditions are not necessary conditions. By comparing Eq. (5-125) with the
kinetic energy expression of Eq. (5-156), we see that the Liouville conditions
require that

Ry 1
R(r)~ r*sin’0

which is impossible.
Another approach to this problem is to take advantage immediately of
the fact that ¢ is an ignorable coordinate, thereby reducing the number of
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degrees of freedom from three to two. We can write

1 zv_l_: __0“_ H -
H—'z_pr +2r;p0+2r255129—"—'_a, (5 170)

and then regard this as an orthogonal system with kinetic and potential
energies given by

'’ l 9 l b
T'= 5pr + 530 (5-171)
and
1
14 it £ (5-172)

T2 sinT0 "y
The characteristic function is of the form
W =W,(r) + W40 (5-173)
and the modified Hamilton-Jacobi equation is

LOWNS | L (WA el p )
705) o) trmem fmw G
Once again, the system proves to be separable and Egs. (5-163) through
(5-166) apply.
A check of the Stickel conditions shows that

1
= {1, F} (5-175)
-
= r (5-176)
0 g
and
=(_u } )
Y=\~ Zn0d G-177)

which satisfy Eqgs. (5-139) and (5-140).

For this case in which n = 2, we know that the Liouville and Stickel
criteria give identical results. A comparison of the expressions for 7" and V'
with Egs. (5-125) and (5-126) reveals that

Sy =1r? fd0) =0 (5-178)
R(r) = r? Ro0) =1 (5-179)
V()= —ur, @) = 2—;%;‘79 (5-180)

thereby confirming that the Liouville conditions apply. Notice that equiv-
alent expressions for 77" and V'’ would have been obtained if the Routhian
procedure had been used with respect to the ignorable coordinate ¢, rather
than the Hamiltonian approach employed here.
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PROBLEMS

5-1. Consider a standard Hamiltonian system with A =g + p. Assuming
separability, solve the Hamilton-Jacobi equation and show that S = —ar + ag
— $4? is a solution. Show that this principal function leads to the correct solution
of the canonical equations.

5-2. Analyze the top problem (Example 3-5) by using the Hamilton-Jacobi
method. Choose the Eulerian angles as coordinates and obtain r and ¥ as integrals
of functions of 6.

5-3. Use the Hamilton-Jacobi method to solve for the motion of a uniform disk
of mass m and radius r which rolls without slipping down a plane that is inclined at
an angle ¥ with the horizontal. Assume initial conditions 6(0) = 0, 0(0) = 0, where
@ is the rotation angle of the disk. Evaluate the integral and solve for 8 as a function
of ¢.

5-4. A particle of mass m moves under the action of gravity in the vertical xy
plane, where the positive y axis points vertically upward. Assuming that the particle
starts at the origin with initial velocity components (%o, yo), use the Hamilton-
Jacobi method to sclve for x and y as functions of time.

3-5. A particle of mass m moves in a plane orbit. It is attracted to a fixed point
by a radial force F, = —kr, where k is a constant. Use polar coordinates (r, #) and
Hamilton-Jacobi theory to obtain solutions in integral form for f and 8 as functions
of r. Evaluate the integrals and solve for r(s) and r(8). Assume that 8(0) = 0,
60) =0y, r(0) =0, and r(0) = rmpasx.

5-6. Given a conservative system having

X

1., N(a2 1 2 -
T= 2(41 + ¢34t + 43), Vv Py Y
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where we assume that K > 0. Use the Hamilton-Jacobi method to solve for the
path in configuration space. Show that

dq, dg,
Jira |\ va-n-= constant
where a? = 20, — K)/2¢, > 0 and b% = &, + K)/2¢, > 0.

5-7. Show that the problem of the motion
of a spherical pendulum described by the coor-
dinates (0, ¢) is separable in accordance with
the Stiackel and Liouville criteria. Use the Ham-
ilton-Jacobi method to solve for the motion in
integral form.

5-8. Consider a particle of mass m whose
position is given by the spherical coordinates
(r, 8, ¢). Suppose the potential function is

V= vi(r) + v2(6) . v3(¢)
m

mrt  mr2sin? @

Let o, be the total energy and use o, o, as
separation constants. Obtain integral expres-
sions for W, (r), W,(8), Ws(¢), and show that
the system meets the Stickel conditions.

Fig. P§-7.

5-9. Show that a general Liouville system meets the two Stickel conditions for
separability. Choose n independent &’s, and let &, be the total energy. Let the
remaining (n — 1) &’s be separation constants and, in order to avoid a confusion
of notation, eliminate the explicit use of the first separation constant with the aid
of Eq. (5-129). Choose ¥, = v(g,)/R(g;) and let ®;; = p(dp,/dx;) where p;, =
oW,(dg;.

5-10. Sometimes it is convenient to use arbitrary differentiable functions g,(¢,),
(i=2,3,...,n), in place of the corresponding «’s as independent separation
constants. Consider the Liouville system of the previous problem and show that in
applying the Stackel conditions we can take

=3 5_’,1_.,.*_>2
v jgl “gj 2\ dg,
where @,; = p(dp;/dx;) and p, = dW,/dq;. Let g, () = d.

5-11. Prove the necessity of the Liouville conditions for the separability of an
orthogonal system with » = 2. This can be accomplished by following the method
for a similar proof of the Stackel conditions and noting the following correspon-
dences: Ry = 1/®,, Ry= —1/@;;, fi —D0/D2, fo=—DPu/Ps2 v =
Vi@, v2 = —W2/D,,.



CANONICAL TRANSFORMATIONS

The previous chapter was concerned primarily with the use of the Hamilton-
Jacobi method in obtaining the principal function S(q, o, 1) and, for conserva-
tive systems, the characteristic function W(q, ). In either case, we found
that the solution of the Hamilton problem (that is, the solution of the canon-
ical equations) was obtained merely by a process of differentiations and
algebraic manipulation.

Another view of the Hamilton problem, however, is that its solution
represents a canonical transformation between two points in phase space,
namely, a moving point (¢. p) and a fixed point («, #). The principal function
is the generating function for this transformation,

With this as a background, we shall turn now te a more detailed explora-
tion of the theory of canonical transformations and study its application to
dynamical theory.

6-1. DIFFERENTIAL FORMS AND GENERATING FUNCTIONS

Canonical Transformations. In the discussion of canonical transforma-
tions, let us consider only holonomic systems which can be described by the
standard form of either Hamilton’s or Lagrange’s equations. We recall from
Sec. 4-1 that Hamilton’s principle applies to these systems. Hence, if the
configuration is specified by the generalized coordinates ¢, ¢,, ..., g,, we
know that

5[ Lggnd=0 (6-1)

where the end-points of the varied paths are fixed in both configuration space
and time.

Now, for a given inertial reference frame, the value of the Lagrangian
function is equal to T — V, independent of the particular set of generalized
coordinates used to specify the configuration of the system. It follows, then,

that if a new set of coordinates ,. Q,, ..., Q, is related to the former set
by a point transformation

q: = q(Q. 1) (i=12...,n) (6-2)
the resulting Lagrangian L*(Q, Q, t) is given by

LYQ, 0, 1) — Lig, g ) =T =V (6-3)

214
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that is, L and L* are equal in value even though they are, in general, different
in form. Furthermore, Hamilton’s principle applies to the new Lagrangian
function. Thus,

é Jf“ L*(Q,0,0)dt =0 (6-4)

So far we have chosen the Q’s to be any set of variables which specify
the configuration of the system. The question arises, however, whether it
might not be possible for Hamilton’s principle to apply following a more
general transformation to an L*(Q, Q,t) which differs from L(g, ¢, ¢) in
both form and value. For example, we might try a new Lagrangian given by

L0, 0,0 = L3, 41 — L4(4,0,0 6-5)

where ¢(q, O, t) is twice differentiable, but is otherwise arbitrary. Then

5[ 1.0 nd=5"L@aa0d -5 4400] (6-6)
The last term vanishes because the end-points are fixed in extended con-
figuration space, that is, the d¢’s and §Q’s are zero at the fixed times ¢, and
t,. The integral on the right vanishes due to Hamilton’s principle, Eq. (6-1).
Hence we see that

1
fo

5 j “1¥0,0,0)dt =0 (6-7)

for the more general case where Eq. (6-5) applies. This means that L*(Q, Q, t)
describes the given system just as effectively as L(q, ¢, t) and, furthermore,
the standard form of Lagrange’s equation is valid for the new coordinate
system. We note, however, that L*(Q, 0, t) is no longer equal in value to
L(q, 4, t) and therefore is not equal to 7' — V in the original inertial frame.

Now suppose we consider the two corresponding Hamiltonian descrip-
tions of the given holonomic system. These Hamiltonian functions are
defined by the equations

H(g.p.0) = 3 pidi — L(g, 4,1) (6-8)

K@, P, 1) = 2:,] PO, — L¥Q,Q,1) (6-9)
where the generalized momenta are given by
JL b OL*
L=, P == 6-10
p 34, i 30, ( )
Since Hamilton’s principle applies to L{g, 4, t) and L*(Q, O, 1), it follows
that the canonical equations are valid for both descriptions, that is,

. _0H . O0H .
q’_GE’ b dq (i=12,...,n) (6-11)
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and
5 _ 0K dK
% =3p, g,
A transformation from (g, p) to (Q, P) which preserves the canonical
form of the equations of motion is known as a canonical transformation,
provided that the conditions apply to all Hamiltonian systems and not just
to specially chosen ones. This suggests that it should be possible to test
whether or not a given transformation is canonical without a specific knowl-
edge of the system to which it is applied.
We shall discuss this point in some detail later, but first let us consider a
system which has a specific Hamiltonian function H(q, p, t). Suppose we
are given transformation equations of the form

Qi=Qr(q;P:’)’ PlzPi(q)pat) (l= 1,2,...,’1) (6—13)
where each function is at least twice differentiable. If we solve for L and L*
from Eqs. (6-8) and (6-9) and substitute into Eq. (6-5), we obtain

S pdg — Hdt — S P,dQ, + K dr = d¢ (6-14)
=1 =1

P, = (i=1,2,...,n) (6-12)

This important equation states that the difference of two Pfaffian differ-
ential forms (Sec. 5-1) is equal to an exact differential dé. A review of its
derivation will show that it represents a sufficient condition for a canonical
transformation from the old variables (g, p) and the associated Hamiltonian
H(q, p, t) to the new variables (Q, P) and the Hamiltonian K(Q, P, r). The
function ¢(q, Q, 1) is called the generating function for the transformation.

In testing the differential form of Eq. (6-14) for exactness, we need first
to keep in mind the complete set of variables under consideration. Because
the generating function is a function of (2n + 1) variables, namely, the ¢’s,
Q’s, and ¢, it is natural to express the differential form in terms of these vari-
ables. But there are other possibilities. Let us recall the previous discussions
of exactness and integrability which occurred in the context of constraints.
There we learned that these properties are essentially geometric in nature
and are related to the dimensionality of the space. The implication here is
that another set of (2n + 1) variables such as (g, p, 1) or (Q, P, t) may be
used equally well in checking for exactness. It is frequently convenient to
define a function w(q, p, t) which is equal in value to the generating function,
that is,

wig.p. 1) = d(g, O, 1) (6-15)
Then Eq. (6-14) becomes

S p.dg,  Hdi— S P,dQ, + K di = dy (6-16)
i=1 i=1

Here the differential form is expressed in terms of the variables (g, p, 1) by
using the transformation equations. Furthermore, we assume that either set
of (2n 4 1) variables, namely, (g, O, 1) or (q, p, t), are independent. It is

13)
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important to notice, however, that the function (g, p, t) does not, in general,

qualify as a generating function because it contains none of the new variables.

Let us return now to a discussion of the generating function ¢(q, Q, 1)

which we consider to be arbitrary. With this as a starting point, we wish to

obtain the corresponding transformation equations. We see that its total
differential is

1) > 0¢ o)
=3 Edg, + ¥ L dQ, + 3~ -

do ; 9. q; + & 30, dagQ, + 5 dt (6-17)

Assuming that the ¢’s, Q’s, and ¢ can be varied independently, we thenequate

the coeflicients of the same differentials in Eqs. (6-14) and (6-17) and obtain

p,:gg (=1,2,...,m (6-18)
P = ‘5‘3.. (=1,2,...,n) (6-19)
K = H.JF‘M (6-20)

at

The independence of the ¢’s and Q’s is assured if the following determinant
is nonzero, namely,
dp

dg, 90,
The actual transformation equations are obtained by solving Eqs. (6-18)
and (6-19) for ¢(Q, P, t) and p,(Q, P, t) or, conversely, for Q(qg, p, t) and
PAq, p, t). Furthermore, the new Hamiltonian function K(Q, P, t) is found
by using the transformation equations and Eq. (6-20).

Summarizing, if one is given a transformation in phase space, either of
the differential forms given in Eqs. (6-14) and (6-16) can be used to show if
it is canonical. On the other hand, if one is given an arbitrary generating func-
tion ¢(q, Q, ), then Eqgs. (6-18) and (6-19) yield the transformation equations.

Let us consider next some possible simplifications in the test for a ca-
nonical transformation. First we recall that a given canonical transformation
must apply to a/l systems having the specified n degrees of freedom; therefore,
it should be possible to state the criteria for a canonical transformation with-
out reference to the Hamiltonian function. Furthermore, we note from Eq.
(6-14) that the time 7 is unchanged by the transformation and may be regarded
as an independent parameter. Since f is not directly involved, we may con-
sider a contemporaneous variation with dt set equal to zero. Then Eqgs. (6-14)
and (6-16) reduce to

#0 (6-21)

g:lpt dq, — lX::lPi 6Q, = 0¢ (6-22)

and

3 pi0gi— 3L P80, = Oy (6-23)
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We see that Q is constant and P decreases linearly with time. Note that the
new Hamiltonian K is constant.

Example 6-2. As an example of a rheonomic transformation, consider
Q= ./2q¢ cosp
P=./2qe"sinp

Once again, we wish to show that the transformation is canonical.
First we obtain

pdg —PIQ = (p — sinpcosp)dg + 2gsin® pdp {6-36)

and the exactness check yields

(6-35)

a";(p — sinp cosp) = 2sin? p = 0%(2q sin? p) (6-37)

which indicates that the transformation is canonical. To find y, we first
note from Eq. (6-36) that

dy .
Eq——p—smpcosp

P (6-38)
v __ c2 o .
i 2g sin? p = g(1 — cos? p + sin? p)
Integrating, we obtain
Ww=g¢gp—qgsinpcosp (6-39)

In order to obtain the generating function ¢(gq, Q, t), we start with the func-
tion w(q, p) and use the transformation equations to eliminate p in favor
of Q. The result is

$=aqcost O — S0y O (6-40)
A

We note that, although ¢(g, O, t) contains ¢ explicitly,  is not an explicit
function of time for this rheonomic example.

Principal Forms of Generating Functions. The previous discussions of
canonical transformations from the 2n old variables (g, p) to the 2n new vari-
ables (Q, P) have considered a generating function of the form ¢(q, @, 1).
This generating function contains half of the old variables and half of the
new variables, namely, n¢’s and n Q’s. Furthermore, we notice that only
one variable from each pair of conjugate variables is included; that is, the
p’s and P’s are missing from the generating function. They appear, however,
in Eqgs. {6-18) and (6-19) which are used to obtain the actual transformation
equations.

Now let us recall that the derivation of Egs. (6-18) and (6-19) required
the independence of the ¢’s and Q’s. When this condition is not met, as in
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the case where one or more of the transformation equations has the form
of Eq. (6-2), then it is convenient to use a generating function which involves
different variables. We might try, for example, a generating function which
is a function of the ¢’s, P’s, and ¢. This assumes that the ¢’s and P’s can be
varied independently, and is in accordance with the Hamiltonian viewpoint
that there is no a priori reason for favoring Q’s over P’s as variables.

In order to distinguish the various types of generating functions, let us
designate ¢(q, Q, r) as the first type F,(q, Q, 1), that is,

Fl(q7 Qs t) = ¢(q’ Qr t) (6'41)

Three other types of generating functions come to mind, namely, F,(q, P, t),
Fy(p, O, 1), and F,(p, P, t). Generating functions involving other combina-
tions of coordinates and momenta can also be used, provided that no coor-
dinate and its conjugate momentum appear in the same generating function.

In order to show the relationship of F,(q, P, t) and F(q, Q, t), let us start
with the basic differential form

;:Z,”'dq' - Z P dQ, — Hdt + Kdt = dF\(q, 0, 1) (6-42)

We desire to replace the Q's by P’s as variables in the generating function
and in the corresponding differential form. As a first step, let us add the
equation

.2 0, dP, -+ 121 P,dQ, = d(é}l 0. P,.> (6-43)
to Eq. (6-42). We obtain
,il p.dg, + :ﬁl 0,dP, — Hdr - K dr = dFy(g, P, 1) (6-44)
where ) )
Fiq, P,1) = Fi(g, 0, 1) + lz‘ 0P, (6-45)

We can write the total differential of F,(q, P, t) in the form

=3 9F 4 9, oF; 6-46
sz_.;?—q_,aq‘ , ::ZH?P,dP'Jr 5 dt (6-46)
Then, assuming that the variables (g, P, ¢} are independent, we can equate

the coefficients in Egs. (6-44) and (6-46) and obtain

dF, .
= 22 =1,2,..., 6-47
=% G ) (6-47)
from the dg, terms, From the dP, terms we have
dF,

Q=55 (=1L2....n (6-48)
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A comparison of the coefficients of dr yields
_ aF, )
K=H T (6-49)
Here we have obtained the generating function F,(q, P, t) and the corre-
sponding differential form given in Eq. (6-44). The canonical transformation
cquations are found from Eqs. (6-47) and (6-48), and the expression for the
new Hamiltonian function has the standard form of Eq. (6-49).

Using a similar procedure, we can derive the following equations associ-
ated with Fy(p, O, 1):

—Sia.dp,— S PdQ — Hdr + Kdt —dFy(p, Q1) (6-50)

Fi(p. Q.0 = Fi(q.Q.0 = L a. (6-51)
a=-5 a=12..m (6-52)
P = _g_g G=1,2,...,n) (6-53)
K—H +%? (6-34)

(n a similar manner, the equations associated with F,(p, P, t) are:

—Sgidp, + 3. 0,dP, — Hdt + Kdt = dFy(p, P,1)  (6-55)
i=1 =1

Fip, P, = Filg, P,0) = 3 aup, (6-56)
g = _%% (=12...,n (6-57)

0.~  (=12...m (6-58)
1 OFs

K=H+ o0 (6-59)

Another approach to the problem of obtaining other generating functions
is through the application of the Legendre transformation which was dis-
cussed in Chap. 4. If we look at Egs. (6-45), (6-51), and (6-56), which give
the relationships of the generating functions, we see that they have the form
of Eq. (4-145) which is associated with the Legendre transformation. Fur-
thermore, the active variables in each case are related by equations having
the standard forms of Eqs. (4-143) and (4-147).

As a specific example, consider Eq. (6-45) which relates the generating
functions F\(q, Q, t) and F,(q, P, t). Here the active variables in the Legendre
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transformation are the Q’s (#’s) and P’s (v’s). In order for the signs to be
correct, we let —F,(Q) correspond to F(u) and let F,(P) correspond to G(v).
We see that Eq. (4-147) leads to Eq. (6-48), and Eq. (4-143) corresponds to
Eq. (6-19), or, replacing ¢(q, Q, t) by F,(q, O, 1),
daF, -

—E: (l—l,2,...,n) (660)
If we consider the partial derivatives with respect to the passive variables
(¢’s), we see from Eqgs. (6-18) and (6-47) that the form of the equation is the
same for either generating function, that is,

P, =

_dF, _dF, . )
P= 3= ((=1,2...,n (6-61)

Example 6-3, Consider the transformation

=] g 5‘_“1.’
Q= log = (6-62)

P=gcotp

Let us obtain the four major types of generating functions associated with
this transformation.
First let us check that the transformation is canonical. We have

péqg —PSQ = (p + cotp)dg — qcot*pdp (6-63)

An exactness check shows that
7:(p + cotp) = g(—geottp) (664

Therefore the transformation is canonical. e-¢
An integration of the right side of Eq. (6-63) 4
yields

w(q,p) =4qp tqcotp (6-65) p

We know from Egs. (6-15) and (6-41) that P
Fi(q, Q) is equal to w(g, p) but is expressed in  Figure 6-1. A geometrical rep-
terms of different variables. With the aid of resentation of the transforma-
Fig. 6-1, we can use Eq. (6-65) to obtain tion.

Fi(g, Q) = qcos™'/1 - q*e*¢ + /e ?? — ¢ (6-66)
A substitution of F,(g, Q) into Egs. (6-18) and (6-19) yields

%% = cos”!a/1 — g%*@ = p

i (6-67)
-aa‘ =—Je g2 P
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Next, let us find F,{(g, P). Noting again that y and F, are equal, we can
use Eqs. (6-45) and (6-65) to obtain

Fy=qp+ QP +gcotp (6-68)

Evaluating each of these terms, using (g, P) as variables, we see that

= _1_1
qgp g tan P

QP = —Plog./q* + P*

gcotp=P
which leads to

Fy(g, P) = g tan™! -g,- + P(l — loga/q* + P?) (6-69)

As a check, we see from Eqs. (6-47) and (6-48) that

0F; _ tan~! —% =p

dg

A similar analysis using Eq. (6-51) yields the third generating function,
namely,

(6-70)

Fi(p, Q) =F, —qp=e¢"9cosp (6-71)
We find that, in accordance with Egs. (6-52) and (6-53),
%I;—’ = —eZsinp = —¢q
(6-72)
%% = —eCcosp =P

Finally, from Egs. (6-56) and (6-68), we obtain
F(p,P)=F, —qp=QP+gqgcotp

—P+P 1og<°°1§1’> (6-73)
A check of Egs. (6-57) and (6-58) shows that
%%‘ = —Ptanp = —¢q
F 6-74)
¢ = Jog (CL) =
9P = k’g( P ) Q

In all cases, the generating function is not an explicit function of time.
Therefore we see from Eq. (6-49), for example, that

K(Q: P’ ’); H(‘LP, t) (6"75)
regardless of which particular dynamical system is under consideration.
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Further Comments on the Hamilton-Jacobi Method, With the perspective
resulting from an increased knowledge of the theory of canonical transforma-
tions, let us again consider the Hamilton-Jacobi partial differential equation.
We recall that the principal function S(g, «, t) is the generating function for
a canonical transformation which leads to a new Hamiltonian K that is
identically zero. It follows, then, from the canonical equations, that each of
the new Q’s and P’s is constant. If we identify the Qs with as and the
P/s with B’s, we see that the principal function is of the form Fi (g, a,1).
Furthermore, the Hamilton-Jacobi equation given in Eq. (5-53) applies and
can be written in the form

JF, daF, - -
o +H(q,—az]—,:>_0 (6-76)
where we note that
_0F, C -
po=at (=1 2,...,n) (6-77)
Also, corresponding to Eq. (6-19), we have
_ & _ OF . i
pl_.aE i=12,...,n (6-78)

Here we assume that Fi(q, &, t) is at least twice differentiable, and the g's
and o’s are independently variable as indicated by the determinant

d*F,
dq, o,

0 (6-79)

If we now look at Eq. (6-49), it would seem possible to set K equal to
zero and once again obtain the Hamilton-Jacobi equation, this time using
the generating function F,(q, a, t). Indeed it is possible, and we obtain

dF 9F, N _ _
.a-;+H(\q,3;,z)_o (6-80)

which is identical in form with Eq. (6-76). In this case, however, we identify
the P;s with &’s and the Q,’s with 8,’s. From Eqs. (6-47) and (6-48) we have

JF,

=732 G=12....,n (6-81)
and
ngg (=1,2,....n) (6-82)

Earlier in Eq. (6-45) we found that £, and F, differ by terms of the form
Q.P, which in the present case turn out to be the constant terms f.o,. This
is consistent with the fact that F, and F, are solutions of the same Hamilton-
Jacobi partial differential equation in which F does not appear explicitly,
but only in terms of its partial derivatives.

Another point to notice is that Egs. (6-78) and (6-82) differ in sign,
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implying that each f, obtained by using F, is equal to the corresponding — ff,
obtained from F,. The convention of using the positive sign is widely used
in celestial mechanics, but we shall, in general, continue with the negative
sign which we have used previously.

In a similar fashion, we can write the Hamilton-Jacobi equation in terms
of F; or F,. Here we obtain

dF; (’F, _

ST H(—Tp,p.t) =0 (6-83)
or

JF, dF,

?I—-FH(——[;;.P.:) =0 (6-84)

and the generating functions are of the form Fy(p, a,t) and F(p, a,t). In
the former case, a, corresponds to @;, while in the latter case, &, corresponds
to P,. The generating functions F, and F, are not as widely used in the Hamil-
ton-Jacobi equation because each ¢, in the Hamiltonian is replaced by
—dF/dp,, and H(q, p, t) is usually a more complicated function of the ¢’s
than the p’s.

As a final comment on the Hamilton-Jacobi method, let us consider the
use of the characteristic function W(qg, &) as a generating function. Here we
are concerned with conservative systems only, and we recall that W(q, a) is
a complete solution of the modified Hamilton-Jacobi equation:

aw
H( , ) —a, 6-85
q 0q ( )
In other words, the complete solution contains » independent nonadditive
constants &,, ®,, ..., d, In order to have greater generality, let us define
n P’s which are related to the a’s by n independent functions
P, = Pfa) (i=12,...,n) (6-86)

where each P, is constant. Conversely, if we solve for the a’s as functions of
the P’s, we have
o, = a P) (i=12,...,n (6-87)

Now let us eliminate the a's in favor of the P’s as the required » independent
constants in the characteristic function. The result is a function W(q, P)
which we shall use as a generating function of type F,. From Egs. (6-47)
and (6-48) we obtain

p,=%z_" G=1,2...,n (6-88)
oW .
e=%% (=1l2..m (6-89)

which can be solved to yield the canonical transformation equations relating
(Q, P) and {q, p). The nature of the Q’s, however, is more easily seen by
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finding the new Hamiltonian and obtaining the canonical equations of
motion.

We are using a generating function W(g, P) which is not an explicit func-
tion of time, and therefore we see from Eq. (6-49) that K and H are equal.
Hence we obtain from Egs. (6-85) and (6-87) that

K(P) = a,(P) (6-90)

where we notice that all the Q’s are ignorable and each corresponding P,
is constant. The first n canonical equations are

5 0K _ . )
Qf_afr—v, (i=12,...,n) (6-91)
where the constants v, are functions of the P’s. Upon integration, we obtain
Qt=vlt+ﬂi (’: 1’2’-":n) (6'92)
The remaining canonical equations are
5 0K _ . i
P,——BQ—O i=12,...,n) (6-93)

confirming that all the P’s are constant. Also, we see that the complete solu-
tion of the Hamilton problem contains the required 2» arbitrary constants,
namely, the n P’s and n 8’s. The v’s are not independent constants since
they are functions of the P’s.

In summary, we see that the use of W(q, P) as a generating function has
resulted in a new set of coordinates which, in general, vary linearly with time.
We notice, however, that if any of the P’s are missing from «,(P), the corre-
sponding v, will vanish and the Q, will be constant. This theory finds applica-
tion in the study of periodic motion. Specific examples are the use of action
and angle variables in physics and the Delaunay variables of celestial
mechanics.

6-2. SPECIAL TRANSFORMATIONS

After establishing some of the general criteria for canonical transforma-
tions, let us now consider a few simple examples. Then we shall turn to the
theory of homogeneous canonical transformations and point transforma-
tions. This will, in turn, introduce new aspects of the general theory which
apply to cases in which the differentials under consideration are not inde-
pendent.

Sceme Simple Transformations. First let us consider the identity transfor-
mation, which is an obvious example of a canonical transformation. It is
generated by a function of the form

F,= %P (6-94)
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as can be confirmed by noting that

oF, JF, .

— = . = e = = ey - 5
P: dq‘ Pl’ Ql aP, ql (l 1’ 2’ n) (6 9 )
Also, it can be shown with the aid of Egs. (6-52) and (6-53) that the identity
transformation is generated by

Fy= =3 p 0, (6-96)

The question arises whether functions of the form F,(q, Q, 1) or Fy(p, P, 1)
can be used to generate the identity transformation. The answer is no, for
the reason that the variables in these generating functions are directly related
by the transformation equations themselves, and therefore they cannot be
independently varied as required by the theory. This is a special case of a
point transformation, a topic to be discussed later in this section.

Now consider a related transformation which results in a translation in
phase space. Let us begin with the F, generating function of Eq. (6-94).
Then replace ¢; by (g; + ¢;) and P, by (P, — d;), omitting the product term
¢,d, since it will not influence the transformation. Then we have

F, = Z.: (.7, + P — dig)) 6-97)

and we obtain

_9F, _ 5, _9F, _
P: - EE:_PI d; Qi—dP‘_—‘qr"VC:

or
O, =gq ~+ ¢, P,=p, + d, (i=12,...,n) (6-98)

which represents the required translation. Here we usually assume that the
¢’s and d’s are constant, aithough they could be functions of time.

The next simple transformation to be discussed is one which interchanges
the roles of coordinates and momenta. Suppose we try

Fi= 23 a0 (6-99)
Using Egs. (6-18) and (6-19), we obtain
aF, dF,

D= aq‘;':Q,, P,:—B—Q'::—q‘ (i:l,z,...,n) (6'100)

The reason that a minus sign is required in one of these transformation equa-
tions is that the canonical equations themselves are not perfectly symmetrical
with respect to an interchange of coordinates and momenta. A minus sign
is involved in the equation for p,.

It is important to notice that this transformation emphasizes again the
Hamiltonian viewpoint that coordinates and momenta are qualitatively
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indistinguishable but are necessarily paired as components of a vector in
phase space. In other words, they do not always have the familiar attributes
of position for coordinates and motion for momenta, but do occur together
as paired quantities.
Another simple canonical transformation is the orthogonal transforma-
tion of the ¢’s and p’s generated by
F,=3 721 a,Pg, (6-101}

i=1]

where the a’s are constants meeting the orthogonality condition
; a,ay = 0y, (6-102)

and d,, is the Kronecker delta. The orthogonality condition can also be writ-
ten with the aid of matrix notation as

a’la=aa" =1 (6-103)

mmplying that the transpose of a is equal to its inverse. The transformation
equations are obtained in the usual manner, namely,

_0F _9F, & i
pj - a_q; - ‘d}i‘a'lp" Qi - 'a?‘ - 7':.‘ aqu (6 104)

The first equation can be solved for the P’s in terms of the p’s. Then the
transformation equations are

0 = Z‘ a,;9;
(i=1,2,...,n (6-105)
P = j};l a;p;

For the usual case where the determinant |a| = 1, these equations can be
considered to represent equal rotations in g-space and p-space. Notice that
they reduce to the identity transformation when a,, = §,;, corresponding to
a zero rotation.

Example 6-4. Consider a system having n degrees of freedom. Let us
obtain a generating function for the resultant transformation equivalent to
t sequence of two simple transformations, namely, a translation followed

y a rotation. Suppose the first transformation involves going from (g, p)
» (@, P) and the second from (Q, P) to (Q*, P*). From Eq. (6-97), we see
at the generating function for the translation is

Fig, P) = $1(g + )P, — dg] (6-106)

/hich yields the transformation equations
0, =q + c, P, =p, + d (i=12,...,n) (6-107)
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The generating function for the rotation is also of type 2, and, in accor-
dance with Eq. (6-101), is of the form

FiQ.PY =33 3 a,PrQ, (6-108)

This results in the second transformation
L]

or = Zl a,;Q;
=

) (i=12,...,n (6-109)
Pf =3 a;P;
=1

It follows from Egs. (6-107) and (6-109) that the resultant transformation is

oF = Z au(lh + Cj)
= (i=1,2,...,n (6-110)

Pr = E a,(p;, +d;)

Jj=1

The problem now facing us is to find the generating function for this
resultant transformation. At this point, let us recall from Eq. (6-44) that the
variational form (for fixed time) associated with F; is

;P: 6g; + Zl Q; 0P, = 6F,(q, P) (6-111)
In a similar fashion, for the second transformation we have
P60+ 3 OF PF = SFY(Q, PY) (6-112)
Adding Egs. (6-111) and (6-112), we obtain
$1000, 1 307 6PF = OF, + OF; — $0,0P,— 3P0, (6-113)

Now, in order to have a single canonical transformation relating (g, p) and
(Q*, P*), the right side of Eq. (6-113) must be equal to an exact differential
which we shall call §F¥. Hence

SFF — OF, 4 6F; — 6(i; Q,.P,> (6-114)
-

In writing the expressions for F, and 6F; let us use the (g, p) variable
in order to facilitate the collection of terms and the checks of exactnes
From Egs. (6-106) and (6-107), we have

OF, = ;} [p;0q; + (g, + ¢;) dp)] (6-1
In the same manner, we obtain from Egs. (6-108) and (6-110) that

OF; = 31 U(p; + d) 6, + (4, + ) dp)] (6-116,
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where Eq. (6-102) is used to simplify the form. Finally, we have

(5<§"l QrPi) Z:l [(p, +d) 5‘1;‘ + (g, + ¢ ‘51’1‘] (6-117)

Hence we see from Eqs. (6-114)—(6-117) that
OFf = OF, (6-118)
for this particular sequence of transformations, that is, we can equate F}

and F,. All that remains is to write £, in terms of the variables (¢, P*). From
Eq. (6-109) we obtain

P=Sar (=1,2...,n (6-119)
=1
and then, using Eq. (6-106), we find that
F¥(q.P*) — Zl ,Zl la, (g, + c)PF — dq)) (6-120)

This result can easily be checked to show that it yields the transformation
given 1n Eq. (6-110). Of course, reversing the order of the transformations
leads to a different F*.

Homogeneous Canonical Transformations. Previously we showed that
if the differential form

3 pi b, — 3. P60 = oy (6-121)

is an exact differential when expressed in terms of the variables (g, p), then
the transformation given by the 2n functions Q(q, p, t), P{q, p, t) is canonical.
In this derivation we observed that the time f is unchanged by the transforma-
tion, and therefore may be considered as a parameter. Also, we recall that
v is equal in value to the generating function ¢(g, Q, t) but is expressed in
terms of (g, p, t).

Now let us consider the case where ¢ and w are identically zero. Then
Eq. (6-121) becomes

Z'préq.- — "E P 6Q, =0 (6-122)

and the corresponding transformation is called a homogeneous canonical
transformation. This transformation is also known as a Mathieu transforma-
tion or contact transformation.t Recall that we have previously encountered
a transformation of this type in the process of introducing the (a, 8) param-
eters in the development of the Hamilton-Jacobi theory.

What are some of the more important features of homogeneous ca-
nonical transformations ? First, we notice from Eq. (6-5) that

L*(Qs Qa t) = L(q7 q9 [) (6']23)

tMany authors, however, use the term contact transformation in the same sense as our
canonical transformation.
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that is, the new and old Lagrangian functions are equal. It might seem plausi-
ble that the new and old Hamiltonian functions should be equal also. But
from Eq. (6-26) we see that this is true only if the transformation equations
are scleronomic and therefore do not contain time explicitly. In general,
we have

K:H—{—i:Pi({a—?" (6-124)

for a homogeneous canonical transformation.
Continuing with the case where ¢ = 0, Eqs. (6-24) and (6-25) reduce to

=% =120 (6-125)
J=1 V‘ft
5__: "szo G=1,2,...,n (6-126)

We assume that the P’s are not all identically equal to zero, and therefore
the determinant of the coefficients in Eq. (6-126) must equal zero. Hence
we can write

90,
Zil=0 6-127
ap; ’ (6-127)
This we recognize as the Jacobian determinant for the Q’s as functions of
the p’s. It implies that the # equations

Q,=Qig.p.1) (G=12,...,n) (6-128)
cannot be solved for the p’s as functions of (g, @, t). Therefore the matrix

(dQ,/dp,) has a rank less than n, namely, (n — m) where 1 <m << n. As
a consequernce, there exist m independent relations of the form

Q9 0,1)=0 (j=1,2,...,m) (6-129)
that is, the Qs are functions containing the g's and Q’s, but not the p’s.
Turning now to a consideration of generating functions associated with
homogeneous canonical transformations, we note first that ¢(g, Q, 1), which
we have identified with F,(q, Q, ¢), is identically zero. Referring to Egs.
(6-18) and (6-19), this might seem to imply that the p's and P’s are zero.
Upon more careful consideration, however, we realize that Eqgs. (6-18) and
(6-19) are not valid for this case because the g’s and Q’s cannot be varied
independently. In fact, we see from Eq. (6-129) that the d¢’s and §Q’s are
constrained by

E ’5 +EdQ/6Q,—0 G=1,2...,m) (6-130)

The questlon arises, then, concerning what can be done to avoid the
difficulties caused by the nonindependence of the ¢’s and Q’s. One possi-
bility is to use another type of generating function which has independent
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variables. In the usual case, F,(q, P, t), F5(p, Q, 1), and F,(p, P, t) are all
suitable. Another approach is to incorporate the constraints represented in
Eq. (6-129) by using m Lagrange multipliers and the augmented generating
function

F10.0,0.0 = X 400, 0. (6-131)

where we now consider the ¢’s and Q’s to be independently variable. Then
we can replace Eqs. (6-18) and (6-19) by

po=% 1,9 G=1,2,...,n) (6-132)
I=1 04q;
ix,‘mf G=1,2...,n) (6-133)

These 2n equations plus the m equations of (6-129) can be solved for the
A’s, O’s, and P’s as functions of (g, p, t), thereby specifying the canonical
transformation. Corresponding to Eq. (6-20) we obtain

K=H+ Jz:';lz,%’i (6-134)

Another important characteristic of homogeneous canonical transforma-
tions is obtained from Egs. (6-125) and (6-126) and refers to certain homo-
geneity properties of the functions Q,(g, p, t) and P/(g, p, t). Let us take Eq.
(6-125), multiply both sides by OQ,,/(?p,, and sum over /. We obtain

90, _ ko a0, )
Sra =L R (6-135)

Similarly, multiplying Eq. (6-126) by dQ,/dq, and summing over /, we obtain

o aQ 00,
kX -
DIDIRTE ol (6-136)

If we subtract Eq. (6-136) from Eq. (6-135), we find that
30, 90,90, _ 90, 90\ 6-137
i;l Pi dP: ; ng ( op; 0‘11 g, 6.”1} ( )

Next we anticipate a result of the discussion in Sec. 6-3 on Poisson brackets
where it is shown that

& (00,00, dQ, 00\ _ N
=E(d?p,k 0(1,’ - Gq.k 0pf> - (6-138)

for all j, k if the transformation is canonical. Hence we conclude from Eqs.
(6-137) and (6-138) that

Sp-0  k=12...m (6-139)
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Using a similar procedure, whereby Eq. (6-125) is multiplied by dP,/dp,
and Eq. (6-126) by dP,/dg,, we obtain

i=1 ia_pl i=1
or
Pk=§pf% k=12,...,m (6-140)

With the aid of Euler’s relation concerning homogeneous functions, we
conclude from Eq. (6-139) that Q.(q, p, t) is homogeneous of degree zero in
the p’s. From Eq. (6-140) we see that P(q, p, t) is homogeneous and of the
first degree in the p’s. These results apply to all homogeneous canonical
transformations.

Point Transformations. Suppose we consider next the class of homoge-
neous canonical transformations for which a full set of » independent func-
tions Q,(g, Q, t) exist and are equal to zero. This implies that the two n x n
coefficient matrices of Eq. (6-130) are nonsingular and the corresponding
determinants are nonzero, that is,

0Q, 09,
% 7

Hence we can solve for the Q’s in terms of (g, ¢), or for the ¢’s as functions
of (Q, ). Assume that this has been accomplished and we have the nequations

Q:=/flg1) (=12,...,n) (6-142)

where the f’s are twice differentiable. These equations represent a point
transformation, that is, they represent a mapping of points in configuration
space. If one also includes the equations for the P’s, the entire set represents
a transformation in phase space and is known as an extended point transfor-
mation.

The momentum transformation equations are readily obtained from
Eq. (6-125) which in this case takes the form

0, #0 (6-141)

p,.:ijpj% (G=1,2,...,n) (6-143)

Thus the p’s are homogeneous linear functions of the P’s, and vice versa.
If we define n Q’s of the form

Q,=0,—ffg.1) (j=1,2,...,n (6-144)

then Eq. (6-133) reduces to
P, = —], (G=1,2,...,n (6-145)
and Eq. (6-132) leads directly to Eq. (6-143). Corresponding to Egs. (6-124)
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and (6-134) we have
K=H+3 P, df (6-146)

indicating once again that K and H are equal only for the scleronomic case.

The question arises whether all point transformations are necessarily
homogeneous canonical transformations. If so, as we can see from Eq. (6-123),
this would imply that (g, 4, ) and L*(Q, O, t) are equal. But it is quite
possible for L and L* to be unequal, and this will be the case if two different
inertial frames are used, one translating at a constant velocity relative to the
other (see Example 6-5). In this instance the function ¢(q, Q, t) = F\(q, O, 1)
does not vanish and we can choose an augmented generating function of the
form

F¥h, g, 0 1) = Fi(q, 0o 1) + Z 1,2/, 0,0 (6-147)

where we note that m = n for a point transformation. Then, corresponding
to Egs. (6-132) and (6-133), we obtain

oFf __9F, ¢ P .
pi= 0q,_0q~{ ,En jaq. i=12,...,n) (6-148)
_ _OFr_ _OF, 3,09, .
Fi=—=%, =9 ~Zbag (=hFoom &9
The Hamiltonian functions are related by
aF, 1 J -
K= H+a —H+dt+‘\:}'fdt (6-150)

Note that Eqgs. (6-147) through (6-150) are valid for m < n also.
Now let us apply the basic differential form of Eq. (6-23) to this case of
a nonhomogeneous point transformation. Using Eq. (6-142), we obtain

;E]Psé%_igPiaQi:fsW:i:Zl[ ZPjafj}éqi (6-151)
where, in general,
— 3y dy ]
Oy =2 g 00t Z ap, o (6-152)

Assuming that the d¢’s and dp’s are independent, we can equate the corre-
sponding coefficients and obtain

9 .
p=3 fa?* 0;/, G=1,2,...,m (6-153)
S—Z—O G=1,2,...,n) (6-154)

We see from Eq. (6-154) that w(q. 1) is not an explicit function of the p’s.
Furthermore, it has the proper form for a generating function of type F,.
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Hence we can choose F| to be identically equal to w for a point transforma-
tion. Eq. (6-153) shows that, once again, the p’s and P’s are linearly related,
but here the equations are not homogeneous as they were in Eq. (6-143).
Also, we see from Eq. (6-149) that P, and —A, are equal, as in the homo-
geneous case. Notice that these results are valid for arbitrary f,(q, t) and
w(q, t), provided that the assumptions of independence and differentiability
apply.

Example 6-5. In order to illustrate the theory for the nonhomogeneous
case, suppose we are given the scleronomic extended point transformation

Q =tang, P =(p - my,)costyg (6-155)
where m and v, are constants. Suppose we show first that the transformation
is canonical, and then let us apply it to a specific mass-spring system.

Substituting the expressions of Eq. (6-155) into the basic differential
form of Eq. (6-121), we obtain

pdqg — Pog = Sy = my, dq (6-156)
which is exact. Integrating, we find that
W = mvyq (6-157)

Hence this is a nonhomogeneous canonical transformation.
A further check of the results thus far is obtained by substituting

f(g) =tang (6-158)
into Eq. (6-153) which yields the momentum transformation equation of
Eq. (6-155). Also, we see that y is not an explicit function of p, in accordance
with Eq. (6-154).

For this example, we have
F,=w = mvyg (6-159)
Q= (Q —tang (6-160)
and therefore Eq. (6-150) yields
K=H (6-161)
Thus the two Hamiltonian functions are equal, even though L and L* are
unequal due to the fact that the transformation is not homogeneous.
It is interesting to note that we can also use a generating functicn of the

form
Fi(q,P)=F, + QP = mvy,q + Ptang (6-162)

from which we obtain

Q
~

: = mv, + Psectq

k
3

(6-163)

<
]

= tang

()
Il
S
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Now, from the first equation of (6-169) we see that

cos g= (6-172)

1
ST+ 02
Hence, we can use Eqs. (6-167), (6-169), and (6-171) to verify the momentum
transformation equation given in Eq. (6-155).

In this case the kinetic energy consists of a 7, term only; hence we have a
natural system and therefore the new Hamiltonian function is

K=T+V=§%L+QV+%MWWQV (6-173)

The canonical equations are

. 9K P “a
Q=35="-(1+0Y
(6-174)

; dK 2P? ~  ktan ' Q
Pe—go= o0 09— R

If we now use the transformation equations to transform these equations of

motion back to the old variables, we find that indeed they are identical with

those of Eq. (6-167).

What has been illustrated by this example ? First, we see that a given point
transformation represented by ((g) may not result in a homogeneous canon-
ical transformation. Whether or not y vanishes will depend upon the
momentum transformation P(q, p) as well. This, in turn, depends upon the
choice of reference frames. In this example, L and L* were found with respect
to different inertial frames. But if we had chosen the same inertial frame for
both L and L*, then we would have obtained L = L*, H = K, and y = 0.
The canonical transformation would have been homogeneous, and the
momentum transformation would have been of the form

P = pcostqg (6-175)
in accordance with Eq. (6-143).

Momentum Transformations. In the discussion of point transformations,
we assumed that the functions fi(g, r) are given for i=1,2,..., n These
functions represent a point transformation in configuration space. In order
to specify the complete transformation, however, we also need to write the
momentum transformation equations. This requires further information
which is often given in the form of the function y(q, t). Then the momentum
transformation equations are found with the aid of Eq. (6-153).

Now suppose that we begin with momentum transformation equations
which are given explicitly and have the form

Po=hipt) (=12...,n (6-176)

This represents a point transformation in momentum space, and we shall
call it a momentum transformation. From the Hamiltonian viewpoint, it is
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in agreement with our earlier results. Similarly, we can use Fi(p, Q) or
F,(p, P) as generating functions.

Now let us apply this transformation to a specific physical situation,
Consider a mass-spring system which is attached to a frame that is translating
with a constant velocity v,, as shown in Fig. 6-2. The unstressed length of
the spring is /;. Here we have a conservative
holonomic system (see Example 2-8). Therefore
the standard form of either Lagrange’s or
Hamilton’s equations apply, provided that
we use an inertial reference frame. In this
instance there are two obvious inertial frames,
namely, the fixed frame and the frame that
is translating with a constant velocity v,. By
associating the Lagrangian L with the fixed
frame, and L* with the moving frame, it turns Figure 6-2. A translating mass-
out that ¢ (or y) is given by Eq. (6-159). spring system.

To see how this comes about, let us obtain the Lagrangian and Hamil-
tonian functions in terms of the old variables. We have

L=T—V =4mg + v,)* — bkq? (6-164)

- (l(. +q|——>{

k

—* Uy

EHRMLAONNIS SN

and therefore
p=0L=m@+v) (6-165)
¢ 0

The Hamiltonian function is

2
2

H=D—ﬂ;V:$

Hence the canonical equations of motion for the (g, p) variables are

—%p+%%f (6-166)

=EE =——v°, p: —'5‘4’: —kq (6'167)
Now let us obtain L*(Q, Q) relative to the moving frame. In terms of
the old coordinates we have
T = Img, V= 1tkq? (6-168)
But, from Eq. (6-163) we find that
0

q= tan~! Q, g = 1—+—Q2 (6-169)
Hence
* __ . _ mQ: o l - -1 2 -
IL*=T —V = U DE 3 k(tan™' Q) (6-170)
and
aL mQ

p=2%_ -

00 ~ (1 + Q% 47D
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analogous to the point transformation in configuration space which was
discussed previously. Hence, if care is taken with respect to signs, we can
interchange the ¢’s and p’s in the previous results. More specifically, let us
substitute ¢, for p, and —p, for ¢;. Also replace F\(q, Q, ) by F,(p, P, t) and
define the functions

wlp, P,1)=0 (j=1,2,...,m) (6-177)
Then, in place of Eqgs. (6-148)-(6-150), we have
g = ‘%_; ,%‘;‘ G=1,2,...,n) (6-178)
Q:=~6—F— l,%% (i=12....,n (6-179)
K= H+%’? £ 900, (6-180)

where m << n.
For the case of a momentum transformation in which we have a full set
of n @’s, it is convenient to take

w, =P —h(p,)=0 (j=1,2,...,n) (6-181)

and then we obtain

= — %_FJ+§QS%: (6-182)
K= H+"F‘ EQ,%”J (6-183)

where we note that F, is a function of (p, t) only and the multiplier 4, is
equal to Q,.
Example 6-6. Consider the transformation
Q=gq—1p+ jgf
P=p—pt
Find K — H and the generating functions.
These equations represent the solution for the one-dimensional motion
of a particle of unit mass in a uniform gravitational field, where Q = ¢(0)
and P = p(0). Notice that this is the solution that would be obtained from
the Hamilton-Jacobi method, and corresponds to a canonical transformation

in which the new Hamiltonian is identically zero.
A check of the canonical differential form yields

(6-184)

poéqg— PoQ =gtdqg -+ (tp — gt*) ép = Sy (6-185)
Upon integrating, we obtain
y = gtq + tp* — gt’p (6-186)

which confirms that the transformation is canonical. Note, however, that
it is not homaogeneous.
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Now let us consider the Hamiltonian functions for the assumed physical
system. Since this is a natural system, we have

H(g,p)=T+V=14p*— g (6-187)
We recall from Eq. (6-26) that
K—n—9% _ pdQ (6-188)
o1 or
where, in this case,
0 |
T =g+ 50— 2atp
GQ S o242
PB_I— = —p* 4+ 2gtp — g4
Hence we find that
K— H=gq—ip*— g (6-189)

From Egs. (6-187) and (6-189), it would seem that K is equal to —g?t%. But
since this is a function of ¢ only, it will not contribute to the equations of
motion and can be omitted.t Therefore we can take

K=0 (6-190)

in accordance with the constant values of Q and P.
F, is found by expressing y in terms of (g, O, 1), using a substitution for
p obtained from the first transformation equation. This results in

Fi= 50— 07 + 2gig + 0 (6-191)

where we have again omitted any terms in ¢ only. As a check of this generat-
ing function, we obtain
_oF, L 1
P—‘Oq* _t_(q Q)+78t
(6-192)
JF, _

| 1
P:“E—T‘(‘]—Q)—Tgt

which is in agreement with Eq. (6-184). In a similar fashion, we can obtain
expressions for F,(gq, P, t) and Fy(p, O, ). They are

Fy=(q — &tP)P + gt) (6-193)
and

Fy = (Q + 41p)gt — p) (6-194)
Finally, let us obtain F{p, P, t). We find that

Fo=F,—qp=(q—4Pp—gqp
= tgt*p — J1p? (6-195)

tTerms of this sort can also be carried along, of course, and will provide an additional
check on the generating functions through the expressions for dFjd:.
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Referring again to Eq. (6-184) we see that we have a momentum trans-
formation with the form of Eq. (6-176). In other words, the variables p and P
are not independent. In these cases, we can always use a generating function
of the form F,(p, t) since any P’s can be expressed in terms of p’s. Then,
if we let

w=P—p+gt=0 (6-196)
we can use Egs. (6-178) and (6-179) to obtain
6F4 dCO 1 _i 2
P (6-197)
F, w
0— G5 +158=

These equations are equivalent to the given coordinate transformation equa-
tion, thereby checking the result for F,. A further check on KX is obtained by
a substituticn into Eq. (6-180).

6-3. LAGRANGE AND POISSON BRACKETS

Now let us consider several additional methods which can be used to
test a given transformation to determine if it is canonical. These methods
are characterized by the fact that they are independent of the associated
physical system,

Lagrange Brackets. Suppose we are given the transformation equations

0, = 0dq,p 1) P,=Pfg,p 1) (i=12,...,n) (6-198)
Once again let us consider the canonical differential form and test it for
exactness. We have

lgpiéql EP6Q1—2< ZP. )6‘]; ZZPIanapJ

(6-199)

It may be seen directly, or with the aid of Eqs. (6-24) and (6-25), that the
right side of this equation is equal to dy if all of the following conditions
are met, namely,

o_zk( -5 3%) = ;%/(pk -¥ P.g%) (6-200)
9%@ ggf) (5 P32 (6-201)
(P - Er2) =g (-5 R 5 (6-202)

where j, k = 1,2,...,n Upon performing these differentiations, we see
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that these equations can be written in the following form:

9Q,9P, 9P, 90\ _ 6-203
; 1 \0q1 37‘ aqj aqk) ( )
o (9Q:0P, 9P, Q) _ 6-204
3 <<9pj dpx  dp, 3pk> (6-204)
=, (30, 0P, _ 9P, 00\ _ .
Y (6-205)

where d,, is the Kronecker delta.
Now let us introduce the Lagrange bracket expression for the two vari-
ables (u, v) by using the notation

90, 9P, _ 9P, 30\ )
=3 (5 % = 5 o) (6-208)
where u and v are any two of the variables g,, 43, ... Gn D1y P2y« » Pne

With this notation, we can express the sufficient conditions for a canonical
transformation, as given by Egs. (6-203)—(6-205), in the form

9, 4.l =0, (PP =0, 19, Pl = O (6-207)
for all (j, k). Here we assume that the ¢’s and p’s are independently variable.
An alternate method of defining the Lagrange bracket involves the sum
of n Jacobian determinants, that is,
Q. P)
[u, v} = Z] ) (6-208)
which follows directly from Eq. (6-206).
As a consequence of the skew symmetry of the Lagrange brackets, it is
clear that
[u,v] = —[v, u} (6-209)
and
(u,u] = [v,v] =0 (6-210)

A general characteristic of the Lagrange bracket is that its value is
invariant under a canonical transformation. For example, if the 2n variables
(g, p) and the 2n variables (@, P) are related by a canonical transformation,
then either set may be used in evaluating a given Lagrange bracket expres-
sion. Thus we have

dgq,dp, dp,0d dQ,dP,  dP,dQ)\
@GR -2(RE-ae) ©
where each set of dynamical variables is assumed to be a function of (u, v),
as well as other variables.

As an illustration, if the functions QJ(g, p, t) and P(q, p, 1) are such that
the Lagrange bracket expression is met for u = ¢, and v = p,, then the first
Lagrange bracket expression of Eq. (6-211) is also obviously satisfied.
Similar reasoning applies to other functions obtained by sequences of ca-
nonical transformations, and therefore canonically related. Hence any set of

[u, =
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2n dynamical variables can be used in the Lagrange bracket if they are related
by a canonical transformation, It is for this reason that these variables are
not explicitly stated in the bracket notation.

Poisson Brackets. Suppose we are given two functions of the dynamical
variables and time, namely, u(q, p,t) and v(q, p, t). The Poisson bracket
expression for these two functions is

(u v\-,:‘"_‘ { Ju dﬂ_@@>
" = \dq, 0p;  p. g,
We observe immediately that, as for the case of Lagrange brackets, we have
(u, vy = —(v, ) (6-213)
(u,uy= (v, 1) =0 (6-214)
The Poisson bracket is useful in testing whether a given transformation
is canonical and, in fact, the sufficient conditions for a canonical transforma-
tion are that
(Qj’ Qk) =0, (Pj’ Pk) =0, (Qj’ Pk) = 5jk (6'215)
for all (, k).
In order to show how these equations follow from similar Lagrange
bracket expressions, let us consider the 2n independent functions Q(q, p, t)

and P(q, p, t) and, conversely, the 2n independent functions ¢,(Q, P, t) and
p(Q, P, 1). We know that, in general, for any given value of ¢,

(6-212)

59, =% (gg 50, + ""‘11 5P) (6-216)
( 80, + «51’) (6-217)
where
g (dQ' sq, + 92 6p~) (6-218)
-5 ( 0”4 ap,) (6-219)

After substituting from Eqs. (6-218) and (6-219) into Eqs. (6-216) and (6-217)
and comparing coefficients of the d¢’s and dp’s, we obtain

2o O (62209
S (a2~ o (6-221)
G A (6-223)

forj,k=1,2,.,
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Equations (6-220)—(6-223) are generally valid. At this point, however,
we introduce the additional assumption that the transformation equations
are such that the Lagrange bracket expressions of Eq. (6-207) apply. Now
suppose we compare the expression for [g;, p,] given in Eq. (6-205) with Eq.
(6-223). In order for these equations to be valid for all the possible Q’s and
P’s, the coefficients of dP,/dp, must be equal, and a similar comment applies
to @Q,/dp,. Hence we see that

op; _ 99 dp; _ _ 9P, )
9P, = dq," 90, dq, (6-224)
Also, comparing [g,, p;] and Eq. (6-222), we obtain

dq;, _ 9P, dg, _ _00Q, (6-225)

90, dp,” 9P, T dp,
Further comparisons between [g,, ¢,] and Eq. (6-221) and also between
[P, p;] and Eq. (6-220) confirm these results. Finally, if we substitute from
Eqgs. (6-224) and (6-225) into the Lagrange bracket expressions given in
Eqgs. (6-203)-(6-205), we obtain the corresponding Poisson bracket expres-
sions, namely,

& (0p; Op. _ Op, 9p,\ _ ]
T (5p.5F —FHag) =0 (6-226)
o~ (99, 99 _ 99,99, _ .
3 (8 5% —sH o) =0 (6-227)
o~ (99 9py _ 99, 9pi\ _ )
=1 \0Q, (9P,: Pll ‘?Qk.) = 0x (6-228)

which can be written in the form

(9.9, =0, (p;» ) =0, (9, Px) = O (6-229)
These Poisson bracket expressions, or those given in Eq. (6-215), can be
used to confirm that a given transformation is canonical.

The Poisson bracket, in a manner similar to that found previously for
the Lagrange bracket, is invariant with respect to a canonical transformation.
In other words, the value of (4, v) is independent of which set of canonical
variables is used to express the functions « and v, provided that all these (g, p)
sets are related by canonical transformations.

Another important property of Poisson brackets is Jacobi’s identity,
namely,

(u, (v, w)) + (v, (w, 1)) + (W, (U, v)) =0 (6-230)
where u, v, and w are functions of some set of g’s and p’s.

It is interesting to note that Hamilton’s canonical equations can be written

using the Poisson bracket notation. We have

" (dq, dH  dq, dH JH

CH)y=Y (94 9H _ 94, 6-231

(90 H) = 2 \dg, dp, ~ dps 0qk> dp, (623D
dp, dH  dp, JH\ dH

H Op; OH _ Op, OHN _ 6-232

(pl )= <0qk dpk apk aqk/ 3‘]1 ( )
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and therefore the canonical equations can be written in the form
q.i = (qia H)’ ﬁi = (pi’ H) (6'233)

More generally, if some function f(q, p, t) arises in connection with a dynam-
ical system described by Hamilton’s equations, then

df 3 (Of 5 O\ L Of _
F=5 a5y +§ (6-234)
and, substituting for ¢; and p, from the canonical equations, we have
df _ 3~ (9f 0H _ [ oH\ . of
dt — ~i\dq,dp,  0p, dq;)] " a:
=(/,H)+ g—{ (6-235)

Hence, for the case where fis not an explicit function of time, we see that
f(g, p) 1s a constant of the motion if

(f, H) =0 (6-236)

Thus we can use Poisson brackets to identify constants of the motion.
Now let us state Poisson’s theorem: If u(q, p) and v(q, p) are integrals of
a Hamiltonian system, then the Poisson bracket (u, v) is also an integral,
that is, (u, v) is a constant of the motion.
The proof of this theorem begins by noting first that, since # and v are
integrals of the motion, Eq. (6-235) implies that

(u, H) + g_;‘ —0 (6-237)

(v, H) + % =0 (6-238)
Also,
44, 0) = (0,90, H) + 3 00)

= ((u,v), H) + (3_': 0) o+ (u ,%;‘) (6-239)
which, with the aid of Egs. (6-237) and (6-238), becomes
L, 0) = (w0, B) — (@ 1), %) — (u, (5, H))
= (@), B) + (H,0,) + (@, H),) =0 (6-240)

the latter expression being zero because of Jacobi’s identity. Hence we have
the desired result that (v, v) is constant.

Finally, an observation should be made concerning the relationship
between the Lagrange and Poisson brackets. Suppose we consider 27 inde-
pendent functions u,(q, p), . . ., u,,{q, p) and, conversely, the ¢’s and p’s are



246 CANONICAL TRANSFORMATIONS CH. 6

considered to be functions of the u’s. Then, from the defining equations
(6-206) and (6-212), we have

3%l 041w )

3y %(2& — @&Oq, (a‘fja_u_k Qi/ay_l!\ )
& rgl 121 ( ) \aq’ dp, dp, 0q:} (6-241)

Ou, du,  du, du,

If we note that

25 dg, du, 22 dp, du

S 99, Uy . S~ 0p, Ouy 6-242

’:‘1 uk q: 6” "2:1 auk 0[): 6” ( )
and

2 Va_L E?g = 3 a_p.’l ‘?,li/! — -

= du, dp, 0, :‘:‘x u,dq, 0 (6-243)
we obtain

<z t (Qu, dg, | Ju; dp\ _ Ou
. , = —21 r —d S Er = — T —= ). - 4
3% [l 10) = 3, (0‘], Gl gudn =g, (6244)
This result indicates that the Lagrange and Poisson brackets are, in some
sense, reciprocal quantities. To clarify this point, suppose we define the
matrix elements

Ly = [u;, ugl, Py = (uy, 1) (6-245)
Then Eq. (6-244) can be written in the form
LP =1 (6-246)

where L and P are both 2n X 2n matrices. Hence we find that L = P~1.

Example 6-7. Consider the transformation
Q=./e—p?  P=cos (pe?) (6-247)

Use the Poisson bracket to show that it is canonical.
This is a simple example for which n = 1. Let us make the substitutions
u= Q and v = P in Eq. (6-212), and we obtain

99 _ _ —e'™ Q0 _ —p
dg  Je#m—p2 dp  Je I —p?

P —p P —1

_—— e, -— _

dg e T —p¥  Op e —p

Therefore

_ Q9P 30 9P _ )
@ P =G~ 55— (6-248)

Furthermore, from Eq. (6-214) we have
Q. 00=0, (P,P)=0 (6-249)

Hence we see from Eq. (6-215) that the transformation is canonical.
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For this case where n = 1, we see that the Lagrange bracket [gq, p] is
identical with (Q, P). Of course, [g, q] and [p, p] are both zero. Hence the
Lagrange bracket criteria for a canonical transformation are also fulfilled.

The Bilinear Covariant. Another method which may be used in testing
whether a given transformation is canonical involves the bilinear covariant.
Suppose we consider the Pfaffian differential form

Q- zl X/(x) dx, (6-250)

where the dx’s represent an infinitesimal displacement from some reference
position in n-space. Similarly, let

0=3 X(x)6x, (6-251)
j=1

where the dx’s are an independent set of infinitesimal displacements from
the same reference point. Now we can write

6Q =3 (X, dx, - X, ddx,) (6-252)
i=1
6 = ¥ (dX, 6x, + X, ddx,) (6-253)
J=1
where
_&ax
oX, = ,};, 3. O (6-254)
ax, = 3. 9K Ldx, (6-255)
Then we obtain
o & (9X,9X, )
a—db=3%% ( . x,) dx, 6x, (6-256)
where we note that
Sdx, = dox, (6-257)

since we are now considering contemporaneous variations, If we next recall
the notation of Eq. (5-23) and define

r,, = (93’_, _ aX/ .
T (6-258)
we find that
8Q—do =33 c, dx,ox, (6-259)

i=1j=1
This is the bilinear covariant associated with the differential form of Eq.
(6-250).

So far we have been concerned with a general Pfaffian differential form.
Now let us assume that the variables (g, p) and (Q, P) are related by a canon-
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ical transformation and consider the differential form

E pidq, — E, P, dQ, = dy(q, p) (6-260)

where dy is an exact differential and we consider time as a parameter. Then
we have

5(% pidai— 3 P.d0.) = say (6-261)
In a similar fashion, we can write

d(3 p0a,— 3 Pi80.) = doy (6-262)

Now subtract Eq. (6-262) from Eq. (6-261). With the aid of Eq. (6-257) we
obtain

‘; (5171 dq, — dp, 541) = ; (6Pt dQ, — dP, 6Q1) (6-263)
Hence we find that the bilinear covariant of
2 pidg,

is invariant with respect to a canonical transformation. On the other hand,
if the differential form on the left side of Eq. (6-260) is not exact, when
expressed in terms of (g, p) variables, then its bilinear covariant is not zero
and Eq. (6-263) does not apply. Hence, we can use Eq. (6-263) as a criterion
for canonical transformations in the same manner as the Lagrange bracket
or Poisson bracket.

In order to illustrate this method, suppose we consider the transforma-
tion of Example 6-7, namely,

Q= .e¥—p P - cos '(pe?) (6-264)
In this instance we have

8P dQ = (6p + p dq)e"*dg + p dp)

e—2q _— pz
4P 50 — @p 4 p dg)e”* 69 + p op)
= e—Zq _ P?.

and therefore the bilinear covariant is

§PdQ — apsQ = & —r") 6qu:¢+_(5§ — =) dp 8g

= dpdq — dp dq (6-265)

Thus Eq. (6-263) applies, confirming that the transformation is canonical.
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6-4. MORE GENERAL TRANSFORMATIONS

Necessary Conditions. Let us recall that in this chapter we have been
considering holonomic systems which can be described by the standard
form of Hamilton’s canonical equations. We have defined a transformation
between (g, p) and (@, P) to be a canonical transformation if it preserves the
canonical form of the equations of motion, irrespective of the particular
system to which it is applied. The previous development, however, has
resulted in criteria such as the exactness test and the Lagrange and Poisson
bracket expressions which represent sufficient conditions for a canonical
transformation. The question arises, then, whether these conditions are also
necessary. It turns out that they are not. More general criteria can be
obtained.

Suppose we begin again with the fact that Hamilton’s principle applies
to a system if and only if it can be described by the standard holonomic
forms of Lagrange’s and Hamilton’s equations. We ask whether Hamilton’s
principle applies to a Lagrangian function L*(Q, Q, t) which is more general
than that given in Eq. (6-5). In answering this question we note first that
the Lagrangian equations of motion are unchanged if the Lagrangian func-
tion is multiplied by a nonzero constant. So let us consider a new Lagrangian
function

L*Q. 0, 1) = pL(g, 4, 1) — %m, ) (6-266)

where p is a nonzero constant. Applying the same line of reasoning as we
used in obtaining Eq. (6-7) from Eq. (6-5), we conclude that if Hamilton’s
principle applies to L(g, 4, t), it also applies to L*(Q, Q, t) since all the
varied paths have fixed end-points in both configuration space and time.
Hence, with the application of the Lagrange equation, we see that L*
describes the system just as effectively as L.

Now recall that

> pdi— H (6-267)
t=1
3 PO — K (6-268)

i=1

L =
L* =

and substitute these expressions for L and L* into Eq. (6-266). We obtain
13 podg, — 3. PodQ, + (K — pH) di = db (6-269)

This result is a generalization of Eq. (6-14). For a fixed time, we can write
the variational equation

u ¥ pdg — 3 PiOQ = by (6-270)

where y(g, p, t) is equal to ¢(q, Q, 1), as in Eq. (6-15).
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At this time the necessary and sufficient conditions for a canonical trans-
formation can be stated, namely, that a nonzero constant g can be found
such that the differential form of Eq. (6-270) is exact when expressed in terms
of one set of canonical variables. This exactness condition is equivalent to
the statement that a function y(q, p, ¢) and a nonzero constant u exist such
that

o a0 oy
v Txr Y -
HPe o P, 3q, = dg, {6-271)
_$ p 92 _ v :
/Lx P, 3. ~ ap. (6-272)

Notice that these equations are identical to Eqs. (6-24) and (6-25) except
that p, is replaced by up,.

An equation for the new Hamiltonian function K(Q, P, t) can be found
by equating the coefficients of df on the two sides of Eq. (6-269) after expand-
ing dé. We obtain

K= uH -+ ‘;_*f (6-273)
or, in terms of y(q, p, 1),
oy | &, 00,
= ity o p Ixi -
K= uH + F +.-; 37 (6-274)
In a similar manner, the bracket and bilinear covariant criteria for a

canonical transformation can be generalized. For example, the necessary
and sufficient conditions in terms of Poisson brackets are

(0, @) =0, (Pj’ P =0, (@) P) = ﬂéjk (6-275)

for all j, k. The corresponding Lagrange bracket conditions are

[‘h~ 4] =0, [pj7 Pl =0, 9, Pd = /‘5”« (6-276)

The bilinear covariant condition becomes

u 33 Op.dg, — dp,dq) = 3 (OP,dQ, — dP,6Q)  (6-27D)

A few comments are in order. First we notice that the values of the
Lagrange and Poisson brackets are no longer invariant with respect to a
canonical transformation, but may change by a constant factor. Similarly,
the bilinear covariant is not invariant with respect to a canonical transforma-
tion. Furthermore, care must be taken in the application of Jacobi’s identity
to be sure that a consistent set of canonical variables is used. On the other
hand, if we should restrict the definition of canonical transformations to
the case u = 1, then the sufficient conditions of the previous development
become necessary as well. Most authors follow this approach of adopting a
somewhat restricted definition of a canonical transformation which leads



SEC. 6-4 MORE GENERAL TRANSFORMATIONS 251

to a more clean-cut theory. We also shall assume that g is restricted to a
value of unity unless we specifically state otherwise.

Example 6-8. Consider the transformation

Q— ./ gcosp, P—./qsinp (6-278)

Show that 1t represents a canonical transformation with g = 1. Solve for
the new Hamiltonian function for a system having

T=img,  V=}kq? (6-279)

For this example we shall use the exactness test on the differential form
of Eq. (6-270). First we see that

PoQ = {sinpcospdg - gsin®pdp
and therefore

Up 8q — POQ = (up — Fsinpcosp)dg + gsin>pdp  (6-280)

Then we ask if a constant nonzero value of u exists such that

d 1. d,
3}5(”1) — 5 sinpcosp) = I](q sin? p) (6-281)
or
4 — %costp 4 §sin®p = sin?p
We see that u = 1 and the transformation is canonical.

To find the new Hamiltonian function K we first obtain the old Hamil-
tonian. Since this is a natural system, we have

—Tae =P L .
H—T+V_2m+2kq (6-282)
It can be shown that the inverse transformation equations are
=0+ P, p=tan~! -S (6-283)
and therefore
;o _ __1_ -1 _{’__ : | 2 2y2 -
K—uH_4m(tan Q) + k(@ + PY) (6-284)

As a check on whether K(Q, P) correctly represents the system, let us
obtain the equations of motion. We find that

. gg Qun 15 (6-285)
Q= 9p = Tmpr T Py T HAQ T ED
P
Ptan ' =
p_ 0K 0 o+ P (6-286)

T90 T Im(QF ¥ PY)
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On the other hand, a differentiation of Eq. (6-283) yields

i-200+pb),  p=L—LL (6-287)

Then, substituting from Eqs. (6-285) and (6-286) into Eq. (6-287), we obtain
7 — £_ ) = — - )]

g=-> D kg (6-288}

These are the correct equations of motion in the original (g, p) variables.

Time Transformations. The previous discussions of canonical equations
considered time as a parameter which does not enter directly into the trans-
formations. In other words, we have assumed that the time variable ¢ is the
same before and after the transformation,

Now, however, let us broaden the discussion to include canonical trans-
formations which map a point (¢, p, 1) into (Q, P, T) where T is the new time.
Furthermore, let us introduce 7 as the new independent variable. In general,
its relation to ¢ or T is unspecified, but we shall assume that it increases con-
tinuously as the trajectory is traced out in configuration space. We might,
for example, take 7 as the distance along the path from a given reference
point.

Suppose we consider a holonomic system described by the canonical
equations. We can write the modified Hamilton’s principle for this system
in the form

é f (Z P — Hz’) dr = (6-289)
“te Nin)
where the primes indicate differentiations with respect to 7. Here the end-
points of the varied paths are fixed in the g’s and ¢, implying fixed end-points
in 7 also. Now suppose we consider ¢ as an additional coordinate and take
— H as its conjugate momentum. Then we can write the variational equation
in the form
5" z: pgldt =0 (6-290)
In other words, we now have an extended phase space of (2n 4~ 2) dimensions
in which we take
Gne1 = 1, Prey = —H (6-291)
It is tmportant to notice that the dg’s and J¢ associated with the varied path
of Eq. (6-290) are not completely independent, but are constrained by the
auxiliary condition
Pner + H(g,p, 1) =0 (6-292)

In a similar manner, we can describe the same system in terms of the

new canonical variables and we obtain

(" (,2. PO — KT') dt =0 (6-293)
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or

5 ("% Poidn=0 (6-299)

v1g 1=1

where
Q0,1 =T, P, ,=-K (6-295)
and K(Q, P, T) is the new Hamiltonian function.

A comparison of Egs. (6-289) and (6-293) indicates that the differential
form assoctated with the canonical transformation is

gid

i

pidg, — Hdt — S P.dQ, + KdT = d$ (6-296)
=1 =1

where @(g, Q, 1, T) is the generating function for the transformation. Note
that terms in dt are missing from the differential form, and therefore ¢ is
not a function of 7. Furthermore, this indicates that the Hamiltonian func-
tions describing the system in extended phase space are both identically
zero.t At first glance, this might seem to imply (because of the canonical
equations) that the canonical variables are all constant, but this will be shown
not to be the case.
Suppose we write Eq. (6-296) in the condensed variational form

N pida— S P50, = 66 (6-297)
=1 =1

which is similar to Eq. (6-22). Assuming a nonzero determinant
9%
0q, 00,
we are assured of the independence of the ¢’s and Q’s. Then we expand d¢
and equate the coefficients on either side of Eq. (6-297), obtaining

#0  (j,=1,2...,n+1) (6-298)

— a¢ ;] — -3 -
p"_d—qi (Gi=1L2,...,n4 1) (6-299)
P = _gg G(=12...,n+1) (6-300)

These equations can be solved for the functions Q(q, p, 1), P(q, p, 1), T(g, p, t)
which specify the transformation.

Let us return now to a consideration of the canonical equations of
motion. Aithough the Hamiltonian function in extended phase space is
identically zero, we must account for the constraint expressed in Eq. (6-292).
This is accomplished by using the Lagrange multiplier method, resulting in
an augmented Hamiltonian

¥ = Alp. + H(g, p, 1] (6-301)

fNote that these functions are different from H(g, p, t) and K(Q, P, T).
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where p, 1s identical with p,.,. The corresponding canonical equations are

dx aH . .
== = =1,2,..., 6-302
g =1 ¢ ) (6-302)
F_9K (6-303)
dp,
d3L oH .
! = — o= — — = R 6-
pi 9. A iz, (i=12...,n (6-304)
o= _%’ftﬁ - Qa’ti (6-305)
Using Eq. (6-303), we see that
1, . i
T4 (6-306)
and therefore Eq. (6-302) becomes
. O0H - )
q,-aE (=12,...,n (6-307)
Similarly, from Eq. (6-304) we have
. dH ;
= ——a = -3
P 3, (i=12,...,n) (6-308)
Thus we obtain the usual canonical equations for the system. In addition,
we note that p, = —H, and therefore Eq. (6-305) reduces to the familiar
equation
v O0H
H= En (6-309)

which is identical with Eq. (4-116).

A similar set of canonical equations can be obtained from the new aug-

mented Hamiltonian X, where we note that

X=a (6-310)
This equality occurs because the generating function ¢ is not an explicit
function of 7. Of course, the new Hamiltonian is expressed in terms of the
new variables.

Now let us summarize what has been accomplished. We have considered
time as an additional dimension in configuration space and increased the
number of dimensions of the phase space to (2r 4~ 2). Since the Hamiltonian
functions and the generating function do not contain t explicitly, the formal
analysis resembles that for a conservative scleronomic system; that is, the
augmented Hamiltonian functions remain constant in value and, in fact,
are equal to zero.

Example 6-9. Consider the canonical transformation generated by

¢ =4q0 + 1T (6-311)
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Find the transformation equations, the new augmented Hamiltonian, and
the canonical equations for the case in which

H=2 4+ Ly — gy (6-312)
=im T2 1

First let us obtain the transformation equations. From Egs. (6-299) and
(6-300) we have

_ 9% _ _9%_ — 2313
p 3 Q, p= T (6-313)
and

p=_9_ _, p__9%__, (6-314)

d
J

i

QS

The canonical equations are obtained by using Egs. (6-302) and (6-304)
which yield

o

g =0 p=Ak(t—q) (6-315)

But the multiplier 4 is equal to dt/dt, so we can write
. _p_ - I -
9= p=kt—q) (6-316)

which are the usual equations of motion in terms of the original coordinates.
With the aid of Egs. (6-301) and (6-310), we see that the new augmented
Hamiltonian is

- l[-T L2 Lip— py] (6-317)
o 2m 2 ™ ] ’
The canonical equations in terms of the new variables are
,_dK o g
Q = 9P = Ak(P — Pr) (6-318)
. OK . :
T = 9P, = Ak(P — Pr) (6-319)
s 0K _ A0 i
P = “30 = "m (6-320)
Pr= X (6-321)

Equations (6-318) and (6-320) correspond to the canonical equations of
Eq. (6-316). Equation (6-321) is equivalent to A = dt/dz, and Eq. (6-319) is
essentially the statement that H = d H/d1.

A check of the transformation equations (6-313) and (6-314) using the
Poisson bracket criteria confirms that the transformation is canonical.
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6-5. MATRIX FORMULATIONS

Hamilton’s Equations. We have been concerned with holonomic systems
for which the standard form of the canonical equations applies, namely,

6=, p=-5" G@=12...,n (6322)

where the Hamiltonian function has the form H(qg, p, t). Here we have 2n
first-order ordinary differential equations. It is convenient tc consider a
vector x in phase space and use the notation

{XJ}E{ql)QZa-",qn’plvpzw-~,pn} (6'323}
where j = 1, 2,. .., 2n. Then the canonical equations can be written in the
matrix form

x=17ZH, (6-324)
or, in detail,
4y E - QE
. ; 6‘]1
0 1 :
]
Pad — &: ) (6-325)
2 | . ‘
-1 e 0 .
. dH
2. L ' J\dp,!

where the skew-symmetric matrix Z is partitioned into four n X n sub-

matrices. The symbols 0 and 1 represent null and unit matrices, respectively.
Note that

' =7"1= -7 (6-326)

Also, we see that H, can be considered as the gradient of the Hamiltonian
function in a phase space of 2n dimensions, since its components consist of
the first partial derivatives of H with respect to the ¢’s and p’s.

Symplectic Matrices. Let us consider next the matrix formulation of the
necessary and sufficient conditions for a canonical transformation. Suppose
we are given transformation equations of the form

X, = X(x,1) i=12,...,2n) (6-327)
where
{X'l]:—:{Ql’ QZ!"-’Qmlepzy---,P,,} (6-328)
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The Jacobian matrix for this transformation is the 2z X 2n matrix having
a typical element

M, = ix, (6-329)
More specifically, we can write
A | B
M= -—--- N (6-330)
C ' D
where A, B, C, and D are n X n submatrices whose typical elements are
00 aQ - apP JdP
A, = 221, B, = >=f, C, ==+, D, = — 6-331
i dq, 17 Bp—j 4] BE i apj ( )

The Poisson bracket formulation of the necessary and sufficient condi-
tions for a canonical transformation were given in Eq. (6-275). We can write
them in the form

(Qj: Qk) =0, (P_,, Pk) =0, (Qj1 Pk) = _(Pkr Q/) = ﬂ‘s/k (6'332)

where u is a nonzero constant which, we recall, is equal to +1 in the usual,
more restrictive definition of a canonical transformation. Using the A, B, C,
D matrices, we can express these conditions as follows:

AB” — BAT = 0, CDT - DCT =10 (6-333)
ADT — BCT = ul, CB™ — DAT = —ul
The first two equations imply that AB” and CDT are symmetric matrices,
while the last two equations are essentially identical statements of a single

condition on the matrices. All four equations are combined in the single

expression
MZM?T = uZ (6-334)

where u is a nonzero scalar constant. If this equation is premultiplied by
Z-'M~! and postmultiplied by ZM, we obtain the alternate form

M7ZM = uZ (6-335)
Here we have used Eq. (6-326) and the fact that
77 = —1 (6-336)

A 2n x 2n matrix M which satisfies Eq. (6-335), or Eq. (6-334), is known
as a symplectic matrix. Hence we can state that the necessary and sufficient
condition for a canonical transformation is that its Jacobian matrix be
symplectic.

Now suppose we consider the inverse transformation to Eq. (6-327),

namely,
x, = x(X, 1) (i=12,...,2n) (6-337)
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Let its Jacobian matrix be m, where
- g% (6-338)

The matrices M and m are inverses of each other, that is,
M=m"! (6-339)

If the original transformation is canonical, we know that the inverse
transformation must also be canonical. Hence if M is symplectic, then m is
also symplectic. To show this, we can premultiply each side of Eq. (6-335)
by m™ and postmultiply each side by m. Then, using Eq. (6-339), we obtain

mTZm — %z (6-340)

where 1/u is a nonzero scalar constant. An alternate form is

mZm’ — %z (6-341)

Egs. (6-334), (6-335), (6-340), and (6-341) constitute four equivalent
statements of the necessary and sufficient conditions for a canonical trans-
formation. Any one implies the other three.

Example 6-10. Suppose we are given the transformation
Q= aq, P=bp (6-342)

Let us employ the matrix method to find any conditions on the constants a
and b which are required for a canonical transformation.
In this case the Jacobian matrix is

_| a9 (6-343)
L0 b
Upon substituting into Eq. (6-335), we obtain
-0 ab
MTZM = “ ] — uZ (6-344)
—ab O

where u# = ab. Thus the given transformation is canonical for all nonzero
values of ab, but is canonical in the usual, more restricted, sense only for
ab = 1.

6-6. FURTHER TOPICS

Infinitesimal Canonical Transformations. Suppose we consider a canoni-
cal transformation in which the new ¢’s and p’s are only slightly different
from the old values. Let us choose a generating function F,(g, P, t) which
differs by an infinitesimal amount from the generating function for an identity
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transformation. Referring to Eq. (6-94), for example, we can take
Fi(g, P,y = 3. q.P, - €G(g, P, 1) (6-345)
i=1

where € is a small parameter and G(q, P, t) is assumed to be twice differentia-
ble. Then, with the aid of Eqgs. (6-47) and (6-48), we obtain

p — %- — P 4 0_6
) aqx I dql
dF aG
Q‘_(?P,- = g; 1 ¢ 9P
or
d
Q—q=¢ ‘#
‘ (6-346)
P,—p, = —ed—G
i i aq;

These equations represent an infinitesimal canonical transformation. Notice
that the small changes in the coordinates and momenta are of first order in
€. So if we neglect terms of order €? or higher, we can replace each P; by p,
in G. The resulting function G(q, p, t) can be considered as the generator of
the infinitesimal canonical transformation.

Now suppose we denote Q, — g, by dq, and P, — p, by dp,. Then, from
Eq. (6-346), we see that the infinitesimal changes in the ¢’s and p’s generated
by G(q, p, t) are given by

0q, = € gg

P (6-347)
5p — —¢9G
p; = —¢€ 3;

These changes may or may not be considered to take place with the passage
of time. For the particular case where we choose the Hamiltonian H(g, p, t)
as the generator of an infinitesimal canonical transformation, we can assume
that the transformation takes place with a time increment dr. Then, letting
€ = dr, Eq. (6-347) becomes

g = dH
" dp;
6-348
_ o (349
pl 0q,

which we recognize as Hamilton’s canonical equations. Hence we conclude
that the Hamiltonian function can be considered to generate an infinitesimal
canonical transformation at each instant of time. This sequence of transfor-
mations results in the evolution of the dynamical system with time. Since a
sequence of canonical transformations is equivalent to a single canonical
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transformation, we see that any two points on a given trajectory in phase
space are connected by a canonical transformation.

Next let us consider the variation in the value of a function f(q, p, 1) due
to changes in the ¢'s and p’s resulting from an infinitesimal canonical trans-
formation. Assuming a fixed time, we have

o = £ (3L 80.+ 5L on)

which, with the aid of Eq. (6-347), becomes

- > (0fdG  df dG .
V=€ (35 dp.  Ip, 9!1‘) €. 0 (6-349)
More generally, if we allow the time to vary and let € = dt, we obtain
df = [(f ,G) + g{ 'dt (6-350)

For the case where the generating function G is the Hamiltonian, we see that

f=(f,H)+g§ (6-351)
in agreement with Eq. (6-235).
In general, an infinitesimal canonical transformation changes the Hamil-

tonian function in both form and value. From Eq. (6-49) we have

K(Q, P,t) = H(g,p, 1) + € %? (6-352)

But, for a given time ¢, we see from Eq. (6-349) that
H(Q, P, 1) = H(q,p,t) + 6H
= H(g,p, 1) + €(H, G) (6-353)
where H(Q, P, t) is the original Hamiltonian function with Q,, P, substituted
for q,, p;. Hence
K(Q, P, 1) = H(Q, P,1) + €| (G, H) + %(?” (6-354)
In obtaining this result, note that the Poisson bracket (G, H) = —(H, G).
Now suppose that the generating function is a constant of the motion.
Then, in accordance with Eq. (6-351),

(G, H) + %g =0 (6-355)

and we see that the new Hamiltonian is merely the old function with the
new (’s and P’s substituted for the old.

As an illustration of this point, suppose we describe a system of N par-
ticles in terms of a Cartesian coordinate system and take the total angular
momentum about the x axis as the generator of an infinitesimal canonical
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transformation. Hence we can write

N
G= Z:l m{(yiz; — 2,90

Z

= P (ipu — thyi) (6-356)
and, using Eq. (6-347), we find that
dx, =0, oy, = —e€z, oz, = €y, (6-357)
and
0p;=0, Opy= —€py  Op,=e€p, (6-358)

This transformation corresponds to an infinitesimal rotation df = € of the
system of particles about the x axis. A similar rotation applies to the momen-
tum components. More generally, the use of a momentum p, as a generating
function will result in an infinitesimal change dg, in the conjugate coordinate.
This applies, as in the given illustration, even if p, is expressed in terms of
other variables.

In order to show the effect of the transformation on the Hamiltonian,
let us assume a specific case in which each particle is attracted toward the
origin by a force proportional to its distance. Then the generating function
is a constant of the motion and, furthermore, we have a natural system with
the Hamiltonian function equal to the constant total energy.

1 N

~ P—§ p—i‘ p—zzl __I._ N‘ 2 2 2 _
22<m:+n}v‘.+m‘)+ Q%kr(xlﬂL)’n—\—Z.-) (6-359)

i=1

H =

Next use the transformation equations
x; = X, yi=7Y -+ €Z, 7,=Z2,— €Y, (6-360)
P = Py Py =Py + €P,, Pu=P,—€P, (6-361)

and, applying Eq. (6-352) and neglecting terms of order €2, we obtain

1 & (P Py | Pi 1 &

K=2L% (= Pu __) Iy ze 6-362

TL (R )t R YA Rzl (6362
We conclude from this example that the infinitesimal rotation generated by
the angular momentum function leaves the Hamiltonian unchanged in both
form and value, indicating a symmetry in this function. This can be seen by
noting that the sums of the squares of the components of momentum or
position are invariant under a rotation about the origin. Conversely, the
Hamiltonian function generates a motion of the system in time which leaves
the angular momentum invariant.

Liouville’s Theorem. Once again let us consider a holoncmic system
which is described by the standard form o Hamilton’s equations. With the
passage of time the system traces out a trajectory in phase space. Any two
points on a given trajectory are connected by a canonical transformation,
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and, in fact, any two adjacent points are connected by an infinitesimal ca-

nonical transformation. These transformations must approach the identity

transformation as the time interval approaches zero, and therefore we con-

sider only the more restricted case of canonical transformations in which
= 1.

Liouville’s theorem was discussed in Sec. 4-4, and we found that the Jaco-
bian determinant is equal to unity for a canonical transformation relating an
initial point on a trajectory in phase space to any later point on the trajectory.
Using the terminology of this chapter, we see that

_9(Qy,....P) _ .
'M’_d(q,.....p,,)_l (6-363)
where M, is given by Eq. (6-329).

Another viewpoint of Liouville’s theorem, which is particularly applica-
ble to statistical mechanics, is to consider the motion of a group or ensemble
of identical systems whose phase points lie within a volume element of phase
space at some initial time. As these points proceed along their individual
trajectories, the corresponding volume element may change its shape, but,
in accordance with Liouville’s theorem, its volume does not change. In other
words, the phase fluid is incompressible. If we define a density p(q, p, t) for
these phase points, Liouville’s theorem then implies that p is a constant of
the motion; that is, using the Poisson bracket notation, we have

p=(pH)+ % = (6-364)

Liouvilie’s theorem can also be stated in terms of integral invariants, and
this is the next topic for discussion.

Integral Invariants. Consider a system of differential equations of the

form
X = Xixy, X250 oy Xy 1) (i=12,...,m) (6-365)

We can consider the x’s to be the components of an m-dimensional vector x.
A solution point of this system traces a curve in the (m + 1)-space (x, ¢).
We shall be interested, however, not so much in a single solution curve as
in the totality of these curves. Furthermore, we shall assume that they fill
the space in such a way that only one curve passes through any given point.
Let us assume the existence of a vector field F(x, r) in this space and

consider the line integral
I= f Fedx = j S Fodx, (6-366)

be be

=1
where the curve y consists of soiution points at the same instant ¢. Since
each point of y is also a point on a solution curve C, we see that as the solu-
tion proceeds these points move along their respective curves, causing y to
change shape (Fig. 6-3). It may turn out that the value of the integral I does
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Figure 6-3. The curve of integration y at various times.

not change with time; if so, it is known as an integral invariant. Since y repre-
sents a one-dimensional domain, the integral invariant is of the first order.
If the condition holds for all curves, open or closed, the integral is called an
absolute integral invariant. If, on the other hand, the integral is constant
only for closed curves, it is a relative integral invariant.

Now let us consider the conditions under which this invariance occurs.
Suppose we introduce a parameter ¥ which varies from 0 to 1 as the integra-
tion proceeds along p. For a fixed value of , the corresponding point traces
a single solution curve C with increasing time. Therefore those solution curves
of Eq. (6-365) which intersect y can be written as functions of u and ¢, that s,

x, = xu, t) (i=12,...,m) (6-367)
where these functions are twice differentiable. Hence we obtain

0.V/ _ P— -

?—t—_X,-(x,t) (=12,...,m) (6-368)

With this notation, we can write the integral of Eq. (6-366) in the alternate
forms

* el 1 m
-] S Fdx, = f Y F ‘;ifdu (6-369)
Jy i o =1 u
The invariance of I requires that d//dt be zero as we follow the set of solution
points comprising y. It is convenient to differentiate the second form since it
has fixed limits. First we note that u remains constant for this differentiation

within the integral, and we obtain

d_@ _ “-v dF, 3.“ A dF‘
dt &'—‘,R-QT —37

. gg ¥+ 9 (6-370)

2

L]
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Also,
d /dx, d (0x)\ _ & 09X, dx ]
o) = salon) = 5l o (6-371)
Then, upon interchanging the indices in the term F(dX,/0x,)(dx,/du), we
obtain

a_ {'& OF, v  p 0X; dx,
= S Gy RGP
o dF ax, oF,
—_ \ i k -
EEGex RS T e e

In order for this integral to be zero for an arbitrary y, that is, for independent
dx’s, each coefficient must be zero. Hence

& (9F, ax, L
kgl ((Txu,(X Fka )+ at _0 (l_l’z’---,m) (6'373)

is the necessary condition for an absolute integral invariant. It is also sut-
ficient.

It is interesting to note at this point that there is an absolute integral
invariant corresponding to each integral of the set of differential equations
(6-365). For example, suppose

Blx, Xpy ooy Xy ) =01 (6-374)

is such an integral. Let us choose a vector field F such that

7

F = g% G=1,2,...,m (6-375)

Then we can apply Eq. (6-373) to obtain

&, [ 0% lg& 7 d’qs___g_ @ _ ]
< \0x, dx; Y Ox, 6t/ + dtdx,_()xl< )—0 (6-376)

since d@/dr is identically zero. Therefore we see that

I— Jr g¢ dx, (6-377)

is an absoiute integral invariant for this system.

Now let us return to a further consideration of Eq. (6-372) which can
be written in the form

- [SI8GE e (-] e o

But we recal! that time is held constant for this integration, so we can write

S 0 (FuX) dx, = d(F X)) (6:379)

6378
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Then we obtain another form for Eq. (6-372), namely,

dl n 6F dF, \

:17=k§l FkX - +f1 1 k 1 Txk-a;;) - ]dXI (6-380)
The first term on the right vanishes for all closed curves because the values
of x corresponding to u = 0 and u = 1 are identical, and F, X, is a function
of x only at any given t. We conclude, then, that the line integral I of Eq.
(6-366) is a relative integral invariant if the integrand of Eq. (6-380) is a
perfect space differential, since, once again, we consider time as a constant
parameter during the integration.

So far we have been concerned with integral invariants of the first order.
One can show, however, that each relative integral invariant of the first
order is equivalent to an absolute integral invariant of the second order. This
follows from an application of Stokes’ theorem which states that the line inte-
gral of Eq. (6-366) taken around a closed curve is equivalent to the integral

1= J L i (0_F — Qﬂ) dx; dx, (6-381)

taken over a surface bounded by the curve y. We might, for example, follow
the motion of any surface which is bounded by y at the initial instant, with
care veing taken to properly correlate the positive surface direction and the
direction of integration around y. This results in an absolute integral invariant
of second order because the surface is not closed.

A similar argument can be used to show that any relative integral invariant
of order r is equivalent to an absolute integral invariant of order (r + 1).
We infer that any integral invariant of the maximum order m must be abso-
lute.

Now let us consider integral invariants of order m. In this case we have
the multiple integral

[ = j J’M(x, ) dx, dx, - -+ dx,, (6-382)

and follow a set of system points within a certain initial region as they move
in accordance with Eq. (6-365). We seek the conditions on M which must
apply in order for I to be an integral invariant.

Suppose we consider the m integrals of the motion

DXy, X0y o ooy Xy 1) = G, (i=12,...,m) (6-383)

We can regard these equations as a transformation from the x’s to a’s, where
the a’s are constant along any solution curve. Then we can write the integral
in terms of the Jacobian of the transformation as follows:

~{.. UCTIRRRRE ) -
1_.| | MG ed o, da - - d (6-384)
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The limits on the a’s are not functions of time, and the region of integration
is arbitrary, so the required condition is that

d (X yene s Xm) |
E[M—————a(a” ...,a,,,)] —0 (6-385)

The derivative with respect to time of a typical element of the Jacobian is
d(ox\ _0x, _ & 0X, dx,

dr\da,) T 9u, =~ &= 9x, da,
and the derivative of the determinant is found as the sum of m determinants,
with the elements of successive rows being differentiated, one row to each
determinant. We find, then, that the time derivative of the Jacobian is

(6-386)

dTo(x), X3 .0 s x,,,)] . (Q—X—’ 90X, o 9XN (X, Xy s X)
dr| o, oy ..., 0] \0x; | Ox, TR ICT D)
(6-387)

The necessary condition on M, obtained from Egs. (6-385) and (6-387), can
therefore be written as

dM mdX, .
-d—I—+M§ax—‘—O (6-388)
or
L . oM
v = -
A Xl(Mk,) + rn 0 (6-389)
Thus, we see that the functions M(x,, x,;,..., X, t), which are known

as Jacobi multipliers, must satisfy a linear partial differential equation.
The corresponding integral /, given by Eq. (6-382), is an absolute integral
invariant.

Now let us obtain some integral invariants which are associated with
Hamiltonian systems. First, recall from Eq. (5-15) that

2 P dqy — 4-21 Prodqyn — Hydt, + Hydty = dS(q;, qo, £15 to) (6-390)

i=1

Next, suppose we consider a closed curve y, in an extended configuration
space of (n 4+ 1) dimensions. It consists of a set of solution points in this
space at time ¢,. We assume that one solution curve C passes through each
point of y,, but y, is nowhere tangent to any solution curve. As in Fig. 6-3,
the curve y indicates the locations at time ¢ of the original set of solution
points. Hence, at some final time ¢,, a typical point P, on y, corresponds to
a point P, on p,.
Now let us examine the line integral

I= i p; dg, (6-391)
y i=1

where we consider that p, = p(q, t) since the initial conditions are given
along p,, and therefore the solution curves are specified. We wish to compare
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the values of this integral taken over the closed curves y, and p,. As the
integration proceeds along y, we assume that another integration is taking
place along the corresponding points of y,. Since each of these integrations
takes place at a fixed time, we can set df, and dt, equal to zero in Eq. (6-390).
Then, noting that the end-points of the integrations occur at the same values
of the variables (q,. q;. #,, t,), we see that

f ds =0 (6-392)

and we obtain

§) S ] pi dql = § i: P,— dCI, (6'393)

Yo i= Yii-1

In other words, the integral I of Eq. (6-391) is a relative integral invariant
whose constant value depends upon the family of solution curves intersected
by v.

This result can be generalized easily to include a continuous closed curve
of integration y in extended configuration space, without the restriction that
time is constant along the curve. Since the initial and final points of the
integration are identical, Eq. (6-392) still applies, and we obtain from Eq.
(6-390) that

fﬁh (21 pidg, — Hdt) = gjﬂ (z;l p.dg, — Hdz) (6-394)

i

Thus we obtain the result that

I= ﬁ ( : p.da, — Hdr) (6-395)

is a relative integral invariant of the first order. As before, each curve of
integration y is characterized by the fact that it is intersected by the same
family of solution curves, and this family determines the value of 7. But a
single value of time is no longer associated with each .

As a final example of an integral invariant which is associated with a
Hamiltonian system, consider an integral in phase space of the form

IZJ"-'[dql"'dq,.dpl--'dp.. (6-396)
This is an example of an integral of maximum order 2n. A comparison with
Eq. (6-382) shows that the vector x has the components (qy, . . ., G P15 - + -s

p,) and the Jacobi multiplier M is in this case equal to unity. Furthermore,

from a comparison of the canonical equations and Eq. (6-365), we see that
X,.:gﬁ G=1,2...,n)
Pi (6-397)

X, = — (i=n+1,...,2n
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A substitution of these expressions for X, into Eq. (6-389) leads to
o (02 H N

=1 (3% op. dp; dq,-) N

Hence Eq. (6-389) is satisfied identically, and we conclude that 7 of Eq. (6-396)
is an absolute integral invariant of order 2n. Here the integration is over a
finite volume enclosing a certain set of phase points whose motion is followed
as time proceeds The invariance of the integral indicates that the volume of
an arbitrary portion of the so-called phase fluid is constant as each point
traces out its trajectory in accordance with the canonical equations. This is
another statement of Liouville’s theorem.

{(6-398)
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PROBLEMS

6-1. For a certain canonical transformation it is known that
Q =97+ p?

1 . q |
y = 5(q* -+ p?)tan”! s Trar

Find P(g, p) and ¢(q, Q).
6-2. Given the canonical transformation equations

Q =sing, P L%

cos g
Find y, Fy, F;, F3, and F,.
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6-3. A particle of mass m moves in the xy plane under the action of a potential
function ¥ — ky. For a homogeneous point transformation

0i=xy,  0:=4(x*—)7)

find the expressions for P, and P, and the generating function F,(q, P). What is the
new Hamiltonian function K(Q, P)?

6-4. Given the canonical transformation
Oy =49, — vot Py =p — v
0, —A/2pseising, Py =./2pye'cosy,
and the Hamiltonian function H = {(p? -+ pi 4 ¢}). Find the generating function

Fy(q, P, t), the new Hamiltonian K(Q, P, r), and the canonical equations in terms
of the new variables.

6-5. Given a standard holonomic system with H = }(g? 4- p?). Assuming the
canonical transformation of Example 6-2, find K(Q, P, t) and the corresponding
canonical equations.

6-6. Consider a canonical transformation for which Q =¢cos?2p and ¥ =
qp — g sin 4p. Find expressions for P(q, p), Fi(y, Q), and F,(p, P).

6-7. For the case in which the generating function F,(p, P, t) is identically zero,
show that

n

P
-— =0 = R
Z ld‘]( (j 1,2, 1")

6-8. Given a system with H == {(¢2 + p?). Employ the Hamilton-Jacobi method
to solve for the motion, using first F,(g, P, t), and then F,(p, P, t). Note that P is
identical with o and Q with § in each case.

6-9. Consider a homogeneous canonical transformation having » = 2 and an
auxiliary condition

Qg, Q) =sin(g. + Q) — /43 + 01 =

where 0<q, 4- 0; <<m/2 and 0 < ¢i + Q3% < 1. Obtain the transformation
equations and use the differential form to confirm that they are canonical. Show that
the matrix (dQ,/dp,) has rank one.

6-10. 1In the usual case we require that the determinant |d3¢/dg; dQ,] be non-
zero. As a counterexample, suppose we are given the generating function

e ¢
Fi(q, O,1) = voq, + q,cos7! :sz‘;—l— — 5 Qze W2q; — Qe ¥

and the auxiliary condition Q = Q, — g, -+ vot — 0. Show that an augmented
generating function can be used to obtain the compiete canonical transformation
equations. Solve for (K — H) in terms of the old variables.

6-11. Given the cancnical transformation equations

Ql :JZ| aij(/jv Pi = Zl al'Jpj
. i=
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where ] a;;a;, = Oy and a,; = a,(r). Assuming that H =} > pi find K(Q, P, 1)
i=1 k=1
and the canonical equations in terms of the new variables.

6-12. Using the notation of Example 6-4, obtain a generating function F3(g, P*)
for a rotation followed by a translation.

6-13. A system with one degree of freedom is described by T = {m(g + 1)? and
V = Lkqg*. Now consider a canonical transformation in extended phase space gen-
erated by F, = qPr + tP. Write the transformation equations and use the Poisson
bracket expressions to check that they are canonical. Find the new augmented
Hamiltonian and obtain the equations of motion in the new variables. Show that
these equations are equivalent to the equations of motion in terms of the original
variables.

6-14. Given the transformation equations
1
0\ =492, Q. = 5 (qt —gd)

_ 49221 +41P2 _41P1 —q2P2
Pir="r——0s, Pio="o 5
gt + g% qgi +q1
Use the symplectic matrix method to show that these equations represent a canon-
ical transformation.

6-15. Consider a system described by the differential equations
X = Xilxy, x2,x3,8)  (1=1,2,3)
with independent integrals of the motion of the form
dilxy, X3, x3, 1) = @ (i=1,2,3)
where the &’s are constants. Give a detailed derivation of the time derivative of the
Jacobian d(x, x2, X3)/0(%,, &, &;) and compare with the result given in Eq.
(6-387).
6-16. Given a canonical transformation relating (gq;, p;) and (Q;, P,) for i =
1,2,...,n Use the bilinear covariant criterion of Eq. (6-263) to show that
99 _dpx 9P _ 4
dg, 0P’ Ope 90

and

90, _  dax 9P, _ _9pe

dpx 0P’ Oq 30
for all (i, k). This can be accomplished by expanding in terms of mixed (old and
new) variables, such as g, dP;, and considering the case where the J-variation
involves only g, from the old variables, and the d-variation involves only P, from the
new variables.

6-17. Consider a standard Hamiltonian system. Use Eq. (6-380) to show that
the line integral

1=J‘ > q:dp
y =1

is a relative integral invariant.
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6-18. Given a system with T = {m(g} + 4i) and V = }kqgi. Use Eq. (6-380)
to show that the line integral

= f (py dq, + p2dq>)

Jy

is a relative integral invariant and the line integral
[T (142 P2y
1 J kgadgs -+ (1 + 21) dp, + 22 dp, |

Is an absolute integral invariant.

6-19. For the system of the previous problem, show that

1= [ [ onkas + pirda, das dp dps

is an absolute integral invariant.

6-20. The polar coordinates (r, 8) specify the location of a particle of mass m
as it moves in the xy plane. Consider an infinitesimal canonical transformation
corresponding to a small translation € parallel to the x axis. Find the generating
function G(g, p) of this transformation and the expressions for dr, 88, dp,, and

0 Pe-



INTRODUCTION TO RELATIVITY

The basic idea of a principle of relativity in mechanics did not originate
with Einstein, but rather it dates back to the times of Galileo and Newton.
Recall that Newton's first law of motion states that a body with no forces
acting on it remains in its state of rest or of uniform motion in a straight
line. Now this law presupposes a frame of reference from which the path of
the body is measured, and only for certain choices does Newton’s law apply.
Newton tended to think in terms of an absolute or primary inertial frame
such as a frame fixed with respect to the distant stars, but he was aware
that other inertial frames exist in which an unforced body moves uniformly
in a straight line. Since each of these frames is equally valid as a reference
for writing the equations of motion in accordance with Newton’s laws, we
have a principle of relativity even in Newtonian mechanics.

In his special theory of relativity, Einstein extended the principle of reia-
tivity from purely mechanical systems to electromagnetic phenomena and,
by hypothesis, to all of physics. This postulate had surprising consequences
with respect to the prevailing common-sense notions concerning distance
and time, and had a profound eflect upon the further development of physical
theory. In this chapter we shall present the principal ideas of Einstein’s special
theory of relativity.

7-1. INTRODUCTION

Galilean Transformations. First let us define an inertial frame as any
frame of reference in which a free particle remains at rest or moves uniformly
in a straight line. If we are given an inertial frame, then a second frame which
translates with a constant velocity relative to the given frame is itself inertial,
since the same free particle moves uniformly in a straight line relative to this
frame as well. By similar reasoning, we can show that an infinite number of
inertial frames exist, each translating uniformly with respect to the others.

Now censider two inertial frames / and I’. For convenience we can choose
their orientations such that the direction of the relative velocity lies along
the common x axes. Suppose, then, that frame I’ translates with a constant
velocity V relative to 1, as shown in Fig. 7-1. Also, let us assume that the
origins © and O’ coincide at time ¢ = 0.

272
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y y'
1 1’
—V
0 o x, x'
z z'

Figure 7-1. Two inertial reference frames in relative motion.

If we adopt the viewpoint of Newtonian mechanics, the transformation
equations relating position and time in the two inertial frames are

T=x— Vt

yl—y (7-1)
Z =2

t' =1t

These equations describe a Galilean transformation. Note that time is con-
sidered to be an absolute quantity which is the same in both frames and,
furthermore, the concepts of space and time are completely separable. The
corresponding Cartesian components of velocity are related by

z

v, =v,—V
v, = (7-2)

¥

g
v, =0

z

and the acceleration components in the two inertial frames are identical.

a, = a,
a4, =a, (7-3)
d, = a,

The equations which we have presented so far are concerned with the
kinematics of a point; that is, they state the relationships of the position,
velocity, and acceleration of a point relative to the two frames / and I at a
given time ¢.

If we next consider the motion of a particle of mass m which is acted
upon by a force F, we can apply Newton’s second law of motion and obtain

F = ma (7-4)
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where a is the instantaneous acceleration of the particle relative to the inertial
frame /. Similarly, the equation of motion relative to I" is

F' = m'a’ (7-5)
Now, in accordance with the viewpoint of Newtonian mechanics, force and
mass are absolute quantities, so F = F’ and m = m'. From Eq. (7-3) we see
that a = a’. Hence we conclude that a Galilean transformation leaves the
basic equation of motion unchanged, not only in its mathematical form,
but also in the numerical values of the force, mass, and acceleration. Since
all of Newton’s laws of motion retain the same form, that is, are covariant,
under a Galilean transformation, we can state the Newtonian principle of
relativity. All the laws of mechanics have the same form in every inertial frame
of reference. There are no preferred inertial frames.

Maxwell’s Equations. Although we have seen that the laws of Newtonian
mechanics apply equally in every inertial frame, one might ask whether the
laws governing other areas of physics have the same form in these frames.
As an example, let us consider Maxwell’s equations which apply to elec-
tromagnetic phenomena. They are

VxH=i+%3 (7-6)
VxE - —%'t;” (7-7)
V.D = (7-8)
V.B -0 (7-9)
where
D - ¢E (7-10)
B = uH (7-11)

We are particularly interested in the case of the propagation of electro-
magnetic waves in free space where the current density i and the charge
density p are both zero. Hence we can combine these equations to obtain

2
VB = § %ﬁ (7-12)
, 35
ViE = % %ﬁ (7-13)

where B is the magnetic flux density and E is the electric field strength.
Equations (7-12) and (7-13) have the form of wave equations with a propaga-
tion velocity

1

NTE

(7-14)
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where ¢, is the magnetic permeability of a vacuum and ¢, is the correspond-
ing dielectric constant. Measurements of these constants result in g, =
1.257 x 1079 henries per meter and ¢, = 8.86 x 10-!2 farads per meter,
which yield a velocity ¢ = 3.00 x 10% meters per second. This propagation
velocity applies to all electromagnetic waves, including ordinary visible
light, and from the form of the equations is independent of the frequency
and motion of the source.

Now if a relativity principle applies to electromagnetic phenomena, and
therefore Maxwell's equations are valid in every inertial frame, then the
Galilean transformation equations cannot be valid, for they would predict
that different inertial observers would measure different velocities of light.
For example, if a pulse of light is sent with velocity ¢ along the x axis of
inertial frame 7 in Fig. 7-1, the velocity of this light pulse as viewed by an
observer translating with the inertial frame /" would be (¢ — V') in accor-
dance with Eq. (7-2). Furthermore, if we assume that light travels with the
same speed in all directions relative to frame /, it would have different speeds
in different directions relative to I'. So, if Maxwell’s equations are valid at
all, it is apparent that a choice must be made between the existence of a
single preferred inertial frame and therefore no relativity principle, or else
the Galilean transformation equations must be discarded.

The Ether Theory. Before abandoning the Galilean transformation which
had so much intuitive appeal, the scientists of the late nineteenth century
sought by experimental means to detect an “ether™ through which light
propagated in accordance with Maxwell's equations, This ether was con-
sidered to be a medium for the transmission of electromagnetic vibrations in
a manner analogous to the transmission of sound waves through an elastic
medium. The ether would then represent a preferred inertial frame, and light
would be propagated in all directions with a constant speed ¢ relative to this
frame. Relative to the earth, however, the velocity of light would be different
in different directions because of the motion of the earth in its orbit around
the sun. This orbital velocity is approximately 3 x 10* meters per second,
or 1074 times the velocity of light. It is of sufficient magnitude that the
presence of an ether should be detectable by measurements of the velocity
of light.

The most important of the experiments which ultimately served to deny
the existence of an ether was reported by Michelson and Morley in 1887.
An interferometer was set up, as shown in Fig. 7-2, with the path lengths of
the orthogonal beams 1 and 2 approximately equal. If we suppose that beam
1 is oriented in the direction of the earth’s orbital velocity around the sun,
and the sun is fixed relative to the ether, then in accordance with the ether
theory the round trip time for path 2 is slightly less than that for path 1.
On the other hand, the situation is reversed if path 2 lies along the direction
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Figure 7-2. The Michelson-Morley interferometer.

of the earth’s motion. Michelson and Morley first observed the fringe loca-
tions for one orientation, and then looked for any shifts of the fringes as
the whole apparatus was rotated 90 degrees in its own plane. But despite
measurements conducted at various times during the year, involving dif-
ferent directions of the earth’s orbital velocity, no shifts were noted that were
not within the expected limits of experimentai error. In fact, the speed of
light in the two perpendicular directions was shown to be the same to within
approximately 17 parts per million, a precision considerably better than that
required to detect the expected velocity difference of 100 parts per million.
In other words, no velocity of the earth relative to a hypothetical ether
could be found.

The Principle of Relativity. With the nuil result of the Michelson-Morley
experiment, the retention of an absolute ether and the Galilean transfor-
mation equations seemed to require an additional hypothesis which was
provided separately by Lorentz and FitzGerald. It was the contraction
hypothesis whereby a rigid body moving with a velocity v relative to the
ether contracts in the direction of its motion according to the equation

[= .1 =21 (1-15)

where [ is its length in the direction of its motion and /, is the corresponding
length of the same body when it is at rest. This contraction factor was of
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such a magnitude_that the effects of a fixed ether and the shortening of the
apparatus in the direction of motion exactly offset each other, with the result
that no fringe shifts would occur.

To Einstein, however, it seemed preferable to dispense with the ether
theory once and for all, and instead to extend the Newtonian principle of
relativity from mechanics, first to electromagnetic phenomena, and then to
all of physics. Thus, in 1905 he proposed that the laws of physics are the same
in every inertial frame; that is, there are no preferred inertial frames. This
is known as Einstein’s principle of relativity.

With the acceptance of the principle of relativity, and therefore with the
conclusion that Maxwell’s equations are valid in any inertial frame, we can
now state the two basic postulates on which the special theory of relativity
is based, namely, (1) the laws of physics are the same in all inertial frames
and (2) the speed of light in free space, measured relative to any inertial
frame, is a universal constant which is independent of the motion of the
source.

7-2. RELATIVISTIC KINEMATICS

The Lorentz Transformation Equations. With the acceptance of the second
basic postulate of relativity, it is apparent that the Galilean transformation
equations must be replaced, for they indicate that a given light wavefront
propagates with unequal speeds relative to different inertial frames. What is
desired is a set of equations giving (x', y', 2/, t') in terms of (x, y, z,t), with
the properties that the basic laws of electromagnetism and mechanics retain
the same form in each inertial frame.

Rather than considering the most general case of two Cartesian coor-
dinate systems in uniform relative motion, let us return to the inertial frames
[ and I' of Fig. 7-1. Let I’ translate with a uniform velocity V relative to [/
in the direction of the positive x axes. Assume that the origins O and O’
coincide at the instant t = ¢’ = 0. As a first condition on the transformation
equations, let us require that the speed of light have the same value ¢ in all
directions with respect to each inertial frame. Therefore if a flash of light is
emitted at the common origin at t = t' = 0, an expanding spherical wave-
front must propagate radially outward with a speed c relative to both I and
I'. Relative to I the wavefront location is therefore

x2 4yt 4zt = c¥4? (7-16)
and, relative to [,
X% 4yt 4 2" = 2 (7-17)
Thus the transformation equations must be consistent with Egs. (7-16) and
(7-17).
A second condition on the transformation equations is obtained from
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the definition of an inertial frame. Recall that a free particle moves with a
constant velocity in a straight line relative to any inertial frame. This implies
that the four-dimensional trajectories in (x, y, z, ¢) and also in (x', y', 2, t")
are straight lines. Hence the transformation equations must be linear.

Let us assume that distances are measured in frames / and /' by means of
measuring sticks having the same length when at rest in a given inertial
frame. Also, clocks of identical construction are used in measuring the times
inland [’

We have chosen a set of mutually orthogonal axes in each frame, and
when ¢ = 0 in 7 or when " = 0 in I’ the corresponding axes coincide. We
note further that the relative translational velocity is such that the x axes of
the two systems always coincide. Therefore it follows that all points in a
plane having a certain constant value of y must also have a constant value of
v'. Furthermore, a symmetry argument can be used to show that these two
constant values must be equal. For example, let us suppose that y’ is smaller
in magnitude than y, presumably because of the motion of I’ relative to 1.
Then, by reversing the positive directions of the x and z axes in each system,
and observing the motion of I relative to /', we have the same situation as
previously except that the primed and unprimed systems are interchanged.
Hence the same argument could be used to show that y is smaller than y’,
creating an inconsistency. This inconsistency is removed only if

Y=y (7-18)
A similar symmetry argument shows that
7=z (7-19)

There remains the problem of relating the x and ¢ variables in the two
systems. Let us assume transformation equations of the form
x' = ax + bt
"=ex 4 ft
where a, b, e, and f are constants to be determined.t
Using the condition that the transformation equations are consistent
with Eqgs. (7-16) and (7-17), and with the aid of Eqgs. (7-18) and (7-19), we
obtain

(7-20)

X2 — o212 = x'2 — o242
= a*x® + 2abxt + b** — c*(e*x? + 2efxt + f4?) (7-21)
This equation is valid for independent values of x and ¢, so let us equate the
coefficients of the x? terms and obtain
a* — ctet =1 (7-22)
tThese parameters actually will be functions of ¥, the translational velocity of I’ relative

to 1. But for any two given inertial frames having a certain relative velocity, they are con-
stants since we know that the transformation equations must be linear in x and ¢.
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Similarly, by equating the coefficients of the #2 terms, we find that
bt — M= —¢? (7-23)
and, for the xt terms, we have
ab — c*ef =10 (7-24)
Thus far we have three equations from which to solve for the four coefli-
cients. A fourth equation which serves to introduce the relative velocity

V is obtained by noting that the position of the origin O’ is given by x = Vt
or x’ = 0. Hence, from the first equation of (7-20), we have

aVi + bt =0 (7-25)
or
b= —Va (7-26)
Similarly, the position of O is at x = 0, or x’ = — V¢, and Eq. (7-20) yields
b= —Vf (7-27)
Comparing Eqgs. (7-26) and (7-27), we see that
a=f (7-28)
Then, using Eqs. (7-23) and (7-27), we obtain
fi=s < - (7-29)

or

I
a=f N ey (7-30)

Here we choose the positive root because we know that the transformation
equations must approach the Galilean transformation for small V; that is,
a and f must approach one. Next, from Egs. (7-26) and (7-30), we have

—V
V@) o

Finally, from Eqs. (7-24) and (7-30), we obtain

oo b _ Ve
c 1_({_) (7-32)

Thus the four coefficients are found to be functions of V, as expected,
and, furthermore, this transformation approaches the Galilean transforma-
tion for small V. It is convenient to use the notation

p=L (7-33)

4
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Then the transformation equations are

, x—W"

YR

y=y

2=z (7'34)
Y

t [
~NT =B

These are the Lorentz transformation equations. They form the basis of the
kinematics of special relativity. Note, in particular, that the time ¢’ is a func-
tion of the spatial coordinate x, as well as the time 7. Thus, the time can no
longer be considered as an absolute quantity which has the same value for
all observers. Rather, it is dependent upon the position and velocity of the
observer. This mingling of-the coordinates of space and time in the Lorentz
transformation equations gives rise to the idea of a four-dimensional space-
time in which x, y, z, and t have comparable but not exactly similar roles.

The Lorentz transformation equations can be expressed in an alternate
form by interchanging the primed and unprimed quantities and changing
the sign of V. This is equivalent to solving Eq. (7-34) for the unprimed vari-
ables and leads to

_ x4+
RV, gy o
y=y
7= 2 (7-35)
'+ V"f'
{ = =C~
1T — B?

Perhaps the most symmetrical form of the Lorentz transformation equa-
tions arises by multiplying the time equation by ¢, with the result that we can
consider the time variable to be ¢t or ¢t’. Thus, we measure time in units of
length, just as for x, y, or z. In other words, a certain interval of time can be
expressed in terms of the distance that light would travel during the given
time.

Now let us define the scalar parameter y by

(7-36)

Then we can write the matrix equation

et =72 VI e
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or, conversely,
1 f

{:t}zy_ﬂ 1

A more general form of the Lorentz transformation equations occurs
when I’ translates relative to 7 with a constant velocity V which may be in
any direction, In order to simplify the notation, suppose we designate the
position vectors relative to 7 and I’ by x and x’, respectively, where

x=xi+ yj+ 2k (7-39)
X =xV+yj +zk (7-40)
Once again we assume that the origins O and O’ coincide at t = ¢" = 0, and

corresponding axes are parallel in the limiting case in which V approaches
zero. For these assumptions, one can show thatt

ct’

X’
{ } (7-38)

X = x + ["I;—zv(y —1— yt]v (7-41)
r=y(r- "C',V) (7-42)

Even more general Lorentz transformation equations can be obtained if,
for example, the primed system undergoes a certain fixed rotation such that
corresponding axes are not parallel, or perhaps O and O’ do not coincide at
time zero. We shall not concern ourselves further with these possibilities,
however.

Events and Simultaneity. The kinematics of relativity is concerned with
the motion of a point in space and time. Thus, a moving particle traces out a
trajectory in the four-dimensional space (x, y, z, t). Now if an event such as a
flash of light occurs at a certain time and place, it can be specified by giving
the values of x, y, z, and ¢ relative to some inertial frame. In other words,
we can say that an event is a point in spacetime. Furthermore, we see that the
Lorentz transformation equations deal with events; that is, they relate the
values of x, y, z, and ¢ relative to two different inertial frames.

Now if we suppose that a certain event such as a light flash occurs, how
are the corresponding values (x, y, z, f) obtained? First we can choose an
inertial frame I as a reference. Now suppose we imagine that an array of
signs is constructed, and these signs are fixed at regular points throughout
the reference frame. The calibration giving the spatial coordinates (x, y, z)
of each sign is a straightforward procedure because these signs are not mov-
ing, and any measuring sticks would also be fixed during this calibration
process. The location of a given event is found by interpolation from the
signs closest to the event.

+C. Meller, The Theory of Relativity (New York: Oxford University Press, 1952), p. 41.
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Next, let us suppose that a clock of standard construction is associated
with each sign. The question immediately arises concerning how this array
of clocks is to be synchronized. One possibility is to assume that the clock
located at the origin O is designated as the master clock. In order to synchro-
nize all the other identical clocks with the master clock, we assume that
a flash of light is emitted at the origin at time #,. This flash propagates as a
spherical wavefront which expands at a constant speed ¢ = (u,€,)""/?, where
Mo and €, are constants representing properties of a vacuum, as we have seen.
Hence if a certain clock is located at a distance d from the origin, it should
be set to the time ¢, + d/c at the instant when the synchronizing light flash
reaches it. By using this procedure, allowance is made for the finite propaga-
tion speed of light in the synchronizing of this clock.

A group of standard clocks, fixed in I and synchronized using a flash
from the origin O, can be shown to be synchronized with respect to any other
clock of the group which might be considered as a master. In other words,
the synchronization obtained by this process is independent of which clock
is chosen as the master clock.

Assuming, then, that each inertial frame has an array of signs and syn-
chronized clocks which are fixed in the given frame and move with it, the
spacetime coordinates of an event can be clearly defined. Two events are
defined to be simultaneous with respect to a given inertial frame if they have
the same value of time in that frame. But two events which are found to be
simultaneous by an observer in one inertial frame are not necessarily simul-
taneous when viewed by an observer in some other inertial frame. For exam-
ple, a set of clocks which are synchronized in frame / are not synchronized
relative to I'. In general, the simultaneity of two spatially separated events is
not an absolute relationship, but it depends upon the frame of reference.

At this point, a little more explanation is in order concerning the notion
of an observer. An observer is always associated with a definite inertial frame
and acts as a recorder of events using the spacetime coordinates of that frame.
Hence one does not think of an observer as being located at a certain point
and looking at a sequence of physical events from the perspective of that
position. Rather, an observer in our definition is more like a distributed set
of devices which record the values (x, y, z, t) for all events of interest by using
the readings on the local signs and clocks. Each inertial frame can be con-
sidered to have an observer associated with it, but it is superfluous to con-
sider that any given inertial frame has more than one observer.

Example 7-1. Let us consider an example, known as Einstein’s train,
which illustrates the relativity of simultaneity. Suppose a train (Fig. 7-3) moves
with a constant relativistic velocity V along a straight track fixed in the iner-
tial frame 7. A second inertial frame I’ is attached to the train and translates
with it. Now suppose that lightning strikes each end of the train, making
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Figure 7-3. Einstein’s train, showing the lightning striking at time zero,
and also the wavefronts approaching each other.

marks on both the train and the ground. A man happens to be located at
B, the point in frame 7 which is midway between the marks at 4 and C. He
notes that the flashes from 4 and C arrive at B at the same instant. Since the
two flashes travel with the same speed c relative to 7, and he can confirm that
the distances 4B and CB are equal, he concludes that the flashes at the points
A and C are simultaneous.

On the other hand, a man riding on the train at the midpoint B’ finds that
the lightning flash from the front end C’ of the train arrives at B’ before the
flash from the rear end A4'. Therefore, since the speed of light has the same
value ¢ relative to I’ for both flashes, he concludes that the flash at C’ occurs
before that at A’. Furthermore, he notes that the two wavefronts meet at a
point between B’ and the rear of the train, again indicating that the flash at
the front end occurs first.

Although there is an apparent disagreement between the men at B and B’
concerning whether or not the lightning flashes are simultaneous, the truth
of the matter is that both are correct. The two flashes occur at the same time
t in frame 7, but not at the same time ¢’ in frame /', Furthermore, if we should
consider a second train passing the first and moving in the opposite direc-
tion, a passenger on this second train would find that the flash at 4’ occurs
before that at C'.

We can conclude that there is no absolute simultaneity for two spatially
separated events. If the events are simultaneous in a certain inertial frame,
one can always find another inertial frame in which one of the events precedes
the other.
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Time Dilation. Now let us turn directly to the Lorentz transformation
equations and consider the time interval between two events that occur at
the same spatial location in I’, namely, at the location of a certain clock.
This time interval is registered by a clock fixed in I’ and translating with it.
Hence, for the events 1 and 2, we take

¥ = x (7-43)

Then, using the Lorentz transformation for the time given by Eq.(7-35),
we obtain
L—th=J1—p0—1) (7-44)

Thus we find that the time interval (¢; — 17) registered by a single moving
clock is less than the interval (1, — ¢,) between the same two events registered
on separate but synchronized clocks in I. Hence an observer in / would say
that the rate of the moving I' clock is slow. Conversely, if an observer in
I’ compares the reading of his single clock against the sequence of clocks in
I that he passes, he finds that these clocks run faster than his own. This is
the time dilation effect.

Using a similar line of reasoning, an observer fixed in I’, and watching a
certain clock of the 7 system go by with a relative speed V, will find that this
clock runs more slowly than the synchronized clocks of his system. We can
summarize, then, by noting that every clock appears to run at its fastest rate
when it is at rest relative to the observer. If it moves with a relative speed V,
its rate measured in the observer’s frame 1s slowed by a factor (I — §%)!/2,
where f = Vjc.

Longitudinal Contraction. In the theory of special relativity, the distance
between two points in a rigid body is found by measuring the spatial separa-
tion of the two points at the same instant in the given inertial frame. We have
seen that the simultaneity implied by the phrase “at the same instant” is not
absolute, so one might expect different inertial observers to obtain different
dimensions for the same rigid body. This is actually the case.

As an example, suppose we consider a rigid rod which has an orientation
parallel to the x axis of the inertial frame 7 (Fig. 7-4) and translates with a
velocity ¥ in the x direction relative to this frame. We assume that it remains

1 !
V
—
xT" XZ x, x'

Figure 7-4. A rod translating with frame /°.
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at rest relative to ' and has a rest length [,, where
xy —xip =l (7-45)

In order to determine its length with respect to the frame I, we use the
Lorentz equations of (7-34) and assume that the locations of the ends of the
rod are found to be at x, and x, at the same time ¢. We obtain

A T 4
“= ~1 = B
, x, — Vit
SRV ey
or
Xy —x) = yr_:_;_% (7-46)
where f = Vjc. If we let I be the length of the rod in frame I, we see from
Egs. (7-45) and (7-46) that

I=x,—x,=.1—p*1 (7-47)

This result indicates that the length of the moving rod as observed from /
is shorter than its rest length in I'.

Conversely, if we assume that a rod of length /, is fixed in frame 7 and is
observed from /’, then a similar analysis will show that the length /" mea-
sured in I’ is shorter than /; by the same factor (I — #2)'/2. In this case the
locations of the end-points of the rod are determined at the same time ¢’
in the observer’s frame. The seeming paradox that the rod fixed in the other
frame seems shorter to each observer is explained by noting that each obser-
ver measures the distance between the simultaneous locations of the ends of
the rod, as determined by the clocks of his own frame.

The longitudinal contraction effect can be summarized by noting that
every rigid body appears to be longest when it is at rest relative to the obser-
ver. When it is not at rest it appears to be contracted in the direction of its
motion by the factor (1 — #2)!/2. The dimensions perpendicular to the direc-
tion of motion are unchanged since y = y’ and z = 2’ in accordance with
the Lorentz transformation equations.

The Invariant Interval. In the Galilean transformations which are asso-
ciated with nonrelativistic kinematics, time is considered to be an absolute
quantity. In other words, the time interval between a given pair of events is
independent of the frame of reference. Also, according to nonrelativistic
theory, the spatial interval, that is, the distance separating any two simul-
taneous events, does not depend upon the observer’s reference frame. So we
can say that these intervals are invariant with respect to a Galilean trans-
formation.

When we turn to relativistic kinematics, however, we find that the Lorentz
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transformation equations are not consistent with these invariant intervals
in time and space. Instead, there is a single invariant interval between the
arbitrary events 1 and 2 which combines the measurements of space and
time. This invariant interval s is given by the equation

sP=cMty — 1) — (xp = X)) — (V=¥ = (2, —2)r (748)

for the case where the two events are recorded by an observer in the inertial
frame I. If the spacetime coordinates of the same two events are given rela-
tive to the inertial frame 7, then the corresponding squared interval is

§ = Mt — 1) — (xh — X — 0 — YD — (25— 2D (7-49)

A direct substitution from Eq. (7-34) for the primed quantities shows that
this interval is indeed invariant under a Lorentz transformation, that is,

5% = g2 (7-50)

for any two events,

Timelike The interval s can be visualized for
interval the case of the spacetime coordinates
(x, y, t) by using a set of three mutu-
ally orthogonal axes, as shown in Fig.
7-5. Let us suppose that a flash of light
occurs at the origin at time t = 0. In
/ interval o.rdinary two-dimer?sional space a

circular wavefront is formed which
Light cone increases in radius at a uniform rate
¢. Therefore, in the three-dimensional
spacetime diagram of Fig. 7-5, the
wavefront generates a conical surface
whose vertex is at the origin. This is
the light cone for positive ¢. This cone
can also be extended backward in time
to include those events whose light
flashes arrive at the origin at t = 0.
These two cones are easily generalized
Figure 7-5. Light cones foraneventatthe  for the case of four-dimensional space-
origin. time and are described by the equation

Spacelike

xt + y? 4+ 22 = %2 (7-51)

Comparing this equation with Eq. (7-48), we see that it represents the surface
of all events whose interval s relative to the origin is zero.

So far we have considered light cones relative to the origin. But addi-
tional light cones can be imagined to originate at other points in spacetime.
For example, the light cones relative to the reference point (x,, y,, zy, ;)
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are given by
x=x)+ (O —y)+ @z —2z) =2 — 1) (7-52)

In general, the interval between any two events can be classified into one
of three types:

1. Timelike interval, s* > 0. One event lies inside the light cone of the
other. The two events can be causally linked, but are not necessarily
so related. In other words, it is possible for a signal travelling with a
speed less than ¢ to connect the events, and therefore the earlier event
could have caused the later event.

2. Spacelike interval, s* < 0. One event lies outside the light cone of
the other. The two events cannot be connected by a light signal; hence
they are not causally related. Also, for events separated by a spacelike
interval, it is always possible to find two inertial frames in which the
two events occur in the opposite time sequence.

3. Lightlike interval, s* = 0. One event lies on the light cone of the other;
that is, it is possible for a light signal to connect the two events.

Proper Time and Proper Distance. Let us consider two events which are
separated by a timelike interval which we shall designate by Az. From Eq.
(7-48) we can write

At = cl[c2 At — Ax? — Ap? — A (7-33)

where Ax, Ay, Az, and At are the differences in the corresponding spacetime
coordinates associated with the inertial frame /. Also consider a second iner-
tial frame 7’ in which the differences Ax’, Ay’, Az’ are all zero for the same
two events. In this case we have

At = Ar’ (7-54)

that is, the invariant timelike interval is equal to the actual time interval
registered by a single clock fixed in I’. We might consider this clock to be
associated with a particle fixed in /', but moving uniformly relative to I
In this case, the time 7 is known as the proper time of the particle.

If we consider infinitesimal temporal and spatial intervals, we can write
Eq. (7-53) in the form

dr = ,/1— 'cif dt (1-55)

where v is the particle velocity relative to the inertial frame 7. Frequently this
result is generalized to include the proper time 7 associated with a particle
undergoing a more general motion involving accelerations.t Then Eq. (7-55)

+The hypothesis that accelerations do not directly affect the rate of a clock is commonly
made, but may not be strictly true. We shall, however, neglect any further refinements of
the theory in this discussion.
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;f J1— % a (1-56)
0 [

assuming that 7 and ¢ are both zero at the initial instant.
Now suppose that two events are separated by a spacelike interval, imply-
ing that s* < 0. One can define an interval of proper distance

Ac = JAx? + Ay? + Az2 — ¢? Ar? (7-57)

which, of course, has the same value for the two given events in all inertial
frames. In particular, if an inertial frame is chosen such that the two events
are simultaneous, then the proper distance interval is the same as the ordi-
nary spatial separation.

An interesting approach to the concept of an invariant interval was given
by Minkowski in 1908 when he suggested using the coordinates

is integrated to yield

X, =X, X, =), X; =2, X, = ict (7-58)
in which case we obtain from Eq. (7-57) that
Ac? = Ax? + Ax? + Ax? + Ax? (7-59)

This has the symmetric form of the distance between two points in a four-
dimensional Euclidean space, and gave rise to the idea of a four-dimensional
spacetime in which space and time are merged. Although the coordinates
corresponding to space and time differ in the various inertial frames, the
interval is the same in all frames.

It should be noted, however, that the negative sign associated with A¢*
in Eq. (7-57) allows the interval to be zero in certain cases even though none
of the components vanishes. This is in contrast with the situation in Euclidean
geometry which requires that all components be zero if the length of the
corresponding vector is zero.

4 Light The Wo;'*ld Line. Le% us consider j[he
World cones geperal mplxon of a particle. We can thmk
line of its motion as a sequence of events. Since

/ an event is defined as a point in spacetime,

N this sequence of events traces a curve in
N 7 the four-dimensional space (x, y, z, t). The

x=ct curve is known as the world line for the

particle.

As a simple example, consider a parti-
cle which leaves the origin at time r =0
and moves in a straight line at a varying

x  speed. Assuming that it moves in the

Figure 7-6. The world line of a direction of the x axis, a typical world

particle. line might be as shown in Fig. 7-6.
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Now the invariant interval between any two points on this world line
must be timelike in nature since the speed of the particle must be less than
the speed of light. This implies that every point lies within the light cones for
all previous points which, in turn, sets an upper limit on the angle between
the ¢ axis and the tangent to the world line. This limiting slope corresponds
to a velocity c.

Now if we consider any infinitesimal invariant interval on the world line
of a particle, we see that it also is timelike and is, in fact, an increment dt
of proper time for the particle. Equation (7-56) can then be used to compute
the elapsed proper time 7 for the particle. Because of the invariant nature
of the increments, all inertial observers will calculate exactly the same proper
time for the particle. Thus the proper time calculation is not associated with
any particular inertial frame. We note from Eq. (7-56), however, that the
proper time interval is always less than (or, for the case v = 0, equal to) the
corresponding interval in the time ¢ of the given inertial frame.

An illustration of the apparent slowness of proper time is given by the
observation of the average lifetimes of certain unstable subatomic particles
having large velocities. One finds that these lifetimes, as measured in the
laboratory, can be many times longer than the corresponding proper lifetimes
measured by the innate timekeeping mechanisms of the particles themselves.
This effect permits the observation of the trajectories of certain types of
particles which would otherwise be unobservable.

Example 7-2. Einstein’s clock paradox, sometimes called the twin para-
dox, has been the fctus of much discussion in the literature of relativity.
Let us state the paradox in the form of a story concerning twins 4 and B.

Suppose the twins 4 and B are both initially on the earth, which is assumed
to be an inertial frame. Twin A remains at the earth, but twin B travels with
a relativistic speed v to a distant point P and then returns to the earth with
the same constant speed (Fig.7-7). Assuming that the measurements of

|
—

Figure 7-7. The path of the travelling twin.

distance and time are taken relative to the inertial frame of the earth, the
time required for the round trip is

T, = 2L (7-60)

according to 4.
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On the other hand, a clock carried by twin B registers his own proper
time. If we can assume that the reading on his clock does not change as he
turns around instantaneously at P, then his total elapsed time for the trip,
using Eq. (7-56), is

2L

Tp= a1 "ﬂ: TA=T/\/ 1 "ﬁz (7'61)

where f = v/c.

Hence, upon B’s return to the earth, a comparison of readings on the
two clocks reveals that the time required for the journey according to B is
shorter than that according to 4 by the factor (I — f%)!/2. Also, since the
biological time for each twin is the same as his own proper time, we find
that the travelling twin B ages less than twin 4 who remained on the earth.

If we now consider the trip from B’s viewpoint, we find that 4 moves
away with a velocity v and then returns at the same speed. Hence the para-
dox: Using the previous reasoning, why should not B find that A’s clock is
running slow?

The first point to notice is that the dynamical effects of the motions of
A and B with respect to each other are not symmetrical. If each twin carries
an accelerometer, for example, A’s accelerometer will give a continuous
reading of zero. But B’s accelerometer will show a nonzero reading when
accelerating at the beginning of the trip, upon turning around at the destina-
tion P, and also upon slowing to a stop as it returns to A4.

As a further check, we note that from B’s viewpoint the line AP goes by
twice, first with 4 receding until P is opposite B, and then with 4 approach-
ing, In each case the relative speed is v, so the length of AP appears to be
(1 — f3)'*L because of the relativistic contraction. Hence the time required
for the round trip according to B is twice the time for one passage of AP, or

Ty =S VT=F
as before.

As an illustration of the difference in the aging processes of the twins,
suppose that twin B travels at 80 percent of the speed of light, and the dis-
tance L is 4 light years, the approximate distance of the nearest star. Then
Egs. (7-60) and (7-61) yield T, = 10 years and T = 6 years. Hence twin B
ages appreciably less than twin A. In fact, twin B covers the round trip which
has a total length of 8 light years in only 6 years. This may seem to imply a
speed greater than ¢, in contradiction to the original assumption. It is actually
a valid result, however, since the distance is measured in the earth’s frame
and the time is measured in a different frame, namely, a frame moving with
twin B.

Addition of Velocities. One of the consequences of the Lorentz transfor-
mation equations is the restriction that the velocity of a particle relative to
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any inertial frame cannot exceed the speed of light ¢. Furthermore, the velocity
of a photon relative to any inertial frame must be the same value c. It is
apparent, then, that the usual laws of vector addition do not apply to the
addition of velocities in relativistic kinematics. (Fig. 7-8.)

y y
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Figure 7-8. Velocity components of a particle.

To obtain the relativistic law of addition of velocities, we start with the
Lorentz transformation of Eq. (7-35) written in differential form. We have

gy A VA

~1— B*

dy = dy’

dz = dz' (7-62)
i’ + cizdx'

adt = e
S =B

Vie.
ke ratios of these differentials to find the equations for the un-
ocity components in terms of the primed components. We obtain

v —_—g:_v;—‘__V
dt ]+sz;,
4
v =Q='U:\"‘| —ZZ
T a T L (7-63)
+
c
. .dz _ v /1 — B2
T Vv,
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Conversely, the primed velocity components in terms of the unprimed com-
ponents are the following:

v,_vI—V
x va
I__,‘T
v v/ 1= p?
»= Vo, (7-64)
—
v, =Yl = B
] — 2%
P

Let us assume that the velocity V lies in the range —c < V < ¢. We
know that light signals (photons) travel with a velocity c relative to all inertial
frames, and every material particle must have a velocity less than ¢ relative
to any inertial frame. A check of the velocity addition equations shows that
they are consistent with these restrictions.

As a simple example, if I’ translates relative to 7 with a velocity ¥ = 0.9¢,
and if a particle translates relative to I’ with a velocity v, = 0.9¢, then we
find from Eq. (7-63) that the velocity of the particle relative to I is v, =
0.994c. Thus it is clear that the usual laws for the vector addition of velocities
do not apply in this case where two inertial frames are involved. Relative to
a single inertial frame, however, vector components may be added in the
normal manner to obtain the total velocity with respect to that frame.

With the realization that relativistic velocities do not add in the simple
manner of Newtonian kinematics, the question arises whether some other
parameter might not be more convenient for representing the velocil
example, can a parameter be found which uniquely represents the v¢
and which can be added to represent a relativistic addition of
The velocity parameter @ meets these conditions and is defined by th

tanh§ =L = 8
c

We note that the velocity is zero when 6 is zero, and v approa
goes to infinity. Furthermore § = f for § <1, so @ is proporti
velocity for small velocities.

From the defining equation for 6 and Eq. (7-36) we see that“

coshf):ﬁ:y

VI=F
To illustrate the use of the velocity paramy
of velocities, consider the rectilinear moti

b



SEC. 7-2 RELATIVISTIC KINEMATICS 293

v, relative to the fr® n, has a velocity v, relative to the
I frame. From Eq. (. » velocity of the particle relative to
the inertial frame 7 is

N (7-68)

In terms of ation becomes
= tanh (8, + 8,) (7-69)
(7-70)

- scrativistic velocity additions are accomplished by
_.g i€ corresponding velocity parameters.
The Lorentz transformation equations can be written conveniently in
terms of the velocity parameter. Thus, Eq. (7-37) becomes

{x’]}_l' coshf —sinh@7 fx]s (7-71)
ict'J | —sinh@®  cosh HJ )
“cosh @ sinh 91 'fx’

tet
x e
ot | sinh@ cosh@ lct’

Example 7-3. A rigid rod of rest length /, makes an angle ¢’ with the
x" axis and is fixed in I’ as it translates with a constant velocity ¥V relative to
I(Fig. 7-9). Find the length of the rod and the angle between the rod and the
X axis, as viewed by an observer in the inertial frame /.

or, conversely,

(7-72)

———

Figure 7-9. A translating rod.

First we notice that the x" and y’ components of the length of the rod, as
measured in frame I’, are
Ax' = x"=1I,cos ¢’
o d’, (7-73)
Ay' =y — Il sin¢g
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We have observed previously that the y dimensions of a rigid body are un-
changed in going from the I’ frame to the 7 frame, but the x dimensions suf-
fer a Lorentz contraction with the factor (I — £2)"/2. Hence we find that

Ax = 1 — B?l,cos ¢’

. (7-74)
Ay = l,sin ¢’
Thus the length in frame 7 is
= /Ax* - Ay? = /1 — B*cos* ¢’ I, (7-75)

The angle ¢ between the rod and the x axis, as viewed from frame I, is given
by
_Ay  tan¢’
tan ¢ = AT = (7-76)
In a typical case, then, the rod appears shorter in the frame /7, and its
angle measured from the x axis is more nearly perpendicular.

Example 7-4. A particle moves relative to the frame I’ with a velocity
v’ in a direction given by the angle ¢’ measured from the positive x’ axis
(Fig. 7-10). Find the amplitude and direction of the velocity of this particle
relative to the I frame.

Figure 7-10. The transformation of velocity directions.

The velocity components relative to the /' frame are
v/ — ,UI COS ¢/
) _ (7-17)
v, = v sin ¢’

A direct substitution into Eq. (7-63) yields

_rcosd - ¥
' 1 1o oo 0
A

(7-78)
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where f = V/c. If we let §” = v'/c, these results can be written in the form

v = (BB cosdy,
Nl 4+ Bf cosd/

— (ﬂ’ sin ¢'/1 — B*\ |
’ 1+ BB cosd” /

The magnitude of the particle velocity relative to /I is

v — <L32 + B*(1 — B*sin® ') -+ 288’ cos ¢’]‘“)C (7-80)

(7-79)

1 + BB cos ¢’
This velocity vector makes an angle ¢ with the x axis, where
_Bsing’ /1 — p*
t = 7-81

Notice that the angle ¢ is quite different from the result of Example 7-3.
Here, for positive f and f#’, we find that ¢ < ¢’ for 0 < ¢" < 7.

An application of some interest occurs for the case of a photon moving
with #’ = 1. Then, as expected, Eq. (7-80) yields v = ¢ for all values of ¢'.
Under these conditions, Eq. (7-81) can be written in the form

B + cos ¢’

1 + Bcos¢’ (7-82)
Assuming f > 0 and 0 < ¢’ < 7, we find again that ¢ < ¢'. This implies
that if a fast-moving particle emits light equally in all directions relative to
I', an observer in frame I will find that most of the light travels in directions
defined by the forward hemisphere, the effect being more pronounced as §
increases. This is known as the headlight effect. )

cos ¢ =

The Relativistic Doppler Effect. The frequency of a received light signal
can be different from the transmitted frequency due to the relative motion
of the transmitter and receiver. This Doppler effect occurs even for nonrela-
tivistic velocities and for other types of wave transmission such as sound,
but we shall limit ourselves to a relativistic analysis of electromagnetic waves
in a vacuum.

First consider the case of a light source at the origin O’ of the inertial
frame I’ which is receding with a velocity ¥ from an observer at O in the
inertial frame 7, as shown in Fig. 7-11. Let us assume that the source fre-
quency is f’ when measured in /’. A light signal propagates to the left, that
is, in the direction of the negative x axis. Suppose the period of this signal
is T, as measured in frame I. We notice that the wavefront moves a distance
cT to the left and the source moves VT to the right during the time interval
T. Hence the wavelength measured in 7 is

L=(c+WT (7-83)
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Source
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Figure 7-11. Relativistic Doppler effect.

for this case where the wavefront and the source move in opposite directions.
The frequency received at O is

=%

1
=TT (7-84)
where f = V/c.

Now recall that a clock moving with the source appears to run at a sfow
rate to an observer in /, that is,
r
T = ——p3 7-85
T =p (7-85)

where T is the oscillation period in /. Therefore, for an observer translating
with I’, the source frequency [’ is

N |
I'=r=7=Fr (7-86)
From Eqgs. (7-84) and (7-86) we obtain

f= wi—;—éf’ (7-87)

This equation applies for a receding source.
The analysis of the Doppler effect for an approaching source involves a
similar procedure except that the sign of § is changed. Hence the result for

this case is
J= w%ff’ (7-88)

So far we have assumed that the source is moving in a radial direction,
that is, either directly away from or directly toward the observer. Now con-
sider a source which has a transverse velocity V. In this case there will be no
change in the received frequency due to a radial component of velocity. The
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Wriiation effect, however, will remain because of the motion of the source.
ce we obtain from Eq. (7-85) that

I ’
=5 NT=F/ (7-89)
This change in frequency is known as the transverse Doppler effect.

Having separated the effects of radial velocity and time dilation, the
Doppler effect can be generalized to the more general case of a source velocity
V at an angle @ measured from the outward radial direction (Fig. 7-12). We
obtain

VAN 7-90

f !+ Bcosa (7-90)

where the factor /1 — f? represents the time dilation effect, and the term

1 + B cos o accounts for the change of wavelength due to the radial motion
of the source.

/a

//®Source

0 X

Figure 7-12. A light source in general motion.

Example 7-5. Let us reconsider the twin paradox of Example 7-2. Assume
that each twin carries a radio transmitter having a constant frequency f,
when it is at rest. Twin 4 compares the number of cycles received from the
travelling twin B during the journey with the number of cycles emitted by his
own stationary transmitter. Compare the aging rates of the twins, assuming
that each twin ages in proportion to the total number of cycles emitted by
his own transmitter.

Because of the relativistic Doppler effect, the frequency received at A
as twin B recedes with velocity v toward the point P is

fi= T (7-91)

in accordance with Eq. (7-87), where # = v/c. Twin A receives this frequency
until the signal transmitted at the turnaround point P arrives at 4. This
time interval is

1, =

L L _(-pL ]
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On the other hand, all signals transmitted by B on the return
received by A at the frequency given by Eq. (7-88), namely,

_ /L+B
fZ ‘\ l . ﬂfo (
Now the time interval over which this frequency is received is
~L _L_(=pL -94
"2 ﬁC - c ﬁC (7 )
since we know that the total round trip time according to twin A4 is

2L 2L

» = 5= 0 - - 5

nin=g g (7-95)
This is just the total distance travelled divided by the speed.

The total number of cycles received at 4 from B’s transmitter is
ol ——ps

No=fity 4 futs = ZE TP (7-96)

which, 3f course, is equal to the number of cycles transmitted by B. The

number of cycles emitted by A’s transmitter, on the other hand, is equal to

its constant frequency f, multiplied by the total time interval of Eq. (7-995).

. Aol 97
Vo= S (7-97)

Comparing Egs. (7-96) and (7-97), we see that
Ny=.1 p*N, (7-98)

This implies once again that the travelling twin B ages less than the earth-
bound twin 4 by the factor (I — g%)!/2.

7-3. RELATIVISTIC DYNAMICS

In the discussion of relativistic kinematics we found that the transforma-
tions between inertial frames for points in spacetime are accomplished by
means of the Lorentz transformation equations. In the limit as the relative
velocity V' approaches zero, these equations become the Galilean transfor-
mation equations of Newtonian mechanics.

If we consider now the relativistic definitions of terms such as momen-
tum, energy, and force, it is convenient to require that they approach the
Newtonian definitions for small velocities. Furthermore, the definitions must
be consistent with the Lorentz transformation equations in spacetime and
must contribute to a description of dynamic events which is in accord with
experimental observation. So let us proceed with the development of these
definitions by considering the motions and interactions of particles.
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Momentum. Consider a particle moving with a velocity v relative to an
inertial frame. If we define the momentum of the particle to be equal to mv,
where the mass m is considered to be constant, as in Newtonian mechanics,
then we find experimentally that the total momentum is not conserved in a
collision of two high-speed particles. It is possible to define the relativistic
momentum, however, so that the total momentum is conserved in all colli-
sions. This will apply in all inertial frames, and can be shown to be in agree-
ment with experimental results.

In attempting to find the form of the relativistic momentum expression
which results in the conservation of momentum, let us mention at the outset
certain essential characteristics. We note first that the momentum p must
have the same direction as the velocity v, from symmetry considerations.
Otherwise there would be a preferred plane, namely, the plane defined by
p and v, which has no physical basis under the assumption that space is iso-
tropic. Secondly we assume that, for a certain velocity v, the momentum of
a particle is directly proportional to its rest mass m,, where m, (also called
the proper mass) is the inertial mass measured in a frame in which the par-
ticle velocity is negligibly small compared to ¢. Thus the rest mass of a par-
ticle has the same value as its Newtonian mass. Finally, we assume that the
momentum: varies in some nonlinear fashion with velocity, and the form of
the defining equation is the same in all inertial frames and is consistent with
the relativistic law of addition of velocities. So let us assume that the defining
equation for the momentum of a particle has the form

p=myf(@)V (7-99)

The explicit form of f(¢) can be found by analyzing the particular case
of the elastic impactt of two identical frictionless spheres (Fig. 7-13). First
consider the collision relative to an inertial frame [ which transiates with the
center of mass. Let us choose the x and y axes so that the motion takes place
in the xp plane, and the interaction impulse between the spheres at the
moment of impact is parallel to the y axis. For this case of perfectly elastic
impact, the » components of velocity are reversed and the x components
are unchanged. Hence the speed v of each sphere is unchanged by the collision,
and the angles of approach and rebound relative to the x axis are 8, as shown.
From the symmetry of the situation, it is apparent that the total momentum
is conserved and is equal to zero, regardless of the form of f(v).

Now consider an inertial frame /' [Fig. 7-13(b)] which translates at a
constant speed V relative to [, where

V=wvcos8 (7-100)
+The term elastic impact implies a conservation of kinetic energy as well as momentum,

In the center of mass system, particle velocities are changed in direction only, not in
magnitude.
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Figure 7-13. Elastic collision of identical spheres.

We have chosen V such that sphere 4 has no motion in the x’ direction. As
before, however, the y' components of velocity suffer a reversal upon impact
while the x” components are unchanged, resulting in an unchanged speed for
each sphere. It is clear, then, that the total x’ component of momentum is
conserved without regard to the form of f(v).

When we turn to the y’ components of momentum, however, we are able
to obtain the form of f(v). First we usc the velocity addition law of Eq. (7-64)
to obtain the speed of sphere A4 relative to frame I, namely,

, vsin 0 v
vy - e A\ | - — COos* 6
1 — =cos* 8 ¢
P
- vsin 8
— (7-101
\/l — —5 cos? @ ' )
C

In a similar fashion, we find that the velocity components of sphere B before
impact are

., —2vcosb
xu — __—Fz_-'—
1+ = cos* @
. (7-102)
W v sin 8 / v R
Vo =TT/ I - —5cos* 8
| -+ (—:COSzo ¢

In order to simplify the analysis, let us consider the particular case in
which @ < 1. Then, neglecting terms of order §2 or higher, we obtain from
Egs. (7-101) and (7-102) that

tas P2 (7-103)
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l" __X-/ — 2'U
2 T (7-104)
T
Vi—a |
Yy = ————f (7-105)

v
1+ %

Since v/ < ¢, the momentum of sphere A is simply the rest mass multiplied
by the velocity, as in Newtonian mechanics. Hence we find that the change
in the 3’ component of the momentum of A4, as a result of the collision, is

’ ’ 2m gt
APA: 2muvA=_.m00002 (7-]06)

A\ c*

Here we note that f(v)) = 1. -
The corresponding change in the momentum of B is

Apy = =2mof (Vp)ya

‘ s
¥ &

= —2mof(v8)'b'0 _T (7‘107)
L

&
In this case we see that 2% is not necessarily small compared with ¢, and there-
fore f(vy,) may be considerably larger than one. The conservation of the
total momentum implies that

Ap, + Ap; =0 (7-108)
Then, from Eqgs. (7-106)—(7-108), we can solve for f(v}), obtaining

1=

Sy = —5 (7-109)

2

c
The right side of Eq. (7-109) is expressed as a function of v, but we are

looking for a function of v, which has the same value. We find, however,
by a direct substitution using Eq. (7-104), that

-

s T
Ji—%=—2 (7-110)

c” v

142

c

Hence

ﬁ‘:@ (7-111)
CZ
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More generally, for a particle having a velocity v relative to an inertial frame,
we find that
. 1
S@) = o (7-112)
==
¢
Now let us return to Eq. (7-99) which gives the assumed form for p. By
substitution from Eq. (7-112) we obtain the following equation for the rela-
tivistic momentum:

myv mo¥

p= = TOT=F (7-113)
v c?

where B = v/c. It is sometimes convenient to write the momentum in the
form

where the relativistic mass m is given by
= e 7-115
V) ey (1)

We observe that m approaches infinity as the particle velocity v approaches the
speed of light, provided that the rest mass m1, is not zero.
The Cartesian components of the relativistic momentum are

Px = mx = mox__
x ,\//—_1 - 2
. Mgy
py=my =l 7 (7-116)
%

pP: = ms = =
o

In terms of the velocity parameter 8 given in Eq. (7-67), we have
p = mycsinh @ (7-117)
Another useful approach is to recall from Eq. (7-55) that
dr = /1 — B at
Then the momentum components of Eq. (7-116) assume the form

_ dx
px = Ny d?

p, = mO% (7-118)

dz
P =mo
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where 7 is the proper time of the particle. In other words, if r is the position
vector of a particle relative to a given frame, its momentum is

p= mo% (7-119)

Energy. Let us approach the definition of the total relativistic energy E
of a particle by specifying that its rate of increase is
E == pev (7-120)
where v is the particle velocity. For the case of small velocities, this agrees
with the concept from Newtonian mechanics that the energy increases at
a rate equal to the rate with which the total external force (F or p) does work
on the system. Using the definition of p from Eq. (7-113), one can obtain the
alternate form

E= myvb
( AL (7-121)

which can be integrated to yield
- /I_—T ) (7-122)

Now let us arbitrarily set the constant of integration £, equal to zero and
obtain
E— myc?

x/:—vz a (7-123)
¢l

Note that the mass of a particle is directly proportional to its total energy
which, in turn, depends upon the choice of the reference frame. Furthermore,
even for the case of zero velocity, the energy E has a nonzero value i, c?
known as the rest energy.

Another form of the energy expression is obtained by using the velocity
parameter 8 given by Eq. (7-66). Then Eq. (7-123) becomes

E == myc? cosh 6 (7-124)
The kinetic energy T of a particle is defined as the difference between the
total energy F and the rest energy mqc?.

, : 1 — moc? _
T — mye (——Tz_—: = myci(cosh @ — 1) 7-125)
-
Note that for v < ¢ we have the approximation
- 2 .
T = myc? _(1 + % L ) - 1_' = %mo'uz (7-126)

in agreement with Newtonian mechanics.
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vanishes and we have

F, = _[lo% 7-137
=7 ( )
where F, and a, refer to the rransverse force and acceleration, that is, in a
direction perpendicular to v.
Equations (7-136) and (7-137) can be written in the form

F,=ma, (7-138)
F,=ma, (7-139)

where m; and m, are called the Jongitudinal mass and the transverse mass,
respectively, and are given by

= = gy ’"/32)3/2 (7-140)

mo=_ Mo 7-141)
s £l ’
A l b ﬂ- (

From the fact that m, and m, are unequal, in general, we note that the ratio
of acceleration to force has different values for the longitudinal and trans-
verse components. This confirms once again that the force and acceleration
do not have the same direction, in general. Notice that the transverse mass
is identical with what we have called the relativistic mass m. This is also the
inertial and gravitational mass, and is used in calculations such as finding the
location of the center of mass.

An important shortcoming of the concept of a force in relativity is the
fact that it 1s neither an absolute quantity, as in Newtonian mechanics, nor
does it have the Lorentz transformation properties of the position or mo-
mentum vectors. For example, suppose we consider a force F acting at a
certain moment on a particle having a rest mass m, and a velocity ¥ = V' in
the direction of the x axis, where V is also the velocity of the inertial frame
I'. In other words, let I' be a momentary rest frame defined such that the
particle velocity relative to I’ is zero at the given instant. Under these condi-
tions, it can be shown that the longitudinal and transverse force components
transform as follows:

F, = F,

Fo=31—8F
Note that F' is the ordinary Newtonian force acting on the particle since its
mass is m, in the I” frame. F is the force in frame 7.

The force transformation properties can be improved by introducing
the Minkowski force or world force F,, which is given by
F, =t (1-143)

1_:

(7-142)
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where fi == v/c and v is the velocity of the particle. Then the equation of
motion corresponding to Eq. (7-134) takes the form

i F (7-144)
and Eq. (7-120) becomes
Z_f —F, v (7-145)

Once again we note that the proper time 7 is the same for all inertial observers.
Therefore p and E must transform in the same manner as F,, and F,,.v.
Stated differently, the four-vector {F,,, F,,-v/c?} obeys the same Lorentz
transformation equations as {p, £/c?} or {x, 1}.

Conservation of Energy. We have defined the relativistic momentum in
such a manner that the total momentum is conserved in any collision of two
particles, as viewed by aninertial observer. Assumingthata sequence of similar
collisions can occur between pairs of particles, and noting that the total
momentum of the system is found by summing over the particles, we obtain

Tpa =3 (7-146)

where the summations occur at an arbitrary initial time ¢, and final time ¢,
in the inertial frame /1. If the same set of particles and interactions is observed
from I’ over an arbitrary interval ¢} to 15, the total momentum is again con-
served, that s,

IFHED NN (7-147)

If we consider the total energy of a system of free particles, we find that
it is equal to the sum of the individual total energies of the particles. Since
the Lorentz transformation equations for the momentum-energy four-vector
are linear in these quantities, it follows that the same transformation equa-
tions apply to the momentum and energy of the system as apply to individual
particles. Furthermore, the invariant expression of Eq. (7-132) applies to the
system. Thus, at time ¢, or ¢}, that is, before any interactions,

E? — plc® = E} — pic? = mict (7-148)
Similarly, at time ¢, or ¢, that is, after all interactions,

EI — plct = FE} — p'te? = mict (7-149)
where m, is the rest mass of the system. Here we use the notation that p, is
the magnitude of the system momentum at time ¢, measured relative to the

frame /, while p3 refers to the magnitude of the system momentum at time
r, measured relative to frame /', and so forth.
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Now subtract Eq. (7-149) from Eq. (7-148) and, with the aid of the mo-
mentum conservation law given by Eqs. (7-146) and (7-147), we obtain

E}—Ei=FE¢{ —Er=0
Since the energies are positive quantities, this is equivalent to
E, = E,, £l = EY (7-150)

indicating the conservation of energy in each inertial frame. In contrast to
Newtonian theory, the conservation of energy obtained here applies in all
cases in which momentum is conserved, including inelastic collisions.

Mass and Energy. The Einstein equation E = mc? shows the equivalence
of mass and energy in the sense that they are directly proportional; a knowl-
edge of one implies the value of the other. Furthermore, since the total energy
1s conserved in an isolated system and is equal to the kinetic energy plus the
rest energy, we find that the rest energy increases at the expense of an equal
reduction in the kinetic energy, or vice versa. As an example, suppose two
particles undergo an inelastic impact. The sum of the particle rest masses
will be larger after the impact than they were initially. This increased rest
mass reflects an increase in internal energy which often appears as an increase
of temperature.

The equivalence of mass and energy also applies to particles such as
photons which have a zero rest mass. The total energy of a photon associated
with radiation of frequency v (hertz) is

E=hv (7-151)
where & = 6.626 x 107** joule sec is Planck’s constant. If we equate this
energy to mc? we find that a photon has an inertial mass

m = g (7-152)

Its momentum is

(7-153)

JE

since a photon travels with the speed of light ¢. The well-known radiation
pressure which occurs when radiation strikes a surface is explained by the
changes in the momentum of the corresponding photons.

Example 7-6. Consider the spheres 4 and B, each having a rest mass m,
and moving parallel to the x axis, as shown in Fig. 7-14. Sphere A has an
initial velocity 0.9¢ and overtakes sphere B which has a velocity 0.3¢. There
is an inelastic collision, after which the spheres stick together and move as
a single particle. Solve for the momentum and energy of the individual spheres
and of the system, relative to the inertial frames 7 and I’, both before and
after impact.



SeC. 7-3 RELATIVISTIC DYNAMICS 309
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Figure 7-14. lnelastic collision of identical spheres.
First consider the motion relative to /. The relativistic masses of 4 and

B are
my

m, — TTFT)Z = 2294m°
= ——mo____ =
mg TT— (03 1.048m,

The corresponding momenta are
pa=mu, = 2.065m,c
ps = mgvy = 0.314mc
Using capital letters to designate system parameters, we obtain the following
total mass and momentum:
M=m,+ mg= 3342m,
P=p,+ ps= 2.319m4

The total energy is obtained by summing the individual energies using Eq.
(7-123)

E = m?* + mge? = 3.342myc?
The kinetic energies of 4 and B are equal to

T,= mu? — moct = 1.294mc?

Ty = mgc? — myc? = 0.048m,c?
The total kinetic energy is

T=T,+ Ty, = 1.342m,c?

which, we note, is also equal to Mc? — 2myc?. In other words, the total kinet-
ic energy is equal to ¢ multiplied by the difference between the total rela-
tivistic mass and the total rest mass of the individual spheres.

Now let us find the center of mass location relative to the frame /. We
use relativistic masses in this calculation and obtain

Mx, = myux, + mgxy
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which yields the position x, of the center of mass at
x, = 0.686x, + 0.314x,

Notice that the center of mass is not at the midpoint between 4 and B, even
though the spheres have identical rest masses. Furthermore, it will be shown
that the relative location of the center of mass is dependent on the choice of
reference frame.

The velocity of the center of mass is

V = 0.686v, + 0.314v, = 0.712c

This, of course, is also the velocity of the single body after collision. A check
on the total momentum is obtained from

P= MV =2379m,c

Let us arbitrarily choose the inertial frame /’ so that it translates with
the center of mass at the constant velocity V. Also, for convenience, we
assume that the center of mass is located at x’ = 0. In order to obtain the
particle velocities relative to I’ we need to use the relativistic velocity addition
law. From Eq. (7-64) we have

V=V

V=g Vot 0.524¢
p — Vp 4 -_—

Yo T T Vol = 0.524¢

Because the two spheres have equal rest masses and equal speeds relative
to 7', their relativistic masses are equal.

. ’ my

m,=myp = —=20____ = 1.174m

4 g7 T —(0.524)2 0
It is apparent, then, that in the I’ frame the center of mass lies midway between
the particles, in contrast with its position in /. After the collision, the single
resultant body is motionless at x’ = 0. The mass of this body is equal to
the constant total mass, namely,

M’ = m -+ my = 2.348m,

Since the velocity is zero, this is also the final rest mass M. The total energy
relative to /1" is
FE' = M'c* = 2.348mc?

Now let us calculate the momentum of each particle in /'. Because of the
symmetry in their motions, we find that
Py = —py = (1.174m4)(0.524c) = 0.615m,c

The total momentum P’ is zero as expected.
The kinetic energies of 4 and B relative to [’ are

(A s 7.2 2 2
Ty= Ty m'c? — myc? = 0.174myc
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The total kinetic energy is
T =T, + Ty = 0.348m,c?

In Newtonian mechanics, the total kinetic energy relative to an inertial
frame I is equal to the sum of two parts; namely, (1) the translational kinetic
energy due to the total mass moving as a particle with the velocity of the
center of mass and (2) the kinetic energy due to motion of the system relative
to the center of mass. Let us see if this rule also applies in the relativistic
case. First consider a particle of relativistic mass M moving with velocity
V. Its kinetic energy is

T, = (M — My)c* = (I — /T = BH)Mc? = 0.994mc?

Note that M, = My = M' = 2.348m,. The second portion of the kinetic
energy we have found previously, namely,

T, = T = 0.348mc?
Adding, we obtain
T=T, + T, =1342myc?

in agreement with the earlier value. Hence these kinetic energies can be
summed as in Newtonian theory.

We have found that the total rest mass of the particles increased from
2m, to 2.348m, as a result of the inelastic impact. This increment of 0.348myc?
we can now identify with T’, the internal kinetic energy due to motion rela-
tive to the mass center.

A few additional comments are in order. We have calculated the momen-
tum and energy of the system relative to the inertial frames 7 and I'. These
quantities must tramsform in accordance with Eq. (7-130). A check shows
that

P+ YE
P——___5£ _— 2.319myc
VI=F
E = E’+—VP’ = 3,342m0c2

1

N

in agreement with earlier results.

Finally, let us consider the magnitude of the impulse between the two

spheres at the time of the collision. This impulse is equal to the change in

momentum of one of the spheres. Considering the motion of sphere B rela-
tive to frame /, we obtain

Fp= 1P — pp = 0.875myc
Relative to frame /', however, we have

&)

Fa AP - py= —ps=0.615myc



312 INTRODUCTION TO RELATIVITY CH. 7

These impulses are longitudinal in nature, and we have seen that the longi-
tudinal force is invariant with respect to a change in the reference frame.
The discrepancy in size of the impulses in 7 and I’ can be explained by the
different time scales used in calculating the impulse. Due to the time dilation
effect, a clock fixed in I’ runs slower than the synchronized clocks of 7 by the
factor (1 — $*)!/* = 0.702. This is also the ratio of Fiito Fy.

The Principle of Equivalence. The principle of equivalence states that the
inertial mass and the gravitational mass of a body are equal. The gravita-
tional force acting on a particle in a given gravitational field is proportional
to its gravitational mass m,. On the other hand, the inertial force, which
measures the resistance of a particle to acceleration, is proportional to its
inertial mass m,. For a particle which is freely falling in a vacuum, the gravita-
tional and inertial forces are equal and opposite, that is,

mf = —(—m,a) (7-154)

where f is the gravitational field strength and a is the acceleration of the
particle relative to an inertial frame. Since m, = m, according to the principle
of equivalence, this implies that all bodies will have the same acceleration
in a given gravitational field, regardless of their individual masses and com-
positions. It has been shown experimentally that the inertial and gravita-
tional masses are, in fact, equal to within one part in 1012,

Another consequence of the principle of equivalence is the fact that a
nonrotating frame attached to a body which is falling freely in a uniform
gravitational field is the equivalent of a standard inertial frame that is trans-
lating uniformly in free space. No local physical experiments can be devised
to detect any difference between the frames. This balancing of gravitational
and inertial forces is illustrated by the weightlessness experienced by men
in an orbiting spacecraft. If the spacecraft is not rotating, it represents a good
approximation to an inertial frame in free space. For example, a free par-
ticle will move with a uniform speed in a straight line relative to the space-
craft, provided that the path is not too long.

Another 1llustration of the principle of equivalence is provided by Ein-
stein’s elevator. Suppose physical experiments are performed within an eleva-
tor at rest in a uniform gravitational field of 1 g, that is, the gravitational
acceleration matches that at the earth’s surface. The results will be indistin-
guishable from a similar set of experiments performed when the elevator is
in free space, but accelerated at a uniform rate of 9.81 meters/sec? relative
to an inertial frame. Of course, the idea of representing the effect of an accel-
erating frame by an equivalent gravitational field applies to Newtonian as
well as to relativistic mechanics.

Previously we found that a photon of frequency v has an inertial mass
hv/c®. It follows, then, from the principle of equivalence, that it must have
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an equal gravitational mass, even though the rest mass is zero. The effect of
a gravitational field on the motion of photons is shown in the slight bending
of light rays which pass very near the sun in travelling from a star to the
earth, The apparent positions of these stars, viewed during a total eclipse of
the sun, are displaced slightly (approximately 1.75 arc seconds) in a direction
away from the center of the sun. Similar effects can be measured at centimeter
wavelengths using radio telescopes, without the requirement of an eclipse.
Although a qualitative analysis of the curvature of the light path can be
obtained by using ordinary Newtonian gravitational theory, an accurate
analysis involves general relativity theory.

Lagrangian and Hamiltonian Formulations. So far in our discussion of
relativistic dynamics, we have not used the analytical methods of Lagrange
and Hamilton. As a start in this direction, let us consider first a single par-
ticle of rest mass m,. Its position is specified by the Cartesian coordinates
(x,, x,, x,) measured relative to an inertial frame. In accordance with Eq.
(7-116) the momentum components are

__MmyX, (i=1,273) (7-155)

vy &

where
B— TR (7-156)
But the basic definition of momentum in terms of the Lagrangian function
was given by Eq. (1-137). In terms of Cartesian velocities, it is
—IL
Pi= 5%,
If we assume that this equation remains valid in the relativistic case, we
obtain from Egs. (7-155) and (7-157) that

(7-157)

dL myx,
9L _ _ MoXy -15
5= T (7-158)
In general, the Lagrangian function has the form L(x, %, t). To be con-
sistent with Eq. (7-158), however, it must take the more explicit form

L(x, %, 1) = —myci/1 — f* — V(x, 1)

= —metyf1 = LGt s ) V) (159)

where the negative sign of the last term is taken for later convenience.
The basic equation of motion for a particle, given by Eq. (7-134), can be
written in the form

Mok N\ = F, (1-160)
/
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Let us assume that all the force components F; are obtained from a potential

function V(x, t) in accordance with
av
= — 7-161
F, Ix ( )
Then it is apparent that the Lagrangian function given in Eq. (7-159) yields
the correct relativistic equations of motion when substituted into the standard
form of Lagrange’s equation, namely,
4a (ié) _9L _
dr \0x; ox;
Notice that the Lagrangian function in this relativistic case is not equal to
T-—-V.
The Hamiltonian function is related to the Lagrangian function in the
usual manner, namely,

(7-162)

H=3px —L (7-163)
or
. mgc?
After substituting for § in terms of the p’s, we obtain
H(x, p, 1) = cx/mic* + pt + pi + pi + V(x, 1) (7-165)

Notice that the Hamiltonian function is equal to the sum of the kinetic
energy, potential energy, and the rest energy.

Another problem of interest concerns the motion of a charged particle
in an electromagnetic field. The nonrelativistic case was discussed previously
in Sec. 3-4. In order to generalize these results to the case of relativistic
particle velocities, we note first that the force law is unchanged; that is, it is
obtained from the velocity-dependent potential (mks units)

U(x, %, 1) = e(¢p — v-A) (7-166)

where v is the velocity of the particle, e is the particle charge, ¢ is the scalar
potential, and A is the vector potential. If we assume that any gravitational
fields are negligible, and omit the corresponding potential function, the
Lagrangian function of Eq. (7-159) is changed to

Lx, %,t) = —m.c*/1 — B* — ed + ev-A (7-167)
The standard form of Lagrar, zquation, as given in Eq. (7-162), then
produces the differential equaus  of motion. Notice that the momentum
components are

p = dL = -—L
T JT—p

showing that the electromagnetic field contributes to the momentum.
In a similar fashion, Eqs. (7-163) and (7-167) are used to obtain the Hamil-

+ eA, (7-168)
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tonian function for a charged particle in an electromagnetic field, with the
result

2
H= "0 _ 4 ¢ (7-169)
~1T=p
After eliminating the x’s in favor of p’s by using Eq. (7-168), we obtain a
Hamiltonian which is perhaps most easily written in the form
H = c/mic* + (p — eA)* + e¢ (7-170)

The first term of this result is identical with that of Eq. (7-165) except that
each p, is replaced by (p, — eA4)). Note that A = A(x, r) and ¢ = ¢(x, ).

7-4. ACCELERATED SYSTEMS

In our discussion of special relativity, we have been concerned with the
motion of particles relative to inertial frames which have constant velocities
relative to each other. It is well-known, however, that the special theory of
relativity can be applied to the analysis of particle motions in the various
high-energy accelerators with good results. How is it possible that we are
able to extend the application of the theory
in this manner?

First of all, we use the idea of a momen- ! !
tary rest frame, that is, an .nertial frame
whose velocity at the given instant is equal
to the velocity of the particle. Let us de- —=u
signate the momentary rest frame by I’ my
(Fig. 7-15). As viewed from this frame, 0 o o

the mass of the particle is its rest mass m,,

and the particle acceleration is equal to  Figure 7-15. The momentary rest
the ratio F'/m,, where F’ is the applied frame/"

force on the particle.

Secondly, we make the important assumption that the rate of a standard
clock travelling with the particle is not directly affected by the acceleration.
In other words, an increment of proper time dz for the particle is identical
with the increment dr’ registered by a clock in the momentary rest frame 7.
Thus we can write

dr = dt’ (7-171)

Finally, instead of a single I’ frame, let us assume a sequence of these
momentary rest frames for successive instants of time. Furthermore, we can
assume that the particle is at the origin O’ of the applicable rest frame at
each instant. Thus, the position x’ and the velocity %’ is zero at each instant,
but the acceleration %’ is not zero, in general.

With this background, then, let us consider the rectilinear accelerated
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motion of a particle along the common x axes of the frames 7 and I’. Since
frame [ and any of the /" frames are inertial, the corresponding spacetime
coordinates are connected by a Lorentz transformation. We have assumed
that x’ equals zero at all times, and therefore we find from Eq. (7-35) that

dt’ dt
At = — 7-172
v g VA B ( )
where f§ = v/c. Also, we obtain

vdr
dx vdt = 7-173)
1= p? (

In terms of the velocity parameter 8, these equations can be written in the
form

dx — c¢sinh 8 dt (7-174)
dt = cosh @ dr (7-175)
Upon integration, the resulting equations are
x— ¢ | sinh@ar (7-176)
0
¢ [ cosh@ar (7-177)
0

where we assume that the particle leaves the origin Oin/att =17 = 0.

Rocket with Constant Acceleration. Let us consider the rectilinear motion
of a rocket which has a constant acceleration g, as recorded by an accelerom-
eter carried by the rocket. In other words, there is a constant acceleration
g of the rocket relative to its momentary rest frame /. The acceleration
relative to the inertial frame 7 is not constant, however, as will be shown by
the analysis.

Let us assume that the motion is confined to the x axis. The rocket starts
from rest at the origin O when ¢/ = 7 = 0. Suppose that we consider an
infinitesimal change in velocity dv’ relative to I' during the interval dt of
proper time. Then

dv' = gdt (7-178)
From the definition of the velocity parameter given in Eq. (7-65), we see that
de'»:ijcﬁ_%d’ (7-179)

since @ is zero before the addition of the infinitesimal increment. Further-
more, by the velocity addition law of Eq. (7-70), the velocity parameter 6,
representing the rocket velocity relative to 7, is equal to the sum of &', repre-
senting the motion of /’ relative to /, and the increment d8’. Therefore, the
increment df in [ is equal to the increment df’ in I'. Hence we can write

a6 = 3_2’1 (7-180)
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which, for a constant g and the assumed initial conditions, yields

_ &t ]
b=£ (7-181)

Now we can use the results given in Egs. (7-176) and (7-177) to obtain

x=c ‘ sinh &% g7 = K(coshg—r — 1) (7-182)
Jo ¢ g C

)

t=J cosh£X gr = £ sinh &7 (7-183)
0 c g ¢

This gives the motion of the rocket relative to the inertial frame 7 in terms of
proper time 7. The velocity is found from Eqs. (7-65) and (7-181).

v:ctanhezctanhgcI (7-184)

Note that, as T approaches infinity, x and ¢ also approach infinity, but the
velocity v approaches the speed of light.

In order to find the motion in terms of the time ¢ of frame /, we can
eliminate 7 from Eqs. (7-182) and (7-183) and obtain

. cz ‘ glll i
x—g(\/lﬁ--—c—l—fl) (7-185)
The velocity is
V= Q = _&'._
dr = T ot (7-186)
\/[ + gc‘
A further differentiation yields the acceleration
a=%____ &8 .
dr — (l N Erj)‘ : (7-187)
cl

This acceleration is equal to g for r = 0 and decreases with 1ncreasing t.
It is clear, then, that an acceleration which appears constant to the occupants
of a rocket is not constant as viewed by an external inertial observer.

In order to obtain an appreciation of the physical implications of these
equations for rocket flight, let us adopt the year as the unit of time and the
light-year as the unit of distance. These are related to the more conventional
units by

1 yr = 3.156 x 107 sec

1 lt-yr = 9.46 x 10'S m
1 It-yr/yr = ¢ = 2.998 x 108 m/sec
1 it-yr/yr? = 9.50 m/sec?
= 31.17 ft/sec?
= 0.969 earth g’s
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Now consider the particular case where we take g = 1 It-yr/yr? which is
approximately equal to the acceleration of gravity on the earth’s surface.
Suppose the rocket starts from rest and maintains this constant acceleration
for one year of proper time; that is, the time interval registered on thé pilot’s
watch is one year. Then g, 7, and ¢ all have a unit magnitude, and Eq. (Y-182)
yields the final position
x =cosh 1l — 1 =0.543 It-yr
From Eq. (7-184) the final velocity is
v = ctanh 1 = 0.762¢

measured in the frame /. The corresponding time, measured in 7, is

t=Ssinh | = 1.175 yr
g

It is interesting to note that for the case of Galilean kinematics, the
corresponding values would be

x = 0.500 It-yr
v=rc
t=1yr

Hence the effect of relativity theory is to increase the distance travelled in a
given proper time, even though the velocity relative to the frame 7 is reduced.

Example 7-7. Suppose a round trip is to be made by rocket from the
earth to a nearby star, Alpha Centauri, which is about 4 light-years distant.
The rocket is capable of a constant acceleration g = 9.50 m/sec? (1 lt-yr/yr?)
relative to its momentary rest frame. What is the time required for the trip?

For a round trip which requires the least time, the rocket thrusts con-
tinuously. First, it is accelerated at the given constant acceleration until the
midpoint x = 2 It-yr is reached. Then the thrust is reversed, and the rocket
decelerates for the last half of the outward journey, arriving at Alpha Cen-
tauri with zero velocity. The return trip is accomplished in a similar fashion.

If we refer to Eq. (7-182) and solve for the proper time 7 of the first
thrusting period (x = 2 lt-yr), we obtain

7= cosh! (&( + l) = 1.76 yr
4 ¢
From Eq. (7-183), the corresponding time ¢ registered by clocks fixed in [ is
t = sinh &% = 2.83 yr
g C

Hence the total proper time required for the round trip is 4 x 1.76 = 7.04
years. On the other hand, the total time for the round trip in the frame 7 is
4 x 2.83 = 11.32 years.
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Let us consider these results in the context of the twin paradox. Imagine
that twin 4 remains at the earth and twin B goes on a round trip to Alpha
Centauri. Under these conditions, the travelling twin B ages by only 7.04
years on his trip, even though he has covered a total distance of 8 light-years.
Twin A, on the other hand, ages by 11.32 years during the absence of B.

Rocket with Constant Thrust. Consider a rocket with a constant thrust
F, and a decreasing rest mass my(l — 1), where m, is the initial rest mass
and the positive constant « is proportional to the rate at which mass is
expelled from the rocket. We wish to solve for the rectilinear motion of this
rocket with respect to an inertial frame 7, for 7 in the interval 0 << 7 < 1/a.
Assume that the rocket starts from rest at the origin O at t = v = 0 (Fig.
7-15) and let 1" be the momentary rest frame.

First we notice that the acceleration of the rocket relative to /' is

F,

g(r) = il — w7 (7-188)
Then, using Eq. (7-180), we obtain
(" _ 1 _
o=+ | #@dr= i (==) (7-189)
From Eqgs. (7-176) and (7-177), we see that
dx _ — ann| _Fo | )
el sinh @ = ¢ sinh l,m—oc‘d In (1 — ar)] (7-190)
dt _ . i Fn 1 -
P cosh @ = cosh 1vmnca In (1 — m):l (7-191)

These equations can be integrated to obtain x and ¢ as functions of 7.
In order to simplify matters, however, let us again choose the year as the
unit of time and the light-year as the unit of distance. Then the velocity of
light will have a unit magnitude. Also, let the initial acceleration Fy/m, be
1 lt-yr/yr2, which we have found to be approximately equal to the gravita-
tional acceleration at the earth’s surface. Finally, assume a = 1, implying
that mass is lost at a rate which would result in zero remaining mass after
one year. Then, using the exponential form of the hyperbolic functions,
Eqs. (7-190) and (7-191) can be written as follows:

dx _ V[ 1 )
4o 4ty oo
dt 1 1 ]
=3t -9] (7-193)
After integrating and applying the initial conditions, we obtain
x=—4In(l — 1)+ U —1)* — 1] (7-194)

t=—4In(l — 1) — §[(} - 1) — 1] (7-195)
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Suppose we consider the situation when 0.5 yr has elapsed on the rocket
since it left the earth (at the origin O of frame I). First, we notice that half
the rest mass has been lost, but the thrust is unchanged. Hence, the accel-
erometer registers 2 g’s, as may be verified by substituting T = 0.5 into Eq.
(7-188). Also, from Eqgs. (7-194) and (7-195), we find that

x = 0.159 It-yr
t =0.534yr
The velocity of the rocket relative to the earth is found by dividing Eq. (7-192)
by Eq. (7-193).
dx _1—(1—-1)°
dt — 1+ (1 —1)°
For 1 = 0.5 we sce that the rocket velocity 1s v = 0.600c.
Let us compare these results with those for a constant-acceleration rocket

with the same initial acceleration and proper time 7. From Egs. (7-182)-
(7-184) we obtain

v = (7-196)

x =cosh} — 1 =0.128 It-yr
t =sinh{ = 0.521 yr
v — ctanh 4 = 0.462¢

It can be seen that, in this particular example, the constant-thrust rocket
travelled about 249 farther and had a 309 larger final velocity.

For larger values of 7, the ratio of distances travelled will continue to
increase in favor of the constant-thrust rocket. The ratio of final velocities,
however, will first increase but finally decrease as the velocity of the con-
stant-thrust rocket approaches its limiting value, namely, the speed of light.
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elementary parts of the theory. It moves rapidly, however, to more advanced
topics with about half the book being devoted to general relativity and unified
field theories.

PROBLEMS

7-1. Particle 4 is located initially at the origin and moves with a constant veloc-
ity v, — 0.9c along the x axis. Particle B starts at x = 1 and moves with a velocity
vy = —0.9¢ along the same axis, What is the closure rate of the two particles accord-
ing to an observer in I; that is, at what rate is the distance between the two decreas-
ing? What is the velocity of B, measured in a frame I’ translating with A?

7-2. The origins O and O’ of the inertial frames I and I’ coincide at 1 = ¢’ = 0.
I’ translates with a constant velocity ¥ relative to I in the positive x direction. At
t = 0, a photon leaves the common origin and moves with velocity c, hitting a wall
at x = [ which is fixed in I.

(a) Find the values of x" and ¢’ for the event that the photon hits the wall.

(b) What is the location of the wall relative to O', expressed as a function of '?

7-3. A relativistic train moves with velocity Vi along a straight track y =h
in frame 1. When the front end of the train crosses the y axis, a relativistic bullet is
fired from the origin O with velocity v = »j.

(a) How far behind the front end of the train does the bullet strike, according to

an observer in frame I?

(b) How far behind its front end does the bullet strike, according to an observer

on the train?

(c) What are the x” and y” velocity components of the bullet relative to the train?

7-4. The inertial frame I’ moves relative to I with the constant velocity Vin the
x direction. Find the speed relative to I of a particle moving along the common x
axis such that its values of r and ¢’ are equal at all times. Solve for the proper time
7 as a function of 1.

7-5. Suppose the inertial frame I, translates with velocity v, relative to [, in the
direction of the common x axis. Similarly, I, translates with velocity v, relative
to I,, and the process continues in the same fashion for frames I; and I,. Finally,
a particle translates with velocity s relative to I,. Assuming that v; = v, = v; =
vq = w5 = ¢, what is the velocity of the particle relative to I ?

7-6. An inertial frame I’ has a constant velocity ¥ in the common x direction
relative to the frame J. Suppose a particle has the velocity components (v}, v})

relative to I’ and the corresponding acceleration components (a7, a,). Show that the
acceleration components of the particle relative to the frame I are

_ = pyn = p . Bole
“EAT R T T Bier (“’ T+ ﬁv;/c“‘)
where f = VJec.

7-7. A straight rod of length /, makes a constant angle ¢ with the x axis, as mea-
sured in the inertial frame I. It translates with velocity components v, and », relative




322 INTRODUCTION TO RELATIVITY CcH. 7

Figure P7-7.

to I. If the frame I’ translates with velocity ¥ relative to I, as shown, find the velocity
of the rod relative to I'. Show that its inclination ¢’ relative to the x" axis is given by

;o 1 — ﬂvx/c :BUy
tan ¢ i tan ¢ +‘—‘~/—1 ~ 7
where f§ = Vc.

7-8. A cylinder of radius r and length /; rotates about its axis of symmetry
(x axis) with a constant angular velocity @, in I, where @, < ¢/r.

(a) What is the angular velocity of the cylinder relative to I'?

(b) Suppose lines parallel to the x axis are inscribed on the surface of the
cylinder. What is the total angle of twist of the cylinder, as viewed from
frame 1'?

(c) What is the angle in I’ between the tangent to an inscribed line 4B and the
direction of the x' axis?

Figure P7-8.

7-9. Consider a straight rod of rest length 2/, which rotates with a constant angu-
lar velocity @ in the x'y’ plane about its center O’ at the origin of the inertial frame
I'. The frame [’ translates with a constant velocity ¥ relative to the frame /. Show
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that the rod is curved, according to an observer in I, by solving for y as a function
of x and ¢ for points on the rod. For the particular case where @/, = V = Jc, find
the locations of the ends of the rod at ¢+ = 0.

Fignre P7-9.

7-10. Suppose a particle has a velocity v = f’c at an angle ¢, measured from
the x* axis in frame /’. Frame I' moves with a velocity ¥ = Bc relative to I in the
diregtion of the common x axes. Find the angle ¢ that the particle’s trajectory
makes with the x axis, using nonrelativistic theory. How does this angle compare in
size with the relativistic result?

7-11. A particle moves along the x axis with a constant velocity 0.8¢. It radiates
light with the same intensity in all directions, as viewed by an observer travelling
with the particle. According to a fixed observer, what percentage of the light propa-
gates in a direction having a positive x component?

7-12. A rocket moves in a straight line at half the speed of light. When it is at
the point of closest approach to a fixed star, it sends a radio signal toward the star,
At what angle from the forward direction must the transmitting antenna be aimed,
as measured on the rocket ? By what angle does this direction differ from the appar-
ent direction of the star, as viewed from the rocket at the time the signal is sent?

7-13. Particles 4 and B have rest masses ymy and my, respectively. They cross the
y axis at the same time and have the velocities shown in the figure. Assuming that the
particles collide inelastically and stick together, solve for the velocity » and the angle
@ of the single particle after impact. What is the final rest mass?

7-14. The rest energy of a proton is 938 Mev (million electron volts). Suppose
two protons, each having 2 x 10° Mev total energy, collide head-on. In the fixed
center-of-mass frame, the available energy from the collision is the entire 4 x 103
Mev.

Now suppose that, instead of equal and opposite proton velocities, all 4 x 105
Mev is put into a single proton which collides with a second fixed proton. Analyze
this collision in a center-of-mass frame. Show that, relative to this frame, only
2.7 x 104 Mev of total energy is available. This illustrates the advantage of using
the colliding beam principle in very high energy accelerators.
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my/2 X

Figure P7-13.

7-15. Consider a relativistic mass-spring system with a rest mass m, and spring
stiffness k. Let x represent the displacement of the mass. Obtain the Lagrangian
function and the differential equation of motion. Integrate this equation and show
that the total energy E = mc? + +kx? is constant. Let a be the amplitude of the
oscillation and show that time and displacement are related by

— ¢ 2 2
tz\/% %’5—2‘?_@5
o~ n? cos? ¢

where sin ¢ = x/a and #? = ka?/4mc2.
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ANSWERS TO SELECTED PROBLEMS

CHAPTER 1

1-1.

1-2.

1-3.

1-9.
1-106.
1-11.

x = Asinwr + /sin @, y — —lcos @
(x — Asinw!)? + y2 = [?
x, =z — 40, xy =2z + 418
Q.=F + F, Q9=171(F2_F1)
xy=x—4lcosf, y, =y —}Isinf
x=x+ Hcos@, y,=y+ Hsinf
a(xl,ylaXZayZ)T —!

3()"}’,9,‘14)
X =}(x, + x2), y = }()’1 + y2)

)y — P
6 =tan"! 22220 gy = [(xs — X)) 4 (2~ y)]

T = mri(d + o)1 — cos ) + 307
po = mr2[e(l —cos 8) + 8]
T=imx* + %ml’-gz — %ml)'tg sin 0
Ps = «}mlzé — kmlxsin §
T = jmg* — 3mrwg + tmw?q? + 3mr2w?
b 10 (1)
T =Hmi202 + ymi(l + 1By + Yo + yml + r)2l?

po = dmi20 + ymi(l + ry .
Py = o + tm( + r)?W + tmi( + r)d

Constraint x2 4+ y2 = r2 or x6x + y0y =0

Constraint x2 + y? = /2

mx — m(xy + x)éz + kx =0

16 + mixo + 020 + 2m(xy + 056 =0
f =tan"! } =26.57°

_cos1 /2T _ 23280
6 = cos 3 23.28°. Stiable.
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CHAPTER 2

2-1. mi*d + miAw? sin wrsin § — mglsin @ =0
22, m(r2 + [* — 2ricos )8 - mrif2sin 6 - mgrsin & 4 mglsin(d + &) =0

2-3. (a) sin@dx —cos@dy + 4/df =0 )
(b) m& — Asin@, my = —Acos B, fmi?0 = {01

2-5. my —mQiy +ky =0

N Vdn , db
2-6. mg +-i-—2(7q + 7 =0
-
28 1= \/—‘—'L! both cases
sin o g
2-9. (a) mx = 6xA, mp < mg = —A

(0) Crmax = mg(1 + 12y,)j

2-10. (a) mx + kx = 24, my 4+ ky = 34, mz + kz =43
(by v = Jl5(—10i — 15j — 20k)

1 20 3ﬂ£C056 1 .
-11. — —_— e =0
2-11 ml 0 12503 6 5 mglsm 9

2-12. mi — mrd2 sin? & - myg cos & = 0
mr2d sinz a = f,
2
mr — m—rﬁ,—a 4+ mgcosa =0
2-13. (a) mr20(2 + cos @) + d(1 + cos @) — $(20 + ) sin @)
o + mgr(2sin@ +sin(@ + ¢)] =0
mr2[g + 01 + cos @) + 02sin @] + mersin(@ + §) =0

_ [g _ 28 Ae_, _
(b)a)l—‘VZ’ Cl)g——¢—r-" Z;_O’ 3

2-14. @, = /kZm, @, = /3kZm, AJA, =0, o
2-15. ), = W; =0 w; =~/6k/m

AV ={1 1 1}, A? ={1 0 -1}, AP ={] 213
CHAPTER 3

- F, _ A . _F
Hoox =5, 1= Ty 3= Im
32, % =0.75mjsec. y = —0.75 mjsec, O = —0.75 rad/sec

4 . 1 6v A /2

3-3. x =‘3-?)0, y =—§v0, =_§_[9 C 2)\5 mvg

.5 _ 3 3 _ _3vg A S e
34 X=‘§"Uo, Vo= ?'UO, 9_‘2 /_21’ ¢ = 8""0
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35, pp— %mné - —|2~mvolsin 0, 06— 2%[
3-6. v, = K‘.F%' w, — ¢

b eyt U Al

n=0 O = T
3-7. 370]' = ggf for all i, j.

3-8. T, =ml*Q2¢,(1 + cosq) + (G + §2) cos (g2 — q1) + ¢2(1 + cos q,)]
Yi2 = —2mi*Q sin (g, — qy)

39. (I,sin2@ + I,cos? W — I,,q§ sin 8 L
] —2(I, — L)W + ®,)0 sin @ cos § — I,O¢ cos @ = 0
L8 + (I, — LYW + wo)?sin @ cos O + Ly + wq)d cos
) + mglcosf =0
L — Lysinf — Ly + o) cos @ =0

—k =3k -3k
2=, I==" = —=
3-10. A} = 3 A3 5 A2 Stable

3-11. Stable for p% > 4.490 mk
3-12. (a) F = be(x, — %,)?
mx, + cx, + 2kx; — ¢cx; —kx,; =0
mx, + cx; + 2kx; —cx; —kx; =0
(b) m2A* 4 2mcA® + dmk)2 + 2ckA + 3k2 =0 Neutral stability
(©) 4,2 = —0.07579 + i0.8668
313. U= —Epelnr — }Byer?f
mi — mrfz — Ege _ Boerg =0

mr2d + %Boerzé = Bs, mz = fi,

CHAPTER 4
_ P P (py +pesin)? Isin 6
Bl H = T T T o TN
=p,,+ptsin0’ 5 =0 0 = Pe
4 I,cos* 8 Pr ’ i
S Dy +1’¢ sin 9\ _(pw+p¢ sin 0)2 1 — ICOSB
Po "( I,cos @ I, cos? 8 sin 0 — mg
i _ Ps p,+p¢sin9). s 0
¢ I, % ( 1, cos2 8 sin , Ps

42 y =p/m, p = —mg F cpilm? for p > 0, p<0
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43. ¢ = [+ mfz sin2 @ Ps = + mrsin? By = Bs
_ Ds Lo pimrZsin f cos 6 .
mr? T (I + mrtsinz @) + mgrsin 0
. . 1 ra
Brx = ~6 —2Vr
4-4. p. = my,cosi?, py = muyy sin 12, A = —2muyt
47. I =ml(}vf — gyoiti — vogti + tg2rl]
I(veonst) = m{(3vd — gyodty — vogt} + g 2]
4-8. mx, + g =0, mx, — =0, miy + i+ mg =0
- 1
Xy = —Tg
410. uy =y p-zec"z. U=+ g—'ec’z. S = 3.230
H 2
411. x = c‘%(cos wot — 1), y= go—‘:) sinwet, @ = wot
0l = —mwqyve J: 7(t) tan? wt dt
4-13. No
CHAPTER §
[} [} .
I.do (o, + o, sin §) 46
52. (—1ty= ; —Wo = v ¢
M AN 7@ Ve b COS2O f(0)
_ _a_}_(a,+a¢sin0)2_ . al
where f(0) = 21,[(1, TR Ty R mglsin 0
£3 ¢ — gS:n 54 /%wmm — ]
- gsiny ,
6 =0t + e
54. x = .*0[, = }.’ot t %glz
rr tmd(r?)
55. 1= J,=” N —0F + 2mo,r2 —mkr*
0 = r da,d(r?)
rmr N —0§ + 2mot,r: — mkr#
— 1172
r= % + %\/a} — %a} cos 2,/ ~t
- Sy S-t2
r =% o, — V’a} - %aé cos 26 l
e -+ g2
56 1T vt a A (hyperbola)

Y . S e
g: +A/q5 — b

APPENDIX
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5_7 t — tQ _ # mIz dg ¢ _¢0 =fo ¢4 de
6o 1O b, 5in2 0./ £(0)

— 2 2,73 _ a_;'l
where 1(6) Z[ml & + migl?cos @ Teni 0.

5-8. W‘](’) = JJ?.ma, - _2;%-0 - 2’01(’) dr

2
sin
Wi(d) = J V2%, — 203() dd

Wy =w(r), W2 = 1)2(8), Wi = 1,"(¢)' QU =plg.£‘j_

W(0) = Nza, — 2 20,(6) 46

CHAPTER 6

6-1. P= -/q¥ + pltan-! % ¢ = —% Q%sin~! % + —;‘IM/QZ ~q2
62, ¥ = mueq, Fy, = mwyg, F, = mvyq + Psing
Fg = (m’Uo ‘—‘p) sin~! Q
~— Mvg

Fo = (mug — p) cos (2-20"0) 4 /BT = (p = rog)?

ypx + Xp XPx — YD,
6-3. P1=x_2+—y2—y, Pz‘—m'—v
Fy = xyP; 4 ¥(x* — y2)P,

K= i_vﬁﬁ_—gz (P} + P) + kL/OT + 0} — 00"

64, F, = (P, + ‘l)o)((]l - 170t) + %P%e'z‘ tan g,
K =}Pt — Jv§ — Q:P: + §(Qfe™ + Pie )2 + U@ + vot)?
0, =Py, Q= = Q1 + 4P2e72(Q}e + Ple~¥)
P, = —{(Q1 + wot), Py = P, — }Q:e%(Q%e¥ + Ple %)

_L -2 2,202 _L —l‘fffiz
65. K =-L(greu 5 Prew) +2(tan Q) + QP

— e,
tan2p, F, = %q(cos"\/%— — \LQ-("T-Q) Fi=0

6-8. q=a+/20sin(t +¢), p=+20cos(t +¢)
where ¢ = sin~! (go/a/20)

_ — ain-1 2920,
5-9. @, —-2—0: g, where & = sin Dy
0: = +A/J(I —cosa) — ¢}
Pi=—p, P,=7F %v’&(l —cos®) — 4%

6-10. Ql =q; — vol, Q2 = 1\/7,(—]; e Cos P2
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P, =p; — v, Pz=~/§_t;;e"sinp2
K — H = 2q, sin p; cos p; — vo(py — vo)

6-11. K = %“/:‘ P[2 -+ '2 ; g ak[dUQkPi
or K= };P‘Z — ‘Z Zj ;a”d“Q"P‘
6-12. F¥ =3 ; la,,(P* — di)q; + ciP¥]
6-13. Q=1 T =gq, P =p, Pr=p
_ 1 py 1
X —A[P + 50 PF — QPr + 5 kT’]
6-20. G =p,cosf — %pa sin @, Or = €cos B, 30 = ——% sin 8,
op, = —%pg sinf, dpe =£(p, sinf + lp,;cos(?)
r r
CHAPTER 7
7-1. 1.8¢, vy = —0.9945 ¢
72. @ r =Bl o= Vf'_—}. 4
1+ B 1+ f¢
) X =1=B1 - v
1.3. (@) Vhjv  (b) Vhjua/T — B2 (© vi=—V, o, =uv1— B2
7-4. v = ctanh 0 where tann f = § = CK T = [cosh {81t
7-5. =0.9918 ¢
7-8. (a) 0 = o1 — B2 (b) “-";’—ﬂ (c) tan~1 (W, Brica’1 — B2)
x—=Vey /t — Vx[e?\
79. y= (ﬁ) tan m\\/l = 32}
X — +0.8406l,, y = F0.2403J,
7-10. Norlativistic ¢ = tan~t 5B 50"
' B+ B cosd’
Reia ivistic ¢ = lan"étz/_‘_;pz_sin,qﬁ’
B+ B cosd
7-11. 90%
7-12.  120°, 60°
7-13. v =0.2543¢c, 8 =13184°, 1.539m,
22\~
7-15. mo(l — —c—z) I+ kx=0
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A

Absolute system of units, 4

Accessibility, in configuration space, 10, 11
Action integral, 176

Active vanabiles, 171

Addition of velocities, 290-93

Analytical dynamics, 48

Angular impulse, 105, 106

Angular momentum, 37-39, 44, 105, 106
Angular velocity, 34-36

Applied force, 2, 16, 50

Asymptotic stability, 104, 128

Augmented function, 149

Augmentad generating function, 233, 235
Augmented Hamiltonian function, 253-55
Augmented Lagrangian function, 161
Autonomous system, 180

B

Bergmann, P. G., 320

Bilinear covariant, 191, 247, 248, 250
Body force, 2

Brachistochrone problem, 152-54

C

Canonical equations (see Hamilton’s equa-
tions)
Canonical integral, 188, 189
Canonical transformation, 187, 214-19, 249,
250
group properties, 218
homogeneous, 192, 231-34
necessary conditions, 250, 257
sufficient conditions, 216-18, 242, 243,
248,250, 257
Carathéodory, C., 212, 268
Cartesian coordinates, 2, 3, 5
Center of mass, 33, 34, 38,309, 310

331

Characteristic equation, 85, 103, 126
Characteristic function, 197, 204, 226. 227
Christoffel symbol, 54
Clock paradox (see Twin paradox)
Clock synchronization, 282
Configuration, 4-6
Configuration space, 7,8, 179, 180
extended, 157
Conic section, 179, 204
Conjugate points, 155
Conservation of energy, 30, 307, 308
Conservative force, 28, 29, 70, 71, 139
Conservative system, 70, 71, 74-78, 139, 180,
197-99
Constants of motion (see Integrals of motion)
Constraint, 4-6
bilateral, 12, 16
holonomic, 8, 55, 56
impulsive, 109, i10
instantaneous, 13, 14, 108, 109, 160
nonholonomic, 9-11, 54, 64,77, 159, 161
rheonomic, 9
scleronomic, 8
unilateral, 12, 13, 18, 20, 110
workless, 16-19, 110
Constraint force, 2, 16, 54, 55, 108
Constraint impulse, 109
Contact force, 2
Contact transformation (see Homogeneous
canonical transformation)
Contemporaneous variation, 174, 175, 247
Contraction, longitudinal, 284, 285
Contraction hypothesis, 276
Coordinates:
Cartesian, 2,3, 5
generalized, 5, 27
ignorable, 67-69, 79, 132, 169, 198, 199
principal, 87, 88
true, 112, 113
Corben, H.C., 142
Coulomb friction, 21, 22
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Curvature of light, 312, 313
Cyclic coordinates (see
dinates)

Ignorable coor-

D’Alembert, J., 22n
D’Alembert’s principle, 22, 23, 50, 51, 108,
156

Damping coefficient, 102
Damping matrix, 102, 103
Degenerate systerm, 91
Degrees of freedom, 4
Differential form:

exact, 10, 12

integrability of, 10

Pfaffian, 190-92, 194, 216, 247
Dilation of time, 284
Dimensions, 3, 4
Disk, rolling of, 11, 43, 44,212
Displacement:

actual, 62

possible, 14

virtual, 13-15, 24, 50, 62
Dissipation function, 102-4
Doeppler effect, 295-97
Double pendulum, 57--59

E

Eccentricity, 179, 204
Eigenvalue, 85-87
repeated, 91
Eigenvector (se¢ Modal column)
Einstein, A.. 272,277, 320
Einstein's elevator, 312
Einstein’s train, 282, 283
Elastic impact, 299
Elastic niode, 89
Electromagnetic force, 138, 140, 170
Energy:
conservation of, 30, 139, 307, 308
of electric field, 139
kinetic, 29, 32-37, 48-50, 110-14
photon, 308
potential, 28-30, 70, 74, 84, 138, 139
relativistic kinetic, 303
rest, 303
total relativistic, 303, 307, 308
Energy integral, 72, 166, 176, 177, 197
English gravitational units, 4
Equilibrium, 19, 21, 22, 31, 76
Equilibrium point (see Singular point)

Equipollent force system, 2&n
Equivalence principle, 312, 313
Ether theory, 275,276
Euler-Lagrange equation, 152, 156, 159
with constraints, 161, 162
Eulerian angles, 113, 114, 131
Event, 281
Exactness conditions, 10-12
Extended configuration space, 157
Extended phase space, 181, 182, 252
Extended point transformation, 234

F

Fermat’s principle, 177, 178
Field force, 2
First Pfaff’s system, 191
First variation, 147
Force:
applied, 2, 16, 50
body, 2
centrifugal, 70
components of, 3
conservative, 28, 29, 70, 71, 139
constraint, 2, 16, 54, 55, 108
contact, 2
electromagnetic, 138, 140, 170
equipollent, 28n
field, 2
generalized, 24, 25, 30, 51, 52, 54, 55
gyroscopic, 124, 141 .
impulsive, 104
inertial, 22, 52
longitudinal, 305
Minkowski, 306, 307
relativistic, 305
transverse, 306
workless constraint, 16-18, 54, 55, 108
world, 306, 307
Forsyth, A.R., 192n
Frame of reference:
inertial or Newtonian, 2, 272
momentary rest, 306, 315
Friction, Coulomb, 21, 22
Functional, 151

G

Galilean transformation, 272, 273
Generalized coordinates, 5,27

Generalized force, 24, 25, 30, 51, 52, 54, 55
Generalized Hamilton’s principle, 157
Generalized impuise, 107, 109, 114



Generalized mass, 89

Generalized momentum, 39, 50, 53, 114, 182

Generalized stiffness, 90

Generating function, 188, 216, 217, 220-23,
259-61

augmented, 233, 235

Geodesic, 154

Goldstein, H., 95, 142,212, 268

Gravitational coefficient, 67, 168, 202

Gravitational mass, 312

Griffith, B. A., 41

Gyroscopic coefficient, 54, 74, 123

Gyroscopic coupling, 124

Gyroscopic force, 124, 141

Gyroscopic stability, 127-29

Gyroscopic system, 74, 123-29

H

Hamilton problem, 187, 190, 195, 197, 198,
206, 227
Hamilton-Jacobi equation, 188, 190, 198,
225,226
modified, 197, 226
Hamilton-Jacobi method, 193-95, 199-204,
225-27
conservative systems, 197-204, 226, 227
ignorable coordinates, 198, 199, 203, 204
Hamiltonian function:
augmented, 253-55
for conservative system, 167
definition of, 163, 314
for electromagnetic field, 170, 315
form of, 165-67
for natural system, 167
new variables, 194, 215--18, 235, 250
for scleroromic system, 166
Hamilton's equations:
derivation of, 163, 164, 172, 191
matrix form, 256
nonhclonomic form, 165
Poisson bracket notation, 245
Hamilton’s principal function, 189, 191-99.
218,225
Hamilton’s principle, 156-59, 176, 214, 215
nonholonomic system, 159-61
Headlight effect, 295
Hessian determinant, 171,172
Holonomic constraint, 8, 55, 56
Holonomic system, 8, 161
Lagrange’s equation for, 51, 52, 55
Homogeneous canonical transformation,
192, 231-34
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Identity transformation, 227, 228
Ignorable coordinates, 67-69, 79, 132, 169,
198, 199
Impact:
elastic, 299
inelastic, 308-12
Impulse:
angular, 105, 106
applied, 107-11
constraint, 109-11
generalized, 107,109, 114
linear, 105, 106
Impulsive constraint, 109, 110
Impulsive force, 104
Ince, E. L., 10n
Inelastic impact, 308-12
Inertia coefficient. 41, 49, 50, 84, 106
Inertia matrix, 50, 85, 89, 163
Inertial coupling, 41
Inertial force, 22, 52
Inertial mass, 312
Inertial reference frame, 2, 272
Infinitesimal canonical transformation,
258-61
Initial conditions, linear system, 92, 93
Integrability, of differential form, 10-12
Integral invariant, 262-68
absolute, 263, 264, 266
relative, 263, 265
Integrals of motion, 66, 67, 71, 72, 80, 187,
245
Invariaat interval, 285, 286, 288

J

Jacobi form, least action principle, 177-79
Jacobiintegral, 72, 166, 176, 177,197
Jacobi multiplier, 266, 267

Jacobian determinant, 6, 7, 26, 192, 193, 232
Jacobian matrix, 257, 258

Jacobi’s identity, 244

Jacobi’s theorem, 195- 97

K

Kepler problem 67, 68, 70, 168, 178, 179,
202-4, 2099-11
Kinetic energy:
of a particle, 29
of relative motion, 37, 11, 112
of rigid body, 34-37, 113, 114
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Kinetic energy (cont. ):
rotational, 34-36, 38, 114
systein of particles, 32, 33, 36, 37, 48, 49
transiational, 34

Konig’s theorem, 33

Kronecker delta, 229, 242

L

Lagrange brackets, 241, 242, 246, 250
Lagrange multiplier, 3, 9, 55, 108, 109, 149,
233
L.agrange problem, 19G, 206
Lagrange’s equations:
with damping, 103
derivation of, 50-52
explicit form of, 53, 54, 123
fundamental form, 51
standard holonomic form. 52
standard nonholonomic form, S5
Lagrangian function:
augmented, 161
definition of, 39, 313, 314
for electromagnetic field, 139, 314
new variables, 214, 215, 249
Lanczos, C., 41, 181n, 183, 268
Least action principle, 176, 177
Legendre transformation, 171, 172, 222,223
Libration, 81, 201
Light:
curvature of, 312, 313
speed of, 275
Light cone, 286
Lightlike interval, 287
Lindsay, R. B., 22n
Linear momentum, of a particle, 1, 105, 139
Liouville system, 78-81, 83, 204-6, 209-11,
213
Liouville’s theorem, 182, 183, 261, 262, 268
Longitudinal contraction, 284, 285
Lorentz, H. A. 320
Lorentz contraction (see Longitudinal con-
traction)
Lorentz transformation, 280, 281

M

Margenau, H., 22n
Marion, J. B., 96, 184
Mass:
gencralized, 89
gravitational, 312

Mass (cont. ):

inertial, 312

longitudinal, 306

Newtonian, 299

proper, 299

relativistic, 302

rest, 299

transverse, 306
Mass center (see Center of mass)
Mass coefficient (see Inertia coefficient)
Mass mairix, 50, 85, 89, 163
Mass-spring system, 74, 167, 168, 199-202,

237,238
Mathieu transformation (see Homogeneous
canotical transformation)

Matrix:

damping, 103, 124

gyroscopic, 54, 74, 123, 124

inertia, 50, §5, 89, 163

Jacobian, 257, 258

modal, 87

stiffness, 84, 90

symplectic, 256-58
Maxwell’s equations, 274
Meirovitch, L., 41
Michelson Morley experiment, 275, 276
Minkowski, H., 288, 306, 320
Modal column, 87, 104
Modal matrix, 87
Mode of vibration:

rigid-body, 87

zero frequency, 87, 89
Modified Hamilton-Jacobi equation, 197
Modified Hamilton’s principle, 173, 174
Mgller, C., 28In, 320
Moment of inertia, 35
Momentary rest frame, 306, 315
Momentum:

angular, 37-39, 44, 105, 106

of electromagnetic field, 139, 314

generalized, 39, 51, 53,114

linear, 1, 105, 139

relativistic, 299, 302, 303, 314
Momentum-energy four-vector, 304, 305
Momentum transformation, 238, 239
Multiplier rule, 161, 162

N
Natural mode of vibration, 85-87

Natural system, 73-75, 177
Newtonian principle of relativity, 274



Newtonian reference frame (see Inertial
reference frame)

Newton’s law of motion, I, 2, 273, 274

Nonautonomous system, 180

Noncontemporaneous variation, 174-76

Nonholenomic constraint, 9-11, 54, 64, 77,
159, 161

Normal mode of vibration, 87

o

Observer, 282

Orthogonal system, 79, 204, 206
Orthogonal transtormation, 229
Orthogonality, of eigenvectors, 88-90, 92

P

Pars, L. A., 95, 142, 184,208n, 212, 268
Particle, 1
equations of motion, 1
Passive variables, 171
Pendulum:
double, 57-59
inverted, 96
simple, 41,93 -95
spherical, 23, 24, 56, 57, 81-83, 213
Perturbation theory, elementary, 133, 134
Pfaffian differential form, 190-92, 194, 216,
247
Pfaff’s theorem, 192
Phase fluid, 182, 262
Phase space, 173, 180, 181, 190
extended, 181, 182, 252
Phase velocity, 182
Photon:
energy of, 308
mass of, 308
momentum of, 308
velocity of, 275
Planck’s constant, 308
Point transformation, 214, 234-36
Poisson brackets, 233, 243-46, 250
Poisson’s theorem, 245
Positive definite matrix, 54
Positive definite quadratic form, 50, 84, 103,
24
Positive semidefinite quadratic form, 86,
103, 124
Potential:
scalar, 138,314
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Potential (cont. ):
vector, 138, 314
velocity-dependent, 137, 139, 141,170,314
Potential energy, 28-30, 70, 74, 84, 138, 139
Principal coordinates, 87, 88
Principal function (see Hamilton’s principal
function)
Principal mode of vibration, 87, 88
Principle:
of angular impulse and momenium, 106,
122
of conservation of energy, 30, 307, 308
d’Alembert’s, 22, 23, 50, 51, 108, 156
of equivalence, 312, 313
Fermat’s, 177, 178
Hamilton’s, 156-59, 176, 214, 215
Hamilton's generalized, 157
Hamilton’s moditied, 173, 174
of least action, 176, {77
of linear impulse and momentum, 105
of mass and energy, 308
of relativity, 274, 277
of virtual work, 19, 25
of work and kinetic energy, 29
Product cf inertia, 35
Proper distarnce, 288
Proper mass (see Rest mass)
Proper time, 287, 289

Q

Quadratic form, 32, 124
Quadratures, method of, 67, 78-81, 204
Quasi-coordinates, 112-15

R

Rayleigh’s dissipation function, 102-4

Repeated eigenvalues, 91

Rest energy, 303

Rest length, 285

Rest mass, 299

Rheonomic system, 9, 62, 63, 75
Kinetic energy of, 50

Rigid-bedy mode, 87

Rocket motion:
constant acceleration, 316-18
constant thrust, 319, 320

Routhian function, 68--70, 82, 124, 125, 211

Rund, H., 184, 212, 268
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S Transformation (cont.):
contact (see Homogensous canonical
Scleronomic system, G, 18, 19, 166 transformation)
kinetic energy of, 50 coordinate-momentum interchange, 228
Second variation, 148 extended point, 234
Secular motion, 135 Galilean, 272, 273
Separability, 78-81, 204--8, 210, 211 homogeneous canonical, 192, 231-34
Separation constant, 205, 207, 210, 213 identity, 227, 228
Simultaneity, 282, 2383 infinitesimal canonical, 258-61
Singular point, 180, 181 Legendre, 171, 172,222,223
Shig, 4 Lorentz, 280, 281
Spacelike interval, 287 Mathieu (see Homogeneous canonical
Spaceiime, 280 transformation)
Speed of iight, 275 momentum, 238, 239
Spherical pendulum, 23, 24, 56, 57, 81-83, orthogonal, 229
213 point, 214, 234-36
Spin, total, 131 rotation, 229-31
Stability: time, 252-54
asymptotic, 104, 128 translation, 228-31
gyroscopic, 127-29 Transverse Doppler effect, 296, 297
neutral, 32, 127 Turning point, 137, 201
system of particles, 31, 32, 86 Twin paradox, 28%, 290, 297, 298, 319
Stackel’s theorem, 206-11
Stationary value: 6]
constrained, 148, 149
of a definite integral, 150-52, 155, 156 Units, 3, 4,
of a functicn, 147-49 absolute, 4
Stehle, P., 142 derived, 4
Stiffness coefficient, 84 English gravitational system, 4
generalized, 90 fundamental, 4
Stif fness matrix, 85
Symplectic matrix, 256-58 \%
Synchronization of clocks, 282
Synge, J. L., 41 Vectorial dynamics, 48
System of particies: Velocity:
angular momentum, 37-39, 44 angular, 34-36
equations of motion, 2, 3, 105 of light, 275
kinstic energy, 32, 33, 36, 37, 48, 49 possible, 14, 15
potential energy, 30 virtual, 14, 15,109
stability, 31, 32, 86 Velocity addision, 290-93
Velocity-dependent potential, 137, 139, 141,
T 170,314
Velocity parameter, 292, 293
Taylor, E.F., 320 Virtual displacement, 13185, 24, 50, 62
Time dilation, 284 Virtual velocity, 14, 15, 109
Time transformation, 252-54 Virtual work, 13-18, 22, 24, 25, 31, 157
Timelike interval, 287 principle of, 19, 25
Top, motion of, 131-37, 184, 212
Total spin, 131 w
Trausformation:
canonical, 187, 214-19, 249, 250 Wave equation, 274

Cartesian to generalized coordinates, 5, 48 Weyl. H., 320



Wheeler, J. A., 320
Whittaker, E. T., 41, 96, 142
Work, 29, 30

of friction forces, 103

of gyroscopic forces, 124

virtual, 13-18, 22, 24, 25, 31, 157

INDEX

Workless constraint, 16-19, 110
World line, 288

V4

Zero frequency mode, 87, 89
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