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Choose the Correct Answer

1. Ifpis a prime number and pjo (G), then G has an element of order ---—-------—
@P? (b)p (c)p+l (d)2p :

2. If o(G)=P? where p is a prime number, then G is ---~-=—eeammemem-
(a) Abelian b) normal ¢) Quotient  d) Permutation group

3. Kp™fo (G), p™' !(20 (G), then G has a subgroup of order ---——----—-- |
(a) p O ©@p" (@p™
4. Let G be a group, A,B subgroups of G. If X,Y£G, then XNy is defined as A ——----nn-nex
for some a€ A and b €B.
(@ Y=axb (b)x;ay[, «:)a;xéy b b:l&y

5. F[x] isa - - of polynomials.
(a) Field ()Group (c) Set (d)Ring

6. Any polynomial in F [X] can be written in a unique manner as a -~------------ of irreducible
polynomialsin F [ x ]. .
(a)Sum (b). Difference  (c.) Product (d).L.CM

7. The ~—-=ememeeam - of K over F is the dimension of K as a vector space over F.
a Index b. Order c. Size d. Degree

8. A complex number is said to be an algebraic number if it is algebraic over the field
a. Real  b.Rational c.Irrational  d. Natural
9Ifp () €EF[ 1],- then an element a lying in some extension field of F is called a root of p ( )
2 PO ®pOO= ©p@-o @p@=X

10.ifa€Kisarootof p(x) €F [ x], where FCK, then inK [x], -~
@ (X-e) | p(r Wpel-0) ©) x| pax) @ alPOf-)



PartB ' 5x4=20
Answer All Questions

' & d +1
11. a If G is abeliam of order O(G) and P )O(G), P * )( 6(Gv), prove that there is a unique
subgroup of G of order p‘." (Or)

b.If O (G) = p" where P is s prime number, prove that Z (G) #&)
12. a. Prove that n (K)= 1+p+....... +pR'1 (Or)

b.Define internal direct product and give an example.
13. a. State and prove the division algorithm. (Or)

b. State and prove the Eisenstein criterion.

14.a. If a and b is k are algebraic over F of degrees m and n, repectivelt, prove that a+ b, ab and a/b
(if b #0) are algebraic over F of degree atmost mn. (Or)

b.If L is an algebraic extension of K and if K is an algebraic extension of F, prove that L is an
algebraic extension of F.

15.a. If p (X) € F [ 2] and if k is an extenison of F, prove that for any elementb €k, p [X] =
(x-b) q (x)*+ p(b) where q () €F [x] and where deg q (x) =degp () -1.
(Or)

b.Let () €F [ X ] be of degree > 1. Prove that there is an extension E of F of degree atmost n!
in which f () has n roots.

Part C (5x7=35)
Answer All Questions

16. a. State and prove Cauchy ‘s theorem for abelian groups.  (Or)

b.Let ® be a homomorphilm of G onto G with kernel K, and let N be a normal subgp of
G, N={X £ (|b x£W}. Prove that G/N ¥ G/N. That is,” G/N = (Gl (] ).

17.a. State and prove the third part of sylow’s theorem.  (Or)
b.Let G be a finite group and suppose that G is A subgroup of the finite group M, M has a
p- sylow subgroup ® . Prove that G has a P-sylow subgroup P, and P=Ga X Qx™
for some X €M) .

18.a. State and prove Gauss’s lemma.  (Or)

b.If f(x), g (x) are two nonzero elements of F [ X.], prove that deg ( f (x). 9 ) F
deg f () +deg g (X).

19. a) Prove that a € k is algebraic over F if and only if F (a) is a finite extension of F. (Or)

b) If L is a finite extension of K and if K is a finite extension of F, prove that L is a finite
extension of F. Also, prove that [L :F]=[L :K] [K :F].



20. a. Prove that a polynomial of degree n over a field can have almost n roots in any extension
field. (Or)

b.If P () is irreducible in F [ x] and if 9 is a root of P (x), prove that F (8) is isomorphic to
F” (w) where w is a root of P! (t) ; moreover, this isomorphism o Can so be chosen that
(i) 8¢ =w (ii) ao= of for every ofF.






