Interval-Valued Fuzzy Structures in Z-Algebras L

In 1975, Zadeh [74] introduced the notion of interval-valued fuzzy sets as an
extension of fuzzy sets [73] in which the values of the membership degrees are intervals of
numbers instead of the numbers. This chapter is divided into two sections. In the first section, we
discuss the notion of interval-valued fuzzy Z-Subalgebras of Z-algebras. In the second section,
we discuss the concept of interval-valued fuzzy Z-ideals of Z-algebras and prove some

interesting results.

7.1 Interval valued fuzzy Z-Subalgebras in Z-algebras
In this section, we define the notion of an interval-valued fuzzy Z-Subalgebra of a

Z-algebra. Also we have proved some interesting results.

Definition 7.1.1: Let (X,*0) be a Z-algebra. An interval-valued fuzzy set
A:{(x,ﬁA(x))|XeX} in X is said to be an interval —valued fuzzy Z-Subalgebra of a

Z-algebra X if: {i, (x *y) > rmin{{i, (x),[i, (y)} forall x,yeX.

Example 7.1.2: Consider a Z-algebra X= {0,1,2,3} with the following Cayley table :

Define an interval-valued fuzzy set A = {(x, [T (x))|x € X} by

[0.4,0.8] if x €{0,2}

HA () :{ [0.2,0.5] otherwise

Then A is an interval-valued fuzzy Z-Subalgebra of a Z-algebra sX.
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Theorem 7.1.3: An interval-valued fuzzy set A = {(x,ﬁ A (x))|x € X} in a Z-algebra X where

[, =[us,us] is an interval-valued fuzzy Z-Subalgebra of X if and only if p’ : X —[0,1] and

uy : X —[0,1] are fuzzy Z-Subalgebras of X.

Proof: Let A = {(x,fi, (x )Ix € X} where fi, =[uk,uY] be an interval-valued fuzzy set in a
Z-algebra X. Let p’ : X —=[0,1] and p : X —[0,1] are fuzzy Z-Subalgebras of X and x,y e X.
Consider [, (x*y)=[p (x * ), ux (x * y)] 2 [min {u (x), s (v)}, min{uy (x), 1 (¥)}]
= rmin{[p; (x), iy (L [1x (V) 12 (D]
= rmin{jL, (x), [, (y)}
Thus A = {(x, [, (x))x € X is an interval-valued fuzzy Z-Subalgebra of a Z-algebra X.
Conversely, for any x,y € X,
[ (X y), iy (x % )] = Ty (x *y) 2 rmin{f, (x), 1, ()}
= rmin{[p; (x), iy ()L [1x (V) 2 (D]}
= [min {u; (x), s ()}, min {p, (x), 1y ()} ]
Hence, p; (x*y) > min{py (x),ui (y)} and  py(x*y) = min{py (x), n (v)} -

Thus, p;and p) are fuzzy Z-Subalgebras of a Z-algebra X.

Theorem 7.1.4: Let A, = {(x,ﬁAl(x))|x eX} and A, = {(x,ﬁAz(x))|x e X} are interval-valued
fuzzy Z-Subalgebras of a Z-algebra X. Then A ,NA,= {(x,ﬁAmA2 (x))|x eX} is an

interval-valued fuzzy Z-Subalgebra of X.
Proof: Let x,ye A, NA,.Then x,ye A, and A,.

ﬁAlmAz (X * Y) = fmin{ﬁAl (X * Y)a ﬁAz (X * Y)}
=rmin{[p; (x*y),uy (X *y)L[us, (xX*y), 03 (x*y)]}
=[min{p, (x*y),py (x*y)},min{uy (x*y),uy (x*y)}]

> [min(min i (x), 1y, (¥)},min{u; (%), 1 (v)}),min(min fu, (), 1, (v)},minfuy, (0,15 (9)})]
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= [min(min{u; (x),py, ()} minfuy (v), wx, ()}, min(min{uy (x), 1z, ()}, minfuy (v), 1y, (9]
=[min{uy o, (X), 05 o0, (DEmin{uy o (), 1y 14, (9)}]
=T min{[“klmAz (X)s “leAz (X)]a [“IAIGAZ (Y)s “leAz (y)]}

= I‘min{rlAmAz (X)9 ﬁAlﬁAz (y)}

Therefore, A, " A, is an interval-valued fuzzy Z-Subalgebra of a Z-algebra X.

Corollary 7.1.5: Let {A ={(x,}i, (x))|xeX}|ieQ} be a family of interval-valued fuzzy

Z-Subalgebras of a Z-algebra X. Then ﬂAi is also an interval-valued fuzzy Z-Subalgebra of X.

ieQ
Theorem 7.1.6: Let A = {(x,ﬁ A(x))|x € X} be an interval-valued fuzzy set in a Z-algebra X.
Then A is an interval-valued fuzzy Z-Subalgebra of X if and only if the nonempty set
U(HA;[sl,sz]) = {x eX| ﬁA(x) > [sl,sz]} is a Z-Subalgebra of X for every [s,,s,] € D[0,1].
Proof: Assume that A = {(x,ﬁ A(x))|x € X} is an interval-valued fuzzy Z-Subalgebra of a
Z-algebra X and let [s,,s,] € D[0,1] be such that x,y e U(ﬁA;[Sl,SZ]).
This implies pn,(x)>[s,,s,] and [, (y)=[s,,s,].
Then 1, (x *y) > rmin{ﬁA(x),ﬁA(y)} > rmin{[sl,sz],[sl,sz]} = [min{sl,sl},min{sz,sz}]
=[s,,5,]
and so x*y e U([1,:[s,,s,]).
Thus U(fi,;[s,,s,]) is a Z-Subalgebra of a Z-algebra X.
Conversely, assume that U(ﬁ A;[sl,sz]);tq) is a Z-Subalgebra of a Z-algebra X for every
[s;,s,]€ D[0,1].
Suppose there exists x,,y, € X such that
Fia (% * yg) <Tmin{fT, (x,). /L, (v0)}- (M
Let i, (x,) =17, 721 s Ha (o) =72 7,1 and By (xo *yg) =[5,.5, ]
Then (1) becomes, [s,,s,]< rmin{[yl,yz],[y3,y4]} =[min{y,,v,}, min{y,,v,}]

so s, <min{y,,y;} and s, <min{y,,v,}.
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| . (~ -

IFwe take (21,212~ [, (% *3,) + rminff, ()., ()]
1 . 1 ) .
then [A,,A,]= E[[SI’SZ]+rm1n{[ylayz]a[Y3aY4]}] :5[[slasz]+[mln{Y19Y3}amln{YzaY4}]]
1 } 1 }
= [5(51 +mm{Y1aY3})>E(52 +mm{Y2aY4}):|
) | )

Therefore, min{y,,y;} >\, = E(Sl +minfy,,y;})>s,

. 1 )
and mingy,,y,} >A, 25(52+mm{Y2sY4})>sz

Hence, [min{y,,y},min{y,,v,}]1>[A;, 21> [5,,8,]1= 1, (x4 * o)

Therefore x, *y, & U(fi,;[A,,1,]). But,

Fa (o) =7, 2] 2 [min{y,, o} min{y, v,31> (2,0, ]

Ha(vo) =[vsvs] 2 [mindy, v, }omin{r,,7,31> (1.2,

= %Yo € U(:[h1.2,]).

It contradicts that U(ﬁ A;[Xl,kz]) is a Z-Subalgebra of a Z-algebra X.

Hence fi,(x*y)>rminffi,(x),[i,(y)} , forall x,yeX.

Note: We call U([i,;[s,,s,])as the interval-valued [s,,s, ]-level Z-Subalgebras of A.

Theorem 7.1.7: Every Z-Subalgebra of a Z-algebra X can be realized as an interval-valued

[s,»s,]-level Z-Subalgebra of an interval-valued fuzzy Z-Subalgebra of X.
Proof: Let Y be a Z-Subalgebra of a Z-algebra X and A = {(x,fi,(x)}x € X} be an
interval-valued fuzzy set on X defined by

[s;,s,] ifxeY
[0,0] otherwise

By (x)= {
where s,s, €(0,1] with s, <s, .Itis clear that U([(,;[s,,s,])=Y .
Let x,y € X. We consider the following cases.

Case (1): If x,yeY then x*yeY.
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Therefore, i, (x *y)=[s,,s,] = rmin{[s,,s,1,[s,,5,]1} = rmin{f, (x), [, (y)}
Case (2): If x,y ¢ Y thenfi, (x) =[0,0]=i,(y)and so

i, (x*y)=[0,0] =rmin{[0,01,[0,0]} =rmin{f, (x).fi,(y)}

Case (3): If xeY and y ¢ v then fi, (x)=[s,,s,]| and [i, (y) =[0,0].

Thus, TN (x * y) > [0,0] = rmin{[sl,sz],[0,0]} =rmin{{, (x),1, (y)}
Case (4): If y c v and x ¢ Y then {i,(x)=[0,0] and {i,(y)=[s,.s, ].
Thus, [, (x*y)>[0,0] = rmin{[0,0],[s,,s,]} = rmin{f, (x),fi,(y)}

Therefore 11, is an interval-valued fuzzy Z-Subalgebra of a Z-algebra X.
Theorem 7.1.8: Let Y be a subset of a Z-algebra X and A ={(x,ii, (x))x e X} be an

interval-valued fuzzy set on X which is given in the proof of Theorem 7.1.7. If A is an
interval-valued fuzzy Z-Subalgebra of a Z-algebra X then Y is a Z-Subalgebra of a Z-algebra X.
Proof: Let x,y e Y. Then, 1, (x)=[s,,s,]=H,(y).

By (cx y) 2 rmin i, (00,5, ()} = rmin{[s,,s,10s,,8,1} =[mins,,s,},{5,.5,}1 =[5,.5,]

Thus x*yeY.

Hence Y is a Z-Subalgebra of a Z-algebra X.

Theorem 7.1.9: Let h be a Z-homomorphism from a Z-algebra (X,*,O) onto a Z-algebra

(Y,*,0'). If A ={(x,{i, (x)}x € X} is an interval-valued fuzzy Z-Subalgebra of X with the rsup
property, then the image h(A) is an interval-valued fuzzy Z-Subalgebra of Y.
Proof: Assume that A = {(x,fi,, (x))x e X} where fi, (x) =[u%(x),ny(x)] is an interval-valued

fuzzy Z-Subalgebra of a Z-algebra X, then by Theorem 7.1.3, pu; and p, are fuzzy

Z-Subalgebras of X. By Theorem 2.1.21, ME(A) and },LE(A) are fuzzy Z-Subalgebras of Y. By

lemma 1.1.20 and Theorem 7.1.3, we can conclude that h(A):[uﬁ(A),uE(A)] is an

interval-valued fuzzy Z-Subalgebra of Y.
Proposition 7.1.10: Let h be a Z-homomorphism from a Z-algebra (X,*,O) into a Z-algebra

(Y,*,0') and B= {(y,ﬁB(y)Xye Y} be an interval-valued fuzzy Z-Subalgebra of Y. Then the

inverse image h™'(B) of B is an interval-valued fuzzy Z-Subalgebra of X.
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Proof: Since B=[uj,u;]is an interval-valued fuzzy Z-Subalgebra of a Z-algebra Y, by
Theorem 7.1.3, we get that u; and p are fuzzy Z-Subalgebras of Y.

By Theorem 2.1.22, 5 and The s, are fuzzy Z-Subalgebras of a Z-algebra X. Now,

by lemma 1.1.20 and Theorem 7.1.3 we can conclude that h_l(B)=[Hﬁ4(B),HE4(B)] is an

interval-valued fuzzy Z-Subalgebra of a Z-algebraY.
Theorem 7.1.11: If A = {(x,{i, (x))x € X} and B={(x,{i,(x))x € X} are interval-valued fuzzy
Z-Subalgebras of a Z-algebra X then AxB={((x,,x, ) ,.5(x,,x,))|(x,,x,)e Xx X} is also an

interval-valued fuzzy Z-Subalgebra of X x X .
Proof: For any (x,x2), (v1,y2) € X x X, we have

Hap ((X1X2)* (Y1,Y2)) = Hup (X% y1, X2% y2)
=rmin {1, (X1 *y1), By(X2* y2)}
2 rmin {rmin{j, (x1), i, (y0)}, rmin{f (x2), Py (¥2)}}
=mmin {rmin{j, (x1), by (x2)}, min{{, (y1), by (¥2)}}

=I’m1n {ﬁAXB (Xla X2)9 ﬁAxB (yl,yZ)}

Hence A xB is also an interval-valued fuzzy Z-Subalgebra of X x X .
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7.2 Interval-Valued Fuzzy Z-Ideals in Z-algebras

In this section, we introduce the notion of an interval-valued fuzzy Z-ideals of Z-algebras.

Also we have proved some interesting results.

Definition 7.2.1: Let (X,*,O) be a Z-algebra. An interval-valued fuzzy set
A={(x,11, (X))‘X € X} in X is said to be an interval-valued fuzzy Z-ideal of a Z-algebra X if:
(1) pr(0) 2 py (%)

(i) [, () 2 min{f, (x*y), i, ()}, forall x,yeX.

Example 7.2.2: Consider a Z-algebra X={0,1,2,3} with the following Cayley table :

* 10 1 2 3
0 |0 1 2 3
1 |0 1 1 1
2 |0 1 2 3
3 |0 1 3 3

Define an interval-valued fuzzy set A by p,(x)=[0.6,0.8] for all x € X. Then, A is an

interval-valued fuzzy Z-ideal of a Z-algebra X.

Theorem 7.2.3: Let A = {(x,ﬁ A(x))|x € X} be an interval-valued fuzzy set in a Z-algebra X.

Then A is an interval-valued fuzzy Z-ideal of a Z-algebra X if and only if the nonempty set
U(fi,:[v,,7,]) is an Z-ideal of a Z-algebra X for all [y,,y,]€ D[0,1].

Proof: Assume that A = {(x,fi, (x)fx € X} is an interval-valued fuzzy Z-ideal of a Z-algebra X
and let [y,,y,]e D[0,1] be such that x € U(,;[y,,y,]). Then i, (0) > i, (X) 2[y,,7,]- That s,

0e U(HA;[YUYZ])'

Let x,y e X be such that X*yEU(ﬁA;[Yla'h]) and yEU(ﬁA;[Yla'h])‘

Then [, (x*y)=[y,,y,] and [1,(y)=[y,,7,].

Now, ﬁA (x) 2 rmin{ﬁA (x*y), ﬁA ()} Zrmin{[y,v,LIv,v,. 1} =[v1,7,]
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so that x € U(fi,;[v,,7,])-

Hence U(ﬁA;[y1 ,Y5 ]) is an Z-ideal of a Z-algebra X.
Conversely, suppose that U(W,:[y,,v,])#® is an Z-ideal of a Z-algebra X for all
[YI>Y2] € D[Oal] .

Suppose that there exists a € X such that 11, (0) <, (a). That s,

[ (0), 1Y (0)] < [ (2),nY (a)]. Then Wt (0) <t (a) and p(0) <l (a).
1 - -
I we take [8,,8,]=2 (5, (0) 1, (@), then [5,,5,1= B (1L (0)+ uha»,%(uian " MX(a))} .

Hence pj;(0)<3§, <pk(a) and pj(0)<8, <py(a), which imply that
0 (0) = [k (0), 1Y ()] <[8,,8,] <[k (), u ()] = i, (a)

This shows that0 ¢ U(fi, ;[8,,5,]) , which leads to a contradiction.
Therefore {1, (0) > 1, (x) , forall x e X.

Suppose there exists a,b e X such that {1, (a) <rmin{ji, (a*b),i1, (b)}

where i, (a) =[u;(a), ux (a)], H, (a*b) =[py (a*b),uz(a*b)] and i, (b)=[uy (b),uyx (b)].

Put [cpl,cpz]=%(ﬁA<a)+rmin{ﬁA(a*b>,ﬁA<b)}).

Then, [¢,,¢,]= B (1 (a) + minfuf (a bk (b)}),%(uﬁ (a)+ min{ul(a * b), ufi(b)})}

and 50 15 (a) <@, <min{u, (a*b),p, (b)) and u(a) <@, <min{uy(a*b),u; (b)}.

It follows that {1, (a) = [ (a), iz ()] < [@,, ¢, ] <[min{uy (a*b),u (b)}, min{u} (a*b),ux (b)}]
sothat a¢ U, ;[@,9,]).

But fi,(a*b)=[u;(a*b),uy(a*b)]>[0,¢,]

and i, (b) =[5 (b), ux (b)]> [0, 0,].

Thatis, a*be U(fi,;[@,,9,]) and be U({,;[¢,,,]).

This leads to a contradiction.

Consequently, i, (x)>rmin{fi, (x * y),fi,(y)}, forall x,yeX.
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Theorem 7.2.4: An interval-valued fuzzy set A = {(x.i,, (x))x e X} where fi, =[u5,nY] ina

Z-algebra X is an interval-valued fuzzy Z-ideal of X if and only if u; and p are fuzzy Z-ideals
of X.

Proof: Assume that A = {(x, i Ax))x e X} where fi, =[u},uY] is an interval-valued fuzzy
Z-ideal of a Z-algebra X. For any x € X , we have
(A (0), 1 ()] =T, (0) 2 i, (%) = [ (%), 1z (X)].
It follows that p} (0)>pk(x) and pj(0)>pj(x).
Let x,y e X . Then, [y (x), 1y ()] =, (x) 2 rmin {fT, (x * ), i, (¥)}

= rmin{[p; (x *y), i (x*y)1, [ (V) 0y (0]

=[min{u; (x *y), px (¥)}, min {p (x* ), p3 (v)}]
and so p; (x) 2 min{uy (x *y),ux (y)} and p (x) 2 min{u (x *y), 3 ()} -
Hence p and p are fuzzy Z-ideals of a Z-algebra X.
Conversely, suppose that u; and p, are fuzzy Z-ideals of a Z-algebra X. Then the nonempty
upper level subsets U(uf;;ocl) and U(ug;ocz) are Z-ideals of a Z-algebra X where a,,a, €[0,1]
and o, < a,. Noticing that U(ii,;[a,,0,])= U(p];\;ocl)m U(pfi;az) which is an Z-ideal of a
Z-algebra X, and applying Theorem 7.2.3 we know that A = {(x,ﬁ A (x))|x € X} is an

interval-valued fuzzy Z-ideal of a Z-algebra X.

Theorem 7.2.5: Let h be a Z-homomorphism from a Z-algebra (X,*,O) onto a Z-algebra
(Y,*’,O’). If A is an interval-valued fuzzy Z-ideal of X with rsup property, then the image of A
denoted by h(A) is an interval-valued fuzzy Z-ideal of Y.

Proof: Given A = {(x.i, (x )x e X} where f{, =[p},uy] is an interval-valued fuzzy Z-ideal
of a Z-algebra X. Then p and u; are fuzzy Z-ideals of X by Theorem 7.2.4.

By Theorem 2.2.8, uﬁ( ) and },LhU( aare fuzzy Z-ideals of a Z-algebra Y. By Lemma 1.1.20 and

Theorem 7.2.4 h(A) = [},Lﬁ( A ME( ] is an interval-valued fuzzy Z-ideal of a Z-algebra Y.
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Theorem 7.2.6: Let h:(X,*,O)—) (Y,*',O') be a Z-homomorphism of Z-algebras. If
B= {(y, ﬁB(y)ly € Y} is an interval-valued fuzzy Z-ideal of Y, then h™'(B) is an interval-valued
fuzzy Z-ideal of X.

Proof: Since B=[u;,uy] is an interval-valued fuzzy Z-ideal of Y, it follows from Theorem

7.2.4, thatis py and py are fuzzy Z-ideals of Y. By Theorem 2.2.9, u., ® and p, o are fuzzy

Z-ideals of X. By Lemma 1.1.20 and Theorem 7.2.4, we conclude that h™'(B) =[p, (B),uf,l )
is an interval-valued fuzzy Z-ideal of Y.

Theorem 7.2.7: Let h:(Xx0)—(Y,¥,0') be an Z-epimorphism of Z-algebras. Let
B= {(y, ﬁB(y)]er} be an interval-valued fuzzy set of Y. If h™'(B) is an interval-valued

fuzzy Z-ideal of X then B is an interval-valued fuzzy Z-ideal of Y.
Proof: Let y €Y, there exists x € X such that h (x) =y. Then

Ha(y) = Ha(h(x)) = ) (%) S ) (0)= Fig (h(0)) = i (0)
Letx, y € Y. Then there exists a, b € X such that h(a) = x and h (b) =y. It follows that
iy (%) = fig (h(@)) = i, 1y (2) = rmin{fi, , (@ *b), . (0)}
= rmin {fi, (h(a * b)), i, (h(b))}
= rmin {fi, (h(a) ¥ h(b)), i, (h(b)}
= rmin {fi, (x ¥ y), iy (v)}
Hence B is an interval-valued fuzzy Z-ideal of a Z-algebra Y.
Theorem 7.2.8: If A = {(x,fi, (x))x e X} and B={x,fi,(x)}x € X} are interval-valued fuzzy
Z-ideals in a Z-algebra X then A xB with membership function pn, , is an interval-valued
fuzzy Z-ideal in X x X .
Proof: Let (x,,x,) € XxX,
Ha,5(0,0) = rmin{ji, (0), 1 (0)} = rmin{f, (X)), Mg (X,)} =Haup(X)5X,)
Let (x,,X,),(y,,Y,) € XxX. Then,
Hag (X5 X,) = rmin{f, (X)), 1 (X))}

> rmin {rmin{g, (x, *y,), 0, (y,)}, rmin{ig (X, * y,), B (y,)} }
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= rmin{rmin{ﬁA(X1 * Y1)aﬁB(X2 * Y2)}’rmin{ﬁA(Y1)aﬁB(Y2)}}
=rmin{fl, 5 ((X, *y,),(X; *¥,)), Has (Y1, Y2)}

= rmin{ﬁAxg((Xp Xz) * (yla Y2))> HAXB(YN yz)}

Hence A xB is an interval-valued fuzzy Z-ideal in X x X .
Theorem 7.2.9: Let A = {(x,fi, (x)}x € X} and B = {(x, i, (x))x € X} be an interval-valued
fuzzy sets in a Z-algebra X such that A xB is an interval-valued fuzzy Z-ideal of X x X . Then,
(1) Either w, (0)>1p,(x) (or) nz(0)=>p,(x) forallx € X.
(i) If p,(0)=>n,(x) forall xeX, then either n;(0)>p, (x) (or) Hz(0) = Hy(x)
(1) If py(0)>pa(x) forall x e X then either 1, (0) > 1, (x) (or) p, (0) 2> py(x)
Proof: (i) If p,(0)<p,(x,) and pg(0) <py(x,) for somex € X.
Then, [i,(X,.X,) = rmin{fi, (x,), s (x,)} > rmin{fi, (0),fi(0)} = fi,.5(0,0),
which is a contradiction.
Hence, either 11, (0) > 1, (x) (or) Hz(0)=>p,(x) forallx € X.
(i)  Let p,(0)>p,(x) forall xeX.
Assume that there exists x,,x, € X such that {i;(0) <, (x,) and pi;(0) < pg(x,).
Then, fi,;(0,0) = rmin{fi, (0), i, (0)} =i, (0)
g (X5 X,) = rmin{f, (X)), B (X,)} > Hp(0) = H,,5(0,0)
= Hupe(X,,X,)>1,,5(0,0), which is a contradiction.
Hence either [i;(0) >, (x) (or) pg(0)=>p,(x)
(ii1)) By interchanging the roles of A and B in part (ii) we obtain (iii), for all x € X.
Hence the proof.
Theorem 7.2.10: Let A = {(x,ii, (x))x € X} and B = {(x,i,(x))x € X }be an interval-valued
fuzzy sets in a Z-algebra X and A xB is an interval-valued fuzzy Z-ideal of X x X then either
A or B is an interval-valued fuzzy Z-ideal of X.

Proof : By Theorem 7.2.9(i), we can assume that pi;(0) > [i,(x) for all x e X. Then, by
Theorem 7.2.9(iii), either {1, (0) >, (x) (or) [, (0)=>p,(x) .

Fuzzy Structures on Z-Algebras 168



Interval-Valued Fuzzy Structures in Z-Algebras

Let 1, (0)>p,(x) for any x € X, then

H (x) = rmin{j, (0), 0 (X)} = [,,5(0,%)
> rmin{fi,,;((0,%) *(0,y)), K5 (0, ¥)}
=rmin{i,,;((0*0),(x *y)),H,,;5(0,y)}
= rmin{fi,,;(0,x*y),[,,;5(0,y)}
= rmin{rmin{j, (0), fig (x * y)},rmin{p, (0), i ()} }
=rmmin{ {i, (X* ), [ig (¥)}

Therefore, p, (x) 2rmin{ i, (X*y), ny ()}, forall x,y e X.

Hence B is an interval-valued fuzzy Z-ideal of a Z-algebra X.

By Theorem 7.2.9 (i), assume that 1, (0) > 1, (x) , forall x € X..

By Theorem 7.2.9 (i), assume that 1i;(0) >, (x) , forany x € X .

Then A is an interval-valued fuzzy Z-ideal of a Z-algebra X.

Therefore, either A or B is an interval-valued fuzzy Z-ideal of a Z-algebra X.

This completes the proof.
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