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INTRODUCTION




INTRODUCTION

Y. Imai and K. Iseki [13] and K. Iseki [14] introduced two classes of abstract
algebras: BCK-algebras and BCl-algebras. It is known that the class of BCK-

algebras is a proper subclass of the class of BCl-algebras.

J. Neggers and H. S. Kim [33] introduced the notion of d-algebras which is
another generalization of BCK-algebras, and investigated relations between
d-algebras and BCK -algebras. J. Neggers, Y. B. Jun and H. S. Kim [34] discussed
ideal theory in d-algebras and introduced the notions of d-subalgebra, d-ideal,
d” -ideal and d"-ideal and investigated some relations among them.

L. A. Zadeh [40] introduced the notion of fuzzy sets, and A. Rosenfeld [37]
introduced the notion of fuzzy group. Following the idea of fuzzy groups, O. G. Xi
[39] introduced the notion of fuzzy BCK-algebras. In [6] M. Akram fuzzified d-
algebras.

This thesis is devoted to the study of d-algebras and fuzzy d-algebras.

The following articles are chosen for our discussion:
1) “ON d-ALGEBRAS” by Neggers, J., and Kim, H.S., [34].
2) “ON d-IDEALS IN d-ALGEBRAS” by Neggers, J., Jun, Y.B., and

Kim, H.S., [33].

3) “ON d-SUBALGEBRAS OF d-TRANSITIVE d-ALGEBRAS” by

Lee, Y.C,, and Kim, H.S., [26].

4) “COMPANION d-ALGEBRAS” by Allen, PJ., Kim, H.S., and

Neggers, J., [7].

5) “SOME  CONSTRUCTIONS OF IMPLICATIVE/COMMUTATIVE

d-ALGEBRAS” by Ahn, S.S., and Kim, Y.H., [3].

6) “CONSTRUCTION OF MANY d-ALGEBRAS” by Allen, P.J., [8].
7) “ON FUZZY d-ALGEBRAS” by Akram, A., and Dar, K.J., [6].



This thesis is divided into five chapters.

The first chapter deals with the study of d-algebras and d-ideals in
d-algebras. In this chapter the notion of d-algebras which is a generalization of
BCK-algebras, and several relations between d-algebras and BCK-algebras are
discussed. Also relations among d-subalgebras, d-ideals, d*-ideals and d"-ideals in
d-algebras are investigated. In this chapter, the following interesting results are

discussed.
1) Let (X;*, 0) be a d-transitive edge d-algebra. Then (X;*, 0) is a

BCK -algebra.
2) Inad-algebra, every BCK-ideal is a d-ideal.

3) If (X; *, 0) is a BCK-algebra, then every BCK-ideal of X is a d -ideal

of X.

The chapter 2 deals with Quotient d-algebra and d’-subalgebras of
d-transitive d"-algebras. In this chapter the number of d -subalgebras of order i in a
d-transitive d -algebras which is a generalization of BCK-algebras is estimated.

The following main results are discussed:
1) If . X ->Y is a d-morphism from a d-algebra X onto a d-transitive

d-algebra Y, then X/Ker f = Y.

2) Let X be a d-transitive d”-algebra of order n. Then

1< N(i) < [in_ﬂ G=1,2, 30 n)

where N(i) denotes the number of d”-subalgebras of order i in X.



In chapter 3, a theory of companion d-algebras is developed. In this chapter the

following important results are discussed.

1) Let (X;*, ©, 0) be a companion d-algebra. Assume that x * 0 = x for any

X€ X.
(i) Xis positive implicative,
(i) ifx <y, thenx O y=y,
(i) x ®©x=xforanyx,y € X.
Then (i) = (ii) = (iii).
2) Let (X;*, ©, 0) be a companion edge d -algebra.
If(z* (X OVY))*((z=*x)*y) =0, then X has a dsu condition:
(x*y)*(xOy)=0.

3) Let (X;*, ©®, 0) be a companion d-algebra. If we define a partial binary

relation << by x<<y < (x© z)*(y© z)=0forall z € X, then << is
reflexive and anti-symmetric.

In chapter 4, some constructions of implicative/commutative d-algebras
which are not BCK-algebras are given. This demonstrates that the notions of
implicative/commutative d-algebras are indeed generalizations of the same in BCK-
algebras. Also some properties of the constructive function d-algebras on R
determined by constructive function triple (f, g, h) are discussed. In this chapter the
following interesting results are discussed.

1) If the ¢ function d-algebra (X; *, 0) s implicative, then

(x*y)*y=x+*yforanyx,y € X.



2) Let (C; *, e) be a constructive function d-algebra on the algebraically closed
field C of complex numbers. If we define X *y = (X - y)(e - X) + e, then the

solutionset of F(X,y) =x* (X *y)-y* (y*Xx)=01s

{(x,y)|y—xor(x-e+%)2+(y—e+%)2 —(%f}

Chapter 5 deals with the study of fuzzy d-algebras. In this chapter the notion
of fuzzy subalgebras and d-ideals in d-algebras are studied and some of their
properties are investigated.

1) Any subalgebra of a d-algebra X can be realized as a level subalgebra of
some fuzzy subalgebra of X.

2) If Axpu is a fuzzy d-ideal of X x X, then Aor pis a fuzzy d-ideal of
X.

3) Letf: X — Y beahomomorphism of d-algebras. If p is a fuzzy d-ideal of Y,
then p' defined by p' (x) = u(f(x)) for all x€ X, is a fuzzy d-ideal of X.
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REVIEW OF LITERATURE

Y. Imai and K. Iseki introduced two classes of abstract algebras:
BCK-algebras and BCl-algebras ([17,15]). BCK-algebras have some connections
with other areas: D. Mundici [32] proved that MV -algebras are categorically
equivalent to bounded commutative BCK-algebras, and J. Meng [29] proved that
implicative commutative semigroups are equivalent to a class of BCK-algebras. Z.
Riecanova [36] showed that extendable commutative BCK-algebras directed
upwards are equivalent to generalized MV-effect algebras. G. Georgescu and A.
lorgulescu [11] introduced the notion of pseudo-BCK algebras as an extension of
BCK-algebras. X. H. Zhang and W. H. Li [42] established the connections between
BCC-algebras, pseudo-BCK algebras, pseudo-BL algebras and weak pseudo-BL
algebras (pseudo-MTL algebras). J. Neggers and H. S. Kim introduced the
notion of d-algebras which is another useful generalization of BCK-algebras, and
then investigated several relations between d-algebras and BCK-algebras as well as
several other relations between d-algebras and oriented digraphs [33]. After that
some further aspects were studied [26, 35, 34]. J. S. Han et al. [12] defined a variety
of special d-algebras, such as strong d-algebras, (weakly) selective d-algebras and

others.

The main assertion is that the squared algebra (X; *, 0) of a d-algebra is a

d-algebra if and only if the root (X; *, 0) of the squared algebra (X; *, 0) is a strong
d-algebra.

L. A. Zadeh [40] introduced the notion of fuzzy sets, and A. Rosenfeld [37]
introduced the notion of fuzzy group. Following the idea of fuzzy groups, O. G. Xi
[39] introduced the notion of fuzzy BCK-algebras. After that, Y. B. Jun and J. Meng
[19] studied fuzzy BCK-algebras. B. Ahmad [1] fuzzified BCl-algebras. In [6]
M. Akram fuzzified d-algebras.

Here we present abstracts of some important articles on
BCK/BCl/d-algebras and fuzzy d-algebras.



1. An introduction to the theory of BCK-algebras
K.lIseki and S.Tanaka (1978) [15]
In this paper the definition of BCK-algebras and its fundamental properties
are studied. Various ideals in BCK-algebras are discussed in detailed manner. Also,

the homomorphism properties on BCK-algebras are discussed.

2. Fuzzy commutative ideals in BCK-algebras
Y. B. Jun and E. H. Roh (1994) [20]
In this paper, the authors defined and discussed the fuzzy commutative ideals
in BCK-algebras. A fuzzy characteristic commutative ideals is characterized in

terms of its level commutative ideals.

3. Fuzzy implicative ideals in BCK — algebras
Mostafa M.Swamy (1997) [31]

The notion of fuzzy implicative ideals of BCK-algebras is discussed. The
following result is obtained: for a BCK-algebra X, suppose that u and y are fuzzy
ideals of X with p<vy and p(0) = y(0), if wis a fuzzy implicative ideal of X then so is
Y-

4. On d-fuzzy functions in d-algebras
J. Neggers, A. Dvurecenskij and H. S. Kim [2000] [35]
In this paper the author introduced the concept of d-fuzzy function which
generalized the concept of fuzzy subalgebra to a much larger class of functions in a
natural way. In addition they discussed a method of fuzzification of a wide class of

algebraic systems onto [0, 1] along with some consequences.


http://www.springerlink.com/content/?Author=J.+Neggers
http://www.springerlink.com/content/?Author=A.+Dvure%c4%8denskij
http://www.springerlink.com/content/?Author=A.+Dvure%c4%8denskij

5. On fuzzy topological d-algebras
Y. B. Jun and H. S. Kim (2001) [21]
In this paper the authors introduced the concept of fuzzy topological
d-algebras and applied some of Foster's results on homomorphic images and inverse

images to fuzzy topological d-algebras.

6. Intutionistic fuzzy d-algebras
Y.B.Jun, H. S. Kimand D. S. Yoo (2006) [22]

The intuitionistic fuzzification of a d-algbera is considered, and related
results are investigated. The notion of equivalence relations on the family of all
intuitionistic fuzzy d-algebras of a d-algebra is introduced, and then some properties
are discussed. The concept of intuitionistic fuzzy topological d-algebras is

introduced, and some related results are obtained.

7. Involutive Brouwerian D-Algebras
Mircea Sularia (2006) [30]

The author introduced the structure of Brouwerian D-algebra in order to
obtain the algebraic counterpart of a logic of problem solving. A Brouwerian
D-algebra is defined by a subdirect product of a couple of algebras associated with a
Heyting lattice and a Brouwer lattice. Then in this paper the author introduced the
notion of involutive Brouwerian D-algebra having as models direct products
between the lattice of open sets and the lattice of closed sets of a topological space.
Different properties including basic distributivity equations for complete Brouwerian
D-algebras are presented. An extension of the real graded membership space for
fuzzy sets is obtained. A connection with the notion of prelinear Heyting MV-

algebra is also established.



8. Vague set theory based on d- algebras
K.J. Lee, Y. H. Kimand Y. U. Cho (2008) [27]

The notions of vague d-subalgebras, vague BCK-ideals, vague d-ideals,
vague d*-ideals and vague d-ideals are introduced, and their properties are
investigated. Relations between vague d-subalgebras, vague BCK-ideals, vague

d-ideals, vague d*-ideals and vague d -ideals are established.

9. Intutionistic fuzzy quick ideals in d-algebras
S. S. Ahn and G.H. Han (2009) [2]

Quick ideals and fuzzification of quick ideals in d-algebras are considered,
and some related properties are investigated. The intuitionistic fuzzification of quick
ideals of d-algebra is established, and related results are studied. The notion of
equivalence relations on the family of all intuitionistic fuzzy quick ideals of a

d-algebra is introduced, and then some properties are discussed.

10. Fuzzy dot BCK/BCl-algebras
Ashram Borumand Saeid (2010) [10]
In this paper the notion of fuzzy dot BCK-subalgebra is introduced. The
author have stated and proved some theorem in fuzzy dot BCK-subalgebra and level

subalgebras.

11. Rough fuzzy quick ideal in d-algebras
S, S. Ahn and G. H. Han (2010) [4]
The authors introduced the notion of a rough set in d-algebras. Using a quick
ideal in d-algebras, they obtained some relations between quick ideals and upper
(lower) rough quick ideals in d-algebras. Also they considered the notion of rough

fuzzy quick ideals in d-algebras and gave some properties of such ideals.

12. Structures on bipolar fuzzy d-ideals under (T.S) norms



S. V. Manimaran and B. Chellappa (2010) [28]

In this paper, the authors applied the notion of bipolar-valued fuzzy set to
groups. They introduced the concept of bipolar fuzzy groups /fuzzy d-ideals of
groups under (T.S) norm and investigate several properties. They gave relations
between a bipolar fuzzy group and bipolar fuzzy d-ideal. They provided a condition
for bipolar fuzzy groups to be a bipolar fuzzy d-ideal. They also gave
characterizations of bipolar fuzzy ideal. They considered the concept of strongest
bipolar fuzzy relations on bipolar fuzzy d-ideals of a group and discussed some

related properties.

13. A class of BCK - algebra
Zahara M. Samaci, Mohammad Ali N. Azadani and
Leila N. Ranjbar (2011) [41]

In this article, the authors introduced a BCK-algebra, and showed that this
BCK-algebra is commutative, with the relative cancellation property, lower semi
lattice and also it’s with condition (S) but it’s not positive implicative in some cases.
Also they gave two examples for this BCK-algebra and introduced a BCK-algebra
on fuzzy set, and they showed that this BCK-algebra is bounded, commutative and

also it is a lattice but it is not an implicative BCK-algebra.

14. Deformations of d/BCK-algebras
P. J. Allen, H. S. Kim and J. Neggers (2011) [9]

In this paper, the authors studied the effects of a deformation mapping on the
resulting deformation d/BCK-algebra obtained via such a deformation mapping.
Besides providing a method of constructing d-algebras from BCK-algebras, it also
highlights the special properties of the standard BCK-algebras of posets as opposed
to the properties of the class of divisible d/BCK-algebras which appear to be of
interest and which form a new class of d/BCK-algebras in so far as its not having

been identified before.



15. Primary decompositions of fuzzy dot ideals in d-algebras
A. Sobiraju and A. Prasanna (2011) [38]

K. H. Kim (2009) introduced the notation of fuzzy dot subalgebra of
d-algebra. In this paper some algebraic properties of fuzzy dot-d-ideals of
d-algebra, are discussed. The author also gave characterizations of fuzzy d-ideal.
They considered the concept of strongest fuzzy relations on fuzzy d-ideals of a

group and discuss some related properties.

16.The theory of falling shadows applied to d-ideals in d-algebras
Y.B.Junand S. S. Ahn (2011) [24]

On the basis of the theory of a falling shadow, the notion of falling
d-ideals in d algebras is introduced, and related properties are investigated.
Characterizations of a falling d'-ideal are established. Relations among falling
d -ideals, falling d-ideals, falling d"-ideals, falling d-subalgebras and falling BCK-

ideals are discussed.

17. Falling d-ideals in d-algebras
Y.B. Jun, S. S. Ahn and K. J. Lee (2011) [23]

Based on the theory of a falling shadow, a theoretical approach of the ideal
structure in d-algebras is established. The notions of a falling d-subalgebra, a falling
d-ideal, a falling BCK-ideal, and a falling d’-ideal of a d-algebra are introduced.
Some fundamental properties are investigated. Relations among a falling
d-subalgebra, a falling d-ideal, a falling BCK-ideal, and a falling d -ideal are stated.
Characterizations of falling d-ideals and falling d"-ideals are discussed. A relation

between a fuzzy d-subalgebra and a falling d-subalgebra is provided.



18. Ideal theory of d-algebras based on N-structures
S.S. Ahn and G. H. Han [2011] [5]

The notions of N-subalgebra, (positive implicative) N-ideals of
d-algebras are introduced, and related properties are investigated. Characterizations
of an N-subalgebra and a (positive implicative) N-ideals of d-algebras are given.
Relations between an N-subalgebra, an N-ideal and a positive implicative N-ideal of

d-algebras are discussed.
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CHAPTER -1
ON d-ALGEBRAS AND d-IDEALS IN d-ALGEBRAS

Section 1.1
Preliminary results in d-algebras and edge d-algebras

Definition: 1.1.1 [15]
A BCK-Algebra is a non-empty set X with a constant 0 and a binary

operation = denoted by (X; =, 0) satisfying the following conditions:

(BCK1) ((x*y)=*(x=*2))*(z*y)=0,
(BCK2) (x*(x=*y))*y=0,

(BCK3) (x*=x)=0,

(BCK4) (x*y)=0,(y*x)=0 = x=y,

(BCK5) 0*x=0
forall x,y,z € X

Definition: 1.1.2 [15]

A non-empty set X with a constant 0 and a binary operation = denoted by (X;

=, 0) satisfying the conditions (BCK 1), (BCK 2), (BCK 3) and (BCK 4) is called a
BCI-Algebra.

Proposition: 1.1.3
In a BCK-algebra (X; =, 0) the following hold:
1) (Xxy)xx=0,
2) ((x*2)*(y=x2))*(x*y)=0
for arbitrary x, y, z € X.

Proof
Obvious.



Definition: 1.1.4 [33]
A non-empty set X with a constant 0 and a binary operation * denoted by (X;
=, 0) is called a d-algebra, if it satisfies the following axioms:
(d1) x+x =0,
(d2) 0xx=0,

(d3) x*y=0andy*x=0 = x=y
forall x,y € X,

Note:
In BCK/BCl/d-algebras we can define a binary relation “<” by x < y if and

onlyifx xy=0.

Proposition: 1.1.5

Let X be ad-algebra. If x # yand x =y =0, theny xx = 0.
Proof

Let X be ad-algebra. Let x # yand x =y =0.
Claim:y=x = 0
Suppose y = x = 0. Then by (d3) x = y which is a contradiction.

Thereforey =x = 0.

Example: 1.1.6
i. Every BCK-algebra is a d-algebra.
i. LetX={0,1, 2} be a set with the following Table.

* 0 1 2

Then (X; *, 0) is a d-algebra, but not a BCK-algebra,



since(2+(2%2)*x2=(2+0)*x2=1x2=2= 0.

iii.  Let R be the set of all real numbers and define x »y = x * (X - y), X,
y € R, where « and - are the ordinary product and subtraction of real
numbers.

Thenx*x=0,0«*x=0andx*0=x+(x-0)=x*x=x"

If Xx+xy=y=*x=0,then
Xe(x-y)=0 and ye*(y-x)=0

—x*-xy=0 and y*-yx=0
— x> = Xy and y*=yx
Ifx=0,theny’=0 =y =0
Ify=0,thenx*=0 =x=0

If xy=0then X’ =y’ =>x =y
Hence in any case x = .

Hence (R; =, 0) is a d-algebra.

Definition: 1.1.7
Let (X; =, 0) be a d-algebra and x € X. Define x = X ={x = a | a€ X}.

X is said to be edge if for any x in X, x = X = {X, 0}.

Lemma: 1.1.8
Let (X; =, 0) be an edge d-algebra. Then x = 0 = x for any x€ X.

Proof

Since (X; =, 0) is an edge d-algebra, either x ~ 0 = x or x » 0 = 0
for any x€ X.

If x =0 and x =0 =0, then by (d3) x =0, a contradiction.

J.x* 0=xforany x€ X.



Proposition: 1.1.9

If (X; =, 0) is an edge d-algebra, then the condition (X » (X *xy)) »y =0
v X,y € X holds.

Proof

If x =0, then (X = (X xy)) =y =0 by (d2).
Letx = O.

Assume (X = (X = y)) =y = 0 forsomey € X.

Leta=(x* (X *Y)).

Thena*y =0 and o #0.

This means that x= x Yy, but, x*y € x* X ={x, 0} and hence xxy =0.

It follows that, by Lemma 1.1.8, (X * (X *y)) *»y = (X * 0) » y = (X » y) = 0,
a contradiction.

S(Xx(X*xy)*xy=0V X,y € X
Hence proved.

Definition: 1.1.10
A d-algebra (X; *, 0) is said to be d-transitive if x *z=0and z » y = 0 imply

X*xy=0.

Theorem 1.1.11

Let (X; =, 0) be a d-transitive edge d-algebra. Then (X; *, 0) is a
BCK -algebra.

Proof
Let (X; =, 0) be a d-transitive edge d-algebra.
To prove: Then (X; %, 0) is a BCK -algebra.
So it is enough to show that condition ((X = y) = (X * z)) = (z = y) = 0 holds. Assume
that (X = y) = (x * z)) » (z* y) =0 for some x,y, z € X.
Since (x * y) * (x*z) € (x*y) = X ={(x > y), 0},

(X*y)* (X*2) = (X* ) 1)



If (Xx*y)=0,then0 = ((X*Yy) * (X*2))*(z*Y)
=(0*(x*2))x(z*Yy)
=0 * (z = y) =0, a contradiction.
It follows that X = y = X. (2)
Hence x=x=y[by(2)]
= (x*y) * (x* 2) [by (1)]
=x* (x* 2) [by (2)]
That is, X = X * (X * 2). (3)
Claim1l: x =z =0.
Assume X = z= 0, then x = z = X, since X is an edge d-algebra.
By applying (d3), x=x* (X *z) =Xx*Xx=0.
This means that 0= (X x y) *» (X * 2)) x (z* y)
=(X*X)*(z*Y) [by (2) and x = z = X]

=0x(z+y)
=0, a contradiction.

Thus, x *z =0.
Claim2:zxy=0.
Assume z = y= 0, then z » y = z, since X is an edge d-algebra.
This means that 0= ((X * y) * (X * 2)) * (2 * y)
= (x *y) % 0) * Z
=(x*y)*z

=X*Z
=0, a contradiction.

Thus,z+y =0.
Hence by claim (1) and claim (2), we obtainthat x *z=0and z = y = 0.

Since X is a d-transitive, x » y = 0.



Hence 0= ((X = y) = (X *» 2)) = (z = y) = 0, a contradiction.
Hence the theorem.

Note:

Both conditions, i.e., to have the d-transitive and edge properties, are
necessary for a d-algebra of this type to be a BCK-algebra. Thus, arbitrary BCK-
algebras do not always have the edge property.

Example: 1.1.12
Consider the following d-algebra X with the Table.

Then1x2=0,2+3=0,butl+3=1, and hence (X; =, 0) is non-d-transitive edge
d-algebra.

Since (L*3)*x(1+2))=(2«3)=1= 0, (X; =, 0)isnotaBCK -algebra.

Example: 1.1.13
Let X ={0,1,2,...} and let the binary operation = be defined as follows:

0 if x<y,
X*Yy = ]
1 otherwise.

Then x 2z =0,z *y =0 implies X < z, z < y and in particular x <y,

i.e., X =y =0also.

Furthermore, X * X = 0,0 *x=0and x xy=y+*Xx=0if X <y, y < X,

whence x = y.

Thus, the algebra (X; *, 0) is a d-transitive non-edge d-algebra.



Also, (2« (2%0)«0=(2=*1)~0=1=0=1,sothat (X; %, 0) isnot a BCK-
algebra.
Theorem: 1.1.14

Given a d-algebra (X; =, 0) we can construct an edge d-algebra (X;®, 0),
called the extended edge d-algebra.

Proof

Suppose that (X; =, 0) is an arbitrary d-algebra.

Assume that (X; =, 0) is not an edge d-algebra.
Define a binary operation @: X x X - X by

w@® yv= X if x+y=0
y 0 otherwise.

Then (X; @, 0) is a d-algebra.
Suppose now that x @ X = {0}.

Thenx~y=0forally € X.

In particular, x «0 =0 =0 *X, so that x = 0.
Hence, if x # 0, then x ® X = {x, 0}.
Hence (X; @, 0) is an edge d-algebra.

Hence the proof.

Proposition: 1.1.15
A d-algebra (X; =, 0) is d-transitive if and only if its extended edge
d-algebra (X; ®,0) is d-transitive.
Proof
Assume (X; *, 0) is d-transitive.
Thenx ® z=0andz @ y=0implyx+xz=0=z=xYy,
=X*y=0
=X ®y=0.
Hence (X; @,0) is d-transitive.

Conversely, assume that (X; ®,0) is d-transitive.



Thenx+z=0andz*y=0
=>X®z=0=z ® X
=X ®y=0.

Hence x = y = 0.

(i.e) (X; =, 0) is d-transitive.
Hence the proof.

Example 1.1.16

There are 27 d-algebras as follows:

where u, v, w € {a,b,c}.
All of these algebras have the same unique edge d-algebra as follows:

This d-algebra is not d-transitive, sincea ® b=b® c¢=0,whilea ® c=a = 0.

It also has the following d-chain property: x @ y = 0 impliesy & x = 0.



Section 1.2
On d-ideals in d-algebras

Definition: 1.2.1

A non empty subset | of a BCK-algebra X is called a BCK-ideal of
BCK-algebra X if
I. 0€l,

ii. X€landy~x € I, implyy € I forall x,y € X.

Definition: 1.2.2 [34]
Let S be a non empty subset of a d-algebra (X; =, 0), then S is called a

subalgebra of d-algebra X (d-subalgebra of X) if x«y € Sforall x,y € S.

Definition: 1.2.3 [34]

Let (X; %, O)be a d-algebra and I be a non empty subset of X, then | is called

a d-ideal of d- algebra X (or d- ideal of X) if it satisfies the following conditions:
(Id1) 0 €1,

(1d2) x*y€elandy €|l = x € 1,

(Id3) x€landy € X => x*y € l,ie, I x XC I

Note:

In a d-algebra X, a non empty subset | is called a BCKd-ideal of X if it
satisfies (1d1) and (1d2).



Example: 1.2.4
Let X ={0, a, b, ¢, d} be a d-algebra

= |0 ]a|bjc|d
0OjJ]0 (0|0 |00
ala|0]a|0]a
b|lb|b |0 ]|c |0
c|c|c|b|0]cC
d|c|c|a|a]|O0

Then | = {0, a} is a d-ideal of X.

Example: 1.2.5
Let X ={0, a, b, c} be a d-algebra

Then | = {0, a, c} satisfies (1d3), but not (Id2) since b ~ ¢ = 0€ | and
c€l,butb € li.e, lisad-subalgebra, but not a BCKd-ideal of X.

In a d-algebra a BCKd-ideal need not be a d-subalgebra, and also

d-subalgebra need not be a BCKd-ideal as shown in the following example.



Example: 1.2.6
Let X = {0, a, b, c} be a d-algebra

= |0 la|b|cC
0|0 |0 |0 ]|O
ala|0|0|b
b b |c 0|0
c|c|c|c |O

Then | = {0, a, b} is a BCKd-ideal which is not a d-subalgebra of X, while
J ={0, c} is a d-subalgebra which is not a BCKd-ideal of X.

Note:
Clearly, {0} is a d-subalgebra of every d-algebra X and every d-ideal of X is
a d-subalgebra.

Example: 1.2.6
Let X ={0, a, b, c} be a d-algebra

= |0 ]a|b|c
0}]0 |0 |0|O
a |a |0 |0 |Db
b|{b |b |00
c|c |c |c |0
Then | = {0, a} is a d-subalgebra of X, but not a d-ideal of X,

sincea*xc=b ¢ |



Lemma: 1.2.8

Let | be a non-empty subset of a d-algebra X, which satisfies (1d2) and (1d3).
Then 0 € 1.
Proof

Since | = ¢, there exists x in I and hence 0 =x = x € | by (I1d3).

Note:
By above Lemma | is called a d-ideal of a d-algebra X, it is enough to satisfy
(1d2) and (1d3).

Proposition: 1.2.9

Let | be a d-ideal of a d-algebra X. If x € landy = x =0, theny € I.
Proof

Assume thatx € landy = x =0.
By Lemma1.2.8 0 € | (@)

Theny = x € |
=YyEl [by (1d2)]

Hence the proof.

Definition: 1.2.10

Let X be a d-algebra. A d-ideal | of X is called a d” -ideal of X if, for arbitrary
X, y,z€eX,

(Id4) x~z € I wheneverxxy € landy =z € I.

Example: 1.2.11

Let X be a d-algebra as in Example 1.2.7. Then K = {0, a, b} is a
d” -ideal of X.

Note:
Obviously, every d” -ideal is a d-ideal, but the converse need not be true.



Example: 1.2.12
Let X be a d-algebra as in Example 1.2.7. Then L = {0, a} is a d-ideal. Since

bxd=0€lL,dxc=a€elL,butbxc=c ¢ L.
Then L is not a d* -ideal of X.

Note:
d*-ideal = d-ideal = d-subalgebra and
d*-ideal = d-ideal = BCKd-ideal in d-algebras.

Note:
In a d-algebra X, the identity (X = y) = x = 0 does not hold in general. For

instance, in Example 1.2.7, we know that (a~c)~a=b~a=b =0.

Definition: 1.2.13
A d-algebra X is called a d™-algebra if it satisfies the identity
(x*xy)~xx=0forallx,y € X.

Note:
Clearly, a BCK-algebra is a d -algebra, but the converse need not be true.

Example 1.2.14

Let X ={0,1,2,...} and let the binary operation = be defined
0 if x<y,

as follows: x xy = ]
1 otherwise

Then (X; =, 0) is a d-algebra as well as d"-algebra but not a BCK-algebra.

Theorem: 1.2.15
In ad-algebra (X; *, 0), every BCKd-ideal is a d-ideal.

Proof
Let | be a BCKd-ideal of ad™-algebra X and letx € 1,y € X.



Since (x = y) » x =0 for all x, y € X, it follows from Proposition 1.2.9 that

x =y € |. Hence | is a d-ideal of X.

Corollary: 1.2.16
In a d"-algebra, every BCKd-ideal is a d-subalgebra.

Proof
Obvious.

Definition: 1.2.17
If a d” -ideal | of a d-algebra X satisfies (Id5): x =y € land y = x € | imply

(X*2)*x(y*2) €eland (z+X) = (z~Yy) € | forall x,y, z € X, then we say that | is
a d"-ideal of X.

Note:
In Example 1.2.5 the set | = {0, a} is a d -ideal of X. Obviously, every
d -ideal in a d-algebra is a d” -ideal, but the converse does not hold in general.

Example: 1.2.18
Let X = {0, a, b, c} be a set with the following Cayley table:

« 0 ]a|b|c
0|0 |0 |O0]|O
a|la |0 |0 ]a
b|lc |b |0 ]|cC
c|c|b|b |0

Then (X; =, 0) is a d-algebra.
Let | = {0, a}.Then | is a d*-ideal.
Since0O~a=0€landa~0=acl,but(c~0)«(c~a=c~b=Db¢]l,
| is not d"-ideal.



Lemma: 1.2.19

Let | be a BCK-ideal of a BCK-algebra X. If x € | and y = x = 0 then
y € 1.

Proof
Obvious.

Theorem 1.2.20

If (X; =, 0) is a BCK-algebra, then every BCK-ideal of X is a d -ideal
of X.

Proof
Let | be a BCK-ideal of X and letx € landy € X.

Since (X; =, 0) is a BCK-algebra (x = y) » x = 0.

Hencex e L,y e X = x*~y €l (1)
Assumethatxxy € landy =z € | forall x,y,z € 1.

Since (X; *, 0) is a BCK-algebra ((x * z) = (y * 2)) » (x * y) =0,

and hence (X xz) » (y xz) € I.

Sincey =z € | by (1d1) we have x = z € 1.

Hencex~y € landy~z € |

= X*xZ €|l 2

Letx~y,y~x € lforall x,y € X.
Then, we have

(@Z*x)*(z*y))*(y*x)=0and (X *2) » (y x 7)) » (x * y) =0,
= Z*xxX)*x(z=*y)eland (x*z)*x(y=*2z) € I (3)

By (1), (2) and (3) I is a d -ideal of X.
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CHAPTER -2

ON QUOTIENT d-ALGEBRAS AND d-SUBALGEBRAS OF
d-TRANSITIVE d-ALGEBRAS

Section 2.1
On quotient d-algebras

Definition: 2.1.1 [34]
Let (X;*, Ox) and (Y;*, Oy) be two d-algebras. A mapping f: X — Y is called

a d-morphism if f(x * y) = f(x) = f(y) for all x, y € X.

Note:
i.  f(Ox) = Oy.
ii. Kerf={x€X | f(x)=0y}.

Proposition: 2.1.2
Let f: X — Y be a d-morphism from a d-algebra X into a d-transitive
d-algebra Y. Then Ker f is a d"-ideal of X.

Proof
The properties (1d1), (1d2) and (1d3) are simple.

If x *y, y*z € Kerf, then f(x) * f(y) = Oy = f(y) * f(2).
Since Y is d-transitive, we obtain f(x) * f(z) = 0.

Hence x * z € Ker f, which proves (1d4).

Letx*y, y*x € Kerf.

Then f(x) * f(y) = Oy = f(y) * f(x).
= f(x) = f(y).
It follows that



f(x * 2)*(y * 2)) = f(x * 2) * f(y * 2) = (f(x) * f(2)) * (f(y) > f(2)) = Oy
Hence (x * z) * (y * z) € Ker f.
Similarly, (z * x) * (z * y) € Ker f, which proves (Id5).

Hence Ker f is a d -ideal of X.

Example: 2.1.3

Let X be a d-algebra as in Example 1.2.5, and let Y be a d-transitive
d-algebra as in Example 1.2.4.
Defineamap f: X — Y by f(0) =f(a) =0, f(b) =f(c) =a. Thenfisa
d-morphism. Obviously, Ker f = {0, a} is a d -ideal of X.

Proposition: 2.1.4

Let | be a d™-ideal of d-algebra (X; *, O). For any X, y in X, define x ~ y if
andonly if x*y € landy*x € I. Then ~ is an equivalence relation on X.
Proof

I Since0 € I, wehavex*x=0 € |
= X ~ X for any x.

Hence ~ is reflexive.
Il Ifx~yandy~zthenx*y, y*x€landy*z,z*xy € |I.

By (Idd) x*z,z*x € |
= X~Z.
This proves ~ is transitive.

iii.  The symmetry of ~ is trivial.

Note:
By (1d5) we can easily see that ~ is a congruence relation on X.



Definition: 2.1.5

The  congruence class containing x is  defined as

X1 = {y € X | x~y}.

Note:
x ~yifand only if [X], = [y].

Definition: 2.1.6
The set of all equivalence classes of X is defined as

?z{[x].lx e X}

Lemma: 2.1.7:

Let | be a d-ideal of a d-algebra (X;*, Ox). Then | = [0],.
Proof

Ifx € l,thenx*0€ |*X C landhencex € [0], ie.,| C [0],.
Since [0], ={x € XIx~0}
={x€XIx*0,0*xx€ I}
={xeXIx*0€ I}
C

It follows that | = [0],.

Theorem 2.1.8:
Let (X; *, 0) be a d-algebra and | be a d -ideal of X. If we define

[X]y * [y]: =[x *y], forall x, y € X, then (X/I; =, 0) is a d-algebra, called the
quotient d-algebra.



Proof

Since ~ is a congruence relationon X, x * y ~x'* y' forany x ~ x', y ~ y".
This means that [x], * [y], = [X * y], is well-defined.

Let [x], * [y]\ € X/1with [x], * [y], = [0], = [y], * [Y]:
Then[x*y],=[0],=[y *x];and x *y,y *x € I.
Thus x ~y and [X], = [y]:.

The rest is trivial.

Hence the proof.

Proposition: 2.1.9:
Let | be a d -ideal of the d-algebra X. Then the mapping m: X — X/I defined

by n(x) = [X], is a d-morphism of X onto the quotient d-algebra X/I and the kernel of
7 is precisely the set I.
Proof
Since [x * y], = [X], * [y]), m is a d-morphism.
By Lemma 2.1.7 we know that,
Kern={x € XIn(x)=[0]}
={x € X|[x]i=[0]:}
={x € x|x~0}
= [0],

Theorem 2.1.10
If f: X — Y is ad-morphism from a d-algebra X onto a
d-transitive d-algebra Y, then X/Ker f =Y.

Proof
Assume W X/Ker f — Y such that p([X]ker ) = f(X).

If [X]kerf = [Vlkers then x* vy, y* x € Kerf,



and so f(x) > f (y) = 0 = f(y) * f(x).

= f(x) = f(y), i.e., W([X]ker£) = H([YIker 1)-
This means that p is well-defined.

Foranyy € Y, there isan x € X such that y = f(x), since f is onto.

Hence U([X]kerf) = f(X) =y, which means that [ is onto.

If W([X]kerf) # W([Ylkers) theneitherx xy ¢ Kerf or y*x & Ker f.
Without loss of generality, we may assume x *y ¢ Ker f.

It follows that f(x) = f(y) = f(x * y) #0.
Hence f(x) £ T (y).

This means that |1 is one-one.

Since P([X]Tker t * [Ylkert) = H([X * Ylker)
=f(x*y)
=f(x) * f(y)

= u([X]Ker f) * p-([y]Ker f)
= W is a d-morphism.
Thus we have X/Ker f =Y.

Hence the proof.



Section 2.2

On d"-subalgebras of d-transitive d"-algebras

Definition: 2.2.1 [26]
Let (X;*, 0) be a d"-algebra.
i. A nonempty subset | of X is called a d"-subalgebra of X if x * y€ |
whenever X € landy € |I.
ii. Xis said to be d-transitive d -algebra if x*z=0andz*y=0 imply

Xx*y=0.

Proposition: 2.2.2

Let (X;*, 0) be a d-(d"-) algebra and let S be a d-(d"-) subalgebra of X. Then
we have:
@0¢€ X
(b) (S; *, 0) is also a d-(d"-) algebra of X .
(c) X is a d-(d"-) subalgebra of X.
(d) {0} is a d-(d"-) subalgebra of X.

Proof
Obvious.

Note:

If (X; *, 0) isa BCK- algebraand 0 #xq € X, then ({0, Xo}; *,0) isa
d-subalgebra of X, but this does not hold in the case of d- (d"-) algebra.



Example: 2.2.3
Let X = {0, 1, 2} be a d-algebra with the table.

Here ({0, 1}; *, 0) is not a d-subalgebra of X.

Lemma: 2.2.4:

Let (X;*, 0) be ad-algebra. If x Z#yand X *y =0, theny * x #0.

Proof
Obvious.

Lemma: 2.2.5

Let (X; *, 0) be a d -algebra. If x * y = z, then z * x = 0.
Proof

Letz=Xx=*y.

Then z*x=(x*y)*x =0, since X is a d -algebra.
Hence the proof.

Remark: 2.2.6

In the above Lemma 2.2.5, the d"-algebra condition is necessary. Consider the
Example 1.1.6(ii). We see that 1* 2 =2, but 2 * 1 = 1 # 0, and hence Lemma 2.2.5
does not hold.
Definition: 2.2.7

An ordered n-tuple a;,a,,....,a, of elements in a d-algebra X is called an

n-sequence.



Definition: 2.2.8
Given an n-sequence ay, a,,...., a, of a d-algebra X, we construct a
(n-1) x n matrix A as follows:

. ™
dg*ady dpy*d;... dp*ad;

A= di*d3 dy*dz... dp* Ay

\al*an az*an...an*an-l /
A is called the adjoint matrix relative to the n-sequence ay, a,, ...., a.

Proposition: 2.2.9

Given a distinct n-sequence a;, a,, ., a, (n > 2) of elements of a
d-transitive d-algebra X, let A be the adjoint matrix relative to this sequence. Then
there exists a column in A which is composed of non-zero elements.

Proof
The proof is by induction on n.

When n =2, let a;, a, be a 2-sequence, where a; # a,, then its adjoint matrix is
A=(ap*a, a*a).

If a, * a, = a, * a; = 0, then by (d3) a; = a, which is a contradiction.

So the proposition is true for the case n = 2.

Now assume that the proposition is true for n - 1.

Let a, a,,...., a, be a distinct n-sequence.

Then the adjoint matrix relative to this n-sequence is

[al*az a*a, ... ap*a A, *q )
A, = a; * ag a*ag ... an.1 * A a, *
g *apy d*dp1 ... dp1 ¥ aAp2 an * an-2
al * an a.2 * a.n cee an_l * an an * an_l




Set

p
a; * a, H*a ... au*a

Anl = di; * a3 dy * a3 ... dp-1 * do
&al *ap1 dx*apg ... Ap1 ¥ ap2

It is obvious that A, is the adjoint matrix relative to the (n-1) sequence ay, a,,
..., Ap.1. For this (n -1) sequence we certainly have a; # a; whenever i #j.  Then, by
the induction hypothesis, we know that there exists in A,.; a column which is
composed of non-zero elements.

Without loss of generality, we can assume that the first column of A, is

composed of non-zero elements, i.e.,

-
ap*a; #0,

<a1j‘ag + 0, (1)

a *any # 0,
.

Now, if a; * a, # 0, then the elements in the first column of A, are all non-
zero, so we are done.

If a; * a, =0, then since a, # a,, by Lemma 2.2.4,

we have a, * a; #0. 2
For 2 <i<n-1, we shall show that

we also have a, * a; # 0. 3
In fact, if a, * a; = 0, then since a; * a, =0,
we have a; *a; =0 (2 <i<n-1). (4)

But (4) contradicts (1).

By (2) and (3) we know that the n" column of A, is composed of non-zero elements.



Therefore the conclusion is also true for n.

Hence the proof.

Proposition: 2.2.10
Every d-transitive d -algebra X of order n + 1 contains a d -algebra of order n
(n>1).

Proof
Let X = {0,a1,a,, .. ., an } be a d-transitive d” -algebra of order

n + 1, where a;,a,,...a, are distinct non-zero elements of X. We construct the adjoint

matrix A, relative to a; ,a; ..., a, as follows:

a; * ay dr*a; ... dp-1 * ag an * A
A, = di; * ds dy * dj dp-1 * do ay, * ay
dg*dp1 A2 *aApg ... dp1Fadn2 an * dn-2

k al * an a2 * an e an_l * an an * an_l j

By Proposition 2.2.9 there exists in A, a column which is composed of
nonzero elements.

Without loss of generality, we can assume that the elements in the n™ column
of A, are all non-zero, i.e.,a,*a;#0,i=1,2, ....,n-1 Q)

Now we shall show that T ={0, a;, a,, . . ., a,.1 } is a subalgebra of order n in

X. In fact, if T is not a subalgebra of X, then there exist i, j (1 < i, j <n-1) such that i

#jand a; * & = a,.



Since X is a d*-algebra, by Lemma 2.2.5, we have a, * a;= 0.
which contradicts (1).

Hence the proof.

Note:
As a consequence of proposition 2.2.10 we may estimate the number of d -

algebras of order i in a d-transitive d -algebra.

Theorem 2.2.11:

Let X be a d-transitive d -algebra of order n. Then
. n-1 )
1< N(i) < ( lj (=1,2, 3. n)
I_

where N(i) denotes the number of d” -subalgebras of order i in X.

Proof
This is a direct consequence of Proposition: 2.2.10.



CHAPTER. I1I




CHAPTER -3

ON COMPANION d-ALGEBRAS

Section 3.1

Interesting results on companion d-algebras

Definition: 3.1.1 [16]
A BCK-algebra (X;*,0) is said to have a condition(S) if

A(a, b) ={x € X : x*a < b} has a greatest element for any a, b € X.

Definition: 3.1.2 [7]
Let (X;*,0) be a d-algebra.

I. Define a binary operation © on X by ((x © y) * X) *y = 0 for any

X,y € X, which is called a subcompanion operation of X.
ii. A subcompanion operation © is said to be a companion operation of X if

(z*x)*y=0,thenz*(x©Oy)=0foranyx,y, z € X.

Example 3.1.3
Let X={0, 1, 2,3} be a set with the following tables:
*1 o] 1| 2] 3 ol 0] 1} 2| 3
0, 0 0y 0] O of of 1| 3| 3
1 1, 0] 0| O 1} 1} 1| 3| 3
21 2] 2|1 0| 0 21 2| 2| 3] 3
3| 2| 2| 2| 0 3/ 3| 3| 3| 3

Then (X;*,0) is a d-algebra, which is not a BCK/BCl-algebra, and the binary
operation © defined above is a companion operation on X.



Definition: 3.1.4 [7]

A d-algebra X is said to be companion d-algebra if it has a companion
operation.

Proposition: 3.1.5

Let (X; *, 0) be a d-algebra. If X has a companion operation ©, then it is
unique.

Proof
Assume the binary operations (O, and ©, are companion operations on X.

Then ((X ©iy) * x) » y=0foranyx,y € X (i =1,2).

We obtain (x O y)* (X ©2y) =0 (1)
Interchange ©; with ©,.

Then (X ©2y)* (X ©O1y) =0 (2)
= (X O1Y)=(x ©2Y)

= O1:= O

Hence the operation © is unique.

Example: 3.1.6

Every BCK-algebra with condition (S) is a companion d-algebra.

Note:
Example 3.1.3 is a companion d-algebra which is not a BCK/BCl-algebra.

This means that a companion d-algebra is a generalization of a BCK/BCI algebra
with condition (S).



Proposition: 3.1.7

Let (X; *, ©, 0) be a companion d-algebra. Then forany x, y, z € X.
We have

(i) ifx*z=0,thenx*(z(Ovy)=0.
(i) x*(xOy)=0.
(i) x©0=x.
Proof
Let (X; *, ©, 0) be a companion d-algebra.

To prove(i): Assume x*z=0
Then(x*z) *y=0
=0*xy=0
> X*(zQy)=0
To prove(ii): We know x * x =0
Putz=xin (i)

=X*(XQYy)=0
To prove(iii): Assumex *0=0

Since 0 * x = 0, we have x =0 by (d3).
Since X is a companion d-algebra,

(x©®0) »x)*0=0
= (XO0) *x=0 1)

If we puty=0in(ii), thenx *(x © 0) =0 2
From (1) and (2) we get (x © 0) = x.



Theorem: 3.1.8

Let (X; *, ©, 0) be a companion d-algebra. Let ¢ be a binary operation on X
such that (x * y) * z = x * (y ¢ z). Then X is a companion d-algebra and ¢ is exactly
the operation ©.

Proof

Let O be a binary operation on X such that (x * y) *z=x*(y02). (1)

Then ((x 0y) * x) * y = (x O y) * (x 0 y) by (1)
=0, by (d1) (2)

Letz € Xwith(z*x)*y=0.
Thenby (1) z*(x0y)=(z*x)*y=0

Hence ¢ is a companion operation.

By proposition 3.1.5 ¢ is unique.

Proposition: 3.1.9
Let (X; *, ©®, 0) be a bounded companion d-algebra. That is, there is an
element 1€ Xsuchthatx*1=0foranyx € X,thenx® 1=1foranyx € X.

Proof

Sinceu*x <1 foranyu € X, (u*x)* 1=0.
But X is a companion d-algebra. Therefore, we have u < x © 1, for any u € X,

which implies1=x © 1.

Definition: 3.1.10
A d/BCK-algebra (X; =*, 0) is said to be positive implicative if

X*y)*z=(X*2)*(y*2z)foranyx,y,z € X.



Proposition: 3.1.11
Let (X; *, ©, 0) be a companion d-algebra. Then

i 0<xQy,x<xQ@Yy,foranyx,y e X.
ii. If X is positive implicative, then y <x @ y forany x, y € X.
Proof
Let (X; *, ©®, 0) be a companion d-algebra.
To prove (i): Since (0 *xX) *y=0,0<xX QY.

From (X *X)*y=0*y=0,weobtainx<x QY.

To prove (ii): Since X is positive implicative,

(y*x)*y=(y*y)*(x*y)=0*(x*y)=0.
Hence y<x Q@Y.

Theorem: 3.1.12

Let (X; *, ©, 0) be a companion d-algebra. Assume that x * 0 = Xx

forany xe X.
. X is positive implicative.

ii. I[fx<y,thenx ©QYy=Y.
ii. XO X=X

forany x,y € X.
Then i = ii = iii.
Proof

Let (X; *, ©, 0) be a companion d-algebra and x * 0 = x for any x€ X.

To prove: i = ii

If x <y, then
0=(xQOY)*x)*y)

=(xOy)*y) (x*y) [~ Xis positive implicative]

=(xQy)*y)*0 [+ x*y=0]



=(x0y)*Yy, [-x*0=Xx]
which means thatx © y <y.
By applying proposition 3.1.11-(ii), we have x O y = y.
To prove: ii = iii
Lety = xin (ii)
Thenx @ x=xforany x,y € X.

Hence the proof.

Definition: 3.1.13

Let (X; *, ®, 0) be a companion d-algebra and ¢ #1 € X. | is called a
O-subalgebraif x © y € I forany x,y € 1.

Example: 3.1.14

In Example 3.1.3, the set I, = {0,1} is a ©-subalgebra of X. The set
I, ={0,1, 2} is not a ®-subalgebra of X.

Theorem: 3.1.15

Let (X; *, ©, 0) be a companion d-algebra. If I is a BCKd-ideal of X, then |
Isa © -subalgebra of X.

Proof
Given X is a companion d-algebra

= ((xXOy)*x)xy=0¢€lforanyXx,y € I

Since | is a BCKd-ideal of Xandy € I, we have (X © y) * X € 1.
Moreover, since x € |, we obtainx ©Q y € I.

Hence | is a O-subalgebra of X.

Note :
The converse of Theorem 3.1.15 need not be true in general.



Example: 3.1.16
In example 3.1.3,J={0,1, 2, 3} is a © -subalgebra of X, but not a

BCKd-ideal of X, since2*x3=0¢€J,3€J,hut2 &J.

Proposition 3.1.17
Let (X; *, ®, 0) be a companion d-algebra and let | be a BCKd -ideal of X. If

XOVyElthenx e lwherex,ye€ X
Proof

By Proposition 3.1.7-(ii), x * (x©Qy)=0¢€ I.
Sincex © y € land | is a BCKd-ideal of X, we have x € I.

Corollary: 3.1.18

Let (X; *, ®, 0) be a companion d-algebra and let | be a BCKd -ideal of X . If
XOQYy=yQ©O©xel thenx,y € lwherex,y € X.

Proof
Obvious.

Corollary 3.1.19

Let (X; *, ®, 0) be a companion d-algebra and let | be a BCKd -ideal of X .
Thenx el < xXO X €I

Proof
It follows immediately from Theorem 3.1.15 and Proposition 3.1.17.



Section 3.2
On complete companion d-algebras

Definition: 3.2.1 [7]

Let (X; *, ®, 0) be a companion d-algebra. X is said to have a dsu condition

if(x*y)*(x©Qy)=0foranyx,y € X.

Proposition: 3.2.2

Let (X; *, ©, 0) be a companion d-algebra having the dsu condition. If I is a
BCKd-ideal of X, then it is a d-subalgebra of X.

Proof
By Theorem 3.1.15,x ©® y € I forany x, y € I.

Since X has the dsu condition, (x * y) * (x ©® y) =0 € | and | is a BCKd-ideal
of X,

=>X*y €l
Hence the proof.

Theorem: 3.2.3
Let (X;*, ®, 0) be a companion edge d -algebra.

If(z*(X©OVY))*((z*x)*y)=0,then X has a dsu condition.

Proof
Given X be a companion edge d -algebra and

consider (z* (X © y)) * (z*x) *y) =0 (1)
Putz = x *yin (1). Then

(x*y)*(xOY)* ((x*y)*x)*y)=0
= ((x*y)*(xQy)*(0*y)=0 [X: d"-algebra]

= ((x*y)*(x0Oy)*0=0



= (x*y)*(xQy)=0 [X: edge]
Hence X has a dsu condition.

Hence the proof.

Proposition: 3.2.4
Let (X; *, ©, 0) be a companion edge d-algebra.

If(z*(XQOVY))*((x*2z)*y)=0,then X has a dsu condition.

Proof
Given X be a companion edge d-algebra

To prove: X has a dsu condition.
Consider (z * (x O Y)) * ((x * z) *y) = 0,
Putz = x * yin (1). Then

(x*y)*(xQY) *((x*(x*y)*y)=0
= ((x*y)*(xOQy)*0=0

= ((xxy) *(xOY))=0

Hence X has a dsu condition.

Definition: 3.2.5

A companion d-algebra (X; *, ©, 0) is said to be complete if for any

x € X, there exists an X" in X such that x ® X" = x.

Note:
X in the above definition need not be unique.

For example, in Example 3.1.3,
wefind2(0=201=2,and3®1=302=3

Here X" is not unique.

1)



Proposition: 3.2.6

Let (X; *,0, 0)be a companion d-algebra. If we define a partial binary

relation << by x <<y < (X © z) * (y © z) =0 for all z € X, then << is reflexive
and anti-symmetric.

Proof
Clearly, << is reflexive.

Ifx<<y,y<< x,then(X©2)*(yO2)=0=(y©® z) * (X © z) for any

z € X. By applying (d3) we have

XOQz=yQ@Oz foranyz € X (1)
Since X is complete, there exist X,y € X suchthatx=x O x,y=y QY.
Putz=x"andz =y in (1), respectively, thenx=x O X =y O X,

y=yoQy =x0y.

Thus by Proposition 3.1.7-(ii),
X*y=x*(xQy)=0andy*x=y*(yO x)=0

= X=Vy.

Hence the proof.

Note:
For any BCK/BCl-algebras the following transitivity condition holds:

Ifx*y=0andy*z=0,thenx*z=0.
This condition does not hold in d-algebra in general.

Note:
If a d-algebra satisfies the transitivity condition, then the natural order

<given by x <y if and only if x * y = 0 is a partial order.



Proposition: 3.2.7

Let (X; *, ©, 0)be a complete companion d-algebra. If X satisfies the
transitivity condition, then (X; <<) is a poset.

Proof
Obvious.

Proposition: 3.2.8

Let (X; *,®, 0)be a complete companion d-algebra. If x <<y, then x <y
in X.

Proof
Ifx<<y,then(Xx® a) * (y ©® a) =0 forany a € X.
=>XO0)*(y©0)=0

=x*y=0

= Xx=<Yy.

Note:
The converse of above Proposition 3.2.8 need not be true in general.

Example: 3.2.9
Let X ={0, a, b, ¢, d, 1} be a set with the following table:

*

Ol a| b| c| d| 1 Ol 0 a|] b| c| d| 1
0] 0] O O] O] OO 0O, 0] al b| c|d| 1
alal 0 0lal0OlO alal bl b|jd| 1]1
b|] b al| 0] b] a| 0 bl b| bl 1| b| b| 1
c|c|lc| bl 0]O0]O clc| 1| 1| c| 1|1
d|j d| c| bl a|] 0] O d| d| 1| 1| d| 1] 1
101/ d| b] al a0 1) 1] 1)1} 1|11

Then (X; *, ©, 0) is a companion d-algebra, which is not a BCK/BCI-

algebra, since (c *b) *d=a#0=(c *b) *b. We know thata<b, buta® c=d
and b ® ¢ =D, and d and b are incomparable. Hence a << b does not hold.



CHAPTER IV




CHAPTER -4

SOME CONSTRUCTIONS OF IMPLICATIVE/ COMMUTATIVE
d-ALGEBRAS AND CONSTRUCTIVE FUNCTION d-ALGEBRAS

Section 4.1

Some constructions of implicative/commutative d-algebras

Definition: 4.1.1 [3]

A field (X, +, -) is called J3 -exponential if there is a function
@: X — Xsuch that
(E1) 9(9(x)) = X,

(E2) o(xy) = o(x) ¢(y),
(E3) If x #0, then @(x) #0,

(E4) (0) =0
forany x,y € X.

Example: 4.1.2
Let X = R be the set of all real numbers. If we define a map ¢: X — X
x‘/g if x>0
o(x) = 0 if x=0

—y*@ if x=-y<0

Then (R; +, ) is~/3 -exponential.

Proposition: 4.1.3
Let (X; +, ) bea V3 -exponential field. If we define a new binary operation

Aon X by xAy=x*p(y)y forany x,y € X, thenx A (x Ay) =y A (y A x) for any
X,y € X



Proof
Given x,y € X, we have

XA(XAY) =X Q(XAY) (XAY)

=X Q(X°Q(Y)y) (@ (y)y)

=Xy 9(x)° p(y)*. (1)
Similarly,

yA (Y AX) =y X o(y)’ 9(x)° 2
From (1) and (2)
XAXAY)=yA(yAx)foranyx,y € X.

Hence the proof.

Definition: 4.1.4

. A d/BCK-algebra (X; *, 0) is said to be a commutative d/BCK-algebra if x
*(X*Y)=y*F(y *x) V Xy EX

i, A d/BCK-algebra (X; *, 0) is said to be an implicative d/BCK-algebra if x

=x=*(y*x)foranyx,y € X.

Theorem: 4.1.5

Let X be a set with 0 € X. if we define a binary operation * on X by

0 ifx=y,
X*y= ]
1 ifx=y.

then (X; *, 0) is an implicative BCK-algebra.
Theorem: 4.1.6

Let (X; +, -) be a ~/3 -exponential field and let x Ay = x?p(y)y for any

X,y € X. If we define a binary operation “*” on X by
0 if x=0o0rx=y,
X*y=1 X if y =0,
XAy otherwise.

then (X; *, Q) is an commutative d-algebra.



Proof

Letx*y=y*x=0
If x=0o0ry=0,thenitiseasyto see that x =y.

Assume that xy # 0 and x # Y, then X2@(y)y = y?@(x)x = 0,
= ¢(X) = ¢(y) =0.
By (E3) we obtain x =y, a contradiction to our assumption.

Hence (X; *, 0) is a d-algebra.

Claim: (X; *, 0) is commutative.

If xy #0 and x #y, then

X*(x*y) =X A XAY)=yA(yAXx)=y=*(y=*X) by Proposition 4.1.3.
The other cases are trivial.

Hence the proof.

Note:

The commutative d-algebra (X; *, 0) described in Theorem 4.1.6 need not
be a BCK-algebra.

Proposition: 4.1.7
Let X be a field and let x, y € X. If we define X * y = X(X - y) @(X, y) where

@ : X x X - Xis a function with @(x, y) # 0 for any x, y € X. Then (X; *, 0) is a
d-algebra.

Proof
Assume X *y=y*x =0.
Then x(x - y)@(x, y) = 0 and y(y - X)®(y, x) = 0
= X(x-y) =0=y(y - x).
This leads to x =y, since x # y = 0 implies x =0, y =0,

I,e., X =y, acontradiction.

Hence (X; *, 0) is a d-algebra.



Note:

A d-algebra (X; *, 0) described in proposition 4.1.6 is called a ¢-function

d-algebra.

Proposition: 4.1.8

If (X; %, 0) is an implicative d-algebra, then x * 0 =0 for any x € X.

Proof

If X is implicative, then x = x * (y * X) for any x, y€ X.

Puty=x,then X=X * (X*X) =X =x*0.
Hence the proof.

Proposition: 4.1.9

Let (X; *, 0) be a @-function d-algebra. Then (X; *, 0) is implicative if and

only if @ satiesfies the condition:

1
@ (X, ¥y * X) = 1 X—y*X
a otherwise.

if x=#0,

where a is an arbitrary element of X.

Proof
Obvious.

Note:
If x #0, then x # Yy * X in proposition 4.1.9.

Definition: 4.1.10

A d/BCK-algebra (X; *, 0) is said to be a positive

if(x*y)*z=(x *xz) *(y *x)forany x,y, z € X.

implicative



Proposition: 4.1.11
There are no positive implicative ¢-function d-algebras which are not BCK-
algebras.

Proof

Assume that the implicative ¢-function d-algebra (X; *, 0) which is not a
BCK-algebra is positive implicative.

Then(x*y)*z=(x*2z)*(y*z)foranyx,y,z € X.
Letz =X, then (X * y) * X = (X * X) * (y * X)
= 0% (y*X)
(x*y)*x=0.
Since (X; *, 0) is a @-function d-algebra,

we have 0 = (X * y)[(X * y) - X]o(X * Y, X).
Since @(x, ¥) #0, VX, y € X,

we obtain 0 = (x * y)[x * y - X].

Therefore, either x * y =0 or X * y = X,

e, x*y € {0,x}, vx,y € X

Assume that there are X, y € X suchthatx#0,x#yand x*y =0.
Then0=x*y=x(X-Yy) @ (x,y) #0, a contradiction.

Hencewe have x *y=0ifx=yandx*y =X if x £y,

I.e., (X; *, 0) is an implicative BCK-algebra by Theorem 4.1.5, a contradiction.
Hence there are no positive implicative ¢-function d-algebras which are not

BCK-algebras.

Theorem: 4.1.12
A BCK-algebra X is positive implicative if and only if

(x*xy)*y=x=*yforanyx,y € X.



Proof
Obvious.

Theorem: 4.1.13

If the ¢ -function d-algebra (X; *, 0) is implicative, then
(x*y)*y=x*yforany x,y € X.
Proof

Let the ¢ -function d-algebra (X; *, 0) be implicative.
Thenwe have x =x (X -y * X) @(X, y * X) forany x,y € X.
Assume that X # 0,
sincex =0 implies (0 *y)*z=0=(0* z) * (y * 2).
Then we have 1 = (X -y * X) @(X, Y * X).

Hence, (X, y * X) = ————
(X—y*X)
Also,y*x#0and y * X # X * (y * X).

1
(yxX =X (y=*X))
1
(y*x—X)
-_ -1
(x—yx)

Then @(y * X, X) = @(y * X, X * (y * X)) =

=-0(X, y *X)

Hence @(y* X, X) = -@(X, y * X).
Given x, y € X, we have

(Y *X)*X=(y*X) (Yy*X-X) QY * X, X)
=(y*X) (y *Xx-X) [Q(X, y * X)]
=(y*X) (X -y *Xx) Q(X, y * X).

Sincex=x* (y*X) =X(X -y *X) @(X, y * X), we have



X = (Y *X) % X = (y * X - X)° QX y * X)
1

= (y*x-x)z—
(X —y=*x)
= X-Yy*X

= (Y *X)*X= y=*X
Hence the proof.

Note:

In BCK-algebras, the condition (X * y)* (X * z) = (X * y) * X is equivalent to

the condition (X * y) * y = X * y, but it is not equivalent in d-algebras in general.

Example: 4.1.14
If we define a map @: X— X by

b if xX(x-y)=0
X-y

oy =41 a If X=y
if x=0

O

then the function @ satisfies the conditions of Proposition 4.1.3, and so it defines a

@-function d-algebra (X, *, 0) where

X ifFxzy
X*y= )
0 ifx=y

which is an implicative BCK-algebra as described in Theorem 4.1.5.



Example: 4.1.15

If we defined a map ¢ on X by

_y i
—  if -x)#0
P Y) = ixy_x YV
a otherwise

for an arbitrary element a in X, then

-y if y(y—-x)#0
X*y=40 1if x=0 or x=y
x if y=0
leads to a d-algebra.

Ify(y-x)#0,thenx * (y * X) = x * (-X) = x for any x, y € X, showing that
(X, *, 0) is an implicative d-algebra. Indeed, it is not a BCK-algebra,

since (3*4)*(3*5))*x(5*4)=4+0.

Example: 4.1.16
If we apply Example 4.1.15 to the finite field Zs, then we obtain the

following table:

Then it is an implicative d-algebra, which is not a BCK-algebra,
since (3*4)*(3*2)*(2*4)=4+0.
Moreover, it is not positive implicative, since

(3%4)*x5=-4%5=-5and (3*5)* (4*5)=-5%-5=5,



Remark: 4.1.17
In BCK-algebras, X is an implicative BCK-algebra if and only if it is both a

positive implicative and a commutative BCK-algebra. But this does not hold in d-

algebras.



Section 4.2
Construction of many d-algebras

Definition: 4.2.1 [3]

Letf,g: R — R be real valued functions such that f(t) = 0 if and only if
t=0and g(t) = 0 if and only if t = 0. Furthermore, let h : R* - R be a real valued
function such that h(u, t) # 0 when u # t. We say a triple (f, g, h) described above is

called a constructive function triple on R.

Example: 4.2.2
f(t) = g(t) =t, h(u, t) = 1 is a constructive function triple on R.

Theorem: 4.2.3

Let (f, g, h) be a constructive function triple on R and e € R. If we define

x*y="1(x-y)g(e-x) h(x,y) +e wherex,y € R. Then (R; *, e) is a d-algebra.

Proof
Foranyx € R, x*x=1(0)g(e-x) h(x,x) +e=e

ande*x="f(e-x)g(0) h(e,x) +e=e.

Ifx*y=y*xx=¢e, thenf(x-y)g(e-x)h(x,y)=0=1(y-x)g(e-y)h(y, x).
Assume X # .

Then h(x, y) #0 # h(y, x) and f(y - x) g(e - y) = 0.

This means either x -y =0ore-x=0; eithery-x=0o0re-y=0.

Since X #y, we obtaine-x=0,e-y=0, i.e.,, Xx =e =Yy, a contradiction,.

Hence (R; *, e) is a d-algebra.

Example: 4.2.4
The functions f(t) = e' - 1, g(t) = t* and h(u, t) = (u - t)* will yield a

d-algebra on the reals.



Definition: 4.2.5

The d-algebra (R; *, e) described in the above theorem is called a

constructive function d-algebra on R determined by (f, g, h).

Example: 4.2.6

Let K be any subring of the real numbers R and let (f, g, h) be a constructive

function triple on K. If we definex * yon K asx *y =f(x - y) g(e - X) h(x, y) + e,
where e € K.

Then (K; =, e) is a d-algebra.

Example: 4.2.7

Let D be any (not necessarily commutative) integral domain and let

(f, g, h) be a constructive function triple on D. If we define x * y on D as

x*y="1(x-y)g(e-x)h(x,y) +e wheree € D, then (D; *, e) is a d-algebra.

Proposition: 4.2.8

Let (R; *, e) be a constructive function d-algebra determined by (f, g, h)

satisfying the condition: x * e =x forall x € R.
Then f(t) g(-t) h(t + e, e) =t forany tin R.
Proof

Since x * e =X, we havex =x*e =f(x-e) g(e-x) h(x,e) +e.
Thus f(x - e) g(e - X) h(x, e) =x -e.
If x - e =t, then f(t) g(-t) h(t + e, e) =t.



Example: 4.2.9
If f(t) = g(t) = ¥/t , then h(t + e, &) = ¥/t , where e € R.
If we take t = x-¢, then h(x, ) = ¥x —e.

Hence x x y = ¥x—e ¥x—e 3/x—y + e satisfies x x e = x forall x € R.

Theorem: 4.2.10

Let (R; *, e) be a constructive function d-algebra determined by (f, g, h). If
it satisfies the condition (X * (X *y)) *y =e forany x, y € R, then it also satisfies
x*e=xforall x € R.

Proof

Assume (X * (x *y)) *y=eforany x,y € R.
Letu=x* (X *Yy).
Thene=u*y=f(u-y)g(e-u)h(u,y) +e
= f(u-y)g(e - u)h(u, y) = 0.
If u#y, then h(u, y) #0
—either f(lu-y)=0org(e - u) =0.
Hencee=u=x* (X *y) forany x,y € R.
If wetakey =e,thene=x* (x *e) =f(x - x*e)g(e-x) h(x,x xe) +e.
Thus f(x - x * e)g(e - x)h(x, x * e) = 0.
Since it is a constructive function d-algebra, we obtain either x=x*eor e-x=0.
I.e.,inany case x =X *esincee =e * e as well.
Ifu=y, thenx*(xX*y)=u=y.
If we take y = e, then X * (X * ) = X,

—=x=x=*eforanyx € R.
Hence the proof



Theorem: 4.2.11

Let (C; *, e) be a constructive function d-algebra on the algebraically closed
field C of complex numbers. If we define x *y = (X - y)(e - X)+e, then the solution

setof F(X,y) =Xx* (X*y)—y*(y*X)=01s

{(x,y)|y=xor(x—e+%j2+(y—e+%)2 :(%f}

Proof
Forany x,y € X,

X* (x*y)=x*((x-y)Ee-x)+e)
= (x-((x-y)(e-x)+e)) (e-x) +e [since (x *y) = (x-y)(e-x) + €)]
= (x-(x-y)e-x)-e)(e-x)+e
= (x-e)-(x-y)e-x) (e-x) +e

(e-x)+(x-y)e-x)(e-x)+e

-1+ x-y)e-x)P*+e.

X * (X *y)

Similarly, y * (y * X) =-(1 + y - X)(e - y)* +e.

Hence F(x, y) = [x * (x * y)] = [y * (y * X)]
=L +x-y)e-*+el-[-(L+y-x)(e-y)* +e]
=-(L+x-y)e-x)’+e+(L+y-x)(e-y)’-e
=-(e-x)°- (x-y)(e-x)*+(e-y)*- (x-y)(e-y)°
=(-y)’ -(e-x)7+ (x-N-E-%°-(-y)]
=-y+e-x[e-y)- -]+ (x-y)--x°-(-y)°]
=(x-Y) [€-Y)- (- X1+ (x-N[--x)*-(-y)°]

=(x-Ye-x)+E-y)-(-x)°-(€-y)]



F(X,y) =0

= (x-YEe-x+(-y)-(-x°-(-y)’]=0

= (x-y)=0or(e-x)+(€-y)-(e-x)°-(e-y)*=0
= x=yor(e-x)+(-y)-(e-x)°-(e-y)* =0

= X=yor(x-e)’+(y-e)’+(x-e)+(y-e)=0

1Y 1¥% (1Y
X=yor - — — — ] = ==
x=y (x e+2j +(y e+2j (ﬁj

Hence the solution of F(X,y) is :
X-y=0

or

ot oo (4

This is a description of the commutativity set of the d-algebra. This is an algebraic
set of the union of two algebraic geometry varieties, viz., the line x =y and the

complex circle.

Note:

Consider the equation E(x, y) = (X * (X * y)) * y - e = 0. This set is referred
as the implicativity set of the d-algebra.

Sincex *y = (x-y)(e-x) +e,and x* (x*y) = (y-x-1)(e-x)* +e,

(x*x(x*xy)*y =[(y-x-1E-x)*+e-yl[e-((y-x-1)(e-x)’+e)]+e
= [(y-x-DE-x)*+E-Nle-(y-x-1)E-x)°-€] +e
= [y-x-1)(e-x)"+(E-N[-(y-x-1)(e-x)°]+e

(x*=(x*y)*y-e=[(y-x-1)(e-x)’+€-NI[-(y-x-1)e-x)’]

E(x, y) = (y-x-1)(e - X)’[y-e- (y-x - 1)(e - x)°] = 0.



E(x,y)=0
=(y-x-1)(e-x)y-e-(y-x-1)E-x°7=0.
—x=eory=x+1,ory(l-(e-x)?)=e-(x+1)(e-x)>
If (e-Xx)°=1,thenx=e +1,

e—(X+1)(e—x)?
1—-(e—x)?

while otherwise, y =

Ife=0,theny=x+1 +L1 with asymptote y = x + 1, which is also on the
X_

implicativite set.



CHAPTER. V




Chapter 5
ON FUZZY d-ALGEBRAS

Section 5.1
Preliminary Definitions and results in fuzzy sets

Definition: 5.1.1 [40]
Let X be any arbitrary set. Let | = [0,1] be the unit interval. Any function p:

X — [0,1] is called a fuzzy set on X. The collection of all fuzzy sets defined on X
is defined by I*.

Definition: 5.1.2

Let p and y be fuzzy sets on X, then

Lou=y S ux) =7(x), VX € X,
i p<y & ux) <y(x), vx € X.
. (pvy)(x) < max{ux), y(x)/ x € X}.
V. (uAy)(X) < min{u(x), y(x)/ x € X}.
V. () o 1-p(x), x € X.

Definition: 5.1.3

For a family of fuzzy sets { W, }re A, the union M and the intersection Aare
defined by

(V 1,)00 =sup ()/x € X}
(A 1,09 =it (3)/x X5

Definition: 5.1.4
The symbol 0, or ¢ will be used to denote an empty fuzzy set O, is defined

as 0,(x) = 0 for all x € X and 1, or X denotes the whole fuzzy set where 1, is
defined as 1,(x) =1 vx € X.



Definition: 5.1.5
The constant fuzzy set, denoted by a, is defined as, a(x) =a, VX € X.

Definition: 5.1.6

Any subset p of X can be identified with a fuzzy set i, the characteristic

function of p. The function y, : X —[0,1] is defined by

L) =1ifx € p

=0ifxé&np

Definition: 5.1.7
Let p be a fuzzy set on X. The set {x € | w(x) > 0} is called the support of
p and is denoted by supp p. If p takes only the values 0, 1 then p is called a crisp

set in X.

Definition: 5.1.8
Let u be a fuzzy set of a set X. For a fixed s € [0, 1], the set

s =U(us)={x € n | l(x) > s} is called an upper level subset of L.



Section 5.2

On fuzzy subalgebras
Definition: 5.2.1 [6]
A fuzzy set p in d-algebra X is called a fuzzy subalgebra of X if it satisfies

w(x *y) >min {i(x), wy)} forall x,y € X.

Example: 5.2.2
Consider a d-algebra (X; *, 0) as in Example 1.1.6-(ii).

Define a fuzzy set u: X — [0,1] by w(0) = 0.7, w(x)=0.02, where for all x # 0.
Then p is a fuzzy subalgebra of X.

Example 5.2.3

Let X ={0, 1, 2, ... } be a set and the operation * be defined as follows:

{ 0 ifx<y
X*Yy= ]
X-y ify<x

Then (X; *, 0) is an infinite d-algebra.

Define a fuzzy set u: X — [0,1] by p(0) = t;, w(x) = t,, where for all x # 0,
where t; > t,.

Then p 1s a fuzzy subalgebra of X.

Proposition: 5.2.4

A fuzzy set p of a d-algebra X is a fuzzy subalgebra if and only if for every t
€ [0, 1] the upper level subset y; is either empty or a subalgebra of X.
Proof

Suppose that p is a fuzzy subalgebra of a d-algebra X and ut # 0, then for

any x, y € p, we have p(x * y) > min {p(x), p(y)} > t.



This impliesx *y € .

Hence y; is a subalgebra of X.

Conversely,

Take t = min {p(x), W(y)}, forany x, y € X.
Then by assumption, y is a subalgebra of X.

This impliesx *y € ..
Therefore u(x * y) >t = min {u(x), Wy)}.

Hence p is a fuzzy subalgebra of X.

Proposition: 5.2.5
Any subalgebra of a d-algebra X can be realized as an upper level

subalgebra of some fuzzy subalgebra of X.

Proof
Let A be a subalgebra of a d-algebra X and p be a fuzzy set in X defined by
t, T XxXeA
u(x) = . where t € (0,1).
0 otherwise

It is clear that p, = A.
Letx,y € X.
Ifx,y € A thenx *yeA.

So u(x) = p(y) = u(x * y) = tand p(x * y) = min {u(x), (y)}-
If X,y & A, then u(x) = uw(y) = 0.

Thus p(x * y) =2 min {u(x), p(y)} = 0.
If at most one of X, y € A, then at least one of u(x) and u(y) is equal to 0.

Therefore, min {(x), n(y)}= 0 and pu(x * y) > 0 which completes the proof.



Corollary: 5.2.6
Let A be a subset of X. Then the characteristic function ya IS a fuzzy

subalgebra of X if and only if A is a subalgebra of X.

Proof
Obvious.

Lemma: 5.2.7
Let p be a fuzzy subalgebra of a d-algebra X with finite image. If ps = p; for
some s, t € Im(p), thens =t.

Proof
Obvious.

Lemma: 5.2.8

Let p and A be two fuzzy subalgebras of a d-algebra X with identical family
of level subalgebras. If Im(p) = {ty, to, ..., t,} and Im(X) = {sq, Sy, ..., Sm}, Where t;>
t, >..>t,and s;>S,>... >S,,. Then
(1) m=n.
2 My = xSi Jfori=1,2,...,n.

(3) If w(x) =s;j, then ,(x) =s;, forall x € X and i=1, 2, ..., n.

Proof
Obvious.

Proposition: 5.2.9
Let p and A be two fuzzy subalgebras of a d-algebra X with identical family

of level subalgebras. Then u=A = Im(n) = Im(}).

Proof
Let Im(p) = Im(A) = {sy, ..., Spyand sl > ... >s,.

By lemma 5.2.8, for any x € X, there exists s; such that p(x) = s; = M(x).
Thus p(x) = Mx), vx € X.

Hence proved.



Proposition: 5.2.10
Let X be a d-algebra.Two level subalgebras ps and pg, (s < t) of a fuzzy
subalgebra p are equal if and only if there is no x € X such that s < u(x) <t.

Proof
Suppose that us =y, for some s <t.

If there exists X € X such that s < u(x) <t, then y is a proper subset of ps, which is
contradicting the hypothesis.

Conversely,

suppose that there is no x € X such that s < u(x) <t.

If X € pg, then p(x) > s and so p(x) > t, since (x) does not lie between s and t.
Thus X € w;, which gives pus < p.

The converse inclusion, p; < ps is obvious since s < t.

Therefore, ps = .

Hence the proof.



Section 5.3
On fuzzy d-ideals in d-algebras

Definition: 5.3.1 [6]
A fuzzy set p in a d-algebra X is called fuzzy BCKd-ideal of X if it satisfies

the following inequalities:
(1) n(0) = px),

(2) W(x) = min{p(x *y), wy)}
forall x,y € X.

Definition: 5.3.2 [6]
A fuzzy set p in a d-algebra X is called fuzzy d-ideal of X if it satisfies the

following inequalities:
(Fdl) w(0) = p(x),
(Fd2) p(x) > min{u(x * y), w(y)},

(Fd3) p(x * y) = min{pu(x), (y)}
forall x,y € X.

Example: 5.3.3 [37]
Let X = {0, 1, 2, 3} be a d-algebra with the following Cayley table:

Define fuzzy set p in X by p(0) = 0.8 and p(x) = 0.01 for all x # 0 in X.
This shows that p is a d-ideal of X.



Note:

(1) In a d-algebra X, every fuzzy d-ideal is a fuzzy BCKd-ideal, and every fuzzy
BCKd-ideal is a fuzzy subalgebra of X.
(2) Every fuzzy d-ideal of a d-algebra X is a fuzzy subalgebra of X.

Theorem: 5.3.4
Let X be a d-algebra.If each non-empty level subset U(u; t) of p is a fuzzy
ideal of X then p is a fuzzy d-ideal of X, where t € [0, 1].

Proof
Assume that each non-empty level subset U(y; s) of p is a d-ideal.

Then p satisfies (Fd1) and (Fd2).

Assume that pu(x * y) < min{u(x), u(y)} forsome x,y € X.
Take to = 1/2{p(x * y) + min (W(x), p(y))}, then x, y € U(y; to).
Since p is a d-ideal of X, x *y € U(y; to).

Therefore, u(x * y) > tq , a contradiction.

Hence assumption is wrong.

Hence the proof.

Definition: 5.3.5

Let A and p be the fuzzy sets in a set X. The cartesian product
A xpu: X x X — [0, 1] is defined by (A X p)(x, y) = min{AX), wx)},
VX y e X



Theorem: 5.3.6
If A and p are fuzzy d-ideals of a d-algebra X. Then A x p is a fuzzy d-ideal
of X x X.

Proof
For any (x, y) € X x X, we have

(A xp)(0, 0) = min {A(0), p(0)} = min {A(x), u(y)} = (A * WX, y)
Let (X1, X) and (yy, o) € X x X.

Then (A x p)((x1, X2)) = min {A(x1), p(x2)}
>min { min {A(Xy * Y1), Mys)}, min {p(x2 * y2), n(y2)}}
=min { min {AXy * Y1), WXz * Y2)}, min {A(y1), w(y2)}}
=min {2 < (X1 * Y1, X * Y2)), (A * W((y1, ¥2))}
=min {(A X (X1, X2) * (Y1, ¥2)), A * W((y1, ¥2))}
and (A ¥ p)((x1, X2) * (Y1, ¥2)) = (A % (X1 * Y1, X2 * ¥2))
=min { A& (x1 % Y1), WXz * Y2)}
> min { min {A(xq), ,(y1)}, min {p(xz), u(y2)}}
= min { min {A(xy), p(x2)}, min {A(y1), p(y2)}}

=min {(A x p)((x1, X2)), (A x W((y, ¥2))}-
Hence A x p is a fuzzy d-ideal of X x X.

Theorem: 5.3.7
Let A and p be fuzzy sets in a d-algebra X such that A x p is a fuzzy d-ideal of
X x X.Then

(1) either A(0) > A(x) or p(0) > w(x), vx € X.

(1) If M0) > M(x), V X e X, then either pu(0) > A(x) or w(0) > u(x).

(1i1) If u(0) > w(x), v x e X, then either A(0) > A(x) or A (0) > u(x).



Proof
(i) Assume A(x) > A(0) and p(y) > w(0), for some x,y € X.
Then (A x p)(x, y) = min {A(x), p(y)} > min {M(0), u(0)} = (A x w)(0, 0)
= A x ), y)>Axp(0,0), v X,y € X
which is a contradiction.
Hence (i) is proved.
(i)  Assume p(0) <A(x) and u(0) < u(y), v X,y € X.
Then (A x p)(0, 0) = min {A(0), n(0)} = u(0)
and (A x p)(x, y) = min {A(x), p(y)} > p(0) = (A x p)(0, 0)
= (A< w(x, y) > (A x w)(0, 0)
which is a contradiction.
Hence (i) is proved.

Similarly (iii) can be proved.

Theorem: 5.3.8
If A x pis a fuzzy d-ideal of X x X, then A or p is a fuzzy d-ideal of X.

Proof
By Theorem 5.3.7(i), without loss of generality we assume that

w0) > u(x), vx € X.

It follows from Theorem 5.3.7(iii) that either A(0) > A(Xx) or A(0) > w(x).
IfAM0)>ux), v x € X.

Then (A x p)(0, x) = min {A(0), p(x)} = p(x) (1)
Since A x p is a fuzzy d-ideal of X x X.

Therefore, (A X W)(x1, X2) = min {(A X P((X1, X2) * (Y1, ¥2)), A % p)(y1, Y2)}

and (A X P((x1, X2) * (Y1, Y2)) =2 min {(A ¥ W)((x1, X2), (A X p)(y1, Y2)}

= (A X W(x1, X) = min {(A X p)((X1 * Y1, X2 * ¥2)), (A xp)(y1, Y2)}

and (A X P)((X1 * Y1, X2 * ¥2)) = min {(A % pw)((x1, X2), (A > W(Y1, Y2)}-



Putting X, =y, =0,
we have (A x W)(0, xz) = min {(A x p)(0, X2 * y>), (A x W)(0, y2)}

and (A < p)(0, Xz * yo) = min {(A x W)(0, X2), (A x W)(0, y2)}-
Using equation (1),

we have p(xz) = min{p(xz * y,), W(y2)tand p(xz * yz) = min{p(xz), n(yz)}-
= pis a fuzzy d-ideal of X.
The second part is similar.

Hence the proof.

Definition: 5.3.9

Let A be a fuzzy set in a set S, the strongest fuzzy relation on S that is fuzzy
relation on A is pa given by pa(X, y) = min{A(x),A(y)}, forall x,y € S.

Theorem: 5.3.10
Let A be a fuzzy set in a d-algebra X and pa be the strongest fuzzy relation
on X. Then A is a fuzzy d-ideal of X if and only if pa is a fuzzy d-ideal of X x X.

Proof
Suppose that A is a fuzzy d-ideal of X.

Then MA(O’O) = mm{A(O)’A(O)} > mln{A(X),A(Y)} = HA(X’y)’
vV (X, y) € XxX.
Forany x = (Xq, Xp) and y = (yy, o) € X x X,

we have pa(x) = pa(Xy, Xz)
= min {A(X1), A(x2)}

> min { min {A(x; * Y1), A(yn)}, min {A(x2 * y2), A(y2)}}
= min { min {A(Xy * y1), A(X2 * ¥2)}, min {A(y1), A(y2)}}
= min {pa(Xe * Y1, X2 * Y2), ua(Yr, ¥2)}
=min {pa((X1, X2) * (Y1 * Y2)), BalY1, Y2)}

=min {pa(X *y), na(y)}



and pa(X * y) = pa((X1, X2) * (Y1, ¥2))
= pa((X1 * Y1, X2 * 7))

= min {A(X; * y1), A(X; * ¥,)}
>min {min {A(xy), A(y1)}, min {A(xy), A(Y2)}}
= min { min {A(x1), A(X2)}, min {A(y1), A(y2)}}
=min {pa((X1, X2), pa(y1, ¥2)}

=min {pa(x), na(y)}.
Hence pp is a fuzzy d-ideal of X x X.

Conversely,
suppose that p is a fuzzy d-ideal of X x X.
Then min {A(0).A(0)} = 1a(0,0) > pa(x.y) = min {A(X).A(Y)},
(x,y) € XxX.
It follows that A(x) < A(0), vXx € X.
For any X = (Xg, X2), Y = (Y1, ¥2) € X % X, we have
MIN{A(X1),A(X2)} = pa(X1, X2)
> min {pa((Xe, X2) * (Y1, ¥2)), naly, Y2)}

=min {pa(X1 * Y1, X2 * ¥2), pa(Y1, Y2)}

= min{min{A(X; * y1),A(Xz * y,)}, min{A(y.),A(y2)}}

= min{min{A(x1 * y1),A(y1)},min{A(X2 * y2),A(Y2)}}.

Putting X, =y, =0,
we have pa(Xq) > min {pa(X1 * y1), pa(ys)}-

Likewise, pa(Xq * y1) = min {pa(X1), pa(ys)}-
Hence A is fuzzy d-ideal of X.



Definition: 5.3.11
Let f : X —>Y be a mapping of d-algebras and p be a fuzzy set of Y. The
map ' is the pre-image of p under f, if p' (x) = W(f(x)), ¥ x € X.

Theorem: 5.3.12
Let f: X —Y be a homomorphism of d-algebras. If pu is a fuzzy d-ideal of
Y, then p'is a fuzzy d-ideal of X.

Proof
For any x € X, we have

W' (x) = p(f(x)) < p("0) = p(f(0)) = u* (0)
Letx,y € X.

Then min{p'(x * y), p'(y)} = min{p(fx * y)), n(f(y))}
= min {p(f(x) * f(y)), n(f(y))}
< u(f(x))
= W'(x).
and min {p'(x), p'(y)} = min {p(f(x)), w(f(y))}
= min {p(f(x)), u(f(y))}
< u(f(x) * f(y))
= u(f(x * y))

=p/(x*y).
Hence ' is a fuzzy d- ideal of X.



Theorem: 5.3.13
Let f: X— Y be an epimorphism of d-algebras. If 1 is a fuzzy d-ideal of
X, then p is a fuzzy d-ideal of Y.

Proof
Lety € Y, there exists x € X such that f(x) = y.

Then p(y) = p(f(x)) = 1'(x) < 1'(0) = p(f(0)) = p('0)
Letx,y € Y.
Then there exist a, b& X such that f(a) = x and f(b) = .

=pu(x) = p(f(@)) = u'(a)
>min {u'(a * b), u'(b)}
=min {u(f(a * b)), u(f(b))}
= min {p(f(a) * f(b)), p(f(b))}
=min {p(x *y), p(y)}
and p(x * y) = u(f(a) * f(b)) = u'(a * b)
> min {u'(a), ()}
= min {p(f(a)), p(f(b))}

=min {pu(x), u(y);-
Hence p is a fuzzy d- ideal of Y.



SUMMARY AND
CONCLUSION




SUMMARY AND CONCLUSION

Y. Imai and K. Iseki [13, 14] introduced two classes of abstract algebras:
BCK-algebras and BCl-algebras. It is known that the notion of BCl-algebras is a
generalization of BCK-algebras. J. Neggers and H. S. Kim [33] introduced the class
of d-algebras which is another generalization of BCK-algebras, and investigated

relations between d-algebras and BCK-algebras.

L. A. Zadeh [40] introduced the notion of fuzzy sets and A. Rosenfeld [37]
introduced the notion of fuzzy group. Following the idea of fuzzy groups, 0.
G. Xi [39] introduced the notion of fuzzy BCK-algebras. In [6] M. Akram fuzzified

d-algebras.

In this thesis we have made an attempt to study the properties of

d-algebras and fuzzy d-algebras.

In chapter 1, the notion of d-algebras which is another generalization of
BCK-algebras and ideal theory in d-algebras are investigated due to J. Neggers
[33, 34].

In chapter 2, the properties of quotient d-algebras are given. Also the
number of d’-subalgebras of order i in a d-transitive d™-algebra is estimated
[34, 26].

In chapter 3, a theory of companion d-algebras is studied in a detailed

manner due to P. J. Allen, H. S. Kim and J. Neggers [7].

In chapter 4, some constructions of implicative/commutative d-algebras
which are not BCK-algebras are given [3]. Also some properties of the constructive
function d-algebras on R determined by constructive function triple (f, g, h) are
discussed [8].



In chapter 5, the fuzzification of d-algebras and d-ideals in d-algebras are
studied due to M. Akram [6].

A deep study of d-algebras and fuzzy d-algebras can be extended to
intuitionistic fuzzy sets and interval valued intuitionistic fuzzy sets. So it provides a

lot of scope for further research.
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