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INTRODUCTION 

 

            Y. Imai and K. Iseki [13] and K. Iseki [14] introduced two classes of abstract 

algebras: BCK-algebras and BCI-algebras. It is known that the class of BCK-

algebras is a proper subclass of the class of BCI-algebras.  

            J. Neggers and H. S. Kim [33] introduced the notion of d-algebras which is 

another generalization of BCK-algebras, and investigated relations between            

d-algebras and BCK -algebras. J. Neggers, Y. B. Jun and H. S. Kim [34] discussed 

ideal theory in d-algebras and introduced the notions of d-subalgebra, d-ideal,         

d
#
 -ideal and d

*
-ideal and investigated some relations among them. 

 L. A. Zadeh [40] introduced the notion of fuzzy sets, and A. Rosenfeld [37] 

introduced the notion of fuzzy group. Following the idea of fuzzy groups,    O. G. Xi 

[39] introduced the notion of fuzzy BCK-algebras. In [6] M. Akram fuzzified d-

algebras. 

           This thesis is devoted to the study of d-algebras and fuzzy d-algebras. 

The following articles are chosen for our discussion: 

1) “ON d-ALGEBRAS” by Neggers, J., and Kim, H.S., [34]. 

2) “ON d-IDEALS IN d-ALGEBRAS” by Neggers, J., Jun, Y.B., and                 

Kim, H.S., [33]. 

3) “ON d
*
-SUBALGEBRAS OF d-TRANSITIVE d

*
-ALGEBRAS” by           

Lee, Y.C., and Kim, H.S., [26]. 

4) “COMPANION d-ALGEBRAS” by Allen, P.J., Kim, H.S., and             

Neggers, J., [7]. 

5) “SOME CONSTRUCTIONS OF IMPLICATIVE/COMMUTATIVE              

d-ALGEBRAS” by Ahn, S.S., and Kim, Y.H., [3]. 

6) “CONSTRUCTION OF MANY d-ALGEBRAS” by Allen, P.J., [8]. 

7) “ON FUZZY d-ALGEBRAS” by Akram, A., and Dar, K.J., [6]. 

 

 

 



 
 

This thesis is divided into five chapters. 

            The first chapter deals with the study of d-algebras and d-ideals in                  

d-algebras. In this chapter the notion of d-algebras which is a generalization of 

BCK-algebras, and several relations between d-algebras and BCK-algebras are 

discussed. Also relations among d-subalgebras, d-ideals, d
#
-ideals and d

*
-ideals in   

d-algebras are investigated. In this chapter, the following interesting results are 

discussed. 

1) Let (X;*, 0) be a d-transitive edge d-algebra. Then (X;*, 0) is a                        

BCK -algebra. 

2) In a d
*
-algebra, every BCK-ideal is a d-ideal. 

3) If (X; *, 0) is a BCK-algebra, then every BCK-ideal of X is a d
*
-ideal              

of X. 

 

The chapter 2 deals with Quotient d-algebra and d
*
-subalgebras of                   

d-transitive d
*
-algebras. In this chapter the number of d

*
-subalgebras of order i in a 

d-transitive d
*
-algebras which is a generalization of BCK-algebras is estimated.  

The following main results are discussed: 

1) If f: X Y is a d-morphism from a d-algebra X onto a d-transitive                    

d-algebra Y, then X/Ker f   Y. 

2) Let X be a d-transitive d
*
-algebra of order n. Then  

                   1  N(i)   












1i

1n
       (i=1, 2, 3,…………, n ) 

where N(i) denotes the number of d
*
-subalgebras of order i in X. 

 

 

 

 

 



 
 

In chapter 3, a theory of companion d-algebras is developed. In this chapter the 

following important results are discussed. 

1) Let (X;*, ⊙, 0) be a companion d-algebra. Assume that x * 0 = x for any           

x  X . 

           (i) X is positive implicative, 

           (ii) if x   y, then x ⊙ y = y, 

           (iii) x ⊙ x = x for any x, y   X . 

           Then (i)  (ii)  (iii). 

2) Let (X;*, ⊙, 0) be a companion edge d
*
-algebra.  

           If (z * (x ⊙ y)) * ((z * x) * y) = 0, then X has a dsu condition:  

           (x * y) * (x ⊙ y) = 0. 

3) Let (X;*, ⊙, 0) be a companion d-algebra. If we define a partial binary 

relation << by   x << y   (x ⊙ z) * (y ⊙ z) = 0 for all z   X, then << is 

reflexive and anti-symmetric. 

 

 In chapter 4, some constructions of implicative/commutative d-algebras 

which are not BCK-algebras are given. This demonstrates that the notions of 

implicative/commutative d-algebras are indeed generalizations of the same in BCK-

algebras. Also some properties of the constructive function d-algebras on R 

determined by constructive function triple (f, g, h) are discussed. In this chapter the 

following interesting results are discussed. 

1) If the φ function d-algebra (X; *, 0) is implicative, then                                   

(x * y) * y = x * y for any x, y   X. 

 

 

 

 

 



 
 

2) Let (C; *, e) be a constructive function d-algebra on the algebraically closed 

field C of complex numbers. If we define x * y = (x - y)(e - x) + e, then the 

solution set of F(x, y) = x * (x * y) - y * (y * x) = 0 is             

 

                  









































2

2

1
2

2

1
ey

2

2

1
e-xor x y|y)(x,

. 

 

 Chapter 5 deals with the study of fuzzy d-algebras. In this chapter the notion 

of fuzzy subalgebras and d-ideals in d-algebras are studied and some of their 

properties are investigated.  

1) Any subalgebra of a d-algebra X can be realized as a level subalgebra of 

some fuzzy subalgebra of X. 

2) If  λ × μ  is  a  fuzzy  d-ideal of  X × X,  then  λ or μ is  a  fuzzy  d-ideal     of 

X. 

3) Let f : X   Y be a homomorphism of d-algebras. If μ is a fuzzy d-ideal of Y, 

then μ
f
 defined by μ

f
 (x) = μ(f(x)) for all x  X, is a fuzzy d-ideal of X. 
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        LITERATURE 

 



 
 

REVIEW OF LITERATURE 

 

          Y. Imai and K. Iseki introduced two classes of abstract algebras:                 

BCK-algebras and BCI-algebras ([17,15]). BCK-algebras have some connections 

with other areas: D. Mundici [32] proved that MV -algebras are categorically 

equivalent to bounded commutative BCK-algebras, and J. Meng [29] proved that 

implicative commutative semigroups are equivalent to a class of BCK-algebras. Z. 

Riecanova [36] showed that extendable commutative  BCK-algebras directed 

upwards are equivalent to generalized MV-effect algebras.  G. Georgescu and A. 

Iorgulescu [11] introduced the notion of pseudo-BCK algebras as an extension of 

BCK-algebras. X. H. Zhang and W. H. Li [42] established the connections between 

BCC-algebras, pseudo-BCK algebras, pseudo-BL algebras and weak pseudo-BL 

algebras (pseudo-MTL algebras).           J. Neggers and H. S. Kim introduced the 

notion of d-algebras which is another useful generalization of BCK-algebras, and 

then investigated several relations between d-algebras and BCK-algebras as well as 

several other relations between d-algebras and oriented digraphs [33]. After that 

some further aspects were studied [26, 35, 34]. J. S. Han et al. [12] defined a variety 

of special d-algebras, such as strong d-algebras, (weakly) selective d-algebras and 

others.  

           The main assertion is that the squared algebra (X; *, 0) of a d-algebra is a         

d-algebra if and only if the root (X; *, 0) of the squared algebra (X; *, 0) is a strong 

d-algebra. 

           L. A. Zadeh [40] introduced the notion of fuzzy sets, and A. Rosenfeld [37] 

introduced the notion of fuzzy group. Following the idea of fuzzy groups,  O. G. Xi 

[39] introduced the notion of fuzzy BCK-algebras. After that, Y. B. Jun and J. Meng 

[19] studied fuzzy BCK-algebras. B. Ahmad [1] fuzzified           BCI-algebras. In [6] 

M. Akram fuzzified d-algebras. 

 Here we present abstracts of some important articles on                    

BCK/BCI/d-algebras and fuzzy d-algebras. 



 
 

1. An introduction to the theory of BCK-algebras 

    K.Iseki and S.Tanaka (1978) [15] 

 In this paper the definition of BCK-algebras and its fundamental properties 

are studied. Various ideals in BCK-algebras are discussed in detailed manner. Also, 

the homomorphism properties on BCK-algebras are discussed. 

 

2. Fuzzy commutative ideals in BCK-algebras 

    Y. B. Jun and E. H. Roh (1994) [20] 

 In this paper, the authors defined and discussed the fuzzy commutative ideals 

in BCK-algebras. A fuzzy characteristic commutative ideals is characterized in 

terms of its level commutative ideals.   

 

3. Fuzzy implicative ideals in BCK – algebras 

    Mostafa M.Swamy (1997) [31] 

 The notion of fuzzy implicative ideals of BCK-algebras is discussed. The 

following result is obtained: for a BCK-algebra X, suppose that μ and γ are fuzzy 

ideals of X with μ < γ and μ(0) = γ(0), if μ is a fuzzy implicative ideal of X then so is 

γ. 

 

4. On d-fuzzy functions in d-algebras 

    J. Neggers, A. Dvurecenskij and H. S. Kim [2000]  [35] 

In this paper the author introduced the concept of d-fuzzy function which 

generalized the concept of fuzzy subalgebra to a much larger class of functions in a 

natural way. In addition they discussed a method of fuzzification of a wide class of 

algebraic systems onto [0, 1] along with some consequences. 

 

 

http://www.springerlink.com/content/?Author=J.+Neggers
http://www.springerlink.com/content/?Author=A.+Dvure%c4%8denskij
http://www.springerlink.com/content/?Author=A.+Dvure%c4%8denskij


 
 

5. On fuzzy topological d-algebras 

     Y. B. Jun and H. S. Kim (2001) [21]   

In this paper the authors introduced the concept of fuzzy topological               

d-algebras and applied some of Foster's results on homomorphic images and inverse 

images to fuzzy topological d-algebras. 

 

6. Intutionistic fuzzy d-algebras  

    Y. B. Jun, H. S. Kim and D. S. Yoo (2006) [22] 

 The intuitionistic fuzzification of a d-algbera is considered, and related 

results are investigated. The notion of equivalence relations on the family of all 

intuitionistic fuzzy d-algebras of a d-algebra is introduced, and then some properties 

are discussed. The concept of intuitionistic fuzzy topological              d-algebras is 

introduced, and some related results are obtained. 

 

7. Involutive Brouwerian D-Algebras 

    Mircea Sularia (2006) [30] 

The author introduced the structure of Brouwerian D-algebra in order to 

obtain the algebraic counterpart of a logic of problem solving. A Brouwerian           

D-algebra is defined by a subdirect product of a couple of algebras associated with a 

Heyting lattice and a Brouwer lattice. Then in this paper the author introduced the 

notion of involutive Brouwerian D-algebra having as models direct products 

between the lattice of open sets and the lattice of closed sets of a topological space. 

Different properties including basic distributivity equations for complete Brouwerian 

D-algebras are presented. An extension of the real graded membership space for 

fuzzy sets is obtained. A connection with the notion of prelinear Heyting MV-

algebra is also established. 

 

 



 
 

8. Vague set theory based on d- algebras  

    K. J. Lee, Y. H. Kim and Y. U. Cho (2008) [27] 

The notions of vague d-subalgebras, vague BCK-ideals, vague d-ideals, 

vague d
#
-ideals and vague d

*
-ideals are introduced, and their properties are 

investigated. Relations between vague d-subalgebras, vague BCK-ideals, vague        

d-ideals, vague d
#
-ideals and vague d

*
-ideals are established. 

 

9. Intutionistic fuzzy quick ideals in d-algebras  

     S. S. Ahn and G.H. Han (2009) [2] 

Quick ideals and fuzzification of quick ideals in d-algebras are considered, 

and some related properties are investigated. The intuitionistic fuzzification of quick 

ideals of d-algebra is established, and related results are studied. The notion of 

equivalence relations on the family of all intuitionistic fuzzy quick ideals of a            

d-algebra is introduced, and then some properties are discussed. 

 

10. Fuzzy dot BCK/BCI-algebras 

      Ashram Borumand Saeid (2010) [10] 

In this paper the notion of fuzzy dot BCK-subalgebra is introduced. The 

author have stated and proved some theorem in fuzzy dot BCK-subalgebra and level 

subalgebras. 

 

11. Rough fuzzy quick ideal in d-algebras 

      S, S. Ahn and G. H. Han (2010) [4] 

The authors introduced the notion of a rough set in d-algebras. Using a quick 

ideal in d-algebras, they obtained some relations between quick ideals and upper 

(lower) rough quick ideals in d-algebras. Also they considered the notion  of rough 

fuzzy quick ideals in d-algebras and gave some properties of such ideals. 

12. Structures on bipolar fuzzy d-ideals under (T.S) norms 



 
 

      S. V. Manimaran and B. Chellappa (2010) [28] 

In this paper, the authors applied the notion of bipolar-valued fuzzy set to 

groups. They introduced the concept of bipolar fuzzy groups /fuzzy d-ideals of 

groups under (T.S) norm and investigate several properties. They gave relations 

between a bipolar fuzzy group and bipolar fuzzy d-ideal. They provided a condition 

for bipolar fuzzy groups to be a bipolar fuzzy d-ideal. They also gave 

characterizations of bipolar fuzzy ideal. They considered the concept of strongest 

bipolar fuzzy relations on bipolar fuzzy d-ideals of a group and discussed some 

related properties. 

 

13. A class of BCK – algebra 

      Zahara M. Samaci, Mohammad Ali N. Azadani and                                   

Leila N.  Ranjbar (2011) [41] 

In this article, the authors introduced a BCK-algebra, and showed that this 

BCK-algebra is commutative, with the relative cancellation property, lower semi 

lattice and also it’s with condition (S) but it’s not positive implicative in some cases. 

Also they gave two examples for this BCK-algebra and introduced a  BCK-algebra 

on fuzzy set, and they showed that this BCK-algebra is bounded, commutative and 

also it is a lattice but it is not an implicative BCK-algebra. 

 

14. Deformations of d/BCK-algebras 

      P. J. Allen, H. S. Kim and J. Neggers (2011) [9] 

In this paper, the authors studied the effects of a deformation mapping on the 

resulting deformation d/BCK-algebra obtained via such a deformation mapping. 

Besides providing a method of constructing d-algebras from BCK-algebras, it also 

highlights the special properties of the standard  BCK-algebras of posets as opposed 

to the properties of the class of divisible d/BCK-algebras which appear to be of 

interest and which form a new class of d/BCK-algebras in so far as its not having 

been identified before. 



 
 

 

15. Primary decompositions of fuzzy dot ideals in d-algebras 

      A. Sobiraju and A. Prasanna (2011) [38] 

K. H. Kim (2009) introduced the notation of fuzzy dot subalgebra of             

d-algebra. In this paper some algebraic properties of fuzzy dot-d-ideals of                   

d-algebra, are discussed. The author also gave characterizations of fuzzy d-ideal. 

They considered the concept of strongest fuzzy relations on fuzzy d-ideals of a 

group and discuss some related properties. 

 

16.The theory of falling shadows applied to d-ideals in d-algebras 

      Y. B. Jun and S. S. Ahn (2011) [24] 

On the basis of the theory of a falling shadow, the notion of falling                  

d
*
-ideals in d algebras is introduced, and related properties are investigated. 

Characterizations of a falling d
*
-ideal are established. Relations among falling          

d
*
-ideals, falling d-ideals, falling d

#
-ideals, falling d-subalgebras and falling BCK-

ideals are discussed. 

 

17. Falling d-ideals in d-algebras 

      Y. B. Jun, S. S. Ahn and K. J. Lee (2011) [23] 

Based on the theory of a falling shadow, a theoretical approach of the ideal 

structure in d-algebras is established. The notions of a falling d-subalgebra, a falling 

d-ideal, a falling BCK-ideal, and a falling d
*
-ideal of a d-algebra are introduced. 

Some fundamental properties are investigated. Relations among a falling                    

d-subalgebra, a falling d-ideal, a falling BCK-ideal, and a falling d
*
-ideal are stated. 

Characterizations of falling d-ideals and falling d
*
-ideals are discussed. A relation 

between a fuzzy d-subalgebra and a falling d-subalgebra is provided. 

 



 
 

18. Ideal theory of d-algebras based on N-structures 

      S. S. Ahn and G. H. Han [2011]  [5] 

The notions of N-subalgebra, (positive implicative) N-ideals of                     

d-algebras are introduced, and related properties are investigated. Characterizations 

of an N-subalgebra and a (positive implicative) N-ideals of d-algebras are given. 

Relations between an N-subalgebra, an N-ideal and a positive implicative N-ideal of 

d-algebras are discussed. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 
 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CHAPTER  I 

 



 
 

CHAPTER - 1 

 

ON d-ALGEBRAS AND d-IDEALS IN d-ALGEBRAS 

 

Section 1.1 
 

Preliminary results in d-algebras and edge d-algebras 
 

Definition: 1.1.1 [15] 

A BCK-Algebra is a non-empty set X with a constant 0 and a binary 

operation *, denoted by (X; *, 0) satisfying the following conditions: 

(BCK 1)   ((x * y) * (x * z)) * (z * y) = 0, 

(BCK 2)   (x * (x * y)) * y = 0, 

(BCK 3)   (x * x) = 0, 

(BCK 4)   (x * y) = 0, (y * x) = 0   x = y, 

(BCK 5)   0 * x = 0 

                 for all x, y, z   X 

 

Definition: 1.1.2 [15]  

A non-empty set X with a constant 0 and a binary operation *, denoted by (X; 

*, 0) satisfying the conditions (BCK 1), (BCK 2), (BCK 3) and (BCK 4) is called a 

BCI-Algebra. 

 

Proposition: 1.1.3  

In a BCK-algebra (X; *, 0) the following hold: 

1) (x * y) * x = 0, 

2) ((x * z) * (y * z)) * (x * y) = 0 

         for arbitrary x, y, z   X. 

Proof  

Obvious. 

 

 



 
 

Definition: 1.1.4 [33]  

A non-empty set X with a constant 0 and a binary operation *, denoted by (X; 

*, 0) is called a d-algebra, if it satisfies the following axioms: 

(d1)  x * x   = 0, 

(d2)  0 * x = 0, 

(d3)  x * y = 0 and y * x = 0   x = y  

         for all x, y   X. 

 

Note:  

In BCK/BCI/d-algebras we can define a binary relation “” by x   y if and 

only if x * y = 0. 

 

Proposition: 1.1.5  

Let X be a d-algebra. If x   y and x * y = 0, then y * x   0. 

Proof  

Let X be a d-algebra. Let x   y and x * y = 0. 

Claim: y * x   0 

Suppose y * x = 0. Then by (d3) x = y which is a contradiction. 

Therefore y * x   0. 

 

Example: 1.1.6 

i. Every BCK-algebra is a d-algebra. 

ii. Let X = {0, 1, 2} be a set with the following Table. 

 

* 0 1 2 

0 0 0 0 

1 2 0 2 

2 1 1 0 

Then (X; *, 0) is a d-algebra, but not a BCK-algebra,  



 
 

   since (2 * (2 * 2)) * 2 = ( 2 * 0 ) * 2 = 1 * 2 = 2   0. 

iii. Let R be the set of all real numbers and define x * y = x • (x - y),              x, 

y   R, where • and - are the ordinary product and subtraction of real 

numbers.  

Then x * x = 0, 0 * x = 0 and x * 0 = x • (x - 0) = x • x = x
2
  

If   x * y = y * x = 0, then 

      x • (x - y) = 0  and   y • (y - x) = 0  

x
2
 - xy = 0       and   y

2 
- yx = 0 

x
2
 = xy            and   y

2 
= yx  

If x = 0, then y
2
 = 0 y = 0 

If y = 0, then x
2
 = 0 x = 0 

If xy 0 then x
2
 = y

2
x = y 

Hence in any case x = y. 

Hence (R; *, 0) is a d-algebra. 

 

Definition: 1.1.7  

 Let (X; *, 0) be a d-algebra and x   X.  Define x * X ={x * a │ a  X}.            

X is said to be edge if for any x in X, x * X = {x, 0}. 

 

Lemma: 1.1.8  

 Let (X; *, 0) be an edge d-algebra. Then x * 0 = x for any x  X. 

Proof  

Since (X; *, 0) is an edge d-algebra, either x * 0 = x or x * 0 = 0                     

for any x  X. 

If x  0 and x * 0 = 0, then by (d3) x = 0, a contradiction. 

x * 0 = x for any x  X.  

 

 

 

 



 
 

Proposition: 1.1.9  

 If (X; *, 0) is an edge d-algebra, then the condition (x * (x * y)) * y = 0  

x, y   X holds. 

Proof  

 If x = 0, then (x * (x * y)) * y = 0 by (d2). 

 Let x   0.  

Assume (x * (x * y)) * y   0 for some y   X.  

Let α = (x * (x * y)).  

Then α * y  0 and α  0.  

This  means  that  x   x  * y,  but,  x * y    x * X = {x, 0}  and  hence  x * y = 0. 

It follows that, by Lemma 1.1.8, (x * (x * y)) * y = (x * 0) * y = (x * y) = 0,                  

a contradiction. 

(x * (x * y)) * y = 0   x, y   X. 

Hence proved. 

 

Definition: 1.1.10  

 A d-algebra (X; *, 0) is said to be d-transitive if x * z = 0 and z * y = 0 imply 

x * y = 0. 

 

Theorem 1.1.11  

 Let (X; *, 0) be a d-transitive edge d-algebra. Then (X; *, 0) is a                     

BCK -algebra.              

Proof  

 Let (X; *, 0) be a d-transitive edge d-algebra. 

To prove: Then (X; *, 0) is a BCK -algebra. 

So it is enough to show that condition ((x * y) * (x * z)) * (z * y) = 0 holds. Assume 

that ((x * y) * (x * z)) * (z * y)  0 for some x, y, z   X.  

Since (x * y) * (x * z)   (x * y) * X = {(x * y), 0}, 

(x * y) * (x * z) = (x * y)                                                                                     (1) 



 
 

If (x * y) = 0, then 0   ((x * y) * (x * z)) * (z * y)  

                                   = (0 * (x * z)) * (z * y)  

                                   = 0 * (z * y) = 0, a contradiction.  

It follows that x * y = x.                                                                                      (2) 

Hence   x = x * y [by (2)] 

                = (x * y) * (x * z) [by (1)] 

                = x * (x * z) [by (2)] 

That is, x = x * (x * z).                                                                                        (3) 

Claim 1: x * z = 0. 

Assume x * z   0, then x * z = x, since X is an edge d-algebra.  

By applying (d3), x = x * (x * z ) = x * x = 0.  

This means that 0  ((x * y) * (x * z)) * (z * y) 

                             = (x * x) * (z * y)                                 [by (2) and x * z = x] 

                             = 0 * (z * y) 

                             = 0, a contradiction.  

Thus, x * z = 0. 

Claim 2: z * y = 0. 

Assume z * y  0, then z * y = z, since X is an edge d-algebra.  

This means that 0  ((x * y) * (x * z)) * (z * y) 

                             = (x * y) * 0) * z   

                             = (x * y) * z   

                             = x * z 

                             = 0, a contradiction.  

Thus, z * y = 0.  

Hence by claim (1) and claim (2), we obtain that x * z = 0 and z * y = 0. 

Since X is a d-transitive, x * y = 0. 



 
 

Hence 0 ((x * y) * (x * z)) * (z * y) = 0, a contradiction.  

Hence the theorem.  

 

Note:   

Both conditions, i.e., to have the d-transitive and edge properties, are 

necessary for a d-algebra of this type to be a BCK-algebra. Thus, arbitrary    BCK-

algebras do not always have the edge property.  

 

Example: 1.1.12  

Consider the following d-algebra X with the Table. 

 

  * 0 1 2 3 

0 0 0 0 0 

1 1 0 0 1 

2 2 2 0 0 

3 3 3 3 0 

                                                              

Then 1 * 2 = 0, 2 * 3 = 0, but 1 * 3 = 1, and hence (X; *, 0) is non-d-transitive edge 

d-algebra.  

Since ((1 * 3) * (1 * 2)) * (2 * 3) = 1   0, (X; *, 0) is not a BCK -algebra. 

 

Example: 1.1.13  

Let X = {0,1,2,...} and let the binary operation * be defined as follows: 

 x * y   =  


 

.otherwise1

,yxif0
 

Then x * z = 0, z * y = 0 implies x   z, z   y and in particular x   y,                 

i.e., x * y = 0 also.  

Furthermore, x * x = 0, 0 * x = 0 and x * y = y * x = 0 if x   y, y   x,            

whence x = y.  

Thus, the algebra (X; *, 0) is a d-transitive non-edge d-algebra.  



 
 

Also, (2 * (2 * 0)) * 0 = (2 * 1) * 0 = 1 * 0 = 1, so that (X; *, 0) is not a       BCK-

algebra. 

Theorem: 1.1.14  

Given a d-algebra (X; *, 0) we can construct an edge d-algebra (X; , 0), 

called the extended edge d-algebra. 

Proof  

Suppose that (X; *, 0) is an arbitrary d-algebra. 

Assume that (X; *, 0) is not an edge d-algebra. 

Define a binary operation  : X   X   X  by 

                              x   y = 


 

.otherwise0

0yxifx
 

Then (X; , 0) is a d-algebra. 

Suppose now that x X = {0}. 

Then x * y = 0 for all y   X. 

In particular, x * 0 = 0 = 0 * x, so that x = 0. 

Hence, if x   0, then x X = {x, 0}. 

Hence (X; , 0) is an edge d-algebra. 

Hence the proof. 

 

Proposition: 1.1.15 

A d-algebra (X; *, 0) is d-transitive if and only if its extended edge                    

d-algebra (X;  ,0) is d-transitive. 

Proof  

Assume (X; *, 0) is d-transitive. 

Then x   z = 0 and z   y = 0 imply x * z = 0 = z * y,  

x * y = 0  

x   y = 0. 

Hence (X;  ,0) is d-transitive. 

Conversely, assume that (X;  ,0) is d-transitive. 



 
 

Then x * z = 0  and z * y = 0 

x   z = 0 = z   x. 

x   y = 0. 

Hence x * y = 0. 

(i.e) (X; *, 0) is d-transitive. 

Hence the proof. 

 

Example 1.1.16  

There are 27 d-algebras as follows: 

 

* 0 a b c 

0 0 0 0 0 

a a 0  0 u 

b b v  0 0 

c c 0 w 0 

 

where u, v, w   {a,b,c}.  

All of these algebras have the same unique edge d-algebra as follows:  

 

  0 a b c 

 0 0 0 0 0 

 a a 0 0 a 

 b b b 0 0 

 c c 0 c 0 

 

This d-algebra is not d-transitive, since a   b = b  c = 0, while a   c = a   0. 

It also has the following d-chain property: x   y   0 implies y   x = 0. 

 



 
 

Section 1.2 
 

On d-ideals in d-algebras 
 

Definition: 1.2.1  

A non empty subset I of a BCK-algebra X is called a BCK-ideal of           

BCK-algebra X if 

i. 0   I, 

ii. x   I and y * x   I, imply y   I for all x, y   X. 

 

Definition: 1.2.2 [34]  

Let S be a non empty subset of a d-algebra (X; *, 0), then S is called a 

subalgebra of d-algebra X (d-subalgebra of X) if x * y   S for all x, y   S. 

 

Definition: 1.2.3 [34] 

  Let (X; *, 0)be a d-algebra and I be a non empty subset of X, then I is called 

a d-ideal of d- algebra X (or d- ideal of X) if it satisfies the following conditions:        

 (Id1)  0   I, 

(Id2)  x * y   I and y   I  x   I, 

(Id3)  x   I and y   X  x * y   I, i.e., I   X   I. 

 

Note:  

In a d-algebra X, a non empty subset I is called a BCKd-ideal of X if it 

satisfies (Id1) and (Id2). 

 

 

 

 

 

 

 

 

 

 

 



 
 

Example: 1.2.4  

Let X = {0, a, b, c, d} be a d-algebra  

 

* 0 a b c d 

0 0 0 0 0 0 

a a 0 a 0 a 

b b b 0 c 0 

c c c b 0 c 

d c c a a 0 

 

Then I = {0, a} is a d-ideal of X. 

 

Example: 1.2.5  

Let X = {0, a, b, c} be a d-algebra  

 

* 0 a b c 

0 0 0 0 0 

a a 0 0 a 

b b b 0 0 

c c c a 0 

 

Then I = {0, a, c} satisfies (Id3), but not (Id2) since b * c = 0  I and               

c   I, but b    I i.e., I is a d-subalgebra, but not a BCKd-ideal of X.  

In a d-algebra a BCKd-ideal need not be a d-subalgebra, and also                      

d-subalgebra need not be a BCKd-ideal as shown in the following example. 

 

 

 

 

 



 
 

Example: 1.2.6  

Let X = {0, a, b, c} be a d-algebra  

 

* 0 a b c 

0 0 0 0 0 

a a 0 0 b 

b b c 0 0 

c c c c 0 

 

Then I = {0, a, b} is a BCKd-ideal which is not a d-subalgebra of X, while       

J = {0, c} is a d-subalgebra which is not a BCKd-ideal of X. 

 

Note:  

Clearly, {0} is a d-subalgebra of every d-algebra X and every d-ideal of X is 

a d-subalgebra. 

 

 

Example: 1.2.6  

Let X = {0, a, b, c} be a d-algebra  

 

* 0 a b c 

0 0 0 0 0 

a a 0 0 b 

b b b 0 0 

c c c c 0 

 

Then I = {0, a} is a d-subalgebra of X, but not a d-ideal of X,                       

since a * c = b  I   

 

 

 

 



 
 

Lemma: 1.2.8  

Let I be a non-empty subset of a d-algebra X, which satisfies (Id2) and (Id3). 

Then 0   I. 

 Proof  

Since I   , there exists x in I and hence 0 = x * x   I by (Id3). 

 

Note:  

By above Lemma I is called a d-ideal of a d-algebra X, it is enough to satisfy 

(Id2) and (Id3).  

 

Proposition: 1.2.9  

Let I be a d-ideal of a d-algebra X. If x   I and y * x = 0, then y   I. 

Proof  

Assume that x   I and y * x = 0.  

By Lemma 1.2.8  0   I                                                                                       (1) 

Then y * x   I 

 y   I         [by (Id2)] 

Hence the proof. 

 

 

 

Definition: 1.2.10  

Let X be a d-algebra. A d-ideal I of X is called a d
#
 -ideal of X if, for arbitrary 

x, y, z   X , 

(Id4)  x * z   I whenever x * y   I and y * z   I. 

 

Example: 1.2.11  

Let X be a d-algebra as in Example 1.2.7. Then K = {0, a, b} is a                    

d
#
 -ideal of X. 

 

Note:  

Obviously, every d
#
 -ideal is a d-ideal, but the converse need not be true. 



 
 

Example: 1.2.12 

Let X be a d-algebra as in Example 1.2.7. Then L = {0, a} is a d-ideal. Since 

b * d = 0   L, d * c = a   L, but b * c = c  L. 

Then L is not a d
#
 -ideal of X. 

 

Note:  

d
#
-ideal   d-ideal   d-subalgebra and  

d
#
-ideal   d-ideal   BCKd-ideal in d-algebras. 

 

Note:  

In a d-algebra X, the identity (x * y) * x = 0 does not hold in general. For 

instance, in Example 1.2.7, we know that (a * c) * a = b * a = b  0. 

 

Definition: 1.2.13  

A d-algebra X is called a d
*
-algebra if it satisfies the identity                         

(x * y) * x = 0 for all x, y   X. 

 

Note:  

Clearly, a BCK-algebra is a d
*
-algebra, but the converse need not be true. 

 

Example 1.2.14 

Let X = { 0 , 1 , 2 , . . . } and let the binary operation * be defined                   

as follows: x * y = 


 

.otherwise1

,yxif0
 

Then (X; * , 0) is a d-algebra as well as d
*
-algebra but not a BCK-algebra.  

 

Theorem: 1.2.15  

In a d
*
-algebra (X; *, 0), every BCKd-ideal is a d-ideal. 

Proof  

Let I be a BCKd-ideal of a d
*
-algebra X and let x   I , y   X. 



 
 

Since (x * y) * x = 0 for all x, y   X, it follows from Proposition 1.2.9 that                  

x * y   I. Hence I is a d-ideal of X.  

 

Corollary: 1.2.16 

In a d
*
-algebra, every BCKd-ideal is a d-subalgebra. 

Proof  

Obvious. 

 

Definition: 1.2.17  

If a d
#
 -ideal I of a d-algebra X satisfies (Id5): x * y   I and y * x   I imply 

(x * z) * (y * z)   I and (z * x) * (z * y)   I for all x, y, z   X, then we say that I is 

a d
*
-ideal of X. 

 

Note:  

In Example 1.2.5 the set I = {0, a} is a d
*
-ideal of X. Obviously, every 

d
*
-ideal in a d-algebra is a d

#
 -ideal, but the converse does not hold in general. 

 

 

Example: 1.2.18  

Let X = {0, a, b, c} be a set with the following Cayley table: 

 

* 0 a b c 

0 0 0 0 0 

a a 0 0 a 

b c b 0 c 

c c b b 0 

 

Then (X; *, 0) is a d-algebra. 

Let I = {0, a}.Then I is a d
#
-ideal. 

Since 0 * a = 0   I and a * 0 = a   I, but (c * 0) * (c * a) = c * b = b  I,                   

I is not d
*
-ideal. 

 



 
 

Lemma: 1.2.19  

Let I be a BCK-ideal of a BCK-algebra X. If x   I and y * x = 0 then                 

y   I. 

Proof  

Obvious. 

 

Theorem 1.2.20  

If (X; *, 0) is a BCK-algebra, then every BCK-ideal of X is a d
*
-ideal              

of X. 

Proof  

Let I be a BCK-ideal of X and let x   I and y   X.  

Since (X; * , 0) is a BCK-algebra (x * y) * x = 0. 

Hence x   I, y   X  x * y   I.                                                                       (1)  

Assume that x * y   I and y * z   I for all x, y, z   I. 

 Since (X; *, 0) is a BCK-algebra ((x * z) * (y * z)) * (x * y) = 0,  

and hence (x * z) * (y * z)   I.  

Since y * z   I by (Id1) we have x * z   I. 

Hence x * y   I and y * z   I  

 x * z   I.                                                                                                        (2) 

Let x * y, y * x   I for all x, y   X. 

Then, we have 

((z * x) * (z * y)) * (y * x) = 0 and ((x * z) * (y * z)) * (x * y) = 0, 

 (z * x) * (z * y)   I and (x * z) * (y * z)   I.                                               (3) 

By (1), (2) and (3) I is a d
*
-ideal of X. 

 

 

 

 



 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CHAPTER  II 



 
 

CHAPTER - 2 

 

ON QUOTIENT d-ALGEBRAS AND d
*
-SUBALGEBRAS OF                   

d-TRANSITIVE d
*
-ALGEBRAS 

 

Section 2.1 

 

On quotient d-algebras 

 

Definition: 2.1.1 [34]  

 Let (X;*, 0X) and (Y;*, 0Y) be two d-algebras. A mapping f: X   Y is called 

a d-morphism if f(x * y) = f(x) * f(y) for all x, y   X. 

 

Note:   

 i.    f(0X) = 0Y. 

           ii.    Ker f = { x   X │f(x) = 0Y }. 

 

Proposition: 2.1.2  

 Let f: X   Y be a d-morphism from a d-algebra X into a d-transitive             

d-algebra Y. Then Ker f is a d
*
-ideal of X. 

Proof  

 The properties (Id1), (Id2) and (Id3) are simple. 

 If x * y, y * z   Ker f, then f(x) * f(y) = 0Y = f(y) * f(z). 

Since Y is d-transitive, we obtain f(x) * f(z) = 0. 

Hence x * z   Ker f, which proves (Id4).  

Let x * y, y * x    Ker f.  

Then f(x) * f(y) = 0Y = f(y) * f(x). 

  f(x) = f(y). 

 It follows that 



 
 

f((x * z)*(y * z)) = f(x * z) * f(y * z) = (f(x) * f(z)) * (f(y) * f(z)) = 0Y 

Hence (x * z) * (y * z)   Ker f. 

Similarly, (z * x) * (z * y)   Ker f, which proves (Id5). 

Hence Ker f is a d
*
-ideal of X. 

 

Example: 2.1.3  

 Let X be a d-algebra as in Example 1.2.5, and let Y be a d-transitive                   

d-algebra as in Example 1.2.4.  

Define a map f: X   Y by f(0) = f(a) = 0, f(b) = f(c) = a. Then f is a                         

d-morphism. Obviously, Ker f = {0, a} is a d
*
-ideal of X. 

 

Proposition: 2.1.4 

 Let I be a d*
-ideal of d-algebra (X; *, 0X). For any x, y in X, define x ~ y if 

and only if  x * y    I and y * x    I. Then ~ is an equivalence relation on X. 

Proof  

i. Since 0   I, we have x * x = 0   I  

            x ~ x for any x. 

            Hence ~ is reflexive. 

ii. If x ~ y and y ~ z then x * y, y * x   I and y * z, z * y    I. 

           By (Id4) x * z, z * x   I 

            x ~ z. 

          This proves ~ is transitive. 

iii. The symmetry of ~ is trivial. 

 

Note: 

 By (Id5) we can easily see that ~ is a congruence relation on X. 

 

 



 
 

 

Definition: 2.1.5 

 The congruence class containing x is defined as                                           

[x]I = { y  X│x~y}. 

 

Note:  

 x ~ y if and only if [x]I = [y]I. 

 

Definition: 2.1.6 

  The set of all equivalence classes of X is defined as                               

I

X
= {[x]I x  X }. 

 

Lemma: 2.1.7:  

 Let I be a d*
-ideal of a d-algebra (X;*, 0X). Then I = [0]I. 

Proof 

 If x   I, then x * 0    I * X    I and hence x   [0]I   i.e., I     [0]I . 

Since [0]I  = { x  X  x ~ 0} 

                = { x  X  x * 0, 0 * x    I } 

                = { x  X  x * 0   I } 

                  I. 

It follows that I = [0]I. 

 

Theorem 2.1.8:  

 Let (X; *, 0) be a d-algebra and I be a d
*
-ideal of X. If we define                    

[x]I * [y] I = [x * y] I for all x, y   X, then (X/I; * , 0) is a d-algebra, called the 

quotient d-algebra. 

 

 



 
 

Proof  

Since ~ is a congruence relation on X, x * y ~ x' * y' for any x ~ x', y ~ y'.  

This means that [x] I * [y] I = [x * y] I is well-defined. 

Let [x] I * [y] I   X/I with [x]I * [y]I = [0]I = [y]I * [y]I.  

Then [x * y]I = [0]I = [y * x]I and x *y, y * x    I.  

Thus x ~ y and [x]I = [y]I.  

The rest is trivial. 

Hence the proof. 

  

Proposition: 2.1.9:  

  Let I be a d
*
-ideal of the d-algebra X. Then the mapping π: X   X/I defined 

by π(x) = [x]I is a d-morphism of X onto the quotient d-algebra X/I and the kernel of 

π is precisely the set I. 

Proof 

 Since [x * y]I = [x]I * [y]I, π is a d-morphism.  

By Lemma 2.1.7 we know that, 

Ker π = {x   X π(x) = [0]I} 

          = {x   X | [x]I = [0]I } 

          = {x    x | x ~ 0} 

          = [0]I 

          = I. 

 

Theorem 2.1.10 

  If f: X   Y is a d-morphism from a d-algebra X onto a                            

d-transitive d-algebra Y, then X/Ker f  Y.  

Proof 

 Assume µ: X/Ker f   Y such that µ([x]Ker f) = f(x).  

If [x]Ker f = [y]Ker f  then  x * y,  y * x    Ker f,  



 
 

and so f(x) * f (y) = 0 = f(y) * f(x).  

 f(x) = f(y), i.e., µ([x]Ker f) = µ([y]Ker f). 

This means that µ is well-defined.  

For any y    Y, there is an x   X such that y = f(x), since f is onto.  

Hence µ([x]Ker f) = f(x) = y, which means that µ is onto.  

If µ([x]Ker f) ≠ µ([y]Ker f)  then either x * y    Ker f  or  y * x  Ker f . 

Without loss of generality, we may assume x * y    Ker f.  

It follows that f(x) * f(y) = f(x * y) ≠ 0. 

Hence f(x) ≠ f (y).  

This means that µ is one-one.  

Since µ([x]Ker f * [y]Ker f) = µ([x * y]Ker f) 

                                        = f(x * y) 

                                        = f(x) * f(y) 

                                        = µ([x]Ker f) * µ([y]Ker f) 

 µ is a d-morphism.  

Thus we have X/Ker f  Y. 

Hence the proof. 

 

 

 

 

 

 

 

 

 

 

 



 
 

Section 2.2 

 

On d*-subalgebras of d-transitive d*-algebras 

 

Definition: 2.2.1 [26]  

 Let (X;*, 0) be a d
*
-algebra.  

i. A non empty subset I of X is called a d
*
-subalgebra of X if x * y  I  

whenever x    I and y    I. 

ii. X is said to be d-transitive d*-algebra if  x * z = 0 and z * y = 0  imply    

x * y = 0. 

 

Proposition: 2.2.2  

 Let (X;*, 0) be a d-(d
*
-) algebra and let S be a d-(d

*
-) subalgebra of X. Then 

we have: 

(a) 0    X. 

(b) (S; *, 0) is also a d-(d
*
-) algebra of X . 

(c) X is a d-(d
*
-) subalgebra of X. 

(d) {0} is a d-(d
*
-) subalgebra of X. 

Proof 

 Obvious. 

 

Note:   

 If (X; *, 0) is a BCK- algebra and 0 ≠ x0    X, then ({0, x0}; *, 0) is a            

d-subalgebra of X, but this does not hold in the case of d- (d
*
-) algebra. 

 

 

 

 

 

 



 
 

Example: 2.2.3  

 Let X = {0, 1, 2} be a d-algebra with the table. 

 

* 0 1 2 

0 0 0 0 

1 2 0 2 

2 1 1 0 

Here ({0, 1}; *, 0) is not a d-subalgebra of X. 

 

Lemma: 2.2.4:  

 Let (X;*, 0) be a d-algebra. If x ≠ y and x * y = 0, then y * x ≠ 0. 

Proof 

 Obvious. 

 

Lemma: 2.2.5  

 Let (X; *, 0) be a d
*
-algebra. If x * y = z, then z * x = 0. 

Proof  

 Let z = x * y.  

Then  z * x = (x * y) * x = 0, since X is a d
*
-algebra. 

Hence the proof. 

 

Remark: 2.2.6  

 In the above Lemma 2.2.5, the d
*
-algebra condition is necessary. Consider the 

Example 1.1.6(ii). We see that 1* 2 = 2, but 2 * 1 = 1 ≠ 0, and hence Lemma 2.2.5 

does not hold. 

Definition: 2.2.7  

 An ordered n-tuple a1,a2,….,an of elements in a d-algebra X is called an         

n-sequence. 



 
 

Definition: 2.2.8 

 Given an n-sequence a1, a2,…., an of a d-algebra X, we construct a               

(n-1) × n matrix A as follows: 

                                  a1 * a2    a2 * a1   an * a1  

                 A =             a1 * a3    a2 * a3   an * a2 

                                     

                                    a1 * an    a2 * an  an * an-1  

A is called the adjoint matrix relative to the n-sequence a1, a2, …., an. 

 

Proposition: 2.2.9  

 Given a distinct n-sequence a1, a2, .., an (n   2) of elements of a                       

d-transitive d-algebra X, let A be the adjoint matrix relative to this sequence. Then 

there exists a column in A which is composed of non-zero elements. 

Proof  

 The proof is by induction on n.  

When n = 2, let a1, a2 be a 2-sequence, where a1 ≠ a2, then its adjoint matrix is 

                                  A = (a1 * a2    a2* a1). 

If a1 * a2 = a2 * a1 = 0, then by (d3)  a1 = a2 which is a contradiction.  

So the proposition is true for the case n = 2. 

Now assume that the proposition is true for n - 1. 

Let al, a2,…., an be a distinct n-sequence. 

Then the adjoint matrix relative to this n-sequence is 

                               

                                           a1 * a2       a2 * a1            an-1 * a1         an * a1  

                 An =                      a1 * a3       a2 * a3           an-1 * a2        an * a1 

                                                                                                               

                                              a1 * an-1    a2 * an-1         an-1 * an-2        an * an-2 

                                              a1 * an      a2 * an           an-1 * an          an * an-1 



 
 

Set 

 

                                         a1 * a2        a2 * a1          an-1 * a1            

                 An-1 =                 a1 * a3       a2 * a3           an-1 * a2           

                                                                                                        

                                            a1 * an-1     a2 * an-1        an-1 * an-2            

                                               

 

 It is obvious that An-1 is the adjoint matrix relative to the (n-1) sequence a1, a2, 

, an-1. For this (n -1) sequence we certainly have ai ≠ aj whenever i ≠ j.  Then, by 

the induction hypothesis, we know that there exists in An-1 a column which is 

composed of non-zero elements.  

 Without loss of generality, we can assume that the first column of An-1 is 

composed of non-zero elements, i.e., 

                              a1 * a2    ≠  0,  

                              a1 * a3    ≠  0,                                                                         (1) 

                                            

                              a1 * an-1   ≠  0,  

 Now, if a1 * an ≠ 0, then the elements in the first column of An are all non-

zero, so we are done. 

If a1 * an = 0, then since a1 ≠ an, by Lemma 2.2.4,  

we have  an * a1 ≠ 0.                                                                                           (2) 

For 2 ≤ i ≤ n-1, we shall show that  

we also have an * ai ≠ 0.                                                                                      (3)     

In fact, if an * ai = 0, then since a1 * an = 0,  

we have a1 * ai = 0 (2 ≤ i ≤ n-1).                                                                         (4) 

But (4) contradicts (1).  

By (2) and (3) we know that the n
th

 column of An is composed of non-zero elements.  



 
 

Therefore the conclusion is also true for n.  

Hence the proof. 

 

Proposition: 2.2.10  

 Every d-transitive d
*
-algebra X of order n + 1 contains a d

*
-algebra of order n 

(n ≥ 1). 

Proof 

 Let X = {0,a1,a2 , . . . , a n } be a d-transitive d
*
 -algebra of order 

n + 1, where a1,a2,...an are distinct non-zero elements of X. We construct the adjoint 

matrix An relative to a1 ,a2,..., an as follows: 

 

                                             a1 * a2         a2 * a1           an-1 * a1             an * a1  

                 An =                     a1 * a3         a2 * a3           an-1 * a2        an * a2 

                                                                                                                

                                              a1 * an-1      a2 * an-1       an-1 * an-2         an * an-2 

                                              a1 * an        a2 * an         an-1 * an          an * an-1 

 

By Proposition 2.2.9 there exists in An a column which is composed of 

nonzero elements.  

Without loss of generality, we can assume that the elements in the n
th

 column 

of An are all non-zero, i.e., an * ai ≠ 0, i = 1, 2, …., n-1                        (1) 

Now we shall show that T = {0, a1, a2 , . . . , an-1 } is a subalgebra of order n in 

X. In fact, if T is not a subalgebra of X, then there exist i, j (1 ≤  i, j ≤ n-1) such that i 

≠ j and ai * aj = an.  

 

 

 

 



 
 

Since X is a d
*
-algebra, by Lemma 2.2.5, we have an * ai = 0. 

which contradicts (1). 

Hence the proof. 

 

Note: 

 As a consequence of proposition 2.2.10 we may estimate the number of d
*
-

algebras of order i in a d-transitive d
*
-algebra. 

  

Theorem 2.2.11:  

 Let X be a d-transitive d
*
-algebra of order n. Then  

                   1  N(i)   












1i

1n        (i=1, 2, 3,…………, n ) 

where N(i) denotes the number of d
*
 -subalgebras of order i in X. 

Proof  

 This is a direct consequence of Proposition: 2.2.10.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CHAPTER  III 



 
 

CHAPTER - 3 

 

ON COMPANION d-ALGEBRAS 

 

Section 3.1  

 

Interesting results on companion d-algebras  

 

Definition: 3.1.1 [16]   

A BCK-algebra (X;*,0) is said to have a condition(S) if                                 

A(a, b) = {x   X : x * a   b} has a greatest element for any a, b   X. 

 

Definition: 3.1.2 [7]   

Let (X;*,0) be a d-algebra. 

i. Define a binary operation ⊙ on X by ((x ⊙ y) * x) * y = 0 for any              

x, y   X, which is called a subcompanion operation of X.  

ii. A subcompanion operation ⊙ is said to be a companion operation of X if 

(z * x) * y = 0, then z * (x ⊙ y) = 0 for any x, y, z   X. 

 

Example 3.1.3   

Let X={0, 1, 2,3} be a set with the following tables: 

                             

 

 

 

 

 

Then (X;*,0) is a d-algebra, which is not a BCK/BCI-algebra, and the binary 

operation ⊙ defined above is a companion operation on X. 

 

* 0 1 2 3 

0 0 0 0 0 

1 1 0 0 0 

2 2 2 0 0 

3 2 2 2 0 

⊙ 0 1 2 3 

0 0 1 3 3 

1 1 1 3 3 

2 2 2 3 3 

3 3 3 3 3 



 
 

Definition: 3.1.4 [7]   

A d-algebra X is said to be companion d-algebra if it has a companion 

operation. 

 

Proposition: 3.1.5   

Let (X; *, 0) be a d-algebra. If X has a companion operation ⊙, then it is 

unique. 

Proof   

Assume the binary operations ⊙1 and ⊙2 are companion operations on X .  

Then ( ( x  ⊙i  y )  *  x )  *  y  = 0 for any x, y    X  ( i  =  1, 2). 

We obtain ( x  ⊙1  y ) *  ( x  ⊙2  y )  =  0                                               (1) 

Interchange ⊙1 w i t h  ⊙2.  

Then ( x  ⊙2  y ) *  ( x  ⊙1  y )  =  0                                               (2) 

 ( x  ⊙1  y ) = ( x  ⊙2  y )  

 ⊙1  =  ⊙2 

Hence the operation ⊙ is unique. 

 

Example: 3.1.6  

Every BCK-algebra with condition (S) is a companion d-algebra. 

 

Note:   

Example 3.1.3 is a companion d-algebra which is not a BCK/BCI-algebra. 

This means that a companion d-algebra is a generalization of a BCK/BCI algebra 

with condition (S). 

 

 

 

 

 

 



 
 

Proposition: 3.1.7  

  Let (X; *, ⊙, 0) be a companion d-algebra. Then for any x, y, z   X.             

We have 

(i)     if x * z = 0, then x * (z ⊙ y) = 0. 

(ii)    x * (x ⊙ y) = 0. 

(iii)   x ⊙ 0 = x. 

Proof  

Let (X; *, ⊙, 0) be a companion d-algebra. 

To prove(i): Assume x * z = 0 

Then (x * z) * y = 0 

 0 * y = 0 

 x * (z ⊙ y) = 0 

 To prove(ii): We know x * x = 0 

 Put z = x in (i) 

          x * (x ⊙ y) = 0 

To prove(iii): Assume x * 0 = 0 

Since 0 * x = 0, we have x = 0 by (d3). 

Since X is a companion d-algebra, 

((x ⊙ 0)  * x) * 0= 0 

 (x ⊙ 0)  * x = 0                                                                                             (1) 

If we put y = 0 in (ii), then x * (x ⊙ 0) = 0                                                        (2) 

From (1) and (2) we get (x ⊙ 0) = x. 

 

 

 

 

 

 



 
 

Theorem: 3.1.8  

Let (X; *, ⊙, 0) be a companion d-algebra. Let ◊ be a binary operation on X 

such that (x * y) * z = x * (y ◊ z). Then X is a companion d-algebra and ◊ is exactly 

the operation ⊙. 

Proof  

 Let ◊ be a binary operation on X such that (x * y) * z = x * (y ◊ z).      (1)  

Then ((x ◊ y) * x) * y = (x ◊ y) * (x ◊ y) by (1) 

                                      = 0, by (d1)                                                                   (2)  

Let z    X with (z * x) * y = 0. 

Then by (1) z * (x ◊ y) = (z * x) * y = 0 

Hence ◊ is a companion operation. 

By proposition 3.1.5 ◊ is unique.                                                     

 

Proposition: 3.1.9  

  Let (X; *, ⊙, 0) be a bounded companion d-algebra. That is, there is an 

element 1  X such that x * 1 = 0 for any x   X, then x ⊙ 1 = 1 for any x    X. 

Proof   

Since u * x ≤ 1 for any u   X, (u * x) * 1= 0. 

But X is a companion d-algebra. Therefore, we have u ≤ x ⊙ 1, for any u   X, 

which implies 1 = x ⊙ 1. 

 

Definition: 3.1.10  

  A d/BCK-algebra (X; *, 0) is said to be positive implicative if                        

(x * y) * z = (x * z) * (y * z) for any x, y, z   X. 

 

 

 

 

 



 
 

Proposition: 3.1.11   

Let (X; *, ⊙, 0) be a companion d-algebra. Then 

i. 0 ≤ x ⊙ y, x ≤ x ⊙ y, for any x, y   X. 

ii. If X is positive implicative, then y ≤ x ⊙ y for any x, y   X. 

Proof       

Let (X; *, ⊙, 0) be a companion d-algebra. 

To prove (i): Since (0 * x) * y = 0, 0 ≤ x ⊙ y. 

From (x * x) * y = 0 * y = 0, we obtain x ≤ x ⊙ y. 

To prove (ii): Since X is positive implicative, 

(y * x) * y = (y * y) * (x * y) = 0 * (x * y) = 0. 

Hence y ≤ x ⊙ y. 

 

Theorem: 3.1.12   

Let (X; *, ⊙, 0) be a companion d-algebra. Assume that x * 0 = x                 

for any   x  X. 

i. X is positive implicative. 

ii. If x ≤ y, then x ⊙ y = y. 

iii. x ⊙ x = x 

           for any x, y   X. 

Then i  ii  iii. 

Proof   

Let (X; *, ⊙, 0) be a companion d-algebra and x * 0 = x for any x  X. 

To prove: i  ii 

If x ≤ y, then 

         0 = ((x ⊙ y) * x) * y) 

            = ((x ⊙ y) * y) (x * y)     [X is positive implicative] 

            = ((x ⊙ y) * y) * 0           [ x * y = 0] 



 
 

            = (x ⊙ y) * y,                   [x * 0 = x] 

which means that x ⊙ y ≤ y. 

By applying proposition 3.1.11-(ii), we have x ⊙ y = y. 

To prove: ii  iii 

Let y = x in (ii) 

Then x ⊙ x = x for any x, y   X. 

Hence the proof. 

 

Definition: 3.1.13   

Let (X; *, ⊙, 0) be a companion d-algebra and   ≠ I   X. I is called a           

⊙-subalgebra if x ⊙ y   I for any x, y   I. 

 

Example: 3.1.14  

In Example 3.1.3, the set I1 = {0,1} is a ⊙-subalgebra of X. The set                  

I2 = {0,1, 2} is not a ⊙-subalgebra of X. 

 

Theorem: 3.1.15  

Let (X; *, ⊙ , 0) be a companion d-algebra. If I is a BCKd-ideal of X, then I 

is a ⊙ -subalgebra of X. 

Proof   

Given X is a companion d-algebra 

 ((x ⊙ y) * x) * y = 0   I for any x, y   I. 

 Since I is a BCKd-ideal of X and y   I, we have (x ⊙ y) * x   I. 

 Moreover, since x   I, we obtain x ⊙ y   I. 

Hence I is a ⊙-subalgebra of X. 

 

Note :  

The converse of Theorem 3.1.15 need not be true in general. 

 

  



 
 

Example: 3.1.16  

 In example 3.1.3, J = {0,1, 2, 3} is a ⊙ -subalgebra of X, but not a              

BCKd-ideal of X, since 2 * 3= 0   J , 3   J , but 2 J.  

 

Proposition 3.1.17  

Let (X; *, ⊙, 0) be a companion d-algebra and let I be a BCKd -ideal of X.  If 

x ⊙ y   I, then x   I where x, y   X. 

Proof  

By Proposition 3.1.7-(ii), x * ( x ⊙ y ) = 0   I .  

Since x ⊙ y   I and I is a BCKd-ideal of X, we have x   I. 

 

Corollary: 3.1.18   

Let (X; *, ⊙, 0) be a companion d-algebra and let I be a BCKd -ideal of X . If 

x ⊙ y = y ⊙ x   I, then x, y   I where x, y   X. 

Proof   

Obvious. 

 

Corollary 3.1.19   

Let (X; *, ⊙, 0) be a companion d-algebra and let I be a BCKd -ideal of X . 

Then x   I   x ⊙ x   I. 

Proof   

It follows immediately from Theorem 3.1.15 and Proposition 3.1.17.  

 

  

 

 

 

 

 

 

 

 

 



 
 

 

Section 3.2  
 

On complete companion d-algebras  
 

Definition: 3.2.1 [7]  

Let (X; *, ⊙, 0) be a companion d-algebra. X is said to have a dsu condition 

if (x * y) * (x ⊙ y) = 0 for any x, y   X . 

 

Proposition: 3.2.2  

Let (X; *, ⊙, 0) be a companion d-algebra having the dsu condition. If I is a 

BCKd-ideal of X, then it is a d-subalgebra of X. 

Proof  

By Theorem 3.1.15, x ⊙ y   I for any x, y   I.  

Since X has the dsu condition, (x * y) * (x ⊙ y) = 0   I and I is a BCKd-ideal         

of X,  

x * y   I 

Hence the proof. 

 

Theorem: 3.2.3  

Let  (X;*, ⊙, 0) be a companion edge d
*
-algebra.  

If (z * (x ⊙ y)) * ((z * x) * y) = 0, then X has a dsu condition. 

Proof  

Given X be a companion edge d
*
-algebra and 

consider (z * (x ⊙ y)) * ((z * x) * y) = 0                                                           (1)  

Put z = x * y in (1). Then 

   ((x * y) * (x ⊙ y)) * (((x * y) * x) * y) = 0 

 ((x * y) * (x ⊙ y)) * (0 * y) = 0                   [X: d
*
-algebra] 

 ((x * y) * (x ⊙ y)) * 0 = 0 



 
 

 ((x * y) * (x ⊙ y)) = 0                                    [X: edge] 

Hence X has a dsu condition.  

Hence the proof. 

 

Proposition: 3.2.4   

Let (X; *, ⊙, 0) be a companion edge d-algebra.  

If (z * (x ⊙ y)) * ((x * z) * y) = 0, then X has a dsu condition. 

Proof  

Given X be a companion edge d-algebra  

To prove: X has a dsu condition. 

Consider (z * (x ⊙ y)) * ((x * z) * y) = 0,                                                         (1) 

Put z = x * y in (1). Then  

     ((x * y) * (x ⊙ y)) * ((x * (x * y)) * y) = 0 

 ((x * y) * (x ⊙ y)) * 0 = 0 

 ((x* y) * ( x ⊙ y)) = 0 

Hence X has a dsu condition. 

 

Definition: 3.2.5   

          A companion d-algebra (X; *, ⊙, 0) is said to be complete if for any                  

x   X, there exists an x
*
 in X such that x ⊙ x

*
 = x.  

 

Note:  

x
*
 in the above definition need not be unique.   

For example, in Example 3.1.3,  

we find 2 ⊙ 0 = 2 ⊙ 1 = 2, and 3 ⊙ 1 = 3 ⊙ 2 = 3 

Here x
*
 is not unique. 

 

 

 



 
 

 

 

 

Proposition: 3.2.6   

Let (X; *,⊙, 0)be a companion d-algebra. If we define a partial binary 

relation << by x << y   (x ⊙ z) * (y ⊙ z) = 0 for all z   X, then << is reflexive 

and anti-symmetric.  

Proof  

Clearly, << is reflexive. 

 If x << y, y <<  x , then (x ⊙ z) * (y ⊙ z) = 0 = (y ⊙ z) * (x ⊙ z) for any                 

z   X. By applying (d3) we have 

x ⊙ z = y ⊙ z  for any z   X                                                                             (1) 

Since X is complete, there exist x
*
, y

*   X such that x = x ⊙ x
*
, y = y ⊙ y

*
.  

Put z = x
*
 and z = y

*
 in (1), respectively, then x = x ⊙ x

*
 = y ⊙ x

*
,                              

y = y ⊙ y
*
 = x ⊙ y

*
. 

Thus by Proposition 3.1.7-(ii),  

x * y = x * (x ⊙ y
*
) = 0 and y * x = y * (y ⊙ x

*
) = 0  

 x = y.  

Hence the proof. 

 

Note:  

For any BCK/BCI-algebras the following transitivity condition holds:             

If x * y = 0 and y * z = 0, then x * z = 0. 

This condition does not hold in d-algebra in general. 

 

Note:  

If a d-algebra satisfies the transitivity condition, then the natural order              

≤ given by x ≤ y if and only if x * y = 0 is a partial order. 

 

 

 



 
 

Proposition: 3.2.7  

Let (X; *, ⊙, 0)be a complete companion d-algebra. If X satisfies the 

transitivity condition, then (X; <<) is a poset. 

Proof   

Obvious. 

 

Proposition: 3.2.8  

Let (X; *,⊙, 0)be a complete companion d-algebra. If x << y, then x ≤ y          

in X. 

Proof  

If x << y, then (x ⊙ α) * (y ⊙ α) = 0 for any α   X.  

 (x ⊙ 0) * (y ⊙ 0) = 0  

 x * y = 0  

 x ≤ y. 

 

Note:  

The converse of above Proposition 3.2.8 need not be true in general. 

 

Example: 3.2.9  

Let X = {0, a, b, c, d, 1} be a set with the following table: 

  * 0 a b c d 1  ⊙ 0 a b c d 1 

  0 0 0 0 0 0 0  0 0 a b c d 1 

  a a 0 0 a 0 0  a a b b d 1 1 

  b b a 0 b a 0  b b b 1 b b 1 

  c c c b 0 0 0  c c 1 1 c 1 1 

  d d c b a 0 0  d d 1 1 d 1 1 

  1 1 d b a a 0  1 1 1 1 1 1 1 

Then (X; *, ⊙, 0) is a companion d-algebra, which is not a BCK/BCI-

algebra, since (c * b) * d = a ≠ 0 = (c * b) * b. We know that a ≤ b, but a ⊙ c = d 

and b ⊙ c = b, and d and b are incomparable. Hence a << b does not hold. 

 



 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CHAPTER  IV 

 



 
 

CHAPTER – 4 

 

SOME CONSTRUCTIONS OF IMPLICATIVE/ COMMUTATIVE 

d-ALGEBRAS AND CONSTRUCTIVE FUNCTION d-ALGEBRAS 

 

Section 4.1 

 

Some constructions of implicative/commutative d-algebras 

 

Definition: 4.1.1 [3]    

 A field (X, +, ·) is called 3 -exponential if there is a function                    

φ: X   X such that  

(E1) φ(φ(x)) = x
3
, 

(E2) φ(xy) = φ(x) φ(y), 

(E3) If x ≠ 0, then φ(x) ≠ 0, 

(E4) φ(0) = 0 

        for any x, y   X. 

 

Example: 4.1.2  

 Let X = R be the set of all real numbers. If we define a map φ: X   X 

                 φ(x) =   
















0yxify

0xif0

0xifx

3

3

                      

Then (R; +, ·)   is 3 -exponential. 

 

Proposition: 4.1.3   

 Let (X; +, ·) be a 3 -exponential field. If we define a new binary operation 

∆ on X by x ∆ y = x
2φ(y)y for any x, y   X, then x ∆ (x ∆ y) = y ∆ (y ∆ x) for any 

x, y   X. 

 

 



 
 

Proof    

Given x, y   X, we have 

x ∆ (x ∆ y) = x
2
 φ(x ∆ y) (x ∆ y) 

                   = x
2 φ(x

2φ(y)y) (x
2φ(y)y) 

                   = x
4 

y
4 φ(x)

2 φ(y)
2
.                                                                          (1) 

Similarly,  

y ∆ (y ∆ x) = y
4 
x

4 φ(y)
2 φ(x)

2
                                                                            (2) 

From (1) and (2) 

x ∆ (x ∆ y) = y ∆ (y ∆ x) for any x, y   X. 

Hence the proof. 

 

Definition: 4.1.4   

i. A d/BCK-algebra (X; *, 0) is said to be a commutative d/BCK-algebra if x 

* (x * y) = y * (y * x)   x, y   X. 

ii. A d/BCK-algebra (X; *, 0) is said to be an implicative d/BCK-algebra if x 

= x * (y * x) for any x, y   X. 

 

Theorem: 4.1.5   

 Let X be a set with 0   X. if we define a binary operation * on X by 

                             x * y = 
.yx

,yx

if1

if0









        

then (X; *, 0) is an implicative BCK-algebra. 

Theorem: 4.1.6   

Let (X; +, ·) be a 3 -exponential field and let x ∆ y = x
2φ(y)y  for any          

x, y   X. If we define a binary operation “*” on X by  

         x * y = 

,yxor

.otherwiseyx

,0yifx

0xif0 















         

then (X; *, 0) is an commutative d-algebra. 



 
 

Proof   

Let x * y = y * x = 0 

If x = 0 or y = 0, then it is easy to see that x = y. 

Assume that xy ≠ 0 and x ≠ y, then x
2φ(y)y = y

2φ(x)x = 0,  

 φ(x) = φ(y) = 0.  

By (E3) we obtain x = y, a contradiction to our assumption.  

Hence (X; *, 0) is a d-algebra. 

Claim: (X; *, 0) is commutative.  

If xy ≠ 0 and x ≠ y, then  

x * (x* y) =x ∆ (x ∆ y) = y ∆ (y ∆ x) = y * (y * x) by Proposition 4.1.3.  

The other cases are trivial.  

Hence the proof. 

  

Note:   

The commutative d-algebra (X; *, 0) described in Theorem 4.1.6 need not 

be a BCK-algebra. 

 

Proposition: 4.1.7  

Let X be a field and let x, y   X. If we define x * y = x(x - y) φ(x, y) where 

φ : X × X   X is a function with φ(x, y) ≠ 0 for any x, y   X. Then (X; *, 0) is a 

d-algebra. 

 

 

Proof   

Assume x * y = y * x = 0. 

Then x(x - y)φ(x, y) = 0 and y(y - x)φ(y, x) = 0 

 x(x - y) = 0 = y(y - x). 

This leads to x = y, since x ≠ y = 0 implies x = 0, y = 0, 

i,e., x = y , a contradiction. 

Hence (X; *, 0) is a d-algebra. 



 
 

 

Note:   

A d-algebra (X; *, 0) described in proposition 4.1.6 is called a φ-function      

d-algebra. 

 

Proposition: 4.1.8  

If (X; *, 0) is an implicative d-algebra, then x * 0 = 0 for any x   X. 

Proof   

If X is implicative, then x = x * (y * x) for any x, y  X. 

Put y = x, then x = x * (x * x) = x = x * 0. 

Hence the proof. 

 

Proposition: 4.1.9  

Let (X; *, 0) be a φ-function d-algebra. Then (X; *, 0) is implicative if and 

only if φ satiesfies the condition: 

               φ (x, y * x) = 











.otherwisea

,0xif
x*yx

1

       

where a is an arbitrary element of X. 

Proof   
Obvious. 

 

 

Note:   

If x ≠ 0, then x ≠ y * x in proposition 4.1.9. 

 

Definition: 4.1.10    

 A d/BCK-algebra (X; *, 0) is said to be a positive implicative                          

if (x * y) * z = (x * z)  * (y * x) for any x, y, z   X. 

 



 
 

Proposition: 4.1.11  

 There are no positive implicative φ-function d-algebras which are not BCK-

algebras. 

Proof   

Assume that the implicative φ-function d-algebra (X; *, 0) which is not a 

BCK-algebra is positive implicative. 

Then (x * y) * z = (x * z) * (y * z) for any x, y, z   X.  

Let z = x, then (x * y) * x = (x * x) * (y * x)  

                                          = 0 * (y * x)  

                       (x * y) * x = 0.  

Since (X; *, 0) is a φ-function d-algebra,  

we have 0 = (x * y)[(x * y) - x]φ(x * y, x).  

Since φ(x, y) ≠ 0,  x, y   X,  

we obtain 0 = (x * y)[x * y - x].  

Therefore, either x * y = 0 or x * y = x,  

i.e., x * y   {0, x},  x, y   X.  

Assume that there are x, y   X such that x ≠ 0, x ≠ y and x * y = 0.  

Then 0 = x * y = x(x - y) φ (x, y) ≠ 0, a contradiction.  

Hence we have x * y = 0 if x = y and x * y = x if x ≠ y,  

i.e., (X; *, 0) is an implicative BCK-algebra by Theorem 4.1.5, a contradiction.  

Hence there are no positive implicative φ-function d-algebras which are not     

BCK-algebras. 

 

Theorem: 4.1.12  

A BCK-algebra X is positive implicative if and only if                                  

(x * y) * y = x * y for any x, y   X. 

 



 
 

Proof   
Obvious. 

 

Theorem: 4.1.13  

If the φ -function d-algebra (X; *, 0) is implicative, then                                

(x * y) * y = x * y for any x, y    X. 

Proof   

Let the φ -function d-algebra (X; *, 0) be implicative. 

Then we have x = x (x - y * x) φ(x, y * x) for any x, y    X. 

Assume that x ≠ 0, 

since x = 0 implies (0 * y) * z = 0 = (0 * z) * (y * z).  

Then we have 1 = (x - y * x) φ(x, y * x). 

Hence, φ(x, y * x) = 
)x*yx(

1


   

Also, y * x ≠ 0 and y * x ≠ x * (y * x).  

Then φ(y * x, x) = φ(y * x, x * (y * x)) = 
))x*y(*xx*y(

1


 

                                                                 = 
)xx*y(

1


 

                                                                 = 
)x*yx(

1




                            

                                                                 = -φ(x, y * x) 

Hence  φ(y* x, x) = -φ(x, y * x). 

Given x, y   X, we have 

(y * x) * x = (y * x) (y * x - x) φ(y * x, x) 

                  = (y * x) (y * x - x) [-φ(x, y * x)]  

                  = (y * x) (x - y * x) φ(x, y * x). 

Since x = x * (y * x) = x(x - y * x) φ(x, y * x), we have 



 
 

          x - (y * x) * x = (y * x - x)
2 φ(x, y * x) 

                                 =      (y * x - x)
2
 

)x*yx(

1


                                   

                                  =  x - y * x 

 (y * x) * x =  y * x. 

Hence the proof. 

 

Note:   

In BCK-algebras, the condition (x * y)* (x * z) = (x * y) * x is equivalent to 

the condition (x * y) * y = x * y, but it is not equivalent in d-algebras in general. 

 

Example: 4.1.14   

 If we define a map φ: XX by 

                 φ (x, y)  =  




















0xifb

yxifa

0)yx(xif
yx

1

                     

then the function φ satisfies the conditions of Proposition 4.1.3, and so it defines a 

φ-function d-algebra (X, *, 0) where 

                             x * y = 
yx

yx

if

if

0

x









        

which is an implicative BCK-algebra as described in Theorem 4.1.5. 

 

 

 

 

 



 
 

Example: 4.1.15   

 If we defined a map φ on X by 

                       φ (x, y)  = 













otherwisea

0)xy(yif
)xy(x

y

                       

for an arbitrary element a in X, then 

                               x * y = 















0yifx

yxor0xif0

0)xy(yify

            

leads to a d-algebra. 

If y (y - x) ≠ 0, then x * (y * x) = x * (-x) = x for any x, y   X, showing that              

(X, *, 0) is an implicative d-algebra. Indeed, it is not a BCK-algebra,                     

since ((3 * 4) * (3 * 5)) * (5 * 4) = 4 ≠ 0. 

 

Example: 4.1.16   

  If we apply Example 4.1.15 to the finite field Z5, then we obtain the 

following table:   

* 0 1 2 3 4 

0 0 0 0 0 0 

1 1 0 3 2 1 

2 2 4 0 2 1 

3 3 4 3 0 1 

4 4 4 3 2 0 

 

Then it is an implicative d-algebra, which is not a BCK-algebra,                           

since ((3 * 4) * (3 * 2)) * (2 * 4) = 4 ≠ 0.  

Moreover, it is not positive implicative, since 

(3 * 4) * 5 = -4 * 5 = -5 and (3 * 5) * (4 * 5) = -5 * -5 = 5. 



 
 

Remark: 4.1.17  

  In BCK-algebras, X is an implicative BCK-algebra if and only if it is both a 

positive implicative and a commutative BCK-algebra. But this does not hold in d-

algebras. 

 

 

 

 

  



 
 

Section 4.2 

Construction of many d-algebras 

Definition: 4.2.1 [3]  

 Let f, g : R   R be real valued functions such that f(t) = 0 if and only if 

t = 0 and g(t) = 0 if and only if t = 0. Furthermore, let h : R
2
   R be a real valued 

function such that h(u, t) ≠ 0 when u ≠ t. We say a triple (f, g, h) described above is 

called a constructive function triple on R. 

 

Example:  4.2.2  

 f(t) = g(t) = t, h(u, t) = 1 is a constructive function triple on R. 

 

Theorem: 4.2.3  

Let (f, g, h) be a constructive function triple on R and e   R. If we define      

x * y = f(x - y) g(e - x) h(x, y) + e, where x, y   R. Then (R; *, e) is a d-algebra. 

Proof   

For any x   R, x * x = f(0) g(e - x) h(x, x) + e = e  

and e * x = f(e - x) g(0) h(e, x) + e = e. 

 If x * y = y * x = e, then f(x - y) g(e - x) h(x, y) = 0 = f(y - x) g(e - y) h(y, x). 

Assume x ≠ y.  

Then h(x, y) ≠ 0 ≠ h(y, x) and f(y - x) g(e - y) = 0.  

This means either x - y = 0 or e - x = 0; either y - x = 0 or e - y = 0.  

Since x ≠ y, we obtain e - x = 0, e - y = 0, i.e., x = e = y, a contradiction.  

Hence (R; *, e) is a d-algebra.  

 

Example:  4.2.4  

The functions f(t) = e
t
 - 1, g(t) = t

3
 and h(u, t) = (u - t)

2
 will yield a                  

d-algebra on the reals. 



 
 

Definition:  4.2.5 

The d-algebra (R; *, e) described in the above theorem is called a 

constructive function d-algebra on R determined by (f, g, h). 

 

Example:  4.2.6  

 Let K be any subring of the real numbers R and let (f, g, h) be a constructive 

function triple on K. If we define x * y on K as x * y = f(x - y) g(e - x) h(x, y) + e, 

where e   K.  

Then (K; *, e) is a d-algebra. 

 

Example:  4.2.7  

Let D be any (not necessarily commutative) integral domain and let            

(f, g, h) be a constructive function triple on D. If we define x * y on D as                   

x * y = f(x - y) g(e - x) h(x, y) + e, where e   D, then (D; *, e) is a d-algebra. 

 

Proposition: 4.2.8  

 Let (R; *, e) be a constructive function d-algebra determined by (f, g, h) 

satisfying the condition:  x * e = x for all x   R. 

Then f(t) g(-t) h(t + e, e) = t for any t in R. 

Proof   

Since x * e = x, we have x = x * e = f(x - e) g(e - x) h(x, e) + e. 

Thus f(x - e) g(e - x) h(x, e) = x - e.  

If x - e = t, then f(t) g(-t) h(t + e, e) = t. 

 

 

 

 



 
 

Example:  4.2.9  

 If f(t) = g(t) = 3 t , then h(t + e, e) = 3 t , where e   R.  

If we take t = x-e, then h(x, e) = 3 ex  . 

Hence x * y = 3 ex  3 ex  3 yx   + e satisfies x * e = x for all x   R. 

 

 

Theorem: 4.2.10  

  Let (R; *, e) be a constructive function d-algebra determined by (f, g, h). If 

it satisfies the condition  (x * (x * y)) * y = e for any x, y   R, then it also satisfies 

x * e = x for all x   R. 

Proof   

  Assume (x * (x * y)) * y = e for any x, y   R. 

 Let u = x * (x * y).  

Then e = u * y = f(u - y) g(e - u) h(u, y) + e  

 f(u - y)g(e - u)h(u, y) = 0.  

If u ≠ y, then h(u, y) ≠ 0  

either f(u - y) = 0 or g(e - u) = 0.  

Hence e = u = x * (x * y) for any x, y   R.  

If we take y = e, then e = x * (x * e) = f(x - x * e) g(e - x) h(x, x * e) + e. 

Thus f(x - x * e)g(e - x)h(x, x * e) = 0. 

Since it is a constructive function d-algebra, we obtain either x = x * e or  e - x = 0.  

i.e., in any case x = x * e since e = e * e as well.  

If u = y, then x * (x * y) = u = y.  

If we take y = e, then x * (x * e) = x,  

                              x = x * e for any x   R.  

Hence the proof 



 
 

Theorem: 4.2.11  

Let (C; *, e) be a constructive function d-algebra on the algebraically closed 

field C of complex numbers. If we define x * y = (x - y)(e - x)+e, then the solution 

set of F(x, y) = x * (x * y) − y * (y * x) = 0 is             

 










































2

2

1
2

2

1
ey

2

2

1
e-xor x y|y)(x,  

 

Proof  

For any x, y   X, 

x * (x * y) = x * ((x - y)(e - x) + e) 

                  =  (x - ((x - y)(e - x) + e)) (e - x) + e  [since (x * y) = (x-y)(e-x) + e)] 

                  =  (x - (x - y)(e - x) - e) (e - x) + e  

                  =  ((x - e) - (x - y)(e - x)) (e - x) + e   

                  = -((e - x) + (x - y)(e - x)) (e - x) + e   

x * (x * y) = -(1 + x - y)(e - x)
2
 + e.  

Similarly, y * (y * x) = -(1 + y - x)(e - y)
2
 + e.  

Hence F(x, y) = [x * (x * y)] – [y * (y * x)]  

                       = [-(1 + x - y)(e - x)
2
 + e] – [-(1 + y - x)(e - y)

2
 + e]  

                       = -(1 + x - y)(e - x)
2
 + e + (1 + y - x)(e - y)

2
 - e  

                       = -(e - x)
2
 - ( x - y)(e - x)

2
 + (e - y)

2
 - (x - y)(e - y)

2
  

                       = (e - y)
2
 -(e - x)

2
 + ( x - y)[-(e - x)

2
 - (e - y)

2
] 

                       = (e - y + e - x) [(e - y) - (e - x)] + ( x - y)[-(e - x)
2
 - (e - y)

2
 ] 

                       = ( x - y) [(e - y) - (e - x)] + ( x - y)[-(e - x)
2
 - (e - y)

2
 ] 

                       = (x - y)[(e - x) + (e -y) - (e - x)
2
 - (e - y)

2
] 



 
 

F(x, y) = 0 

 (x - y)[(e - x) + (e -y) - (e - x)
2
 - (e - y)

2
] = 0 

 (x - y) = 0 or (e - x) + (e -y) - (e - x)
2
 - (e - y)

2
 = 0 

 x = y or (e - x) + (e -y) - (e - x)
2
 - (e - y)

2
  = 0 

 x = y or (x - e)
2
 + (y - e)

2
 + (x - e) + (y -e) = 0 

 x = y or 

222

2

1

2

1
ey

2

1
e-x 


























  

Hence the solution of F(x,y) is : 

 x – y = 0 

              or 

2

2

1
2

2

1
ey

2

2

1
e-x 


























 . 

This is a description of the commutativity set of the d-algebra. This is an algebraic 

set of the union of two algebraic geometry varieties, viz., the line x = y and the 

complex circle. 

 

Note:   

Consider the equation E(x, y) = (x * (x * y)) * y - e = 0. This set is referred 

as the implicativity set of the d-algebra.  

Since x * y = (x - y)(e - x) + e, and  x * (x * y) = (y - x - 1)(e - x)
2
 + e, 

(x * (x * y)) * y     =  [(y - x - 1)(e - x)
2
 + e – y] [e - ((y - x - 1)(e - x)

2
 + e)] + e 

                                =  [(y - x - 1)(e - x)
2
 + (e – y)] [e - (y - x - 1)(e - x)

2
 - e] + e 

                                =  [(y - x - 1)(e - x)
2
 + (e – y)] [- (y - x - 1)(e - x)

2
 ] + e             

(x * (x * y)) * y - e = [(y - x - 1)(e - x)
2
 + (e – y)] [- (y - x - 1)(e - x)

2
] 

E(x, y) = (y - x -1)(e - x)
2
[y - e - (y - x - 1)(e - x)

2
] = 0. 

 



 
 

E(x, y) = 0 

(y - x -1)(e - x)
2
[y - e - (y - x - 1)(e - x)

2
] = 0. 

x = e or y = x + 1, or y(1 - (e - x)
2
) = e - (x + 1)(e - x)

2
.  

If (e - x)
2
 = 1, then x = e ± 1,  

while otherwise, y = 
2

2

)xe(1

)xe)(1x(e



  

If e = 0, then y = x + 1 +
1x

1


 with asymptote y = x + 1, which is also on the 

implicativite set. 
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Chapter 5 

ON FUZZY d-ALGEBRAS 

Section 5.1 

Preliminary  Definitions and results in fuzzy sets 

Definition: 5.1.1 [40]  

 Let X be any arbitrary set. Let I = [0,1] be the unit interval. Any function µ: 

X   [0,1] is called a fuzzy set on X. The collection of all fuzzy sets defined on X 

is defined by I
X
. 

 

Definition: 5.1.2  

Let μ and γ be fuzzy sets on X, then 

i. μ = γ           μ(x) = γ(x),  x   X.  

ii. μ ≤ γ           μ(x) ≤ γ(x),  x   X. 

iii. (μ γ)(x)     max{μ(x), γ(x)/ x   X}. 

iv. (μ γ)(x)     min{μ(x), γ(x)/ x   X}. 

v. μ
c
(x)          1- μ(x),  x   X. 

 

 Definition: 5.1.3  

For a family of fuzzy sets { μλ}λ  , the union 




and the intersection 




are 

defined by      

                    ( 

 )(x) = }Xx)x({sup 



 

                               (


 )(x) = }Xx)x({inf 


. 

 Definition: 5.1.4  

The symbol  0x or   will be used to denote an empty fuzzy set 0x is defined 

as 0x(x) = 0 for all x   X and 1x or X denotes the whole fuzzy set where 1x is 

defined as 1x(x) = 1  x   X.   



 
 

Definition: 5.1.5  

The constant fuzzy set, denoted by α, is defined as, α(x) = α,  x   X. 

Definition: 5.1.6 

Any subset μ of X can be identified with a fuzzy set χμ, the characteristic 

function of μ. The function χμ : X  [0,1] is defined by 

                   χμ(x) = 1 if x  μ 

                            = 0 if x  μ 

 

Definition: 5.1.7  

Let μ be a fuzzy set on X. The set {x  μ│μ(x) > 0} is called the support of 

μ and is denoted by supp μ. If μ takes only the values 0, 1 then μ is called a crisp 

set in X.  

 

Definition: 5.1.8  

Let μ be a fuzzy set of a set X. For a fixed s  [0, 1], the set                                

μs = U(μ;s) = {x  μ│μ(x) ≥ s} is called an upper level subset of μ. 

 

 

 

 

 

 

 

 



 
 

Section 5.2  

 

On fuzzy subalgebras 

Definition: 5.2.1 [6]  

A fuzzy set μ in d-algebra X is called a fuzzy subalgebra of X if it satisfies 

μ(x * y) ≥ min {μ(x), μ(y)} for all x, y  X. 

 

Example: 5.2.2 

          Consider a d-algebra (X; *, 0) as in Example 1.1.6-(ii). 

Define a fuzzy set µ: X   [0,1] by μ(0) = 0.7,  μ(x) = 0.02, where for all x ≠ 0. 

Then μ is a fuzzy subalgebra of X. 

  

Example 5.2.3  

Let X = {0, 1, 2, ... } be a set and the operation * be defined as follows: 

                          x * y = 
xy

yx

ifyx

if0










   

Then (X; *, 0) is an infinite d-algebra. 

Define a fuzzy set µ: X   [0,1] by μ(0) = t1,  μ(x) = t2, where for all x ≠ 0,                   

where t1 > t2. 

Then μ is a fuzzy subalgebra of X. 

 

Proposition: 5.2.4  

A fuzzy set μ of a d-algebra X is a fuzzy subalgebra if and only if for every t 

 [0, 1] the upper level subset μt is either empty or a subalgebra of X. 

Proof  

Suppose that μ is a fuzzy subalgebra of a d-algebra X and μt ≠ 0, then for 

any x, y  μt, we have μ(x * y) ≥ min {μ(x), μ(y)} ≥ t. 

 



 
 

 

This implies x * y  μt. 

Hence μt is a subalgebra of X. 

Conversely, 

Take t = min {μ(x), μ(y)}, for any x, y  X. 

Then by assumption, μt is a subalgebra of X. 

This implies x * y  μt. 

Therefore μ(x * y) ≥ t = min {μ(x), μ(y)}. 

Hence μ is a fuzzy subalgebra of X. 

 

Proposition: 5.2.5  

Any subalgebra of a d-algebra X can be realized as an upper level 

subalgebra of some fuzzy subalgebra of X. 

Proof  

Let A be a subalgebra of a d-algebra X and μ be a fuzzy set in X defined by          



 


otherwise0

Axif,t
)x(             where t  (0,1). 

It is clear that μt = A. 

Let x, y  X. 

If x, y  A, then x * yA. 

So μ(x) = μ(y) = μ(x * y) = t and μ(x * y) ≥ min {μ(x), μ(y)}. 

If x, y  A, then μ(x) = μ(y) = 0. 

Thus μ(x * y) ≥ min {μ(x), μ(y)} = 0. 

If at most one of x, y  A, then at least one of μ(x) and μ(y) is equal to 0. 

Therefore, min{μ(x), μ(y)}= 0 and μ(x * y) ≥ 0 which completes the proof. 

 

 



 
 

Corollary: 5.2.6  

Let A be a subset of X. Then the characteristic function  χA is a fuzzy 

subalgebra of  X if and only if A is a subalgebra of  X. 

Proof  

             Obvious. 

 

Lemma: 5.2.7  

Let μ be a fuzzy subalgebra of a d-algebra X with finite image. If μs = μt for 

some s, t  Im(μ), then s = t. 

Proof  

             Obvious. 

 

Lemma: 5.2.8  

Let μ and λ be two fuzzy subalgebras of a d-algebra X with identical family 

of level subalgebras. If Im(μ) = {t1, t2, ... , tn} and Im(λ) = {s1, s2, ... , sm}, where t1≥ 

t2 ≥ ....≥ tn and s1≥ s2≥ ... ≥sm. Then 

(1) m =  n. 

(2) 
it

  = 
is  , for i= 1, 2, ... , n. 

(3) If μ(x) = si, then ¸(x) = si , for all x  X and i=1, 2, …, n. 

Proof  

             Obvious. 

 

Proposition: 5.2.9  

Let μ and λ be two fuzzy subalgebras of a d-algebra X with identical family 

of level subalgebras. Then μ = λ  Im(μ) = Im(λ). 

Proof  

Let Im(μ) = Im(λ) = {s1, ..., sn} and s1 > ... > sn. 

 By lemma 5.2.8, for any x  X, there exists si such that μ(x) = si = λ(x).  

Thus μ(x) = λ(x),  x  X. 

Hence proved. 

 



 
 

Proposition: 5.2.10  

Let X be a d-algebra.Two level subalgebras μs and μt, (s < t) of a fuzzy 

subalgebra µ are equal if and only if there is no x  X such that s ≤ μ(x) < t. 

Proof  

Suppose that μs = μt for some s < t.  

If there exists x  X such that s ≤ μ(x) < t, then μt is a proper subset of μs, which is 

contradicting the hypothesis. 

Conversely, 

suppose that there is no x  X such that s ≤ μ(x) < t. 

If  x  μs, then μ(x) ≥ s and so μ(x) ≥ t, since μ(x) does not lie between s and t. 

Thus x  μt, which gives μs   μt.  

The converse inclusion, μt   μs is obvious since s < t. 

Therefore, μs = μt. 

Hence the proof. 

 

 

 

 

 

 

 

 

 

 

 

 



 
 

Section 5.3  

On fuzzy d-ideals in d-algebras 

Definition: 5.3.1 [6]  

A fuzzy set μ in a d-algebra X is called fuzzy BCKd-ideal of X if it satisfies 

the following inequalities: 

(1) μ(0) ≥ μ(x), 

(2) μ(x) ≥ min{μ(x * y), μ(y)}  

     for all x, y  X. 

 

Definition: 5.3.2 [6]  

A fuzzy set μ in a d-algebra X is called fuzzy d-ideal of X if it satisfies the 

following inequalities: 

(Fd1) μ(0) ≥ μ(x), 

(Fd2) μ(x) ≥ min{μ(x * y), μ(y)}, 

(Fd3) μ(x * y) ≥ min{μ(x), μ(y)} 

         for all x, y  X. 

 

Example: 5.3.3 [37]  

Let X = {0, 1, 2, 3} be a d-algebra with the following Cayley table: 

 

 

 

 

 

 

 

Define fuzzy set μ in X by μ(0) = 0.8 and μ(x) = 0.01 for all x ≠ 0 in X. 

This shows that μ is a d-ideal of X. 

* 0 1 2 3 

0 0 0 0 0 

1 1 0 0 1 

2 2 2 0 0 

3 3 3 3 0 



 
 

Note:  

(1) In a d-algebra X, every fuzzy d-ideal is a fuzzy BCKd-ideal, and every fuzzy 

BCKd-ideal is a fuzzy subalgebra of X. 

(2)  Every fuzzy d-ideal of a d-algebra X is a fuzzy subalgebra of X. 

 

Theorem: 5.3.4  

Let X be a d-algebra.If each non-empty level subset U(μ; t) of μ is a fuzzy 

ideal of X then μ is a fuzzy d-ideal of X, where t  [0, 1]. 

Proof  

Assume that each non-empty level subset U(μ; s) of μ is a d-ideal.  

Then μ satisfies (Fd1) and (Fd2). 

Assume that μ(x * y) < min{μ(x), μ(y)} for some x, y  X.  

Take t0 = 1/2{μ(x * y) + min (μ(x), μ(y))}, then x, y  U(μ; t0). 

Since μ is a d-ideal of X, x * y  U(μ; t0). 

Therefore, μ(x * y) ≥ t0 , a contradiction.  

Hence assumption is wrong.  

Hence the proof. 

 

Definition: 5.3.5  

Let λ and μ be the fuzzy sets in a set X. The cartesian product                                 

λ × μ : X × X   [0, 1] is defined by (λ × μ)(x, y) = min{λ(x), μ(x)},                        

 x, y  X. 

 

 

 

 

 

 



 
 

Theorem: 5.3.6  

If λ and μ are fuzzy d-ideals of a d-algebra X. Then λ × μ is a fuzzy d-ideal 

of X × X. 

Proof  

For any (x, y)  X × X, we have 

(λ × μ)(0, 0) = min {λ(0), μ(0)} ≥ min {λ(x), μ(y)} = (λ × μ)(x, y) 

Let (x1, x2) and (y1, y2)  X × X.  

Then (λ × μ)((x1, x2)) =  min {λ(x1), μ(x2)} 

                                   ≥ min { min {λ(x1 * y1), λ(y1)}, min {μ(x2 * y2), μ(y2)}} 

                                   = min { min {λ(x1 * y1), μ(x2 * y2)}, min {λ(y1), μ(y2)}} 

                                   = min {(λ × μ)((x1 * y1, x2 * y2)), (λ × μ)((y1, y2))} 

                                   = min {(λ × μ)((x1, x2) * (y1, y2)), (λ × μ)((y1, y2))} 

and (λ × μ)((x1, x2) * (y1, y2)) = (λ × μ)((x1 * y1, x2 * y2)) 

                                                = min { λ (x1 * y1), μ(x2 * y2)} 

                                                ≥ min { min {λ(x1), ¸(y1)}, min {μ(x2), μ(y2)}} 

                                                = min { min {λ(x1), μ(x2)}, min {λ(y1), μ(y2)}} 

                                                = min {(λ × μ)((x1, x2)), (λ × μ)((y1, y2))}. 

Hence λ × μ is a fuzzy d-ideal of X × X. 

 

Theorem: 5.3.7  

Let λ and μ be fuzzy sets in a d-algebra X such that λ × μ is a fuzzy d-ideal of          

X × X. Then 

(i) either λ(0) ≥ λ(x) or μ(0) ≥ μ(x),  x  X. 

(ii) If λ(0) ≥ λ(x),  x   X, then either μ(0) ≥ λ(x) or μ(0) ≥ μ(x). 

(iii) If μ(0) ≥ μ(x),  x X, then either λ(0) ≥ λ(x) or λ (0) ≥ μ(x). 

 

 

 



 
 

Proof  

(i) Assume λ(x) > λ(0) and μ(y) > μ(0), for some x, y  X. 

          Then (λ × μ)(x, y) = min {λ(x), μ(y)} > min {λ(0), μ(0)} = (λ × μ)(0, 0) 

           (λ × μ)(x, y) > (λ × μ)(0, 0),   x, y  X 

          which is a contradiction.  

          Hence (i) is proved. 

(ii) Assume μ(0) < λ(x) and μ(0) < μ(y),   x, y  X.  

           Then (λ × μ)(0, 0) = min {λ(0), μ(0)} = μ(0) 

           and (λ × μ)(x, y) = min {λ(x), μ(y)} > μ(0) = (λ × μ)(0, 0) 

            (λ × μ)(x, y) > (λ × μ)(0, 0) 

        which is a contradiction. 

         Hence (ii) is proved. 

Similarly (iii) can be proved. 

 

Theorem: 5.3.8  

If λ × μ is a fuzzy d-ideal of X × X, then λ or μ is a fuzzy d-ideal of X. 

Proof 

By Theorem 5.3.7(i), without loss of generality we assume that                   

μ(0) ≥ μ(x),   x  X. 

It follows from Theorem 5.3.7(iii) that either λ(0) ≥ λ(x) or λ(0) ≥ μ(x).  

If λ(0) ≥ μ(x),   x  X.  

Then (λ × μ)(0, x) = min {λ(0), μ(x)} = μ(x)                                                    (1) 

Since λ × μ is a fuzzy d-ideal of X × X.  

Therefore, (λ × μ)(x1, x2) ≥ min {(λ × μ)((x1, x2) * (y1, y2)), (λ × μ)(y1, y2)} 

and (λ × μ)((x1, x2) * (y1, y2)) ≥ min {(λ × μ)((x1, x2), (λ × μ)(y1, y2)} 

 (λ × μ)(x1, x2) ≥ min {(λ × μ)((x1 * y1, x2 * y2)), (λ  ×μ)(y1, y2)} 

and (λ × μ)((x1 * y1, x2 * y2)) ≥ min {(λ × μ)((x1, x2), (λ × μ)(y1, y2)}. 

 

 



 
 

Putting x1 = y1 = 0,  

we have (λ × μ)(0, x2) ≥ min {(λ × μ)(0, x2 * y2), (λ × μ)(0, y2)} 

and (λ × μ)(0, x2 * y2) ≥ min {(λ × μ)(0, x2), (λ × μ)(0, y2)}. 

Using equation (1),  

we have μ(x2) ≥ min{μ(x2 * y2), μ(y2)}and μ(x2 * y2) ≥ min{μ(x2), μ(y2)}. 

 μ is a fuzzy d-ideal of X. 

The second part is similar.  

Hence the proof. 

 

Definition: 5.3.9  

Let A be a fuzzy set in a set S, the strongest fuzzy relation on S that is fuzzy 

relation on A is μA given by μA(x, y) = min{A(x),A(y)}, for all x, y  S. 

Theorem: 5.3.10  

Let A be a fuzzy set in a d-algebra X and μA be the strongest fuzzy relation 

on X. Then A is a fuzzy d-ideal of X if and only if μA is a fuzzy d-ideal of X × X. 

Proof 

Suppose that A is a fuzzy d-ideal of X.  

Then μA(0,0) = min{A(0),A(0)} ≥ min{A(x),A(y)} = μA(x,y),                                    

  (x, y)  X × X. 

For any x = (x1, x2) and y = (y1, y2)  X × X, 

we have μA(x) = μA(x1, x2)  

                        = min {A(x1), A(x2)} 

   ≥ min { min {A(x1 * y1), A(y1)}, min {A(x2 * y2), A(y2)}} 

  = min { min {A(x1 * y1), A(x2 * y2)}, min {A(y1), A(y2)}} 

  = min {μA(x1 * y1, x2 * y2), μA(y1, y2)} 

 = min {μA((x1, x2) * (y1 * y2)), μA(y1, y2)} 

 = min {μA(x * y), μA(y)} 

 



 
 

and μA(x * y) = μA((x1, x2) * (y1, y2)) 

 = μA((x1 * y1, x2 * y2)) 

 = min {A(x1 * y1), A(x2 * y2)} 

 ≥ min {min {A(x1), A(y1)}, min {A(x2), A(y2)}} 

 = min { min {A(x1), A(x2)}, min {A(y1), A(y2)}} 

 = min {μA((x1, x2), μA(y1, y2)} 

 = min {μA(x), μA(y)}. 

Hence μA is a fuzzy d-ideal of X × X. 

Conversely, 

suppose that μA is a fuzzy d-ideal of X × X.  

Then min{A(0),A(0)} = μA(0,0) ≥ μA(x,y) = min {A(x),A(y)},                               

(x, y)  X × X. 

It follows that A(x) ≤ A(0),  x  X. 

For any x = (x1, x2), y = (y1, y2)  X × X, we have  

        min{A(x1),A(x2)} = μA(x1, x2) 

≥ min {μA((x1, x2) * (y1, y2)), μA(y1, y2)} 

= min {μA(x1 * y1, x2 * y2), μA(y1, y2)} 

= min{min{A(x1 * y1),A(x2 * y2)}, min{A(y1),A(y2)}} 

= min{min{A(x1 * y1),A(y1)},min{A(x2 * y2),A(y2)}}. 

Putting x2 = y2 = 0, 

we have μA(x1) ≥ min {μA(x1 * y1), μA(y1)}. 

Likewise, μA(x1 * y1) ≥ min {μA(x1), μA(y1)}. 

Hence A is fuzzy d-ideal of X. 

 

 

 

 



 
 

Definition: 5.3.11  

Let f : X Y be a mapping of d-algebras and μ be a fuzzy set of Y. The 

map μ
f
 is the pre-image of μ under f, if μ

f
 (x) = μ(f(x)),   x  X. 

 

Theorem: 5.3.12  

Let f : X Y be a homomorphism of d-algebras. If μ is a fuzzy d-ideal of 

Y, then μ
f 
is a fuzzy d-ideal of X. 

Proof  

For any x  X, we have 

μ
f 
(x) = μ(f(x)) ≤ μ(´0) = μ(f(0)) = μ

f
 (0) 

Let x, y  X. 

Then min{μ
f
(x * y), μ

f
(y)} = min{μ(f(x * y)), μ(f(y))} 

                                              = min{μ(f(x) * f(y)), μ(f(y))} 

                                              ≤ μ(f(x))  

                                              = μ
f
(x). 

and min {μ
f
(x), μ

f
(y)} = min {μ(f(x)), μ(f(y))} 

                                      = min {μ(f(x)), μ(f(y))} 

                                      ≤ μ(f(x) * f(y))  

                                      = μ(f(x * y))  

                                      = μ
f
(x * y). 

Hence μ
f
 is a fuzzy d- ideal of X. 

 

 

 

 

 

 

 



 
 

Theorem: 5.3.13  

Let f : XY be an epimorphism of d-algebras. If μ
f
 is a fuzzy d-ideal of 

X, then μ is a fuzzy d-ideal of Y. 

Proof  

Let y  Y, there exists xX such that f(x) = y.  

Then μ(y) = μ(f(x)) = μ
f
(x) ≤ μ

f
(0) = μ(f(0)) = μ(´0) 

Let x, y  Y.  

Then there exist a, bX such that f(a) = x and f(b) = y.  

μ(x) = μ(f(a)) = μ
f
(a) 

                           ≥ min {μ
f
(a * b), μ

f
(b)} 

                           = min {μ(f(a * b)), μ(f(b))} 

                           = min {μ(f(a) * f(b)), μ(f(b))} 

                           = min {μ(x * y), μ(y)}  

and μ(x * y) = μ(f(a) * f(b)) = μ
f
(a * b) 

                                             ≥ min {μ
f
(a), μ

f
(b)} 

                                            = min {μ(f(a)), μ(f(b))} 

                                            = min {μ(x), μ(y)}. 

Hence μ is a fuzzy d- ideal of Y. 
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 CONCLUSION 

 



 
 

SUMMARY AND CONCLUSION 

            Y. Imai and K. Iseki [13, 14] introduced two classes of abstract algebras: 

BCK-algebras and BCI-algebras. It is known that the notion of BCI-algebras is a 

generalization of BCK-algebras. J. Neggers and H. S. Kim [33] introduced the class 

of d-algebras which is another generalization of BCK-algebras, and investigated 

relations between d-algebras and BCK-algebras. 

            L. A. Zadeh [40] introduced the notion of fuzzy sets and A. Rosenfeld [37] 

introduced the notion of fuzzy group. Following the idea of fuzzy groups,            O. 

G. Xi [39] introduced the notion of fuzzy BCK-algebras. In [6] M. Akram fuzzified 

d-algebras. 

 

 In this thesis we have made an attempt to study the properties of                     

d-algebras and fuzzy d-algebras. 

 In chapter 1, the notion of d-algebras which is another generalization of 

BCK-algebras and ideal theory in d-algebras are investigated due to J. Neggers    

[33, 34].  

 In chapter 2, the properties of quotient d-algebras are given. Also the 

number of d
*
-subalgebras of order i in a d-transitive d

*
-algebra is estimated           

[34, 26]. 

 In chapter 3, a theory of companion d-algebras is studied in a detailed 

manner due to P. J. Allen, H. S. Kim and J. Neggers [7]. 

 In chapter 4, some constructions of implicative/commutative d-algebras 

which are not BCK-algebras are given [3]. Also some properties of the constructive 

function d-algebras on R determined by constructive function triple (f, g, h) are 

discussed [8]. 



 
 

 In chapter 5, the fuzzification of d-algebras and d-ideals in d-algebras are 

studied due to M. Akram [6]. 

 A deep study of d-algebras and fuzzy d-algebras can be extended to 

intuitionistic fuzzy sets and interval valued intuitionistic fuzzy sets. So it provides a 

lot of scope for further research. 
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