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INTRODUCTION



INTRODUCTION

The concept of fuzzy topology was first introduced by Chang in 

1968[10], Since then many topological concepts like compactness, separation 

axioms, connectedness etc., have been extended to fuzzy topological spaces. 

In this thesis, an entirely new approach is followed in the study of fuzzy 

topological spaces. This approach is new in the sense that it has no 

counterpart in classical topology.

A fuzzy set which assumes only a finite set of values is called a finite 

fuzzy set. A fuzzy topology in which all open sets are finite is called a finite 

fuzzy topology. A finite fuzzy topology 8 is said to be a strong finite fuzzy 

topology if all the members of 5 have a common codomain, denoted by J(8). 

In the literature available so far, many important examples are finite fuzzy 

topologies.

The first problem discussed in this thesis is to associate a sequence of 

finite fuzzy topologies with a given fuzzy topology and to study how best this 

sequence of finite fuzzy topologies reflects the properties of the original fuzzy 

topology.

The second problem deals with extending the concept of fuzzy 

topology to intuitionistic fuzzy sets[102].
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An intuitionistic fuzzy set on a set X is a pair ( / ,  g ) of fuzzy sets 

defined on X such that 0 < /(x )  + g (x) < 1 for all x e X.

A new concept called ^ stru cture is introduced as follows :

An - structure ?  on a set X is a set ?  of intuitionistic fuzzy sets 

satisfying the following conditions :

^ 1 . ( 1 ,0 )  G ( 0 ,1 ) 6 ? .

^ 2 -  A. e A => ( y f x ,A g x ) e ?

& 3 . e ? ,  for j = 1,2, . . . . ,k => ( a  f h v gj) e  ?

Every ^ s tru c tu re  ?  induces two fuzzy topologies denoted by (?  (8))1 

and (?(8))2 . Every fuzzy topology 8 = { /  x | ^  e A } induces an 

^-structure ? 6 = { ( f ,  , 1 -_£) | A. e A }.

The concept of continuity , separation axioms and compactness are 

introduced and studied in the case of ^ stru c tu red  spaces.

In the third problem, two sequences of finite valued gradations n£ and 

are associated with a given gradation of openness and their properties are 

studied.

The first problem is studied in Chapter I. For every positive integer n , 

a finite fuzzy topology n8 is associated with a given fuzzy topology 8.
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Given a fuzzy set /  on a set X, the nth upper approximation " /  is 

defined as follows :

n/ ( x )  = 0 if / ( x )  = 0 .

Y(x) = —  if -  < /(x )  < —  for i = 0,1,2,3, . . . ,  n-1. 
n n n

If 8 is a fuzzy topology on X, then n8 ={“/  | /  e 8 } is a fuzzy topology on X. 

Some important properties of the sequence {n5} can be stated as follows :

(i)  . sup { i ( n5 ) | n = 1,2............ } = i(S) where i(8) is the topology

generated by { f 1 ( 6 ,1] | £  > 0 , / e  8 }.

(ii) . If 0 : ( X, 8 ) -» ( Y, ct ) is fuzzy continuous (open), then

0 : ( X, n8 ) -> ( Y, n a  ) is fuzzy continuous (open) for all n.

(iii) . Let ( Y , a  ) be a fuzzy topological space and 0 : X -»  Y be a map.

If 8 is the smallest fuzzy topology on X which makes

0 : (X,8 ) -»  ( Y, ct ) fuzzy continuous, then n8 is the smallest fuzzy 

topology on X which makes 0 : (X, nS ) —> ( Y, "ct ) fuzzy continuous.

(iv) . Let ( X , 8 ) and ( Y , a  ) be two fuzzy topological spaces. Let 8 X a

be the product fuzzy topology on X x Y. Then n( 8 x ct ) = n8 x "a,

(v) . Let 8 , a  be two fuzzy topologies on a set X. Then n(8 vct) = “8 v n<r.

With every fuzzy topology 8, a fuzzy topology 8° is associated such 

that 8° is the largest fuzzy topology containing 8 and n8 = n(8°) for every n.

8° -  { /  | " /  e n8 foreveryn}
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Some important results on 5° are as follows :

(i) . i(8) = i ( 5°).

(ii) . If 8 is topologically generated, then 8 = 8°.

(iii) . 8 c  a  => 8° <z

(iv) . (8 v  ct)° = 8° v a 0.

(v) . (8  x a ) 0 = 8° X a °

(vi) . If 0 : ( X, nS) -»  (Y, na) is fuzzy continuous for every n, then

0 : ( X ,8°) -» ( Y, a 0) is fuzzy continuous.

(vii) . If 0 : ( X, 8) -»  (Y, a) is fuzzy continuous, then

0 : ( X ,8°) -> ( Y, a ° ) is fuzzy continuous .

In the final section of the fiirst chapter, with every fuzzy topology 8 on 

a set X and with every positive integer n, two new fuzzy topologies 8(n) and

@ ) are associated having the following interesting properties : (i)

(i) . n([8(n)J) = 8 a  nS

(ii) . n8 c 8 ^ 8 S(n)

(iii). n8 c 8 ^ >  n8 = n( 8(n) )

(iv). If 0 : (X,8)->(Y,<t) is fuzzy continuous, then 0 : (X, 8(n) ) ->(Y, cr(n) ) 

is fuzzy continuous.

(v ) . Let 8 be a fuzzy topology defined on X. Then (8(n)j is the largest

fuzzy topology on X containing 8 such that n8 = n ( (8(n))).

(vi). If 0 : (X,8)-»(Y,a) is fuzzy continuous, then 0 : (X,(8(n))) ->(Y,(cy(nj)) 

is fuzzy continuous.
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Chapter II deals with the separation axioms and compactness properties 

of the sequence of fuzzy topologies n8.

The following two results are established on compactness in the 

first section.

(i) . (X, n8) is Lowen fuzzy compact for every n => (X, 8) is Lowen fuzzy

compact.

(ii) . (X,8) is Lowen fuzzy compact <=> (X, 8°) is Lowen fuzzy compact.

The concepts of separation axioms T0, Ti, T2 are extended to fuzzy 

situation in a number of ways by Ali, D.M., Fora, A.A., Gantner, T.E., 

Katsaras, A.K., Lai, S.N., Sarkar, M., Srivastava, A. K., Srivastava, R., 

Steinlage, R.C., and Warren, R.H.

These concepts are investigated with regard to the nUl degree 

approximation n8. The results obtained in this connection are of the following 

types :

(i) . (X,8) has the property P => ( X,n8 ) has the property P for every n.

(ii) . (X, nS) has the property P for every n => (X,8) has the property P.

(iii) . (X, nS) has the property P for some n => (X,S) has the property P.

(iv) . (X,8) has the property P => (X, 8°) has property P.

Here P stands for suitable separation axioms.

The final section of Chapter II is devoted to the study of fuzzy 

covering uniformity introduced by Chandrika and Meenakshi [9], With every
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fuzzy covering uniformity T, and with every positive integer n, a fuzzy 

covering uniformity T  is associated having the following properties :

(i). T  has a basis consisting of finite valued functions with codomain

Some interesting subcategories of the category of fuzzy topological 

spaces are studied in chapter III. For this purpose the following notations are

(i) . ^F T O P  : Category of fuzzy topological spaces with fuzzy continuous

functions as morphisms.

(ii) . % FTOP : Subcategory of ‘g’FTOP of fuzzy topological spaces of

the form (X,S) where 8 is a strong finite fuzzy topology with

(iii) . FFTOP : Category of finite fuzzy topological spaces with fuzzy

continuous functions as morphisms.

(iv) . ‘g’SFTOP : Category of strong finite fuzzy topological spaces with

fuzzy continuous functions as morphisms.

(v) . ^vnFTOP Category of fuzzy topological spaces with

weak -n-continuous functions as morphisms.

I n = { 0 ,
n

(ii) . T  and T induce the same fuzzy topology on the base set X.

(iii) . T e T .

used :
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(vi) . 9,0FTOP : Sub category of ‘g’FTOP with objects (X,8) where 8 is a

saturated fuzzy topology on X.

The fuzzy topology 8 is said to be saturated if 8 = 8°.

(vii) . ‘Tc FTOP : Category of fuzzy topological spaces with continuous

functions as morphisms.

(viii) . <#\ FTOP : Category of saturated fuzzy topological spaces with

continuous functions as morphisms.

(ix). ‘g’LFTOP: Sub category of ‘g’FTOP with topologically generated fuzzy 

topological spaces as objects.

The following functorial properties are established :

(i) . The correspondence (X,8) —>(X,"8) defines a functor from

'g’FTOP to ‘g’nFTOP. The functor £,n preserves product.

(ii) . SfnFTOP is a reflective subcategory of ‘g^FTOP.

(iii) . The correspondence ( X ,8 ) -> ( X , 8°) defines a coreflective functor

: ‘g7 FTOP -> ‘g’0 FTOP and preserves product.

(iv) . The map (X,8) -> (X,8°) defines a reflective functor

C c : ^ cFTOP -> 9f°cFTOP.

The results on fuzzy Sierpinski space obtained by Srivastava, A.K.[81] 

for the category 'g’FTOP have been extended to 'g’nFTOP and <g'° FTOP.

Chapter IV is devoted to the study of ^-structured spaces. With every 

0T -structure 7  on a set X, a sequence of finite approximations "7 is 

associated.
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Some important results on ^-structured spaces are listed below :

(i) . 0 : (X, 7s) —> (Y, 7a) is ^continuous iff

0 : (X,5) —» (Y,cr) is fuzzy continuous .

(ii) . (X, 7) has the property P => (X, n 7) has the property P, where P

stands for a suitable separation axiom defined for ^stru c tu red  spaces.

(iii) . (X,8) is Chang fuzzy compact <=> (X, 7 s ) is Chang ^co m p ac t.

(iv) . ( X, (7CS))1) is Chang fuzzy compact => (X, 7 ) is Chang ^com pact.

(v) . ( X, (7(S))2) is Chang fuzzy compact => ( X ,7  )is Chang ^co m p ac t.

(vi) . (X,"7) is Lowen gf- compact for every n =>(X,7 ) is Lowen

^com pact.

The category % ^ S T R  of ^ stru c tu red  spaces with ^continuous 

functions as morphisms has two interesting subcatagories , T .^S T R  and 

SG^STR .

Objects of % T ̂ "STR are ^"-structured spaces of the form (X, 7§) . 

Objects of ^ ^ "S T R  are ^-structured spaces of the form (X, " ? )  . 

The correspondence (X,8) -» (X, 7s) defines an embedding C, e of 

'g’FTOP into a full subcategory of •g’^ S T R .

The correspondence (X, 7  ) -> (X ,117  ) defines a functor 

: ‘g’^ S T R  -> % ^STR.

In 1992, Hazra, Samanta and Chattopadhyay[28] introduced the 

concept of gradation of openness and gave a new definition of fuzzy topology.
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In chapter V , two interesting methods of associating finite valued 

gradations ng and n g with a given gradation g are studied. The third method 

associates with each gradation g, a gradation ("£)* which depends only on 

finite valued functions. The following properties are established :

(i) . g and ng induce the same fuzzy topology on X.

(ii) . The identity map ( X, n £ )  -» ( X, £ )  is a gradation preserving map.

(iii) . A map 0 : (X, g) -» (Y, g ') is a gradation preserving map iff

0 : (X,ng) —> ( Y,n( g')) is a gradation preserving map for all n.

(iv) . Let 0 : X —» Y be a map. Let g be a gradation of openness on X and

g ' be the largest gradation of openness on Y such that 

0 : (X, g) -» (Y, g ' ) is a gradation preserving map. Then \g ')  is the 

largest gradation of openness on Y such that 0 : (X,n g) —» (Y, "(£')) 

is a gradation preserving map.

In the fifth section of this chapter, given a gradation g which induces 

the fuzzy topology 8 , a new gradation ( ng)* is constructed such that ( ng )* 

induces the fuzzy topology n8 .

A brief survey of some important developments in the study of 

fuzzy separation axioms, fuzzy uniform structure and fuzzy compactness.

The concept of fuzzy sets was introduced by Zadeh [101] in 1965. In 

1968, Chang C.L. developed the theory of fuzzy topological spaces based on 

Zadeh’s concept. In recent years fuzzy topology has developed considerably. 

A number of articles have been published on the following topics :
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1. Fuzzy neighbourhood spaces .

2. Fuzzy separation axioms.

3. Fuzzy uniformity.

4. Fuzzy convergence.

5. Fuzzy compactness.

6. Fuzzy connectedness.

7. Fuzzy proximity.

In this thesis the three important concepts (1) Fuzzy compactness

(2) Fuzzy separation axioms and (3) Fuzzy uniformity are studied with 

reference to finite approximations.

The first article on fuzzy normality was published by Hutton in 1975 

[31]. His definition is a direct generalization of the corresponding topological 

concept. Here, he has extended the Uryshon lemma to fuzzy topological 

spaces. He has introduced fuzzy perfectly normal spaces and obtained the 

following chatracterization which extends the corresponding topological 

result.

A fuzzy topological space is perfectly normal iff it is normal and every 

closed set is a countable intersection of open sets.

In 1980, Rodabaugh, S.E. [71] introduced the concepts of a-Hausdorff 

spaces. It is proved that the concept of a-Hausdorff fuzzy topological spaces 

is compatible with a-compactness and fuzzy continuity. In 1983,

10



Rodabaugh[74] gave a detailed study of fuzzy real line with special reference 

to fuzzy separation axioms. It is proved here that the fuzzy real line satisfies 

the higher order separation axioms of Hutton, B. [31] and Sarkar, M. [77],

In 1981, Sarkar, M.extended the concepts To, T],T2,T3,T4 to fuzzy 

situation. She has obtained the following results :

1 . FT4 => f t 3 =>f t 2 ^ f t 1.

2. A properly compact set in an FT2 space is closed.

3. Fuzzy Lindelof sets in a Hausdorff fuzzy P-space are closed.

4. Properly compact sets in an FTi P-space have finite supports.

5. FTj is a hereditary property.

Srivastava, R., Lai, S.N., and Srivastava, A.K. have published a number of 

interesting articles on “Fuzzy separation axioms.” Their definition of 

separation axioms are different from the definitions of Sarkar, M. [77] . 

Here, we give some important results from their articles entitled 

“Fuzzy Hausdorff Topological spaces.” [86] and 

‘Fuzzy Tj-Topological Spaces”[87] .

1. Let (X,t) be a topological space. Then (X,x) is Hausdorff o  (X, cd(t)) is 

fuzzy Hausdorff.

2. If fuzzy topological space (X,8) is fuzzy Hausdorff, then (X,i(8)) is 

Hausdorff.

3. A fuzzy subspace (A, Ta) of a fuzzy Hausdorff topological space is fuzzy 

Hausdorff.
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4. If { Xj, xv) | i g I } is a family of fuzzy Hausdorff topological spaces, 

their product (X, t) is also fuzzy Hausdorff.

5. Let (X,t) be a fuzzy topological space. Consider the following statements :

(i) . Ax, the diagonal of X is fuzzy closed in (X x X, x x 8) where 8 is

discrete fuzzy topology on X (That is, 8 consists of all fuzzy sets in X).

(ii) . {x}, for every x e X, is fuzzy closed in (X, x).

(iii) . (X, x) is a fuzzy ^-topological space.

Then in general, (i) => (ii) => (iii).

For topologically generated fuzzy topological spaces, the three 

statements are equivalent.

6 (i) (X, x )isT ] <=> (X, (o(x)) is fuzzy Ti.

(ii) (X, 8) is fuzzy T, => (X, i(8)) is T ,.

7. (i) Fuzzy T]-ness is productive.

(ii) Fuzzy Ti-ness is hereditary.

Separation axioms for fuzzy neighbourhood spaces and fuzzy uniform 

spaces are studied in detail by Wuyts and Lowen [100], They have 

introduced a number of separation axioms. We collect below the different 

definitions and results.
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Definitions :

1. Given a fuzzy topological space (X, 5), separation properties are defined as 

follows :

( WT0))

( To'" ) 

( To" )

(To')

(To)

(WTO

(T,')

(TO

(WT2)

(T2')

(T2")

OY")

(T2)

For every x , y in X, x * y l x(y) a  l y (x) < 1

For every x,y in X, x *y for every a  e  I0, a l x(y) a  a l y(x) < a.

For every x, y in X, x * y, for every ( a  , P ) e I0 x I0,

a l x( y ) < a o r  p ly(x)<  p.

for every x,y in x^y, for every (a,p) e Io X Io,

a l x(y) a  p ly(x) < a  a  p.

For every x,y in X, x * y, for every (a,p) e Io x I0, 

a l x(y) a p ly(x) = 0.

For every x , y in X , x * y, l x(y) < 1

For every x , y in X , x * y, for every a  e Io, a  e I0,

a l x(y) < a.

For every x in X and a  in I , a l x = a l x

For every &  e  F(X), c (^ )  = 1; lim ^ (x )  =1 in atmost one

pornt x.

For every & e F (X ), C(^F) > 0; lim «!F(x) = c(<5F) in atmost 

one point x.

for every &  e  F(X); lim ^ (x )  contains a strictly positive 

maximum in atmost one point x.

For every &  e  F (X ); lim <5F(x) attains a strictly positive 

maximum in atmost one point x.

For every &  e F(x) ; lim <!F(x) ^  0 in atmost one point x.

13



Results :

1. The implications contained in the following diagram are valid for

general fuzzy topological spaces :
(T2) => (T2'") => (Tj") => OY)--------------------- —^> (WT2)

u U U
VT.l ------------------------- /HT -------------------------------f 1 \) -------------------------=> ( f l  ) — => tw 1 \ )

U u
(To) ------------------------------=> (To') => (To") => (To"')=> (WT0)

2. a. (T0), (T0'), (To") (To'") and (WT0) are good extensions of the 

topological (T0) property

b. (Ti), (Tj') and (W(Ti)) are good extensions of the topological (Ti) 

property.

c. (T2), (T2'), (T2" ) , (T2" ') and (WT2) are good extensions of the 

topological (T2) property.

In the above definitions C(«?T) stands for the characteristic value of a 

prefilter & given by

C(&) = inf x e r sup x e x A-(x)

These separation axioms are characterized in the cases of fuzzy 

neighbourhood spaces and fuzzy uniform spaces.
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5\

A new approach to the study of separation axioms is followed by 

Ghanim, M.H, Kerre, E.E. and Mashhour, A.S, [26], For example, their 

definition of FT2 is as follows .

A fuzzy topological space is said to be FT2(F-Hausdorff) iff for every 

pair of fuzzy singletons pi and p2 with different supports, there exist open 

fuzzy sets Oj, 0 2 such that pi c O i  c  co p2 , p2c 0 2 c  co pi and O] c  co 0 2 

Or equivalently, iff for every pair of fuzzy singletons pi and p2 with different 

supports, there exists an open fuzzy set O such that pi c  O c  Cl O c  co p2. 

Here, co f  stands for the complement ( 1- f ).

They introduced similar definitions for FT0, FT], FT2, FT, FT2ya etc 

They have extablished the following results :

1. A fuzzy topological space is FT] iff every crisp singleton is closed.

2. For every closed fuzzy set F in a FR fuzzy topological space and any 

fuzzy singleton p c  co F, there exist open fuzzy sets U and V such 

that p c  U, F c V  and Cl U c  co(Cl V).

3. Let X be an FR-Fuzzy topological space which is also FTo. Then X is 

FT2i/2.

4. For every j e { 0, 1, 2 ,2Vs. , 3 } the correspondig FTj property is 

hereditary.

5. Fuzzy normality is hereditary with respect to closed sub spaces.

6. For every j e { 0 ,1 , 2, 2Va. } the corresponding FTj property is 

productive.
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7. For every j e { 0, 1, 2, 2 Vs, 3, 4 } the corresponding FTj property is 

additive.

a-HausdorfF property of Rodabaugh [71] is extended to the a-Ti, 

i = 0, 3, 4 and a-T /, i = 0, 1, 2, 3, 4 concepts. The interrelations between 

these concepts are studied. These concepts are used to study a-almost 

compactness, a-nearly compactness and a-continuous mappings.

In 1989, Fora, A.A. [18] has introduced the cqpepts of fuzzy 

completely regular and fuzzy functionally Hausdorff spaces. Here the 

problems connecting the hereditary and productive nature of these concepts 

are investigated.

The concept of quasi-coincidence is used in the definition of separation 

axioms by Ganguly, S. and Saha, S. [21]. Natural extensions of topological 

theorems are obtained for fuzzy topological spaces.

The concept of strong separation axioms are introduced by Macho 

Stadler, M. and De Prada Vicente, M.A. [58],

Let (X,8) be a fuzzy topological space. For each t e [0,1), the level 

topology it(S) is given by it(8) = (p  *( t,l] | p e 8 }.

1. (X,8) is said to be a t-Tj fuzzy topological space iff (X, it(8)) is a 

T]-space.

2. (X, 8) is said to be a strong Ti fuzzy topological space if it is t-Ti for 

every t e [0,1).
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3. (X, 5) is said to be an FTi fuzzy topological space iff for each t e(0 ,l] 

and x e X, the fuzzy point xt is a fuzzy closed set.

In a similar manner the concepts regularity, normality, ultra separation 

axioms, strong separation axioms are defined and a detailed theory connecting 

these concepts is developed.

There are four important essentially different approaches to the 

study of fuzzy uniform spaces.

I. The first definition of fuzzy uniform structure is due to Hutton [31], 

Let X be any set and S be the set of maps D: Lx -»  Lx which satisfy 

the following conditions :

(A l) f  < D(f) for every f  inL x

(A2) D(vXsAfx ) = VXeAD(fx) for fx in Ix.

A fuzzy quajti-uniformity on a set X is a subset D of S such that 

(Q l) D*4>.

(Q2) D e D and D c E e S  implies E e D.

(Q3) D e C  and E e l )  implies D a E e D.

(Q4) D e D  implies there exists E e D such that E « E c D ,  where E°E 

denotes the composition of mappings E and E.

(Q5) A fuzzy quasi uniformity D is a fuzzy uniformity if it also satisfies 

D e D  implies D 1 e D where D*'(g) = a  { f  | D ( f c) < g c}.
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Using this definition of fuzzy uniformity, theorems corresponding to 

many of the theorems in the classical theory of unifonn spaces are 

established. Further it is shown that every fuzzy topological space is fuzzy 

quasi uniformizable and fuzzy uniformiza bility is characterized in terms of 

complete regularity. Moreover, a natural fuzzy uniformity on the fuzzy unit 

interval is constructed.

II. In 1981 [50], Lowen introduced the concept of fuzzy uniformity on a 

set X by considering fuzzy sets on X X X. This definition is an extension of 

the entourage approach [Kelley,40], A uniformity iu(Z/) is associated with a 

fuzzy uniformity U. A fuzzy uniformity wu(p) is associated with a uniformity 

p on X.

The results connecting these concepts are as follows :

1. iu(wu(p)) = p, p uniformity on X.

2. wu(iu(Z/)) is the coarsest fuzzy uniformity generated by a uniformity and 

which is finer than V.

3. If (X, p) and (Y,p') are uniform spaces, then F: X-» Y is uniformly 

continuous, iff it is fuzzy uniformly continuous when considered as a 

map between the fuzzy uniform spaces (X, wu(p)) and (Y, wu(p')).

4. If (X, V) and (Y, V ) are fuzzy uniform spaces and F : X—»Y is fuzzy 

uniformly continuous, then it is also uniformly continuous when 

considered as function between the uniform spaces (X, iu(Z/)) and

(Y, iu(JO).
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HI. The pesudo metric approach is extended to fuzzy situation by Hohle, U. 

[29] in his paper on probabilistic metrization of fuzzy uniformities published 

in 1982. Here the relation between this uniformity and Hutton uniformity is 

studied. A necessary and sufficient condition for Hutton uniformity to be 

probabilistic metrizable is obtained.

IV. The Fourth important approach is a covering approach due to 

Chandrika.G.K., and Meenakshi,K.N [9], The definition of uniformity in 

terms of a collection of uniform coverings [Isbell,34] is extended to fuzzy 

situation. With every fuzzy uniformity a fuzzy topology is associated. Many 

of the results connecting uniformity and topology are extended to fuzzy 

uniformity and fuzzy topological spaces.

A unified theory of fuzzy topologies, fuzzy proximities and fuzzy 

uniformities is developed by Katsaras, A.K., and Petalas, C.G. [38],

The relation between quasi-proximities and fuzzy quasi-uniformities 

were studied by Katsaras in 1988 [37] .

An interesting article on “ A Theory of Fuzzy Uniformities with 

Applications to the Fuzzy Real Lines” is published by Rodabaugh [75] 

in 1988.

The inter-relationship between fuzzy unifomities and fuzzy proximities 

are studied by Artico, G. and Moresco, R.[4] in their articfg entitled “ Fuzzy 

Uniformities Induced by Fuzzy Proximities”.
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Chang, C. L. in his first paper on fuzzy topological spaces gave a 

definition of compactness which is a direct extension of the compactness 

concept to fuzzy topological space. Chang’s definition of compactness was 

criticized by Lowen who constructed an example in which (X, x) is compact, 

but (X, w(x)) is not compact (Chang). Lowen[47] gave a new definition of 

fuzzy compactness. With this definition he proved the following results :

1. The fuzzy topological space (E, w(r)) is fuzzy compact iff the space 

(E, t) is compact.

2. If f : (E, 8 ) —> (F, y) is fuzzy continuous and v is a fuzzy compact fuzzy 

set in (E,5),then f(v) is fuzzy compact in (F, y).

3. If (E, 8) is fuzzy compact and f  a fuzzy continuous map from (E,5) onto 

(F,y), then (F,y) is fuzzy compact.

4. If (E,5) is a topologically generated fuzzy compact space, then every 

closed fuzzy set is fuzzy compact.

5. (E,8) is fuzzy compact iff for any subbasis a  for 5, for any P c: a  and 

for any a  > e > 0 such that sup ( p | p e P } > a  there exists a finite 

subset Po c  P such that sup {p | p e Po } > a  - 8.

Gantner, T.E., Steinlage, R.C. and Warren, R.H. [24] have introduced
Jl

degree of compactness in L-fuzzy topological spaces where L is a completely 

distributive lattice with a smallest element and a largest element and equipped 

with an order reversing involution a  -»  a ' .
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(X,8) is a L-fuzzy space and a  e L. A collection u c  8 is called an 

a-shading (a* - shading) of X if for each x e X, there exists a f  e u such 

that f(x) > .a ( f(x) > a ) .

(X,8) is a-compact if each a-shading of X has a finite a-subshading. 

It is proved here that product of a-compact spaces is a-compact, the fuzzy 

unit interval is a-compact and the fuzzy real line is not a-compact. A one 

point a-compactification is also constructed.

*6
It is easily proved that (X,S) is a-compact (resp a*-compact) iff 

(X, ia(8)) (resp (X, ia*(8))) is compact.

A space (X,5) is strong fuzzy compact if it is a-compact for each a  e 

[0,1) and ultra fuzzy compact if (X,i(8)) is compact, a-compact, strong fuzzy 

compact and ultra fuzzy compact satisfy the Tychonoff product theorem.

Lowen, R. and Wuyts, P. ( 1982[55], 1983[56] ) have studied 

completeness, compactness, precompactness in uniform spaces. Here the 

authors use Lowen’s definition of fuzzy uniformity in terms of fuzzy 

entourages. It is proved here that every compact space has a unique uniform 

structure. Further in fuzzy uniform spaces compactness is equivalent to pre 

compactness plus completeness.

21



CHAPTER I

FINITE FUZZY TOPOLOGICAL
APPROXIMATIONS



CHAPTER I

FINITE FUZZY TOPOLOGICAL APPROXIMATIONS

The first section deals with some preliminary definitions and results. 

This includes the definition of continuity, product and the two functors i(8) 

and cd( t )  which are introduced by Lowen [47],

In section 2, the n& order upper approximation (n& order lower 

approximation ) of a fuzzy set is defined and its properties are developed.

In section 3, given a fuzzy topology 8, a sequence of strong finite fuzzy 

topology n8 is associated. Some interesting properties of n8 are obtained .

In section 4, given a fuzzy topology 8, a fuzzy topology 8° is 

constructed such that 8° is the largest fuzzy topology containing 8 and 

satisfying nS = n(8°) for every n.

In the last section, two new types of finite approximations 8(n) ,(S(n)) 

are introduced and some interesting properties are established .

Section : 1.1

Preliminary Definitions and Results

Definition : 1.1.1

Let X be a non empty set. A function/ defined on X with values in the 

closed unit interval [0,1] is called a fuzzy set on X.

If /  takes only the values 0 and 1, th e n / is called a crisp set.
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Support of any fuzzy set /  is defined by su p p / = { x e X |/ ( x )  >0}. 

Given a fuzzy set /  on X, the fuzzy set ( 1 - /  ) is called the 

complement of /

Notation:

(i) . The constant fuzzy set a  ( x ) = a  is denoted by the symbol a

(ii) . Throughout this thesis X,Y, . . . .  will denote non empty sets.

In general fuzzy sets will be denoted b y / ,  g , H,. . .
<v~

Definition : 1.1.2

Given a collection { / x | ? t e A } o f  fuzzy sets defined on a set X, the 

union vx fx  and intersection a*, fx  are defined as follows :

( fx  )(x) = sup { fx(x) I X 6 A }.

( Ax/x)(x) -  inf {/x(x) I X e A }.

Definition : 1.1.3

A fuzzy point xt in a set X is a fuzzy set m X defined by

xt (x) = t where 0 < t < 1, 

xt (y) = 0 if y * x.

‘x ’ is called the support of xt and ‘t’ is called the value of the fuzzy point xt. 

Definition : 1.1.4

The fuzzy point xt is said to belong t o / ,  denoted by xt e / ,  if t < /(x ) .
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Note : 1.1.5>

Every fuzzy set /  can be expressed as the union of all the fuzzy points 

which belong to f.

Definition : 1.1.6

Let 0 : X —> Y be a function. For a fuzzy set /  in Y, define the fuzzy 

set ) in X by ( 0 1 ( /  ))(x) = /  ( 0 (x )), for all x e X.

0_1( /  ) is called the inverse of f.

Definition : 1.1.7

Let 0 : X -> Y be a function and/  be a fuzzy set in X. The image o f / ,  

written as 0 ( / )  is a fuzzy set in Y defined by 

( © ( / ) ) (  y ) = SUP {/ ( x) I x e 0’1 ( y ) } if 0_1(y) is not empty.

= 0 otherwise 

where 0"'(y) = {x | 0(x) = y }.

Definition | Chang, 10 ] : 1.1.8

Let X be a set. A collection 8 of fuzzy sets on X is called a fuzzy 

topology for X if it satisfies the following three conditions :

FT1. The constant functions 0 and 1 belong to 8.

FT2. / ,  # e 8 = > / A # e 8 .

FT3. / e 8  for each A, e A => sup { /  | ,̂ e  A } e 8 .

The pair ( X , 8 ) is called a fuzzy topological space.

Members of 8 are called open sets of ( X, 8 ).

Complements of open sets are called closed sets of ( X, 8 ).
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Lowen modified the above definition of fuzzy topological space by 

replacing the first condition by the following requirement:

F IT . All constant fuzzy sets belong to 5 .

Notation :

(i) . (X,8) denotes a set X together with Chang fuzzy topology 8.

(ii) . (X,8) [Lowen] denotes a set X together with Lowen fuzzy topology 8.

Definition : 1.1.9

Let ( X, 8 ) be a fuzzy topological space. The interior and closure of 

a fuzzy s e t /  in ( X, 8 ) are defined respectively as follows : 

interior of /  = Int/  = sup {g \ g < f  g e 8 }. 

closure of /  = C l /  = inf {g | g > /  1- g e 8 }.

Definition 1.1.10

Let ( X , 8 ) be a fuzzy topological space. A subset % c: 8 is a basis 

for 8 if, given /  e 8, there exists { f  \ \ X e A } c  ^  such that 

/ = sup { f x \ X e A }.

A subset % ' c  8 is a subbasis for 8 if the family of finite infima of 

members of %'  is a basis for 8.

Definition: 1.1.11

Let ( X, 8 ) be a fuzzy topological space. Then i(8) is the topology 

generated by {f A ( s ,l] | e > 0, /  e 8 }.
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Definition : 1.1.12

Let X be a topology on X . Then co(T) = { /  | f A (s, 1] g X for e > 0} 

is a fuzzy topology on X.

Definition : 1.1.13

If 5 = co(T) for some topology X, then 5 is said to be topologically 

generated.

R esult: 1.1.14

The operators ‘i’ and ‘co’ are related as follows :

(i) . i(co(T)) = X for every topology X .

(ii) . co(i(5)) is the smallest topologically generated fuzzy topology which

contains 8.

Definition : 1.1.15.

Let (X,8) and ( Y, g  ) be two fuzzy topological spaces. A mapping 

0 : X —» Y is called fuzzy continuous if for all /  e a, 0'*( /  ) e 8 .

Defin'tion : 1.1.16r
Let /  and g be fuzzy sets on X and Y respectively. The cartesian 

product /  x g of /  and g  is a fuzzy set on X x Y defined by 

( /  X g ) (x,y) = min ( /(x ) ,  g (y)), for each ( x, y) e X X Y.

Definition 1.1.17

Let {( Xx. , 5*. ) | X e A } be a family of fuzzy topological 

spaces and let X = fix. Xx be the cartesian product of XLs and
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let ?x be the projection of the product X into the Xth coordinate set X*. . 

Let CP(A) deonote the family of all finite subsets of A and

&  = { fkeAo h  ( f x ) I f x  e8x , A0 e 0>(A)}. Then the fuzzy topology 5

which takes % as a basis is called the product fuzzy topology for X and 

% is called the defining basis for the product fuzzy topology. The pair 

( X, 8) is called the fuzzy product space of the fuzzy topological spaces

(Xx,8>J ,  A.e A.

Section : 1. 2

Upper and Lower Finite Approximations 

of Fuzzy Sets

Definition : 1.2.1

A fuzzy set which assumes only a finite set of values is called a finite 

fuzzy set.

Definition : 1.2.2

With every fuzzy set f  defined on a set X and with every 

positive integer n, we associate a finite fuzzy set n/  with values in

1 2
n n

as follows :

For x e X,

(i). If / ( x )  = 0, define n/(x )  = 0 .
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(ii). If -  < / ( x )  < — , define n/ ( x )  = —  for i = 0,1,2, . . ., n-1. 
n n n

”/  is called the nth upper approximation of / .

Rem ark: 1.2.3

(0- / ( * )  = -  => Y(x) = -  for i = 0,1,2-----n .
n n

(ii). / ( x )  < n/(x )  for all n .

Proposition: 1.2.4

i f  < 3  => y  < y

2. /  < y  => y  z  ae-

3. r i )  = y  ■

4. y  < y  if n I m .

5. / ( x )  = i n j  { n/ ( x )  | n = 1,2,.... } .

6. nf  = ng for all n => /  =g.
7  m̂  = if n | m or m I n .

r
P roof:

(1), (2), (3), (4) follow immediately from the definition of "/

Proof of (5):

Since / ( x )  < n/(x )  for all n, / ( x )  < inf n/ ( x ) .

Given S > 0, choose N such that £ > ^  .

I / ( X )  -  N/ ( x )  I <  ^  <  e
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=> /(X ) > 7(x) - s

=> 7 ( x )  < /(X ) + S

=> inf "/(x) < / ( x )  + 8

inf n/(x )  = / ( x ) .

(6) follows immediately from (5) . 

Proof of (7):

n I m => m = kn .

kn;Cf)  = T f  = y  •

R em ark: 1.2.5

If (n,m) = 1, then n/  and m/  are not comparable in general. 

For Example, consider n = 3, m = 4.

If 0 <  / ( X )  <  1 ,  then 7 ( x )  = i  < 5/(x )  = i

If i  < / ( x )  < i  .then 7 ( x )  = i  > 3/ ( x )  = i  

Proposition : 1.2.6

(i). "(sup  { f x | A. e  A } ) = sup { \ f x ) | A, e A }.

(u). n( i n f { / j |  j = l , 2 , . . . . , k } )  = inf { n( / j )  I j = U ,.  . . ,k }.
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P roof:

(i). Since "(sup { / x ) | ^ e A } )  > n( / x )  for each X , 

sup P ( / x )  I X e A }  S n( s u p { / x | X <= A } ) .

Let"(sup { / > . | X e  A }) (x) = —  .
n

Then, -  < ( sup { / x  | X e  A } )  (x) < —  
n n

=> there exists an f \  such that

-  < /x (x )  < (sup { / x  | X e A } )  (x) < —  
n n

=> n( /x ) ( x )  = —
n

=* sup {" (/x )  I X e  A } (x) -  —
n

=> sup {" (/x )  I x 6 A } = n( sup { / x  | X e A } ) .

(ii). "(inf { / j  | j = 1,2,. . . , k } )  < " (/j)fo r  j = 1,2,. . . . ,  k

=> "(inf { / j  | j = 1,2,. . . ,  k } )  < inf {" ( /j )  I j = U , . . . , k } .

Let i n f n / j K x )  | j = 1 ,2 ,......... k> =

Then n( / j ) ( x )  £  —+1 for all j
n

=>n( / j ) ( x )  > ^ for all j
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=> / j  (x) > ~  for all j

=>inf { / j  (x) | j = 1,2,. . . ,k  } > -
n

=>”( m f { / j ( x ) |  j =  l , 2 , . . . , k } )  S i ± l
n

=> n( inf {/j (x )  | j = 1,2,. . ,  k } )  > in f{ n( / j ) ( x )  | j = 1,2,. . ,k } 

n( inf { / j  | j = 1 , 2 , .  . . , k }  ) = in f{ n( / i )  I j = l , 2 , . . . , k }

Rem ark: 1.2.7

Example for n( inf { f m \ m = 1,2, . . . } ) *  inf { n( / m) I m = 1 ,2 , . . . }

Suppose, / m(x) = — + —1— where m = 1 ,2 , . . . .
n m + n

Then, n( / m)(x) = —
n

=> i n f f a( / m)(x ) I m = l , 2 , . . . }  = i i i .

But, inf {f m (x) | m =  1 ,2 ,... } = -
n

=> n( inf {f m (x) | m = 1,2,. . } ) = -^.

Hence, n( inf { / m | m = 1 ,2 , . . . } )  *  inf { n( / m) I m = 1 , 2 , . . . } .
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Proposition : 1.2.8

if  -  < s  < i + l
n

, then

(i). / • ' (  8,1] c  ("/)-1 i+l
n

(ii). w 1 ( 8 , i ]  = /- '( - i - . i ]  = C /T 1 ( - + ]  ■
n n

P roof:

(i) . Proof is obvious .

(ii) . n/ ( x )  > S <» n/ ( x )  > —  o  / ( x )  > -  o  n/ ( x )  >
n n n

Definition : 1.2.9

For each fuzzy set /  on a set X, the nth lower approximation „ /  is 

defined as follows :

For x e X,

(i) . If / ( x )  = l, define n/ ( x )  = 1 .

(ii) . If -  < / ( x )  < define n/ ( x )  = -  fo ri = 0,1,2, . ,n - l .
n n n

R em ark: 1.2.10

(i) . If / ( x )  = then n/ ( x )  = -  for i = 0,1,. . . ,  n
n n

(ii) . n/ ( x )  < / ( x )  for all n.
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Proposition : 1.2.11

1 /  ^ 0 => n /  £  n g.

2. nf  — 0 nf  — n0

3. n(n/ )  = n/ •

4 . m/ ( x )  > n /(x )  if  n I m .

5. / ( x )  = sup { n/ ( x )  | n = 1 ,2 -----}

6. n/  =  n0 for all n => f  = 0 ■

7. m(n/ )  = n(m /) if  n | m or m I n .

8. n( inf { / x  | X e A } ) = inf { n(/x ) | X e A } .

9. „( sup { /j  | j = 1, 2 , ------ , k } = sup { n( / j )  | j  =  1 ,2 , . . . ,  k}

Proposition : 1.2.12

I- nO- / )  = I ' " /

T  2. y  < 0 => y  < n 0 ■

3- f — n 0 f  — n0 •

4. n(Y) -  y .

5. "(„/) = „/•
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P roof:

Suppose — < / ( x )  <
n n

n/ ( x )  = and 1 - < 1 - / (x )  < 1 - —
n n n

n( l - / ) ( x )  = 1 - —  and 1 - n/ ( x )  = 1- —
n n

Hence n( l - / )  = l - n/ .

Section : 1.3

nth Degree Approximation of a Fuzzy Topology - Fundamental

Properties

Definition : 1.3.1

A fuzzy topology in which all open fuzzy sets are finite valued is called 

a finite fuzzy topology.

Definition : 1.3.2

A finite fuzzy topology 5 is called a strong finite fuzzy topology if 

there exists a finite set J ( 5 )  contained in I such that every member of 

8 assumes values from J (5 ) .

Remark : 1.3.3

Any topology can be considered as a strong finite fuzzy topology. If x 

is a topology on X, 5 = {xA I A e x } is a strong finite fuzzy topology.
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Definition : 1.3.4

We shall associate with every fuzzy topology 8 , a strong finite fuzzy 

topology °8 as follows :

Given "S = { " ( / , )  | X e A } .

Remark : 1.3.5

Using the fundamental properties of the correspondence / - > " / ,  

it can be easily verified that "8 is a strong fuzzy topology where

J ( n§) = { o , - , - , .......... 1:,l l . We shall refer to "S as the n th degree
[ n n n J

approximation to 5 .

Remark : 1.3.6

Closed sets of °8 are of the form n( 1 - /  ) where /  e 8 .

Remark : 1.3.7

In general, "8 need not be contained in 8.

Consider the set I with the fuzzy topology 8 = { 0, 1, i } where l is the 

identity function. Then, n8 = { 0, l , ni}  . Clearly, n8 is not contained in 8.

In the following example n8 c= 8 for each n.

Define 8 = { /  | supp ( 1 - /  ) is finite }.

Then "8 = { " /  | supp ( 1 - /  ) is finite }.

Here, n8 c  8 , since supp (1  - " /  ) c  supp( 1 - /  ).
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Proposition : 1.3.8

If is a basis for 8 , then n % is a basis for "8 .

P roof: Obvious

Properties of n5 

Proposition : 1.3.9

Given two fuzzy topologies 8 and ct on a set X, we have the 

following implications :

(i). 8 C  (J :=> "8 c
n
a.

(ii). n(8  v  ct) = n8 V
na.

(hi). n(8  a  ct) c n8 A
na

(iv). 8 c " 5 => 8 — ns.

Proof■.

(0- Proof is obvious

(ii). By proposition 1.3.8 , the set

n / A  g ) 1 /  e 6 , g e  ct } forms a basis for n( 8 v a  )

But, n( / A 3) — v
n Ho ^A g e  o v  a  .

Therefore, n( 8 V  CT ) n0 nci o v a .

Also, n8 v
na c= ”(■8 v a  ) .

Hence, n( 8 v a  ) -
Ilr, n 8 V CT .
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(in), and (iv). are clear

Proposition : 1.3.10

Given two fuzzy topological spaces ( X , 8 ) and ( Y , a  ) , let 8 X a  

be the product fuzzy topology on X x Y .  Then n( 8 x o  ) = n8 x na  .

Proof:

To prove "(8  X o )  = “8 x na  , it is enough to prove that 

n( /  x d) ~ nf  x V  where /  e 8 and g e o .

( / x # ) ( x ,  y )  = min {/ ( x ) , # ( y ) } .

Suppose / ( x )  < g (y), mm {/ ( x ) , g ( y ) } = / ( x )

min { n/ ( x ) , ng (y) } = n/ ( x ) .

••• " ( /  x ^ ) ( x, y) =<n/  x y )  (x, y) .

The above result holds for infinite products also.

Proposition : 1.3.11

i ( nS ) c  i (*“8 ) where k = 1, 2, . . . .

Proof :

Let — < 8 <
n n

Since ( “/ ) • ' ( e ,  1] = f ' ( k  1v n

T
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/X

i ( n8 )  c  i ^ S )  for k = 1 , 2 , . . . .  

Remark : 1.3.12

i ( 2n8 ) need not be contained in i ( n8 ).

Let X = I 8 = {0,1 ,

Then, V f i l l = f i l lU  J U ’ J e i ( 8 )

But ,

i ( 4S) £

i ( 25 ) .

i ( 2S ) .

Theorem : 1.3.13

Let ( X , 8 ) be a fuzzy topological space and let nS be the nth degree 

approximation of 8. The topologies i ( 8 )  and i ( n8 ) are related as follows:

(i) . i ( n8 ) c  i ( 8 ) for all n , and

(ii) . sup { i ( n8 ) | n =1,2,3 , .  . . } = i ( 8 )

P roof:

(i). Proof is clear from proposition 1.2.8
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(ii). To prove sup { i ( n8 ) | n =1,2,3 , . . . } =  i ( 8 ), we have only to 

show that “ Every / ' '  ( e , 1] can be expressed as the union of 

members of i ( nS ) contained in f A ( e , 1 ] ” .

It is enough to prove that, for given x e f  A ( e , 1], we can find a

‘N ’ such that x e ( / )N/■ \ -l f  i +2
2N ,1 £  / • ' (  e , 1]

Let x € / '*  ( e , 1]. Then / ( x )  > e . 

Choose N such that / ( x )  - 8 > — .

For this N, suppose £ lies between —  and , we have 
y  2N 2N

/ ( x )  >  £ +  —
J N

> —  + — 
2N N

i -f* 2

N/( x )  > 2N/( x )  > i + 2 
'2N~

/ N r \ -1 ( i + 2 ,
= >  X e  (  / )  ------- ,1w  7 V 2N J

Hence, for given x e f A (£  , 1], we can find a ‘N ’ such that

X £  ( N/ ) - 'V J ’ \ 2N

Claim :
i + 2 
~2N~
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T

■*>» ■ < " / > ■ ' ( W ,1

Then, N/ ( y )  >

=> / ( y )  > e

=> y e Z '1 ( e , l]

i +2
2N

N/■ \ -IHence, ( / ) "i+2  
l  2N =  / - ' ( e , 1]

Definition : 1.3.14

Let ( X , x ) be a topological space . con ( x ) is

CDn (X )  = { /  6 In" | / ’M -il e l  for i = 1,2,.

where In = { / :  X -> 0,—,...... ll

Proposition : 1.3.15

G)n ( T ) is a fuzzy topology

Proof : Obvious 

Remark : 1.3.16

" ( CO ( X )) <= G>n ( T ) .
P roof:

/  e  co ( x )

defined as follows
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e xX

X

=> nf  e con ( X ) .

Proposition: 1.3.17

Let ( X, x ) be a topological space. If 8 =  co ( x ) ,  and 

if xn = i ( n8 ) ,  then n8 = n ( co ( xn)).

P roof:

Xn = i ( n5 ) C i(8)= x .

® ( x n) = co ( i ( n8 ) )  2  n8 .

n8 c  n ( co ( xn)) c  n ( co ( x )) = n8

Theorem : 1.3.18

Let ( X, 8 ) be a fuzzy topological space .Let /  € I x . Then ,

(i) . Cl /  in "8 > „( Cl /  in 8 )

(ii) . Cl /  in 8 > n( Cl /  in 8 )  > Cl n/  in "8

(iii) . Cl n/  in 8 > Cl n/  in n8 = Cl /  in n8

P roof:

(i). C l/  in nS = inf { 1 - ng \ f  < 1 - ng , g e 8 }
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n(C l/ in 8 )  = „( inf { 1 - ^ | /  < 1 - g ,  g e 8 }

= m £ { n{ \ - g ) \ f < \ - g , g  e h )

= i n f { l - n̂ | / < l - ^ , ^ e 8 }

Since 1 - Rg <, 1 - g ,

Cl /  in"5 > n ( C l /  in8 ) .

(ii) . It is enough to prove that

n(Cl /  in 8) > Cl n/  in n8

Cl n / in n8 = inf { 1 - ag | „ /  < 1 - ng ,  g e  8 }

= inf { n( 1 - g ) I n / < n(l - g ) , g E 8} 

/  < 1 - g  => n/ < n(l - ) .

n( Cl /  in8) > Cl n/  in n8

(iii) . Cl n/  in 8 = inf { 1 - g  | " /  < 1 - g ,  g e  8 }.

Cl " /  in n8 = i n f { l -  ng \ nf  <  1 - ng ,  g e  8 }.

Cl /  in n8 = inf { 1 - Rg | /  < 1 - Rg , g e  8 }.

Since " /  < 1 - ng <z> f  < 1 - ag ,

Cl " /  in nS = Cl /  m n8 . .................(1)

Since " /  < 1 - ng <=> " /  < 1 - g and 1 - g >  1 - n g , 

( C ln/  in8) > Cl n/  in n8 . .................(2)

42



By (1) and (2), Proof is clear.

Theorem : 1.3.19

n/  is closed (open) in 5 => n/  is closed (open) in n8 

P roof:

n/  is closed in 8 => n( n/ )  is closed in n8

=> n/  closed in n8 .

By definition of n8 , " /  e 8 => n/  e n8 .

Theorem : 1.3.20

Cl XA in n8 = Xg for all n => Cl XA in 8 = \

P roof:

Cl XA in "8 = Xg for all n

^  => inf { 1 - | * A ^ 1 - n8} 8 e s  ) =

Cl XA in 8 = inf { 1 - $ | XA < 1 - g , g e 8 }

We know that

XA< 1 - ng <=> XA < 1 and Cl XAin 8 > Cl XAinn8 = \

I t
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C laim :

Cl XA in 8 = Xg

x e B  Xg(x) = 1, ( Cl XA in 6 )(x) > X^x) = 1. 

x ? B  => XB(x) = 0

=> inf { ( 1  - )  (x) | XA < 1 - ng , g  e  8 for every n } = 0 . 

=> for all n, there exists a g  „ € 8 depending on ‘n’ such that 

( l - ° ( t f») ) (x)  < -n

=> "(#„Xx) > 1- i
n

=> #>(x) > 1 - -  n

=> 00 < -n

=> inf { (1 -  0 n)(x) | n =  1,2,........ } = 0

^  (Cl XA in 8 ) (x) = 0 .

Rem ark: 1.3.21

XA is closed in n8 for every n XA is closed in 8 

R em ark: 1.3.22

Cl y  m n§ need not be equal to n/
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Theorem : 1.3.23

Suppose 8 is a fuzzy topology such that Cl /  in 8 = Cl nf  in 8 , 
"Then 8 = "8 and conversely.

P roof:

If 8 = n8 , then Cl /  in 8 = Cl /  in n8

-  Cl n/  in "8 = Cl n/  in 8 . 

Conversely, assume that Cl /  in 8 = Cl n/  in 8 

C l /  in 8 = Cl n/  in 8 = in f  { 1 - ^ | nf < \ - g , g e d }

Cl /  in "8 = Cl " /  in n8 = in f  { 1 - ng | n/  < 1 - ng , g e 8 }

y  * i - g  o  y  < l -  ng

f  < Cl /  in n8 < Cl /  in 8 

/  closed in 8 => /  closed inn8 

=> 8 c  n8 .

8 -  n8.

Definition : 1.3.24

A fuzzy set /  is dense in ( X, 8 ) if Cl /  in 8 =1.

Theorem : 1.3.25

A fuzzy set /  is dense in 8 => /  Is. dense in n8 .
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P roof:

Cl /  in "5 -  inf { 1 - ng  | /  < 1 - ng  , g e  8 }.

Cl /  in 5 = inf { 1 - g \ f  <  1 - g , g  e 8 } = 1

=> W  = 1 if  /  ^ 1-^, ^ e 5 . 

f  < \ - g ,  & e 8

= > 3 = 0  ^ nd = 0 = >  l - n3 = 1

Cl /  in n5 = 1

Hence,/ is dense in 8 => /  is dense in n8 .

Section: 1.4

Fuzzy Continuous Mappings and Finite Approximations 

Definition : 1.4.1

Let 8 be a fuzzy topology defined on a set X. Then 8° is defined as 

follows

8° = { /  e I x | “/  e " 8 for every n}

Proposition : 1.4.2

8° is a fuzzy topology on X.
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P roof:

(i) . Obviously 0, 1 belong to 8° .

(ii) . The collection { f \  \ X e A } e 8°

=> n ( f x ) e “8 for every X and for every n

=s> s u p { n(yx) | X e A } e n8 for every n

=> n ( sup { J \  | X e A } e  n8 for every n

=> sup { | X e A } e  8° .

(iii) . The finite collection { f  } I j = 1,2,......, k } e 8°

=> { “( / j )  I j =1,2,........ , k } € “8 for every n

=> inf { n( / j )  | j =1,2,........ , k } e n8 for every n

=> n( inf { / j  | j = 1,2,........ , k } )  e n8 for every n

=> inf{ / j  | j  =  1,2............k } )  € 8°.

Proposition : 1.4.3

8° is the largest fuzzy topology containing 8 such that n8 = n( 8°) for 
every n.

Proof :
By definition of 8°, it is clear that 8 c  8° and n8 c  n( 8°)

Claim 1:

" (8° )  c  "8.

/  e n( 8°) => /  = ng  where g  e 8°

=> /  = ng  where ng e  n8 for every n .

=> /  e n8

K
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Tfc-

Hence, n( 5°) c  n8

Suppose ct is any other fuzzy topology such that na  = n8 for every n

Claim 2;
G c 5°

Let f  e  a  Then, n/  e na  for every n.

This implies n/  e n5 for every n .

/  e 8°.

Hence, 5° is the largest fuzzy topology containing 8 such that n8 =  n(8°). 

Exam ple: 1.4.4

Let X = I and 8 = { /  € I x | supp (1 - /  ) is finite }

Then, 8 * 8 ° .

Let { yi,y2,...............  } c: I be an infinite set

Define,

/ ( yn) = ,forn = 1,2, 3 , ..........

and / ( x )  = 1 , for x *  yi, y2, ..................., yn-i ........................

Now, / ( x )  1 , for x = yi, y2, ..................., yn-i, ......................

and supp ( 1 - /  ) = { yu y2, ...................} which is an infinite set

f  € 5 .

Claim :
/  e 8°

supp ( i - y ) = { x i ( i - y ) (x) *  o }
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= { x I n/ ( x )  * 1 }

= { yi, y2 ,........... , yn-3, yn-2}.

Hence, supp (1  - n/  ) is a finite s e t .

Therefore , " /  e 8 for every n .

n/  £ n8 for every n.

Hence, /  e 8°.

Example : 1.4.5

General method of constructing fuzzy topologies 8 such that 8 * 8 ° .  

Take any non empty set X. Let fi be a non constant function defined on X 

with values in I such that h(x) is irrational for each x.

Define / „  : X —>• I as follows :

If -  < /t(x) < — ,
n n

then fn (x) is a rational number such that

-  < m< / „  (x) < — .
n n

Then n( / „ ) ( x )  = ( n£ ) ( x ) .

Let 8 be the fuzzy topology having { f n | n = 1, 2, . . . } as a 

subbasis. By definition of / n(x ) , h (x) < / n(x) .

Let /  e 8 . Then /  can be expressed as arbitrary union of finite intersection

of fuzzy sets of the form / n( x ) .

/  e 8 = > / ( x ) >  /i(x) .

Hence, N 8 .

By definition of / n,
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nf  = " ( / „ )  e n8 for every n

d e 8°.

That is, 8 * 8 ° .

Properties of 8°.

Theorem : 1.4.6

(i) . 8 c  a  => 8° c= a °

(ii) . (8 ° )° = 8°.

(iii) . 8 c; a 0 => 8° c  a°.

(iv) . (8 v  a ) °  = 8° v  o °

(v) . (8  x g )° = 8° X (7°

(V I). 1( 8  )  =  i (  8 ° ) .

(vii). If 8 is topologically generated fuzzy topology, then 8 = 8 °  

P ro o f:

(i) . ft e 8° => 11H e  n8 for every n

=> nH e "o for every n

=>  h e  a 0 .
Hence, 8° c: a 0 if 8 c  d  .

(ii) . Obvious, since n( 8° ) = n8

(iii) . Proof is clear by (ii) .

(iv) . ( 8 v a )0 = { /  | “/  e n( 8 v  cr ) for all n}

= ( /  | “/  e nS v  nc  for all n}

= { /  | n/  e n( 8°)  v V ) for all n}
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= { /  I “/  € n( 8 # V o ’ ) for all n}
c»0 Q= o v a .

(v). /  e ( 8 x ct)° => n/  e n( 8  x a) for every n 

= > af  e "8 x "a for every n 

=> n/  e u( 8 °) x n(a ° ) for every n 

= > " /  e  n( 8 ° x ct°) foreveryn 

=> /  € 8° X <y°

(8  x a)0 c  8° x a 0 ............................(1)

Conversely, let /  x g be a basic element of 8 ° x

/  e  8 °, g e ct°.

Then " /  e  ”8 , e "o for all n 

=> nf  X n# e nS X no for all n 

=> n( /  x e n(8 x a) for all n 

=> /  x q e (8 Xct)°

8 ° x ct° c  ( 8  x ct)°

By (1) and (2), ( 8  x a ) 0 = 8 ° x c° .

^  (vi). i ( 8  ) = sup { i( "8 ) }

= sup { i r e s 0) ) }

= i (5°).

(vii). 8  is topologically generated

8  = co ( i (8 )) = G > ( i ( 8 ° ) ) 2  8° => 8 

Hence, 8  = 8 °.

0 , where

(2)
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Theorem : 1.4.7

Let 0 : X -»  Y be a function. Then,

(i) . For all /  e Ix , " ( 0 ( / ) )  = 0 (”/ ) .

(ii) . Forgiven /  e IY, "( 0 ' ' ( / ) )  = 0 1 ( " / )  .

Proof:
Let 0 : X —► Y be a function

(i) . For all /  e  Ix ,

0 ( Y )  (y) = sup { " /  ( x ) | 0  ( x )  = y}

= n( s u p { / ( x )  | 0  ( x )  = y } )

= n( 0 ( / ) (  y ) )

= n( 0 ( / ) ) ( y )

=> e ( " / ) =  n( 0  ( / ) ) •

(ii) . For given /  e IY ,

( 0 '1 ( / ) ) ( x )  = /  ( 0  (x )) for all x e X 

=> “ ( e - ' C / K x )  = n ( / ( 0 ( x ) )

= " /  ( 0 ( x ) )

= ( 0 - '( n/ ) ) ( x )

Hence , n(0-1( / ) )  = 0 (”/  ) .

Theorem : 1.4.8

If 0 : ( X, 8  ) —» ( Y, or) is fuzzy continuous (open), then 

0 : ( X, "8 ) —> ( Y, n ct ) is fuzzy continuous (open ) for all n.
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P roof:

Let 0 : (X , 8 ) -» ( Y, a ) be a fuzzy continuous map.

Let n/  e V

Then there exists a g e cr such that nf  = ng.

t f e a = > 6 ' ' ( 0 ) e 8

=> n(6-, ( g ) ) 6 “8

=> 9 1 ( )  e ”8  

=> e-1 (“/ )  e °s

Hence, 0 : ( X, n5 ) -» ( Y, ncr) is fuzzy continuous .

Let 0 : ( X, 8 ) -» ( Y, a ) be an open map.

Given n/  e n8 , assume f e d .

Then 0 ( /  ) e a .

6 ( n/ )  = n( 0 ( / ) )  €=na.

Definition : 1.4.9

Let 0 : X -> Y be a map. Let cr be a fuzzy topology on Y. The 

smallest fuzzy topology 8 on X which makes 0 : ( X , 8  ) —> ( Y, <r ) fu.«-y 

continuous is given by 8 = { 0 ' 1( / )  | f e e } .

Theorem : 1.4.10

Let ( Y  , a )  be a fuzzy topological space and 0 : X -> Y be a map.

If 8 is the smallest fuzzy topology on X which makes 0 : (X,8 ) —> ( Y, cr)
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fuzzy continuous, then n8 is the smallest fuzzy topology on X which makes 

0 : (X, n5 ) -> ( Y, nCT ) fuzzy continous .
A

P roof:

To prove the theorem , it is enough to show that 

" /  € n8 <=> n/  = Q-\at )  for % e na  .

Assume n/  e n8. Then “/  =  ng  for some g  e  8.

But, by hypothesis, g e 8 => g =  Q'\K) for some He a.

Y  = Y  = n( e )) = ^ 1(n/i) for nH e V  

Conversely, letn/  = G'1̂ /*) for n/i e no.

Without loss of generality we can assume that H e  a  .

Therefore, 0'1 (fi) e 8 .

Hence, n( G'1̂  )) =  G'1̂  e n8.

Theorem : 1.4.11

If 0 : (X, n8 ) -> ( Y, na  ) is fuzzy continuous for every n, then

0 : ( X, 8°) —►  ( Y, o° ) is fuzzy continuous

P roof:

Let 0 : (X, nS ) -» ( Y, na ) be fuzzy continuous for all n 

/  e  o° = >  nf  E nc  for all n

=> 0~’( " / )  e n8 for alln 

=> e n8 for alln

=* ( e - ' ( / ) )  e 8°

Hence, 0 : ( X, 8°) -> ( Y, o ° ) is fuzzy continuous.
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Corollary : 1.4.12

If 0 : (X, 8 )  -> ( Y, ct ) is fuzzy continuous , then 

0 : ( X, 8 °) -> ( Y, a 0) is fuzzy continuous .

P roof:

Proof follows by Theorem 1.4.8 and Theorem 1.4.11.

Section: 1.5

Two Interesting Fuzzy Topologies 

Using Finite Approximations

Definition : 1.5.1

Let (X,8) be a fuzzy topological space. Then 8(n) is defined as follows:

8(n) = { / | n/ e 8 } .

Theorem : 1.5.2

Let (X,8) be a fuzzy topological spaces. Then 8(n) is a fuzzy topology

on X.

P roof:

FT1. Obviously, 0 and 1 belong to 8(n)

FT2. L e t / j e  8(n) for j = 1,2 .

Then n( / j )  e 8 for j = 1,2 .

•• n( / i A / 2 ) = n( / i ) A n( / 2 )  e 8

Hence / 1 a / 2 e  8(n)
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FT3. L et^  e 5(n) for each A, e A .

Then n(fx) £ 8 for each X e A .

n(sup { f \  \X e A }) = sup { \ fx )  | U A } e  8

Hence, sup { f \  \ X e  A } <= 5(n) 

Rem ark: 1.5.3

(i). n( 8(n) )= 8 a  n8 .

(ii). " 8 c 8 ^  5 c  5(n)

(iii). n8 c  8 => n8 = n( 8(n)).

Theorem : 1.5.4

If 0 : ( X,8 ) —»(Y,<t) is fuzzy continuous, then

0 : ( X, 5(n) ) —> (Y, j(n) ) is fuzzy continuous.

Proof

Let 0 : (X,8) -» (Y, g ) be a fuzzy continuous map. 

/ e ^ = >  8 t / ) e 8

=> \ Q - \ f ) )  £ 8

0 - '( / )  € 8 (n)

Definition : 1.5.5

Let (X,8) be a fuzzy topological space.Then(8(n))is defined as follows : 

(S(n>) =  { / | n/  e n8 } .
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Theorem : 1.5.6

Let 8 be a fuzzy topology defined on X. Then (8(n))  is the largest 

fuzzy topology on X containing 8 such that n8 = " ( (S(n))).

P roof:

FT1. Obviously, 0 and 1 belong to (8(n)J.

FT2./i c(S(n))for i =  1,2

=> n( / i )  g n8 for i = 1,2 .

n( / l A / 2) = n( / l ) A n( / 2 ) E n8 

^ / l  A / 2 G ^ ) )

FT3. f x  g (S(n)) for each A, g A.

= > n( f x )  g n8 for each X g A.

n(sup { f x  | X g A } )  = sup { n( f x )  | X g A } g n8 

=> sup { j x  | X g A } g(8 ^ )

Hence, (5(n)) is a fuzzy topology on X,

Obviously, 8 c  (s(n))

Suppose S e a  and n8 = na.

Then , a  c  (a(n)) = (8(n)).

(5(n)) is the largest fuzzy topology containing 8 such that n8 

Theorem : 1.5.7

If 0 : (X,8) —» (Y,ct) is fuzzy continuous, then 

0 : (X,(5(n))) (Y,(a(n))) is fuzzy continuous .

= n( (S(n)))
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P roof:

Let 0 : ( X , 8 ) - » ( Y , c r )  be a fuzzy continuous map. Then, by 

Theorem 1.4.8, 0 : ( X, n5 ) -> (Y, "ct ) is fuzzy continuous .

/ e @ )  => " /  e °<r

=> 0-' ( “/  ) e ”8

=> n( 6 ’1( / ) )  e “ 8

=>0-'(/)

Hence, 0 : ( X ,(S(n))) -> ( Y, (8(n) is fuzzy continuous.
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CHAPTER II

FUZZY TOPOLOGICAL CONCEPTS 
AND FINITE APPROXIMATIONS



CHAPTER II

FUZZY TO PO LO G ICAL CONCEPTS AND  

FINITE APPRO XIM ATIO NS

“A fuzzy topological space (X,5) is Lowen fuzzy compact iff (X, 8°) 

is Lowen fuzzy compact” . This is an important result on compactness 

obtained in the first section of this chapter.

In section 2, different types of fuzzy separation axioms are studied. 

The results obtained are of the following types :

(i) . (X,8) has the property P => (X,n8) has the property P.

(ii) . (X,n5) has the property P for every n (X,S) has the property P.

(hi). (X,8) has the property P => (X,8°) has the property P,

where P stands for suitable separation axioms.

In section 3, with every fuzzy convering uniformity Y, a fuzzy covering 

uniformity T  is constructed such that T  has a basis consisting of finite 

valued fuzzy coverings. Further nT and T induce the same fuzzy topology on 

the underlying set.



Section : 2.1

Fuzzy Compactness and Finite Approximations 

Definition [49] : 2.1.1

Let ( X, 8 ) be a fuzzy topological space. ( X, 8 ) is Chang fuzzy 

compact if for all family ij c  8 such that su p {/ | /  e 77} = 1, there exists a 

finite sub family Tj{) c: 77 such that sup { /  | /  e } = 1.

Definition [47] : 2.1.2

Let ( X, 8 ) be a fuzzy topological space. A fuzzy set /  is Lowen 

fuzzy compact if given a family 77 cz 8 such that sup { g \ g e 77 } > /

and given 8 > 0 , there exists a finite sub family r/0 c  77 such that 

sup { # | £ e T7o} >  / -  8.

Definition : 2.1.3

A fuzzy topological space ( X, 8 ) is Lowen fuzzy compact if each 

constant fuzzy set in ( X, 8 ) is Lowen fuzzy compact.
*

Definition [49] : 2.1.4

A fuzzy topological space (X,8) is called ultra fuzzy compact if 

( X, i(8) ) is compact.

Theorem : 2.1.5

Let ( X, 8 ) be a fuzzy topological space. If n8 is Lowen fuzzy 

compact for every n, then 8 is Lowen fuzzy compact.
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P roof:

Let ( X, 8  ) be a fuzzy topological space and 77 be a subfamily of 8  . 

Assume that, sup { f \ f e r ) c : & }  > a , where a  is a constant.

To prove :

Given 8  > 0, there exists a finite sub family r/0 of 77 such that

sup { /  | /  6 7/o c  77 } > a - 8  .

2  1Let Ef = — 8  Now, choose N such that N/(x ) < /(x ) + — 8 '
3 2

By hypothesis, N8  is Lowen fuzzy compact. Therefore, there exists a finite 

subfamily 770 c  77 such that sup { N/  | /  e 770 } > a  - S' .

Hence, sup { /  | /  e 770 } > sup { N/  | /  e 770} - ^  s'.

> a - S '  - - S ' .
2

= a  - 8 .

Theorem : 2.1.6

A fuzzy topological space ( X, 8  ) is Lowen fuzzy compact iff ( X , 8 ° ) 

is Lowen fuzzy compact

P roof:

Since 8  c  8 °,

( X, 8 ° ) is Lowen fuzzy compact => ( X , 8  ) is Lowen fuzzy compact 

Conversely, assume that 8 is Lowen fuzzy compact.
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Tv

To prove :

8 ° is Lowen fuzzy com pact.

Consider a family { fx  | A, e A } e  5° such that sup{ f \  \ A, e A } > a

Given 8  > 0, choose N such that **g < g + ~ 8 .

Given fx  e 8 ° , choose g x e 8  such that N( f x ) ~  N( g x).

(1) implies that sup { N( /x )  | A, e A } > a .

sup { N(^x ) | A, e A } > a  .

sup { gx I A, e A } > sup { N( gx) I A e A } - i  8  > a  - ^ 8 .

Since 8  is Lowen fuzzy compact, there exists a finite A o £  A such that

2
sup { g x I A, e A0 } > a  - -  8  .

sup { fx  | A, e Ao} > sup { N( /x )  | A e Ao} - |  8

= sup { N( 0 x) I A, e Ao } - i  8

> sup { g x I A. e A0 } - i  8

> a - - 8  - -  8 > a - 8 .
3 3

Theorem : 2.1.7

A fuzzy topological space (X, 8 ) is ultra fuzzy compact 

=> ( X, n8  ) is ultra fuzzy compact.

P roof:

A fuzzy topological space (X, 8 ) is ultra fuzzy compact 

=> ( X, i (8 ) )  is compact

(1)

62



>  s

=> ( X, i ( n8  ) )  is compact

=> ( X, n8  ) is ultra fuzzy compact.

Section : 2.2

Fuzzy Separation Axioms and Finite Approximations 

Definition [24] : 2.2.1

A fuzzy topological space ( X, 8  ) is said to be fuzzy W-Hausdorff 

( fuzzy W-H ) if V x, y e X, x * y, there exist f  g e 8  such that 

/ ( x )  = 1 , B (y) = 1 and /  a  g = 0 .

Theorem : 2.2.2

Let ( X, 8  ) be a fuzzy topological space. Then,

(i) . ( X, 8  ) fuzzy W-H => ( X, nS ) fuzzy W-H for every n.

(ii) . ( X, ^ 8  ) fuzzy W-H => ( X, nS ) fuzzy W-H.

(iii) . ( X, 8  ) fuzzy W-H => ( X, 8 °) fuzzy W-H.

P roof:

To prove (i) it is enough to observe that /  /\ g = 0 <=> n/  a  n# = 0, 

To prove (ii) it is enough to note tha tkn/  < n/  and kn/  a  kn# = 0

o  f  /\ g = 0  <=> " /  a  ng = 0  .

Since 8  c  8 °, (iii) is obvious.

Corollary : 2.2.3

A topological space (X,T) is Hausdorff => ( X, n(w(T))) is fuzzy W-H.
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P roof:

This follows readily from the following result of Srivastava, A.K. and 

Ali, D.M. [83] :

( X, X ) Hausdorff => ( X, w( T )) fuzzy W-H.

Example: 2.2.4

In this example ( X, 8 ) is not fuzzy W-H, but ( X, “8  ) is frizzy W-H.

for n =  1,2,3.

IK Let X = { x, y} be a two element set. Define the frizzy sets f  and g

onX  by / ( x )  = -  , / ( y) = 0 , g(y) = K  tf(x) = 0  .
4 4

Let 8  = { 0 ,1 , f  g, f  v g } .

Obviously, 8  is not fuzzy W-H but "8 is fuzzy W-H forn = 1 , 2 , 3 .  

Definition [86] : 2.2.5

A fuzzy topological space ( X, 8  ) is said to be fuzzy S-Hausdorff 

( fuzzy S-H ) if for any pair of distinct fuzzy points xt, ys in X, there exist 

f  g e b such that xt e /  , ys e g and /  a  g = 0 .
*

Theorem : 2.2.6

Let ( X, 8 ) be a fuzzy topological space . Then

(i) . (X , 8 ) fuzzy S-H => (X ,n8 ) fuzzy S-H for every n.

(ii) . ( X, “8  ) fuzzy S-H for every n => ( X, 8  ) fuzzy S-H .

(iii) . ( X, 8  ) fuzzy S-H o  ( X, 8 0) fuzzy S-H.

P roof:

(i). Proof is obvious from the definition of n8 .
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(ii) . Let the fuzzy topological space ( X ,n8  ) be fuzzy S-H for every n .

Let xt and ys be two fuzzy points in X such that xt * ys.

Choose ‘n’ such that nt * 1 , ns *  1. Now n(xt) * n(ys) .

Since ( X, n8 ) is fuzzy S-H, there exist n/  and ng in n8  with 

n/  a  ag = 0  such that n( x t ) e n/  and n(ys) s  ng.

n/ ( x ) > n t and ng(y) > ns .

=> / ( * )  > t , g (y) > s .

Without loss of generality , we can assume that f ,g  e  8 .

( X, 8  ) is fuzzy S-H.

(iii) . (X , 8 °) fuzzy S-H

=> ( X , 11 ( 8 ° ) )  fuzzy S-H for every n 

=> ( X, n8  ) fuzzy S-H for every n 

=> ( X, 8  ) fuzzy S-H.

Corollary : 2.2.7

A topological space ( X,T ) is Hausdorff <=> (X, n( w(T))) is fuzzy S-H. 

P roof:
( X,T ) is Hausdorff <=> ( X, w(T)) is S-H by a result of Srivastava, R., 

Lai, S.N. and Srivastava, A.K.[8 6 ],

( X,T ) is Hausdorff <» ( X, n( w (T))) is S-H.

Corollary : 2.2.8

Let ( X, 8  ) be fuzzy S-H. Then ( X, i( n8 )) is Hausdorff.

?*
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P roof:

( X, 8  ) fuzzy S -H  => ( X, i( 5 )) Hausdorff [8 6 ],

/. ( X, 8  ) fuzzy S - H  =i> ( X, n8  ) fuzzy S-H

, => ( X, i( n8  )) Hausdorff.

Definition [35] : 2.2.9

A fuzzy topological space ( X, 8  ) is said to be fuzzy K-Hausdorff 

( fuzzy K-H ) if for all x, y e X, x *  y, there exist f , g e S  such that 

/ ( x )  > 0 , rfy) > 0  and /  a  g = 0 .

Theorem : 2.2.10

Let ( X, 8  ) be a fuzzy topological space. Then

(i) . ( X, 8  ) fuzzy K-H => ( X, n8 ) fuzzy K-H for every n.

(ii) . ( X, n8  ) fuzzy K-H for some n => ( X, 8  ) fuzzy K-H.

(iii) . For given m,n positive integers, (X,m8 ) fuzzy K-H => (X,n8 ) fuzzy K-H.

(iv) . ( X, 8  ) fuzzy K-H ( X, 8 °) fuzzy K-H.

P roof:

Similar to the proof of Theorem 2.2.2 

Definition[35] : 2.2.11

A fuzzy topological space ( X, 8  ) is called a fuzzy K-Ti space if for 

any two distinct points x, y e X, there exist / j  e 8  such that / ( x )  > 0,

tf (y)>o,  / ( y) =tf(x) = o.
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Theorem : 2.2.12

Let ( X, 8  ) be a fuzzy topological space. Then

(i) . ( X, 8 ) fuzzy K-Ti => ( X, n8 ) fuzzy K-Tj for every n.

(ii) . (X , “8  ) fuzzy K-Tj for some n => (X , 8 ) fuzzy K-Ti

(iii) . ( X, 8  ) fuzzy K-T, <=> ( X, 8 °) fuzzy K-T,

(iv) . For any two positive integers m and n , ( X,m8 ) fuzzy K-T i

<=> ( X, n8  ) fuzzy K-Ti.

P roof:

Obvious

Definition [88] : 2.2.13

A fuzzy topological space ( X, 8 ) is called a fuzzy SS-Ti space

if V x, y e X, x *  y, there exist / ,  g e 8  w ith /(x )  = 1, / ( y) = 0 and

3(y ) = i ,  3 00 = 0.

Theorem : 2.2.14

Let ( X, 8  ) be a fuzzy topological space. Then

(i) . ( X, 8  ) fuzzy SS-Tj, => ( X, n8  ) fuzzy SS-T, for every n

(ii) . ( X, *“ 8  ) fuzzy SS-T, => ( X, n8  ) fuzzy SS-Ti .

(iii) . ( X, 8  ) fuzzy SS-Ti ( X, 8 °) fuzzy SS-T] .

(iv) . ( X, n8  ) fuzzy SS-Tj for some n => ( X, i(8 )) isTi  .

P roof:

Proof of (i), ( ii) , (iii) follow immediately by the definition of n8 .
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(iv). ( X, n8  ) fuzzy SS-Tj => (X, i( n8  )) is Ti by a  result of Srivastava, R., 

Lai, S.N and Srivastava, A.K.[89],

/. ( X, n8 ) fiizzy SS-Ti ( X, i( 8  )) is Ti , since i^S) c  i(8 ). 

Definition [19]: 2.2.15

• A fuzzy topological space (X,8 ) is said to be a fuzzy F-Ti space if for

any two distinct fuzzy points xt, ys in X, there exist / ,  g e 8  such that xt e f

/ ( y) = 0 , ys g g , g(x) = 0  .

Theorem : 2.2.16

Let ( X, 8  ) be a fuzzy topological space. Then,

(i) . ( X, 8  ) is fuzzy F-T] <̂ > ( X ,n8  ) is fuzzy F-Ti for eveiy n .

(ii) . ( X, 8  ) is fuzzy F-T] <=> ( X, 8 °) is fuzzy F-T]

P roof:

Similar to the proof of Theorem 2.2.6 

Definition [88] : 2.2.17

A fuzzy topological space ( X, 8  ) is said to be a fuzzy S-To space 

if V x, y e X, x * y, there exists /  e 8  such that either /  (x) = 1 and 

/ ( y) = 0  or / ( y) = 1 and / ( x )  = 0 .

Theorem:2.2.18

Let ( X, 8  ) be a fuzzy topological space . Then,

(i). ( X, 8  ) fuzzy S-Tq space => ( X, n8  ) fiizzy S-T0 space for every n.
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(ii) . ( X, kn8  ) fuzzy S-T0 space ==> ( X, nS ) fuzzy S-T0 space

(iii) . ( X, 5 ) fuzzy S-T0 space => (X, 8°) fuzzy S-To space .

P roof:

By the definition of n8  , the proof is obvious 

Definition[19] : 2.2.19

A fuzzy topological space ( X, 8 ) is said to be a fuzzy F- T0 space if 

for any two distinct fuzzy points xt, ys in X, there exists an open fuzzy set 

/  in 8  such that xt e /a n d / ( y )  = 0  or ys e /  an d /(x ) = 0  .

Theorem : 2.2.20

Let ( X, 8  ) be a fuzzy topological space. Then

(i) . ( X, 8  ) fuzzy F-T0 space <» ( X, nS ) fuzzy F- T0 space for every n .

(ii) . ( X, 8  ) fuzzy F-T0 space <=> ( X, 8 °) fuzzy F-T0 space

P roof:

The proof is similar to that of Theorem 2.2.16

Section : 2.3

Fuzzy Covering Uniformity and Finite Approximations

In this section we shall study the covering uniformity defined by 

Chandrika and Meenakshi [9] with reference to finite approximations.
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Deflnition : 2.3.1

A collection <t t = { / x | A , e A } o f  fuzzy sets in a set X is called a 

covering if sup { f \  \ X e A } = 1

N ote: 2.3.2

I f ' U = { / x | A , e A }  and V = { 0 a | a € A ' } a r e  two coverings of a 

set X, then, It a  D = { /x  A ^ a | ^  e A, a  e  A' } is a covering of X.

Definition : 2.3.3

If U and V are coverings of a set X, then U is a refinement of V 

written as U < V, if for every /  e U there is a. g e V such th a t/(x )  < g (x) 

for every x e X .

Definition : 2.3.4

A covering U of a set X, separates two points x and y in X if 

/ ( x )  A /(y ) = 0 for e v e ry / € U. .

Notation :

< U > (x) = {y | x and y are not separated by It}.

Definition : 2.3.5

If It is a covering of X a n d /a n y  fuzzy set in X, then star o f /w ith  

respect to U , denoted by St ( f U )  is the fuzzy set in X, defined by

St ( / ,  U ) (x) = sup { / ( y) | y e < U > ( x ) }.
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Definition : 2.3.6

A covering U is a star refinement of a covering V of X if the 

following conditions are satisfied :

ST1. For every /  e U , there is a g e V , such that St( f  U) < g .

ST2. If x and y are not separated by U and y and z are not separated 
by U then x and z are not separated by V.

Definition : 2.3.7

Let X be a non empty set. A family F of coverings of X is called a 

fuzzy uniformity on X if the foilwing conditions are satisfied :

U l. For U,V in r , U a  V is in T*

U2. If U < V and if U e F, then D e T .

U3. Every member of F has a star refinement in F.

A fuzzy uniformity F is called a Hausdorff fuzzy uniformity if the 

following condition is satisfied :

U4. For every pair x, y e X with x *  y, there is a covering in F which 

separates x and y.

Definition : 2.3.8

Let X be a non empty set. A collection % of coverings is called a 

basis for a fuzzy uniformity if the following conditions are satisfied :

UB1. For U , V in $3,U a  V is refined by a member of %.

UB2. Every U m % has a star refinement'll in SB.
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98 is said to form a basis for a Hausdorff fuzzy uniformity, if in 

addition it satisfies the following condition :

UB3. Given x, y in X with x ^  y, there is a covering U in 98 which 

separates x and y.

Definition : 2.3.9

Let ( X, T ) be a fuzzy uniform space. The fuzzy topology induced by 

T is defined as follows :

For any /  in Ix, define C l /  in F = inf { St (f,U)  | U e T } ,

Theorem 2.3.10 follows immediately from the definitions:

Theorem : 2.3.10

(i) . If U = { e A } is a covering of X ,

then nU = {n( / x) | X e A } is a covering of X.

(ii) . Let U and V be coverings of a set X

If U is a refinement of V , then nU is a refinement of nV .

(iii) . A covering U of X separates x and y in X iff the covering

nU of X separates x and y in X .

Theorem : 2.3.11.

Let U be a convering of X. Then St ( f U )  = S t ( /  nU).

P roof:

St ( /  U ) (x) = sup { / ( y) | y e < U > (x)}

= sup { /(y )  | y e <  nU >(x)}

= St ( f , nU).
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Theorem : 2.3.12.

If a covering U of X is a star refinement of a covering V of X, then 

nU is a star refinement of nV.

P roof:

It is a star refinement of V of X 

=> for ev e ry / e  U, there is a g' e V such that St ( / ,  U) < g .

St( y  nu ) (x) = st( y , u ) (x)

= sup {n/( y )  I y e < U >  (x)}

= "(sup { / ( y ) | y  e <U>(x)})

= " ( S t  (f,U)(x))

1 n(^(x))

= ( n̂ ) (x) .

Second condition of the definition of star refinement follows by 

observing that for every x e X, <U>(x) = < nU> (x).

Theorem : 2.3.13

Let T be a fuzzy uniformity. Then {n U | U e T } is a basis for a fuzzy 

uniformity T  such that "T  c  T. If T is a Hausdorff fuzzy uniformity, then 

T  is also a Hausdorff fuzzy uniformity.

P roof:

n T c  T, since U < nU.

UB1. Let ' l l , V e T. Then U a  V e  T.

DU a  nV = n(UAV ) e nr.

73



“S '.
UB2. If V e T is a star refinement of U then nV is a star refinement of nU .

The collection { nU | U e T } is a baste for a fuzzy uniformity n T. 

Given x * y, there exists U e T such that U separates x and y 

nU e n T separates x and y.

Theorem : 2.3.14

Let ( X, T ) be a fuzzy uniform space.

Then T andn T define the same fuzzy topology on X.

P roof:

It is enough to prove th a t, ,

C l /  with respect to T = C l /  with respect to nT .

For any fuzzy set /  e I ,

C l /  in T = inf { S t ( /  U ) | U e T }

= inf { St ( / , n U) \nU e T  }

= C l / i n nr .
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CHAPTER III

SOM E INTERESTING  SUB CATEG ORIES OF THE  

CATEG ORY OF FUZZY TO PO LO G ICAL SPACES

In this chapter, some interesting subcategories of the category of fuzzy 

topological spaces are studied. This includes the subcategory of fuzzy 

topological spaces of the form (X,n5), (X, 5°) and (X,8 ) where 8  is 

topologically generated. Few interesting fimctorial properties are established. 

Generalizing a  result of Srivastava[81], Sierpinski spaces for two 

subcategones are constructed .

Section : 3.1

Definitions and Notations

Definition : 3.1.1

A category consists of two classes, a class o'g7 called the objects of 

<g’ and a class m'g7 called the morphisms of ‘g , together with the following 

axioms which link the two classes ;

(i) . The composition 0 «vg ° cp of three morphisms is defined whenever the

compositions 0  ° vj/ and y  ° cp are defined.

(ii) . Composition of morphisms is associative. That is, (0 ° y ) «cp =0 «(y ° (p)

and both compositions are defined if either is defined.

(iii) . There is a bijection which assigns to each object X an identity

morphism ( id )x : X —> X such that for each morphism 0 : X—>Y, 

0 = 0 ° ( id )x = ( id )Y ° 0 .
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Definition : 3.1.2

A category 91 is a subcategory of a category c€ if every object 

(morphism) of 91 is also an object (morphism) of <g\ The subcategory 91 is 

said to be a full sub category if every morphism in between two objects of 

91 is also a morphism in 91 .

Definition : 3.1.3

A functor from a category ^  to a category 9 is a rule C, which assigns 

to each object X and morphism 0 of % an object £(X) and morphism £(0) of 

9 such that

(i) . £ preserves identities, That is, £(idx) = id; (X).

(ii) . C, preserves composition. That is, if 0 ° vg is defined in , then

£(0) o £(vg) is defined in 9 and is equal to £( 0 ° vg) .

Definition : 3.1.4.

A functor £ from a category 9? to a subcategory 91 of ^  is a 

reflective functor if there is a morphism 0 : X—»£(X) and every morphism vg 

from X to an object Y of 9t, factors uniquely through ^(X) via 0 so that the 

following diagram commutes. That is, given a morphism vg : X—»Y, there 

exists a unique morphism cp : £(X) —> Y such that vg = cp °0.

C(X)
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If t, : ‘g7 -» 91 is a reflective functor, the sub category is called a 

reflective subcategory. The object £(X) is called the reflection of X in 91.

Definition : 3.1.5

A functor C, : —> 91 is called a coreflective functor if 91 is a

subcategory of ‘g’ and there is a morphism 0 : £(X) —» X such that any 

morphism v|/: Y -> X with Y an object of factors uniquely through 0 such 

that the diagram commutes. That is, given a morphism i|/ : Y -»  X there 

exists a unique map q>: Y —> £(X) such that y  = 0 ° (p.

0
C ( » ------------------- * X

is called a coreflective subcategory of 9* and £(X) is called the 

coreflection of X in 91.

Definition [47) : 3.1.6

Let (X,8) and (Y,cr) be two fuzzy topological spaces. A function 

0 : (X,5) ->(Y,ct) is said to be Lowen continuous if 0 : (X,i(5)) —> (Y,i(a)) is 

continuous.

Remark : 3.1.7

(i) . Fuzzy continuity => Lowen continuity

(ii) . id : (X,5) - » (X, 8°) is Lowen continuous, since i(8) = i(8°).
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(iii). If 0 : (X,S) —»(Y,ct) is Lowen continuous then 0 : (X, 5°) -> (Y,a°) is 

Lowen continuous.

Defintion: 3.1.8

Let (X,8) and (Y,ct) be two fuzzy topological spaces. The function

0 : (X,S) -*  (Y,ct) is said to be weak -n- continuous if 0 : (X,n8) -» (Y,no) 

is fuzzy continuous.

Definition : 3.1.9

Definition : 3.1.10.

(i) . ‘g’FTOP : Category of fuzzy topological spaces with fuzzy continuous

functions as morphisms.

(ii) . % FTOP : Subcategory of ‘g’FTOP of fuzzy topological spaces of

the form (X,8) where 8 is a strong finite fuzzy topology with

(iii) . ‘g’FFTOP : Category of finite fuzzy topological spaces with fuzzy

continuous functions as morphisms.

(iv) . ‘g’SFTOP : Category of strong finite fuzzy topological spaces with

fuzzy continuous functions as morphisms.

(v) . ^ nFTOP : Category of fuzzy topological spaces with

weak -n-continuous functions as morphisms.

A fuzzy topology 8 on a set X is said to be saturated if 8 = 8°.
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(vi) . <g,0FTOP : Subj^ategory of ‘g’FTOP with objects (X,8) where 8 is a

saturated fuzzy topology on X.

(vii) . 9fc FTOP : Category of fuzzy topological spaces with continuous

functions as morphisms.

(viii) . *f°c FTOP : Category of saturated flizzy topologtical spaces with

continuous functions as morphisms.

(ix). ^  lFTO P : Sub^category of <€ FTOP with topologically generated 

fuzzy topological spaces as objects.

Remark : 3.1.11.

(i) . (X,8) € 9fn FTOP => 8 = n8.

(ii) . (X,8) € ^°FTOP =>8 = 8°.

(iii) . In ^ lFTOP, continuity and fuzzy continuity are equivalent. Therefore,

‘g’lFTOP is a subcategory of ^ cFTOP.

(iv) . Since every topologically generated fuzzy topology is saturated

« lFTOP is also contained in <^°FTOP.

Section : 3.2 

Functorial Properties

Proposition : 3.2.1

The corespondence (X,8) -»  (X, n8) defines a functor £n from srFTOP

to SfnFTOP.



P roof:

Proof follows from the following resu lt:

“If a map 0 : (X,5) —>(Y,ct) is fuzzy continuous then 0 : (X, "5) -»(Y,na) is 

fuzzy continuous” .

Proposition : 3.2.2

The sub category tr nFTOP is closed with respect to product. The 

functor preserves product.

P roof:

Proof follows from Theorem 1.3.10 

Proposition : 3.2.3

(i) . «r„FTOP c  Sf SFTOP c  <e FFTOP c  <€ FTOP.

(ii) . ‘g’SFTOP is closed with respect to finite product.

(iii) . Given (X,8), (Y,ct) in 'g’FFTOP, the fuzzy topology 8 x a  on X X Y has

a basis consisting of finite fuzzy sets.

P roof:

(ii). Let 8 be a strong finite fuzzy topology on X such that every member of 

8 assumes values from J(S). Let ct be a strong finite fuzzy topology on 

Y such that every member of a  assumes values from J(a). It is easy to 

prove that J(8 X a) c= J(8) u  J(a) and hence 8 x a  is a strong finite 

fuzzy topology on X X Y.

(iii). To prove (iii) it is enough to note that i f /a n d  g are finite valued fuzzy 

sets on X and Y, f  xg  is finite valued on X x Y.
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Proposition : 3.2.4

‘g’nFTOP is a full subcategory of <g’Wn FTOP.

P roof:

It is enough to note that fuzzy continuity in <g'nFTOP is the same as 

fuzzy weak -n-continuity.

Proposition : 3.2.5

tfnFTOP is a reflective subcategory of ^ WrFTOP.

P roof:

Obviously, the map (X,8) —>(X,"S) defines a functor from srWnFTOP to 

$fnFTOP.

The identity function id : (X,8) —»(X, n8) is a weak -n- continuous 

map. Let 0 : (X,8) -»  ( Y,na) be a weak -n- continuous map. Then 

0 : ( X , "8) ->{Y,na) is fuzzy continuous.

(X, 8) id (X,n8)

Hence , the map : (X,8) -»  (X, °8) defines a reflective functor from 

<3\vnFTOP to ^ nFTOP.
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Proposition : 3.2.6

The correspondence ( X ,6 ) -> ( X , 8°) defines a coreflective functor 

: <€ FTOP -> ^  FTOP and £,° preserves product.

P roof:

By corollary 1.4.12, the map (X,8) -»(X,8°) defines a functor from 

'g’FTOP to «’°FTOP. So it is enough to prove that the functor is coreflective. 

The identity function id : (X,8°) -»(X,S) is fuzzy continuous.

Let 0 : (Y, cr°) -»  (X,S) be fuzzy continuous. Consider 0 : (Y ,a0)—>• (X,8°).

Let /  g  8°. Then nf  e "8 for all n.

n(0 !( / ) ) = © *(n/ )  = 0**( n(J) f°r some g e 5

= n( ©'’(# )  ) for 9'*( # ) e a 0

g  V )  =  na .
QA( f )  e

(X,<8) id , IX ,8°)

Hence 0 : (Y,a°) -> (X,8°) is fuzzy continuous 

Proposition : 3.2.7

The map (X,8) -»  (X,8°) defines a reflective functor 

Cc'. ^ cFTOP -> ^  FTOP.
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>
The map (X,8) —» (X,8°) defines a fimctor C°c. The identity map

(X,8) ->(X,8°) is continuous.

Let 0 : (X,8) -> (Y,cr0) be continuous. Then 0 : (X, 5°) —» (Y,ct°) is 

continuous

/. C°c: ^cFTOP -»  Sf°c FTOP is a reflective functor.

Section : 3.3

T  ■ Fuzzy Sierpinski Space

Definition : 3.3.1

A category of sets with structure is defined by the following two 

data and two axioms :

(i) . ^  assigns to each set X a class ^  (X) of -structures on X.

A ^-structured set is a pair (X,8) with 8 g  ^(X).

(ii) . assigns to each pair (X,8), (Y,cr) of <€ -structured sets a subset

% (8,a) of the set of all functions from X to Y; We write, 

0 : (X,8)-» (Y,ct) in case 0 g  ^(8 ,a) and say that ‘0 is admissible in 

Axiom : 1

If 0 : (X,S) -> (Y,a) and V|/: ( Y, cr ) -»  (Z, p) then 

vg • 0 : (X,5) —>■ (Z, p).

Axiom : 2

Given a bijection 0 : X -> Y and 8 g  'g’(X), there exists a unique 

ct g  ^(Y) such that 0 : (X,S) -> (Y,a) and 0 '1: ( Y,a) —> (X,8).

P roof:
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Definition : 3.3.2

Let be a category of sets with structure. A family

0j : ( X , 5 ) -» ( Xj, 8j ) of ‘g’-admissible maps is optimal if for every 

^-structured set (Y,ct) and function 0 : Y—> X , 0 e  cr , 8 ) presided that 

0j ° 0 e ^ (a , 5) for each j. An optimal lift of { 0j : X—» ( Xj , 8j) } is a 

structure 5 e f̂ (X) such that 0, : (X,5) —>( X j , 8 j ) is an optimal family.

An object (S, p) in ‘g’ is a Sierpinski object if for every object (X,8) in 

the family of all ^-admissible maps (X,8) -»(S, P) is optimal.

Theorem : 3.3.3

(i). ‘g’ FTOP, (ii).‘g’ nFTOP, (iii). ■g’ °FTOP , (iv). FFTOP and

(v). ‘g’SFTOP are ‘̂ ’-structured categories.

P roof:

To prove this theorem, it is enough to verify the Axiom 2 of 

definition 3.3.1.

{O.Let X and Y be two sets and let 0 : X -> Y be a bijective map.

Let 8 be a fuzzy topolgy on X. Define a  on Y as follows :< r = { / e I Y | e - ' ( / ) e S ) } ............. ( I )
Then a is the unique fuzzy topology on Y such that 0 : (X,8) -»  (Y,a ) 

and 0 1 : (Y,a) -> ( X , 8 ) are fuzzy continuous . 

g* FTOP is a ‘g’-structured category.

(li). Let ( X,8 ) e <i?nFTOP. Then 8 = n8.

Let <r = { /  e IY | 0_1( / )  e 8 = nS }.
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Then it is obvious that a = ne.

/. ‘g’nFTOP is a ^-structured space.

(iii). Let (X,5°) e sr°FTOP

Define, a = { f e  IY | 0 '1( / )  e 8° } .

To show that a  = ct°.

Let f e e 0. Then n/  e na  for all n .

... 0 '1 ( n/ )  = n( 0-!( / )  e n(8°) = n8.

0 - '( / )  e 8° =>f e a.

Hence ^F T O P  is a ‘g’-structured space.

In the case of ^FFTOP and ^SFTOP, it is enough to note that when 

(X,8) e ‘g’FFTOP ( ^SFTOP), the topology a  defined by (I) is such 

that (Y,o) e ^FFTOP ( SfSFTOP).

Remark : 3.3.4.

<g,WnFTOP does not satisfy Axiom 2 of definition 3.3.1.

Consider the identity map (X,8) -*  ( X, 8°) where 8 ^ 8 ° .

Definition : 3.3.5

Let S = I be the unit interval. Then the space S together with the 

fuzzy topology p = ( 0, 1, i), where i e 1 1 is the identity function, is called 

the fuzzy Sierpuiski space .

Srivastava, A.K.[81] has obtained the following Theorem :
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Theorem : 3.3.6

The fuzzy Sierpinski space (S, p) is a Sierpinski object in ‘g’FTOP

Generalising the above result we get,

Theorem : 3.3.7

(S, V ) is a Sierpinski object in ^F T O P  

P roof:

Let ( X,n8 ) be a fuzzy topological space.

•jrs Claim s 1;

n 0 g  n8 0 : (X,n8) —> (X, np) is fuzzy continuous.

Let n0 e n8 .

% )(x) = ( ni  ) (0(x))

= n( i 0 (x ) ) )

= " (0(x) )

0-' (ni  ) = n0 € "8

j i  Hence 0 : ( X , n8) -> ( X, np) is fuzzy continuous .

Now, Assume 0 : ( X ,n8 ) -> (X, np) is fuzzy continuous.

Then 0_1(nt) e n8  for ni  g  np.

B u t0 '](ni)  = n0.

: .  n0  g  n8 .
Hence n0 g  n8 o  0 : (X,n8) ->  (S, np) is fuzzy continuous
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ir

*

Let { 0 j: (X, n8) -> (X, np) } be the family of all fuzzy continuous functions. 

Then n ( 0 j) e n8 for all j .

Claim i 2 :

The above collection is optimal.

Let (Y, "ct) e $rnFTOP and 0 : X -»  Y be a map.

Assume 0j - 0 : (Y, n<r) - » ( S, np) is fuzzy continuous for all j .

To prove :

0 : ( Y, n a  ) —> ( X , n8 ) is fuzzy continuous.

Any element of "8 must be equal to n ( 0 j) for some 0j.

( e - ' r w m y )  = ( n (ej ) ) (0(y) )

= n(0 j -0(y) )

= (( Oj • 0)-1 ( “i-)) (y)

••• e_1( "(©j)) = (0 j • 0 ) '1 "i

e "ct , since 0j ° 0 is fuzzy continuous .

Hence, 0 : (X, n8 ) —» ( Y, na  ) is fuzzy continuous.

Theorem : 3.3.8

(S, p ° ) is a Sierpinski object in ^FTO P.

P roof:

To prove this theorem, it is enough to note that 0 : (X,8°) ->• (S, p°) is 

fuzzy continuous iff 0 e 8°.
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0 : (X, 8°) —» ( S, p°) is fuzzy continuous 

=> 0 : (X, 8°) -» (X, p) is fuzzy continuous 

=> 0 e 8°, since 0 = 0-1(t^).

Conversely, assume 0 e 8°.

Then 0 : ( X, 8°) -> ( S, p) is fuzzy continuous. 

Let g e p°. Then ng e np .

=> ng = n h for some h e p  

h e p=> Q'\h ) e 8°. .

^  => n(0"l(/S)) e n( 8°)

=> 0 1(n/5) e n(8°)

=> Q'\ng ) e n8

= > \ V \ g ) ) e n*

This is true for all n. Therefore , 0_1( g) e 8°. 

Hence, 0 : ( X, 8°) -> ( S, /?°) is fuzzy continuous.

¥
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r
STRUCTURED SPACES

CHAPTER IV

In this chapter, the problem of extending the concept of fuzzy topology 

by considering intuitionistic fuzzy sets on a set X is discussed. A new 

structure called & -Structure is introduced. The concepts of continuity, 

separation axioms, compactness etc. are introduced and studied.

Section : 4 A

3T- Structure - Continuity- Products

Definition : 4.1.1

An intuitionistic fuzzy set on a set X is a pair ( / ,  g ) of fuzzy sets 

defined on X such that 0 < /(x )  + g (x) < 1 for all x e X.

Definition : 4.1.2

Given a collection { (fx, g x) I A, e A } of intuitionistic fuzzy sets, 

their 7-union and 7-intersection are defined as follows :

V { ( f x , g x )  I A e A } = ( v / x ,  A 0 x). 

a I A e A } = ( a f x , v g x),

where vfx  stands for v{ fx  | A e A } and 

a g x stands for a { g x I A e A }.
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We introduce a new structure called .^-structure defined as follows : 

Defintion : 4.1.3A
An - structure 7  on a set X is a set 7  of intuitionistic fuzzy sets 

satisfying the following conditions :

^ i .  ( 1 , 0 )  G 7, ( 0 , 1 )  E 7 .

• ( fx ,gx)^7,  => v { ( f x,gx)  I A. e A }  e ? .

&3 . e 7 ,  for j = 1, 2, . . , k => A { ( / j s ^ j )  | J =1,2, . . ,n  } e 7  •

Remark : 4.1.4

A set X together with an ^-structure 7  is denoted by (X, 7) and it is 

called an ^ - space or ^-structured space.

Example : 4.1.5

Let 8 = { fx  | A, e A } be a fuzzy topology on X. Then the following 

sets of intuitionistic fuzzy sets form ^stru c tu res  :

(i) . { ( / x , l  -fx) |U A )

(ii) . { ( n( / x ) , „ (  1 - / 0 )  I U A )

(iii) . { ( / , . , „ (  1 - / 0 )  U e A )

(iv) . { ( 0 , 1 ) ,  ( 1 , 0 ) ,  { ( a , ( l - / x ) A ( l - a ) )  | A e A })

where a  is a fixed constant in ( 0 , 1) .

Definition : 4.1.6

Given a fuzzy topology 5 = {fx  I A e A } on X, the .^structure ,

7s = { ( f x  , 1 - f x )  I A, e A } is called the ^ structure induced by 8.
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Definition : 4.1.7

With every ^-structu re  ? = { ( f x , g x )  \ X € A }, two fuzzy
_ n

topologies ( 7( § ) )  , ( 7( 8 ) )  are associajp as follows :

( 7( 8 ) y = Distinct elements of the collection {Jx | X e A }.

( 7( 8 ) )2 = Distinct elements of the collection { \-g x\X e A]  .

Rem ark: 4.1.8

( ( ? s ) (8))' = 8 = ( ( ? s ) (8) )2
m

Rem ark: 4.1.9

If 7 =  {(0,1), (1,0), { ( a ,  ( 1 - / 0  a (1- a)) | U A } }

where { f x  | X e A } is a fuzzy topology 8, then

( ? ( & ) ) ' =  ( 1 , 0 , a ) .

( 7( 8 ) )2 = { / x v a |  X e A } u  { 0 }.

Definition : 4.1.10

Basis for an ^-structure 7 is a subjcollection %  ? of 7  such that 

every member (f, g)  of 7  can be expressed as ( / ,  g ) = v { ( / . , gx) \ X e A0) 

where (fx, gx) e  %7,

Definition : 4.1.11

A collection S  of intuitionistic fuzzy sets forms a subbasis for 7  

if the collection of finite 7 -intcrsections a  ( ( / j , * j )  I j = l , 2 , . . , k }  

where ( / j , g j ) e S forms a basis for 7.
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\

Let 8 = { / x | A , e A } b e a  fuzzy topology. Let % be a basis for 5 

Consider the ^-structure 7s — { (fx,  l - / \ )  | A e A } , the collection 

{ 1  -g | Qp € % } forms a basis ^L,for 78-

Definition : 4.1.13

Given an structure 7  = { (fx,  ^ ) | U A }  and a positive integer n, 

an structure n 7  is defined as follows :

n?  = { ( n(fx),  n ( i h ) ) | ^ A } .

R em ark: 4.1.14

n( ? 8 ) =  ?n8

Proof:

Let 8 = { f x  | U  A}. Then n 8 = { a(fx)  I A e A} .

?5 = { ( f x ,  1 - /0  I f x e b }

?n5 = { ( " ( / * ) ,  l - n( f x ) )  l / x e 8 }

= { ( ”( / * ) , „ ( l - / 0 ) l / x e  8}

" (? * )=  { ( ”( / x ) . n ( l - / x 3 l / l e 5 }

Hence the proof.

Definition : 4.1.15

Let ( X, 7 i ) and ( Y, 72) be two ^  structures.

Then 0 : ( X, 7i ) -> ( Y, 72) is said to be continuous if 0_1( / ,  g ) e 7i 

for every ( f , g ) &  7  2 . Here O'1 ( / ,  #) = ( 0_1( /  ) ,  0_1( $ ) ) .

Remark : 4.1.12
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Theorem : 4.1.16

Let ( X, 8 )  and ( Y, a ) be two fuzzy topological spaces. Let 

( X, ?8) ,  ( Y, ? CT) be the associated structured spaces. Then a map

0 : ( X, ?s) -> (Y,?o) is continuous iff 0 : ( X , 8 ) -> ( Y, <r) is fuzzy 

continuous.

P roof:

Assume that 0 : ( X , 8 ) -» (Y,a) is fuzzy continuous.

To prove:

0 : ( X, 76) -> ( Y, ?CT) is continuous.

Let ( /x , l - /x )  e ?5 where f x s c s .

Then & \ f \ )  e 8 

=>(0-'(/)l) , l - 0 - 1( / O ) e ? 8

=> ( e ‘( / o , 0 ' 1( i - / x ) ) € ? s .

Conversely, assume that 0 : ( X, ?§) -* ( Y, 7a) is ^continuous.

To prove:

0 : (X.8) -> (Y,cr) is fuzzy continuous.

Jx e a=> ( /x  , l-/x ) e

=> (e-1( A ) , 0 - 1( i - / l ) ) e ? 6

=> 0-'( />.) <5 8-
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Theorem : 4.1.17

Let ( X, 7i ) and (Y, 72) be two ^-structured spaces. Let ( 7 i(8) ) \  

( 7i( 8 ) )2, ( 72( 8 ) ) \  ( ?i{ 8 ))2 be the fuzzy topologies induced by 

7i and 72 • Then 0 : (X , 7i) ( Y, 72) is ^-continuous implies that

e : ( X, ( ? ,( 5 ) ) ',  ( ? , (  8 ) )2) -» ( Y, ( ? 2( 8 ) ) ' .  ( ? 2( 8 ))2 ) is pairwise 

contmuous.

Proof:

Assume that 0 : ( X , 7i ) -> ( Y , 72) is ^-continuous 

Then Q'\jx,gx)  e 7 i , V ( / x, 0x)  e 72-

Claim : 1

0 : ( X , ( 7i( 8 ) )') -> ( Y, ( 72( 8 ) ) ’ ) is fuzzy continuous.

Let f e  ( 72(8))’.

Then there exists ( _/L # 0  e 72 such that/=/>v.

This implies 0"‘( / x . 0 x) € ?i

=>(e-'( / x ), e-'(# x ) ) £ ? i

= > e - ' ( / x ) e ( ? i ( 8 ))‘

That is. e - '( /)  e (? ,(  8 ))’

Claim : 2

0 : ( X , (7i( 8 ))2) -> ( Y,( 7 2( 8 ))2) is fuzzy continuous.

Let t  e ( ? 2(S))2.

Then there exists ( f x , 0x )  e 72 and
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This implies e  ?i

= > (e - '( /x ) ; e-,( a i ) ) € ? ,

=>0-'(/i) € ( ? , ( S ) ) 2 .

Theorem : 4.1.18

Let ( X , ) and ( Y, ? 2) be two ^structured spaces.

If 0 : ( X , ?i ) —> ( Y, ? 2) is & - continuous , 

then 0 : ( X , n (? ])) -> ( Y, n( ? 2) ) is ^  continuous.

P roof:

Assume that 0 : ( X , ? \ ) -> ( Y, ^2) is ^  continuous.

Then 0 ' ' ( /x , x) e ?i for ( / x, g x) g ?2 such that ( n ( / x  )> n( x)) e n( ?2) .

To P rove:e'‘( ”( A ) . n ( « x ) ) e n(?i)
e-‘( / x , « x ) s ? ,  => ( 6 - ' ( / x ) .  » - ' ( * ) )  e  7,

=> ( " ( e ^ /x ) ) .  „(e-‘( g x ) ) > ”(?, )

=> ( e r 'C( fx) ) ,V' (Ag>. ) ))e"(?,)

=> e-‘( ”( / x ) ,  n ( « x ) ) e ”(?i) .

Hence , 0 : ( X , n(? i)  ) -► ( Y,n( ? 2))is continuous.
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Definition : 4.1.19

Let (X,7i) and (Y,72) be two ^-spaces where 7i=  {( f \ , g x ) \  A, e A} 

and "pi ~ | p e A } . The product ^structure 7iX 7 2  on X x Y

is defined as the - structure having ( / x  * /t  ̂ , # >„ © S ^) as basis where 

( f x *  Ii M) ( x , y )  = min M y ) )  and

( gx © l n) ( x , y ) -  sup ( g x(x) , l ^(y)) .

Theorem : 4.1.20

Let (X,8) and (Y,a) be two fuzzy topological spaces. Let (X,7§) and 

(Y,7ct) be the induced ^ sp aces. Then the two ^ -  structures 7s X 7a and 

7s x a on X x Y coincide. That is , 75 x 7a = ?s xa-

P roof:

? * = { ( / ,  W )  l / e 8 } .

?a= { U  > W ) I 3 £ a  }•

7s x 7a has basis ( / .  g , ( 1 - /  ) © ( 1- g ) ) .

^ 8  Xct has basis { ( / * # ,  l - ( / * t f ) )  | /  e 8 ,  ̂ e cr }

= { / • * .  ( l - / ) © ( l - « )  1 / 6 8 ,  5 6 5 }

Hence , 7s x 7a — ? 5 xa•

Theorem : 4.1.21

Let 7i and 7 2 be two ^structures. The projection maps 

Pi  : ( X x Y, 7i x 72 ) - >  ( X, 7i ) and 

P2 : (X x Y, 7i X 7 2) -> ( Y, 7 2) are continuous.
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P roof:

Let ( f x , g \ )  e  ?i

Pi ( / x , ^ x ) ( x , y )  = ( / x , t f x ) ( P i ( x , y ) )

= ( / x , * x ) ( x )

= (/x(x),tfx(x))

= ( / x * l , ^ x © 0 ) ( x , y ) .

P i ' ( A » ^ ) e  ? i X ? 2 

L e t ( ^ , ^ )  e ? 2 -

P21( ^ n A ) ( x »y)  = ( ^ , ^ ) ( P 2 ( x , y ) )

= ( ^ , « n ) ( y )

= (M y ) ,  My))

= ( 1 . ^ , 0  © V ) ( x , y ) .

P2 ( , V ) 6 ?1 X ■

Hence , P| and P2 are ^  continuous.

Section: 4. 2

Separation Axioms and Compactness in ^Structured Spaces 

Definition : 4.2.1

An - structure “?  on a set X is said to be ^HausdorfFi Hi) if 

V x , y e X, x * y, there exists ( / ,  g ) e "p such th a t/(x )  = 1, g (y) = 0 and

/  Atf = °.
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Let ( X, 7  ) be an ^-space. Then (X, 7) is ^ -H ] => (X,n7  ) is ^ - W \ .  

P roof:

Let ( X , 7  ) be an ,^-space and ( X , 7  ) is @ '-W \ .

Then V x , y e X, x * y, there exists ( / ,  g ) e 7  such that / ( x )  = 1,

(y) = 0 and / a g  = 0 .

= > V x , y  e X, x *  y, there exists ( n/ ,  n# ) e n 7  such that n/ ( x )  = 1, 

n g ( y )  = 0  and n/  a n g  = 0  

=> ( X, " 7  ) is ^ -H ,.

Definition : 4.2.3

An structure 7  on a set X is said to be ^"-Hausdorff2 ( ^ - H 2 ) if 

V x , y e X, x *  y ,  there exists ( f , g  ) e 7  such that /  (x) > 0 , tf(y) * 1  

and /  a  g  = 0 .

Theorem : 4.2.4

Let ( X , 7  ) be an ^ stru c tu red  space.

( X , 7 )  is . ^-H2 o  ( X , n7 ) is .^-H 2.

Proof:

An .^"-structured space (X , 7  ) is ^"-H2 .

<=>Vx,  y e X, x * y, there exists ( / ,  # ) e 7  such that / ( x )  > 0,

# (y) ^ 1  such that/ a  g  = 0 .

<=> V x , y e X , x ^ y ,  there exists ( f , g ) ^ 7  such that nJ [ x )  > 0, 

n g ( y )  *1 such that " / a ^  = 0 <=> ( X , n7 ) is ^"-H2 .

Theorem : 4.2.2
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Definition : 4.2.5

An ^"-structure on a set X is said to be Hausdorff3 ( ^ H 3 ) if 

V x , y e X, x *  y, there exist ( f x , 3  x ), ( f t , fo ) e  7  such that/x(x) > 0, 

M y ) > 0  and (1 - g\)  a  ( 1 - ^ )  = 0.

Theorem : 4.2.6

Let 5 be a fuzzy topology on a set X and ?  be an ^-structure on X.

Then,

(i) . ( X , 8 ) is fuzzy K-Hausdorff => ( X, 7 s ) is -H3 .

(ii) . (X,7) is ^ - H 3 => ( X,( 7( 8 ))1), (X,( 7( 5 ))2) are fuzzy K-Hausdorff.

(iii) . ( X , 7  ) is ^ - H 3 => ( X, n 7 ) is ^ - H 3.

P roof:

(i) . Assume ( X , 8 ) is fuzzy K-Hausdorff.

Given x , y e X , x *  y, there exist' fx ,f\i such that /x (x ) > 0,

/ m (y) >  0 and f x a  / ,  =  0 .

* Then the two elements ( f x  , 1 - f x ) , ( f i  , 1-/, ) in 7h are such that

/>.(x) >  0 ,  fn(y) >  0  and (l-( 1 - / 0  a  (  1-(1 - / , ) )  =fx  a  =  0 .  

Hence , (X, 7 5) is ^ - H 3.

(ii) . Assume ( X , 7 ) is ^ -H3

Given x , y e  X , x *  y, there exist ( fx , 3 x ) , ( f i , 3 \x)€?  such that 

/x (x) > 0, / / ;  y) > 0 and (1-^ x) a (1-^ ^) = 0 .
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 ̂A  00 > 0, 1 - g » ( y )  > ACy) > Oand

A  A / ,  <  ( l - ^ O  A  ( l - 0 n )  =  O

Hence, ( X, ( 7 (5 /)  and ( X, ( 7(§))2 ) are fuzzy K-Hausdorff.

(iii). Assume ( X , 7 )  is .

Given x , y e X , x * y , there exist (A  > 0 0 ,  ( A  & ) e  7  

such that A 0 0  > 0, / A )  > 0 and (1-# 0  a  ( l -g  = 0 . 

Therefore , "(A X x) > 0, n( A  )(y) > 0 and 

(1-n ( *0) A  (l-n( g») ) = n ( \-g x) A  "(1- * , )  = 0 .

Hence, ( X, n 7 )  is ^ - H 3.

Definition : 4.2.7

Let 7  = { (A  > #0 | X e A } be an ^ s tru c tu re  on X. Then 7  is 

Chang ^-com pact if the following condition is satisfied :

Given ( j\ , gx) e 7  such that v { / x | X . e A }  = l there exists a finite 

A0 of A such that v {(1 -gx) | X e A0c A  } = 1.

Example : 4.2.8

Let (X,8) be a Chang compact fuzzy topological space where

8 = {A  I e A„ }. Then, 7  = { ( A  „( 1 - /0  I * e A } is 

Chang compact.

P r o o f :

Assume that, v {A  I A e  A} = 1. Then by hypothesis, there 

exists a finite Aq c  A such that v  {/>. |A g Aq c A}=1 .

1 0 0



• v  { \ $ \ X. e  Ao'c A} =1.

That is, v  { 1 - n | X e A0 c  A } = 1 

Hence 9  is Chang ^-com pact.

Theorem : 4.2.9

Let ( X , 8 )  be a fuzzy topological space where b= {ji.\X e A}. 

Then (X,8) is Chang fuzzy compact <=> ( X, ) is Chang ^-com pact •

P roof:

Obvious

Theorem : 4.2.10

Let ( X , 9 ) be an ^-structred space where 9 = { (J\, 3\) I A, e A }.

(i) .( X, (7(8))*) is Chang fuzzy compact => (X, 9 ) is Chang ^-compact.

(ii) .( X, (9(b))2) is Chang fuzzy compact =>(X ,9  )is Chang ^"-compact.

P roof:

(i) . Obvious.

(ii) . Assume that v  {jx I ^  e A } = 1.

Then, v  { 1- g\ | X e A } = 1.

Then by hypothesis, there exists a finite subfamily A o c  A such that 

v  { \-gx I A, € A o c  A } =1 .

Hence, 9  is Chang ^ c o m p a c t .
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N ote: 4.2.11

(?(§))) Chang fuzzy compact need not imply (7(5))k Chang fuzzy 

compact for j * k .

Definition : 4.2.12

Let 7  = { ( fx , gx) | A. € A } be an ^-structure on X. A fuzzy s e t /  

is Lowen ^ co m p ac t if given a family 77 c  A such that v {f \  \ X e 77} > /

and given 8  > 0 , there exists a finite subfamily 770 of 77 such that 

v  { \ - g k | X e  770 } > / -  8  .

Definition : 4.2.13

An -structured space ( X, 7  ) is Lowen ^ co m p ac t if every 

constant fuzzy set is Lowen ^com pact.

Theorem : 4.2.14

Let 7  = { ( fx , g x) I A, e A } be an ^structure on X. Then,

(i) . (X,8 ) Lowen fuzzy compact <=> (X, 7 s ) is Lowen ^-com pact.

(ii) . ( X, (7(S))1) Lowen fiizzy compact => (X, 7) is Lowen ^com pact.

(iii) . ( X, (7(b))2) Lowen fuzzy compact => (X, 7) is Lowen ^com pact.

(iv) . ( X , "7 ) is Lowen .^com pact for every n => ( X , 7  ) is Lowen

.^com pact.

P roof:

Proofs of (i),(ii) and (iii) follow immediately from the definition. Proof 

of (iv) is similar to that of Theorem 2.1.5.
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Section : 4.3 

Functorial Properties

Definition : 4.3.1

(i) . ^"STR  : Category of ^-structured spaces with ^"-continuous

functions as morphisms.

(ii) . S7 T ̂ "ST R  : Subcategory of ^"-structured spaces of the form (X,?8).

(iii) . %^STR  : Subcategory of ^-structured spaces of the form (X,n? ).

Theorem : 4.3.2

The correspondence (X,8) -> (X, defines an embedding C, e of 

'g'FTOP into a full subcategory of ‘g’^ S T R .

P ro o f :
Proof follows by Theorem 4.1.16 

Theorem : 4.3.3

The correspondence (X, ?  ) —> (X, n? )  defines a functor C,n7\

'g’^ 'S T R  -► % ^ S T R .

P ro o f :

Proof follows by Theorem 4.1.18.

Theorem : 4.3.4.

The subcategory T ̂ S T R  is closed with respect to products.

P ro o f :

Since , ?§ x = ?§ x , the proof is clear.
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CHAPTER V

STUDY OF GRADATION OF OPENNESS

In 1992, Hazra, Samanta and Chattopadhyay [28] introduced the 

concept of gradation of openness and gave a new definition of fuzzy topology.

In this chapter, two interesting methods of associating finite valued 

gradations with a given gradation are introduced. The third method associates 

with each gradation, a gradation which depends only on finite valued 

functions.

In the fifth section of this chapter, we have given a new method of 

associating a gradation ( n£)* with a gradation £ such that if g induces the 

fuzzy topology 8 then ( n£ )* will induce the fuzzy topology n8 .

Section : 5.1 

Prelim inary Definitions

Definition [28] : 5.1.1

Let X  be a non empty set and g  : I x ->  I be a mapping satisfying the 

following properties :

£01. £(0) = £(1) = 1 where 0 and 1 denote the constant maps with 

values 0 and 1.

£02. £ ( / , ) >  0, for i = l , 2 ,  implies £ ( / i a / 2) > 0 .

£03. g { fx ) > 0 , for k e A, implies £( sup {Jx I A, e A } ) > 0.

Then £ is called a gradation of openness on X.
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Definition : 5.1.2

A set X together with a gradation of openness g  is called a gradation 

space and it is denoted by ( X, g).

Definition : 5.1.3

Let ( X, g) be a gradation space. Then the fuzzy topology induced by

(X , g) is given by 5 (g )  =  { /  e I x | g { f )  >  0 }.

Definition : 5.1.4

Let ( X , g) and ( Y, g' ) be two gradation spaces. Then a map 

0 : X -> Y is called

(i) . a gradation preserving ( gp- ) map, if g'{ f  ) < g ( 0 ' ' ( /  ) ) ,

for each /  e I Y.

(ii) . a strongly gradation preserving (sgp-) map, if g ' { f ) = g( 0 ~ '( /)  ),

for each /  e I Y

(iii) . a weakly gradation preserving (wgp-) map, if < ? ' ( / )  > 0

=> g( 0_1( / ) )  > 0, for each/  e I Y.

Definition : 5.1.5

Let g  and g' be two gradations of openness on X. Then g > g' if

gi f )  £ S ' ( / ) f b r a l l / 6 lx.
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Definition : 5.1.6

Let X be a set. A mapping g : I x -» 1 satisfying 

gCL g(0) = g(l) = l,

gC2. If g ( f l)>  0, fori  =1,2, then £ ( / i  v f 2) > 0 ,

£C3. If g ( f \ ) > 0, for X e A , then g{ inf { fx  | A, e A })> 0 

is called a gradation of closedness on X.

Definition : 5.1.7

Let ( X ,  g ) be a gradation space and Y <z X . Then the mapping 

£y : IY -> I defined by

£ y ( / )  = s u p  { g{h) | H e I x , £|y = /}  is a gradation of openness on Y.

Chattopadhyay, Hazra and Samanta [11] modified the definition of 

gradation and introduced the following new definition of gradation :

Definition [11] : 5.1.8

Let X be a non-empty set. A map g : Ix —> I is called a M-gradation 

of openness if it satisfies the following properties:

Mgoi. g(0) = £ (i) = l ,

M£02. g(fi)>Y,  for i = 1,2, implies £ ( / ] A / 2) > r ,

M£03. g{fx) ^ r, X e A, implies g ( sup { fx  \ A- e A } ) > r , 

where 0 < r <1.
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Definition : 5.1.10

A set X together with a M-gradation of openness g  is called a 

M-gradation space.

The definition 5.1.2 to definition 5.1.8 are extended to M-gradation 

spaces also.

Section : 5.2

First nth Order Approximations

Definition : 5.2.1

Given a gradation of openness g, the nUl degree approximation ng of g 

is defined by ( ng ) ( / )  = n( g ( f ) ).

Theorem : 5.2.2

Let g be a gradation of openness defined on X. Then ng is a gradation 

of openness on X.

Proof:

Let (X, g) be a gradation space.

g oi. (ngxo) = n(s(0)) = ni = i.

("<?)(!) = n (£(!)) = nl = 1-

g 02. Let (” g){f \ ) > 0 for i =1, 2.

Then 11 ( £ ( /0 )  > 0 for i =1, 2.

This implies that g ( f i )> 0 fori =1,2

=> ^ ( / l A/ 2 ) > 0

107



=> n( ^ ( / l A/ 2 ) ) >  0

=> C ? ) ( / . a / 2) > 0.

£ 0 3 . Let Cg)( f x ) >  0 for X e A .

Then n(g ( fx ) )>  0 for A, e A .

This implies that Q{fx)>  0 for A e A 

=> £( sup {/x. | A, e A }) > 0 

=> n( ^ ( s u p  { / x  I A e A } ) ) > 0  

=> (n£) ( sup{ / x. | X 6 A }) > 0 .

Hence, ( X,n£ ) is a gradation space.

Remark : 5.2.3

g and ng  induce the same fuzzy topology on X.

To prove this, we have only to note that £ ( / )  > 0 <» ( ng) ( / )  > 0.

Theorem : 5.2.4

Let (X , g  ) be a gradation space. Then id : ( X, n£ ) -> ( X, g ) is a 

gradation preserving map.

Proof:

Since £ ( / )  < C</)(/), the proof is clear.

Theorem : 5.2.5

Let (X,g) and (Y,g') be two gradation spaces. Then a map 

0 (X,£) -»  (Y,£') is a gradation preserving (sgp-) map iff

0 : (X,n£) -> ( Y,n(£')) is a gradation preserving (sgp-) map for all n.
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Assume that 0 : ( X, g ) —> ( Y, g' ) is a gradation preserving map. 

Then, g \ f )  < g( 0' \ f  ) )  for given f  e l Y .

Given f e  I Y and for all n,

e w x / )  = x s x f ) )

< Xg{$-\ f))

= Cg) (Q'Xf)) •

Hence 0 : (X,n£) -» (Y, n(</')) is a gradation preserving map for all n. 

Conversely , assume that 0 : ( X, ng ) -> ( Y, n(g') ) is a gradation preserving 

map for all n. Then, for each f e  I Y and for all n, (”( £ ') ) ( /  ) ^  ( n0  (®Xf  ))

inf { ( \ g  ) ) ( / )  I / €  IY } < inf { C g W \ f  )) I /  6 IY }

= > g ( f ) <  e ( e - '( / ) ) .

Hence, 0 : ( X, g ) -> ( Y, g ' ) is a gradation preserving map.

Similary, the result can be proved for strongly gradation preserving map.

Theorem : 5.2.6

If 0 : ( X, g ) —> ( y, g' ) is a weakly gradation preserving map, then 

0 : ( X, ng ) -> ( Y, n( g’ )) is a weakly gradation preserving map for all n. 

Conversely, if 0 : ( X, n£ ) -» ( Y, " (S ')) is weakly gradation preserving map 

for some n, then 0 : ( X, g ) -> (Y, £') is a weakly gradation preserving map.

Proof:

Let 0 : ( X, g ) -> ( Y, g ' ) be a wgp-map. Then, 

g '{ f  ) > 0 rr> g( Q' \ f  ) ) > 0 for each /  e IY.

P roof:
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( " ( £ ' ) ) ( / ) > o £ ' ( / ) > 0

=> 0

=> (n^)(0'1( / ) ) > o

Hence, 9 : ( X, ng) -» ( Y, n(£')) is a wgp ~ maP-

Conversely, assume that 0 : (X, n£) -> (Y,n( £ ' ) )  is a wgp - map for some n. 

Then( n(£'  ) ) ( / ) > 0 ^ > ( n£) (  0-|( / ) ) > O .

£ ' ( / ) >  o => ( ”(£ ' ) ) ( / )> o 

=> O W ’C / )) > o

=> g(0-1( 7 ) ) > o

Hence, 0 : ( X, g ) -> ( Y, £ ')  is a wgp-map.

Theorem : 5.2.7

Let 0 : X-»Y be a map. Let g be a gradation of openness on X. Then 

the largest gradation of openness g' on Y which makes 0 : (X,g) —> (Y ,gf) a 

gradation preserving map is given by g '( f  ) = g( )) for each f  e I Y.

P ro o f :

For/  £ IY , define £ '( / )  = £( & \f ) )  ■

Claim : 1

g' is a gradation of openness on Y.

£01. g'(0) = g{ 0_1(O) ) = £(0) = 1.

£ (i) = £ ( e - I(i)) = £ ( D  = 1-

£02. Let g '( f  ,) > 0 for i = 1, 2.

Then £(0"‘( / i )) > 0 for i = 1, 2 .
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5 ' ( / i a / 2) = 5 (0 -1( / , a / 2))

^(e-'t/ijAe-'f/i)) > o.
0)3. Let g ' i f x ) > 0 for A, e A .

Then g( Q'\fx)) > 0 for each A, g  A .

=> g (sup | X e A }) > 0

0  ( sup { f x | A, e A}) -  £ (  0 '1 ( s u p { /x | A, e A }))

= g  ( sup { 0_1( / a.) | A, e A }) > 0 .

Claim : 2

g' is the largest gradation of openness on Y such that 

0 : ( X ,£ ) -»  ( Y ,0  ) is a gp-map.

If g"  is a gradation of openness on Y such that 0 : ( X, £ )-> •(  Y, 0 ')  

is a gp- map , then g"  ( / )  < g  (0’]( /  ) )  for each/  e IY.

Therefore, g"  ( /  ) < g' ( f  ) by definition of g

Hence, g' is the largest gradation of openness on Y such that 0 is a gp-map. 

Note : 5.2.8

We call the gradation of openness 0  defined in the above theorem as 

the quotient gradation with respect to g  denote this by Q^.

Theorem : 5.2.9

Let 0 : X —> Y be a map. Let g be a gradation of openness on X and 

0  be the largest gradation of openness on Y such that 0 : (X,0) -> (Y ,0 ) is 

a gp-map. Then n( 0 )  is the largest gradation of openness on Y such that 

0 : (X,n0) -> (Y, n(g')) is a gp-map.
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Since g' is the largest gradation on Y such that 0 is gradation 

preserving , g'(f) = g( Q '\f  ) ) .

= n( s ' ( / ) )

= "( S( V \ f  )))•

Hence , ( n£') is the largest gradation on Y such that 

0 : ( X ,ng )- + (  Y,n( g ')) is agp-map.

Theorem : 5.2.10

Let 0 : X —» Y be a one-one onto map. Let g' be a gradation of 

openness on Y. Then the smallest gradation of openness g  on X which 

makes 0 : ( X , £ ) - » ( Y ,  £ ') a gradation preserving map is given by

gi f )  = f i  e ( / )) •

Proof:

Obvious.

Theorem : 5.2.11

Let 0 : X->Y be a 1-1 onto map and g' be a gradation of openness 

on Y. Let g be the smallest gradation of opemiess on X such that 

0 : ( X, g ) -> ( Y, g' ) is a gp-map. Then ng is the smallest gradation of 

openness on X such that 0 : ( X ,  n^ ) - > (  Y,n(£ ' )) is a gp-map.

P roof:
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P roof:

( W )  -  \ 9 ( f ))

= n( s ' ( e ( / ) ) )

= ( V ) ( e ( / ) )

Hence the theorem.

Theorem : 5.2.12

Let (X,  g ) be a gradation space . Let Y c X .  Then ( ng  )y = n (£y)

P ro o f :

9y( / )  = sup { g(/i) I /i ^  IX, /i ,y * = / } .

C g M f )  =  s u p { C g ) ( 6 ) \ f i t r = f }

= sup { n( g(()) | * f y = / }

= " { sup {£(6)1 = / }

= " ( $ * ) ( / ) ■

Theorem : 5.2.13

If g is a gradation of closedness, then ng  is a gradation of closedness 

P ro o f :

gCl. Cg)(0) = n( g (0 ) ) =  1 and (“0 0 )  =  n ( ^ ( 0 ) )  =  1 

gC2. ( ng ) ( / , ) > 0  fori  = 1, 2 

=> W 0 ) >  0 fori  = 1,2 

=> £ ( / j ) > 0 for i = 1, 2

=> 9(1 \ v / 2 ) >  o
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=* W i v / 2) > 0
=> (n^ ) ( / i v / 2) > 0 .

<
gC3. ( ng ) (  f x ) >  0 for Xe  A 

=> g(fx )  > 0 for A, € A 

=> ^ ( inf  { / ^  | A, e A }) > 0 

=> n( ̂  ( inf {/ x  | X e A } ) ) > 0  

=> (ng ) ( m f { / x |  U A } ) ) > 0 .

Hence , ng is a gradation of closedness.

N ote: 5.2.14

If g is a M-gradation of openness (closedness) on X, ng need not 

satisfy the conditions of M-gradation of openness (closedness).

Section : 5.3

Second nth Order Approximations

Definition : 5.3.1

Given a gradation of openness £ , ( “£)*  is defined as

C g ) * ( f )  = e ( n/ ) -

Theorem : 5.3.2

Let ( X,£) be a gradation space. Then (X,(”$)*) is a gradation space.
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P roof:

Let g be a gradation of openness on X.

§01. Cg)*(0) =  SCO) = 5(0) =  i

r  ?)*(i) = 5("i) = 5 ( 1) = i.

§02. Let ("5 )* ( / i )  > 0, 1 =  1,2.

Then $("(/. ) ) > 0, i = 1, 2 .

This implies that §( ° ( / i ) a  n( / 2) )  > 0  

=> 5 ( ”( / i  a / 2 » > 0  

Ofl A / 2 ) > 0 .

§03. Let (“§)* (/*.) > 0  for A. e A .

Then § C ( /0 )  > 0 for A. e A.

This implies that §(sup {R(fx) | A e A} > 0 

= > $ C (  sup { f x  | A e  A } ) )  > 0  

=>(”§)* (sup { f x  I U  A } ) > 0 .

Hence , ("§)* is a gradation of openness on X.

N ote: 5.3.3

f e  5( ( n§  ) * ) o  ( " $ ) * ( / )  > 0

s ( Y ) > o

<=> nf e b ( g )

Hence, /  e 8 ( ( " § ) * )  o  Rf  e 8 (§).

S(§)(n) 5 ( ( n§ ) * )
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Note : 5.3.4

C g ) * ( f ) C g ) * C f )

: . \ 6 ( ng)*) c  8 ( ( ng ) * ) .

Theorem : 5.3.5

n( S ( ( ng ) * ) )  = 8 ( g )  A " ( 5(g)). 

P roof:

8(g) = { /  I g ( f )  > o ) .

8 ( ( ng)*) = { / l ( ng ) * ( / ) > o } .

Let " /  e n( 8 ( ( ng)*)) -  

Then ( ng )* ( /  ) > 0

=* g(nf )  > o

=>"/ e 8(g).

Also, - /  e " ( 8 ( g ) ) .

•'•"(8  ( ( n g ) * ) )  c  8(g) a n( 8 ( g )). 

L e t" / e  8 ( g )  a  " ( 8 ( g ) ) .

Then n/  e 8( g )  and n/  e n( 8 ( g ) ).

=>ginf ) > o  

= > ( ng ) * ( / ) >  0

=> n/  e  n( 8 (( ng  )* ) ) .

8 ( g )  a " ( 8 ( g ) )  c  n( S ( ( ng ) * ) ) .

Hence the proof.
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Let 0 : ( X ,g ) ( Y, g ' ) be a gp (sgp) map.

Then 0 :(  X, ( £  )* ) - > (  Y, ( \ g ' ) )* ) is a gp (sgp-) map.

P roof:

Let 0 : ( X ,g ) -> (Y, g') be a gp-map.

Then gr( f ) < g ( Q - \ f ) )  V /  e IY .

( " ( £ ' ) * ( / )  -  g V f )

< g ( 0 - ' ( n/ ) )

= gC(Q-\f)))

= (n g)* ( e - ' ( / )).

Hence, 0 : ( X, ( ng )* ) (Y, (n(g'))*) is a gp - map

The proofs of the following three Theorems are similar to the proofs of 

the corresponding Theorems in the previous section.

Theorem : 5.3.7

Let ( X, g ) -»  ( Y, g ' ) be a wgp - map.

Then 0 : ( X, ( ng )*) -> ( Y,( n( g ') )*) is a wgp-map

Theorem : 5.3.8

Let 0 : X-»Y be a map. Let g be a gradation of openness on X, and g' 

be the largest gradation of openness on Y such that 0 : (X,£) -»  ( Y, g' ) is a 

gp-map. Then ( n( g' ))* is the largest gradation of openness on Y such that 

0 :(  X, ( n£ ) * ) - > (  Y, ( n( £ ' ) ) * )  is a gp-map.

Theorem : 5.3.6
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Suppose 0 : X -» Y is a 1- 1 onto map. Let g' be the gradation of 

openness on Y, and g be the smallest gradation of openness on X such that 

0 : ( X, g ) —> ( Y, g' ) is a gp-map. Then ( ng )* is the smallest gradation 

on X such that 0 : ( X, ( "g )* ) -> ( Y,( "(£') )* ) is a gp-map.

Theorem : 5.3.10

Let g be M-gradation of openness on X. Then ( n£)* defined by 

( ”£ )* ( /  ) = g( n/ )  for e a c h /e  Ix is a M-gradation of opennesson X.

P roof:

For e a c h / e Ix, ( ng )* is defined by ( ng ) * ( / ) =  g{ n/  )

Mgoi. cg)*(o) = ( ng) *(i)  = i.

M^02. Let ( * g  )* ( / ; )  > r for i = 1, 2.

Then £ ( n( / , ) ) > r  fori = 1,2.

This implies that g( n( / i ) a n( / 2)) > r 

a / 2) )  > r

= > ( V ( / i a / 2 ) >r.

M^03. Let ( ng)* ( f x ) >  r for X e A.

Then g(n( fx ) )  > r for X e A.

This implies that g( sup {n( f \ )  | X e  A}) > r 

=> ^("( sup {fx  I X e A }))> r 

( n^)* (sup { fx  I X 6 A}) > r .

Hence , ( n£ )* is a M-gradation of openness on X.

Theorem : 5.3.9
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Note : 5.3.11

If g is a M-gradation of openness on X, results parallel to 

Theorem 5.3.6 to Theorem 5.3.9 follow immediately.

Section : 5.4

Third nth Order Approximations

Definition : 5.4.1

Let g  be a M-gradation of openness on X. Then ng  is defined by 

(n g) ( f )  = n( £ ( / ) )  for each /  e I x .

Theorem : 5.4.2

If (X, g) be a M-gradation space, then (X, ng) is a M-gradation space. 

P roof:

Let ( X ,g ) be a M- gradation of openness on X.

Mg01. („sXO)  =( n£ ) ( l )  =1.

M$02. Let ( ng )( f i )  > r fori =1,2.

o ) 1 + 1Suppose —  < r < -------- ,
n n

( n S X / i )  ^  — , i = Un

=> Gifi) -  i = 1.2n

= >  9 ( / l  A / 2 )  ^
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= > ( n £ ) ( / l  A / 2)  >  ---------n
= > ( n £ ) ( / i  a / 2) > r.

If  -  =  r, t h e n ( n£ ) ( / , ) >  r =  f o r i  =  1,2. 
n n

=> S ( / 0 ^  for i =  1,2.

=> S ( / i  a /2 )  £ ^
n

= > n ( S ( / l A / 2) ) > !
n

= > ( n 0 ( / i  a / 2) >  r.

M £ 0 3 . Let ( nG)(fx) ^ r for A, e  A .

Suppose — <  r <  ,
n n

( „ $ ) ( / x »  > for X s  A
n

= > „ ( g ( / x ) ) >  L I  for X e  A 
n

=> g ( f \ )  > for A, e  A 
n

G( sup{/x I A e A }) > ^
n

=> n(g(SUp { f X | A, £ A }))  > 

=> ( n £ ) (  sup { fx \X  e  A }) >

J + I 
n

i + i
n
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= ^(n £ ) ( s u p  { fx\X  e A})  > r.

If r =  J -  , then ( n£ ) ( / 0  >  — for X e A. 
n n

=> G (fx)^  ^  for X e A 
n

=> S( sup { fx  | A, e A }) > -̂
n

=>n( g ( s u p { fx  | X e A}))> i
n

=>(„£)  (sup { fx  \x e A }) > r.

Hence , ng is a M-gradation of openness on X.

Remark : 5.4.3

Results parallel to Theorem 5.2.4 to Theorem 5.2.11 of section 5.2 are 

true for the gradation introduced in this section immediately. An interesting 

fact about this new definition is stated in the next Theorem.

Theorem : 5.4.4

If g  is a M-gradation of closedness. Then n£ is a M-gradation of 

closedness

Note : 5.4.5

If g  is a gradation of openness (closedness), then ng  need not be a 

gradation of openness (closedness).

121



Theorem : 5.4.6

Let g be a gradation (M-gradation) of closedness. Then ( ng)* defined 

by ( n£ )*( / )  = ^  ( n /  ) is a gradation (M-gradation) of closedness.

P r o o f :

gci. ( ng )*(0) = 1 and ( „$) *(1 )= 1 .  

gC2. ( ng ) * ( / i ) > 0  fori = 1,2

=> g(n( / 0 )  > 0 for i = 1, 2 

=>g ( n( / . ) v  n ( / 2)) > 0

= >  £ ( n ( / l  V  / 2) ) > 0

= > ( ng ) * ( / i v / 2) )> 0 .  

gC 3.(ng )*( fO >  0 for A, e A 

=> g(n(fx) )  > 0 for A e A 

=> £( mf (n( / x )  I A e A } ) > 0  

=> ^(n(inf  { /x  I A € A }))>0 

= > ( ng ) * ( i n f { / x | A e  A) ) > 0.

Hence, ( ng )* is a gradation of closedness.

Note : 5.4.7

Since sup { n( /x )  I A e A } * n(sup{/x I A e A}), ( ng)* need not be a 

gradation (M-gradation) of openness , where g is a gradaion (M-gradation) of 

openness

122



Section : 5.5
th

Fourth n O rder Approximations

Definition : 5.5.1

Given a gradation of openness g on X, ("0 *  is defined as follows : 

( " £ ) * ( / )  = 0 i f / * " / .

Cg)*Cf)  = sup {gig) | ng = " / } .

Theorem : 5.5.2

Let g be a gradation of openness defined on X. Then ("£)* is a 

gradation of openness on X. If g induces the fuzzy topology 8, then Cg)* 

induces the fuzzy topology " 8.

P roof:

$01. ( n£ ) + (0) =  sup{g(g)  | ng = 0  } =  1 .

(“$)*( 1) = sup{$(*)  I ng  =1  } = 1.

£02. Let (ng ) * ( / ) >  0 for i = 1,2.

T h e n /, = "( / , )  for i=l ,2 and there exist g , such that “( g \ ) = \ f \ ), 

g {g \)>  0 for i = 1,2.

/ i  a / 2 =  n( / , ) a n( / 2) =  n( / 1  a / 2 ), an d \ g ^ g2) = n( / . A / 2 ) 

such that g{ g\ a  #2 ) >  0 .

••• (nS ) * ( / . A / 2) > 0 .

£03. Let (n£) *(J\) > 0 for each U A .

T h e n /  = n(/>.) and there exist #>. such that n( gx) = n ( / ) ,  £( #x) > 0 

for each A, e A.
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(sup { f x \ Xe  Ay) = n( sup{ fx \ X g A}) = n( sup { gx I A e AJ) 

such that g  (sup { gx I A e A }) >0.

(“<?)* C sup {fx I A g A}) > 0 .

Hence , (n£) * is a gradation of openness on X. 

g  induces 8 implies that 8 = { /  I £ ( / )  > 0 } .

5 ( r a +) = ( n/ i r a * ( n/ ) > o }

= {n/ l 3 t f  , s U ) > o , y  = y } .

n/  e 8 ( (" 0  *) => 3^ such that nf  = ng, g e  8

=* y =  y  G "8.

y  g nS 3# g  8 such that n/  = n#

=> 3 3 ,& g ) > 0 ,nf  = n3

=> nfe b (C g ) * ) .

Hence, ("£) * induces n8.

Theorem : 5.5.3
Let £  be a M-gradation of openness defined on X. Then (n£)* is a 

M-gradation of openness on X.

Proof:
M£01. Obvious.

Ug02. Let C 0 *  (fi) *  r for i = l , 2  and 0 < r < l .

T hen /j = n( / i ) for i =1, 2. Given 8 > 0, there exist g ; such that

n( y . )  = n( / i ) a n d  g ig 0  r - 8  fori =1,2.
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/ i  a / 2 = ”( / i a / 2) and R(g\A g2) = n( / i  a / 2) 

such that £( # i A # 2 ) ^  r - £.

••• C ' 5 ) * ( / . A ^ ) >  r .

M£03.Let ("£)* ( / \ )  > r for each X e A and 0 < r < 1.

Then^, = n(/x.)  for each A, € A.

Given 0 < S < r, for each X , there exist g x such that \ gx )  = a(fx) 

and g(g{) > r - £ .

sup { fx  I X € A } = n( sup { fx  I A- e A } )  and 

n(su p{  fx  I X e A } )  = n( s u p { ^ | A , e  A})

such that £(sup { # x , | A , € A } )  > r - £ .

•'• ("<?)* (sup { fx  I X e A })> r.

Section : 5.6 

Functorial Properties

Definition : 5.6.1

(i) . : Category with objects gradation spaces and morphisms gradation

preserving maps.

(ii) . % g : Subcategory of gradation spaces of the form (X,g) where

g(f)  e In.
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Theorem: 5.6.2

(i) . The correspondence (X,g) -> (X,ng) defines a eoreflective fiinctor

Cg from v g  to %g.

(ii) . The correspondence (X,g) (X,ng) defines a reflective functor from

<?g to %g.

P roof:

(i). id : ( X, ng ) -»  (X,g) is a morphism in 9?g . Given a morphism 

0 : ( Y, \ g ' )) (X,g), it is easy to note that 0 : (Y, n(^ ) )  -> (X, n£)

is also a morphism.

(X, 0  id (X , n£)
◄ --------------------

(ii). id : (X,g) -> (X , ng) is a morphism in Given a morphism 

0 : (X, g ) -> (Y, n(g' ))? it is easy to note that 0 : (X, n£) -> ( Y, n($0) 

is a morphism.

(X, g) id (X , ng)
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NOTATIONS



NOTATIONS
PAGE NO.

1. I closed unit interval [0,1] 22

2. In
{0> n ' n ....... '}

6

3. X,Y,Z,.... - non empty sets 23

4. />  0, .... fuzzy sets 23

5. i identity function 35

6. IX all functions/: X —> I 46

7. xt fuzzy point 23

8. 0 ■*(/) - [1.1.6] 24

9. 0 ( / ) - [1.1.7] 24

10. 6,ct, p fuzzy topologies defined on

the underlying sets 22

11. I n t /  , C l / - [1.1.9] 25

12. SB, - [1.1.10] 25

13. i(5 ) - [1.1.11] 25

14. T topology on X 26

15. W(X) - [1.1.12] 26

16. f  X 8 - [1.1.16] 26

17. nxx x - [1.1.17] 26

18 V - [1-2.2] 27

19 X
A

Characteristic function 34

138



3520. "5

21. 5°

22. 5(n)

23. @ )

24. U,V

25. St(/,U )

26. r

27. V, o<* , mSf

28. 01

29. C

30. <€ FTO P, S?nFTOP

TFFTOP, <rSFTOP, 

<^FTOP, ‘g’cFTOP,

<?°cFTOP, 'g’LFTOP

31. Cn

32. c °

33. C°c

34. *(8 , a)

35. (S ,p)
36. v  | A, e A} 

a { ( / x, ^ x) |  A, e  A ]

37. ?

38. ?8

[1.3.4]

[1.4.1] 46

[1.5.1] 55

[1.5.5] 56

[2.3.3] 70

[2.3.5] 70

[2.3.7] 71

[3.1.1] 75

[3.1.2] 76

[3.1.3] 76

[3.1.10] 78

[3.2.1] 79

[3.2.6] 82

[3.2.7] 82

[3.3.1] 83

[3.3.2] 84

[4.1.2] 89

[4.1.3] 89

[4.1.6] 90
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39. 91( ? m \  (?(  s ))2 - [4.1.7]

40. S - [4.1.11] 91

41. ? l * ? 2 - [4.1.19] 96

42. g r - H i - [4.2.1] 97

43. 0"-H 2 - [4.2.3] 98

44. ^ - h 3 - [4.2.5] 99

45. S f^S T R , SfT^HSTR,

tfn ^ S T R - [4-3.1] 103

46. Ce - [4.3.2] 103

47. - [4.3.3] 103

48. Q - [5.1.1] 104

49. 5(S) - [5.1.3] 105

50. "S - [5.2.1] 107

51. C g r - [5.3.1] 114

52. - [5.4.1] 119

53. C g ) * - [5.5.1] 123

54. e g ,  <?„ g , [5.6.1] 125

The above list of notations and terminology is not applicable to the 

review of literature.

In the review of literature, the notations and terminology are taken from 

the corresponding articles.
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INDEX

1. Base for fuzzy topoloy 8
PAGE NO

25

2. Base for -Structure 91

3. Base for fuzzy uniformity 71

4. Category 75

5. Chang fuzzy topology 24

6. Chang fuzzy compact 60

7. Chang compact 100

8. Cloure of a fuzzy set 25

9. Complement of a fuzzy set 23

10. Coreflective functor 77

11. Finite fuzzy topology 34

12. Full subcategory 76

13. Functor 76

14. Fuzzy continuous 26

15. Fuzzy F-T0 space 69

16. Fuzzy F-T i space 68

17. Fuzzy structure 89

18. Fuzzy K- Hausdorff 66

19. Fuzzy K-Ti space 66

20. Fuzzy point 23

21. Fuzzy set 22

22. Fuzzy S- Flausdorff 64

23. Fuzzy S -To space 68

24 Fuzzy SS- Ti space 67

25 Fuzzy W-Hausdorff 63
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71

106

104

105

23

89

25

23

24

77

60

102
106

84

84

27

96

76

86

70

71

34

25

76

23

26

23

Fuzzy uniformity'

Gradation of closedness

Gradation of openness

Gradation preserving map

Image of a fuzzy set under a map

Intuitionistic fuzzy set

Interior of a fuzzy set

Intersection of fuzzy sets

Inverse of any fuzzy set under a map

Lowen continuous

Lowen fuzzy compact

Lowen compact

Modified gradation of openness

Optimal family

Optimal lift

Projection map

Product ^structure

Reflective functor

Sierpinski object

Star of a fuzzy set

Star refinement

Strong finite fuzzy topology

Subbase of a fuzzy topology

Subcategory

Support of a fuzzy set

Topologically generated

Union of fuzzy sets
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