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INTRODUCTION



INTRODUCTION

The concept of fuzzy topology was first introduced by Chang in
1968[10], Since then many topological concepts like compactness, separation
axioms, connectedness etc., have been extended to fuzzy topological spaces.
In this thesis, an entirely new approach is followed in the study of fuzzy
topological spaces. This approach is new in the sense that it has no

counterpart in classical topology.

A fuzzy set which assumes only a finite set of values is called a finite
fuzzy set. A fuzzy topology in which all open sets are finite is called a finite
fuzzy topology. A finite fuzzy topology 8 is said to be a strong finite fuzzy
topology if all the members of 5 have a common codomain, denoted by J(8).
In the literature available so far, many important examples are finite fuzzy

topologies.

The first problem discussed in this thesis is to associate a sequence of
finite fuzzy topologies with a given fuzzy topology and to study how best this

sequence of finite fuzzy topologies reflects the properties of the original fuzzy

topology.

The second problem deals with extending the concept of fuzzy

topology to intuitionistic fuzzy sets[102].



An intuitionistic fuzzy set on a set X is a pair (/, g ) of fuzzy sets

defined on X such that 0 </(x) +g(x) < 1 forall x e X
A new concept called ~structure is introduced as follows :

An - structure ? on a set X is a set ? of intuitionistic fuzzy sets
satisfying the following conditions :
N1, (1,0) G (0,1)67.
nD- Ae A = (yfx,Agx)e?
&s. e?, forj=12,....k =>(afhvgj)e?

Every ~structure ? induces two fuzzy topologies denoted by (? (8))1
and (?(8))2 . Every fuzzy topology 8 = {/ x|~ e A } induces an

A-structure ?6={(f, ,1- £) | Ae A}

The concept of continuity , separation axioms and compactness are

introduced and studied in the case of Astructured spaces.

In the third problem, two sequences of finite valued gradations nf and
are associated with a given gradation of openness and their properties are

studied.

The first problem is studied in Chapter I. For every positive integer n ,

a finite fuzzy topology n8 is associated with a given fuzzy topology 8.



Given a fuzzy set/ on a set X, the nth upper approximation "/ is

defined as follows :

m(x) =0if /(x) =0 .
Y(X) = — if - </(x) < — fori=0123, ..., n-1l
n n n
If 8 is afuzzy topology on X, then 8 ={*/ |/ € 8 }is a fuzzy topology on X.

Some important properties of the sequence {nb} can be stated as follows :

(). sup {1 (M) |n=12..... } = i(S) where 1(8) is the topology
generated by {f 1(6,1]|£>0,/e 8}

(i) .If 0 :(X,8) -» (Y, a) isfuzzy continuous (open), then

0:(X,m) -> (Y,na) isfuzzy continuous (open) for all n.

(iii) .Let (Y ,a ) be afuzzy topological space and 0 : X -» Y be a map.
If8 is the smallest fuzzy topology on X which makes
0:(X,8) -» (Y, a) fuzzy continuous, then n8 is the smallest fuzzy
topology on X which makes 0 : (X,nS) —= (Y, "a) fuzzy continuous.

(iv) . Let(X,8)and (Y ,a)be two fuzzy topological spaces. Let 8 Xa
be the product fuzzy topology on X x Y. Then n(8 x &) = m x "a,

(v) . Let 8,a be two fuzzy topologies on a set X. Then n(8 vct) = “8 v n<.

With every fuzzy topology 8, a fuzzy topology 8° is associated such

that 8° is the largest fuzzy topology containing 8 and n8 = n(8°) for every n.

g8 - {/ |"l e m foreveryn}



Some important results on 5° are as follows :

(i) . i(8) =i(5°).
(i) . 1T 8 is topologically generated, then 8 = 8°.

N—r

(ili) . 8c a = 8 «
(iv). 8 v ct)° =8 v al.
(v). (8 xa)0 =8 Xa°
(vi) . If 0 :( X, nS)-» (Y, m) is fuzzy continuous for every n, then
0:(X,8°)-»(Y,a0)is fuzzy continuous.
(viti) . If 0 : (X, 8)-» (Y, a) is fuzzy continuous, then
0 : (X,8°)->(Y,a°)is fuzzy continuous .
In the final section of the fiirst chapter, with every fuzzy topology 8 on
a set X and with every positive integer n, two new fuzzy topologies 8(n) and

@ ) are associated having the following interesting properties {

i) . n8mnJ)=8ans
(i) . mMc8"8 S(n)
(iii). Bc8~> mM=n( 8(n) )
(iv). 1f0 :(X,8)->(Y,<t) is fuzzy continuous, then 0 : (X, 8(n) ) ->(Y, cr(n) )
is fuzzy continuous.

(v).Let 8 be a fuzzy topology defined on X. Then (8(n)jis the largest
fuzzy topology on X containing 8 such that n8 = n( (8(n))).

(vi). 10 :(X,8)-»(Y,a) is fuzzy continuous, then 0 : (X,(8(n))) ->(Y,(cy(n)))

is fuzzy continuous.



Chapter Il deals with the separation axioms and compactness properties

of the sequence of fuzzy topologies 8.

The following two results are established on compactness in the
first section.
(1) . (X, M) is Lowen fuzzy compact for every n => (X, 8) is Lowen fuzzy
compact.

(i) . (X,8) is Lowen fuzzy compact <> (X, 8°) is Lowen fuzzy compact.

The concepts of separation axioms TO, Ti, T2 are extended to fuzzy
situation in a number of ways by Ali, D.M., Fora, A.A., Gantner, T.E.,
Katsaras, A.K., Lai, S.N., Sarkar, M., Srivastava, A. K., Srivastava, R.,
Steinlage, R.C., and Warren, R.H.

These concepts are investigated with regard to the nU degree
approximation n8. The results obtained in this connection are of the following
types :

() . (X,8) has the property P =>( X,m8 ) has the property P for every n.
(i) . (X, nS) has the property P for every n =>(X,8) has the property P.
(i) . (X, nS) has the property P for some n => (X,S) has the property P.
(iv) . (X,8) has the property P => (X, 8°) has property P.

Here P stands for suitable separation axioms.

The final section of Chapter Il is devoted to the study of fuzzy

covering uniformity introduced by Chandrika and Meenakshi [9], With every



fuzzy covering uniformity T, and with every positive integer n, a fuzzy

covering uniformity T is associated having the following properties :

(i).

(ii)
(iii)

T has a basis consisting of finite valued functions with codomain

In={0,
n

. T and T induce the same fuzzy topology on the base set X.

.TeT.

Some interesting subcategories of the category of fuzzy topological

spaces are studied in chapter Ill. For this purpose the following notations are

used :

(i) .

(ii) .

(iii).

(iv) .

(V)

AFTOP : Category of fuzzy topological spaces with fuzzy continuous

functions as morphismes.

% FTOP : Subcategory of §FTOP of fuzzy topological spaces of

the form (X,S) where 8 is a strong finite fuzzy topology with

FFTOP : Category of finite fuzzy topological spaces with fuzzy

continuous functions as morphisms.
U’SFTOP : Category of strong finite fuzzy topological spaces with
fuzzy continuous functions as morphisms.

. “WnFTOP Category of fuzzy topological spaces with

weak -n-continuous functions as morphisms.



(vi) . 9,0FTOP : Sub category of gFTOP with objects (X,8) where 8 is a
saturated fuzzy topology on X.
The fuzzy topology 8 is said to be saturated if 8 = 8°.
(vii) . Tc FTOP : Category of fuzzy topological spaces with continuous
functions as morphisms.
(viii) . <#\ FTOP : Category of saturated fuzzy topological spaces with
continuous functions as morphisms.

(ix). YLFTOP: Sub category of gFTOP with topologically generated fuzzy

topological spaces as objects.

The following functorial properties are established :
(1) . The correspondence (X,8) —(X,"8) defines a functor from
'gFTOP to ghFTOP. The functor £n preserves product.
(i) . SfInFTOP is a reflective subcategory of g"FTOP.
(iii) . The correspondence ( X ,8 ) -> ( X , 8°) defines a coreflective functor
. 97FTOP -> gOFTOP and  preserves product.
(iv) . The map (X,8) -> (X,8°) defines a reflective functor
Cc: "FTOP -> 9f°cFTOP.
The results on fuzzy Sierpinski space obtained by Srivastava, A.K.[81]
for the category 'gFTOP have been extended to 'ghFTOP and g°FTOP.

Chapter IV is devoted to the study of ~-structured spaces. With every
OT -structure 7 on a set X, a sequence of finite approximations "7 is

associated.



Some important results on ~-structured spaces are listed below :

(1) . 0:(X,7s) =(Y,7a) is ~continuous iff
0 : (X,5) —» (Y,cr) is fuzzy continuous .
(i) . (X,7) has the property P => (X, n7) has the property P, where P
stands for a suitable separation axiom defined for ~structured spaces.
(i) . (X,8) is Chang fuzzy compact <= (X, 7s) is Chang ~compact.
(iv) . (X, (7CS))) is Chang fuzzy compact => (X, 7 )is Chang ~compact.
(v) . (X, (7(S))2 is Chang fuzzy compact => ( X ,7 )is Chang “com pact.
(vi) . (X,"7) is Lowen gf- compact for every n =>(X,7 ) is Lowen

Acompact.

The category %~STR of ~structured spaces with ~continuous
functions as morphisms has two interesting subcatagories , TASTR and
SGNSTR .

Objects of %T~"STR are ~"-structured spaces of the form (X, 78).

Objects of " "STR are ~-structured spaces ofthe form (X, "?) .

The correspondence (X,8) -» (X, 7s) defines an embedding Ce of
'0 FTOP into a full subcategory of g"STR.

The correspondence (X, 7 ) -> (X,17 ) defines a functor
grSTR -> "STR.
In 1992, Hazra, Samanta and Chattopadhyay[28] introduced the

concept of gradation of openness and gave a new definition of fuzzy topology.



In chapter V , two interesting methods of associating finite valued
gradations g and ng with a given gradation g are studied. The third method
associates with each gradation ¢, a gradation ("£)* which depends only on
finite valued functions. The following properties are established :

(i) . gand g induce the same fuzzy topology on X.
(i) . The identity map ( X, nf) -» ( X, £) is a gradation preserving map.
(iii) . Amap 0 :(X, g) -» (Y, g") is a gradation preserving map iff

0 : (X,ng) = (Y,n(g") is a gradation preserving map for all n.

(iv) . Let0:X —» Y be a map. Let g be a gradation of openness on X and

g ' be the largest gradation of openness on Y such that

0:(X, g)-» (Y, g')is agradation preserving map. Then\g') is the

largest gradation of openness on Y such that 0 : (X,ng) — (Y, "(£))

IS a gradation preserving map.

In the fifth section of this chapter, given a gradation g which induces
the fuzzy topology 8 , a new gradation ( ng)* is constructed such that ( g )*

induces the fuzzy topology n8 .

A Dbrief survey of some important developments in the study of

fuzzy separation axioms, fuzzy uniform structure and fuzzy compactness.

The concept of fuzzy sets was introduced by Zadeh [101] in 1965. In
1968, Chang C.L. developed the theory of fuzzy topological spaces based on
Zadeh’s concept. Inrecent years fuzzy topology has developed considerably.

A number of articles have been published on the following topics :



1. Fuzzy neighbourhood spaces .
. Fuzzy separation axioms.

. Fuzzy uniformity.

2

3

4. Fuzzy convergence.
5. Fuzzy compactness.
6. Fuzzy connectedness.
7

. Fuzzy proximity.

In this thesis the three important concepts (1) Fuzzy compactness
(2) Fuzzy separation axioms and (3) Fuzzy uniformity are studied with

reference to finite approximations.

The first article on fuzzy normality was published by Hutton in 1975
[31]. His definition is a direct generalization of the corresponding topological
concept. Here, he has extended the Uryshon lemma to fuzzy topological
spaces. He has introduced fuzzy perfectly normal spaces and obtained the
following chatracterization which extends the corresponding topological

result.

A fuzzy topological space is perfectly normal iff it is normal and every

closed set is a countable intersection of open sets.

In 1980, Rodabaugh, S.E. [71] introduced the concepts of a-Hausdorff
spaces. It is proved that the concept of a-Hausdorff fuzzy topological spaces

is compatible with a-compactness and fuzzy continuity. In 1983,

10



Rodabaugh[74] gave a detailed study of fuzzy real line with special reference
to fuzzy separation axioms. It is proved here that the fuzzy real line satisfies

the higher order separation axioms of Hutton, B. [31] and Sarkar, M. [77],

In 1981, Sarkar, M.extended the concepts To, T],T2T3,T4 to fuzzy

situation. She has obtained the following results :

1. FT4= ft3=>ft2" ftl

2. A properly compact set in an FT2 space is closed.

3. Fuzzy Lindelof sets in a Hausdorff fuzzy P-space are closed.

4. Properly compact sets in an FTi P-space have finite supports.

5. FTj is a hereditary property.

Srivastava, R., Lai, S.N., and Srivastava, A.K. have published a number of
interesting articles on “Fuzzy separation axioms.” Their definition of
separation axioms are different from the definitions of Sarkar, M. [77] .
Here, we give some important results from their articles entitled

“Fuzzy Hausdorff Topological spaces.” [86] and

‘Fuzzy Tj-Topological Spaces”[87] .

1. Let (X,t) be a topological space. Then (X,x) is Hausdorffo (X, adt)) is
fuzzy Hausdorff.

2. If fuzzy topological space (X,8) is fuzzy Hausdorff, then (X,i(8)) is
Hausdorff.

3. A fuzzy subspace (A, Ta) of a fuzzy Hausdorff topological space is fuzzy

Hausdorff.



4, If { X, xv) | i gl }is a family of fuzzy Hausdorff topological spaces,
their product (X, t) is also fuzzy Hausdorff.

5. Let (X,t) be a fuzzy topological space. Consider the following statements :

(1) . Ax, the diagonal of X is fuzzy closed in (X x X, x x 8) where 8 is
discrete fuzzy topology on X (That is, 8 consists of all fuzzy sets in X).
(i) . {x}, forevery x e X, is fuzzy closed in (X, x).
(iti) . (X, x) is a fuzzy *-topological space.
Then in general, (i) => (ii) => (iii).
For topologically generated fuzzy topological spaces, the three

statements are equivalent.

6 (1) (X, x)isT] <>(X, (0o(x)) is fuzzy Ti.
(ii) (X, 8)isfuzzy T, => (X, i(8))is T,.

7. (i) Fuzzy T]-ness is productive.

(i) Fuzzy Ti-ness is hereditary.

Separation axioms for fuzzy neighbourhood spaces and fuzzy uniform
spaces are studied in detail by Wuyts and Lowen [100], They have
introduced a number of separation axioms. We collect below the different

definitions and results.

12



Definitions :

1. Given a fuzzy topological space (X, 5), separation properties are defined as

follows :

(WTO0) Foreveryx,y in X, x*y Ixy)a ly(x) < 1

(To™) For every x,y in X, x *y forevery a e 10, alxy) a alyx) <a.

(To") For every X,y in X, x* vy, forevery (a ,P) e 10x 10,
alxy)<aor plyx)< p.

(To) for every x,y in x™y, for every (a,p) e lo Xlo,
alxy)aplyx)<aap.

(To) For every x,y in X, x * y, for every (a,p) e lox I0,
alxy) a plyx)=0.

(WTO Forevery x,y in X ,x*vy, Ixy)<1

(T,) Foreveryx ,y in X, x*vy, foreverya € lo, a e IQ,
alxy) <a.

(TO ForeveryxinXanda inl,alx=alx

(WT2 For every & e F(X), ¢c(®) = 1; lim ~(x) =1 in atmost one
pornt X.

(T2) For every & e F(X), C(*F) > 0; lim «!H(X) = o(<5F) in atmost
one point Xx.

(T2 for every & e F(X); lim ~(x) contains a strictly positive
maximum in atmost one point x.

oY") For every & e F(X); lim <GHX) attains a strictly positive
maximum in atmost one point x.

(T2 For every & e F(x) ; lim <IF(X) * 0 in atmost one point x.

13



Results :

1 The implications contained in the following diagram are valid for

general fuzzy topological spaces .

(T2 = (127) = (TJ") = OY)---m--mmmmmmmmmmmmoe- —> (WTJ
u U U
| L e ———r— M ) — = twl

U u
) T = (To) = (To") => (To™')=> (WTO

2. a. (TO, (TO), (To™) (To"") and (WTQ) are good extensions of the
topological (TO) property
b. (Ti), (Tj') and (W(T1i)) are good extensions of the topological (Ti)
property.
c. (T2), (T2), (T2"),(T2") and (WT2) are good extensions of the
topological (T2) property.

In the above definitions C(«?T) stands for the characteristic value of a

prefilter & given by

C(&) = infxer sup xex A(X)

These separation axioms are characterized in the cases of fuzzy

neighbourhood spaces and fuzzy uniform spaces.

14



A new approach to the study of separation axioms is followed by
Ghanim, M.H, Kerre, E.E. and Mashhour, A.S, [26], For example, their

definition of FT2is as follows .

A fuzzy topological space is said to be FT2(F-Hausdorff) iff for every
pair of fuzzy singletons pi and p2 with different supports, there exist open
fuzzy sets Oj, 0 2such thatpi cO1i ¢ cop2, p2c 0 2c copiand O] c co02
Or equivalently, iff for every pair of fuzzy singletons pi and p2 with different
supports, there exists an open fuzzy set O such thatpic Oc ClI O c co p2

Here, co f stands for the complement ( 1- f).

They introduced similar definitions for FTO, FT], FT2 FT, FT2ya etc

They have extablished the following results :

=

A fuzzy topological space is FT] iff every crisp singleton is closed.

2. For every closed fuzzy set F in a FR fuzzy topological space and any
fuzzy singleton p ¢ co F, there exist open fuzzy sets U and V such
that pc U, FcV and ClUc co(Cl V).

3. Let X be an FR-Fuzzy topological space which is also FTo. Then X'is

FT2/2.

4. Foreveryj e {0, 1, 2,2V5., 3 } the correspondig FTj property is
hereditary.

5. Fuzzy normality is hereditary with respect to closed sub spaces.

6. Forevery j e {0,1, 2, 2Va. }the corresponding FTj property is

productive.

15



7. Foreveryj e {0, 1, 2, 2Vs, 3, 4 } the corresponding FTj property is

additive.

a-HausdorfF property of Rodabaugh [71] is extended to the a-Ti,
1=0,3 4and a-T/, 1 =0, 1, 2, 3, 4 concepts. The interrelations between
these concepts are studied. These concepts are used to study a-almost

compactness, a-nearly compactness and a-continuous mappings.

In 1989, Fora, A.A. [18] has introduced the cqpepts of fuzzy
completely regular and fuzzy functionally Hausdorff spaces. Here the
problems connecting the hereditary and productive nature of these concepts

are investigated.

The concept of quasi-coincidence is used in the definition of separation
axioms by Ganguly, S. and Saha, S. [21]. Natural extensions of topological

theorems are obtained for fuzzy topological spaces.

The concept of strong separation axioms are introduced by Macho

Stadler, M. and De Prada Vicente, M.A. [58],

Let (X,8) be a fuzzy topological space. For each t e [0,1), the level
topology it(S) is given by it(8) = (p X(t,1] |p e 8 }
1. (X,8) is said to be a t-Tj fuzzy topological space iff (X, it(8)) is a
T]-space.
2. (X, 8) is said to be a strong Ti fuzzy topological space if itis t-Ti for

every te [0,1).

16



3. (X, 5) is said to be an FTi fuzzy topological space iff for each t e(0,l]

and x e X, the fuzzy point xt is a fuzzy closed set.

In a similar manner the concepts regularity, normality, ultra separation
axioms, strong separation axioms are defined and a detailed theory connecting

these concepts is developed.

There are four important essentially different approaches to the

study of fuzzy uniform spaces.

I The first definition of fuzzy uniform structure is due to Hutton [31],
Let X be any set and S be the set of maps D: Lx -» Lx which satisfy

the following conditions :

(Al) f < D(f) for every f inLx

(A2) D(vXsAfx) = VXeAD(fx) for fxin IXx.
A fuzzy quajti-uniformity on a set X is a subset D of S such that

(Ql) D*4>.

(Q2) De DandD cE e S impliesE e D.

(Q3) DeC andEel) implies D aE e D.

(Q4) D eD implies there exists E e D such that E«EcD, where E°E
denotes the composition of mappings E and E.

(Q5) A fuzzy quasi uniformity D is a fuzzy uniformity if it also satisfies

DeD impliesD 1e D where D*(g) =a {f | D(fc) <gc}
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Using this definition of fuzzy uniformity, theorems corresponding to
many of the theorems in the classical theory of unifonn spaces are
established. Further it is shown that every fuzzy topological space is fuzzy
quasi uniformizable and fuzzy uniformiza bility is characterized in terms of
complete regularity. Moreover, a natural fuzzy uniformity on the fuzzy unit

interval is constructed.

. In 1981 [50], Lowen introduced the concept of fuzzy uniformity on a
set X by considering fuzzy sets on X X X. This definition is an extension of
the entourage approach [Kelley,40], A uniformity iuZ/) is associated with a
fuzzy uniformity U. A fuzzy uniformity wu(p) is associated with a uniformity

p on X.

The results connecting these concepts are as follows :

1 iuwup)) = p, p uniformity on X.

2. wuiuZ)) is the coarsest fuzzy uniformity generated by a uniformity and
which is finer than V.

3. If (X, p) and (Y,p") are uniform spaces, then F. X-» Y is uniformly
continuous, iff it is fuzzy uniformly continuous when considered as a
map between the fuzzy uniform spaces (X, wu(p)) and (Y, wu(p’)).

4. 1f (X, V) and (Y, V) are fuzzy uniform spaces and F : X—»Y is fuzzy
uniformly continuous, then it is also uniformly continuous when

considered as function between the uniform spaces (X, iuZ/)) and

(Y, iWJO).
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HI.  The pesudo metric approach is extended to fuzzy situation by Hohle, U.
[29] in his paper on probabilistic metrization of fuzzy uniformities published
in 1982. Here the relation between this uniformity and Hutton uniformity is
studied. A necessary and sufficient condition for Hutton uniformity to be

probabilistic metrizable is obtained.

IV. The Fourth important approach is a covering approach due to
Chandrika.G.K., and Meenakshi,K.N [9], The definition of uniformity in
terms of a collection of uniform coverings [lIsbell,34] is extended to fuzzy
situation. With every fuzzy uniformity a fuzzy topology is associated. Many
of the results connecting uniformity and topology are extended to fuzzy

uniformity and fuzzy topological spaces.

A unified theory of fuzzy topologies, fuzzy proximities and fuzzy

uniformities is developed by Katsaras, A.K., and Petalas, C.G. [38],

The relation between quasi-proximities and fuzzy quasi-uniformities

were studied by Katsaras in 1988 [37] .

An interesting article on “ A Theory of Fuzzy Uniformities with
Applications to the Fuzzy Real Lines” is published by Rodabaugh [75]
in 1988.

The inter-relationship between fuzzy unifomities and fuzzy proximities
are studied by Artico, G. and Moresco, R.[4] in their articfg entitled “ Fuzzy

Uniformities Induced by Fuzzy Proximities”.
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Chang, C. L. in his first paper on fuzzy topological spaces gave a
definition of compactness which is a direct extension of the compactness
concept to fuzzy topological space. Chang’s definition of compactness was
criticized by Lowen who constructed an example in which (X, x) is compact,
but (X, w(x)) is not compact (Chang). Lowen[47] gave a new definition of

fuzzy compactness. With this definition he proved the following results :

1. The fuzzy topological space (E, w(r)) is fuzzy compact iff the space

(E, 1) is compact.

2. Iff:(E, 8)—(F,Yy) is fuzzy continuous and v is a fuzzy compact fuzzy

set in (E,5),then f(v) is fuzzy compact in (F, y).

3. If(E, 8) is fuzzy compact and f a fuzzy continuous map from (E,5) onto

(Fy), then (F,y) is fuzzy compact.

4. If (E,5) is a topologically generated fuzzy compact space, then every

closed fuzzy set is fuzzy compact.

5. (E,8) is fuzzy compact iff for any subbasis a for 5, for any P c: a and
foranya >e >0 suchthatsup (p|peP }>a there exists a finite

subset Poc Psuchthatsup {p|pe Po}>a -8

Gantner, T.E., Steinlage, R.C. and Warren, R.H. [24] have introduced
degree of compactness in L-fuzzy topological spaces where L is a completely

distributive lattice with a smallest element and a largest element and equipped

with an order reversing involution a -» a' .
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(X,8) is a L-fuzzy space and a e L. A collection u ¢ 8 is called an
a-shading (a* - shading) of X if for each x e X, there exists a f e u such

that f(x) >.a (f(x)> a).

(X,8) is a-compact if each a-shading of X has a finite a-subshading.
It is proved here that product of a-compact spaces is a-compact, the fuzzy
unit interval is a-compact and the fuzzy real line is not a-compact. A one

point a-compactification is also constructed.

It is easily proved that (X,S) is a-compact (resp a*-compact) iff

(X, 1a(8)) (resp (X, ia*(8))) is compact.

A space (X,5) is strong fuzzy compact if it is a-compact for each a e
[0,1) and ultra fuzzy compact if (X,i(8)) is compact, a-compact, strong fuzzy

compact and ultra fuzzy compact satisfy the Tychonoff product theorem.

Lowen, R. and Wuyts, P. ( 1982[55], 1983[56] ) have studied
completeness, compactness, precompactness in uniform spaces. Here the
authors use Lowen’s definition of fuzzy uniformity in terms of fuzzy
entourages. It is proved here that every compact space has a unique uniform
structure. Further in fuzzy uniform spaces compactness is equivalent to pre

compactness plus completeness.
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CHAPTER |

FINITE FUZZY TOPOLOGICAL
APPROXIMATIONS



CHAPTER I
FINITE FUZZY TOPOLOGICAL APPROXIMATIONS

The first section deals with some preliminary definitions and results.

This includes the definition of continuity, product and the two functors i(8)

and ca(t) which are introduced by Lowen [47],

In section 2, the n& order upper approximation (n& order lower

approximation ) of a fuzzy set is defined and its properties are developed.

In section 3, given a fuzzy topology 8, a sequence of strong finite fuzzy

topology n8 is associated. Some interesting properties of n8 are obtained .

In section 4, given a fuzzy topology 8, a fuzzy topology 8° is
constructed such that 8° is the largest fuzzy topology containing 8 and

satisfying nS = n(8°) for every n.

In the last section, two new types of finite approximations 8(n) ,(S(n))

are introduced and some interesting properties are established .

Section : 1.1

Preliminary Definitions and Results

Definition : 1.1.1

Let X be a non empty set. A function/ defined on X with values in the

closed unit interval [0,1] is called a fuzzy set on X.

If / takes only the values 0 and 1, then/ is called a crisp set.
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Support of any fuzzy set/ is defined by supp/ = {x e X |/(x) >0}.
Given a fuzzy set/ on X, the fuzzy set ( 1 -/ ) is called the

complement of /

Notation:
(1) . The constant fuzzy seta (x )= a is denoted by the symbol a
(i) . Throughout this thesis X,Y, .... will denote non empty sets.

In general fuzzy sets will be denoted by/, g, H ..

Definition : 1.1.2

Given a collection {/x|?te A } o f fuzzy sets defined on a set X, the
union vx fx and intersection a*fx are defined as follows :

( X))
( Ax/x)(x)

sup {fx(x) 1X6 A }.

inf {/x(x) IXe A},

Definition : 1.1.3
A fuzzy point xt in a set X is a fuzzy set m X defined by

Xt(x) = t where 0< t < 1,

Xt(y)
‘X’ is called the support of xtand ‘t” is called the value of the fuzzy point xt.

Oify * x

Definition : 1.1.4
The fuzzy point xtis said to belong to/, denoted by xte/, if t</(x).
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Note : 1.1.5
Every fuzzy set/ can be expressed as the union of all the fuzzy points

which belong tof.

Definition : 1.1.6
Let 0 : X =Y be a function. For a fuzzy set / inY, define the fuzzy
set Y in X by (01(/ ))(X) =/ (0(x)), forall x e X.

0 1/ )is called the inverse of f.

Definition : 1.1.7
Let 0 : X -> Y be a function and/ be a fuzzy set in X. The image o f/,
written as 0 (/) is a fuzzy set in Y defined by

(© (1))(y) = SP{/(x) Ix e01(y)?} if 0Ly)isnot empty.

= 0 otherwise

where 0™(y) = {x|0(X) =y }.

Definition | Chang,10] : 1.1.8
Let X be a set. A collection 8 of fuzzy sets on X is called a fuzzy
topology for X if it satisfies the following three conditions :
FT1. The constant functions 0 and 1 belong to 8.
FT2. /, #e8=>/A#¢e8.
FT3. /e 8 foreach Ae A=sup{/ |~ e A} e 8.
The pair ( X , 8) is called a fuzzy topological space.
Members of 8 are called open sets of ( X, 8).

Complements of open sets are called closed sets of ( X, 8).
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Lowen modified the above definition of fuzzy topological space by

replacing the first condition by the following requirement:

FIT. All constant fuzzy sets belong to 5 .

Notation :
(1) . (X,8) denotes a set X together with Chang fuzzy topology 8.

(i) . (X,8) [Lowen] denotes a set X together with Lowen fuzzy topology 8.

Definition : 1.1.9

Let ( X, 8) be a fuzzy topological space. The interior and closure of
a fuzzy set/ in ( X, 8) are defined respectively as follows :

Int/ =sup{g \g<f ge 8}

interior of /

Cl/ =inf{g |g>/ 1-g e 8}

closure of /

Definition 1.1.10
Let ( X , 8) be a fuzzy topological space. A subset %c: 8 is a basis

for 8 if, given/ e 8, there exists {f \ \ X e A} c ~ such that
/ =sup {fx\ X eA}l}
A subset % ' ¢ 8 is a subbasis for 8 if the family of finite infima of

members of %' is a basis for 8.

Definition: 1.1.11
Let ( X, 8 ) be a fuzzy topological space. Then i(8) is the topology

generated by {f A(s,I] | e>0,/ e8}

25



Definition : 1.1.12

Let X be atopology on X . Then co(T) = {/ |f A(s,1] g Xfor e > 0}

Is a fuzzy topology on X.

Definition : 1.1.13

If 5 = co(T) for some topology X then 5 is said to be topologically

generated.

Result: 1.1.14

The operators ‘i’ and ‘co’ are related as follows :
(1) . i(co(T)) = X for every topology X.

(i1) . co(i(5)) is the smallest topologically generated fuzzy topology which

contains 8.

Definition : 1.1.15.
Let (X,8) and ( Y, g ) be two fuzzy topological spaces. A mapping

0 : X —» Y is called fuzzy continuous ifforall / ea, 0*(/ )e 8.

Defin;tion :1.1.16

Let/ and g be fuzzy sets on X and Y respectively. The cartesian
product / x g of / and ¢ is a fuzzy set on X x Y defined by
(/7 Xg) (x,y) = min (/(x), g(y)), foreach (x,y) e X XY.

Definition 1.1.17
Let {{ Xx , 5~ ) | X e A } be a family of fuzzy topological

spaces and let X = fix. Xx be the cartesian product of XLs and
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let X be the projection of the product X into the Xth coordinate set X* .

Let CP(A) deonote the family of all finite subsets of A and

& = {fkeAo h (fx) Ifx e8x , A0 e 0>(A)}. Then the fuzzy topology 5
which takes % as a basis is called the product fuzzy topology for X and
% is called the defining basis for the product fuzzy topology. The pair
( X, 8) is called the fuzzy product space of the fuzzy topological spaces

(XX,8>J, Ae A

Section : 1. 2

Upper and Lower Finite Approximations

of Fuzzy Sets

Definition : 1.2.1
A fuzzy set which assumes only a finite set of values is called a finite

fuzzy set.

Definition : 1.2.2
With every fuzzy set f defined on a set X and with every
positive integer n, we associate a finite fuzzy set W with values in

1 2
n n

as follows :

For x e X,

(). 1f/(x) = 0, define "(x) = O .
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@i). If o </(x) < — define f(x) = for 1=0,1,2, ... n-1

n

1 is called the nth upper approximation of /.

Remark: 1.2.3

for i = 0,1,2----- n.

O 1(*) = - = Y(x)

@i). /(x) < d(x) forall n.

Proposition: 1.2.4
i f <3 =y <y
21 <y =>vy 71 @&
3ri) =y
4.y <y ifnim.
5 /(x) = inj {d(x) | n=1.2,..}.
6. i = foral n=/ =g.

7 oy = if n|m o miln.

Proof:

(1), (2), (3), (4) follow immediately from the definition of "'/

Proof of (5):
Since /(x) < d(x) for all n, /(x) < inf d(x).

Given S> 0, choose N suchthat £ > »

I /(X) - N(x) I < ~ < e
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= [/(X) >7(X) -5S

=  7(x) </(X) + S

= inf "/(x) < /(x) + 8
inf W(x) =/(x).

(6) follows immediately from (5) .

Proof of (7):

nim=> m= kn.
Tty = Tf=y -
Remark: 1.2.5

If (nnom) = 1, then i and m are not comparable in general.

For Example, consider n=3, m =4,

i < B3(x) =i

If 0 < /(x) < 1, then 7(x)

If i < /(x) < i .then 7(x) i > 3(x) =i

Proposition : 1.2.6

@M. "(sup {fx | AeA}) =sup{\fTx)|Ae A}
(. n(inf{/j| j=1,2,.....k}) = inf{n(/j) 1j=U,. ..k}
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Proof:

(i).

(ii).

Since "(sup {/x) | ~ e A}) >n(/x) foreach X,
sup P(/x) 1 XeA} Snsup{/x| X <A}).

Let"(sup{/>.| Xe A} (X) = -

Then, . < (sup{/x | Xe A}) (X) < -

= there exists an f\ such that

-n</x(x) < (sup {/x | XeA}) (x) < -

= n(/x)(x) =

n

=* sup {"(/x) I Xe A}X -

= sup {"(/x) IX6 A} = n(sup{/x | Xe A}).

"nf {/j | J=1,2,...,k}) <"(Jforj =12, ...,k
= "(inf{/j | jJ=12,...,k}) < inf{"(/j) 1j =U,..., k}.

Let infn/jKx) | j=1,2,... k> =
Then n(/j)(x) £ —:;1 for all j

=>n(/j)(x) > ~ for all
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=>/j (x)> ~ for all |

=>inf {/j (0 |j=12...k} > -

= (mf{/jx) j=1,2,..., k}) s il

=S r(inf{/j(x) |j=1.2,. ., k}) > inf{n(/j)(x) |j=12. . k}
n(inf{/j |j =1,2,. ..,k}) = inf{n(/i) 1 j=1,2,...,k}

Remark: 1.2.7

Example for n(inf{fm\m = 12, ...})* inf{n(/m Im=1,2,...}

Suppose, / mx) = ?H}-_n where m = 1,2,....

Then, N(/m(x) = —

= inffa/m(x) Im=1,2,...} =iii.

But,inf{f m(X) | m=1,2,... } = -

Sninf{fmx) | m=12,.. }) = -~

Hence, ninf{/m|m=1,2,...}) * inf{n(/M Im=1,2,...}.
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Proposition : 1.2.8

. i+
if - < s < : I, then
n

Q). /+'(81] ¢ (")7* i;'

@. w 1(8,i] = /-'(-iﬁ.i] = C/Tl(-n+] |

Proof:

(1) . Proof is obvious .

(i) . d(x) > S <» d(x) > - o /(x) >n— 0 m(x) >n

Definition : 1.2.9

For each fuzzy set / on a set X, the nth lower approximation ,,/ is
defined as follows :

For x e X,

(1) . If/(x) =1, define n(x) = 1.
@ . If - < /(x) < define n/(x) = - fori=0,1,2, .,n-l.
n n n

Remark: 1.2.10

(M . If /(x) :n then n/(x) :n- for i = 0,1,. .., n

(i) . nW(x) < [(x) for all n.
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Proposition : 1

2.11

1/ ~0 =n £ ng

2. nff —0

w

nw) =

4, m(x) >

o1

CI(x) =

nf —n0
n/e
n/(x) if nlIm,

sup {n/(x) | n=1,2-—-- }

6. =n0 foralln => f

7. mn/) =

oo

. r(inf {/x

9. ,(sup {/j

Proposition : 1.

I- nO-/)
2.y <0
3-f—n0
4. n(Y) -

5 "GN =

n(m/)
| X e

3=

2.12

if n| m

Ab) =

/

=y < n0m

f —nO-

y.

11/.

=0nm
or m I n.
inf{n(/x) | XeAl}.

k}sup {n(/j) =12
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Proof:

Suppose F< /(x) <

(x) and 1- < 1-/(x) < 1-—

nI-/)(x) = 1-— and 1-d(x) = 1- —
n n

Hence n(l-/) = 1-4d.

Section : 1.3
nth Degree Approximation of a Fuzzy Topology - Fundamental

Properties

Definition :1.3.1
A fuzzy topology in which all open fuzzy sets are finite valued is called

a finite fuzzy topology.

Definition :1.3.2

A finite fuzzy topology 5 is called a strong finite fuzzy topology if

there exists a finite set J(5) contained in | such that every member of

8 assumes values from J(5).

Remark :1.3.3

Any topology can be considered as a strong finite fuzzy topology. If x

isatopology on X, 5 = {XAl A e x }is astrong finite fuzzy topology.
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Definition :1.3.4
We shall associate with every fuzzy topology 8 , a strong finite fuzzy
topology °8 as follows :
Given "S={"(/,) | Xe A}.
Remark :1.3.5

Using the fundamental properties of the correspondence /- > "/,

it can be easily verified that "8 iIs a strong fuzzy topology where
J(rng) = th-,r-], .......... 1’”' VJVe shall refer to "S as the nth degree
approximation to 5.
Remark :1.3.6

Closed sets of °8 are ofthe form n( 1-/) where / e 8.
Remark :1.3.7

In general, "8 need not be contained in 8.
Consider the set | with the fuzzy topology 8 = {0, 1, i } where | is the

identity function. Then, n8 = {0, I,ni} . Clearly, n8 is not contained in 8.

In the following example n8 & 8 for each n.

Define 8

{/ | supp (1-/) is finite }

Then "8

{"/ | supp (1-/) is finite }.

Here, "8 ¢ 8 , since supp (1 -"/) ¢ supp(1l-/).
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Proposition :1.3.8

If is a basis for 8 , then n% is a basis for "8 .

Proof: Obvious

Properties of b
Proposition : 1.3.9
Given two fuzzy topologies 8 and ot on aset X, we have the

following implications :
n
. 8 c@ = "8 c a
(). (8 v.c) = m V
(hi). (8 a ct) ¢ M A 'a
(iv). 8¢" 5 = 8 - ..
Proof™

(0- Proof is obvious

(ii). By proposition 1.3.8, the set

n/A @) 1/ e 6, e a} formsabasisfor (8 v a)
But, (/A 3) —y Ale BV .

Therefore, n(8 v ) ci n8v A

Also, B v 'a 1’(.8 vV a) .

Hence, (8 v a) -~ 'B Vv "I,
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(in), and (iv). are clear

Proposition : 1.3.10
Given two fuzzy topological spaces (X ,8)and (Y ,a ), let8 Xa

be the product fuzzy topology on XxY. Then n(8x0) = m x m .
Proof:

To prove "(8 X 0) = “8 x ma ,itisenough to prove that
n(/ xd) ~m xV where/ e 8 and geo.
(/x#)(x,y) = min{/(x),#(y)}.
Suppose /(x) < g(y), mm {/(x),g(y)} =/(x)
min { d(x), () } = d(x).
="/ x")(xy)=d xvy)Xy).

The above result holds for infinite products also.

Proposition : 1.3.11

i(nS) ¢ 1(*8) where k=1,2,....

Proof :

Let — < 8 <
n n

Since (7)+'(e, 1 = f'(k 1
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i(m) ¢ i"S) fork =1,2,....
Remark : 1.3.12
I (28) need not be contained in 1 (n8).

Let X =1 8 = {0,1,
Then, V U“J = UI’IJ e i( 8)
But, i (25).

i(45) £ i(25).

Theorem :1.3.13

Let (X, 8) be afuzzy topological space and let nS be the nthdegree

approximation of 8. The topologies i(8) and i (n8) are related as follows:
(i) .i(mM) c i(8) foralln, and

(i) . sup {i(mM) [n=123, ..} = i(8)

Proof:

(i). Proofis clear from proposition 1.2.8
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(if). To prove sup {i(m) |[n=123,...}= 1i(8), we have only to
show that *“ Every /''" (e, 1] can be expressed as the union of

members of i (nS) contained in f A(e, 1]”.
It is enough to prove that, for given x e f A(e, 1], we can find a

‘N’ such that x e (N/’\ b fi2+N2 1 £ /e'(e, 1]

Let x € /'* (e, 1]. Then /(x) > e.

Choose N such that /(x) -8 > —.

For this N, suppose £ lies between — and , we have
y 2N 2N

| 2

i+2

M(x) > N(x) > °

INr\-(i+2
VD [ N— 1

\
w 7 V2N J
Hence, for given x e f A(£, 1], we canfind a ‘N’ such that

BNy N

Claim :
i+2
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m*>» m<"/>m'(W 1

| +2

Then, M(y) > N

= I(y) > e

= y e Z'l(e,l]

Hence, (WT\ B | I2+N2 = /-'(e,]]

Definition : 1.3.14

Let ( X, x ) be atopological space . on(X)is defined as follows

@ (X) = {/ 6 In" |/ °M-il el fori= 12,

where In = {/: X -> 0,—.... I

Proposition : 1.3.15
Gn(T) is a fuzzy topology
Proof : Obvious

Remark : 1.3.16

"(O(X) <= Gn(T).
Proof:

/| e o(x)
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=1 e an(X).

Proposition: 1.3.17
Let ( X, x ) be a topological space. If 8 = ©(x), and
if xn=1(r8), then B = n(m(xn)).
Proof:
X=i(rb) C i(8)= x.
®(xn) = o(i(m8)) 2 .

B ¢ n(o(xn) c n(o(x) =8

Theorem : 1.3.18

Let ( X, 8) be a fuzzy topological space .Let/ € Ix.Then,
(i) .Cl/ in"8 >, (ClI/ in8)

(i) .Cl/ in8 >nCl/ in8) > CIn in"8

(i) .Clh In8 >Clt inrB = Cl /inrB
Proof:
M. Cl/ inrs = inf{l-mg \f <1-rg,ge 8}
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n(Cl/ in8) = ,(inf{1-~]|/ < 1-g, g e8}
= me{nM\-g)\f<\-g,g eh)
= inf{l-ir|/<1l-~ "e8}
Since 1-R < 1-g,
Cl/ in"5 > n(CIl/ in8).
(if) . Itis enough to prove that
n(Cl/ in8) > Cln inrmB
Cln/inmM8 = inf{1l-a |,/ < 1-ng, g e 8}

/[ < l-g=>n/<nl-).

n(Cl/ in8)

(i) .Cl  in 8

Cl "/ inr8

inf{l-

Cl/ inr8

inf{ 1-
Since "/
Cl "/ inrg =
Since "/ < l-mg <
(Cld

ing8) > CI

> Cl nf

in B

inf{1-g | "/ < 1-g, g e 8}

g \h < 1-rmg, g e 8}

R |/ <1-R,ge8}

< 1l-mp <> f < 1-4a,

Cl/ miomB .

"/ < 1-g and 1-g >

in 8.
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By (1) and (2), Proof is clear.

Theorem : 1.3.19

 is closed (open) in 5 => W is closed (open) in I8

Proof:

m is closed in 8

By definition of 8,

Theorem :1.3.20

Cl X*Ain 8 = Xg

Proof:

=> ) is closed in 8
=> i closed in I8 .

" e 8 =>mnh erB.

for all n = Cl XAin 8 =\

Cl XAin "8 = Xg for all n

=> inf {1- | *A™N 1-mB}8 es) =

Cl XAin 8 = inf {1-%
We know that

XA< 1-m < XA< 1

| XA< 1-g,9 e 8}

and Cl XAin 8 > Cl XAinrB
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Claim:

Cl XAin 8 = Xg

xeB Xg(X) 1, (CIXAIn6)Xx) > X™x) = 1

1
o

Xx?B = XBX)
= inf{(1-) (X) | X*A< 1-rg, g e 8 foreveryn} = 0.

=> for all n, there exists a g ,, € 8 depending on ‘n’ such that
(1-°(tf»))(x) <~

= "(#,XX) > 1- |n

= #>x) > 1 o

=> 00 < -n

= inf{(1- 0n)(x) | n=1,2,......} =0

A (CIXAIN8) (X) = 0.

Remark: 1.3.21

XA is closed in B8 for every n XA is closed in 8

Remark:1.3.22

Cly m r8 need not be equal to
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Theorem : 1.3.23

Suppose 8 is a fuzzy topology suchthat CI / in8 = CI i in8,
“Then 8 = "8 and conversely.

Proof:

If 8 = B,thenCl/ In8 = CI/ in B
- Cld in"8 = Clh in8.
Conversely, assumethat CI/ in8 = Cl i in8

Cl/ in 8 Cld in 8

inf{1-~ | f<\-g,ged}

Cl/ in"8 =Cl"/ inr8

inf{1-mg | M < 1-m,ge8}
y *i-g oy < I-m
f <Cl/ inmMB < ClI/ in8
/ closed iIn8 => / closed inrB
= 8c M.
8 - 1B,
Definition : 1.3.24

A fuzzy set/ is densein(X,8) if CI/ in 8 =1.

Theorem : 1.3.25

A fuzzy set / is dense in 8 => / Is.dense in n8 .
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Proof:

Cl/ in5 - inf{l-g |/ < 1-my,ge8}
Cl/ n5 = inf{1-g \f < 1-g,ge8} =1
=W =11/ ~1-~ ~e 5.

f < \-g, &e 8
=>3=0 » nm=0=> 1-B8=1
Cl/ inmb =1

Hence,/ isdensein8=>/ is denseinrB .

Section: 1.4

Fuzzy Continuous Mappings and Finite Approximations

Definition : 1.4.1

Let 8 be a fuzzy topology defined on a set X. Then 8° is defined as

follows

8={/elx | 1 e"8foreveryn}

Proposition : 1.4.2

8° is a fuzzy topology on X.
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Proof:

(i)
(if)

(iii) .

. Obviously 0, 1belongto 8° .
. Thecollection {f\ \ X e A} e &

= n(fx) e “8 forevery Xand foreveryn

= sup{n(yx) |[X e A} e rBforeveryn

= n(sup {J\ | X e A}e B foreveryn

= sup{ |X e A} 8.

The finite collection {f} Ij=1.2,.....k} e &°

= {*(/)) 1j=12,.... ,k} € “8 foreveryn

= inf{n(/j) |j=1.2,...... ,k} e rBforeveryn
= n(inf{/] [j=12,.... ,k}) e B foreveryn
= inf{/j |j=12....... k}) € 8

Proposition : 1.4.3

8° is the largest fuzzy topology containing 8 such that 8 = n( 8°) for

every n.

Proof :

By definition of 8°, itisclearthat 8 ¢ 8° and 8 ¢ n(8°)

Claim &
"(8°) c¢ "8.
/ e n8) =/ = m where g e &

= [/ = mg where gy e 8 foreveryn.
= / e B
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Hence, n(5°) ¢ B

Suppose ot is any other fuzzy topology such that ra = 8 for every n

Claim 2;
c c b

Let f e a Then, ® e ma foreveryn.
This implies # e rb foreveryn.
/ e 8°.

Hence, 5° is the largest fuzzy topology containing 8 such that 8= r(8°).

Example: 1.4.4
Let X=1and 8 = {/ €1x | supp(l -/ ) isfinite }

Then, 8*8°.
Let {yiLy2,cceirrnenne } ¢ | be an infinite set
Define,

[(yn = forn=1,2,3,........
and /(x) = 1, for x * yi,Y2 eeerinnnnnn, SV i,
Now, /(x) 1, for x = yi, Y2 v, VYR, e,
and supp (1-/) = {yuvy2 ..ccooovvrnrnn. } which is an infinite set

f €5,

Claim :

/| e 8°

supp (i-y ) = {xi(i-y ) ~ o}
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{x I d(x) * 1}
= {yi,y2,.... , yn3,yn2}.
Hence, supp (1 -d ) is a finite set.
Therefore ,"/ e 8 foreveryn.
m £ n8 foreveryn.

Hence, / e 8°.

Example : 1.4.5

General method of constructing fuzzy topologies 8 such that 8*8°.
Take any non empty set X. Let fi be a non constant function defined on X
with values in | such that h(X) is irrational for each x.

Define /,, : X — 1 as follows :
If - < Kx) < — ,
n n
then fn(x) is a rational number such that

- < me, ( < —

Then n(/,,)(x) = (nE)(x).
Let 8 be the fuzzy topology having { fn | n=12 ...} asa
subbasis. By definition of / n(x), h(x) < / n(x) .
Let / e 8. Then / can be expressed as arbitrary union of finite intersection
of fuzzy sets of the form / n(x).
I e 8 =>/(x)> fi(x) .
Hence, N 8 .
By definition of / n,
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nf = "(/,) e B foreveryn
de 8°.
Thatis, 8*8°.

Properties of 8°.
Theorem : 1.4.6
) .8c a =8 ¢a°
(i) . (8°)° = 8.
(iii) . 8¢c; a0 => 8 ¢ a°.
(iv). 8 v a)° =8v o°
(v). (8 x g)° =8 X(°
(VI). 1(8) = i(8°).

(vii). If 8 is topologically generated fuzzy topology, then 8=8°

Proof:
) .t e 8 = mMe 1B foreveryn
=> nH e "0 forevery n
=> h e ao0.
Hence, 8° c: a0 if 8 c d.
(i) . Obvious, since n(8°) = n8
(iii) . Proof is clear by (ii) .
(iv) . (8va)={/ |+ e n8 v a)forall n}
= (/ |7 e nSv nc foralln}
={/ | e n8) vV ) foralln}
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{/
§°

17 € n(s#V o’) foralln}

v a®.

(V). / e (8xaw)°® =n e n(sxa) forevery n

(vi).

(vii).

(8 x a)0 ¢ 8 x a0

Conversely,

/| e s

Then

o

=>af e "8 X "a forevery n

=n/ e us°) x na°) foreveryn

=>"/ e n8° x «) foreveryn

=/ € 8 X<f

let / x g be abasic element of 8°

g e ct.

"I e

8 e

"o forall n

= nf Xt enS Xmo foralln

= n(/ X

e N8 x a) foralln

=/ xqge (8 Xa

8° X & C

8 X o

By (1) and (2), (8 xa)o = 8° X C°.
i(8) = sup {i(s) }
sup {ires0))}
i (5°).

8 is topologically generated

8 =

Hence,

@ (i(s)) =G>(i(8°))2

8

o

8.

ol

80

= 8

X

0 , where



Theorem : 1.4.7
Let 0 : X -» Y be afunction. Then,

(i) . Forall / e Ix, "(0(/)) = 0C(J).
(ii) . Forgiven / e 1Y, "(0"'(/)) = 0 1("/) .

Proof:
Let 0 : X —» Y be afunction

() . Forall / e Ix,

0 (Y) () = sup {"/(x) |o (x)
n(sup{/(x) [o (x)
n(0(7)(y))
n(0(/))(y)

= e ("/)= 00 (/)
(i) . Forgiven/ e 1Y,

y}
y})

(0'1(/))(x) =/ (o (x)) forallx e X

= “(e-"C/Kx) = n(/ (o (x))
= " (0 (x))
= (o-"(r))(x)

Hence ,n(0-1(/)) = 0 (7 ).

Theorem : 1.4.8
If 0 :(X,8) —» (Y, or) isfuzzy continuous (open), then

0 :(X,"8) = (Y, na) is fuzzy continuous (open) for all n.
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Proof:

Let 0 : (X,8) -» (Y, a) beafuzzy continuous map.

Leth eV
Thenthere existsa g e a suchthat f = .
tfea=>6""(0)e8

=> n(6-,(g))6 “8

=9 1() e "8

= e-1(“/) e °s
Hence, 0 : (X,rb) -» (,rcr) isfuzzy continuous .
Let 0 : (X,8) -» (Y, a)be anopen map.
Given i e rB,assume fed.

Then 0(/ )e a.
6 () =n(o(/)) €=ra.

Definition : 1.4.9

Let 0 : X->Y be amap. Let o be a fuzzy topology on Y. The

smallest fuzzy topology 8 on X whichmakes 0 : (X,8 )—(Y, ) fu«-y

continuous is givenby 8 = {0'1(/) | fee}.

Theorem : 1.4.10

Let (Y ,a) be afuzzy topological space and 0 : X -> Y be a map.

If 8 is the smallest fuzzy topology on X which makes 0 : (X,8) — (Y, cr)
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fuzzy continuous, then r8 is the smallest fuzzy topology on X which makes

0:(X,rb) -> (Y, ) fuzzy contiqous :

Proof:
To prove the theorem, it is enough to show that
"/ € n8<=>rt = Q-\at) for % em .
Assume W e n8. Then‘! = ng for some g e 8.
But, by hypothesis, g e 8 =>¢g = Q\K) for some He a.
Y=Y =n(e ))=~InM)forrHe V
Conversely, letit = G¥/*) for ni e ro.
Without loss of generality we can assume that He a .
Therefore, 0'1(fi) e 8.
Hence, nGI¥ )=G¥ e 8B

Theorem : 1.4.11
If 0:(X,mM)-> (Y, m)is fuzzy continuous for every n, then
0:(X,8°) = (Y,0°)is fuzzy continuous
Proof:
Let O0: (X,r8) -» (Y, m) be fuzzy continuous for all n
/ e 0° =>  Enc foralln
= 0~("/) e B for alln
=> e 8 for alln
= (e-'(/)) e &

Hence, 0: (X,8°) -> (Y,0°) isfuzzy continuous.
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Corollary : 1.4.12
If 0:(X,8)->(Y, a) is fuzzy continuous , then
0:(X,8°) -> (Y, a0)is fuzzy continuous .

Proof:

Proof follows by Theorem 1.4.8 and Theorem 1.4.11.

Section: 1.5

Two Interesting Fuzzy Topologies

Using Finite Approximations

Definition : 1.5.1
Let (X,8) be a fuzzy topological space. Then 8(n) is defined as follows:

8ny={/|he8}.

Theorem : 1.5.2
Let (X,8) be a fuzzy topological spaces. Then 8(n) is a fuzzy topology
on X.
Proof:
FT1. Obviously, 0 and 1belong to 8(n)
FT2. Let/je 8(n) for j=12.
Thenn(/j) e 8forj=12.
en(/iA/2)=n/i)AN/2) e8
Hence / 1a/2e 8(n)
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FT3. Let™ e 5(n) foreach Ae A.
Then n(fx) £ 8foreach X e A..
sup{f\ \Xx e A} = sup{\fx) | UA}e 8
Hence, sup {f\ \ X e A} <5(n)

Remark: 1.5.3
(). N(8(n))=8a 1B.
(i). "8c8”™ 5c¢ 5(n)
(). Bc 8= rB=r 8(n)).

Theorem :15.4
10 : ( X,8) —(Y,<t) is fuzzy continuous, then
0:(X, 5(n) )—(Y, j(n) ) is fuzzy continuous.

Proof
Let 0 : (X,8) -» (Y, ¢ ) be a fuzzy continuous map.
le ™ => 8t/)e8
=> \Q-\f)) £8
0-'(/) € s(n)

Definition : 1.5.5
Let (X,8) be a fuzzy topological space.Then(8(n))is defined as follows :

Sm)={/|d e B}.
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Theorem : 1.5.6
Let 8 be a fuzzy topology defined on X. Then (8(n)) is the largest
fuzzy topology on X containing 8 such that r8 = " ((S(n))).

Proof:
FT1. Obviously, 0 and 1 belong to (8(n)J.
FT2./i c(S(n))for i= 1.2
=>n/i) g fori=12.
nN/1A/2)=n(/I)ANn(/2)E B
AL A2 GAN))
FT3. fx g (S(n)) foreach Ag A
=>n(fx) gm for each X g A
nsup {fx |[XgA}) = sup{n(fx) | XgA} ogrB
=>sup {jx | Xg A} g(8")
Hence, (5(n)) is a fuzzy topology on X,
Obviously, 8 c (s(n))
Suppose Sea and 8 =rm.
Then, a ¢ (a(n)) = (8(n)).

(5(n)) is the largest fuzzy topology containing 8 such that 8 = r{ (S(n)))

Theorem : 1.5.7
10 : (X,8) — (Y,a) is fuzzy continuous, then
0:(X (M) (Y,(a(n))) is fuzzy continuous .
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Proof:

Let 0:(X,8)-»(Y,cr) be a fuzzy continuous map. Then, by
Theorem 1.4.8, 0:( X, rb) -> (Y, "a) is fuzzy continuous .
le@ ) ="/ e °«

= 0-' (7 )e”8

=>n(6’)(/)) e “s

=>0-'(/)

Hence, 0 :( X ,(S(n))) -> (Y, (8(n) is fuzzy continuous.
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CHAPTER 1l
FUZZY TOPOLOGICAL CONCEPTS AND

FINITE APPROXIMATIONS

“A fuzzy topological space (X,5) is Lowen fuzzy compact iff (X, 8°)
Is Lowen fuzzy compact”. This is an important result on compactness

obtained in the first section of this chapter.

In section 2, different types of fuzzy separation axioms are studied.

The results obtained are of the following types :

(1) . (X,8) has the property P => (X,rB) has the property P.
(if) . (X,rb) has the property P for everyn  (X,S) has the property P.
(hi). (X,8) has the property P =>(X,8°) has the property P,

where P stands for suitable separation axioms.

In section 3, with every fuzzy convering uniformity Y, a fuzzy covering
uniformity T is constructed such that T has a basis consisting of finite
valued fuzzy coverings. Further il and T induce the same fuzzy topology on

the underlying set.



Section :2.1

Fuzzy Compactness and Finite Approximations

Definition [49] : 2.1.1
Let ( X, 8 ) be a fuzzy topological space. ( X, 8 ) is Chang fuzzy
compact if for all family ij ¢ 8 suchthat sup{/ |/ e 77} = 1, there exists a

finite sub family T{) c: 7 suchthatsup {/ |/ e }=1

Definition [47] : 2.1.2
Let ( X, 8 ) be a fuzzy topological space. A fuzzy set/ is Lowen

fuzzy compact if given a family 7 cz 8 such that sup {g\g e w7} > /

and given 8 > o, there exists a finite sub family 0 c¢ # such that

sup { # | £ e Tio} > /- 8.

Definition :2.1.3
A fuzzy topological space ( X, 8 ) is Lowen fuzzy compact if each

constant fuzzy set in ( X, 8) is Lowen fuzzy compact.

Definition [49] :2.1.4
A fuzzy topological space (X,8) is called ultra fuzzy compact if

( X, 1(8) ) is compact.

Theorem :2.1.5
Let ( X, 8 ) be a fuzzy topological space. If B8 is Lowen fuzzy

compact for every n, then 8 is Lowen fuzzy compact.
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Proof:

Let ( X, 8 ) be a fuzzy topological space and 77 be a subfamily of s .
Assume that,sup {f\fer)c:&} > a ,where a isa constant.
To prove :

Given s > 0, there exists a finite sub family r/0 of 77 such that
sup{/ |/ 67/0c 7} >a-s .

Let Ef = 2—8 Now, choose N such that M(x) < /(x) + ;—8'

By hypothesis, ns is Lowen fuzzy compact. Therefore, there exists a finite
subfamily 7o ¢ 7 suchthat sup {M |/ e m} > a-S'.
Hence,sup {/ |/ e 0} > sup{M |/ e 7T} -~ S".
> a-S'--S".
2
= a-s.
Theorem :2.1.6

A fuzzy topological space ( X, s ) is Lowen fuzzy compact iff (X , 8°)

Is Lowen fuzzy compact

Proof:
Since s C 8°,
( X, 8°) is Lowen fuzzy compact => ( X, 8 ) is Lowen fuzzy compact

Conversely, assume that 8 is Lowen fuzzy compact.
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Tv

To prove :
8 °is Lowen fuzzy compact.

Consider a family {fx |Ae A }e 5°suchthatsup{f\ \Ae A}>a

Givens > 0, choose N suchthat g < g + ~ 8.

Given fX e 8°, choose gxe 8 suchthat N fx)~ N gx).
(1) implies that sup {N(/x) |Ae A} > a.
sup {N*x) | AeA}>a.

sup {gXI1Ae A}> sup {N(gX) lAe A} -i s > a-"3s.

Since 8 is Lowen fuzzy compact, there exists a finite Ao £ A such that
2
sup {gX IA e Ao }> a - - 8
sup {fX |A e Ao} > sup {N(/x) |A e Ao} - | s
=sup {Nox) IA eA0} -is
> sup {gX1Ae Ao}-i 8

>a--8 --8>a-8.
3 3

Theorem :2.1.7
A fuzzy topological space (X, 8) is ultra fuzzy compact

=>( X, ng ) is ultra fuzzy compact.

Proof:

A fuzzy topological space (X, 8) is ultra fuzzy compact

=> (X, i(8)) is compact
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=> (X, i(m)) is compact

=> (X, n8 ) is ultra fuzzy compact.

Section : 2.2

Fuzzy Separation Axioms and Finite Approximations

Definition [24] : 2.2.1
A fuzzy topological space ( X, 8 ) is said to be fuzzy W-Hausdorff
(fuzzy W-H) if V x,y e X, x * vy, there exist f ¢ e s such that

I(x)=1,B(y) =1and / a g =o.

Theorem :2.2.2
Let ( X, 8 ) be a fuzzy topological space. Then,
(M . (X, 8)fuzzy W-H = ( X, nS) fuzzy W-H for every n.
(i) . (X, ~8 ) fuzzy W-H => ( X, nS) fuzzy W-H.
(i) . (X, 8) fuzzy W-H => (X, 8°) fuzzy W-H.

Proof:
To prove (i) itis enough to observe that / Ag =0 <>n a n# = 0,

To prove (ii) itis enough to note thatki < and ki a k# = 0
o fANg =0o<>"am=o0.
Since 8 ¢ 8°, (iii) is obvious.
Corollary :2.2.3

A topological space (X,T) is Hausdorff => ( X, n(w(T))) is fuzzy W-H.
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Proof:
This follows readily from the following result of Srivastava, A.K. and
Ali, D.M. [83] :
( X, X) Hausdorff => ( X, w( T)) fuzzy W-H.
Example: 2.2.4
In this example ( X, 8 ) is not fuzzy W-H, but ( X, «8 ) is frizzy W-H.
forn= 1,2,3.
Let X = {x, y} be atwo element set. Define the frizzy setsf and ¢

onX by /(x) = -4,/(y):o, g(y) 25 tf(x) = o .

Let s = {0,1,f g, f vg}.
Obviously, 8 is not fuzzy W-H but "8 is fuzzy W-H forn =1,2,3.

Definition [86] : 2.2.5

A fuzzy topological space ( X, s ) is said to be fuzzy S-Hausdorff
( fuzzy S-H ) if for any pair of distinct fuzzy points xt, ys in X, there exist
f g ebsuchthat xte/ ,ysegand/ a g =o0.

Theorem :2.2.6
Let ( X, 8 ) be a fuzzy topological space . Then
(M . (X,8) fuzzy S-H => (X,m ) fuzzy S-H forevery n.
(i) . (X, <8 ) fuzzy S-H foreveryn =>( X, 8 ) fuzzy S-H .
(i) . (X,8) fuzzy S-H o (X, 8 0) fuzzy S-H.

Proof:

(i). Proof is obvious from the definition of ns.
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(i) . Let the fuzzy topological space ( X ,n8 ) be fuzzy S-H for every n .
Let xtand ysbe two fuzzy points in X such that xt * ys.
Choose ‘n’suchthat t * 1,ns * 1. Now n(xt) * n(ys) .
Since ( X, m ) is fuzzy S-H, there exist  and rg inns with
M ad =0 suchthat n(xt) e ® and n(y9) s .
m(x)>nt and rg(y) > ns.

= /(*) >t,0() > s.

Without loss of generality , we can assume that f,g e s.
(X, 8)is fuzzy S-H.

(i) . (X, 8°) fuzzy S-H
=> (X, u(8°)) fuzzy S-H for everyn
=> (X, n8 ) fuzzy S-H for every n
=> (X, 8 )fuzzy S-H.

Corollary :2.2.7

A topological space ( X,T ) is Hausdorff << (X, n( w(T))) is fuzzy S-H.

Proof:
( X, T ) is Hausdorff < ( X, w(T)) is S-H by a result of Srivastava, R.,

Lai, S.N. and Srivastava, A.K.[s6],

( X, T ) is Hausdorff<» ( X, n(w(T))) is S-H.

Corollary :2.2.8
Let ( X, 8 ) be fuzzy S-H. Then ( X, i( m)) is Hausdorff.
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Proof:
(X,8)fuzzy S-H =>(X, i(5)) Hausdorff [ss],
[. (X,8)fuzzy S-H => (X, n8) fuzzy S-H
: => ( X, i( n8 )) Hausdorff.

Definition [35] :2.2.9
A fuzzy topological space ( X, 8 ) is said to be fuzzy K-Hausdorff
(fuzzy K-H ) ifforall x,y e X, x * vy, there exist f,g € S such that

/(x) >0, fy) >0 and/ a g = o.

Theorem :2.2.10
Let ( X, 8 ) be a fuzzy topological space. Then
(M. (X, 8) fuzzy K-H =>( X, s ) fuzzy K-H for every n.
(i). (X, n8 ) fuzzy K-H for some n => ( X, 8 ) fuzzy K-H.
(iit) . For given m,n positive integers, (X,m) fuzzy K-H => (X,n8) fuzzy K-H.
(iv) . (X,8)fuzzy K-H (X, 8°) fuzzy K-H.

Proof:

Similar to the proof of Theorem 2.2.2

Definition[35] :2.2.11
A fuzzy topological space ( X, 8 ) is called a fuzzy K-Ti space if for

any two distinct points x, y e X, there exist / j e 8 such that /(x) > 0,

tf(y)>0, /(y) =tf(x) = o.
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Theorem :2.2.12
Let ( X, 8 ) be a fuzzy topological space. Then
(1) . (X, 8)fuzzy K-Ti => ( X, m ) fuzzy K-Tj for every n.
(i) . (X, «8 ) fuzzy K-Tj forsome n => (X, 8 ) fuzzy K-Ti
(i) . (X, 8 ) fuzzy K-T, < ( X, 8°) fuzzy K-T,
(iv) . For any two positive integers m and n, ( X,ns ) fuzzy K-Ti

<>( X, ng ) fuzzy K-Ti.

Proof:

Obvious

Definition [88] :2.2.13

A fuzzy topological space ( X, 8 ) is called afuzzy SS-Ti space
if V x,y € X, x*y, there exist /, g es with/(x) =1 /(y)=0
3(y)=i, 300=0.

Theorem :2.2.14
Let ( X, 8 ) be a fuzzy topological space. Then
M .(X, 8 ) fuzzy SS-Tj,=> (X, ns8 ) fuzzy SS-T, forevery n
(i) .(X, =g )fuzzy SS-T,=> (X, ng ) fuzzy SS-Ti .
(iti). ( X, 8 ) fuzzy SS-Ti (X, 8°) fuzzy SS-T] .
(iv). ( X, ng ) fuzzy SS-Tj for somen =>( X, i(8)) isTi

Proof:

Proof of (i), (ii), (iii) follow immediately by the definition of rs.
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(iv). (X, ns ) fuzzy SS-Tj => (X, i(ns )) is Ti by a result of Srivastava, R.,
Lai, S.N and Srivastava, A.K.[89],
[. (X, m) fiizzy SS-Ti (X,i(8))isTi , since i*S) c i(s).

Definition [19]: 2.2.15
A fuzzy topological space (X,8) is said to be a fuzzy F-Ti space if for

any two distinct fuzzy points xt, ys in X, there exist /, ¢ e s such that xt e f

I(y)=o0,ysgg, gX)=o .

Theorem :2.2.16
Let ( X, 8 ) be afuzzy topological space. Then,
(1. (X, 8) isfuzzy F-T] <> ( X,n8 )Iis fuzzy F-Ti for eveiy n.
(). (X, 8) isfuzzy F-T] < ( X, 8°) is fuzzy F-T]

Proof:

Similar to the proofof Theorem 2.2.6

Definition [88] :2.2.17
A fuzzy topological space ( X, s ) is said to be a fuzzy S-To space

if V x,ye X, x*vy, there exists / e 8 such that either/ (x) = 1 and

/(y)=o0 or/(y)=1 and /(x) =o0.

Theorem:2.2.18
Let ( X, 8 ) be a fuzzy topological space . Then,

(1. (X, 8) fuzzy S-Tq space => ( X, ng ) fiizzy S-To space for every n.
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(i) . (X, kn8 ) fuzzy S-To space =( X, nS) fuzzy S-To space
(iii) . (X, 5) fuzzy S-To space => (X, 8°) fuzzy S-To space .

Proof:

By the definition of ns , the proofis obvious

Definition[19] : 2.2.19
A fuzzy topological space ( X, 8) is said to be a fuzzy F- TOspace if
for any two distinct fuzzy points xt, ysin X, there exists an open fuzzy set

/ ing suchthatxte/and/(y) =o or yse/ and/(x) = o .

Theorem :2.2.20
Let ( X, 8 ) be a fuzzy topological space. Then
(1. (X, 8 ) fuzzy F-To space <» ( X, nS) fuzzy F- To space for every n .
(). (X, 8 ) fuzzy F-Tospace <<( X, 8°) fuzzy F-To space

Proof:

The proofis similar to that of Theorem 2.2.16

Section : 2.3

Fuzzy Covering Uniformity and Finite Approximations

In this section we shall study the covering uniformity defined by

Chandrika and Meenakshi [9] with reference to finite approximations.
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Deflnition : 2.3.1

A collection «t={/x|A,eA}of fuzzy sets in a set X is called a

covering if sup {f\ \xe A}=1

Note: 2.3.2
If'U={/x|A,eA} andV={oala€A'}are two coverings of a

set X, then, Ita D= {/x A™a |~ e A,a e A" }isacovering of X.

Definition :2.3.3

If U and V are coverings of a set X, then Uis a refinement of V
written as U< \/ if for every/ e Uthere is a. g € Vsuch that/(x) < g (x)

for every xe X.

Definition : 2.3.4

A covering U of a set X, separates two points x and y in X if

/(x) Al(y) =0 forevery/ € U.

Notation :

< U> (x) = {y| x and y are not separated by It}.

Definition : 2.3.5

If Itis a covering of X and/any fuzzy set in X, then star of/with

respect to U, denoted by St ( fU ) is the fuzzy set in X, defined by
St(/, U)(x)=sup {/(y) |y e <U>(x)}
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Definition : 2.3.6

A covering Uis a star refinement of a covering V of X if the
following conditions are satisfied :
ST1. Forevery / e U,thereisa ge V, suchthat St(f U < g.

ST2. Ifx andy are not separated by U andy and z are not separated
by U then x and z are not separated by V

Definition : 2.3.7
Let X be a non empty set. A family F of coverings of X is called a
fuzzy uniformity on X ifthe foilwing conditions are satisfied :
Ul. For UV inr, Ua VisinT*
U2. If U< VandifUe F, then DeT.
U3. Every member of F has a star refinement in F.
A fuzzy uniformity F is called a Hausdorff fuzzy uniformity if the
following condition is satisfied :
U4. Forevery pairx,y e X with x *y, there is a covering in F which

separates x and y.

Definition : 2.3.8

Let X be a non empty set. A collection % of coverings is called a

basis for a fuzzy uniformity if the following conditions are satisfied :

UB1. For U,Vin $3,U o Visrefined by a member of %

UB2. Every Um % has a star refinement'll in SB.
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98 is said to form a basis for a Hausdorff fuzzy uniformity, if in
addition it satisfies the following condition :

UB3. Given x, y in X with x Ay, there is a covering U in 98 which

separates x and .

Definition :2.3.9
Let ( X, T ) be a fuzzy uniform space. The fuzzy topology induced by

T is defined as follows :

Forany/ in Ix, define C1/ in F= inf{St(f,U) | UeT},

Theorem 2.3.10 follows immediately from the definitions:

Theorem :2.3.10
(i) . 1fU={ e Al}isacoveringof X,
then nU = {n(/x) | Xe A }is a covering of X.
(i) . Let Uand V be coverings of a set X

If U is arefinement of V,then nJis a refinement of V.
(iii) . A covering U of X separates x and y in X iff the covering

nJ of X separates x and y in X .

Theorem :2.3.11.
Let U be a convering of X. Then St(fU) = St(/ rJ).

Proof:
st(/ U)X = sup{/(y)ly e< U>(x)}
sup {/(y) |y e< rJ>(x)}

st (f,rU).
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Theorem :2.3.12.

If a covering U of X is a star refinement of a covering V of X, then

rJ is a star refinement of v/

Proof:

It is a star refinement of V of X

=> forevery/ e U,thereisa ¢g' e Vsuchthat St(/, U)< g.

St(y ) (x) = st(y, u) (x)

sup {ri(y) ly e<U> (x)}
"(sup {/(y)ly e <U>(x)})
"(st (f,U)(x))

1 n("(x))

= (mM)(x).

Second condition of the definition of star refinement follows by

observing that for every x e X, <U>(x) =<rJ> (x).

Theorem :2.3.13
Let T be a fuzzy uniformity. Then {nU | U e T }is a basis for a fuzzy

uniformity T such that"T ¢ T. If T is a Hausdorff fuzzy uniformity, then

T is also a Hausdorfffuzzy uniformity.

Proof:

nTc T, since U< nU
UB1. Let'll, Ve T. Then Ua Ve T.
. W= nUAV) e nr.
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UB2. If V e T is a star refinement of U thennv is a star refinement of nU .
The collection {nJ | U e T }is a baste for a fuzzy uniformity nT.
Given x * vy, there exists U e T such that U separates x and y

nJ e nT separates x and .

Theorem :2.3.14
Let ( X, T) be a fuzzy uniform space.

Then T andnT define the same fuzzy topology on X.

Proof:
It is enough to prove that,

C I/ with respectto T = C I/ with respecttonT .

For any fuzzy set/ el ,

Cl/inT =inf{St(/U) |Ue T}
=inf{St(/,nU) \nUeT }
=Cl/innr.
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CHAPTER Il

SOME INTERESTING SUB CATEGORIES OF THE

CATEGORY OF FUZZY TOPOLOGICAL SPACES

In this chapter, some interesting subcategories of the category of fuzzy
topological spaces are studied. This includes the subcategory of fuzzy
topological spaces of the form (X,m5), (X, 5°) and (X,8) where 8 is
topologically generated. Few interesting fimctorial properties are established.
Generalizing a result of Srivastava[81], Sierpinski spaces for two
subcategones are constructed .

Section : 3.1

Definitions and Notations

Definition :3.1.1
A category consists of two classes, a class o'grcalled the objects of
g and a class m'gzcalled the morphisms of 9, together with the following
axioms which link the two classes ;
(1) . The composition 0 «vwg °@ of three morphisms is defined whenever the
compositions 0 °y and y °q are defined.
(i) . Composition of morphisms is associative. That is, (0 °y ) «@=0 «(y °(p)
and both compositions are defined if either is defined.
(i) . There is a bijection which assigns to each object X an identity
morphism ( id )x : X — X such that for each morphism 0 : X—Y,

0=0°(id )x = (id)Y°0.
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Definition :3.1.2
A category 91 is a subcategory of a category € if every object

(morphism) of 91 is also an object (morphism) of g\ The subcategory 9lis
said to be a full sub category if every morphism in  between two objects of

91 is also a morphism in 91 .

Definition :3.1.3

A functor from a category ~ to a category 9 is a rule Gwhich assigns
to each object X and morphism 0 of %an object £(X) and morphism £(0) of
9 such that

(i) . £ preserves identities, That is, £(idx) = id; (X).
(ii) . G preserves composition. That is, if 0 ° wy is defined in , then

£(0) of(vg) is defined in © and is equal to £( 0 °vg).

Definition : 3.1.4.

A functor £ from a category 9 to a subcategory 91 of ~ is a

reflective functor if there is a morphism 0 : X—£(X) and every morphism W
from X to an object Y of 9, factors uniquely through ~(X) via 0 so that the
following diagram commutes. That is, given a morphism Wy : X—»Y, there

exists a unique morphism @ : £(X) — Y such that = @ °0.

C(X)
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If t : 97-» 91 is a reflective functor, the sub category is called a

reflective subcategory. The object £(X) is called the reflection of X in 91.

Definition :3.1.5

A functor C : —> 91 is called a coreflective functor if 91 is a
subcategory of g and there is a morphism 0 : £(X) — X such that any
morphism v|/: Y -> X with Y an object of  factors uniquely through 0 such
that the diagram commutes. That is, given a morphism i/ : Y -» X there

exists a unique map g>: Y —£(X) such thaty =0 °(p.

is called a coreflective subcategory of 9 and £(X) is called the

coreflection of X in 9L

Definition [47) :3.1.6
Let (X,8) and (Y,cr) be two fuzzy topological spaces. A function
0 :(X,5) ->(Y,a) is said to be Lowen continuous if 0 : (X,i(5)) = (Y,i(a)) is

continuous.

Remark :3.1.7
(1) . Fuzzy continuity => Lowen continuity

(i) . id : (X,5) -» (X, 8°) is Lowen continuous, since i(8) = i(8°).
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(iii).

If 0 : (X,S) —»(Y,a) is Lowen continuous then 0 : (X, 5°) -> (Y,a°) is

Lowen continuous.

Defintion: 3.1.8

Let (X,8) and (Y,a) be two fuzzy topological spaces. The function

0 :(X,S) -* (Y,a) is said to be weak -n- continuous if 0 : (X,n8) -» (Y,n0)

is fuzzy continuous.

Definition : 3.1.9

A fuzzy topology 8 on a set X is said to be saturated if 8 = 8°.

Definition : 3.1.10.

(i) .

(ii) .

(iii) .

(iv) .

(v)

YFTOP : Category of fuzzy topological spaces with fuzzy continuous
functions as morphisms.

% FTOP : Subcategory of §'FTOP of fuzzy topological spaces of

the form (X,8) where 8 is a strong finite fuzzy topology with

9FFTOP : Category of finite fuzzy topological spaces with fuzzy
continuous functions as morphisms.
g’SFTOP : Category of strong finite fuzzy topological spaces with
fuzzy continuous functions as morphisms.

. M nFTOP : Category of fuzzy topological spaces with

weak -n-continuous functions as morphisms.
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(vi) . 90FTOP : Subjrategory of g FTOP with objects (X,8) where 8 is a
saturated fuzzy topology on X.

(vii) . 9fcFTOP : Category of fuzzy topological spaces with continuous
functions as morphisms.

(viii) . *f°c FTOP : Category of saturated flizzy topologtical spaces with
continuous functions as morphisms.

(ix). ~ IFTOP : Sub”category of <€FTOP with topologically generated

fuzzy topological spaces as objects.

Remark :3.1.11.
(i) . (X,8) € IFTOP =>8=r8.
(i) . (X,8) € "°FTOP =>8 = 8.
(iii) . In M IFTOP, continuity and fuzzy continuity are equivalent. Therefore,
YIFTOP is a subcategory of ~c~TOP.
(iv) . Since every topologically generated fuzzy topology is saturated

« IFTOP is also contained in <*FTOP.

Section : 3.2

Functorial Properties

Proposition :3.2.1
The corespondence (X,8) -» (X, n8) defines a functor £nfrom srFTOP
to SMFTOP.



Proof:
Proof follows from the following result:
“If amap 0 : (X,5) —(Y,a) is fuzzy continuous then 0 : (X, "5) -»(Y,m) is

fuzzy continuous”.

Proposition :3.2.2
The sub category t nFTOP is closed with respect to product. The

functor  preserves product.

Proof:

Proof follows from Theorem 1.3.10

Proposition :3.2.3
(i) . «r,FTOP ¢ SFSFTOP ¢ <«FFTOP c <€FTOP.
(i) . YSFTOP is closed with respect to finite product.
(i) . Given (X,8), (Y, in 'gFFTOP, the fuzzy topology 8 x a on X XY has

a basis consisting of finite fuzzy sets.

Proof:
(i). Let 8 be a strong finite fuzzy topology on X such that every member of
8 assumes values from J(S). Let ctbe a strong finite fuzzy topology on
Y such that every member of a assumes values from J(a). It is easy to
prove that J(8 Xa) =J(8) u J(a) and hence 8 x a is a strong finite

fuzzy topology on X XY.

(ilf). To prove (iii) it is enough to note that if/and g are finite valued fuzzy

sets on X and Y, f Xg is finite valued on X x Y.
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Proposition : 3.2.4
YnFTOP is a full subcategory of gWAFTOP.

Proof:

It is enough to note that fuzzy continuity in g'nFTOP is the same as

fuzzy weak -n-continuity.

Proposition : 3.2.5
tinFTOP is a reflective subcategory of » WFTOP.

Proof:

Obviously, the map (X,8) —(X,"S) defines a functor from srWFTOP to
$frFTOP.

The identity function id : (X,8) —»(X, m8) is a weak -n- continuous

map. Let 0 : (X,8) -» ( Y,ma) be a weak -n- continuous map. Then
0:(X,"8) ->{Y,m) is fuzzy continuous.

(X, 8) id  (X,mB)

Hence , the map : (X,8) -» (X, °8) defines a reflective functor from

W FTOP to AnFTOP.
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Proposition : 3.2.6
The correspondence ( X ,6 ) -> ( X , 8°) defines a coreflective functor

: €FTOP -> ™ FTOP and £° preserves product.

Proof:

By corollary 1.4.12, the map (X,8) -»(X,8°) defines a functor  from
'OFTOP to «”FTOP. So it is enough to prove that the functor is coreflective.
The identity function id : (X,8°) -»(X,S) is fuzzy continuous.

Let O : (Y, c°) -» (X,S) be fuzzy continuous. Consider 0 : (Y ,a0—= (X,8°).

Let/ ¢ 8% Thenth e "8 forall n.

n0!(/))=04)

o(r{J) f°rsome ge 5
n©’(#) ) for9*(#) e a0l

gV ) = na.

QXf) e

(X<8) id , 1X,8)

Hence 0 :(Y,a°) -> (X,8°) is fuzzy continuous

Proposition : 3.2.7
The map (X,8) -» (X,8°) defines a reflective functor
Cc'. NFTOP -> N FTOP.
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Proof:

The map (X,8) — (X,8°) defines a fimctor C°c. The identity map
(X,8) ->(X,8°) is continuous.

Let 0 : (X,8) -> (Y,crQbe continuous. Then 0 : (X, 5°) — (Y,&) is
continuous

[. C°c: "cFTOP -» Sf°cFTOP is a reflective functor.

Section : 3.3

Fuzzy Sierpinski Space

Definition : 3.3.1

A category of sets with structure is defined by the following two

data and two axioms :

(1) . ™ assigns to each set X a class * (X) of -structures on X.
A “-structured set is a pair (X,8) with 8 ¢ ~(X).
(i) . assigns to each pair (X,8), (Y,cr) of <€E-structured sets a subset
% (8,a) of the set of all functions from X to Y; We write,
0 :(X,8)-» (Y,a) incase 0 g *(8,a) and say that ‘0 is admissible in
Axiom :1
If0 : (X,S) ->(Y,a) and VJ:(Y,cr)-» (Z Pp) then
VW0 : (X,5) —.(Z, p).
Axiom : 2
Given a bijection 0 : X -> Y and 8 g 'g(X), there exists a unique

ct g M(Y) suchthat 0 : (X,S) -> (Y,a) and 0'L ( Y,a) = (X,8).
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Definition : 3.3.2

Let be a category of sets with structure. A family
0 :(X,5)-» (X, 8) of g-admissible maps is optimal if for every
A-structured set (Y, and function 0 : Y—=X, Oe Q, 8) presided that
0 °0 e ~(a, 5) for each j. An optimal lift of {0 : X—>» ( Xj, 8)) }is a
structure 5 e (X) such that 0, : (X,5) =( Xj, 8j) is an optimal family.
An object (S, p) in T'is a Sierpinski object if for every object (X,8) in

the family of all ~-admissible maps (X,8) -»(S, P) is optimal.

Theorem : 3.3.3
M. YFTOP, (ii).g nFTOP, (iii). m°FTOP , (iv). FFTOP and

(v). QSFTOP are "-structured categories.

Proof:
To prove this theorem, it is enough to verify the Axiom 2 of

definition 3.3.1.
{O.Let X and Y be two setsand let 0 : X -> Y be a bijective map.
Let 8 be afuzzy topolgy on X. Define a on Y as follows :
<r={/elY |e-"(/)eS)} ... (nH
Then a is the unique fuzzy topology on Y such that 0 : (X,8) -» (Y,a)
and 0 1:(Y,a) -> (X, 8) are fuzzy continuous .
g*FTOP is a g*-structured category.

(). Let (X,8) e 4HFTOP. Then 8 = n8.

Let<s={/elY|0X/) e8=nS}
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Then it is obvious that a = re.
/. YnFTOP is a "-structured space.
(iif). Let (X,5°) e sr°FTOP
Define, a = {fe 1Y| 0')(/) e 8 }.
To show thata = ct’.
Let fe e Q Thend e ma foralln.
. 0'1(d) = n(0-1(/) e n(8°)=m8.
0-'(/) e 8 =>f e a.
Hence "FTOP is a g-structured space.
In the case of "FFTOP and ~SFTOP, itis enough to note that when
(X,8) e YFFTOP (~SFTOP), the topology a defined by (1) is such

that (Y,0) e "FFTOP ( SfSFTOP).

Remark : 3.3.4.
gWFTOP does not satisfy Axiom 2 of definition 3.3.1.

Consider the identity map (X,8) -* ( X, 8°) where 878 °.

Definition :3.3.5
Let S =1 be the unit interval. Then the space S together with the

fuzzy topology p = (0, 1, i), where i e 11is the identity function, is called

the fuzzy Sierpuiski space .

Srivastava, A.K.[81] has obtained the following Theorem :
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Theorem :3.3.6

The fuzzy Sierpinski space (S, p) is a Sierpinski object in gFTOP

Generalising the above result we get,
Theorem :3.3.7

(S, V) is a Sierpinski object in "FTOP
Proof:

Let ( X,n8) be a fuzzy topological space.

Claim s 1;
n0 ¢ N3 0 : (X,m8) — (X, 1p) is fuzzy continuous.
Let 0 e n8.

%)(x) = (ni ) (0(x))
=n(i 0(x)))

="(0(x) )
0-' (i )=r0 €"8

Hence 0 : ( X, m8) -> ( X, Ip) is fuzzy continuous .
Now, Assume 0 : ( X ,i8) -> (X, Ip) is fuzzy continuous.

Then 0 1nt) e ng for ni ¢ IP.
But0'](ni) = r0.

.. n0 g n8.

Hence m0 ¢ m8o 0 :(X,m8) -> (S, IP) is fuzzy continuous
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Let {0j: (X, n8) -> (X, Ip) } be the family of all fuzzy continuous functions.
Thenn(0j) en8 for all j.

Claim i 2:
The above collection is optimal.
Let (Y,"a) e $mMFTOP and 0 : X -» Y be a map.

Assume 0j -0 : (Y, n<)-» (S, Ip) is fuzzy continuous for allj .

To prove :

0 : (Y,na)—(X,m)is fuzzy continuous.
Any element of "8 must be equal to n( 0j) for some Q.
(e-'rwmy) =(n(ej))(0(y))
n(0j-0(y))
((G+0)-1("i-)) (y)

= e 1"(©)) (0j +0)1"i

e "at, since 0j° 0 is fuzzy continuous .

Hence, 0 : (X, M) —» (Y, na ) is fuzzy continuous.

Theorem :3.3.8

(S, p°) is a Sierpinski objectin "FTOP.

Proof:
To prove this theorem, it is enough to note that 0 : (X,8°) -> (S, p°) is

fuzzy continuous iff 0 e 8°.
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0 : (X, 8°) — (S, p°) is fuzzy continuous
=> 0 : (X, 8°) -» (X, p) is fuzzy continuous
=>0 e 8° since 0 = 0-1(t").
Conversely, assume 0 e 8°.
Then 0 : (X, 8°) -> ('S, p) is fuzzy continuous.
Letge p°. Thenrge Ip .
=> 1y = nhfor some hep
he p=> Q\h) e 8°.
=>n(0"1(/S)) e n( 8°)
=>0 1(nH e n(8°)
=>Q'\Iy) e n8
=>\V\g))ert
This is true for all n. Therefore , 0.1(Q) e 8°.

Hence, 0 : ( X, 8°) -> ('S, /?°) is fuzzy continuous.
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CHAPTER IV
STRUCTURED SPACES

In this chapter, the problem of extending the concept of fuzzy topology
by considering intuitionistic fuzzy sets on a set X is discussed. A new
structure called & -Structure is introduced. The concepts of continuity,

separation axioms, compactness etc. are introduced and studied.

Section : 4 A

3T- Structure - Continuity- Products

Definition :4.1.1
An intuitionistic fuzzy set on a set X is a pair (/, g ) of fuzzy sets

defined on X such that 0 </(x) +g(x) < 1 forall x e X

Definition :4.1.2
Given a collection {(fx, gx) 1 Ae A }of intuitionistic fuzzy sets,

their 7-union and 7-intersection are defined as follows :

V {(fx,gx) 1Ae A} = (v/x, AoXx).
a | Ae A} = (afx,vgXx),

where VX stands for v{ fx |Ae A} and

a X stands for a{ gX1Ae A}
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We introduce a new structure called .~-structure defined as follows :
Defingjon :4.1.3
An - structure 7 on a set X is a set 7 of intuitionistic fuzzy sets
satisfying the following conditions :
A, (1,0) ¢ 7, (0,1) E7 .
o (fX,gx)"7, = v{(fx,gx) AeA} e ?.
&s. e7, for j=12 ..,k =A{(/js"j) |I=12,..,n}e 7 o

Remark :4.1.4
A set X together with an ~-structure 7 is denoted by (X, 7) and it is

called an ™ -space or ~-structured space.

Example :4.1.5
Let 8= {fX |Ae A }be afuzzy topology on X. Then the following
sets of intuitionistic fuzzy sets form ~structures :
() . {(/x,1 ku A)
(i) . {(n(/x),,(1-/0) 1UA)
(i) . {(/,.,.( 1-/0) UeA)
(iv) . {(0,1), (1,0), {(a.(I-/x)A(l-a)) | Ae A}

where a is a fixed constant in (0, 1) .

Definition :4.1.6
Given a fuzzy topology 5= {fX IAe A }on X, the .Astructure ,

7s={(fx ,1-fx) | Ae A }iscalled the ~structure induced by 8.
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Definition :4.1.7
With every ~-structure ?={(fx,gx) \ X€ A} two fuzzy

n
topologies (7(8)) ,(7(8)) are associajp as follows :

(7(8)Yy = Distinct elements of the collection {JX |Xe A }.

(7( 8))2= Distinct elements of the collection { \-g xX\X e A] .

Remark: 4.1.8
((?s)(8))' =8=((7s)(8))2

Remark:4.1.9
If 7= {(0,1), (1,0), {(a, (1-/0 a (1-a)) |[UA }}
where {fx | Xe A }is a fuzzy topology 8, then
(?(&))'= (1,0,a).
(7(8))2= {/xva|] XeA}u {0}

Definition :4.1.10

Basis for an ~-structure 7 is a subjcollection % ? of 7 such that
every member (f, g) of 7 can be expressed as (/, g)=v{(/.,g%) \X e A0

where (fX, gx) e %7,

Definition : 4.1.11

A collection s of intuitionistic fuzzy sets forms a subbasis for 7
if the collection of finite 7-intcrsections a ((/j,*)) 1j=1,2,..,k}

where (/j,Qj) e S forms a basis for 7.
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Remark :4.1.12

Let 8={/x|A,eA}bea fuzzy topology. Let % be a basis for 5
Consider the "-structure 7s —{ (fx, 1-/\) |Ae A}, the collection
{ 1 -g | Q€ %} formsabasis *L,for 78

Definition : 4.1.13
Given an structure 7 = {(fx, *) | U A } and a positive integer n,

an structure n7 is defined as follows :
n? ={(nfx),n(ih))|*"A}.

Remark: 4.1.14

n(?8)= 7n8

Proof:
Let8 = {fx | U A}. Thenn8= {afx) IAe A}.
75 = {(fx, 1-/0 Ifxeb}
m5 = {("(/*), 1-n(fx)) I/xe8}
= {("(/*),.(1-10)1/xe 8}
"(?*)= {("(/x).n(1-/x31/] e5}

Hence the proof.

Definition : 4.1.15
Let (X, 71) and (Y, 72) be two " structures.

Then 0 : (X, 71 )-> (Y, 72)is said to be continuous if 01/, g) e 7i
forevery (f,g)& 7 2.Here O1(/, #) =(0X/ ), 04$)).
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Theorem :4.1.16
Let (X,8) and (Y,a) be two fuzzy topological spaces. Let
(X,?8), (Y, ? d be the associated structured spaces. Then a map

0:(X,?s)->(Y,?0) is continuous iff 0 : (X, 8) -> (Y, <r) is fuzzy

continuous.

Proof:

Assume that 0 : (X, 8) -» (Y,a) is fuzzy continuous.

To prove:

0:(X,76)->(Y,?2Qis continuous.
Let (/x, I-/x) e ?5 where fxscs.
Then &\f\) e 8
=>(0-"(/)),1-0-4/0O )e?8
=(e(/o0,0"Yi-/x))€?s.

Conversely, assume that 0 : ( X, ?8) -* ('Y, 7a) is ~continuous.

To prove:

0 : (X.8) -> (Y,cr) is fuzzy continuous.
Jxea=> (/x ,I-/Ix) e

= (e-1A),0-1Li-/1))e?6

= 0-'(/>.) $8-
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Theorem :4.1.17

Let ( X, 7i ) and (Y, 72) be two ~-structured spaces. Let ( 7i(8) )\
(71(8))2 (72(8) )\ (?i{ 8))2 be the fuzzy topologies induced by
7i and 72 «Then 0 : (X, 7i) (Y, 72) is M-continuous implies that
e (X (2,(5), (?,(8)))-» (Y, (?28))". (?48))2) is pairwise

contmuous.

Proof:
Assumethat 0 : (X ,7i) -> (Y, 72) is *-continuous

Then Q'\jx,gx) e 71,V(/ x, 0x) e 72-

Claim : 1
0:(X,(71(8))) -=>(Y,(728))’)is fuzzy continuous.
Let fe (72(8))
Then there exists ( _/L#0 e 72 such that/=/>v.
This implies 0"(/x .0x) € ?i
=>(e-"( Ix), e-"(#x))E?I
=>e-"(/x)e(?1(8))"
Thatis. e-'(/) e (?,( 8))’

Claim : 2
0:(X,(71(8))2) -> (Y,(728))2 is fuzzy continuous.
Let t e (?2S))2

Then there exists (fx,0x) e 72 and
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This implies e ?i

=>(e-"(/x);e-(ai))€?,

=>0-'(/i) €(?,(S))2.

Theorem :4.1.18
Let (X, )and(Y, ?2 betwo ~structured spaces.

If0:(X,?1)—(Y,?2 is &- continuous ,

thenO : (X,n(?])) -> (Y, n(?2) is ™~ continuous.

Proof:

Assume that0 : ( X ,?\)-> (Y, ”2) is ™ continuous.

Then 0" (/x, x)e ?ifor(/X,gX) g?2suchthat(n(/x »n( x))en(??2.

To Prove:

e"("(A).n(«x))en(?)
e-‘(/x,«x)s?, => (6-"(/x). »-"(*)) e 7,

=> (" (en/x)). .(e-"(gx))>"1(?)
= (er'C(fx)),V'(Ag>.)))e"(?,)

= e-‘("(/x), n(«x))e”(?i).

Hence, 0 : ( X, n(?i) ) -» (Y,n(?2)is continuous.
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Definition :4.1.19

Let (X,7i) and (Y,72) be two ~-spaces where 7i= {(f\ , gx)\ Ae A}

and "pi ~ | p e A} .The product Mstructure 7iX72 on X X Y
is defined as the - structure having (/x *A”, #30© S") as basis where
(fx* EIM(x,y) = min My)) and

(9x© In) (x,y)- sup (gx(X), 1"(y)).

Theorem :4.1.20
Let (X,8) and (Y,a) be two fuzzy topological spaces. Let (X,78) and

(Y,7d) be the induced ~spaces. Then the two ~ - structures 7s X7a and

7sxaon X x Y coincide. That is, 75x 7a=7?s Xxa-

Proof:
7*={(/, W) l/e8}.
7a={U >W) I3 £a }
7sxT7ahasbasis (/. g ,(1-/)© (1-9)).
N8 Xcthas basis {(/*#, |I-(/*tf)) |/ e8, e a}
={/e*. (I-/)©(l-«) 1/68, 565}

Hence , 7s x 7a —7? 5Xa-*

Theorem :4.1.21

Let 7i and 72be two ~structures. The projection maps
Pl (XxY, 7ix 72) -> (X, 7i )and

P2: (X XY, 7i X72)-> (Y, 72) are continuous.
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Proof:

Let (fx,g\) e ?i

P (/x,2"x)(x,y) = (/Ix,tfx)(Pi(x,y))

(/x,*x)(x)

(/x(x),tfx(x))
(/Ix*1,"x©0)(x,y).

Pi'"(A»”"™)e ?i X?2
Let(™,") e ?2-
P2Zl"nA ) (x»y) = (") (P2(x,y))
(" «n)(y)

(My), My))
(1.7,0 ©V)(x,y).

P ( ,V)6721 X =

Hence , Pl and P2 are ™ continuous.

Section: 4. 2

Separation Axioms and Compactness in ~Structured Spaces

Definition : 4.2.1

An - structure ? on a set X is said to be "HausdorfFi Hi) if
VXx,ye X, x*y,there exists (/, g) e "psuch that/(x) = 1, g (y) = 0 and

[ Atf="°.
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Theorem :4.2.2

Let (X, 7 ) be an ~-space. Then (X, 7) is *-H] => (X,n7 )is ~-w\.
Proof:

Let (X ,7 )bean ,A-space and (X ,7 )is @"-W\ .
Then Vx,ye X, x*vy, there exists (/, g ) e 7 such that /(x) = 1,

(y=0and / ag=o0.

=>VX,y e X, x*y,thereexists (d, n#) e n7 suchthatd(x) = 1,
ng(y) =0 and 1 ang =0

= (X, "7 )is ~-H,.

Definition :4.2.3

An structure 7 on a set X is said to be ~"-Hausdorff2 (*-H 2) if
VXx,ye X, Xx=*y, there exists (f ,g ) e 7 such that/ (x) > o, tf(y) *1

and / ag = 0.

Theorem :4.2.4

Let (X ,7 ) bean ~structured space.

(X,7) is .M~H2 0 (X,n7)is M-H2

Proof:

An A"-structured space (X, 7 )is M'-Hz2.
<=>VX, ye X, x*vy, there exists (/, #) e 7 suchthat /(x) > 0,
#(y)~1 suchthatt a g=0.
<V x,yeX,x”"y, thereexists (f, g )~ 7 suchthatm[x) > 0,

ng(y) *1 suchthat "/a”™ =0 < (X ,n7 ) is "'-H2.
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Definition : 4.2.5

An ~"-structure on a set X is said to be Hausdorffz (" H 3) if
VX,ye X, x*y, there exist (fx,3 X), (ft,fo) e 7 such that/x(x) > 0,

My)>o and (1 -g\) a (1-7) =0.

Theorem :4.2.6

Let 5 be a fuzzy topology on a set X and ? be an ~-structure on X.

Then,

(1) . (X ,8)isfuzzy K-Hausdorff =>( X, 7s)is -H3.
(m . X, 7)is*-H3=(X,(7(8))D, (X,(7(5))2 are fuzzy K-Hausdorff.

(i) . (X,7)is ~-H3 => (X,n7)is -H 3.

Proof:
(1) . Assume ( X, 8) is fuzzy K-Hausdorff.

Givenx,y e X , x*y, there exist' fx,f\I such that /x(x) > 0,
/ m(y)> 0 and f Xa /7, = 0.
Then the two elements (fx , 1-fx),(fi , 1-/,) in 7h are such that
[>(x)>0, fn(y)>oand(I-(1-/0 a (1-(1-/,)) =fX a = 0.
Hence , (X, 75) is ~-H 3.

(i) . Assume (X ,7)is ™ -H3
Given x,y e X, x*y, there exist (fx,3x),(fi,3\x)€? such that

Ix(x) >0, //;y)>0and (1-*x)a (1-**)=0.
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~NA 00 >0, 1-g»(y) >ACy) > Oand

A A/, < (I-~O0 A (1-0n) =0

Hence, ( X, (7(5/) and ( X, (7(8))2) are fuzzy K-Hausdorff.
(iii). Assume (X, 7)is

Given x,y e X ,x*vy  there exist (A >00, (A &) e7

such that AOO >0, /A ) >0 and (1-#0 a (1-g =0.

Therefore , "(AXX) >0, (A )(y) > 0and

(I-n(*0) A (I-n(g») ) =n(\-gX) A "(1-*,) =0 .

Hence, (X, n7) is ~-H 3

Definition : 4.2.7
Let 7 = {(A >#0 | Xe A }bean ~structure on X. Then7 is
Chang ~-compact if the following condition is satisfied :

Given (j\,gx) € 7 such that v{/x|X.eA} = I there exists a finite

AOof Asuchthatv {(1-gX) | Xe AOCA }=1

Example : 4.2.8
Let (X,8) be a Chang compact fuzzy topological space where
8={A | eA,} Then, 7 = {(A ,(1-/0 I*e A}is

Chang compact.

Proof:

Assume that, v {A | Ae A} = 1 Then by hypothesis, there
exists a finite Agc A such thatv {/>. |A gAqcA}=1.
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«v {\$\Xe Ao'c A} =1.
Thatis, v {1-n | Xe AOc A}=1

Hence 9 is Chang ”~-compact.

Theorem :4.2.9
Let (X, 8) be a fuzzy topological space where b= {ji.\X e A}.

Then (X,8) is Chang fuzzy compact <<( X, ) is Chang *-compact ¢

Proof:

Obvious

Theorem :4.2.10
Let (X ,9)bean ~-structred space where 9 = {(J\,3\) 1Ae A }.
(i) .(X, (7(8))*) is Chang fuzzy compact => (X, 9 )is Chang ~-compact.
(ii) .(X, (9(b))d is Chang fuzzy compact =>(X,9 )is Chang ~"-compact.

Proof:
(1) . Obvious.
(ii) . Assumethatv {jx I~ e A}=1
Then,v {1-g\|Xe A}=1
Then by hypothesis, there exists a finite subfamily Aoc A such that
v {\-gX IA€ Aoc A}=1.

Hence, 9 is Chang “com pact.
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Note: 4.2.11

(?(8))) Chang fuzzy compact need not imply (7(5))k Chang fuzzy

compact for j * k .

Definition :4.2.12
Let 7 = {(fX,0X) |A€ A }be an ~-structure on X. A fuzzy set/

is Lowen ~“compact if given a family 7c A such that v {f\ \Xe 77}>/

and given 8 > o, there exists a finite subfamily 70 of 7 such that

Viv-gk | xem} >/-3s.

Definition :4.2.13

An  -structured space ( X, 7 ) is Lowen ~compact if every

constant fuzzy set is Lowen ~compact.

Theorem :4.2.14
Let 7 = {(fX,gX IAe A }be an ~structure on X. Then,
() . (X,8) Lowen fuzzy compact <> (X, 7s) is Lowen "-compact.
(i) . (X, (7(S))) Lowen fiizzy compact => (X, 7) is Lowen “compact.
(i) . (X, (7(b))2 Lowen fuzzy compact => (X, 7) is Lowen ~*compact.
(iv) . (X ,"7)is Lowen .~compact for everyn=>(X,7 )is Lowen

Scompact.

Proof:
Proofs of (i),(i1) and (iii) follow immediately from the definition. Proof

of (iv) is similar to that of Theorem 2.1.5.
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Section : 4.3

Functorial Properties

Definition : 4.3.1

(). ""STR : Category of ~-structured spaces with ~"-continuous
functions as morphisms.
(i) . STTA"STR : Subcategory of A"-structured spaces of the form (X,?8).

(iii) . %"STR :Subcategory of ~-structured spaces ofthe form (X,n? ).

Theorem :4.3.2
The correspondence (X,8) -> (X, defines an embedding Ce of

'g'FTOP into a full subcategory of ASTR.

Proof:
Proof follows by Theorem 4.1.16

Theorem : 4.3.3

The correspondence (X, ? ) = (X, n?) defines a functor Q¥\

'TNSTR -» %ASTR.
Proof:
Proof follows by Theorem 4.1.18.

Theorem :4.3.4,
The subcategory T~STR is closed with respect to products.

Proof:

Since , 7?8 x = ?8x ,the proofis clear.
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CHAPTER V
STUDY OF GRADATION OF OPENNESS

In 1992, Hazra, Samanta and Chattopadhyay [28] introduced the

concept of gradation of openness and gave a new definition of fuzzy topology.

In this chapter, two interesting methods of associating finite valued
gradations with a given gradation are introduced. The third method associates
with each gradation, a gradation which depends only on finite valued

functions.

In the fifth section of this chapter, we have given a new method of
associating a gradation ( nf)* with a gradation £ such that if g induces the

fuzzy topology 8 then ( n£ )* will induce the fuzzy topology 8 .

Section : 5.1

Preliminary Definitions

Definition [28] : 5.1.1
Let X be a non empty set and g : 1 x -> | be a mapping satisfying the
following properties :
£01. £(0) = £(1) = 1where 0 and 1 denote the constant maps with
values 0 and 1.
£02. £(/,)> 0, for i=1,2, implies £ (/ial 2)>0.
£03. g{fx)>0, forke A, implies £(sup {IX1Ae A})>0.

Then £ is called a gradation of openness on X.
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Definition ; 5.1.2

A set X together with a gradation of openness ¢ is called a gradation

space and it is denoted by ( X, ).

Definition : 5.1.3
Let ( X, g) be a gradation space. Then the fuzzy topology induced by

(X, g) is given by 5(g) = {/ el1x | g{f) > 0}

Definition : 5.1.4
Let ( X, g) and (Y, g') be two gradation spaces. Then a map

0 :X->Yis called
(i) . agradation preserving (gp-) map, ifg{f ) < g(0"(/)),
foreach / e lY.
(ii) . a strongly gradation preserving (sgp-) map, if g '{f) = g( 0~'(/) ),
foreach/ elY
(iii)) . a weakly gradation preserving (wgp-) map, if <?'(/) >0

=>g(01/)) >0, foreach/ e lY.

Definition : 5.1.5

Let g and Q' be two gradations of openness on X. Then g > @' if

gif) £ S'(/)fbrall/6lx.
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Definition :5.1.6
Let X be a set. A mapping ¢ :Ix -» 1satisfying
gCL g(0) = g(h) =1,
gC2. 1f g(fl)> 0, fori =1,2,then £(/i v f2)>0,
£C3. If g(f\)>0, for Xe A, then g{inf {fX |Ae A}D>0

is called a gradation of closedness on X.

Definition :5.1.7

Let (X, g ) be a gradation space and Y < X . Then the mapping
£y : 1Y -> | defined by
£y (/) =sup {Ofh) |He Ix, £ly =/} is a gradation of openness on Y.

Chattopadhyay, Hazra and Samanta [11] modified the definition of

gradation and introduced the following new definition of gradation :

Definition [11] :5.1.8
Let X be a non-empty set. A map g : Ix =1 is called a M-gradation
of openness if it satisfies the following properties:
Mgoi. g0)=£¢) =1,
M£02. g(fi)>Y, fori= 1,2, implies £(/]1A/2)>r,
ME£03. g{fx) ~ r, Xe A, implies g (sup {fXx \Ae A})>r,

where 0 < r <1.



Definition :5.1.10

A set X together with a M-gradation of openness ¢ is called a
M-gradation space.

The definition 5.1.2 to definition 5.1.8 are extended to M-gradation

spaces also.

Section : 5.2

First nthOrder Approximations

Definition :5.2.1

Given a gradation of openness @, the nU degree approximation ng of ¢

is defined by (rg) (/) = n( g (f)).

Theorem :5.2.2

Let g be a gradation of openness defined on X. Then g is a gradation

of openness on X.

Proof:

Let (X, g) be a gradation space.

g oi. (ngxo) =n(s(0)) =ni

C<AO =nEM) =nl =1
g 02. Let (" g){f\)> 0fori=1, 2.

Then I(£(/0) >0fori=1, 2
This implies that g(fi)> 0 fori =1,2

= A(/IA/2)>0
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= n("(/1A/2))> 0
= C?)(/.al 2) > 0.
£03. Let Cg)(fx)>o0for Xe A.
Then (g (fx))> 0 for Ae A .
This implies that Q{fx)> 0 for Ae A
= £(sup {/x. | Ae A}pD>0
= n("(sup {/Ix 1 AeA}))>0
=> (nf) (sup{/x| X6 A} >0.

Hence, ( X,nf ) is a gradation space.

Remark :5.2.3
g and ng induce the same fuzzy topology on X.

To prove this, we have only to note that £(/) >0 <» (1g) (/) > 0.

Theorem :5.2.4
Let (X, g ) be a gradation space. Thenid : (X, nfE ) -> (X, g)isa

gradation preserving map.

Proof:

Since £ (/) <C</)(/), the proofis clear.

Theorem :5.2.5
Let (X,g) and (Y,g") be two gradation spaces. Then a map

0 (X,£) -» (Y,£') is a gradation preserving (sgp-) map iff

0 :(X,nf) -> (Y,n(£")) is a gradation preserving (sgp-) map for all n.
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Proof:

Assume that 0 : ( X, g ) —= (Y, @' ) is a gradation preserving map.
Then, g\f) < g(0'\f)) forgiven f elY .
Givenfe 1 Yand for all n,

xsxf))
< Xg{$-\f))

= Cg) (Q"Xf)) -
Hence 0 : (X,nf) -» (Y, n(</")) is a gradation preserving map for all n.

ew x/)

Conversely , assume that 0 : (X, g ) -> (Y, r(g') ) is a gradation preserving

map for all n. Then, for eachfe 1 Yand foralln, ("(£))(/ )~ (n0 (®Xf))
inf {(\g ))(/) 1/€ 1Y}< inf{CgW\f)) I/ 6 1Y}

=>g(f)< e(e-'(/)).

Hence, 0 : (X, g) -> (Y, Q') is a gradation preserving map.

Similary, the result can be proved for strongly gradation preserving map.

Theorem :5.2.6
If0:(X, g)—=(y, g ) is aweakly gradation preserving map, then

0:(X,g)->(Y,n Q")) is aweakly gradation preserving map for all n.
Conversely, if 0:(X,nE ) -» (Y, "(S")) is weakly gradation preserving map

for some n, then 0 : (X, ) -> (Y, £') is a weakly gradation preserving map.

Proof:
Let 0:(X, g)->(Y, Q') be awgp-map. Then,
g'{f)>0m g(Q'\f)) >0 foreach / e IY.
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("(£'))()>o0  £°(/)>0
= 0
= (N"™)(0'Y/))>o0
Hence, 9 : (X, g) -» (Y, n(£)) is awgp ~maP-
Conversely, assume that 0 : (X, nE) -> (Y,n( £')) is awgp - map for some n.
Then(n(£' ))(/)>0~>(nE)( 0-[(/))>0.
£'(/)> o0 = ("(£"))(/)>0
= O W'C/)>o0
= g(0-X7))>o0
Hence, 0 : (X, g) -> (Y, £') is a wgp-map.

Theorem :5.2.7
Let O : X-»Y be a map. Let g be a gradation of openness on X. Then
the largest gradation of openness @' on Y which makes 0 : (X,g) = (Y,gf) a

gradation preserving map is given by g'(f ) = g( )) for eachf e 1Y.

Proof:

For/ £ 1Y, define £'(/) = £( &\f)) 1

Claim : 1
g' is a gradation of openness on Y.
£01. g'(0) = g{ 0.10)) = £(0)
£(i) =£(e-I(i)) =£(D
£02. Letg'(f,)>0fori=1, 2

1

1-

Then £(0"(/i))>0fori=1,2.
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5'(lial 2 =5(0-A/,al 2)
~e-"t/ijAe-"f/i)) > o.
0)3. Letg'ifx)>0forAe A.
Then g( Q'\fx)) > 0 for each A4 A .
=> g (sup | Xe A}H>0
0 (sup {fx|Ae A}) - £(01(sup{/x|Ae A})
= g(sup {0X(/a)|Ae A}) > 0.

Claim : 2

g
0:(X,E)-» (Y,0)isagp-map.

is the largest gradation of openness on Y such that

If g" is a gradation of openness on Y such that 0 : ( X,£)->¢( Y, 0")
isagp-map,then g" (/) < g(0’](/)) foreach/ e lY.
Therefore, g" (/) < g' (f ) by definition of g

Hence, g' is the largest gradation of openness on Y such that 0 is a gp-map.

Note : 5.2.8

We call the gradation of openness O defined in the above theorem as

the quotient gradation with respect to g denote this by Q"

Theorem :5.2.9

Let 0 : X =Y be a map. Let g be a gradation of openness on X and
0 be the largest gradation of openness on Y such that 0 : (X,0) -> (Y ,0) is

a gp-map. Then n(0) is the largest gradation of openness on Y such that

0 :(X,n0) -> (Y, N(@")) is a gp-map.



Proof:

Since ¢' is the largest gradation on Y such that O is gradation
preserving, g'(f) =g( Q'\f)).
n(s'(/))
"(S(VAT )=
Hence , (n£') is the largest gradation on Y such that

0:(X,ng)-+(Y.n(g") isagp-map.

Theorem : 5.2.10

Let 0 : X —» Y be a one-one onto map. Let ¢' be a gradation of
openness on Y. Then the smallest gradation of openness g on X which

makes 0: (X ,£)-» (Y, £ ') a gradation preserving map is given by

gif) = fie(/) =

Proof:

Obvious.

Theorem :5.2.11

Let 0 : X->Y be a 1-1 onto map and @' be a gradation of openness
on Y. Let g be the smallest gradation of opemiess on X such that
0:(X,g)->(Y, g )isagp-map. Then ng is the smallest gradation of

openness on X such that 0: (X, n*)->( Y,n(£')) is a gp-map.
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Proof:

(W) - \9(f)
n(s'(e(/)))
(V)(e(/))

Hence the theorem.

Theorem :5.2.12
Let (X, g) be a gradation space .Let YcX. Then(ng)y = n(fy)

Proof:
Ov(/) = sup {g(fi) 1A~ IXf y*=/}.
CgMf) =sup{Cg)(6)\fitr=1}
= sup {n(g(()) I*fy=/}
= " {sup {£(6)1 =/}
= "($*)(/)m

Theorem :5.2.13

If g is agradation of closedness, then ng is a gradation of closedness

Proof:
gCl. Cg)(0)=n(g (0))=1and (“00) =n("(0)) = 1
gC2. (ng)(/,)>0 fori=12

=W 0)> 0 fori=1,2

= £(/j) >0 fori=12

= 9(1\v/2)> o
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=W iy [ 2)>0
= (n’\)(/<iv/2)>0.

gC3. (g)( fx)> 0 for Xe A
= g(fx) >0 for A€ A
= A(inf{/*" | Ae AD>0
= n"™(inf{/x | X e A}))>0
=> (ng) (mf{/x|] UA}))>0.

Hence , g is a gradation of closedness.

Note: 5.2.14

If g is a M-gradation of openness (closedness) on X, g need not

satisfy the conditions of M-gradation of openness (closedness).

Section : 5.3

Second nthOrder Approximations

Definition :5.3.1

Given a gradation of openness £ ,(“£)* is defined as

Cg)*(f) = e(d)-

Theorem :5.3.2
Let ( X,£) be a gradation space. Then (X,(”$)*) is a gradation space.
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Proof:

Let g be a gradation of openness on X.
§01. Cho) = sco) = 5(0) = i
r2)*() =5("1) = s(1) =1
§02. Let ("s)* (/i) >0, 1=1,2.
Then $("(/.))>0, i=1,2.
This implies that 8(°(/i)an/ 2)) >0
= 5("(/i al 2»>0
OflA/2)>0 .
803. Let (“8)* (/*.) >0 forAe A.
Then §C (/0) >0 forAe A
This implies that §(sup {Rfx) |Ae A} >0
=>g$Cc(sup {fx | Ae A})) >o
=>("8)* (sup {fx U A})>o.

Hence , ("8)* is a gradation of openness on X.

Note:5.3.3
fe 5((ng8)*) o ("$)*(/) >0
s(Y)>o
<> nfeb (g)

Hence, / e s(("8)*) o H es(8).

S(8)(n) 5((n§)™)
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Note :5.3.4
Cg)*(f) Cg)*Cf)
2. \6(ng)*) ¢ 8((ng)*).

Theorem :5.3.5
n(S((ng)*)) = 8(g) A "(5(9)).

Proof:
8(g) ={/ 1g(f) >0).

8 ((ng)*) ={/1(ng)*(/)>0}.
Let "/ en(8((ng)*))-
Then(ng)*(/ ) > 0
= g(rf) >o
=>"/ e 8(Q).
Also, -/ e "(8(g)).
**"(8((ng) ™)) c 8@ an8(g)).
Let"/ e 8(g) a "(8(9)).
Then W e8(g) and W e n(8(q)).
=>girf)>o0
=>(ng)*(/)>0
=>1 e n(8((ng)*)).

8(g) a "(8(g)) ¢ n(S ((ng)*)).

Hence the proof.
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Theorem :5.3.6
Let0:(X,9) (Y, Q')beagp (sgp) map.
Then 0 :( X, (£ )*)->( Y, (\g"))*)isagp (sgp-) map.

Proof:
Let 0 : ( X,g)-> (Y, g') be a gp-map.
Then gr(f)<g(Q-\f)) V/ e IY.
("(E)*() -gVT)
g(0-"(r))
gC(Q-\f)))
(ng)* (e-"(/)).
Hence, 0 : (X, (g )*) (Y, (n(g"))*) is agp - map

N

The proofs of the following three Theorems are similar to the proofs of

the corresponding Theorems in the previous section.

Theorem :5.3.7

Let (X, g)-» (Y, g')beawgp - map.
Then 0 : (X, (Ng)*) -> (Y,(n(g'))*) is awgp-map

Theorem :5.3.8
Let 0 : X-»Y be amap. Let g be a gradation of openness on X, and ('

be the largest gradation of openness on Y such that 0 : (X,£) -» (Y, ¢ )isa
gp-map. Then (n( g' ))* is the largest gradation of openness on Y such that

0:(X,(nE)*)->(Y,(n(£'))*) is agp-map.
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Theorem :5.3.9

Suppose 0 : X -» Y is a 1- 1 onto map. Let g' be the gradation of
openness on Y, and g be the smallest gradation of openness on X such that
0:(X,g)—(Y, g )isagp-map. Then (g )* is the smallest gradation
on X suchthat 0 :(X, ("g)*)->(Y,("(£))*)isagp-map.

Theorem :5.3.10
Let g be M-gradation of openness on X. Then ( nf)* defined by

("£)*(/ )= g(n) foreach/e Ixis a M-gradation of opennesson X.

Proof:
Foreach/ e Ix, (g )* is defined by (ng ) * (/)= of{d )
Mgoi. cg)*(0) =(ng) *(i) = i.
MA02. Let (*g )*(/;) > r fori=1 2
Then £(n(/,))>r fori = 1,2.
This implies that g(n(/i)an(/2)) > r
al 2)) >r
=>(V (lial2) >r.
M~03. Let (ng)* (fx)> r for Xe A
Then g(n(fx)) >r for Xe A
This implies that g( sup {n( f\) | X e A} > r
= ~"(sup {fx 1 Xe A})>r
(n)* (sup {fx 1 X 6 A}) >r.

Hence , ( nf )* is a M-gradation of openness on X.
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Note : 5.3.11
If g is a M-gradation of openness on X, results parallel to

Theorem 5.3.6 to Theorem 5.3.9 follow immediately.

Section :5.4

Third nth Order Approximations

Definition :5.4.1

Let g be a M-gradation of openness on X. Then rg is defined by

(ng)(f) = n(£(/)) foreach/ e Ix.

Theorem :5.4.2

If (X, g) be a M-gradation space, then (X, ng) is a M-gradation space.

Proof:

Let ( X,g) be a M- gradation of openness on X.

Mg01.(,,sXO) =(nE)(l) =1.
M$02. Let (1g)(fi) > r fori =1,2.

Quppose 2 < r < LFL
n

(nSX/i) ~ — ,i=U
= Gifi) - =12

=> 9 (/1 Al2) A~
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=>(nE£)(/l A2 > e
=>(nf£)(/i al 3 > r.

If - =1, then(nf)(/,)> r= fori = 1,2.
n n

= S((/on fori=1,2.
=S (/i al2) £ 1

=>n(S(/1A/2))>"

n

=>(no (/i al 2)> r.
M£03. Let (nG)(fX) ~ r for Ae A .

Suppose —<r <
n n

(»,$)(/x» > for X s A
n

=>,(g(/x))> L1 for X e A
n

= g (f\) > for Ae A
n

s(sup{/x IAeA}) > "

n

= n(g(sup {fX[A £A}) > °7!

—> (nE)(sup {FX\X e A} > ' T
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=A(nE)(sup {fxX\X e A}) > r.

If r= .Jn- ,then (n£) (/0 > = for X e A
=> G(fx)/\/r\] for X e A
=> S(sup {fx |A e A})>/r\1_

=>n( g(sup{fx | X e A})> i

=>(,£) (sup {fXx \x e A} >r.

Hence , ng is a M-gradation of openness on X.

Remark :5.4.3

Results parallel to Theorem 5.2.4 to Theorem 5.2.11 of section 5.2 are
true for the gradation introduced in this section immediately. An interesting

fact about this new definition is stated in the next Theorem.

Theorem :5.4.4

If g is a M-gradation of closedness. Then nf is a M-gradation of

closedness

Note :5.4.5

If g is a gradation of openness (closedness), then ng need not be a

gradation of openness (closedness).
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Theorem :5.4.6
Let g be a gradation (M-gradation) of closedness. Then ( ng)* defined

by (n£)*(/) = ~(n/ )is a gradation (M-gradation) of closedness.

Proof:
gci. (m)*©0) = 1 and (,$)*(1)=1.
gC2. (ng)*(/i)>0 fori =12
= g(n(/0) > 0 for i = 1,2
=>g(n(/.)v n(/2) > 0
=> £(n (/1 VI 2)>0
=>(ng)*(/iv/2))>0.
gC3.(m)*(fO> 0 for A e A
=>g(n(fx)) > 0 for Ae A
=£(mf(n(/x) 1A e A})>0
= M(n(inf {/x 1A € A }))>0
=>(ng)*(inf{/x|Ae A) )>0.

Hence, (g )* is a gradation of closedness.

Note : 5.4.7
Since sup {n(/x) 1Ae A}* n(sup{/x I1Ae A}), (g)* need not be a

gradation (M-gradation) of openness , where g is a gradaion (M-gradation) of

openness
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Section : 5.5

Fourth n1h Order Approximations

Definition :5.5.1
Given a gradation of openness g on X, ("0* is defined as follows :
("£)*(/)

Cg)*Cf)

0 if/*"/.

sup {gig) | g ="/}.

Theorem :5.5.2

Let g be a gradation of openness defined on X. Then ("£)* is a

gradation of openness on X. If g induces the fuzzy topology 8, then Cg)*

induces the fuzzy topology " 8.

Proof:
$01. (ng)+(0) = sup{g(g) Iy =0}=1.
(“$)*(1) = sup{$(*) Ing =1 }=1
£02. Let (g)*(/)> Ofori= 1,2.
Then/,="(/,) fori=I,2 and there exist g, such that “(g\) =\ f \),
g{g\)> 0 fori= 1.2
li al2=n(/,)an(/2=n(/1al 2),and\ g" g2 =n(/.A /2)
such that g{ g\ a #2) > 0.
- (NS)*(/.A/2>0.
£03. Let (n£) *(J\) > 0 foreach U A .
Then/ =n(/>.) and there exist # suchthat n(gX)=n(/), £(#x)>0

for each Ae A
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(sup {fx\Xe Ay)= n(sup{fX \ Xg A} = n(sup{gx | Ae A
such that g (sup {gx1Ae A }) >0.
(“<*Gup {fx 1 Ag A}) >0.
Hence , (nf) * is a gradation of openness on X.
g induces 8 impliesthat 8 = {/ 1£(/) >0} .
5(rat)=(dira* (d)>0}
= {l3tf ,sU)>o0,y =Vy}.
m e 8(("0*)=>3" suchthat i =1y, g e 8
=*y=y G"S
y gnS 3# g9 8 suchthat 1 = r#
=> 33,&0)>0,f =18
= 1ieb (Cg)*).

Hence, ("£) * induces n3.

Theorem : 5.5.3

Let £ be a M-gradation of openness defined on X. Then (nf)* is a

M-gradation of openness on X.

Proof:
M£01. Obvious.

Ug02. LetCO* (fi) * r for i=1,2 and O<r<I.

Then/j =n(/1) fori=1, 2. Given 8 > 0, there exist g; such that

n(y.) =n(/i)and gig0 r-8 fori=1,2.
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li al 2="(lial 2) and Rg\AQg2d = n(/i al 2
such that £(#1A#2) N r-£.
w C'5)*(/[.AN)> .

M£03.Let ("£)* (/\) >rforeach Xe Aand0<r < 1
Then”, =n(/x.) foreach A € A.

Given 0 < S <r, for each X, there exist gXsuch that\gx) = a(fx)

and g(g{) >r- £.

sup{fx I X€ A} = n(sup {fx 1A e A}) and
n(sup{ X 1 XeA})=n(sup{”|A,e A})
such that £(sup {#x,|A,€A}) >r-£.

do ("<)* (sup {fXx 1 X e AP>r

Section : 5.6

Functorial Properties

Definition :5.6.1

(1). : Category with objects gradation spaces and morphisms gradation

preserving maps.

(ii) . % g : Subcategory of gradation spaces of the form (X,g) where

g(f) e In

125



Theorem:5.6.2
(i) . The correspondence (X,g9) -> (X,ng) defines a eoreflective fiinctor
Cg from vg to %og.
(i) . The correspondence (X,q) (X,ng) defines a reflective functor from
<’g to %g.
Proof:
(). id : (X, ng) -» (X,g) is a morphism in 9?g . Given a morphism
0:(Y,\g")) (X,9), itis easy to note that 0 : (Y, n(*)) -> (X, nf)
is also a morphism.

X,0 id  (X,ngE)

{

@i). id : (X,g) -> (X , g) is a morphism in Given a morphism
0:(X, g)-> (Y, Nn(g))?itis easy to note that 0 : (X, nf) -> (Y, n($0)
is a morphism.

X, 9) id (X, ng)
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NOTATIONS



10.

11.
12.

13.
14.

15.

16.
17.

18
19

XY, Z,...

/> 0,

xt

Om*(/)
0(/)
6,ct p

Int/ ,C1/
SB,

i(5)

W(X)

f X8
NXX X

NOTATIONS

closed unit interval [0,1]

- non empty sets
fuzzy sets

identity function

all functions/: X —=1
fuzzy point

- [1.1.6]

- [1.1.7]
fuzzy topologies defined on

the underlying sets

- [.1.9]
- [1.1.10]

- [1.1.11]

topology on X
- [1.1.12]

- [1.1.16]
- [1.1.17]

- [1-22]

Characteristic function
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50.
51
52.
53.
54.

(?m\ (2(s))2
S

21%72

gr-Hi

0"-H?2

N-h3

SfASTR, SfT"HSTR,
tfn"STR

Ce

5(S)
"S

Cgr

Cg)*

eg, <2,0,

[4.1.7]
[4.1.11]
[4.1.19]
[4.2.1]
[4.2.3]
[4.2.5]

[4-3.1]
[4.3.2]
[4.3.3]
[5.1.1]
[5.1.3]
[5.2.1]
[5.3.1]
[5.4.1]
[5.5.1]
[5.6.1]

91
91
96
97
98
99

103
103
103
104
105
107
114
119
123
125

The above list of notations and terminology is not applicable to the

review of literature.

In the review of literature, the notations and terminology are taken from

the corresponding articles.
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Base for fuzzy topoloy 8
Base for -Structure
Base for fuzzy uniformity
Category

Chang fuzzy topology
Chang fuzzy compact
Chang compact
Cloure of a fuzzy set
Complement of a fuzzy set
Coreflective functor
Finite fuzzy topology
Full subcategory
Functor

Fuzzy continuous

Fuzzy F-TOspace

Fuzzy F-Ti space

Fuzzy structure
Fuzzy K- Hausdorff
Fuzzy K-Ti space

Fuzzy point

Fuzzy set

Fuzzy S- Flausdorff
Fuzzy S -To space

Fuzzy SS- Ti space
Fuzzy W-Hausdorff
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91
71
75
24
60
100
25
23
77
34
76
76
26
69
68
89
66
66
23
22
64
68
67
63



Fuzzy uniformity’

Gradation of closedness
Gradation of openness

Gradation preserving map

Image of a fuzzy set under a map
Intuitionistic fuzzy set

Interior of a fuzzy set

Intersection of fuzzy sets

Inverse of any fuzzy set under a map

Lowen continuous

Lowen fuzzy compact
Lowen compact
Modified gradation of openness
Optimal family

Optimal lift

Projection map

Product ~structure
Reflective functor

Sierpinski object

Star of a fuzzy set

Star refinement

Strong finite fuzzy topology
Subbase of a fuzzy topology
Subcategory

Support of a fuzzy set
Topologically generated

Union of fuzzy sets
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