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Classes of Fuzzy Ideals in Z-Algebras 
 

                    In 1994, Jun and Meng [32] introduced the notion of fuzzy p-ideals  and in 1999, 

Khalid and Ahmad [40] introduced the concept of fuzzy H-ideals in BCI-algebras and studied 

their properties. In 1997, Meng et al. [49] and Mostafa [50] fuzzified the concept of implicative 

ideals in BCK-algebras, independently. 

                    In this Chapter, we introduce the notions of Fuzzy H-Ideals, Fuzzy p-Ideals and 

Fuzzy Implicative Ideals in Z-Algebras. This chapter is divided into three sections. In the first 

section, we obtained some interesting results in Fuzzy H-ideals of Z-algebras while the second 

section deals with the study of Fuzzy p-ideals in Z-algebras. In the third section, we discuss the 

notion of  Fuzzy implicative ideals in  Z-algebras. Further, the relationship between fuzzy                   

Z-ideal, fuzzy implicative ideal and fuzzy sub-implicative ideal of a Z-algebra are also obtained. 

3.1  Fuzzy H-Ideals in Z-algebras 

                              In this section, we introduce the notion of Fuzzy H-ideals in Z-algebras and 

prove some simple but elegant results. 

Definition 3.1.1: Let  0,,X   be a Z-algebra and I be a subset of X. Then, I is called an H-ideal 

of X, if it satisfies the following conditions: For all x, y, z in X, 

 (i)  0   I  

(ii) I)zy(x   and yI    zx I 

Example 3.1.2: Consider a Z-algebra X= {0, 1, 2, 3} be a set with the following Cayley table: 

  0 1 2 3 

0 0 1 2 3 

1 0 1 1 3 

2 0 1 2 2 

3 0 3 2 3 

Then, X}2,1,0{I   is an  H-Ideal of X. 

    3 
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Definition 3.1.3:  Let  0,,X  be a Z-algebra. A fuzzy set A in X with membership function A  is 

said to be a fuzzy H-ideal of a Z-algebra X if it satisfies the following conditions: For all x, y , z 

in X,  

(i)  A (0)   A (x)  

(ii)  A (x z) min{ A (x (y z)), A (y)} 

Example 3.1.4: Let X= {0, 1, 2, 3} be a set with the following Cayley table: 

  0 1 2 3 

0 0 1 2 3 

1 0 1 3 3 

2 0 3 2 2 

3 0 3 2 3 

 

Then  0,,X   is a Z-algebra. 

Define a fuzzy set A  with  membership function A  as  








3,2,1xif2.0

0xif6.0
)x(A .   

Then A is a fuzzy H-ideal of X . 

Definition 3.1.5:  Let  0,,X   be a Z-algebra. Then X is called an associative Z-algebra if 

z)yx()zy(x  ,  .Xz,y,x   

Remark  3.1.6: In an associative Z-algebra X, y)zx(z)yx(  , .Xz,y,x   

Since  )yz(x)zy(xz)yx(   by (Z4) 

                                               y)zx(   

Theorem 3.1.7: In an associative Z-algebra X, every fuzzy H-ideal of X is a fuzzy Z-ideal of X. 

Converse is also true. 

Proof:  Let A be a fuzzy H-ideal of an associative Z-algebra X. 

Then, (0)  (x)      for all                 (1) 

For all , 

A (x z) min{ (x (y z)), (y)} 

                )}y(),z)yx((min{ AA   

A  A Xx

Xz,y,x 

  A   A
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                 )}y(),y)zx((min{ AA        by Remark 3.1.6 

Put z = x, 

 )}y(),y)xx((min{)xx( AAA   

)}y(),yx(min{)x( AAA           (2) 

From (1) and (2),  A is a fuzzy Z-ideal of X. 

Conversely, assume that A is a fuzzy Z-ideal of an associative Z-algebra X. 

Then, (0)  (x)      for all                 (3) 

For all , 

)}y(),z)yx((min{)}y()),zy(x(min{ AAAA   

                                           )}y(),y)zx((min{ AA        by Remark 3.1.6 

                                           )zx(A                           (4) 

From (3) and (4), A is a fuzzy H-ideal of X.  

Remark 3.1.8: If a Z-algebra  0,,X   is not an associative then every fuzzy H-ideal of X is not  

a fuzzy Z-ideal of X. This is justified by the following example. 

Let X= {0, 1, 2, 3} be a set  with the following Cayley table: 

  0 1 2 3 

0 0 1 2 3 

1 0 1 3 3 

2 0 3 2 1 

3 0 3 1 3 

 

                     Then  0,,X   is a Z-algebra with  z)yx()zy(x   . 

Define a fuzzy set A  with  membership function A  in X as 








3,2,1xif1.0

0xif7.0
)x(A  .   

Then A is a fuzzy H-ideal of a Z-algebra X .  

But , it is not a fuzzy Z-ideal of X. Since )}0(),01(min{7.01.0)1( AAA  . 

Theorem 3.1.9: Arbitrary intersection of fuzzy H-ideals of a Z-algebra X is also a fuzzy                    

H-ideal. 

A  A Xx

Xz,y,x 
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Proof: Let  be a family of fuzzy H-ideals of  a Z-algebra X.   

For any x, y   X, 

i
i

A

 (0) = ))0((inf

iA
i




  ))x((inf
iA

i



 =  

i
i

A

  (x)    

and 
i

i
A


  (x z)  = ))zx((inf

iA
i




   
i

inf  (min{
iA (x  ( y z)), 

iA (y) }) 

                                                          = min{ )))zy(x((inf
iA

i



, ))y((inf

iA
i




} 

                                                          = min{
i

i
A


  (x (y z)), 

i
i

A

  (y)} 

Hence i
i

A

   is a fuzzy H-ideal of a Z-algebra X. 

Hence the proof.  

Theorem 3.1.10: A fuzzy set A of a Z-algebra  0,,X   is a fuzzy H-ideal of X if and only if   for 

any     tx|Xxt;U],1,0[t AA   is an H-ideal of X where    t;U A . 

Proof: Suppose A is a fuzzy H-ideal of a Z-algebra X and    t;U A  for any ]1,0[t . 

Let   t;Ux A , then   txA   and     tx0 AA  . Thus  t;U0 A . 

If    t;Uzyx A  and   t;Uy A , then    tzyxA    and    tyA  . 

          tt,tminy,zyxminzx AAA  . 

Therefore  t;Uzx A  . Hence   t;U A  is an H-ideal of a Z-algebra X. 

Conversely, suppose that for each ]1,0[t ,  t;U A  is either empty or an H-ideal of a Z-algebra 

X. 

For any  Xx , let   txA  . Then   t;Ux A . 

Since  is an H-ideal of X, we have . 

Thus     xt0 AA   for all Xx . 

Assume         y,zyxminzx AAA    for all  Xz,y,x    is not true. 

Then there exists Xz,y,x 000   such that 

       0A000A00A y,zyxminzx   

Let         0A000A00A0 y,zyxminzx
2

1
t 

 

 

 iA i

   t;U A  t;U0 A
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Then         0A000A000A y,zyxmintzx   

This implies    0A0000 t;Uyandzyx   but  0A00 t;Uzx   

This is a contradiction. 

Therefore         y,zyxminzx AAA   , for all .Xz,y,x   

Hence A is a fuzzy H-ideal of  a Z-algebra X. 

Theorem 3.1.11:  A fuzzy set A of a Z-algebra  0,,X   is a fuzzy H-ideal if and only if  every 

nonempty upper q-level subset  q;U A  for  AImq  is an H-ideal. 

Proof : Let A be a fuzzy H-ideal of a Z-algebra X. 

Since    q;U A  there exists  q;Ux A  such that   qxA  . 

For this  q;Ux A ,     qx0 AA  , which shows that  q;U0 A . 

Now, for any Xy,x  , assume that    q;Uzyx A  and   q;Uy A      

   qzyxThen A   and     qyA   and        qy,zyxmin AA  . 

Hence         qy,zyxminzx AAA  , 

Thus  q;Uzx A , this proves that  q;U A  is an H-ideal of a Z-algebra X. 

Conversely, let  q;U A   for  AImq  be an H-ideal of a Z-algebra X. 

Let .Xz,y,x   For any  AImq , let      y,zyxminq AA  . 

Therefore,    qzyxA   and   qyA  . 

This shows that     q;Uy,zyx A . 

Since  q;U A  is an H-ideal , we have  q;Uzx A . 

This implies that        y,zyxminqzx AAA   

Hence  A is a fuzzy H-ideal of a Z-algebra X. 

Theorem 3.1.12: Let )0,,Y()0,,X(:h   be a Z-homomorphism of Z-algebras. If B is a fuzzy 

H-ideal of Y, then )B(h 1  is a fuzzy H-ideal of X. 

Proof: For any x   X, we have 

(i)    )0())x(h(x BBBh 1   ))0(h(B    0
Bh 1
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(ii) Let  x, y ,z  X. Then 

                  ))y(h(,)zy(xhmin)}y()),zy(x(min{ BBBhBh 11    

                                      = min { ))y(h())),z(h)y(h()x(h( BB  } 

                                                               ))zx(h(B   

                                                                =   zx
Bh 1    

   zx
Bh 1         )}y()),zy(x(min{

BhBh 11    

From  (i) and (ii) we get,  )B(h 1  is a fuzzy H-ideal of a Z-algebra X. 

Theorem 3.1.13: Let )0,,Y()0,,X(:h   be an Z-epimorphism of Z-algebras. Let B be a 

fuzzy set of Y. If  )B(h 1  is a fuzzy H-ideal of X then B is a fuzzy H-ideal of Y. 

Proof: Let y Y, there exists x X such that h (x) = y. Then 

  x))x(h()y(
BhBB 1   0

Bh 1 = ))0(h(B = )0(B   

           This implies,          )y()0( BB   

Let x, y, z   Y. Then there exists a, b, c   X such that h(a) = x , h(b)=y and h (c) = z.                       

It follows that 

  
)ca())ca(h())c(h)a(h()zx(

)B(hBBB 1    

                                                                                   )}b()),cb(a(min{
)B(h)B(h 11    

                                                                                   ))}b(h())),cb(a(h(min{ BB   

                                                                    ))}b(h())),c(h)b(h()a(h(min{ BB   

                                                                    )}y()),zy(x(min{ BB   

Hence  B is a fuzzy H-ideal of a Z-algebra Y. 

Analogously, we can prove the following result. 

Theorem 3.1.14: Let h be an Z-endomorphism of Z-algebra X and A be a fuzzy set in X. Then 

we define a new fuzzy set  Ah in X as  Xxallfor))x(h()x( AA h   is a fuzzy H-ideal of X 

if A is a fuzzy H-ideal . 

Theorem 3.1.15: If A and B be fuzzy H-ideals in a Z-algebra X then BA  is a fuzzy H-ideal in  

XX . 
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Proof: Let  )x,x( 21    XX , 

             )}0(),0(min{)0,0( BABA   )}x(),x(min{ 2B1A  = )x,x( 21BA   (1) 

Let )x,x( 21 , )y,y( 21 , )z,z( 21   XX . Then, 

       ))z,z()x,x(()zx( 2121BABA    

                               )zx,zx( 2211BA    

                          )}zx(),zx(min{ 22B11A   

                              )}}y(,)zy(xmin{)},y(,)zy(xmin{min{ 2B222B1A111A   

                              )}}y(),y(min{},)zy(x,)zy(xmin{min{ 2B1A222B111A   

                            )}y,y(,)zy(x),zy(xmin{ 21BA222111BA    

                                    21BA221121BA y,y,zy,zyx,xmin    

                                    21BA212121BA y,y,z,zy,yx,xmin                                  (2) 

By (1) and (2) we get, BA  is a fuzzy H-ideal in XX . 

Theorem 3.1.16: Let A and B be fuzzy sets in a Z-algebra X such that BA  is a fuzzy H-ideal 

of  XX . Then, 

(i)        Either  )x()0( AA   (or) )x()0( BB   for all x   X. 

(ii)       If  )x()0( AA   for all xX, then either )x()0( AB   (or) )x()0( BB   

(iii)      If  )x()0( BB   for all xX then either )x()0( AA   (or) )x()0( BA   

Proof: (i)    If   )x()0( 1AA    and  )x()0( 2BB   for some Xx,x 21  . 

Then,  )}x(),x(min{)x,x( 2B1A21BA   )}0(),0(min{ BA   

                                                                     = )0,0(BA , which is a contradiction. 

 Hence, either )x()0( AA   (or) )x()0( BB  , for all x   X. 

(ii)       Let  )x()0( AA   for all  xX. 

Assume that there exists 21 x,x  X such that )x()0( 1AB   and )x()0( 2BB  . 

Then, )}0(),0(min{)0,0( BABA   )0(B  

          )}x(),x(min{)x,x( 2B1A21BA   )0(B )0,0(BA                         

 )0,0()x,x( BA21BA   , which is a contradiction. 
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Hence  either )x()0( AB   (or) )x()0( BB  , for all x  X . 

(iii) will obtain by interchanging the roles of A and B in part (ii). 

Theorem 3.1.17: Let A and B be fuzzy sets in a Z-algebra X and  BA  is a fuzzy H-ideal of 

XX  then either A or B is a fuzzy H-ideal of X. 

Proof : By Theorem 3.1.16(i), we can assume that )x()0( BB  , for all xX. Then, by                       

Theorem 3.1.16(iii), either )x()0( AA   (or) )x()0( BA   . 

Let  )x()0( BA   for any xX, then  

)}x(),0(min{)x( BAB  )x,0(BA  

)}zx(),0(min{)zx( BAB   

              )zx,0(BA    

               )zx,00(BA    

               ))z,0()x,0((BA    

              )}y,0())),z,0()y,0(()x,0((min{ BABA    

              )}y,0()),zy,00()x,0((min{ BABA    

              )}y,0()),zy(x),00(0(min{ BABA    

              )}y,0()),zy(x,0(min{ BABA    

              )}}y(),0(min{))},zy(x(),0(min{min{ BABA   

              )}y()),zy(x(min{ BB                 

Therefore, B )zx(    )}y()),zy(x(min{ BB  , for all .Xz,y,x   

Hence  B is a fuzzy H-ideal of a Z-algebra X. 

By Theorem 3.1.16 (i) and (ii), assume that )x()0( AA  , for all Xx  and )x()0( AB  , for 

any Xx . 

Then A  is a fuzzy H-ideal of a Z-algebra X. 

This completes the proof. 

 
 
 
 
 


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3.2  Fuzzy p-Ideals in Z-algebras 

In this section, we introduce the notion of Fuzzy p-ideals in Z-algebras and prove some 

interesting  results. 

Definition 3.2.1: A Z-algebra )0,,X(   is called medial if y)yx(x  , for all .Xy,x   

Example 3.2.2: Consider a Z-algebra X= {0, 1, 2, 3} be a set with the following Cayley table: 

 

 

Then  0,,X   is a medial Z-algebra. . 

Definition 3.2.3:  Let )0,,X(   be a Z-algebra and I be a subset of X. Then, I is called an p-ideal 

of X, if it satisfies the following conditions: For all x, y, z in X, 

(i) 0   I  

(ii) )zy()zx(     I and yI   x   I  

Example 3.2.4: Consider a Z-algebra X= {0, 1, 2, 3} be a set with the following Cayley table: 

  0 1 2 3 

0 0 1 2 3 

1 0 1 1 3 

2 0 1 2 1 

3 0 3 1 3 

 

Then, X}2,1,0{I   is an p-ideal of X. 

 

  0 1 2 3 

0 0 1 2 3 

1 0 1 3 2 

2 0 3 2 1 

3 0 2 1 3 



                              Classes of Fuzzy Ideals in  Z-Algebras  
  

   Fuzzy Structures on Z-Algebras  69 

 

Definition 3.2.5:  Let )0,,X(  be a Z-algebra. A fuzzy set A in X with membership function A  

is said to be a fuzzy p-ideal of a Z-algebra X if it satisfies the following conditions: For all x, y,z 

in X,  

(i) A (0)   A (x)  

(ii) A (x) min{ A ((x z)  (y z)), A (y)} 

Example 3.2.6: Let X= {0, 1, 2, 3} be a set with the following Cayley table: 

   0 1 2 3 

0 0 1 2 3 

1 0 1 1 1 

2 0 1 2 2 

3 0 1 2 3 

                         Then  0,,X   is a Z-algebra. 

Define a fuzzy set A in X with membership function A  is given by A (x)=0.6 for all                    

x = 0,1,2,3. Then A is a fuzzy p-ideal of a Z-algebra X. 

Theorem 3.2.7: Let X be a medial Z-algebra then every fuzzy p-ideal of X is a fuzzy                 

Z- ideal of X. 

Proof: Assume that A is a fuzzy p-ideal of  a medial Z-algebra X. Then, 

A (0)   A (x)  for all  .Xx  

Let .Xy,x   Then, 

)}y())),yx(y())yx(x((min{)x( AAA    

           )}y())),yx(y(y(min{ AA     

           )}y())),xy(y(y(min{ AA   (Z4)   

           )}y(),xy(min{ AA   

           )}y(),yx(min{ AA              (Z4) 

)}y(),yx(min{)x( AAA               

Hence A is a fuzzy Z-ideal of  X. 
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Theorem 3.2.8: Let X be a Z-algebra satisfying the condition: )zy()zx(yx   for all  

Xz,y,x   then every fuzzy Z-ideal of X is a fuzzy p-ideal of X. 

Proof:  Assume that A is a fuzzy Z-ideal of a Z-algebra X. Then, for all Xz,y,x   

A (0)   A (x)           (1) 

)}y(),yx(min{)x( AAA       

          )}y()),zy()zx((min{ AA                   

)}y()),zy()zx((min{)x( AAA        (2) 

From (1) and (2) we get, A is a fuzzy p-ideal of a Z-algebra X. 

Theorem 3.2.9: Let  X be a medial Z-algebra then a fuzzy set A of X is a fuzzy p-ideal of X if 

and only if A is a fuzzy H-ideal of X. 

Proof: Let A be a fuzzy p-ideal of a medial Z-algebra X. Then, 

A (0)   A (x)  for all Xx          (1) 

Let Xz,y,x  . Then, 

)}y()),zy()zx((min{)x( AAA   

Put zxx  , 

)}y()),zy()z)zx(((min{)zx( AAA   

                 )}y()),zy())xz(z((min{ AA      by (Z4) 

                 )}y()),zy(x(min{ AA   

)}y()),zy(x(min{)zx( AAA             (2) 

From (1) and (2), we get A is a fuzzy H-ideal of X. 

Conversely, assume that A is a fuzzy H-ideal of a medial Z-algebra X. Then, 

A (0)   A (x)  for all Xx          (3) 

Let Xz,y,x  . Then, 

)}y()),zy(x(min{)zx( AAA              

Put zxx  , 

)}y()),zy()zx((min{)z)zx(( AAA          
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)}y()),zy()zx((min{))xz(z( AAA          by (Z4) 

)}y()),zy()zx((min{)x( AAA         (4) 

From (3) and (4) we get, A is a fuzzy p-ideal of X. 

Theorem 3.2.10: A fuzzy set A of a Z-algebra  0,,X   is a fuzzy p-ideal if and only if   for any 

    tx|Xxt;U],1,0[t AA   is an p-ideal of X where    t;U A . 

Proof: Suppose A is a fuzzy p-ideal of a Z-algebra X and    t;U A  for any ]1,0[t . 

Let   t;Ux A , then   txA  . 

By definition of fuzzy p-ideal, we have     tx0 AA  . Thus  t;U0 A . 

If  t;U)zy()zx( A  and  t;Uy A , then   t)zy()zx(A    and    tyA  . 

By definition, we have          tt,tminy,)zy()zx(minx AAA   

Therefore   t;Ux A . Hence   t;U A  is an p-ideal of a Z-algebra X. 

Conversely, suppose that for each ]1,0[t ,  t;U A  is either empty or an p-ideal of a Z-algebra 

X. 

For any  Xx , let   txA  . Then   t;Ux A . 

Since     t;U A  is an p-ideal of X, we have  t;U0 A  and  

hence     xt0 AA   for all Xx . 

Assume        y,)zy()zx(minx AAA    for all Xz,y,x   is not true. 

Then there exists Xz,y,x 000   such that 

      0A0000A0A y,)zy()zx(minx   

Let        0A0000A0A0 y,)zy()zx(minx
2

1
t   

Then        0A0000A00A y,)zy()zx(mintx   

This implies  0A00000 t;Uy,)zy()zx(   and  0A0 t;Ux   

But  0A t;U   is an p-ideal of X. So  0A0 t;Ux   by the definition of p-ideal. 

This implies   00A tx  . 

This is a contradiction. 
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Therefore        y,)zy()zx(minx AAA  , for all .Xz,y,x   

Hence A is a fuzzy p-ideal of Z-algebra X. 

Theorem 3.2.11:  A fuzzy set A of a Z-algebra  0,,X   is a fuzzy p-ideal if and only if  every 

nonempty upper level subset   q;U A  of A,   AImq  is an p-ideal. 

Proof : Let A be a fuzzy p-ideal of a Z-algebra X. 

Claim:  q;U A ,  AImq  is an p-ideal. 

Since    q;U A  there exists  q;Ux A  such that   qxA  . 

Since A is a fuzzy p-ideal of X,    x0 AA   for all Xx . 

Hence for this  q;Ux A ,   q0A  , which shows that  q;U0 A . 

Now, for any Xz,y,x  , assume that  q;U)zy()zx( A  and   q;Uy A      

  q)zy()zx(Then A   and     qyA  . 

This shows that,      qy,)zy()zx(min AA  . 

Since A is a fuzzy p-ideal of a Z-algebra X,        qy,)zy()zx(minx AAA  , 

Thus  q;Ux A , this proves that  q;U A  is an p-ideal of a Z-algebra X. 

Conversely, let  q;U A ,  AImq  be an p-ideal of  a Z-algebra X. 

Claim: A is a fuzzy p-ideal of a Z-algebra X. 

Let Xz,y,x  . For any  AImq , let     y,)zy()zx(minq AA  . 

Therefore,   q)zy()zx(A   and   qyA  . 

This shows that   q;Uy),zy()zx( A . 

Since  q;U A  is an p-ideal, we have  q;Ux A . 

This proves that       y,)zy()zx(minqx AAA   

This shows that A is a fuzzy p-ideal of a Z-algebra X. 

Theorem 3.2.12: Let A be a fuzzy p-ideal of a Z-algebra X and let Xx . Then   txA   if and 

only if  t;Ux A  but   q;Ux A  for all q > t. 

Proof: Assume   txA  , so that  t;Ux A . 

If possible, let  q;Ux A  for q > t. 
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Then   tqxA  . 

This contradicts the fact that   txA  . Hence  q;Ux A  for all q > t. 

Conversely, let  t;Ux A , but  q;Ux A  for all q > t. 

 t;Ux A      txA  . 

Since   q;Ux A  for all q > t,   txA  .     

Theorem 3.2.13: Let )0,,Y()0,,X(:h   be a Z-homomorphism of Z-algebras. If B is a fuzzy 

p-ideal of Y, then )B(h 1  is a fuzzy p-ideal of X. 

Proof: Since B is a fuzzy p-ideal of  a Z-algebra Y. For any x   X, we have 

(i)    )0())x(h(x BBBh 1   ))0(h(B =   0
Bh 1

 

(ii) Let  x, y, z   X. Then 

          ))y(h(,zyzxhmin)}y()),zy()zx((min{ BBBhBh 11    

                             = min { ))y(h())),z(h)y(h())z(h)x(h((( BB  } 

                                                             ))x(h(B  

                                                              =   x
Bh 1  

From  (i) and (ii) we get,  )B(h 1  is a fuzzy p-ideal of a Z-algebra X. 

Theorem 3.2.14: Let )0,,Y()0,,X(:h   be an Z-epimorphism of Z-algebras. Let B be a 

fuzzy set of Y. If  )B(h 1  is a fuzzy p-ideal of X then B is a fuzzy p-ideal of Y. 

Proof: Let y Y, there exists x X such that h (x) = y. Then 

  x))x(h()y(
BhBB 1   0

Bh 1  = ))0(h(B = )0(B   

           This implies,          )y()0( BB   

Let x, y, z   Y. Then there exists a, b,c  X such that h(a) = x , h (b) = y and h(c) = z. It follows 

that 

  a))a(h()x(
BhBB 1  

                                  }b,)cb()ca(min{
BhBh 11    

                             ))}b(h())),cb()ca((h(min{ BB   
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                          ))}b(h())),c(h)b(h())c(h)a(h((min{ BB   

                          )}y()),zy()zx((min{ BB   

This implies,   )x(B )}y()),zy()zx((min{ BB   

Hence  B is a fuzzy p-ideal of a Z-algebra Y. 

We can easily prove the following result. 

Theorem 3.2.15: Let h be an Z-endomorphism of Z-algebra X and A be a fuzzy set in X. Then  

]1,0[X:Ah   defined by Xxallfor))x(h()x( AA h 
 
is a fuzzy p-ideal of X if A is a 

fuzzy p-ideal. 

Theorem 3.2.16: If A and B be fuzzy p-ideals in a Z-algebra X then BA  is a fuzzy p-ideal in  

XX . 

Proof: Let  )x,x( 21    XX , 

)}0(),0(min{)0,0( BABA   )}x(),x(min{ 2B1A  = )x,x( 21BA  

      Hence  )x,x()0,0( 21BABA                                              (1) 

Let )x,x( 21 , )y,y( 21 )z,z(, 21   XX . Then 

)}x(),x(min{)x,x( 2B1A21BA                            

                    )}}y()),zy()zx((min{)},y()),zy()zx((min{min{ 2B2222B1A1111A                                           

                    )}}y(),y(min{))},zy()zx(()),zy()zx((min{min{ 2B1A2222B1111A                        

                    )}y,y())),zy()zx(()),zy()zx(((min{ 21BA22221111BA    

                     )}y,y())),zy(),zy(())zx(),zx(((min{ 21BA22112211BA    

                    )}y,y())),z,z()y,y(())z,z()x,x(((min{ 21BA21212121BA              (2) 

By (1) and (2), BA  is a fuzzy p-ideal in XX . 

Theorem 3.2.17: Let A and B be fuzzy sets in a Z-algebra X such that BA  is a fuzzy p-ideal 

of  XX . Then, 

(i)        Either  )x()0( AA   (or) )x()0( BB   for all x   X. 

(ii)       If  )x()0( AA   for all xX, then either )x()0( AB   (or) )x()0( BB   

(iii)      If  )x()0( BB   for all xX then either )x()0( AA   (or) )x()0( BA   
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Proof: (i)              If   )x()0( 1AA    and  )x()0( 2BB   for some  Xx,x 21  . 

Then,  )}x(),x(min{)x,x( 2B1A21BA   )}0(),0(min{ BA   

                                                                     = )0,0(BA , which is a contradiction. 

 Hence, either )x()0( AA   (or) )x()0( BB   for all x   X. 

(ii)       Let  )x()0( AA   for all  xX. 

Assume that there exists 21 x,x  X such that )x()0( 1AB   and )x()0( 2BB  . 

Then, )}0(),0(min{)0,0( BABA   )0(B  

           )}x(),x(min{)x,x( 2B1A21BA   )0(B )0,0(BA                       

    )0,0()x,x( BA21BA   , which is a contradiction. 

Hence  either )x()0( AB   (or) )x()0( BB   for all .Xx   

(iii) will obtain by interchanging the roles of A and B in part (ii). 

Theorem 3.2.18: Let A and B be fuzzy sets in a Z-algebra X and  BA  is fuzzy p-ideal of 

XX  then either A or B is a fuzzy p-ideal of X. 

Proof : By Theorem 3.2.17 (i), we can assume that )x()0( BB   for all xX. Then, by                      

Theorem 3.2.17 (iii), either )x()0( AA   (or) )x()0( BA   . 

Let  )x()0( BA   for any xX, then  

)}x(),0(min{)x( BAB   

          )x,0(BA  

          )}y,0())),z,0()y,0(())z,0()x,0(((min{ BABA    

                       y,0,zy,00zx,00min BABA    

          )}y,0())),zy()zx((),00((min{ BABA    

          )}y,0()),zy()zx(,0(min{ BABA    

          )}}y(),0(min{))},zy()zx((),0(min{min{ BABA   

           = min{ ))zy()zx((B  , B (y)} 

Therefore, B (x)   min{ ))zy()zx((B  , B (y)} for all .Xz,y,x   

Hence  B is a fuzzy p-ideal of a Z-algebra X. 
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By Theorem 3.2.17 (i) and (ii), assume that )x()0( AA   for all Xx  and )x()0( AB    for 

any Xx . 

Then A  is a fuzzy p-ideal of a Z-algebra X. 

This completes the proof. 

Theorem 3.2.19: Let A be a fuzzy relation on a Z-algebra X and AB be the strongest fuzzy 

relation on  X, where B is a fuzzy set of  X. If  B is a fuzzy p-ideal of a Z-algebra X, then AB is a 

fuzzy p-ideal of X x X. 

Proof: Let       XxXz,z,y,y,x,x 212121  . Then       0,0min0,0 BBA B
   

                                                                                                  2B1B x,xmin     

                                                                                               21A x,x
B

                                          
and        2B1B21A x,xminx,x

B
  

                                   2B2222B1B1111B y,)zy()zx(min,y,)zy()zx(minmin        

          2B1B2222B1111B y,ymin,)zy()zx(,)zy()zx(minmin       

       21A22221111A y,y,)zy()zx(,)zy()zx(min
BB

  

       21A22112211A y,y,)zy(),zy(,)zx(),zx(min
BB

  

                                     21A21212121A y,y,z,zy,yz,zx,xmin
BB

  

Therefore BA  is a fuzzy p-ideal of X x X. 

Theorem   3.2.20:  Let A be a fuzzy relation on a Z-algebra X and B be a fuzzy set of X. If the 

strongest fuzzy relation BA  is a fuzzy p-ideal of X x X, then B is a fuzzy p-ideal of a Z-algebra 

X. 

Proof : Let .Xx  Then, 

)}x(),x(min{)x,x()0,0()}0(),0(min{ BBAABB BB
  

  )x()0( BB    . 

For all , 

Also,         21A2B1B x,xx,xmin
B

  

                                                       21A21212121A y,y,z,zy,yz,zx,xmin
BB

  

                                                       21A22112211A y,y,zy,zyzx,zxmin
BB

  

      XxXz,z,y,y,x,x 212121 



                              Classes of Fuzzy Ideals in  Z-Algebras  
  

   Fuzzy Structures on Z-Algebras  77 

 

                                  21A22221111A y,y,)zy()zx(,)zy()zx(min
BB

  

                                     2B1B2222B1111B y,ymin,)zy()zx(,)zy()zx(minmin   

                                    2B2222B1B1111B y,)zy()zx(min,y,)zy()zx(minmin   

Put 0zyx 222  , we get       1B1111B1B y,)zy()zx(minx   

Hence B is a fuzzy p-ideal of a Z-algebra X. 

Remark 3.2.21: If  be a family of ascending sequence of p-ideals of a Z-algebra X, then 

 is also an p-ideal of X. 

Theorem 3.2.22: If every fuzzy p-ideal A of a Z-algebra X has only finite values, then every 

descending chain of  p-ideals of X terminates after a finite stage. 

Proof: Let A be any fuzzy p-ideal of a Z-algebra X which has finite number of values. Suppose 

there exists a strictly descending chain   n210 IIIIX  of p-ideals of X which 

does not terminate after a finite stage. Now define a fuzzy set A in X by 

 

where  n ∈ ℕ ∪ {0} where ℕ is the set of natural numbers. 

Every p-ideals  contains 0 implies )x()0(I0 AAn    for all  

Let . 

Case(1)  If    and   for  t, k ∈ ℕ ∪ {0}.  

Without loss of generality, we can assume that kt  . 

Then tI)zy()zx(    and  implies . 

Hence  

Case (2) If  and  then  

Hence )}y()),zy()zx((min{1)x( AAA  .  

Case(3) If  and , then  for some                      

k ∈ ℕ ∪ {0}. 

}I{ n

 nI










 

n

1nn
A

Ixif1

IIxif
1n

n
)x(

nI .Xx

Xz,y,x 

1tt II)zy()zx(  1kk IIy 

tIy tIx

)}y()),zy()zx((min{
1t

t
)x( AAA 




 nI)zy()zx(   nIy  nIx

 nI)zy()zx(   nIy 1kk II)zy()zx( 
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Then kIx . Hence  

Case(4) If  and  then 1mm IIy    for some  m ∈ ℕ ∪ {0}. 

Hence mIx . Therefore .)}y()),zy()zx((min{
1m

m
)x( AAA 


   

Therefore A is a fuzzy p-ideal of  X and A has an infinite number of different values. 

This contradicts our assumption. 

Therefore every descending chain of  p-ideals in X terminates after a finite stage.  

Lemma 3.2.23: Let   n21 III  be a strictly ascending sequence of p-ideals in a            

Z-algebra X and let  be a strictly decreasing sequence in (0,1). Let A be a fuzzy set in X 

defined by 

μ୅(x) = ൜
0     if    x ∉ I୬ for each n ∈ ℕ                   
t୬  if   x ∈ I୬ − I୬ିଵ for some n ∈ ℕ     

  where . Then A is a fuzzy p-ideal of X.  

Proof: Let I = ⋃ I୬ ୬∈ℕ . By remark 3.2.21, I  is an p-ideal of X. Obviously,  

for all . 

Let .  

Case:i  If 1nn IIy),zy()zx(   for some n ∈ ℕ then nIy),zy()zx(   . 

Since nI  is an p-ideal of X, nIx . 

That is, 1nn IIx   or 1nIx  . 

)}y()),zy()zx((min{)y())zy()zx((t)x( AAAAnA  . 

Case:ii For mn tt,mn  . Also nm II  . 

If 1nn II)zy()zx(   and 1mm IIy   then nA t))zy()zx((   and mA t)y(  . 

nmnAA t}t,tmin{)}y()),zy()zx((min{  . 

Also nI)zy()zx(   and nm IIy   implies nIx , since nI  is an p-ideal of X. 

)}y()),zy()zx((min{t)x( AAnA  . 

Consequently, A is a fuzzy p-ideal of a Z-algebra X. 

)}y()),zy()zx((min{
1k

k
)x( AAA 




 nI)zy()zx(   nIy

)t( n

0I

)x(t)0( A1A 

Xx

Xz,y,x 
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Definition 3.2.24: A Z-algebra  0,,X   is called Noetherian if for every ascending sequence 

 21 II  of  p-ideals of X there exists k ∈ ℕ such that kn II   for all kn  , where  be the 

set of natural numbers. 

Definition 3.2.25: A Z-algebra  0,,X   is called Artinian if for every descending sequence 

 21 II  of p-ideals of X there exists k ∈ ℕ such that kn II   for all .kn   

Theorem 3.2.26: Let X be a Z-algebra. The following statements are equivalent: 

(a) X is Noetherian  

(b) for each fuzzy p-ideal A of X, }Xx:)x({)AIm( A   is a well-ordered subset of [0,1]. 

Proof: (a)  (b)  

Assume that X is  Noetherian and A is a fuzzy p-ideal of  X such that Im(A) is not a well-ordered 

subset of [0,1]. 

Then there exists a strictly decreasing sequence ))x(( nA  such that nnA t)x(   where Xx n   . 

Then by Theorem 3.2.10, }t)x(:Xx{)t;(UU nAnAn   is an  p-ideal of X for every 

n ∈ ℕ. It follows that,  21 UU  is a strictly ascending sequence of p-ideals of X. 

This is a contradiction with the assumption that X is Noetherian. 

Therefore, Im(A) is a well-ordered set for each fuzzy p-ideal A of X.   

(b)  (a) 

Assume that (b) is true. Suppose that the Z-algebra X is not Noetherian. Then there exists a 

strictly ascending sequence   n21 III  of  p-ideals of  X.  

Let A be a fuzzy set in X such that 

μ୅(x) = ൝

0  if x ∉ I୬  for each n ∈ ℕ                
1

n
 if x ∈ I୬ − I୬ିଵ for some n ∈ ℕ

  

where 0I . By Lemma 3.2.23, A is a fuzzy p-ideal of a Z-algebra X. 

But Im(A) is not a well-ordered set, which is impossible. 

Therefore, X is Noetherian. 

Corollary 3.2.27: Let X be a Z-algebra. If, for every fuzzy p-ideal A of X, Im(A) is a finite set, 

then X is Noetherian. 
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Theorem 3.2.28: Let X be a Z-algebra and let }0{},...,t,t{T 21   where )t( n  is strictly 

descending sequence in (0,1). Then the following conditions are equivalent: 

(a) X is Noetherian 

(b) for each fuzzy p-ideal A of X, if T)AIm(  , then there exists k ∈ ℕ such that 

}0{}t,...,t,t{)AIm( k21  . 

Proof: (a) (b) 

Assume that X is Noetherian. Let A be a fuzzy p-ideal of X such that T)AIm(  . From 

Theorem 3.2.26, we know that Im(A) is a well-ordered subset of [0,1]. 

Then, since 0...t...tt1 n21   and }0{,...}t,t{)AIm( 21  , there exists k ∈ ℕ such that 

}0{}t,...,t,t{)AIm( k21  . 

(b) (a) 

Assume that (b) is true. Suppose that X is not Noetherian. Then there exists a strictly ascending 

sequence   21 II  of  an p-ideals of a Z-algebra X. 

Define a fuzzy set A in X by 

μ୅(x) = ൜
0 if x ∉ I୬  for each n ∈ ℕ                
t୬ if x ∈ I୬ − I୬ିଵ for some n ∈ ℕ

  

where 0I . By Lemma 3.2.23, A is a fuzzy p-ideal of a Z-algebra X. This is a contradiction 

with our assumption. Thus X is Noetherian. 

Theorem 3.2.29: Let X be a Z-algebra and let }1,0{,...}t,t{T 21  , where )t( n  is a strictly 

increasing sequence in (0,1). Then the following are equivalent: 

(a) X is Artinian 

(b) for each fuzzy p-ideal A of X, if T)AIm(  , then there exists k ∈ ℕ such that 

}1,0{}t,...,t,t{)AIm( k21  . 

Proof: (a) (b) 

Suppose that ...t...tt
m21 iii   is strictly increasing sequence of elements of Im(A). Let 

)t;(UU
miAm   for each m ∈ ℕ. Then ...U...UU m21   is a strictly descending sequence 

of p-ideals of X. This contradicts the assumption that X is Artinian. 
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(b) (a) 

Assume that (b) is true. Suppose that X is not Artinian. Then there exists a strictly descending 

sequence   n21 III  of p-ideals of X.  

Define a fuzzy set A in X by 

μ୅(x) = ቐ

0 if x ∉ Iଵ                                              
t୬ if x ∈ I୬ − I୬ାଵ for n = 1,2, …    

1 if x ∈ ∩ {I୬ : n ∈ ℕ}                         

  

Obviously, )x(1)0( AA   for all Xx . Let Xz,y,x  . We have three cases: 

Case 1: 1Ix  

Then  1I)zy()zx(  or 1Iy . 

Therefore, )x(0)}y()),zy()zx((min{ AAA  . 

Case 2: 1nn IIx   for some n ∈ ℕ 

Then  1nI)zy()zx(  or 1nIy  . 

Hence nA t))zy()zx((   or nA t)y(   

Therefore, )x(t}t,t{)}y()),zy()zx((min{ AnnnAA  . 

 Case 3: x ∈ ∩ {I୬ : n ∈ ℕ}  

It is obvious. 

Thus A is a fuzzy p-ideal of a Z-algebra X.  

This contradicts our assumption. Thus X is Artinian. 

Corollary 3.2.30: Let X be a Z-algebra. If, for every fuzzy p-ideal A of X, Im(A) is finite set, 

then X is Artinian. 
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3.3  Fuzzy Implicative Ideals in Z-Algebras 

                              In this section, we introduce the notions of fuzzy implicative ideals and fuzzy 

sub-implicative ideals in Z-algebras. Also, the relationship between fuzzy implicative ideal, 

fuzzy sub-implicative ideal and fuzzy Z-ideal of a Z-algebra are discussed.   

Definition 3.3.1: A Z-algebra  0,,X   is said to be an implicative if it satisfies the condition 

)xy(y)xy())yx(x(  , for all .Xy,x   

Example 3.3.2: Consider the Z-algebra X={0,1,2,3} with the binary operation   defined by the 

following table:  

  0 1 2 3 

0 0 1 2 3 

1 0 1 2 2 

2 0 2 2 1 

3 0 2 1 3 

Then, )0,,X(   is an implicative Z-algebra. 

Proposition 3.3.3: Every medial Z-algebra is an implicative Z-algebra. 

Proof: Let X be a medial Z-algebra. Then, )xy(y))xy())yx(x((  , for all .Xy,x   

Thus, X is an implicative Z-algebra. 

Definition 3.3.4:  A nonempty subset I of a Z-algebra  0,,X   is called an implicative ideal of 

X if it satisfies the following conditions: 

(i) I0  

(ii) IximplyIzandIz))xy(x(  , for all .Xz,y,x   

Example 3.3.5: Consider the Z-algebra X={0,1,2,3} with the binary operation   defined by the 

following table:  

  0 1 2 3 

0 0 1 2 3 

1 0 1 1 2 

2 0 1 2 3 

3 0 2 3 3 
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Then  X}2,1,0{I   is an implicative ideal of a Z-algebra X. 

Proposition  3.3.6:  Every implicative ideal of a Z-algebra X is an Z-ideal of X. 

Proof: Let I be an implicative ideal of a Z-algebra X. Then, 

IximplyIzandIz))xy(x(   for all .Xz,y,x   

Now, IximplyIzandI))xy(x(z   for all .Xz,y,x              by (Z4) 

Put  z  = y and y = x, 

IximplyIyandI))xx(x(y   

IximplyIyandIxy   

IximplyIyandIyx              by (Z4) 

Therefore, I is an Z-ideal of a Z-algebra X. 

Definition 3.3.7: A fuzzy set A of a Z-algebra  0,,X   with membership function A  is called a 

fuzzy implicative  ideal of X if it satisfies the following conditions: 

(i) )x()0( AA   

(ii) )}z(),z))xy(x((min{)x( AAA  , for all .Xz,y,x   

Example 3.3.8: Consider a Z-algebra X as in example 3.3.5. Define a fuzzy set A of X with 

membership function is given by 5.0)x(A   for all .Xx  Then A is a fuzzy implicative 

ideal of X. 

Proposition 3.3.9: In a  Z-algebra X, every fuzzy implicative ideal is a fuzzy Z-ideal.  

Proof: Let A be a fuzzy implicative ideal of  a Z-algebra X. Then, 

)x()0( AA             (1)  

)}z(),z))xy(x((min{)x( AAA    for all .Xz,y,x      (2) 

Put y=x, 

)}z(),z))xx(x((min{)x( AAA   

           )}z(),zx(min{ AA                                                                        by (Z3) 

Hence,  A is a fuzzy Z-ideal of a Z-algebra X. 

Theorem 3.3.10: A be a fuzzy Z-ideal of a Z-algebra X. Then A  is a fuzzy implicative ideal of  

X if and only if A satisfies the following inequality: for all Xy,x  , ))xy(x()x( AA  . 

 

A
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Proof: Let A be a fuzzy implicative ideal of a Z-algebra X. Let .Xz,y,x   Then,  

)}z(),z))xy(x((min{)x( AAA   

Put  )xy(xz  , 

))}xy(x(())),xy(x())xy(x((min{)x( AAA   

))}xy(x()),xy(x(min{)x( AAA                 by (Z3) 

))xy(x()x( AA   

Conversely,  )x()0( AA   for all Xx , since A is a fuzzy Z-ideal of a Z-algebra X. 

and ))xy(x()x( AA   

                 )}z(),z))xy(x((min{ AA                         

Hence, A is a fuzzy implicative ideal of a Z-algebra X. 

Proposition 3.3.11: Let X be a Z-algebra and let A be a fuzzy set of X. Then A is a fuzzy 

implicative ideal of X if and only if )0(1)x()x( AAA #   is a fuzzy implicative ideal of X. 

Proof: Let A be a fuzzy implicative ideal of a Z-algebra X. Then, 

 )0(1)0()0( AAA#   

1)0(#A
  

)x()0( ## AA
  for all .Xx       (1) 

Let  .Xz,y,x   Then, 

)0(1)x()x( AAA#  )}z(),z))xy(x((min{ AA  )0(1 A  

                                          )}0(1)z(),0(1)z))xy(x((min{ AAAA   

                                          )}z(),z))xy(x((min{ ## AA
      (2) 

Hence by (1) and (2), #A  is a fuzzy implicative ideal of a Z-algebra X. 

Conversely, let  #A  be a fuzzy implicative ideal of a Z-algebra X. 

For Xx . Then, we have )0(1)0()0( AAA #  )0(1)x( AA #  )x(A            (3) 

For all Xz,y,x  , 

)0(1)x()x( AAA #   

           )}z(),z))xy(x((min{ ## AA
 )0(1 A  
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           )}0(1)z(),0(1)z))xy(x((min{ AAAA ##   

           )}z(),z))xy(x((min{ AA         (4) 

Hence by (3) and (4), A is a fuzzy implicative ideal of a Z-algebra X. 

Proposition 3.3.12:  Let A be a fuzzy Z-ideal of a Z-algebra X and Xw  . If A satisfies the 

condition: for all ))xy(x()x(,Xy,x AA   then  )}x()w(|Xx{X AAA w   is an 

implicative ideal of X. 

Proof: For all Xx , we have )x()0( AA  . 

Since Xw  , we have  )w()0( AA  . 

Then wA
X0 .     (1) 

Let  Xz,y,x   such that  ww AA
XzandXz))xy(x(  . 

)z()w(and)z))xy(x(()w( AAAA   

)}z(),z))xy(x((min{)w( AAA  ))xy(x(A   

But  )x())xy(x( AA     

)x()w( AA   

wA
Xx       (2) 

From (1) and (2) we get, wA
X  is an implicative ideal of a Z-algebra X. 

Proposition  3.3.13: Let X be a Z-algebra and Xw  . If A is a fuzzy implicative ideal of X, 

then  wA
X  is an implicative ideal of X. 

Proof: Let A be a fuzzy implicative ideal of a Z-algebra X. Then, )x()0( AA  , for all Xx . 

Since Xw  , we have  )w()0( AA  . 

Then wA
X0 .     (1) 

Let  Xz,y,x   such that  ww AA
XzandXz))xy(x(  . 

)z()w(and)z))xy(x(()w( AAAA   

)}z(),z))xy(x((min{)w( AAA   

But  )x()}z(),z))xy(x((min{ AAA   

)x()w( AA  . 
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Then wA
Xx        (2) 

Thus, from (1) and (2) we get, wA
X  is an implicative ideal of a Z-algebra X. 

Proposition  3.3.14: Let }i|A{ i   be a family of fuzzy implicative ideals of a Z-algebra X. 

Then 
i

iA  is a fuzzy implicative ideal of X. 

Proof: Let Xx . Then  ))0((inf)0(
ii

i
A

i
A 




))x((inf
iA

i



)x(

i
i

A

                                 

Let Xz,y,x  . Then, we have 

))x((inf)x(
ii

i
A

i
A 




)}}z(),z))xy(x(({min{inf
ii AA

i



 

                                      )}z(inf),z))xy(x((infmin{
ii A

i
A

i



 

                                      )}z(),z))xy(x((min{
i

i
i

i
AA


          

Hence  
i

iA  is a fuzzy implicative ideal of a Z-algebra X. 

Theorem 3.3.15: Let }i|A{ i   be a family of fuzzy Z-ideals of a Z-algebra X satisfies the 

condition ))xy(x()x( AA   for all Xy,x  . Then 
i

iA  is a fuzzy implicative ideal of X. 

Proof: It follows directly from Theorem 3.3.13 and Theorem 3.3.10. 

Proposition 3.3.16: Let }i|A{ i   be a chain of fuzzy implicative ideals of a Z-algebra X. 

Then 
i

iA  is a fuzzy implicative ideal of X. 

Proof: Let Xx . Then  ))0((sup)0(
ii

i
A

i
A 





))x((sup
iA

i



)x(

i
i

A

     

Let .Xz,y,x   Then, we have 

))x((sup)x(
ii

i
A

i
A 





)}}z(),z))xy(x(({min{sup
ii AA

i



 

                                     )}z(sup),z))xy(x((supmin{
ii A

i
A

i



 

                                    )}z(),z))xy(x((min{
i

i
i

i
AA


          

Hence  
i

iA  is a fuzzy implicative ideal of a Z-algebra X. 
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Theorem 3.3.17: Let }i|A{ i   be a chain of fuzzy Z-ideals of a Z-algebra X satisfies  the 

condition ))xy(x()x( AA  for all Xy,x  . Then 
i

iA  is a fuzzy implicative ideal of X. 

Proof: It follows directly from Theorem 2.2.4 and Theorem 3.3.16. 

Theorem 3.3.18: A fuzzy set A of a Z-algebra  0,,X   is a fuzzy implicative ideal if and only if   

for any     tx|Xxt;U],1,0[t AA   is an implicative ideal of X where    t;U A . 

Proof: Suppose A is a fuzzy implicative ideal of a Z-algebra X and    t;U A  for any 

]1,0[t  . Then  .Xx)x()0( AA   

Let   t;Ux A , then   txA  . Hence     tx0 AA  . Thus  t;U0 A . 

Let  Xz,y,x   such that )t;(Uzand)t;(Uz))xy(x( AA  . 

t)z(andt)z))xy(x(( AA   

.t}t,tmin{)}z(),z))xy(x((min{ AA   

But,  )}z(),z))xy(x((min{)x( AAA   

)t;(Uxt)x( AA  .    (2) 

From (1) and (2) we get, )t;(U A  is an implicative ideal of a Z-algebra X. 

Conversely, suppose that  t;U A  is either empty or an implicative ideal of a Z-algebra X , for 

each . 

For any  Xx , let   txA  . Then   t;Ux A . 

Since     t;U A  is an implicative ideal of X, we have  t;U0 A  and  

hence     xt0 AA  . 

Thus     ,x0 AA   for all Xx . 

Let   such that t)}z(),z))xy(x((min{ AA   . 

t)z(andt)z))xy(x(( AA   

)t;(Uzand)t;(Uz))xy(x( AA   

 

 

)}z(),z))xy(x((min{)x( AAA   

]1,0[t

Xz,y,x 

)t;(Ux A

t)x(A 
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Therefore, A is a fuzzy implicative Ideal of X. 

Note: Hereafter, )t;(U A  is called level implicative ideal of a Z-algebra X. 

Theorem 3.3.19: Let A be a fuzzy implicative ideal of a Z-algebra X then two level implicative 

ideals )t;(U 1A  and )t;(U 2A  (with 21 tt  ) of A are equal if and only if there is no Xx  

such that 2A1 t)x(t  . 

Proof : Let A be a fuzzy implicative ideal of a Z-algebra X. 

Assume that )t;(U)t;(U 2A1A   for some 21 tt   and there exists Xx  such that 

2A1 t)x(t  . 

Then )t;(U 2A  is a proper subset of  )t;(U 1A  which is a contradiction. 

Hence there is no Xx such that 2A1 t)x(t  . 

Conversely, Suppose that there is no  Xx  such that 2A1 t)x(t  . Since  21 tt  , we get  

)t;(U)t;(U 1A2A                        (1) 

If )t;(Ux 1A  then 1A t)x(   and so 2A t)x(  , because )x(A  does not lie between t and 

s. 

Hence  )t;(Ux 2A .  

Hence  )t;(U)t;(U 2A1A               (2) 

From (1) and (2) we get )t;(U)t;(U 2A1A   

Remark 3.3.20: As a consequence of Theorem 3.3.19, the level implicative ideals of a fuzzy 

implicative ideal A of a finite Z-algebra X form a chain  

      Xt;Ut;Ut;U rA1A0A   , where .t...ttt r210   

Theorem 3.3.21: Let X be a finite Z-algebra and A be a fuzzy implicative ideal of X. If 

   n1 t,,tAIm  , then the family of implicative ideals   n,...,2,1i,t;U iA  , constitutes all the 

level implicative ideals of A. 

Proof: Let ]1,0[t   and  AImt . Suppose n21 ttt    without loss of generality.  

If 1tt   , then    t;Ut;U A1A  . Since   Xt;U 1A  ,   Xt;U A   and  

    .t;Ut;U A1A   

If ntt  , then    t;U A  obviously. 
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If  1ni1ttt 1ii    , then there is no Xx  such that 1iA t)x(t   . It follows from  

Theorem 3.3.19 that )t;(U)t;(U 1iAA  . This shows that for any ]1,0[t  , the level 

implicative ideal  t;U A  is in    n,,2,1i|t;U iA  . 

Lemma 3.3.22: Let X be a Z-algebra and A be a fuzzy implicative ideal of X. If Im(A) is finite, 

say {t1,t2,...,tn} then for any ti, tj Im(A),    jAiA t;Ut;U   implies ti=tj . 

Proof: Assume that ji tt    and ji tt  . 

Then there is Xx such that jiA tt)x(   , and  so )t;(Ux iA  and )t;(Ux jA  

Thus )t;(U)t;(U iAjA   a contradiction. 

Then,  )t;(U)t;(U jAiA  .  Therefore ji tt  . 

Theorem 3.3.23: Let A and B be two fuzzy implicative ideals of a Z-algebra X with identical 

family of level implicative ideals. If   m21 t,...,t,t)AIm(   and  n21 q,...,q,q)BIm(  , where 

m21 t...tt   and n21 q...qq  , then 

(i)  nm   

(ii)    iBiA q;Ut;U     m,,1i  . 

(iii) If Xx  such that   iA tx   then    iB qx  , m,,1i  . 

Proof: To prove (i): Using Theorem 3.3.21, we know that the only level implicative ideals of A 

and B are  iA t;U   and  iB q;U    respectively. Since A and B have the identical family of level 

implicative ideals, it follows that nm  . Thus (i) holds. 

To prove (ii): Using Theorem 3.3.21 again, we get that 

             nB2B1BmA2A1A q;U,,q;U,q;Ut;U,,t;U,t;U    , and by lemma   we 

have         Xt;Ut;Ut;U mA2A1A      

 and        Xq;Uq;Uq;U nB2B1B   . 

Hence    iBiA q;Ut;U  , m,,1i    and (ii) holds.  

To prove (iii): Let Xx  be such that   iA tx   and let   jB qx  . Noticing that 

 iB q;Ux  , that is,   iB qx  , we obtain ij qq  . Thus    iBjB q;Uq;U  . Since 
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 jB q;Ux   and    jAjB t;Uq;U  , therefore  jA t;Ux   and so   jAi txt  . It 

follows that    jAiA t;Ut;U  . By (ii),        jBjAiAiB q;Ut;Ut;Uq;U  . 

Consequently    jBiB q;Uq;U  , and by lemma 3.3.22 we conclude that ji qq  . Thus 

  iB qx  .  

Hence the proof. 

Corollary 3.3.24: Let A and B be two fuzzy implicative ideals of a Z-algebra X with identical 

family of  level  implicative ideals. Then Im(A)=Im(B) if and only if  A = B. 

Proof : Let Im(A) =  m21 q,...,q,q)BIm(   where m21 q...qq  . 

By Theorem 3.3.23, for any  Xx  there exists qi such that )x(q)x( BiA  . 

Thus Xxallfor)x()x( BA  . 

This implies A=B. 

Theorem 3.3.25: Let A be a fuzzy set in a Z-algebra X with }t,...,t,t{)AIm( k10  where 

k210 t...ttt  . If there exists a chain of implicative ideals  of X: XIII k10    

such that   n
*
nA tI   where k,...,1,0n,I,III 11nn

*
n    , then A is a fuzzy implicative                  

ideal of X. 

Proof:  Since  0I0  , we have )x(t)0( A0A   for all Xx . For all Xz,y,x  ,  

(i)  If *
nIz))xy(x(   and *

nIz  then *
nIx  because nI  is an implicative ideal of a                       

      Z-algebra X. Thus   )}z(),z))xy(x((min{t)x( AAnA  . 

(ii)  If *
nIz))xy(x(   and *

nIz  then the following four cases arise:  

Case i : nIXz))xy(x(   and nIXz   

Case ii : 1nIz))xy(x(   and 1nIz   

Case iii :  nIXz))xy(x(   and  1nIz   

Case iv : 1nIz))xy(x(    and  nIXz   

But, in either case, we know that   )}z(),z))xy(x((min{)x( AAA  . 
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(iii) If  *
nIz))xy(x(   and *

nIz , then either 1nIz   or  nIXz   . It follows that either        

      nIx  or nIXx  . Thus, )}z(),z))xy(x((min{t)x( AAnA  . 

(iv)   If  *
nIz))xy(x(   and *

nIz , then clearly  )}z(),z))xy(x((min{)x( AAA  . 

Consequently A is a fuzzy implicative ideal of X. 

Proposition 3.3.26: Let h be a Z-homomorphism from a Z –algebra  0,,X   onto a Z-algebra 

 0,,Y   and A be a fuzzy implicative ideal of X with the supremum property. Then the image of 

A  denoted by  h(A) is a fuzzy implicative ideal of Y.  

Proof: Let Yc,b,a    with  ahx 1
0

  ,  bhy 1
0

  and   chz 1
0

  such that  

 
 

 tsupx A
aht

0A
1




 ;   
 

 tsupy A
bht

0A
1




 and  
 

 .tsupz A
cht

0A
1




 

  
 

   0tsup0 AA
0ht

Ah
1


 

 0A x
 

 tsup A
aht 1




  aAh         

      
   

 
 

 









 

tsup,tsupminc,cabamin A
cht

A
cabaht

)A(h)A(h
11

                                         

                                                              0A0000A z,zxyxmin   

                                                         0A x  

                                                        
 

 tsup A
aht 1




 

                                                          aAh  

Hence  h(A) is a fuzzy implicative ideal of a Z-algebra Y. 

Proposition 3.3.27: Let )0,,Y()0,,X(:h   be a Z-homomorphism of Z-algebras. If B is a 

fuzzy implicative ideal of Y, then )B(h 1  is a fuzzy implicative ideal of X. 

Proof: For any x   X, we have                                            

   )0())x(h(x BBBh 1   ))0(h(B =   0
Bh 1                

Let  x, y, z   X. Then 

            ))z(h(,)z))xy(x((hmin)}z(),z))xy(x((min{ BBBhBh 11    

                                  = min { ))z(h()),z(h)))x(h)y(h()x(h(( BB  } 

                                                                  ))x(h(B  
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                                                                 =   x
Bh 1  

    x
Bh 1       )}z(),z))xy(x((min{

BhBh 11    

Hence )B(h 1  is a fuzzy implicative ideal of a Z-algebra X. 

Corollary 3.3.28: Let X be a Z-algebra . Then A is a fuzzy implicative ideal of X if and only if 

the set  is an  implicative ideal of X, where  . 

Proof: Let A be a fuzzy implicative ideal of a Z-algebra X. 

  If x=0, then  )0()x( AA  . Then .      (1) 

 Let  such that  . 

)0()z(and)0()z))xy(x(( AAAA  . 

  . 

      (2) 

Since  A is a fuzzy implicative ideal of a Z-algebra X, .    (3) 

By (2) and (3), .Xx  

. 

Hence,  is an implicative ideal of a Z-algebra X. 

Conversely, let   be an implicative Ideal of a Z-algebra X.  

Since   where . 

 Therefore, A is a fuzzy implicative ideal of a Z-algebra X.  

Proposition 3.3.29:  Let X be a Z-algebra and A be a fuzzy set of X defined by   

    , where   such that  . Then A is a fuzzy implicative  

ideal of X if and only if  is an implicative ideal of X. 

Proof: Let A be a fuzzy implicative ideal of a Z-algebra X.  

Since   for all ,  . 

Let   such that   

 

 

AX )}0()x(|Xx{X AAA 

AX0

Xz,y,x  AA XzandXz))xy(x( 

)}z(),z))xy(x((min{)x( AAA  )}0(),0(min{ AA  )0(A

)0()x( AA 

)x()0( AA 

)0()x( AA 

AXx

AX

AX

)t;(UX AA  )0(t A



 


otherwiset

Xxift
)x(

2

A1
A ]1,0[t,t 21  21 tt 

AX

)x()0( AA  Xx A1A X0t)0( 

AXz,y,x  AA XzandXz))xy(x( 

1AA1AA t)0()z(andt)0()z))xy(x(( 

)}z(),z))xy(x((min{)x( AAA  111 t}t,tmin{ 
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Then   is an implicative ideal of a Z-algebra X. 

Conversely, let  be an implicative ideal of a Z-algebra X.  

 Since   then   for all .      (1) 

 Let  , 

Case 1: Suppose  AA XzandXz))xy(x(   then . 

Since   is an implicative ideal of X,  

 

 

 

Case 2: Suppose .  

Then  

 

)}z(),z))xy(x((min{)x( AAA   

Case 3: Suppose  AA XzandXz))xy(x(  .  

Then  

212AA t}t,tmin{)}z(),z))xy(x((min{   

 

Case 4: Suppose  .  

Then  

 

 

Hence for all ,     (2) 

Therefore, from (1) and (2), A is a fuzzy implicative ideal of a Z-algebra X. 

1A t)x( 

AXx

AX

AX

AX0 )x(t)0( A1A  Xx

Xz,y,x 

AXx

AX

1A1A1A t)x(andt)z(,t)z))xy(x(( 

111AA t}t,tmin{)}z(),z))xy(x((min{ 

)}z(),z))xy(x((min{)x(Hence AAA 

AA XzandXz))xy(x( 

2A1A t)z(andt)z))xy(x(( 

221AA t}t,tmin{)}z(),z))xy(x((min{ 

1A2A t)z(andt)z))xy(x(( 

)}z(),z))xy(x((min{)x( AAA 

AA XzandXz))xy(x( 

2A2A t)z(andt)z))xy(x(( 

222AA t}t,tmin{)}z(),z))xy(x((min{ 

)}z(),z))xy(x((min{)x( AAA 

Xz,y,x  )}z(),z))xy(x((min{)x( AAA 
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Theorem  3.3.30:  If A is a fuzzy implicative ideal of a Z-algebra X and h is a mapping from X 

into itself, define  1,0X:A h    by      xhx AAh   for all .Xx  Then hA  is a fuzzy 

implicative ideal of X. 

Proof:  For any ,Xz,y,x   we have 

           00h0xhx hh AAAAA
    and  

                          xxhzh,zhxhyhxhminz,zxyxmin hhh AAAAAA


Hence  hA  is a fuzzy implicative ideal of X.
 

Definition 3.3.31:  An implicative ideal I of  a Z-algebra  0,,X   is said to be characteristic if  

  IIh   for all  XAuth  . 

Definition 3.3.32: A fuzzy implicative ideal A of  a Z-algebra X is said to be fuzzy 

characteristic  if AAh   for all  XAuth   where  1,0X:A h   is defined by 

    xhx AAh 
 
for all .Xx  

Theorem 3.3.33 : If A is a fuzzy characteristic implicative ideal of a Z-algebra X, then each 

upper level implicative ideal of A is a characteristic implicative ideal of X. 

Proof: Assume that A is a fuzzy characteristic implicative ideal of X.  

Let )AIm(t  ,  XAuth   and   t;Ux A . Then      txxh hAA  , and so 

   t;Uxh A . This implies     t;Ut;Uh AA  . 

To prove the reverse inclusion, let  t;Ux A  and let Xy  be such that   xyh  . Then 

         txyhyy AAAA h  , hence  t;Uy A , which implies that 

    t;Uhyhx A .  Thus     t;Uht;U AA  . 

Consequently   t;U A , )AIm(t   is a characteristic implicative ideal of X, completing the 

proof. 

Lemma 3.3.34: Let  A is a fuzzy implicative ideal of a Z-algebra X and let Xx . Then 

  txA   if and only if   t;Ux A  and  s;Ux A  for all ts  . 

Proof:  Since     t;Us;U AA   for all ts  , result follows. 
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Now we provides the converse of  Theorem 3.3.33. 

Theorem  3.3.35:  If  A is a fuzzy implicative ideal of a Z-algebra X in which every upper level 

implicative ideal is characteristic, then A is a fuzzy characteristic implicative ideal of X. 

Proof:  Let Xx ,  XAuth   and   txA  . It follows from Lemma 3.3.34 that   t;Ux A  

and  s;Ux A  for all ts  . Since      t;Ut;Uh AA   by hypothesis, therefore 

      t;Ut;Uhxh AA   and hence      txhx AA h  . Let   sxhA
 . Then we have 

st  . For ts  , then       t;Uhs;Uxh AA  . Since h is one-one, it follows that 

 s;Ux A , which is a contradiction. Hence    xtx AA h   or AAh  , showing that A is 

a fuzzy characteristic implicative ideal of X. 

Definition 3.3.36: A nonempty subset I of a Z-algebra  0,,X  is called a  sub-implicative ideal 

of X if it satisfies the following conditions :  

(i) I0  

(ii) I)xy(yimplyIzandIz))xy())yx(x((   for all .Xz,y,x    

Example 3.3.37:Consider the Z-algebra  X={0,1,2,3} with the binary operation   defined by 

the following table: 

  0 1 2 3 

0 0 1 2 3 

1 0 1 1 2 

2 0 1 2 2 

3 0 2 2 3 

 Then  X}2,1,0{I   is a sub-implicative ideal of X. 

Proposition  3.3.38: Let X be a medial and an associative Z-algebra.Then, every implicative 

ideal of X is a sub-implicative ideal of X. 

Proof : Let I be a implicative ideal of a medial and an associative Z-algebra.  

Then, for all ,Xz,y,x   
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I0                 (1) 

Now, IximplyIzandIz))xy(x(   

          I)xy(yimplyIzandIz))xy())xy(y((                      

          I)xy(yimplyIzandIz))xy())xy())yx(x(((   

          I)xy(yimplyIzandIz))xy()xy(())yx(x(     by assumption 

          I)xy(yimplyIzandIz))xy())yx(x((            by (Z4)                (2) 

Hence by (1) and (2) , I is a sub-implicative ideal of   X. 

Definition 3.3.39: A fuzzy set A of a Z-algebra  0,,X   with membership function A  is  said to  

be  a fuzzy sub-implicative ideal of X if it satisfies the following conditions : 

(i) )x()0( AA   

(ii) )}z(),z))xy())yx(x(((min{))xy(y( AAA   , for all .Xz,y,x   

Example 3.3.40: Consider a Z-algebra X as in example 3.3.37. Define a fuzzy set A of X with 

membership function A is given by 6.0)x(A   for all .Xx   Then A is a fuzzy                           

sub-implicative ideal of X. 

Proposition 3.3.41: Let X be a Z-algebra. Then every fuzzy sub-implicative ideal of X is a fuzzy 

Z-ideal of X. 

Proof: Let  ,Xz,y,x   Then 

)x()0( AA            (1) 

)xx()x( AA     By (Z3) 

            ))xx(x(A   

            )}z(),z))xx())xx(x(((min{ AA     

           )}z(),z)x)xx(((min{ AA   

           )}z(),z)xx((min{ AA   

           )}z(),zx(min{ AA                                         (2)  

Therefore, by (1) and (2) A is a fuzzy Z-ideal of a Z-algebra X. 
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Theorem 3.3.42: Let X be an implicative Z-algebra. Then every fuzzy Z-ideal of X is a fuzzy            

sub-implicative ideal of X. 

Proof: Let A be a fuzzy Z-ideal of X. Let ,Xz,y,x   

Then, )x()0( AA                 (1) 

and    )}z(),z))xy(y((min{))xy(y( AAA   

Since X is an implicative, )}z(),z))xy()yx(x((min{))xy(y( AAA     (2) 

From (1) and (2) , A is a fuzzy sub-implicative ideal of X. 

Corollary 3.3.43: In a medial Z-algebra X, every fuzzy Z-ideal of X is a fuzzy sub-implicative                 

ideal of X. 

Proof: Let A be a fuzzy Z-ideal of a medial Z-algebra X. Let ,Xz,y,x   

Then, )x()0( AA             

and      )x())xy(y( AA  )}z(),zx(min{ AA         

                                                  )}z(),z))xy(y((min{ AA   

                                                  )}z(),z))xy())yx(x(((min{ AA                 

Hence  A is a fuzzy sub- implicative ideal of X. 

Theorem 3.3.44: If X is a Z-algebra satisfies the condition: for all Xz,y,x  ; 

)z))yx(x(()zy( AA   then every fuzzy Z-ideal of X is a fuzzy sub-implicative ideal of 

X. 

Proof: Let X be a Z-algebra satisfies the condition:  

)z))yx(x(()zy( AA   for all Xz,y,x  .      (1) 

Let A be a fuzzy Z-ideal of X.  For Xz,y,x  , 

)}z(),z))xy()yx(x((min{))xy()yx(x(( AAA   

Put xyz   in (1), 

))xy())yx(x(())xy(y( AA   

)}z(),z))xy()yx(x((min{))xy(y( AAA   

Therefore, A is a fuzzy sub-implicative ideal of X. 
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Theorem 3.3.45: Let X be a medial Z-algebra satisfies the condition: for all Xy,x  , 

))xy(x())xy())yx(x(( AA   

Then every fuzzy sub-implicative ideal of X is a fuzzy implicative ideal of X. 

Proof: Let A be a fuzzy sub-implicative ideal of X . Then  A is a fuzzy Z-ideal of X. 

)x()0( AA  , for all Xx  .      (1) 

For  ,Xz,y,x    

))xy(y()x( AA  ))xy(x())xy())yx(x(( AA   

                                                                                 )}z(),z))xy(x((min{ AA   

Put  )xy(xz  , 

)x(A ))}xy(x())),xy(x())xy(x((min{ AA   

            ))}xy(x()),xy(x(min{ AA                  by (Z3) 

           ))xy(x(A   

))xy(x()x( AA   

Therefore, by Theorem 3.3.10  A is a fuzzy implicative ideal of X. 

Theorem 3.3.46: Let X be an implicative Z-algebra. Then every fuzzy implicative ideal of X is a 

fuzzy sub-implicative ideal of X. 

Proof:  A is a fuzzy implicative ideal of X implies A is a fuzzy Z-ideal of X. Then, 

)x()0( AA       for all Xx  .    (1) 

For Xz,y,x  , )}z(),z))xy()yx(x((min{))xy()yx(x(( AAA   

Since X is implicative, ))xy(y())xy()yx(x(( AA  . 

This implies, )}z(),z))xy()yx(x((min{))xy(y( AAA    (2) 

From (1) and (2) , A is a fuzzy sub-implicative ideal of X. 
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The following diagram  gives the relations between fuzzy Z-ideal, fuzzy implicative ideal and 

fuzzy sub-implicative ideal of a Z-algebra  

 

 

 

 

 

 

 

   

 

 

 

FUZZY Z-IDEAL 

FUZZY SUB-IMPLICATIVE IDEAL 

   FUZZY IMPLICATIVE IDEAL 


