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In 1994, Jun and Meng [32] introduced the notion of fuzzy p-ideals and in 1999,
Khalid and Ahmad [40] introduced the concept of fuzzy H-ideals in BCI-algebras and studied
their properties. In 1997, Meng et al. [49] and Mostafa [50] fuzzified the concept of implicative
ideals in BCK-algebras, independently.

In this Chapter, we introduce the notions of Fuzzy H-Ideals, Fuzzy p-Ideals and
Fuzzy Implicative Ideals in Z-Algebras. This chapter is divided into three sections. In the first
section, we obtained some interesting results in Fuzzy H-ideals of Z-algebras while the second
section deals with the study of Fuzzy p-ideals in Z-algebras. In the third section, we discuss the
notion of Fuzzy implicative ideals in Z-algebras. Further, the relationship between fuzzy
Z-ideal, fuzzy implicative ideal and fuzzy sub-implicative ideal of a Z-algebra are also obtained.

3.1 Fuzzy H-Ideals in Z-algebras
In this section, we introduce the notion of Fuzzy H-ideals in Z-algebras and

prove some simple but elegant results.

Definition 3.1.1: Let (X,*,O) be a Z-algebra and I be a subset of X. Then, I is called an H-ideal

of X, if it satisfies the following conditions: For all X, y, z in X,
(1) 0el
(i) x*(y*z)el andyel = X*Ze€l

Example 3.1.2: Consider a Z-algebra X= {0, 1, 2, 3} be a set with the following Cayley table:

* |0 1 2 3
0 |0 1 2 3
1 |0 1 1 3
2 |0 1 2 2
3 |0 3 2 3

Then, 1=1{0,1,2} « X is an H-Ideal of X.
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Definition 3.1.3: Let (X,*,0)be a Z-algebra. A fuzzy set A in X with membership function p, is
said to be a fuzzy H-ideal of a Z-algebra X if it satisfies the following conditions: For all X,y , z
in X,

D) 1 (0) 2 p,(x)

(i) py(x* ) 2min{p, (x* (y* 2)), p, ()}

Example 3.1.4: Let X= {0, 1, 2, 3} be a set with the following Cayley table:

* |0 1 2 3
0 |0 1 2 3
1 |0 1 3 3
2 |0 3 2 2
3 |0 3 2 3

Then (X,*,O) is a Z-algebra.

Define a fuzzy set A with membership function p, as p,(x)= {0'6 %f x=0 .
02 if x=123
Then A is a fuzzy H-ideal of X .
Definition 3.1.5: Let (X,%,0) be a Z-algebra. Then X is called an associative Z-algebra if
x*(y*z)=(x*y)*z, V Xx,y,z€ X.
Remark 3.1.6: In an associative Z-algebra X, (x *y)*z=(x*z)*y, V X,y,z€ X.
Since (x*y)*z=x#*(y*z)=x*(z*y) by (Z4)
=(x*z)*y

Theorem 3.1.7: In an associative Z-algebra X, every fuzzy H-ideal of X is a fuzzy Z-ideal of X.
Converse is also true.
Proof: Let A be a fuzzy H-ideal of an associative Z-algebra X.
Then, pn, (0) 2 p,(x) forall xeX (1)

Forall x,y,zeX,

ua(x* z) 2ming p, (x* (y* 2)), Ky (V)

=min{p, (X *y)*z),u, (¥)}
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=min{p, (x*z)*y),n,(y)} by Remark3.1.6
Put z=x,
B (o x) 2 min{p, (X *x)*y), 1, (Y);
R (x) 2 minp, (X *y), 1, (¥)
From (1) and (2), A is a fuzzy Z-ideal of X.

Conversely, assume that A is a fuzzy Z-ideal of an associative Z-algebra X.
Then, p, (0) 2 p,(x) forall xeX
Forall x,y,zeX,
min{p, (x*(y *2)), 1, (¥)} = min{p, (x*y) *z), 1, (¥)}
=min{p, (x*z)*y),u,(y)} byRemark3.1.6

Sp,(x*2)

From (3) and (4), A is a fuzzy H-ideal of X.

2)

)

(4)

Remark 3.1.8: If a Z-algebra (X,*,O) is not an associative then every fuzzy H-ideal of X is not

a fuzzy Z-ideal of X. This is justified by the following example.
Let X= {0, 1, 2, 3} be a set with the following Cayley table:

* |0 1 2 3
0 |0 1 2 3
1 |0 1 3 3
2 10 3 2 1
3 10 3 1 3

Then (X,%,0) is a Z-algebra with x *(y*z) # (x*y)*z .
Define a fuzzy set A with membership function p, in X as p,(x)= {

Then A is a fuzzy H-ideal of a Z-algebra X .

But, it is not a fuzzy Z-ideal of X. Since p,(1)=0.120.7 =min{u, (1*0),u, (0)}.

0.7 if x=0
0.1 if x=123"

Theorem 3.1.9: Arbitrary intersection of fuzzy H-ideals of a Z-algebra X is also a fuzzy

H-ideal.
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Proof: Let { Alie Q} be a family of fuzzy H-ideals of a Z-algebra X.

Foranyx,y € X,

w0 )= inf(, (0) 2 inf(u, () = u_, (9

and y_, (x*2) = inf(u, (x*2)) 2 inf (min{u, (* (y*2)), 10, O) )
= min{inf(p, (x*(y*2))), inf(u, (y))}
=min{y_, (K2, O

Hence In} A 1s a fuzzy H-ideal of a Z-algebra X.

Hence the proof.

Theorem 3.1.10: A fuzzy set A of a Z-algebra (X,*,0) is a fuzzy H-ideal of X if and only if for
any te[0,1], U(u,;t)={x e X|u,(x)>t} is an H-ideal of X where U(u,;t)# ¢.

Proof: Suppose A is a fuzzy H-ideal of a Z-algebra X and U(u,;t)= ¢ forany t €[0,1].

Let x € U(u,;t), then u,(x)>t and u,(0)>p,(x)>t. Thus 0e U(u,;t).

If x*(y*z)e U(u,;t) and yeU(u,;t), then p,(x*(y*z))>t and p,(y)>t.

pa (x 2) = min{u, (x (v #2)) p (v)f = minde, =t
Therefore x *z e U(u,;t) . Hence U(u,;t) is an H-ideal of a Z-algebra X.

Conversely, suppose that for each t €[0,1], U(u A;t) is either empty or an H-ideal of a Z-algebra
X.
Forany x eX, let MA(X)= t.Then xe U(uA;t).

Since U(u,;t)# ¢ is an H-ideal of X, we have 0 U(u,;t).
Thus pu,(0)>t=p,(x) forall x e X.
Assume p, (x*z)>min{u, (x*(y*z))u,(y)} forall x,y,zeX is not true.

Then there exists x,,y,,z, € X such that

HA(XO *Zo)< min{“A(Xo *(YO *z, ))’ HA(YO )}

Let t, = %[MA(XO *Zo)+min{HA(Xo *(YO *Zo))aMA(YO)}]
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Then p, (x,%2,) < t, <minfu, (xo * (v, %2, )1 (o)}

This implies x, *(y, *z,) and y, € U(u,:t,) but x, *z, ¢ U(u,;t,)
This is a contradiction.

Therefore p, (x*z)>min{u, (x*(y*z))u,(y)} , forall x,y,zeX.
Hence A is a fuzzy H-ideal of a Z-algebra X.

Theorem 3.1.11: A fuzzy set A of a Z-algebra (X,*,O) is a fuzzy H-ideal if and only if every

nonempty upper g-level subset U(u,;q) for q € Im(A) is an H-ideal.
Proof : Let A be a fuzzy H-ideal of a Z-algebra X.

Since U(u,;q)# ¢ there exists x € U(u,;q) such that u,(x)>q.

For this x € U(u,:q), n,(0)>p, (x)>q, which shows that 0 € U(u,:q).
Now, for any x,y € X, assume that x *(y*z)e U(u,;q) and y e U(u,:q)
Then p,(x*(y*z))>q and p,(y)>q and minfu, (x*(y*2)p,(v)i=q.
Hence p, (x*2)>minfu, (x*(y*2))p, (v)}=q,

Thus x*z e U(u,;q), this proves that U(u,;q) is an H-ideal of a Z-algebra X.
Conversely, let U(u,;q) for q € Im(A) be an H-ideal of a Z-algebra X.

Let x,y,z€X. Forany qeIm(A), let q = min{u, (x *(y*z)),u, (y)}.

Therefore, p, (x*(y*2))> q and p,(y)>q.

This shows that x *(y*z),y € U(u,;q).

Since U(u,;q) is an H-ideal , we have x*ze U(u,;q).

This implies thatp, (x *2) > q = min{u,, (x * (y *2)) w, (v)}

Hence A is a fuzzy H-ideal of a Z-algebra X.

Theorem 3.1.12: Let h: (X,%,0) — (Y,¥,0") be a Z-homomorphism of Z-algebras. If B is a fuzzy

H-ideal of Y, then h™'(B) is a fuzzy H-ideal of X.

Proof: For any x € X, we have

0 yX) =109 <py0) = (1(0) =, 0)
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(i)  Let x,y,ze X. Then
min o (8 (Y £2)), 1 (1)) = minfig (h(xs (v 2)), g (b))}
=min { p, (h(x)* (h(y)*"h(2))),uz (h(y)) }
<y (h(x*2))
= Wy (X%2)
= uh,l(B)(X*z) > min ) (XY *2)), 1, (9))

From (i) and (ii) we get, h™'(B) is a fuzzy H-ideal of a Z-algebra X.
Theorem 3.1.13: Let h:(X,*,0) > (Y,*,0") be an Z-epimorphism of Z-algebras. Let B be a
fuzzy set of Y. If h™'(B) is a fuzzy H-ideal of X then B is a fuzzy H-ideal of Y.
Proof: Let y €Y, there exists x € X such that h (x) =y. Then
M (¥) =y (h()) = 1, ) (%) Sy (0)= 1 (h(0)) = g (0)
This implies, s (0 2 py(y)
Let X, y, z € Y. Then there exists a, b, ¢ € X such that h(a) = x , h(b)=y and h (c¢) = z.
It follows that

Mg (x ¥ 2) = g (h(a) ¥ h(c)) = up (h(a*c)) =, (a*c)

> minfi, ., (@ (0501, (b))
=min{py(h(a*(b*c))),us (h(b))}
=min{u,(h(a)* (h(b)* h(c))), ny (h(b))}
= min{py (X ¥ (y ¥ 2)), np(y)}
Hence B is a fuzzy H-ideal of a Z-algebra Y.
Analogously, we can prove the following result.
Theorem 3.1.14: Let h be an Z-endomorphism of Z-algebra X and A be a fuzzy set in X. Then
we define a new fuzzy set A" in X as B (X)=p,(h(x)) forallx e X isa fuzzy H-ideal of X
if A is a fuzzy H-ideal .
Theorem 3.1.15: If A and B be fuzzy H-ideals in a Z-algebra X then A xB is a fuzzy H-ideal in
XxX.
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Proof: Let (x,,x,) € XxX,
M (0.0) = min{p, (0), 1, (0)} 2 min{p, (%)), 1y (%,)} =y, (X,.X,) (1)
Let (x,,x,).(y,,Y,),(z,,z,) € XxX. Then,
B (X#2) = 1y (X1, %,) #(2,,2,))
= B (X, £7,,X, #2,)
= min{u, (%, 2,), 1y (X, #2,)}
> min {min{u, (x, *(y, *2,) 1, (v} min g (x, * (v, *2,) b (v,)}
= min{min {u, (x, *(y, *2)), 1y (%, *(y, #2,) )}, min{u, (3,), 15 (v,)} }
=min{p (%, % (v, %2,),%, % (¥, #2,)) Bas (1, ¥2)}
=minfp (06,5 )% (v, #2,), (v, # 25 Do (v 35 )

= mindp i (06,5 (v v2)* (2020 D as (v1 ¥ )} 2)
By (1) and (2) we get, AxB is a fuzzy H-ideal in XxX.
Theorem 3.1.16: Let A and B be fuzzy sets in a Z-algebra X such that A xB is a fuzzy H-ideal
of XxX. Then,

(1) Either p, (0)>p,(x) (or) pg(0) = p,(x) forallx € X.
(i1) If n,(0)>p,(x) forall xeX, then either p,(0)=p, (x) (or) pg(0) = py(x)
(i) If pg(0)>p,(x) forall xeX then either p, (0) >, (x) (or) p, (0) > py(x)
Proof: (i) If p,(0)<p,(x,) and py(0)<py(x,) for some x,,x, € X.
Then, p,.,(x,,%,) = min{u, (x, ) ip(x,)} > min i, (0), 1, (0)}
= U,,(0,0), which is a contradiction.

Hence, either p, (0) >, (x) (or) pg(0) > p,(x), forallx € X.
(i)  Let p,(0)>p,(x) forall xeX.
Assume that there exists x,,x, € X such that p;(0)<p,(x,) and py(0) < py(x,).
Then, it,,,(0,0) = min {p (0), 1 (0)} = 1, (0)

Man (X, X,) = min {1, (%)), 1y (%,)} > 1 (0) = 1,,5(0,0)

= Uap(X,X,)>1,,5(0,0), which is a contradiction.
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Hence either pg(0)>p, (x) (or) pg(0)=p,(x), forallx € X.

(ii1) will obtain by interchanging the roles of A and B in part (ii).

Theorem 3.1.17: Let A and B be fuzzy sets in a Z-algebra X and A xB is a fuzzy H-ideal of
Xx X then either A or B is a fuzzy H-ideal of X.

Proof : By Theorem 3.1.16(1), we can assume that p,(0) > pn,(x), for all x e X. Then, by

Theorem 3.1.16(ii1), either p, (0)>p, (x) (or) p,(0)>pg(x) .
Let p,(0)>p,(x) for any x € X, then
by (x) = min{p, (0), ug (X)) = pa,p5(0,%)
pp(x*2) = min{p, (0), pg (X *2)}
=K (0,x%2)
= Hap(0%0,x%2)
= Hai ((0,x)*(0,2))
> min{p,,((0,x)*((0,y) *(0,2))), 5,5 (0, )}
=min{f,,;((0,x)*(0%0,y*2)),1,,5(0,y)}
=min{u,,; (0% (0*0),x*(y*2)),15,5(0,¥)}
=min{f (0, X *(y*2)), 15,5 (0, y)}
=min{min{p, (0), iy (x *(y *2))}, min{p, (0), ug(y)}}
= min {p (x *(y *2)), g (¥)}
Therefore, py (x *z) = min{ug(x*(y*2)),ug(y)}, forall X,y,ze X
Hence B is a fuzzy H-ideal of a Z-algebra X.
By Theorem 3.1.16 (i) and (i1), assume that p, (0) > p, (x), forall x € X and p,(0) 2 p, (x), for

any x e X.
Then A is a fuzzy H-ideal of a Z-algebra X.
This completes the proof.
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3.2 Fuzzy p-lIdeals in Z-algebras

In this section, we introduce the notion of Fuzzy p-ideals in Z-algebras and prove some

interesting results.

Definition 3.2.1: A Z-algebra (X,*,0) is called medial if x *(x*y)=1y, forall x,y e X.

Example 3.2.2: Consider a Z-algebra X= {0, 1, 2, 3} be a set with the following Cayley table:

Then (X,*,0) is a medial Z-algebra. .

Definition 3.2.3: Let (X,*,0) be a Z-algebra and I be a subset of X. Then, I is called an p-ideal
of X, if it satisfies the following conditions: For all X, y, z in X,

10 el

(ii) (x *z)*(y*z) € landyel =>x e ]

Example 3.2.4: Consider a Z-algebra X= {0, 1, 2, 3} be a set with the following Cayley table:

* |0 1 2 3
0 |0 1 2 3
1 |0 1 1 3
2 |0 1 2 1
3 |0 3 1 3

Then, I={0,1,2} < X is an p-ideal of X.
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Definition 3.2.5: Let (X ,«,0) be a Z-algebra. A fuzzy set A in X with membership function p,

is said to be a fuzzy p-ideal of a Z-algebra X if it satisfies the following conditions: For all x, y,z
in X,

() 1, (0) = (%)

(i) p,(x) 2min{p, ((x* z) * (y* z)), u,(Y)}

Example 3.2.6: Let X= {0, 1, 2, 3} be a set with the following Cayley table:

* |0 1 2 3
0 |0 1 2 3
1 |0 1 1 1
2 |0 1 2 2
3 |0 1 2 3

Then (X,%,0) is a Z-algebra.
Define a fuzzy set A in X with membership function p, is given by p, (x)=0.6 for all
x =0,1,2,3. Then A is a fuzzy p-ideal of a Z-algebra X.

Theorem 3.2.7: Let X be a medial Z-algebra then every fuzzy p-ideal of X is a fuzzy
Z- ideal of X.

Proof: Assume that A is a fuzzy p-ideal of a medial Z-algebra X. Then,

m(0) = p,(x) forall xe X

Let x,y € X. Then,

o (x) 2 minfp, ((x*(x*y)) *(y * (X *¥))), 1, (¥)}
=min{p, (y*(y*(x*y)),h, (¥)}
=min{u, (y*(y*(y*x),u, ()} (Z4)
=min{p, (y*x),1, (¥)}
= min{p, (x*y),u, (¥)} (Z4)

= R, () 2 min{p, (X*y), 1, (¥))
Hence A is a fuzzy Z-ideal of X.
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Theorem 3.2.8: Let X be a Z-algebra satisfying the condition: x *y = (x *z)*(y*z) for all
X,y,z € X then every fuzzy Z-ideal of X is a fuzzy p-ideal of X.
Proof: Assume that A is a fuzzy Z-ideal of a Z-algebra X. Then, for all x,y,ze X
Ha(0) 2 (x) (D
Ha (%) 2 min{p, (x*y), 1, (¥)§
=min{u, ((x*2)*(y*2)), 1, (¥)}

= pa(x)2minfu, ((x*2)*(y*2)), 1, (¥)} 2)
From (1) and (2) we get, A is a fuzzy p-ideal of a Z-algebra X.

Theorem 3.2.9: Let X be a medial Z-algebra then a fuzzy set A of X is a fuzzy p-ideal of X if
and only if A is a fuzzy H-ideal of X.
Proof: Let A be a fuzzy p-ideal of a medial Z-algebra X. Then,
wy (0) > p, (x) forall xeX (1)
Let x,y,ze X . Then,
pa (x) 2 min{p, ((x*2) *(y *2)), 1, (¥)
Put x=x%*z,
a(x*z) 2 min{u, ((x*2) *2) *(y *2)), 1, (¥)}
=min{p, (z*(z*x))*(y *2)), 1, (¥)} by (Z4)
=min{p, (x*(y *2)), 1, ()

o (x*z) 2 minfu, (X (y * 2)), 1, (Y)} 2)
From (1) and (2), we get A is a fuzzy H-ideal of X.

Conversely, assume that A is a fuzzy H-ideal of a medial Z-algebra X. Then,

wy(0) > p, (x) forall xeX 3)
Let x,y,ze X . Then,

pa (x#2) 2 minfu, (X *(y *2)), 1, (Y)}

Put x=x%*z,

A ((x2) % 2) 2 min{, (X *2) *(y *2)), 1, ()
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= Ma(z*(z*x))2minfu, (x*2)*(y*2)),u,(y)} by (Z4)

=y (x)2minfp, (x*2)*(y*2)), 1, ()} 4
From (3) and (4) we get, A is a fuzzy p-ideal of X.

Theorem 3.2.10: A fuzzy set A of a Z-algebra (X,*,0) is a fuzzy p-ideal if and only if for any
te[0,1], U(u,:t)={x € X|u,(x)>t} is an p-ideal of X where U(u,;t)#¢.

Proof: Suppose A is a fuzzy p-ideal of a Z-algebra X and U(u,;t)# ¢ for any t €[0,1].

Let x € U(u,;t), then u, (x)>t.

By definition of fuzzy p-ideal, we have p,(0)>p, (x)>t. Thus 0 € U(u,;t).

If (x*z)*(y*z) € U(u,;t) and y € Ulu,;t), then p, (x*2)*(y*2))>t and p,(y)>t.

By definition, we have p, (x)>min{u, ((x *2z) * (y *2z) ), (y)} > min{t, t} =t

Therefore x € U(u,;t). Hence U(u,;t) is an p-ideal of a Z-algebra X.

Conversely, suppose that for each t €[0,1], U(u,;t) is either empty or an p-ideal of a Z-algebra
X.

Forany xeX,let u,(x)=t.Then xeU(u,;t).

Since U(u,;t)# ¢ is an p-ideal of X, we have 0 U(u,;t) and

hence p,(0)>t=p,(x) forall xeX.

Assume p, (x)=minfu, (x *2)* (y*z)),n, (y)} forall x,y,zeX is not true.

Then there exists x,,y,,z, € X such that
HA(XO) < min{“’A ((Xo #20)* (Yo * Zo))’ “A(YO )}
1 .
Let t, = E[MA(XO)JF mm{“A ((Xo *20)* (Yo * Zo))a N (YO )}]
Then p, (Xo)< t, < min{HA((Xo %20) % (Yo *Zo) b M (YO )}
This implies (X, *2,) *(y, *2,),¥, € U(HA;to) and x, ¢ U(“A; to)
But U(pA;tO) is an p-ideal of X. So x, € U(p,LA;tO) by the definition of p-ideal.
This implies p, (xo ) >t,.

This is a contradiction.
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Therefore p, (x)>min{u, ((x *z)*(y*z)).u,(y)}, forall x,y,zeX.
Hence A is a fuzzy p-ideal of Z-algebra X.
Theorem 3.2.11: A fuzzy set A of a Z-algebra (X,*,O) is a fuzzy p-ideal if and only if every

nonempty upper level subset U(u,;q) of A, qeIm(A) is an p-ideal.

Proof : Let A be a fuzzy p-ideal of a Z-algebra X.

Claim: U(MA;q), qe Im(A) is an p-ideal.

Since U(MA;q)i ¢ there exists x € U(uA;q) such that MA(X)Z q.

Since A is a fuzzy p-ideal of X, HA(O) > uA(x) forall x e X.

Hence for this x € U(HA;q), MA(O)Z q , which shows that 0 € U(MA;q).

Now, for any x,y,z e X , assume that (x*z)*(y*z)e U(uA;q) and ye U(pA;q)
Then p,((x*2)*(y*2))>q and p,(y)>q.

This shows that, min{uA ((x *7) % (y* z)), TN (y)} >q.

Since A is a fuzzy p-ideal of a Z-algebra X, p, (x) > min {HA ((x *7) % (y* z)), TN (y)} >q,
Thus x e U(u A q), this proves that U(p A;q) is an p-ideal of a Z-algebra X.
Conversely, let U(p A;q), qe Im(A) be an p-ideal of a Z-algebra X.

Claim: A is a fuzzy p-ideal of a Z-algebra X.

Let X,y,z€ X. Forany q e Im(A), let ¢ =min{u, ((x *z) *(y*z)),u, (y)}.
Therefore, p, ((x *z)*(y*z))>q and p,(y)>q.

This shows that (x *z)*(y*z),y € U(MA;q).

Since U(u,;q) is an p-ideal, we have x € U(u,;q).

This proves that 1, (x)>q =min{u, ((x *2) * (y*2)). ., (y)}

This shows that A is a fuzzy p-ideal of a Z-algebra X.

Theorem 3.2.12: Let A be a fuzzy p-ideal of a Z-algebra X and let x € X. Then p, (x) =t ifand
only if x € U(MA;t) but x ¢ U(MA;q) forall q>t.

Proof: Assume 1, (x)=t, so that x € U(u,;t).

If possible, let x € U(uA;q) for q>t.
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Then p, (x)>q>t.

This contradicts the fact that p,(x)=t. Hence x ¢ U(u,;q) forall q>t.

Conversely, let x € U(u,;t), but x ¢ U(u,;q) for all g >t.

X € U(uA;t) = uA(x)Z t.

Since x ¢ U(u,:q) forallq>t, p,(x)=t.

Theorem 3.2.13: Let h: (X,*,0) > (Y,*,0") be a Z-homomorphism of Z-algebras. If B is a fuzzy

p-ideal of Y, then h™'(B) is a fuzzy p-ideal of X.

Proof: Since B is a fuzzy p-ideal of a Z-algebra Y. For any x € X, we have
D By ()= () < pp(0) = pa(h(0) = 1, (0)
(i)  Let x,y,z € X. Then
min{p o ((0F2) % (y #2), 1, ) (9} = minfug (h(xor 2) % (y % 2)) g (h(y) }
= min { i, ((h(X) ¥ h(2)) ¥ (h(y) ¥ h(2))), 1wy ((¥)) }
<y (h(x))
= ()

From (i) and (ii) we get, h™'(B) is a fuzzy p-ideal of a Z-algebra X.

Theorem 3.2.14: Let h:(X,*,0) > (Y,¥,0") be an Z-epimorphism of Z-algebras. Let B be a
fuzzy set of Y. If h™'(B) is a fuzzy p-ideal of X then B is a fuzzy p-ideal of Y.
Proof: Let y €Y, there exists x € X such that h (x) =y. Then
M (¥) = 1y (M) = 1y ) (%) Sy (0) = 1 (0(0)) = 1 (0)

This implies, g (0 2 py(y)
Let x,y,z € Y. Then there exists a, b,c € X such that h(a) =x , h (b) =y and h(c) = z. It follows
that

1y (%) = g (h(2)) = 1, (@)
> min{p, . (a0 (b xc)hp, . ()

=min{puy(h((a*c)*(b*c))),uy(h(b))}
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= min{u,((h(a) * h(c)) * (h(b) * h(c))), us (h(b))}
= min {p ((x * 2) ¥ (y ¥ 2)), g ()}
This implies, py(x) 2min{u, ((x ¥ 2) * (y * 2)), 15 (y)}
Hence B is a fuzzy p-ideal of a Z-algebra Y.
We can easily prove the following result.

Theorem 3.2.15: Let h be an Z-endomorphism of Z-algebra X and A be a fuzzy set in X. Then
A" :X —[0,1] defined by B (X)=p,(h(x)) forallxeX is a fuzzy p-ideal of X if A is a
fuzzy p-ideal.

Theorem 3.2.16: If A and B be fuzzy p-ideals in a Z-algebra X then A xB is a fuzzy p-ideal in
XxX.

Proof: Let (x,,x,) € XxX,
Haxp(0,0) = min{p, (0), g (0)F 2 minfp, (X,), 1p (X,)} =M (X)5X,)
Hence p,,5(0,0) 2 py,5(x;5X,) (1
Let (x,,x,),(y,,Y,) »(z,,z,) € XxX. Then
M (X5 X,) =min{u, (X)), u5(X,)}
> min{min{p, (X, *z,)* (y, *2))), b (v} min{pg (X, % 2,) % (Y, *2,)), 1 (¥2)1}
=min{min{p, ((x, *2z,) *(y, *2,)), g (X, *2,) * (¥, * 2,)) }, min{u, (y,), 1g (¥,)3
= min{p, g (% *2)) * (y, *2))), (X5 % 2,) * (Y, #2,))), Maus (Y1, Y2) )
= min fp . (%, %20, (5 #2,)# (7, 2, (Y 2D iaa (31 Y2)}
= min {1 (0%, X,) % (20, 2) # (Y15 Y2) * (20,2, B (315 Y2} 2)
By (1) and (2), AxB is a fuzzy p-ideal in XxX.
Theorem 3.2.17: Let A and B be fuzzy sets in a Z-algebra X such that AxB is a fuzzy p-ideal
of XxX. Then,
(1) Either p, (0)>p,(x) (or) pg(0)=>p,(x) forallx € X.
(1)  If p,(0)=p,(x) forall xeX, then either p,(0)>p, (x) (or) pg(0) = py(x)
(i) If pg(0)=>p,(x) forall xe X then either p, (0) >, (x) (or) p, (0) > py(x)

Fuzzy Structures on Z-Algebras 74



Classes of Fuzzy Ideals in Z-Algebras

Proof: (i) If p,(0)<p,(x,) and py(0)<py(x,) forsome x,,x, €X.

Then, p,.5(X,,Xx,) =min{p, (x;),n5(x,)} >min{p, (0), p;(0)}
= M,,(0,0), which is a contradiction.
Hence, either p, (0) >, (x) (or) pg(0) > p,(x) forallx € X.

(i)  Let p,(0)>p,(x) forall xeX.

Assume that there exists x,,x, € X such that p;(0)<p,(x,) and py(0) < py(x,).

Then, i1,,,(0,0) = min {p (0), 1 (0)} = i, (0)
M (X, %,) = Min {1, (%, )b (,)) > 1 (0) = 1 (0,0)

=  Ue(X,X,)>n,,5(0,0), which is a contradiction.

Hence either p,(0)>p, (x) (or) pg(0) > p,(x) forall x € X.

(ii1) will obtain by interchanging the roles of A and B in part (ii).

Theorem 3.2.18: Let A and B be fuzzy sets in a Z-algebra X and A xB is fuzzy p-ideal of

Xx X then either A or B is a fuzzy p-ideal of X.

Proof : By Theorem 3.2.17 (i), we can assume that p;(0)>p,(x) for all x€ X. Then, by

Theorem 3.2.17 (ii1), either p, (0) > p, (x) (or) p,(0) > py(x) .
Let p,(0)>p,(x) for any x € X, then
p (x) = min{, (0), 1y (x)}
= Ha(0,%)
Z min{u,,;(((0,%) *(0,2)) * ((0,y) *(0,2))), U x5 (0, y)}
=mini,; ((0%0),(x#2))#((00).(y #2))). 1.0, y))
=min{p,5((0*0), ((x *2) *(y * 2))), 1x5 (0, y)}
=min {5 (0,(x *2) * (y* 2)), W50, ¥)
= min{min{p, (0), g ((x *2) *(y * 2)) }, min {u, (0), ug (y)} §
= min{ py((x *2) *(y *2)), b (¥)}
Therefore, pn, (x) = min{u,((x *z)*(y*2z)),u, (y)} forall x,y,zeX.
Hence B is a fuzzy p-ideal of a Z-algebra X.
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By Theorem 3.2.17 (1) and (i1), assume that p, (0) > p, (x) forall x e X and p,(0)2p,(x) for

any x e X.

Then A is a fuzzy p-ideal of a Z-algebra X.

This completes the proof.

Theorem 3.2.19: Let A be a fuzzy relation on a Z-algebra X and Ap be the strongest fuzzy
relation on X, where B is a fuzzy set of X. If B is a fuzzy p-ideal of a Z-algebra X, then Ag is a
fuzzy p-ideal of X x X.

Proof: Let (x,,x,).(y,,y,).(z,2,)e Xx X. Then Ha, (0,0)= min {u,(0),u,(0)}

> min{ug(x, ) kg (x, )}
=y, (x,5%3)
and p,, (x,,x,)=min {u, (x, ) (x, )}
> min{min{u, ((x, #2,) * (v, #2,) Ly (v, ) mindug ((c, #2,) # (v, 2,) s (v,
= min {min{u, (5, #2,) * (v, % 2) g (05, #25) % (v, #2,)hyminfug (v, ) by (v2)f)
= min o, (0 200 (20 (0 #2) % (39, % 2) Doy, (7103,
=minfu,, (5, #2,). (%, *2) L (9, *2). (¥, %2)). iy, (%129
= min (G x0)* (2020 (710 32) % (2002, (51092
Therefore A is a fuzzy p-ideal of X x X.
Theorem 3.2.20: Let A be a fuzzy relation on a Z-algebra X and B be a fuzzy set of X. If the
strongest fuzzy relation A is a fuzzy p-ideal of X x X, then B is a fuzzy p-ideal of a Z-algebra
X.
Proof : Let x € X. Then,
min{ug (0), 1 (0)} = 1y, (0,0) = py (X, %) = min{ug (X), wg (X))
= Hp(0)2py(x) -
Forall (x,,x,),(y.y,)(z.,2,)e Xx X,
Also, min{u, (x, ) kg (x,)} = 1, (x15%5)

>min j, ((%.%)% (20.2,)* (51, 52)* (2.2, (50.35))

=minfu, ((x, #2,)(x, *2,)*(y, #2, 1 (y, *2, ) ma, (v0072)f

Fuzzy Structures on Z-Algebras 76



Classes of Fuzzy Ideals in Z-Algebras

= min {“AB (((Xl *2,)*(y, * Zl))’ ((Xz #2,)*%(y, * ZZ)))’MAB (Y1’Y2)}

= min{min{“B((Xl *7,)*(y, * Z1))’ ”’B((XZ *2,) % (y, * Zz))}a min{“B(yl )a HB(Y2 )}}
2 min{min{HB((Xl *7,)*(y, * Z1))> HB(Y1 )}’ min{HB((Xz *2,) % (y, * Zz))’ HB(Y2 )}}

Put x, =y, =z, =0, we get “B(Xl)z min{MB((Xl *2,)*(y, *Zl))a“B(Y1 )}
Hence B is a fuzzy p-ideal of a Z-algebra X.

Remark 3.2.21: If {I_} be a family of ascending sequence of p-ideals of a Z-algebra X, then

U I, is also an p-ideal of X.

Theorem 3.2.22: If every fuzzy p-ideal A of a Z-algebra X has only finite values, then every

descending chain of p-ideals of X terminates after a finite stage.

Proof: Let A be any fuzzy p-ideal of a Z-algebra X which has finite number of values. Suppose

there exists a strictly descending chain X =1, oI, o1, o...o1, ... of p-ideals of X which

does not terminate after a finite stage. Now define a fuzzy set A in X by

n

pa(x)=9n+1
lif xenl,

ifxel -1,

where n € N U {0} where N is the set of natural numbers.

Every p-ideals I contains 0 implies 0 e ﬂ [ =>p,(0)>p,(x) forall xeX

Let x,y,ze X.

Case(1) If (x*z)*(y*z)el, -1, and yel -1, for tt k€ NU {0}.

t+1
Without loss of generality, we can assume that t<k.
Then (x*z)*(y*z)el, and yel, implies x 1.

Hence p, (x)> t_Jtrl =min{u, (x*2z)*(y*2)), 1, (y)}

Case (2) If (x*z)*(y*z)eﬂln and yeﬂln then xeﬂln

Hence 1, (x) =1=min {1, ((x ¥2) % (y *2)). 1, (y)} .

Case(3) If (x>!<z)>!<(y>!<z)§£ﬂln and yeﬂln, then (x*z)*(y*z)el, -1, for some

k € N U {0}.
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Then x €1, Hence 1, (x) > % = minfu, ((x*2) *(y *2)), 1, ()}
+

Case(4) If (x>l<z)>!<(y>l<z)eﬁln and yéﬂln then yel -1 for some m € N U {0}.

m+1

m

Hence x €1 . Therefore p, (x) > 1 =min{u, (x*z)*(y*2z)),n,(y)}.
+

Therefore A is a fuzzy p-ideal of X and A has an infinite number of different values.
This contradicts our assumption.

Therefore every descending chain of p-ideals in X terminates after a finite stage.

Lemma 3.2.23: Let [, cl,c...cl c... be a strictly ascending sequence of p-ideals in a

Z-algebra X and let (t,) be a strictly decreasing sequence in (0,1). Let A be a fuzzy set in X

defined by
0 if x¢1,foreachn€N
G = { "

t, if x€l, —1I_, forsomen € N where I, =¢. Then A is a fuzzy p-ideal of X.
Proof: Let [ = U ey, By remark 3.2.21, I is an p-ideal of X. Obviously, p,(0)=t, > pn,(x)

forall xeX.
Let x,y,ze X.

Case:i If (x*z)*(y*z),yel -1 , forsomen € N then (x*z)*(y*z),yel .
Since I, is an p-ideal of X, x €1, .

Thatis, xel -1 , orxel .

n-1
S HA() 2t = (xR 2) * (y *2)) =y (y) = min{p, (X *2) % (Y *2)), 1A (V)5 -

Case:ii For n>m,t <t _.Alsol_ cI, .

If (X * Z) * (y*Z) € In _In—l and y € Im _Im—l then MA((X *Z) * (Y*Z)) = tn and “A(Y) = tm :
min {u, (x *2) % (y #2)),, (v)} =min{t, ,t,} =t, .

Also (x*z)*(y*z)el and yel c 1 implies x €l _,since I  is an p-ideal of X.

= () 2 t, = min{y, (x*2)*(y*2)), 1, (¥)}

Consequently, A is a fuzzy p-ideal of a Z-algebra X.
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Definition 3.2.24: A Z-algebra (X,*,O) is called Noetherian if for every ascending sequence
I, cl, c... of p-ideals of X there exists k € N such that I, =1, forall n >k, where N be the
set of natural numbers.

Definition 3.2.25: A Z-algebra (X,*,O) is called Artinian if for every descending sequence

I, o1, o... of p-ideals of X there exists k € N such that I, =1, forall n>k.

Theorem 3.2.26: Let X be a Z-algebra. The following statements are equivalent:

(a) X is Noetherian

(b) for each fuzzy p-ideal A of X, Im(A) = {u, (x):x € X} is a well-ordered subset of [0,1].
Proof: (a) = (b)

Assume that X is Noetherian and A is a fuzzy p-ideal of X such that Im(A) is not a well-ordered
subset of [0,1].

Then there exists a strictly decreasing sequence (i, (x,)) such that p, (x,)=t, where x, e X .
Then by Theorem 3.2.10, U, =U(p,;t,)={xeX:p,(x)>t } is an p-ideal of X for every
n € N. It follows that, U, c U, ... is a strictly ascending sequence of p-ideals of X.

This is a contradiction with the assumption that X is Noetherian.
Therefore, Im(A) is a well-ordered set for each fuzzy p-ideal A of X.
(b) = (a)
Assume that (b) is true. Suppose that the Z-algebra X is not Noetherian. Then there exists a
strictly ascending sequence [, c I, c...I c... of p-ideals of X.
Let A be a fuzzy set in X such that
0 ifx ¢ I, foreachn € N

=1{1
Ha () - ifxel,—1,_4 forsomen € N

where I, =¢. By Lemma 3.2.23, A is a fuzzy p-ideal of a Z-algebra X.

But Im(A) is not a well-ordered set, which is impossible.

Therefore, X is Noetherian.

Corollary 3.2.27: Let X be a Z-algebra. If, for every fuzzy p-ideal A of X, Im(A) is a finite set,
then X is Noetherian.
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Theorem 3.2.28: Let X be a Z-algebra and let T = {t,t,,...,} U {0} where (t,) is strictly
descending sequence in (0,1). Then the following conditions are equivalent:

(a) X is Noetherian

(b) for each fuzzy p-ideal A of X, if Im( A) = T, then there exists k € N such that

Im(A) < {t,,t,,....t, } U {0}.

Proof: (a) =(b)

Assume that X is Noetherian. Let A be a fuzzy p-ideal of X such that im( A) = T . From
Theorem 3.2.26, we know that Im(A) is a well-ordered subset of [0,1].

Then, since 1>t, >t, >..>t >..>0 and Im(A) c {t,,t,,...} U {0}, there exists k € N such that
Im(A) c {t,,t,,...,t, } U{0}.

(b) =(a)

Assume that (b) is true. Suppose that X is not Noetherian. Then there exists a strictly ascending

sequence I, c I, —... of an p-ideals of a Z-algebra X.

Define a fuzzy set A in X by

( )_{Oifxﬁln foreachn € N
HalX) = ¢ ifx €1, —1,_, forsomen € N

where [, = ¢ . By Lemma 3.2.23, A is a fuzzy p-ideal of a Z-algebra X. This is a contradiction

with our assumption. Thus X is Noetherian.

Theorem 3.2.29: Let X be a Z-algebra and let T = {t,,t,,...} WU {0,1}, where (t,) is a strictly
increasing sequence in (0,1). Then the following are equivalent:

(a) X is Artinian

(b) for each fuzzy p-ideal A of X, if Im( A) = T , then there exists k € N such that

Im(A) c {t,,t,,....t, } U{0,1}.

Proof: (a) =(b)

Suppose that t; <t <..<t, <.. isstrictly increasing sequence of elements of Im(A). Let

U, =U(u,;t, ) foreachm € N. Then U, o U, 5...o U, ... is a strictly descending sequence

of p-ideals of X. This contradicts the assumption that X is Artinian.
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(b) =(a)
Assume that (b) is true. Suppose that X is not Artinian. Then there exists a strictly descending
sequence I, o1, o...o 1, ... of p-ideals of X.

Define a fuzzy set A in X by

Oifx ¢ 1,
wa(x) =<{tpifxel, — I forn=12, ..
lifxen{l,:n €N}

Obviously, p,(0)=12p,(x) forall x e X. Let x,y,z e X . We have three cases:
Casel: x¢]

Then (x*z)*(y*z)el oryel, .

Therefore, min {p, ((x *2) *(y * 2)), b, (¥)} = 0= p, (%)

Case2: xel -1 ., forsomen €N

n+l
Then (x*z)*(y*z)egl , oryel , .

Hence p, ((x*z)*(y*z))<t, or p,(y)<t,

Therefore, min{p, ((x *2)* (y £ 2)), iy ()} < {8, 6,} = t, = (X).
Case3:xen{l,:n €N}

It is obvious.

Thus A is a fuzzy p-ideal of a Z-algebra X.

This contradicts our assumption. Thus X is Artinian.

Corollary 3.2.30: Let X be a Z-algebra. If, for every fuzzy p-ideal A of X, Im(A) is finite set,
then X is Artinian.
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3.3 Fuzzy Implicative Ideals in Z-Algebras
In this section, we introduce the notions of fuzzy implicative ideals and fuzzy
sub-implicative ideals in Z-algebras. Also, the relationship between fuzzy implicative ideal,
fuzzy sub-implicative ideal and fuzzy Z-ideal of a Z-algebra are discussed.

Definition 3.3.1: A Z-algebra (X,*,0) is said to be an implicative if it satisfies the condition
(x*(x*y))*(y*x)=y=*(y*x), forall x,y e X.
Example 3.3.2: Consider the Z-algebra X={0,1,2,3} with the binary operation * defined by the

following table:
x |0 1 2 |3
0 |0 1 2 3
1 |0 1 2 |2
2 10 2 |2 1
3 |0 2 1 3

Then, (X ,*,0) is an implicative Z-algebra.

Proposition 3.3.3: Every medial Z-algebra is an implicative Z-algebra.

Proof: Let X be a medial Z-algebra. Then, (x *(x *y))*(y*x))=y*(y*x), forall x,y € X.
Thus, X is an implicative Z-algebra.

Definition 3.3.4: A nonempty subset I of a Z-algebra (X,*,O) is called an implicative ideal of
X if it satisfies the following conditions:

(i) o0el

(i) (x*(y*x))*zel and zel imply xel,forall x,y,zeX.

Example 3.3.5: Consider the Z-algebra X={0,1,2,3} with the binary operation * defined by the
following table:
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Then 1={0,1,2} c X is an implicative ideal of a Z-algebra X.

Proposition 3.3.6: Every implicative ideal of a Z-algebra X is an Z-ideal of X.
Proof: Let I be an implicative ideal of a Z-algebra X. Then,
(x*(y*x))*zel and zel imply xel forall x,y,ze X.

Now, z*(x*(y*x))el and zel imply xel forall x,y,ze X. by (Z4)

Put z =yandy=x,

y*(x*(x*x))el and yel imply xel

y¥xel and yel imply xel

= x#*yel and yel imply xel by (Z4)

Therefore, 1 is an Z-ideal of a Z-algebra X.

Definition 3.3.7: A fuzzy set A of a Z-algebra (X,*,0) with membership function p, is called a
fuzzy implicative ideal of X if it satisfies the following conditions:

(D) A (0)2p, (%)

(ii) 1, () 2 min{u, ((x*(y*x))*2), 1, (2)} , for all x,y,zeX.

Example 3.3.8: Consider a Z-algebra X as in example 3.3.5. Define a fuzzy set A of X with
membership function p, is given by p, (x)=0.5 for all x € X. Then A is a fuzzy implicative
ideal of X.

Proposition 3.3.9: In a Z-algebra X, every fuzzy implicative ideal is a fuzzy Z-ideal.

Proof: Let A be a fuzzy implicative ideal of a Z-algebra X. Then,

Ha(0)2p, (x) (1)
Ha(x)2min{p, (x*(y*x))*2z),n,(z)}  forall x,y,zeX. (2)
Put y=x,

() 2 minfu, ((x*(x*x))*2),1, (2)}

= min{, (x¥2),1, (2)} by (Z3)
Hence, A is a fuzzy Z-ideal of a Z-algebra X.
Theorem 3.3.10: A be a fuzzy Z-ideal of a Z-algebra X. Then A is a fuzzy implicative ideal of
X if and only if A satisfies the following inequality: for all x,y e X, p,(x) 2 p, (x*(y*x)).
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Proof: Let A be a fuzzy implicative ideal of a Z-algebra X. Let x,y,z € X. Then,

o (x) 2 min{p, ((x*(y *X))* 2), 1, (2)}

Put z=x#*(y*x),

M (x) 2 min{p, ((x* (y *x)) * (x # (y * X)), 1, (X *(y *X)) }

= p,(x) 2min{p, (x*(y *X)), 1, (X *(y*x))} by (Z3)

= Ha(X) 2 py (x*(y*x))

Conversely, p,(0)>p,(x) forall x € X, since A is a fuzzy Z-ideal of a Z-algebra X.
and 11, () > 1, (x* (y*x))

z min{p, ((x*(y*x)) *2), 1, (2)}
Hence, A is a fuzzy implicative ideal of a Z-algebra X.
Proposition 3.3.11: Let X be a Z-algebra and let A be a fuzzy set of X. Then A is a fuzzy
implicative ideal of X if and only if p , (x) = p, (x)+1-p, (0) is a fuzzy implicative ideal of X.

Proof: Let A be a fuzzy implicative ideal of a Z-algebra X. Then,

M, (0) =1, (0)+1—p1, (0)

= u,.0)=1

= u,.(0)2p,,(x) forall xeX. (1)

Let x,y,ze€ X. Then,

B (0 = 1y () +1=p, (0) 2 min{p, (x*(y * X)) #2), 1, (2)} +1-1,(0)
=min{p, (x*(y*x))*2) +1-p, (0), 1, (2) +1 -1, (0)}
=min{p , (x*(y*x))*2),u,,(2)} )

Hence by (1) and (2), A is a fuzzy implicative ideal of a Z-algebra X.

Conversely, let A" be a fuzzy implicative ideal of a Z-algebra X.

For x € X. Then, we have u, (0)=u,,(0)~1+p,(0) > p,, (x)=1+p, (0) =p,(x) 3)
Forall x,y,ze X,

Ha(x)=p, (x)—1+p,(0)

> min i, (X (y* ) *2), 1. (2)) =141, (0)
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zmin{p,, (x*(y*x))*z) =1+ p, (0),n,,(2) =1+ p, (0)}

=min{p, ((x*(y*x))*2),u, (2)} 4
Hence by (3) and (4), A is a fuzzy implicative ideal of a Z-algebra X.
Proposition 3.3.12: Let A be a fuzzy Z-ideal of a Z-algebra X and w e X . If A satisfies the
condition: forall x,y e X, p,(x)2p,(x*(y*x)) then X ., ={xeX|p,(W)<pu,(x)} isan
implicative ideal of X.
Proof: For all x € X, we have p, (0)>p, (x).
Since w € X, we have p, (0)>p,(w).

Then 0eX,.. (1)

Let X,y,ze X suchthat (x*(y*x))*zeX,, and zeX

RE
= 1, (W) S i (xx(y#x)*2) and  p, (W) <p, (2)

= p (W) S minfi, ((x£(y# %)) #2), 1, (2)} <y (x (3 %)
But p, (x*(y*x))<p,(x)

= (W) <, (%)

=>xeX,. (2)
From (1) and (2) we get, X, is an implicative ideal of a Z-algebra X.
Proposition 3.3.13: Let X be a Z-algebra and w € X . If A is a fuzzy implicative ideal of X,
then X, is an implicative ideal of X.
Proof: Let A be a fuzzy implicative ideal of a Z-algebra X. Then, n, (0) > p, (x), forall x € X.
Since w € X, we have p, (0)>p,(w).
Then 0e X . . (1)

Let x,y,ze€X suchthat (x*(y*x))*zeX, and zeX

= p (W) Sp ((x*#(y*x))*z) and p,(W)<p,(2)
= p, (W) <min{p, (x*(y*x))*2z), 1, (2)}
But min{p, (x*(y*x))*2),u, (2)} < p, (X)

= p(W)sp,(x).
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Then x e X, ()
Thus, from (1) and (2) we get, X, is an implicative ideal of a Z-algebra X.
Proposition 3.3.14: Let {A, |i € Q} be a family of fuzzy implicative ideals of a Z-algebra X.

Then ﬂAi is a fuzzy implicative ideal of X.

ieQ
Proof: Let x € X. Then Moa, (0)= iirelg(MAl (0)) 2 iirelg(uAi (x)) = Mo, (x)
Let x,y,z € X. Then, we have
Moo, () =inf (y (x) 2inf{minfu, (x*(y*x))*2).u, (2)}}

= min{inf , ((x*(y*x))*2),inf 1, (2)}

=min{p . (x*(y*x))*2), 1, (2)}

Hence ﬂAi is a fuzzy implicative ideal of a Z-algebra X.

ieQ
Theorem 3.3.15: Let {A, |ie Q} be a family of fuzzy Z-ideals of a Z-algebra X satisfies the

condition p, (x)>p, (x*(y*x)) forall x,y € X. Then ﬂAi is a fuzzy implicative ideal of X.

ieQ
Proof: It follows directly from Theorem 3.3.13 and Theorem 3.3.10.
Proposition 3.3.16: Let {A; |ie Q} be achain of fuzzy implicative ideals of a Z-algebra X.

Then UAi is a fuzzy implicative ideal of X.

ieQ
Proof: Let x € X. Then p, (0)=sup(n, (0)) Zsup(p, (X)) =p , (x)
i ieQ I ieQ I i
Let x,y,z € X. Then, we have

My a, () =supuy (x)) = supiminfu, ((x*(y*x))*2).1, (2)}}

= rnin{suglz3 By, ((xx(y*x))* Z),Su}? Ha, (2)}
=min{p, , (x*(y*x)*2),1, , (2)}

Hence UAi is a fuzzy implicative ideal of a Z-algebra X.

ieQ
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Theorem 3.3.17: Let {A,|ie€Q} be a chain of fuzzy Z-ideals of a Z-algebra X satisfies the

condition p, (x)>p, (x*(y*x))forall x,y € X. Then UAi is a fuzzy implicative ideal of X.

ieQ
Proof: It follows directly from Theorem 2.2.4 and Theorem 3.3.16.
Theorem 3.3.18: A fuzzy set A of a Z-algebra (X,*,O) is a fuzzy implicative ideal if and only if

for any t €[0,1], U(u,;t)={x € X |, (x)>t} is an implicative ideal of X where Ulu,;t)#= ¢.
Proof: Suppose A is a fuzzy implicative ideal of a Z-algebra X and U(p A;t) #¢ for any
te[0,1].Then p,(0)=p,(x) VxeX

Let x € U(MA;‘[), then MA(X)Z t. Hence MA(O)Z uA(x)Z t. Thus 0 € U(MAQt)-

Let x,y,ze X suchthat (x*(y*x))*ze U(n,;t) and zeU(u,;t).

=, (x(y*x)*2) 2t and p, ()2t

= min{p, ((x*(y*x)) *2), 1, (2)} 2 min{t,t} = t.

But, p, (x)2min{u, ((x *(y*x)*2), 1, (2)}

= n (02t > xeU(ut). )

From (1) and (2) we get, U(u,;t) is an implicative ideal of a Z-algebra X.

Conversely, suppose that U(u A;t) is either empty or an implicative ideal of a Z-algebra X , for
each t€[0,1].

Forany xeX,let u,(x)=t.Then x e U(u,;t).

Since U(u,;t)# ¢ is an implicative ideal of X, we have 0 U(u,;t) and

hence MA(O)Z t= MA(X).

Thus uA(O)Z MA(X), forall x e X.

Let x,y,ze X suchthat min{p, (x*(y*x))*z),n,(z2)} =t .

=, (xF(y*x)*2) 2t and p,(2) 2t

= (x*(y*x)*ze U(u,;t) and ze U(u,;t)

= x e U,;1)

= px)==t

= P, () 2 minfp, (x*(y*x)) *2), 1, (2)}
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Therefore, A is a fuzzy implicative Ideal of X.

Note: Hereafter, U(p , ;t) is called level implicative ideal of a Z-algebra X.

Theorem 3.3.19: Let A be a fuzzy implicative ideal of a Z-algebra X then two level implicative
ideals U(n,;t,) and U(p,;t,) (with t, <t,) of A are equal if and only if there is no x € X
such that t, <p, (x)<t,.

Proof : Let A be a fuzzy implicative ideal of a Z-algebra X.

Assume that U(u,;t,)=U(u,;t,) for somet, <t, and there exists xeX such that
t, <p,(x)<t,.

Then U(p,;t,) is a proper subset of U(u,;t,) which is a contradiction.

Hence there isno x € X such that t, <p, (x)<t,.

Conversely, Suppose that there is no xe€X such that t, <p,(x)<t,. Since t, <t,, we get
Upasty) € Uugst) (M

If xeU(u,;t,) then p,(x)=t, and so p,(x)>t,, because p, (x) does not lie between t and
.

Hence x e U(u,;t,).

Hence U(u,;t,) < U(p,st,) (2)
From (1) and (2) we get U(p,;t,) =U(p,;t,)

Remark 3.3.20: As a consequence of Theorem 3.3.19, the level implicative ideals of a fuzzy
implicative ideal A of a finite Z-algebra X form a chain

U(u,sty)c Ulust) o< Ulu,st, )= X, where t, >t >t, >...>t .

Theorem 3.3.21: Let X be a finite Z-algebra and A be a fuzzy implicative ideal of X. If
Im(A)={t,,--,t, }, then the family of implicative ideals U(u,;t,),i =1,2,...,n, constitutes all the
level implicative ideals of A.

Proof: Let ¢ < [0,1] and t ¢ Im(A). Suppose t, <t, <---<t_without loss of generality.

If t<t, , then Ulu,t)cU(u,:t). Since U(u,t)=X, Ulu;t)=X  and
Ukast)= Ulst).

If t>t,,then U(u,;t)=¢ obviously.
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If t.<t<t_ (1<i<n-1), then there is no x € X such that t<u,(x)<t,, . It follows from
Theorem 3.3.19 that U(u,;t)=U(un,;t,,). This shows that for any te[0,1], the level
implicative ideal U(u,;t) isin {U(u,;t,)|i=12,---,n}.

Lemma 3.3.22: Let X be a Z-algebra and A be a fuzzy implicative ideal of X. If Im(A) is finite,
say {ti,t,...,ta} then for any t;, t; € Im(A), U(uA;ti)z U(uA;tj) implies ti=t; .

Proof: Assume that t, = t, and t, <t,.

Then there is x € X'such that p, (x) =t; <t, ,and so x € U(u,;t;) and x ¢ U(u,;t,)

Thus U(u,st;) # U(u,;t;) a contradiction.

Then, U(u,;t)=U(u,;t;). Therefore t =t,.

j
Theorem 3.3.23: Let A and B be two fuzzy implicative ideals of a Z-algebra X with identical
family of level implicative ideals. If Im(A)= {t,,t,,...,t, } and Im(B) = {q,,q,5....q, }, Where
t,>t,>..>t_and q, >q, >...>q,, then

(i) m=n

(i) Uluyst)=Uluysq) i=1...,m.

(ii1) If x € X such that pA(x)= t. then MB(X)= q,,i=1,...,m.

Proof: To prove (i): Using Theorem 3.3.21, we know that the only level implicative ideals of A
and B are U(p At i) and U(MB;qi) respectively. Since A and B have the identical family of level

implicative ideals, it follows that m = n . Thus (i) holds.

To prove (ii): Using Theorem 3.3.21 again, we get that

U5t Ut ), Ul t, )b = {050, ) Uegsds ), Ulug; g, )} 5 and by lemma we
have U(u,:t,)c U(u,:t,)c...c Ulu,;t, )=X

and Uluy;q,)< Ulug;a,) < o Ulug;q, )= X

Hence U(u,;t,)=U(uy;q;), i=1...,m and (ii) holds.

To prove (iii): Let x € X be such that ., (x)=t; and let py(x)=q;. Noticing that

X € U(MB;qi), that is, MB(X)Z q;, we obtain q; >q;. Thus U(uB;qj)g U(uB;qi). Since
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X € U(uB;qj) and U(uB;qj)= U(uA;tj), therefore x U(uA;tj) and so t; = uA(x)Z t. It

]
follows that U(uA;ti)g U(pA;tj). By (ii), U(uB;qi ): U(MA;‘[i )g U(uA;tj): U(uB;qj).
Consequently U(uB;qi)z U(pB;q i ), and by lemma 3.3.22 we conclude that q; =q;. Thus

Mp(x)=gq;.

Hence the proof.

Corollary 3.3.24: Let A and B be two fuzzy implicative ideals of a Z-algebra X with identical
family of level implicative ideals. Then Im(A)=Im(B) if and only if A =B.

Proof : Let Im(A) = Im(B) = {ql,qz,...,qm} where q, >q, >...>q,,.

By Theorem 3.3.23, for any x € X there exists g; such that p, (x) =q; = pg(x).

Thus p,(x)=pg(x) forall xeX.

This implies A=B.

Theorem 3.3.25: Let A be a fuzzy set in a Z-algebra X with Im(A) = {t,,t,,....t,} where
t,>t, >t, >..>t . If there exists a chain of implicative ideals of X: I, cI, c...cl, =X
such that (I:): t, where I, =1 -1 _,, I,=¢,n=0,..k , then A is a fuzzy implicative

n-1»°
ideal of X.
Proof: Since 0el, ,wehave pu,(0)=t,>p,(x) forall xeX.Forall X,y,zeX,

() If (x*(y*x))*zel, and zeI, then x €I, because I is an implicative ideal of a
Z-algebra X. Thus p,(x)2>t, =min{u, (x*(y*x))*z),n,(z)}.

(i) If (x*(y*x))*zeI and z¢I then the following four cases arise:

Casei: (x*(y*x))*zeX—-I and ze X1,

Caseii: (x*(y*x))*zel _,and zel

Caseiii: (x*(y*x))*zeX-I, and zel_,

Caseiv: (x*(y*x))*zel , and ze X1,

But, in either case, we know that p, (x) > min{p, (x*(y*x))*z),u,(2)}.
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(iii) If (x*(y*x))*zel, and z¢I,theneither zel _, or ze X~I_ .1t follows that either
xel, or xeX-1I, . Thus,p,(x)>t, =min{p, (x*(y*x))*z),u,(2)}.

(iv) If (x*(y*x))*z¢l and zel,thenclearly p,(x)>min{u, (x*(y*x))*z),u,(2)}.

Consequently A is a fuzzy implicative ideal of X.

Proposition 3.3.26: Let h be a Z-homomorphism from a Z —algebra (X,*,O) onto a Z-algebra

(Y,*',O') and A be a fuzzy implicative ideal of X with the supremum property. Then the image of

A denoted by h(A) is a fuzzy implicative ideal of Y.

Proof: Let a,b,ce Y with x,eh™'(a), y,eh™'(b) and z, € h"'(c) such that

al(xy)=sup p,(t) 5 walyo)= SHQ)MA(t) and p, (z,)= sup p,(t)
! teh™ (b 1

teh™(a) teh™(c)

l"’h(A)(O,)z Sup U, (t)2 Ha (0) 2 “A(Xo) = Ssup HA(t) = “h(A)(a)

teh™(0) teh™ (a)

min{uh(A)((a ¥ (b¥'a))¥ c), Mh(A)(C)}: min{ sup  p,(t) sup p, (t)}

teh ™ ((a*'(b*'a))*'c) teh™(c)
= min{“’A ((Xo * (YO *Xo ))* Z )’ Ha (Zo )}
=S HA(XO)

= Sup H, (t)

teh™ (a)

= Hh(A)(a)
Hence h(A) is a fuzzy implicative ideal of a Z-algebra Y.
Proposition 3.3.27: Let h:(X,*,0) — (Y,*,0") be a Z-homomorphism of Z-algebras. If B is a

fuzzy implicative ideal of Y, then h™'(B) is a fuzzy implicative ideal of X.

Proof: For any x € X, we have
My (%) = 1 (0(0)) < 15 (0) = i (h(0) = 11, (0)
Let x,y,z € X. Then
min {i ) (R (Y5 X)) #2), 1, ) (2)) = mindug (R (y %)) #2)) g (0(2)}
=min { i, ((h(x)* (h(y)* h(x)) ¥ h(2)), 15 (h(2))}
< pg(h(x)

Fuzzy Structures on Z-Algebras 91



Classes of Fuzzy Ideals in Z-Algebras

= 1)

= () = minfu g (C*(y#0)$2), 1, ()
Hence h™'(B) is a fuzzy implicative ideal of a Z-algebra X.
Corollary 3.3.28: Let X be a Z-algebra . Then A is a fuzzy implicative ideal of X if and only if
the set X, is an implicative ideal of X, where X, ={xeX|u,(x)=pn,(0)}.
Proof: Let A be a fuzzy implicative ideal of a Z-algebra X.

If x=0, then p,(x)=p,(0). Then 0eX,. (1)
Let x,y,ze X suchthat (x*(y*x))*zeX, and zeX,.

= (x*(y*x))*2) =, (0) and p,(2) =1, (0).

Mo () 2 min{p, ((x *(y X)) ¥2), 1, (2)} = min{p, (0), 41, (0)} =p, (0).

= A (x) 2, (0) ()
Since A is a fuzzy implicative ideal of a Z-algebra X, p, (0)>p, (x). 3)
By (2) and (3), p,(x)=p,(0) VxeX.

=>xeX,.
Hence, X, is an implicative ideal of a Z-algebra X.
Conversely, let X, be an implicative Ideal of a Z-algebra X.

Since X, =U(u,;t) where t=p, (0).

Therefore, A is a fuzzy implicative ideal of a Z-algebra X.

Proposition 3.3.29: Let X be a Z-algebra and A be a fuzzy set of X defined by

t,if xeX, . TP

p,(x) = . , where t,,t, €[0,1] such that t, >t,. Then A is a fuzzy implicative
t, otherwise

ideal of X if and only if X, is an implicative ideal of X.

Proof: Let A be a fuzzy implicative ideal of a Z-algebra X.

Since p,(0)>p,(x) forall xeX, p,(0)=t,=>0eX, .

Let x,y,ze X, suchthat (x*(y*x))*zeX, and zeX,

= U ((x*(y*x))*z)=pn,(0)=t, and p,(z)=p,(0)=t,

= Wy (x) 2minfu, (X *(y*X))*2), 1, ()} =min{t,,t,;} =t

Fuzzy Structures on Z-Algebras 92



Classes of Fuzzy Ideals in Z-Algebras

= pa(x) =t

=>xeX,

Then X, isan implicative ideal of a Z-algebra X.

Conversely, let X, be an implicative ideal of a Z-algebra X.
Since 0eX, then p,(0)=t, 2p,(x) forall x e X.
Let x,y,zeX,

Case 1: Suppose (x*(y*x))*zeX, and zeX, then xeX,.

Since X, is an implicative ideal of X,

S u (¥ x)*2) =1, p, (@)=t and p, (x) =1,
= min{p, ((x *(y*x))*2),1, (2)} =min{t,, t,} = t,
Hence p, (x) 2 min{u, ((x*(y *x))*2),u, (2)}

Case 2: Suppose (x*(y*x))*zeX, and z¢X,.

Then p, (x*(y*x))*z)=t, and p,(2)=t,
= min{p, ((x*(y *X))*2), 1, (2)} = min{t,, t,} = t,
= K, (x) 2 minfp, (x*(y *x)) *2), 1, ()}

Case 3: Suppose (x*(y*x))*z¢X, and zeX,.

Then p, (x*(y*x)*z)=t, and p,(2)=t,
= min{p, (x*(y*x))*2), 1, (2)} = min{t,,t,} = t,
= 1, (%) > min i, ((x*(y*X)) *2), 1, (2)}

Case 4: Suppose (x*(y*x))*z¢ X, and zg¢X,.

Then p,((x*(y*x)*z)=t, and m,(z)=t,
= min{u, ((x*(y*x)) ¥2), 1, (2)} = min{t,, t,} = t,
= 1, (x) > min i, ((x*(y*X)) #2), 1, (2)}

Hence forall x,y,ze X, p,(x)>min{u, (x*(y*x))*2z),u,(z)}

Therefore, from (1) and (2), A is a fuzzy implicative ideal of a Z-algebra X.

(1)

)
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Theorem 3.3.30: If A is a fuzzy implicative ideal of a Z-algebra X and h is a mapping from X
into itself, define A" : X —[0,1] by Moo (x)=pu, (h(x)) forall x e X. Then A" is a fuzzy

implicative ideal of X.

Proof: For any x,y,z e X, we have
s (%) =1, (0(x) <1, (0) =1 (h(0) =1, (0) and

minjp,, ((c (v *x))2) i (2)f= minfu, () (h(y) <h(x))) h(z))p (0(2))} < (0(x) = ()
Hence A" is a fuzzy implicative ideal of X.

Definition 3.3.31: An implicative ideal I of a Z-algebra (X,*,O) is said to be characteristic if
h(I)=1 forall h e Aut(X).

Definition 3.3.32: A fuzzy implicative ideal A of a Z-algebra X is said to be fuzzy
characteristic if A" = A forall h € Aut(X) where A" : X — [0,1] is defined by

e (x)=p, (h(x)) forall x e X.

Theorem 3.3.33 : If A is a fuzzy characteristic implicative ideal of a Z-algebra X, then each

upper level implicative ideal of A is a characteristic implicative ideal of X.

Proof: Assume that A is a fuzzy characteristic implicative ideal of X.

Let t e Im(A), h € Aut(X) and x € U(u,;t). Then p, (h(x))=p,, (x)>t, and so

h(x)e U(u,;t). This implies h(U(u,;t))< Ulu,;t).

To prove the reverse inclusion, let x € U(u,;t) and let y € X be such that h(y) = x . Then
ta(¥) =1 (v) = pa(b(y)) = (x) 2 t, hence 'y € Uy, ;t), which implies that

x =h(y)e h(U(u,;t)). Thus U(w,;t)c h(U(u,st)).

Consequently U(u,;t), t € Im(A) is a characteristic implicative ideal of X, completing the

proof.
Lemma 3.3.34: Let A is a fuzzy implicative ideal of a Z-algebra X and let x € X . Then
u,(x)=t ifand only if x e U(u,;t) and x ¢ U(u,;s) forall s > t.

Proof: Since U(u,;s)c U(u,;t) forall s> t, result follows.
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Now we provides the converse of Theorem 3.3.33.

Theorem 3.3.35: If A is a fuzzy implicative ideal of a Z-algebra X in which every upper level

implicative ideal is characteristic, then A is a fuzzy characteristic implicative ideal of X.

Proof: Let x € X, h e Aut(X) and p,(x)=t. It follows from Lemma 3.3.34 that x € U(u,;t)
and x ¢ U(u,;s) forall s>t. Since h(U(u,:t))=U(u,;t) by hypothesis, therefore

h(x) e h(U(s,:t)) = Ulp;t) and hence 1, (x)= i, (h(x))= t. Let p , (x)=s. Then we have
t=s.For s>t,then h(x)e U(u,;s)=h(U(u,;t)). Since h is one-one, it follows that

x € U(u,;s), which is a contradiction. Hence ., (x)=t=p,(x) or A" = A, showing that A is

a fuzzy characteristic implicative ideal of X.

Definition 3.3.36: A nonempty subset I of a Z-algebra (X,*,O) is called a sub-implicative ideal
of X if it satisfies the following conditions :

(i) 0el

(1) (x*(x*y))*(y*x))*zel and zel imply y=*(y+*x)el forall x,y,zeX.
Example 3.3.37:Consider the Z-algebra X={0,1,2,3} with the binary operation * defined by
the following table:

x= |0 1 2 3
0 |0 1 2 3
1 |0 1 1 2
2 |0 1 2 2
3 |0 2 2 3

Then 1={0,1,2} c X is a sub-implicative ideal of X.

Proposition 3.3.38: Let X be a medial and an associative Z-algebra.Then, every implicative
ideal of X is a sub-implicative ideal of X.
Proof : Let I be a implicative ideal of a medial and an associative Z-algebra.

Then, for all x,y,z € X,
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Oel (1)
Now, (x*(y*x))*zel and zel mmply xel
((y*(y*x))*(y*x))*zel and zel imply y=*(y*x)el
((x*(x*y))*(y*x))*(y*x))*zel and zel imply y=*(y*x)el
(x*(x*xy))*((y*x)*(y*x))*zel and zel imply y=*(y*x)el Dby assumption
(x*(x*y))*(y*x))*zel and zel imply y=*(y*x)el by (Z4) (2)
Hence by (1) and (2) , I is a sub-implicative ideal of X.

Definition 3.3.39: A fuzzy set A of a Z-algebra (X,*,0) with membership function p, is said to
be a fuzzy sub-implicative ideal of X if it satisfies the following conditions :
(1) 1A (0) 2 p, (%)

(i1) p, (y*(y*x)) 2 min{p, (((x *(x*y)) *(y*x)) *2),u, (2)} , forall x,y,ze X.

Example 3.3.40: Consider a Z-algebra X as in example 3.3.37. Define a fuzzy set A of X with
membership function p,is given by p,(x)=0.6 for all xeX. Then A is a fuzzy

sub-implicative ideal of X.

Proposition 3.3.41: Let X be a Z-algebra. Then every fuzzy sub-implicative ideal of X is a fuzzy
Z-ideal of X.
Proof: Let x,y,ze X, Then

A (0) 2 py, (%) (1)
Ha(X)=p, (X*X) By (Z3)
= Hy (X * (X *X))

> min {1, ((x* (x X)) * (X% X)) *2), 1, (2)}
= min{u, (x*X) *X)*2), ., (2)}
= min{u, (x*X)*2),1, (2)}

=min{p, (x*2), 1, (2)} (2)
Therefore, by (1) and (2) A is a fuzzy Z-ideal of a Z-algebra X.
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Theorem 3.3.42: Let X be an implicative Z-algebra. Then every fuzzy Z-ideal of X is a fuzzy

sub-implicative ideal of X.

Proof: Let A be a fuzzy Z-ideal of X. Let x,y,z € X,
Then, p, (0) >, (x) (1)
and p, (y*(y*x)) = minfu, ((y*(y*x)) *2), 1, (2)}

Since X is an implicative, , (y*(y*x)) > min{p, (x * (x*y) * (y* X)) #2), 1, (2)}  (2)
From (1) and (2) , A is a fuzzy sub-implicative ideal of X.

Corollary 3.3.43: In a medial Z-algebra X, every fuzzy Z-ideal of X is a fuzzy sub-implicative
ideal of X.
Proof: Let A be a fuzzy Z-ideal of a medial Z-algebra X. Let x,y,z € X,
Then, 1, (0) >, (x)
and  p, (y*(y*x)) = p,(x) 2 minfu, (x*2), 1, (2)}
=min{p, ((y*(y*x))*2), 1, (2)}
=min{u, (x*(x*y))*(y*x))*2),u, (2)}

Hence A is a fuzzy sub- implicative ideal of X.

Theorem 3.3.44: If X is a Z-algebra satisfies the condition: for all x,y,zeX;

m(y*z)2p, (x*(x*y))*z) then every fuzzy Z-ideal of X is a fuzzy sub-implicative ideal of
X.

Proof: Let X be a Z-algebra satisfies the condition:

Mo (y*2) 2, ((x* (x#y)) *2) forall x,y,zeX. (1)
Let A be a fuzzy Z-ideal of X. For x,y,ze X,

o (xR y) * (y*x)) 2 minfu, ((XF(x*y) * (y *X)) *2), 1, (2)

Put z=y=*x in (1),

Ha(y*(y*x)) 2 py (X (x *y)) * (y X))

= U (y*(y*x)) 2 min{u, ((x* (X *y) *(y*X)) *2), 1, (2)}

Therefore, A is a fuzzy sub-implicative ideal of X.
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Theorem 3.3.45: Let X be a medial Z-algebra satisfies the condition: for all X,y e X,

Ha ((xx(x*y))* (Y * X)) 2 py (X *(y *X))
Then every fuzzy sub-implicative ideal of X is a fuzzy implicative ideal of X.
Proof: Let A be a fuzzy sub-implicative ideal of X . Then A is a fuzzy Z-ideal of X.
n,(0)zp,(x), forall x e X.
For x,y,ze X,
Ha () =1, (y* (Y *x)) 2 pp ((xx (x*y)) * (Y *X)) 2y (X #(y * X))
Z minfu, ((x*(y*x)) *2), 1, (2)}

Put z=x*(y*x),
o (x) 2 min{p, ((F(y * X)) * (X * (y * X)), 1o (X * (Y * X))}

Z min{p, (X (y*x)), o (X *(y * X))} by (23)

= Ha (X *(y*x))

= Ha (X) 2y (X *(y*x))
Therefore, by Theorem 3.3.10 A is a fuzzy implicative ideal of X.

(1)

Theorem 3.3.46: Let X be an implicative Z-algebra. Then every fuzzy implicative ideal of X is a

fuzzy sub-implicative ideal of X.

Proof: A is a fuzzy implicative ideal of X implies A is a fuzzy Z-ideal of X. Then,
u,(0)zp,(x) forall x e X. (1)
For X,y,ze X, p, ((x*(x*y)*(y*x)) 2 min{p, ((x*(x*y)*(y*x))*2z),u, (2)}
Since X is implicative, p, (x *(x*y)*(y*x)) =, (y*(y*Xx)).

This implies, 1, (y*(y*x)) 2 min{p, (x * (x *y) * (y ¥x)) *2), 1, (2)} @)
From (1) and (2) , A is a fuzzy sub-implicative ideal of X.
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The following diagram gives the relations between fuzzy Z-ideal, fuzzy implicative ideal and

fuzzy sub-implicative ideal of a Z-algebra

FUZZY IMPLICATIVE IDEAL
A

b d

FUZZY Z-IDEAL |I

v
FUZZY SUB-IMPLICATIVE IDEAL
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