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CHAPTER 11

FUZZY IRRESOLUTE FUNCTIONS

Definition: 2.1

il.

iil.

iv.

Let A be fuzzy set in a fts (X,7). Then A is called

a fuzzy semi-open (Fs-open , for short) set of X iff there is a f € 7 such that § <
A<clB,

a fuzzy semi-closed (Fs-closed , for short) set of X iff there is a closed set £ in
(X,7)suchthat int <A< B,

a fuzzy regular open set of X iff IntclA =4, and

a fuzzy regular closed set of X iffclIntA =41 .

The fuzzy semi-closure of a fuzzy set £ in a fts (X,7), denoted by scl B , is the

intersection of all fuzzy semi-closed sets containing £ . A fuzzy set 4 is a fuzzy semi-

closed iff A = scl A holds in X.

Notation: 2.2

The collection of all fuzzy semi-open sets in X is denoted by FSO(X).

Result: 2.3

For a fuzzy set A in a fts (X, 1) the following are equivalent:

a. Ais a fuzzy semi-closed set,
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b. A’ is a fuzzy semi-open set,
c. IntclA <A, and

d. clintA’ > 1.
Definition: 2.4

A fuzzy set A in (X,7) is said to be a fuzzy semi-neighbourhood (f.semi-nbd, in

short) of a fuzzy point f iff there is a fuzzy semi-open set @ in X such that f <a < 4.
Definition: 2.5

Let f:(X,7) — (Y,7,) be a mapping from a fts (X,7) to another fts (Y,7,) .Then
f is called :

a. a fuzzy continuous mapping (f-continuous , for short) if f~*( 1) € 7 for each
AET,,
b. a fuzzy semi-continuous mapping (f-s-continuous , for short) if f~1(4) is a

fuzzy semi-open (semi-closed) set of X, for each fuzzy open (closed) set A in Y.

Theorem: 2.6

Let f:(X,t) — (Y,7,) be a mapping from a fts (X,7) to another fts (Y,7,) . Then the

following are equivalent:

i. fis afuzzy semi-continuous

ii. Int(cl(f~1(A)))<f"(cl(A)) foreach fuzzy set A inY.
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ni.  f(Int(cl (u))) < cl(f(u)) for each fuzzy set u in X.
Proof :
()= (ii):
Suppose f is fuzzy semi-continuous and A be any fuzzy set in Y. Then
f1(cl( 1)) is a fuzzy semi-closed set in X.
Since cl(A) = Aand Intclv < v for any fuzzy semi-closed v in X, we have
f(cl(A)) =int(cl (fF~(cl(A))) =int (cl (f 7 (A)).
(ii)= (iii):
Suppose (ii) holds and let u be an arbitrary fuzzy set in X. Letus put A =f (u ),
thenpu < f71( A).
Therefore, by hypothesis we have
Int (cl (1)) < int (cl(f (AN < f7H(cl(A)).
So, f (int (cl (u))) <cl(A) =cl (f( ),
(ii)=():
Suppose (iii) holds and let v be an arbitrary fuzzy closed set in Y. Let us put

u=f"Y(v), then f(u) < v. Therefore by hypothesis we have

20



fint (el ((p) < cl (fu)) <clw)=v
since we have always f~'(f(B)) = B for any fuzzy set  in X .We obtain
Int (I(f M (v N < fF7H(W).
Therefore by Result 2.3, f~1(v) is fuzzy semi-closed and hence f is fuzzy
semi-continuous.
Definition: 2.7

A function f:X — Y from a fts (X,7) to a fts (Y,7,) is said to be fuzzy irresolute

if f~'(a)is fuzzy semi-open in X for each fuzzy semi-open set @ in Y.
Note: 2.8

It is evident that every fuzzy irresolute function is fuzzy semi-continuous.
However, the converse may be false as shown by the following example.
Example: 2.9

Let u, ,u, ,us;be fuzzy sets of I defined as

ux)=( 0O ,OSx_<_1/2

x—-1, 1Y, <x<1

L
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u(x) = [—4x+2 1/4 sxs 1/2

0., Azrd

u3(x) =[ 0 s xsl/
s@x-1 , 1, <x<1

Clearly T = {0, uy , up, u; U u, ,1} is a fuzzy topology on I. Let f : I — I be defined by

f(x) = 1/2 x for each x€L Simple computations give f~1(0)=0, f1(1) =1,

f1w) =0, fu) = uy =f"(uy V) .

Again, clintu; =clu, = 1—int (1—u,) = 1— u,=u,.

Hence, u, is fuzzy semi-open and consequently f is fuzzy semi-continuous.
Again cl u, =uy, clu, = uy,cl (W Vuy) =1,

Intu; =u,,Intu,=u;,andint (u, U u,) =0.

Since u; < uz <clu, , uj is a fuzzy semi-open set which is not a fuzzy open set.
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Let B(x) = f~H(uz)(x) = u3(1/2 X), X€ I.

= 0 ,0_<.XS1/2

1
s@2x-1 , 1, sx<1

Thenclint # =0. Hence f £ clInt 8

Therefore f ~(u3) is not semi-open in I and thus f is not fuzzy irresolute.

Theorem: 2.10

a)

b)

d)

e)

g

Let (X,7) and (Y,7,) be two fts and f:X—Y. Then the following are equivalent:

f is fuzzy irresolute.

for each fuzzy point p in X and each fuzzy semi-open set @ in Y such that f(p) <
a , there exists a fuzzy semi-open set § in X such that p < f and f(f) < a.

The inverse of each fuzzy semi-closed set in Y is fuzzy semi-closed in X.

For each fuzzy point p of X the inverse of each fuzzy semi-nbd f of f(p) in Y is a
fuzzy semi-nbd of p in X.

For each fuzzy point p of X and each fuzzy semi-nbd g of f(p), there exists a fuzzy
semi- nbd y of p in X such that f(y) < .

For each fuzzy set A of X, f [scl(1)] < scl (f(4)).

For each fuzzy set B of Y, scl [f "HB)] < f Y (scl (B)).
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Proof:
(b)=(a) :
Let a be a fuzzy semi- open set in Y and p be a fuzzy point in f~1(a).
Then p < f~1(a).
Thatis, f(p) < a .
Thus there exists a fuzzy semi- open set 8 in X such thatp < B and f(f) < «a .
Then B < f(a) .
Thusp< B <clintg <clint f~(a).
Since p is arbitrary and f~*(a) is the union of a fuzzy points in f ~* (a),
f1(a) < cint f~*(a) , which implies that
f~(a) is fuzzy semi-open.
Thus f is fuzzy irresolute.
(a)e(c):
Let (a) hold and B be a fuzzy semi-closed setin Y. Then 1 — B is fuzzy
semi-open in Y and hence f (1 — ) is fuzzy semi- open in X, that is,

1- f~Y(B) is fuzzy semi- open in X.
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Thus f~1( B) is a fuzzy semi- closed setin X .

The proof of the converse is easy and thus omitted.

(a)=(@d):

Let p be a fuzzy point in X and # be a fuzzy semi- nbd of f(p) in Y. Then there

is a fuzzy semi-open set @ such that f(p)< a < f.

Now f~1(a) is fuzzy semi- open in X and p is a fuzzy point in X .
Then p< f~H (@) < f7H(B)

which implies that £ ~1( ) is a fuzzy semi-nbd of p in X.

(d)=(e):

Let p be a fuzzy point in X and 8 be a fuzzy semi- nbd of f (p) in Y.

By (d), fX( ) is a fuzzy semi-nbd of p in X.
Let f~( B) = y.Then f(f ~'( B)) = f(y).

But f(f 7' )< B.

Hence f(y) < p.

(e)=(b) :

Let p be a fuzzy point in X and let abe a fuzzy semi-open set in Y such

that f (p) < a.

25



Then by (e) there exists a fuzzy semi-nbd y of pin X such thatf(y) < a .
Then there exists a fuzzy semi — open set f suchthatp < f < y.

That is f (p) < f (B) < f () < a. Hence f (B) < a.

(©=®:
Let (c) hold and A be a fuzzy set in X. Now scl f (4) is fuzzy semi- closed in Y.

Thus £ ~1(scl f (1)) is fuzzy semi-closed in X.

Now, f(2) < scl (f(2)).

Thatis 1 < f~1(f (1)) < f~scl f (A)).

That is scl (1) < scl f~1(scl f (1)) = £~ Y(scl £ (A)).

That is f(scl (1)) < fF(f~(scl £ (1)) < scl (f(A)).
(H=(c):

Suppose (f) holds and B be a fuzzy semi- closed set in Y.

Let A =f~'(B).

By (), f(scl(2)) <scl (f(A)) = scllf( f 71 (B))] < scl(B)=B.

Thus f 1 [f(scd M) < f4B) = 2.
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That is, scl (1) < f‘l[f(scl (/1))] <,
or, scl (1) = A.
Hence, A = f ~1(B) is fuzzy semi-closed in X.

H=(g:

Let B be a fuzzy set in Y and let A= f ~1( ) be a fuzzy set in X.

By (), f [ scl(A)] < scl [f(1)]

That is, scl(A) < f7Y[f(scl D)] < < (s (FD)]-

or scl [f /()] < fH(scl [[F(BNI < f7H(scl (B)).
(g)=®:

Let A be a fuzzy set in X and f = f(1) be a fuzzy set in Y.

By (), scl (f TH(B)) < f (scl (B))

or f (sel (f "M B)) <[ f(scl (B)) 1< scl (B).

Then f [ scl (f 7 (F(D)] < scl (f(A)).

Thatis, f[ scl ()] < f[scl (f ™1 (F(AN] < scl f(A).

That is, f [scl f(A)] < scl f(A).
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