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SYNOPSIS

This dissertation presents the development of availability and reliability aspects with reference to certain systems.  Basic definitions and results are presented in the first chapter.  Shared-load K - out - of - N: G system with two failure mode is analysed in chapter two.  The same model is extended to M failure modes in the next chapter.  The availability, reliability and mean time between failures are obtained for both the systems.


In chapter four, for the multistage degraded systems with M repairable failure modes, the availability, reliability, the means of life time, operational life time and time to the first failure are calculated.


A very general form of redundancy namely K - to - L - out - of - N: G system is discussed in chapter five. 


In the final chapter, using as imbedded Markov chain technique the steady state probabilities and the availability of k-out-of-N: G systems with constant failure rate and general repairs are derived.  For illustrating the results the special cases of constant repair time, Coxian-2 and Erlang-2 repair time distribution are provided.

INTRODUCTION

“Like the crest of a peacock so is mathematics 

at the head of all knowledge”

· Aristotle


Reliability, in general, is the capability of a system to perform its expected job under specified conditions of use over intended period of time.  “Reliability is the probability of an item performing its intended function over a given period of time under the operating conditions encountered”.


  It is primarily due to the complexity, sophistication and automation inherent in modern technology.  Reliability theory attempts to restore efficiency of system to the initial level by some kind of remedial measure.  It is concerned with development / improvement of system performance.


A measure of how well a system performs or meets its design objectives is provided by the concept of system reliability.  A system is characterised as a group of subsystems.  It is necessary to express system reliability in terms of the reliability of the subsystem or components.  

In the last few years reliability has become important, the reason for it is that the unreliability has consequences in cost, time, resources and consumer satisfaction because of the interdependency between components in complex systems.  The cost of unreliability is not only the cost of the failing item, but that of the associated equipment which is damaged or destroyed as a result of failure.  For instance, failure of circuit breaker can lead to complete disaster in the power system.  It is difficult to measure reliability, since there is no instrument by means of which this may be done for particular equipment.  

The respective reliability of various components of a complex equipment depends on the technology of their production, the quality of materials used in their manufacturing, the conditions on the environment in which they operate etc. So, it is closely related with several uncertainty factors.  Thus probability theory is used to define and develop the reliability theory.


In the shared load model, the offered load is initially shared by all components.  As a component fails, its load is taken over by the functioning ones.  This surplus load increases the failure rates of the functioning components. The increased stress on the surviving units leads to their increased failure rates.  This factor is also taken into account while analysing the system.  The failure rates are assumed to be dependent only on the number of units sharing the load at that instant.

M - OUT - OF - N SYSTEM


In many practical situation, M - out - of - N configuration servers as a useful system.  Such a system consist of N components, in which M of the N components must be good for the system to operate (m<n).  In M - out - of - N system, when an operating component fails, a stand by component becomes active.


As an example of this structure, consider systems with N independent and identical components.  The components could be communication channels processing and transmitting messages or even production lines in a factory.  If the number of operating components fails below M, the system fails.  In the case of communication channels, this could correspond to an overload           or saturation, in the sense that it would be impossible to process all messages. 

 In the case of production lines, this could also correspond to as overload, in the sense that jobs could not be completed within the schedule requirements.

STAND BY SYSTEM


In modern industries very high reliability system are needed.  To improve the reliability and availability of system, stand by redundancy is used considerably.  In a stand by system only required few components are operating and one or more components are kept as standby to take over the operation, when the first fails.  When the 

operating unit fails, the standby will be either available (i.e., repair is completed for the 

standby and the repaired standby has not failed) or not.  The operation of stand by components is sequential.  Standby components are used to improve system reliability.


In these models with repair facility, the component in operation operates until it fails, at which time the standby components begin operation and repair begins on the failed components when the failed components have been repaired they become inactive standby.  If a failure occurs when there is no inactive standby, then all the components must be in a failed state and so we say the system has failed.  The mean time spent in the repair facility depends only on the failure rate of the server, the mean service time of the unit and the mean repair time of the server.


There are various types of standby systems which are classified as warm standby, cold standby and hot standby.

WARM STANDBY


In warm standby systems, the primary and secondary components are not similar and hence have different failure rates.  So, warm standby implies that standby and active components have different failure rates.

COLD STANDBY


In this system also, the primary components operate and one or more secondary components are placed in as standby.  It is assumed that the secondary components are placed in the standby mode do not fail.  In otherwords, cold standby implies that a standby components has new failure rate.

HOT STANDBY


In this system, the value of the stand by components changes (or cereuses) in step function.  For example components having rubber part deteriorate over time and ultimately affect the reliability of standby component.

SLIDING STANDBY


Consider the system consisting of N components connected in series.  To this, system, a sliding standby component is attached which will function when any of the components of the system fails.  This is shown in the following figure.


                                                                        ……..                              






It may be noted that sliding standby components may have more than one component in standby depending upon the reliability requirements.  


Cold standby and hot standby system are particulars cases of warm standby system.

REVIEW OF LITERATURE

Extensive Research id reported in the area of reliability of most complex systems consisting of components with / without standbys.  Many researchers have considered the determination of availability, reliability and optimal number of repair required in the system, which are subjected to various external-interval disturbances.


Polovko [20] briefly discussed the fundamental concepts of reliability and various possible models suitable for a given situation.  Trivedi [24] gave the fundamental ideas, structure availability and related probability concepts.  Feller [4] presented the probabilistic approach in the derivation of reliability of a system.


Gross and Harris [5] derived difference-differential equations and developed recursive computational approach for obtaing solution of the system reliability.  Sridharan and Mohanavadivu [22] presented the analysis of system reliabilities in the presence of common-cause failure and human errors.  Tripathy et al [23] presented the derivation of reliability measures for multiprocessor system which are simple and computationally efficient.  

              Hanagal [6] has obtained the reliability for stress-strength model with strength components following bivariate exponential distribution.  Hanagal [7] derived the system reliability using stress-strength relationship.  Medhi [10] presented the statistical preliminaries required for the study of availability and reliability for various models.


One way to improve system availability and / or reliability is to add redundant components. A common form of redundancy is a K - out - of - N:G system in which at least K out of N components must be functioning for the system to be functioning. Several authors have considered a K - out - of - N system subject to two failure models.  Pham and Pham [19] have presented a paper on optimal designs of (K , n-K+1) - out - of - n :F systems subject to 2 failure models.  Pham and Upadhaya [20] have studied K- out -of - n system and discussed its reliability.  Moustafa [12] has analysed transient behaviour of reliability with and without repair for K - out - of - N: G system with two failure modes.


          A very general form of redundancy is given by a                                  K - to - L - out - of - N: G system.  Such a system has N components, and is functioning if the number of its operating components is between K and L and the system fails if less than K or more than L components operate simultaneously.  When L equals N, it becomes a K - out - of - N: G system, and when K equals L, a system wherein exactly K successes are required.


The above studies, assume that a failed component does not affect the working ones.  In much system the offered load is initially shared by all components.  As a component fails, its load is taken over by the functioning ones.  This surplus load increases the failure rates of the functioning components.  The many tires on a truck is as example of these systems.  Few authors have considered the shared-load systems.     Pham [17] has considered a model of a high voltage system consisting of a power supply and two transmitters.  Initially, the two transmitters shared the load, if one transmitter fails, the other carry over the load with higher failure rate.  He has obtained closed form solution for the reliability and the mean time to failure of the system.  Shav and Lamberson [21] have considered a shared-load                   K - out - of - N: G system and obtained a general analytic functions for the system reliability.


Most reliability studies of  redundant systems assume that the failure and repair rates of the components are constant, and therefore the Markov property is valid.  However, for real systems the life time and the repair time are not exponential.   Limnious [9] have presented a paper on dependability Analysis of Semi-Markov systems.  Systems with non-exponential distribution such as Erlang and Coxian distribution or more generally distributions with rational Laplace transforms can easily be transformed to Markov systems by the state space expansion technique introduced by Cox [3].  The special cases of constant repair time, Coxian-2 and Erlang-2 repair time distribution are considered.  Moustafa have derived the steady state probabilities and the availability of  K - out - of - N :G systems subject to exponential failures and general repairs using imbedded Markov chain.

PROFILE OF THE PRESENT WORK


The first chapter is devoted for the preliminary definitions and the results.  In the remaining chapters of this dissertation the following papers presented by Moustafa are analysed.

(i) Reliability of shared-load K - out - of - N:G systems with two failure models [12]

(ii) Availability and Reliability of shared-Load K-out –of –N :G system with M failure models.[13].

(iii) Availability and Reliability of multi stage Degraded systems with M repairable failure models. [15]

(iv) Availability and Reliability of K-out –of –N :G system with M failure models.[17]

(v) Availability of K-out –of –N: G systems with Exponential failures and general repairs.[16]

BASIC CONCEPTS

In this chapter, the basic terms, concepts, parameters related to development of availability for various reliability systems and basic reliability structures with pertinent examples are given

RELIABILITY

Reliability is the probability of an item performing its intended function over a given period of time under the operating condition encountered.

COMPONENT

Component is the collection of elements arranged in prescribed order

ASSEMBLY

Assembly is the collection of components in a prescribed order

SYSTEM

Collection of equipments arranged to perform a function in the system.

SERIES SYSTEM

The series configuration is the most commonly encountered situation and is also the simplest to analyse. If the system is to operate, each component connected in series should operate. In terms of survival, the system can be no better than the lowest probability of survival. A series system with independent components is a system; whose network representation is a series structure of order n. repair has no effect on the reliability of a series system, since as soon as a component fails, the system fail.

PARALLEL SYSTEM

A parallel system with n independent components is a system, whose network representation is a parallel structure of order n. the system will fail, and if all the components fail.  Parallel configuration is often referred to as redundancy. Parallel system is introduced to achieve the required goal, to minimize of fault is not possible at once.

K-OUT-OF-N

A system consists of N components in which k of the N components must be good for the system to operate where K<N.

FAILURE

A derivation in the property of the item from the prescribed condition is considered as failure.

RELIABILITY PARAMETERS

FAILURE RATES

The failure rate (denoted as () is expressed in terms of failure per unit of time ( = f/T

where

        ( = Failure rate

        F = number of failures during the test intervals specified

        T = total test time

The smaller the value of the failure rate the higher is the reliability of the system.

Also the rate at which failure occur in the interval [t1, t2] is the failure rate. It is expressed as the conditional probability that failure occur in the interval t1 and t2 given that the failures have not occurred prior to t1. Thus failure rate ((t) is given by

((t) = {R(t1)-R(t2)}/{(t1-t2)R(t1)}.

where R(t) is the reliability function.

MEAN TIME BETWEEN FAILURES

The mean time between failures (MTBT) is the reciprocal of the constant failure rate.

m = 1/(
The largest MTBT, the highest is the reliability of the functions.

MEAN TIME TO FAILURE

 
The mean time to failure (MTTF) is 


MTTF  =  (  ti

   
      i=1

where t1,t2….tn are failure times of n items.

HAZARD RATE

The hazard rate Z(t) or instantaneous failure rate is defined as the limit of the failure rate as the interval length approaches zero.

Z(t) = f(t)/R(t)

SYSTEM AVAILABILITY

The availability of a system is the probability that is operating satisfactorily at any point of time when stated operating condition.

Three measures of system availability are point the system is in an up state (i.e.) either operating or operable at a specified time. Interval availability is defined to be the expected fractional amount of an interval or specified length that the system is in an up state. The expected fractional amount of time in a continum of operating time when the system is in an up state is known as inherent availability.

SYSTEM WITH REPAIRS

For an n component system

A(t) = p{system is working at time t}

A(t) is called the availability at time t . Since the components act independently,   

A(t) can be expressed in terms of the reliability function as follows.

A(t) =  r{A1(t),A2(t),…,An(t)}.

where Ai(t) = p{component I is functioning at t}

The state of component i-either on or off changes in accordance with a two-state continuous time Markov chain.

SYSTEM DOWN TIME

The total time from system failure until return to service is called the system down time.

RELIABILITY FUNCTION

The reliability function R(t) is a general formula for computing reliability 


          t

R(t) = exp[-( ((t) dt]


        0

where  (i) 0 ( R(t) ( 1


(ii) R(0) = 1 and R(() = 0


(iii) R(t) in general is a decreasing function of time 

DISTRIBUTION FUNCTION

The distribution function F(t) is the probability that in a random trial the value of the random variables is not greater than t.


           t

F(t) = (((t) dt

        –(
DENSITY FUNCTION

The density function f(t) is



f(t) = P[t1 < t < t2]

         t2


      = ( ((t) dt

         t1
EXPONENTIAL DISTRIBUTION

Let X have the exponential distribution with parameter( .  Its density function is f(X) = ( exp(–(x), ( > 0, 0 ( x < (
    
     = 0, otherwise, x < 0

The distribution function F(x) = Pr{X ( x} = 1 – e –(x and



    = Pr{X ( x} = – e –(x
ERLANG DISTRIBUTION

Erlang K-distribution is f(x) = ((K)K x K – 1 exp {–K(x) / ((K)}

where x>0 and K is a positive integer.

when K = 2 Erlang K-becomes Erlang 2-distribution.

If the duration X1,X2 of the two activities A1and A2 have independent exponential distribution with parameters (1, (2 respectively and these activities are observed when either has been completed, then the duration of the interval z upto the first completion of one of the activity has also exponential distribution with parameter (1+ (2      


These results can be generalized to a number of variables for examples if there are n independent exponential variables Xi, with parameter(i, i = 1,2,…,n then Z = min { X1,X2,…, Xn} is exponential 



     n
with parameter  ( (i



   i=1


The probability that the arbitrary A1, will be completed earlier than the activity A2 is given by,



  0

Pr{X1 < X2} = (  Pr { x ( x1 < x + dx } Pr { x2 >x }



 (


  0


          = ( (1 e –(1x dx e –(2x



 (

                (1



   (1+(2

LAPLACE TRANSFORM


The Laplace transform of f(t) is defined as




   0



L[f(t)] = (  e –st f(t) dt = F(s)




  (


F(t)    = L–1[f(s)]  is defined as inverse Laplace transform.

LAPLACE-STIELTJES TRANSFORM


Laplace-Stieltjes transform of the random variable X is



F*(s) = E[exp (–sx)]

SHARED LOAD K-OUT-OF-N: G SYSTEMS

WITH TWO FAILURE MODES

In this chapter the transient analysis of reliability of                                    shared - load K- out - of - N: G systems subject to two failure modes is considered.  Using transient solution the reliability and mean time to failure of the system are obtained.

MODEL DESCRIPTION


Consider a system consists of N Components.  The system is up if at least K Components are up.  Each component is either up or failed by two different failure modes.  The failure rates of the two modes for all up components in the system are the same and constant failure rates (i and (i,      i = k,...,N  such that




(N  ( (N – 1  ( ... ( (K       and





(N  ( (N – 1   ( … (K 

CASE: 1

             Assume that there are no transitions between the two failure modes, which mean that they are mutually exclusive.  In other words, if one of the failure mode occurs, it can only be followed by the same failure mode.


The system can be modeled by continuous - time Markov process.  Let (i,j) be the state of the system, where i and j represent the number of failed components due to failure mode-1 and mode-2 respectively.  Let Pt (i,j) be the probability of being in state (i,j) at time t.  Assume that initially the system is in the state (0,0). Then   P0 (0,0) = 1 and P0 (i,j) = 0 for all i and j > 0.
The linear differential equations for this model are:


Pt|(0,0) 
          =  – N ((N + (N) Pt (0,0)




 
(1)

Pt|(i,0)

          =  – [(N – i) (N – i] Pt (i,0) + [N – (i – 1) (N –i  + 1] Pt (i –1,0),                                   

   1 (  i  (  N – K  
 (2)

Pt|(N – K + 1,0)        =  K (K  Pt (N – K , 0)




 
 (3)


Pt|(0,j)  
              = – [(N – j) (N – j Pt (0,j) + [N – (j – 1)] (N – j  + 1  Pt (0,j - 1),          



 



   1 (  j  (  N – K
 
 (4)

Pt|(0,N – K + 1)        =  K (K  Pt (0,N – K)
 
 



 (5)

SYSTEM RELIABILITY


Taking Laplace transform of equations (1), (2) and (4) we get,









[S + N  ((N + (N) ]  PS (0 , 0)   = 1






(6)


[S + (N – i) (N - i]  PS  (i , 0)    =  (N – i  +  1) (N – i + 1 PS (i – 1,0)


(7)


[S + (N - j) (N - j]  PS  (0,j)     =  (N – j + 1) (N- j + 1 PS (0, j – 1)
    


(8)

Equation (6) yields,




1         







 PS (0,0)    =                  



     
 


(9)



   S + N ((N +(N)
Equation (7) yields,



(N – i + 1)  (N – i +1  PS (i – 1,0)




PS(i,0)  =  

               
    

 



(10)

            S + (N- i) (N–i
Put i = 1 in equation (10) we get,



N (N  PS  (0,0)  

PS (1,0)  =  


S + (N – 1) (N – 1 



     


N (N
     =



 [S + N ((N + (N)] [S + (N – 1) (N – 1]
Put i = 2 in equation (10) we get,


 (N – 1) (N – 1   PS  (1,0)  

 PS(2,0)     =  


     S + (N – 2) (N – 2 
                N (N – 1) (N (N – 1 

      =


            [ S + N ((N + (N) ] [ S + (N – 1) (N – 1]  [S + (N – 2) (N – 2]

   N!


           (N (N – 1 

      =


          (N – 2)!   [S + N ((N + (N)] [S + (N – 1) (N – 1]  [S + (N – 2) (N – 2]

Similarly proceeding with i =  3,4,…, we get in general



     

  i

    

N !        (       (N – n  + 1
   
           n = 1 


Ps (i,0)       =  




      





           i




(11)

 (N – i)!   [S + N ((N + (N)]   (   [S + (N – n) (N – n]





       n = 1


Equation (8) yields,


(N – j + 1)  (N – j +1  PS (0,j – 1) 




PS (0,j)     =  

              




    

(12)

[S + (N – j) (N – j]

Taking j = 1 and substituting the expression of Ps (0,0) we get,




  N  (N  PS (0,0)





PS (0,1)     =  

              







  S + (N – 1) (N – 1

    



N (N
      =



[S + N ((N + (N)] [S + (N – 1) (N – 1]

The equation (12) when j = 2 gives,


 (N – 1)  (N – 1  PS (0,1)





PS (0,2)    =  

              







     S + (N – 2) (N – 2

N (N – 1) (N (N – 1
   =



         [S + N ((N + (N)] [ S + (N – 1) (N – 1 ]  [S + (N – 2) (N – 2]


N!



   (N (N – 1 

  =



      (N – 2)!  [S + N ((N + (N)] [S + (N – 1) (N – 1] [S + (N – 2) (N – 2]

Similarly proceeding with j = 3,4,….  in general we get,

            
            i

N !      (      (N – n  + 1
         n = 1 


PS (0,j)   =  









(13)



   
         j

   [S + N ((N + (N)]  (  [S + (N – n) (N – n]

      n = 1

Taking inverse Laplace transform of equation (9) we get,


Pt (0,0) = e           


 




        
(14)


Let 
C0 = N ((N + (N) and


Cn = (N – n) (N – n 



                       i

Then  PS (i , 0)   =   Mi     [(S + C0)   (  (S + Cn)]

        n = 1

                        i

where M i  =   (   [ N – n +1 ] (N – n  + 1                             

                     n = 1

                           N!          i

                  =                    (   (N – n  + 1
                      (N – i)!    n = 1

                                    

Resolving PS (0,0)  into partial fractions we get,

                            A i 0           i       A i K 

PS (i,0)      =                    +   (






         (15)

                          S + C0        k = 1     S + CK
                                            i

where Ai0   =     M i             (    (Cn – C0)

                                         n = 1

                                               i

AiK       =     M i     (C0 – CK )   (   (CP – CK)

                                         P = 1

                                            P ( k

Taking inverse Laplace transform of the equation (15) we have,




       i

Pt (i,0) = Ai0 e           +      (   A i k e        




   K = 1



        
e

   =   M i 





           +




   i

          


  (   [ (N – n)(N – n – N ((N + (N) ]                            

                                   
n = 1


        i




e

       (









          

    n = 1   



    i








   [ N ((N + (N) – (N – n) (N – n ]  (   [ (N – P) (N – p – (N – n) (N – n ]

         



 P = 1





 P ( n

Similarly taking inverse Laplace transform of equation (13) we get,






   e

Pt (0,j) =  M j 





                      +



            j

          

          (   [ (N – n)(N – n – N ((N + (N) ]                            

                                n = 1


         j
         


        e





            

        ( 




    j




                 (17)

     n = 1  [ N ((N + (N) – (N – n) (N – n ]  (  [ (N – P) (N – p – (N – n) (N – n ]

         



P = 1





P ( n






                       j

where M j =   (   [ N – n +1 ] (N – n  + 1                             

                    n = 1

                
   N!        i    

     =                   (     (N – n  + 1
                     (N – j)!   n = 1 

The reliability R(t) and the mean time to failure (MTTF) are given by,


                     
    N – K 

                    
R(t) 
=     (            (      Pt (i,j)  and

                                 
    m = 0       (i,j)

                                     
     i + j = m

                               
    (
                
MTTF =  (  R (t) dt

                               
   0   

Substituting the expressions of Pt (0,0), Pt (0,j) and Pt (i,0) the reliability and the mean time to failure for the model can be calculated.    

CASE: 2


Assume that there are transitions between the failure modes. Then the differential equations for the system are:

Pt|(0,0) 
         =  – N ((N + (N) Pt (0,0)





(18)




Pt|(i,0)  
         =  – [ (N – i) ((N – i + (N – i) ] Pt (i,0)  + 

    (N – i + 1) (N – i  + 1 Pt (i – 1,0),     1 (  i  (  N – K

(19)

Pt|(N – K + 1 , 0)    =  K (K  Pt (N – K , 0)





(20)


Pt|(0,j)  
        =  – [ (N – j) ((N – j  + (N – j) ] Pt (0,j) + 

   (N – j + 1) (N – j  + 1 Pt (0,j - 1) ,    1 (  j  (  N – K

(21)


Pt| (0,N – K + 1)    =  K (K  Pt (0,N – K)





(22)


Pt|(i , j) 
       =  – [ N – (i + j) ] ((N – i – j  +  (N – i – j) Pt  (i , j) +



  [ N – (i + j – 1) ] ((N – i – j + 1 Pt  (i –1 , j)  +

     (N – i – j + 1 Pt  (i , j –1) ] , 

     1 ( i ( N – K –1 ;1 ( j ( N – K – 1; i + j ( N – K

(23)

Pt|(i , j)
         =   [ N – (i + j –1) ] ((N – i – j +1) Pt  (i – 1 , j) +



  (N – i – j + 1 Pt  (i , j – 1), 

  1 ( i ( N – K –1 ; 1 ( j ( N – K – 1; i + j = N – K + 1
(24)

Assume P0 (0,0) = 1 and P0 (i,j) = 0 for all i and j > 0 

SYSTEM RELIABILITY


The equations (18), (19), (21) and (23) gives the following probabilities.

1         








PS (0,0)   =                  




     






S + N ((N + (N)


and hence


Pt (0,0)   =   e           


 




      
(25)         

            i

N !      (       (N – n  + 1
         n = 1 


PS (i,0)    =  


 







 


     i










 (N – i)!   (   [ S + (N – n) ((N – n + (N – n) ]

 n = 0

and hence

 i



(       e


          n = 0







              

Pt (i,0)   =    M i 








(26)



           i

          

          (   [ (N – P) ((N – P + (N – P ) – (N – n) ((N – n  + (N – n ) ]                            

                               P = 0


       P ( n

 i

N !      (       (N – n  + 1
          n = 1 


PS (0,j)    =  







       


 


     j










 (N – j)!   (   [ S + (N – n) ((N – n + (N – n) ]

 n = 0

and hence

 j



(      e


         n = 0







              

 Pt (0,j)    = M j 








(27)




 j

          


(  [ (N – P) ((N – P + (N – P) – (N – n) ((N – n  + (N – n ) ]                            

                                  P = 0


          P ( n



         i + j

          j

N !     (    (N – n  + 1    (         (      (N – n k
        n = 1
             nk      K = 1  (N – n k
PS (i,j)    =  







       
              

 



  i + j




       



 [ N – (i + j) ]!   (   [ S + (N – n) ((N – n + (N – n) ]

  n = 0

where 0 ( n1 < n2< … < nj (  i + j -1  and hence

i + j



  (       e



n = 0







              

 Pt (i,j)    =   M i j 








  (28)




i + j

          


  (   [ (N – P) ((N – P + (N – P) – (N – n) ((N – n  + (N – n) ]                            

                                   P = 0


           P ( n


                 N !

   i + j   

    j          





    (    (N – n  + 1
 (
   (
        [ N – (i + j) ]!        n = 1

 nk
K = 1       





0 ( n1 < n2< … < nj (  i + j -1  

Using the probabilities in (25), (26), (27) and (28) the reliability R(t) and the mean time to failure (MTTF) for case 2 can be derived.

SHARED - LOAD K -OUT - OF - N : G SYSTEMS WITH M FAILURE MODES

K - out - of - N: G system is analysed in this chapter.  The equations for time-dependent, steady - state system availability and the mean time between failure are given.  Closed form solution of the transient probabilities are used to obtain the reliability and the mean time to failure for non-repairable system.

MODEL DESCRIPTION

The system consists of N components.    Each component is either working, or failed by M different failure Modes. The system is working if at least K components are working.  The components have equal failure rates depending on the number of working components i, i = K, … N and the failure mode m = 1, … M. For each failure mode m the failure rate (m(i) are such that (m(N) ( (m(N – 1) ( ... ( (m(K).  There is a multiple repair facility.  Each repair has an independent and identically distributed exponential repair-time distribution with rate (m for failure mode m.  When there are j failed components due to failure mode m, the service rate is j(m .
CASE: 1

The mode of the first failure determines the mode of the following failures.


The system can be modeled by a continuous-time Markov process.  Let  (jem) be the state of the system representing the number of failed components due to failure mode  m, (j = 0, 1, …, N-K+1), where e m  is a unit row of dimension M which is unity in the mth position and zero everywhere else.  Let Pt(jem) be the probability of being in the state (jem) at time t when the system starts at time t = 0 in state 0.  

Then P0 (0) = 1 and P0 (jem) = 0 for all j > 0.

The linear differential equation for the model under conditions are

                                                          
    M
          

       M

Pt|(0)    
        = – N ( (N) Pt (0) + (    (m P (em),  ( (N) =  ( (m (N)            (1)




                 
  m = 1            
                m = 1

Pt|(jem)
        
        = – [ N – j ] (m (N – j) + j(m ] Pt (jem) + 

  [ N – (j – 1) ] (m (N – j + 1)] Pt ((j – 1) em) +                                                                                                 

                   
  (j + 1) (m (Pt (j + 1) em),               1 ( j ( N – K 
        
(2)

Pt|((N – K + 1) em) =  – (N – K + 1) (m Pt ((N – K + 1) em) +

                                            K (m (K) Pt((N – K) em),        j = N – K + 1
         
(3)

Steady state equations corresponding to the equation (1) through (3) are given by



        M


                      M

N ( (N) P (0) 
  =    (  (m P (em)  where  ( (N)  =   (   (m (N)

      
(4) 


     m = 1 


       m = 1

[(N – j) (m (N – j) + j( m] P(jem)  = [N – (j – 1)] (m (N – j + 1) P((j – 1) em) + 

           [ (j + 1) (m (P (j + 1) em)],       1 ( j ( N – K  (5)

(N – K + 1) (m Pt  ((N – K + 1) em)  =  K (m (K) (P (N – K) em),    j = N – K + 1 
(6)

Taking j = 1and m = 1 in equation (5) we get,

2 (1 P (2 e1)
  = [ (N – 1) (1 (N – 1) + (1 ] P (e1) – [ N(1(N) ] P (0)

              = [ (N – 1) (1(N – 1) + (1 ] N ( (N) P (e1) – [ N(1 (N) ] P(0)

     (1

        

      [(N – 1) (1(N – 1) N( (N) + (1 N( (N) ]                                

 =  P(0)




    
       –   N (1 (N) 

(1
         N (N –1) ( (N) (1 (N – 1)

P (2 e1)  
 =

                  

    2 (12

        i       (i (N – i)


 
 =
       (


P (0 )

     i = 0        (12

Taking  j = 2 and  m = 1, the equation (5) gives,

3 (1P(3e1)      =  [ (N – 2) (2 (N – 2) + 2(1 ] P (2 e1) – (N – 1) (1 (N – 1)  P (e1)

    N (N –1) ( (N) (1 (N – 1)

           = [ (N – 2) (2 (N – 2) + 2(1 ] 
 
  
          
                P (0)






2 (12

                                                       – (N – 1) (1 (N – 1) N ( (N)   P (0)


                                                       (1


           =   (N –1) N( (N) (1 (N – 1)   (N – 2) (2 (N – 2) + 2(1 – 2(1


    (1

  

 2 (1





N (N – 1) (N – 2) ( (N) (1 (N – 1) (2 (N – 2) 

P (3 e1)         =







   P (0)



2.3 (13
         2

P (3 e1)         =
                    (
    (i (N – i) P (0)



      i = 0       (13

Put  j  = 1,  m = 2 we get,

2 (2 P (2 e2) = [ (N –1) (2 (N – 1) + (2 ] P(e2) – [ N (2 (N) ] P (0)

           =  [ (N –1) (2 (N – 1) + (2 ] 
N (2 (N) P(0) – [ N (2 (N) ] P (0)






     (2

    [ N (N –1) (2 (N) (2 (N – 1) ]

P (2 e2)         =




      P (0)




2 (22



    1

           =     N      (
(i  (N – i)    P (0 )


      2     i = 0       (22

Put j = 2, m = 2 we get,

3(2 P (3 e2) = [ (N – 2) (2 (N – 2) + 2 (2 ] P (2e2) – (N – 1) (2 (N – 1) P (e2)






     N (N –1) ( (N) (2 (N – 1)

         = [ (N – 2) (2 (N – 2) + 2 (2 ]



             P (0)





 

           2 (22


                                             – (N – 1) (2 (N – 1) N (2 (N)  P (0 )




                                                          (2

(N – 1) N( (N) (2 (N – 1)      (N – 2) (2 (N – 2) + 2 (2

      =







       – 1    P(0)

      (2


               2 (2

 N (N – 1) ( (N) (2 (N – 1)        (N – 2) (2 (N – 2) 

      =







    P(0)

           (2

               2 (2

P (3 e2)     =   N (N – 1) (N – 2) ( (N) (2 (N – 1) (3 (N – 2)

     P (0)




      2 .3 (23

        3

P (3 e2)    = 
N     (
   (i (N – i)   P (0)

3    i = 0      (23

Proceeding like this we have,


       j = 1

P (j em)    =
N      (
     (m (N – i)
                                    

 j     i = 0
(mj
       P (0),                  j  = 1,2…N – K + 1;
  (7)

                    m = 1, 2…M

Using the normalising Condition we get,


         N – K + 1     M

 j – 1                            – 1 

P (0) 
      =    1  +          (
       (
     N      (      (m (N – i)


  (8)



  j = 1 
    m = 1     j     i = 0         (mj

SYSTEM AVAILABILITY

The system availability A (t) is the probability that the system is working at time t.


       
        

        N – K        M


 A (t)  =  Pt (0)  +        (
  (    Pt (jem)


         j = 1      m = 1

The mean time between failure (MTBF) is given by, 

    (
 MTBF = (   A (t) dt

   0    

System Availability under steady state is given by,



         
         N – K   
  M


 A
 =  P (0)    +     (
  (     P (jem)


          j = 1     m = 1


  N – K + 1  M

 j – 1 

  =   1 +        (
        (
      N      (      (m (N – i)       P (0)
   

  (9)


      j = 1    m = 1     j     i = 0          (mj

SYSTEM RELIABILITY


System reliability is the availability of the same systems without repair.  

Substituting (j = 0 in equation (1), (2) and (3) taking Laplace transformations we get



     1

PS (0)   = 


and


         S + N ( (N)


            
          j

N !    (     (m (N – n  + 1)

       n = 1 






 (10)

          j


         (N – j)! [ S + N( (N) ] ( [ S + (N – n) (m (N – n) ]





       n = 1

Taking inverse Laplace transformations, the equations in (10) yields

Pt (0) =  e – N ( (N) t and





            e

Pt (jem)   =       M j
 




         +



                  j

          

                 (   [ (N – n) (m (N – n) – N (( N) ]                            

                                       n = 1

    j






   (



e





      
          (11)

n = 1   



             j

        [ N (( N) – (N – n) (m (N – n) ]   (   [ (N – P) (m (N – P)  – (N – n) (m(N – n)]

         


         P = 1




         P ( n

      


         
  j

where    M j      =         N!          (     (m ( N – n + 1)                              

                              (N – j)!     n = 1

The reliability R(t) and mean time to failure (MTTF) of case 1 under transient state   can be obtained by substituting the transient probabilities Pt(0) and Pt(jem),                           j = 0,…,N – K, m = 1,…,M  , in the following expression.

    

        N – K 
  M

R(t) 
=   Pt (0)  +     (             (      Pt (jem)  and

                                 j = 0       m = 1    

                (
MTTF =  (  R (t) dt 

    
   0  

 


        N – K       M

           =  Lim       PS (0)  +     (           (      PS (jem)                                                                           
  S      0                     j = 1     m = 1      


              N – K         M


= 1 / N +   (             (              (m (N)

                           j = 1       m = 1    (N – j) (m (Nj)

   

( (N)

CASE :2

The failure mode of the first failure does not determine the mode of the subsequent failures.                                                                                                                         

The system can be modeled by continuous-time Markov process.  

   M 




                   M 

Let J  =   (   jm em   be the state of the system, with J   =   (   jm representing the number

            m = 1                                 


     m = 1                                                             

of failed components due to failure mode m.
Let Pt (J) be the probability of being in state J at time t when the system starts at time t = 0 in state 0.
The differential difference equations are:

  M

           M

Pt| (J) =  –  (N – J) ( (N – J) +   (   jm (m      Pt (J) +  (   (jm + 1) (m Pt (J + em) + 

 m = 1
                    m = 1

 
   
      M

    

       [(N – (J – 1)]  (  ( (jm) ( (N – J + 1) Pt (J – em), 0 ( jm ( N – K,

   m = 1

    J ( N – K        (12)

  M

where ( (jm)
=   0 if jm = 0 
     and         ( (N – J) = (   (m (N – J)



     1 if jm > 0

         
           m = 1

      M      
 
 M

Pt|(J) 
= – ( jm (m Pt (J) + K   (   ( (jm) (m (K) Pt (J – em), 

   m = 1
          m = 1

 

0 ( j ( N – K + 1; J = N – K +1
    (13)

Assume that P0(0) = 1 and P0(jem)  = 0 for all j > 0.  By using the equation      (12), (13) and the initial condition Pt(J) can be calculated.

SYSTEM AVAILABILITY


The system Availability A (t) is the probability that the system is working at time t hence A (t) = Pt (0) + 
                 Pt                 jm em        and the

mean time between failure can be obtained by substituting the probabilities in 

( A (t) dt.          
                

The steady-state probabilities P(J) can be obtained recursively in terms of P(0) and the steady state availability is 





A 
= P (0) + 
     
   P                jm em   
SYSTEM RELIABILITY


Taking  (m = 0 and taking Laplace transformations of the equations  (12) and (13)
      

Pt|(0)    
            = – N ( (N) Pt (0) 

Pt |(jem)

= – [ N – j ] (m (N – j) j(m ] Pt (jem) + 

      [ N – (j – 1) ] (m (N – j + 1) j(m ] Pt ((j – 1) em),                                                                                               

      1 ( j ( N – K 
      

     
        FJ
PS (J)
   =  





                       

        (14)


      [ S + (N – n) ( (N – n) ]

                   
  N!
       J        
            J – 1           j2
where FJ   =
 
      (   ( (N – n + 1)    (              (     (2 (N – n2 (K))

         (N – J)!      n = 1                       ni (K)       K = 1   (1 (N – n2 (K))

                                                      2 ( i ( M 



    J

and hence

   
       
           
        J

    
       (     e


 
    n = 0







              

 Pt (J)     =   FJ 








         (15)



       J

          

      (   [ (N – P) ( (N – P) – (N – n) ( (N – n) ]                            

                      
   P = 0


   P ( n
Using the above equation the reliability R(t) and mean time to failure              (MTTF) of the systems can be obtained.

MULTISTAGE DEGRADED SYSTEM WITH M REPAIRABLE FAILURE MODES


A model of multistage degraded systems subject to M-repairable failure modes is considered.  The availability, reliability, and mean of life time, operational life time and time to the first failure of the model are derived.

MODEL DESCRIPTION


The system has a finite number of states 1,2,…,d,d+1 state 1 represents the initial state of the system (the new system).  State 2,…,d represent the degraded stages, and the complete failure is represented by state (d + 1).  The system might fail partially from the initial state as well as from any degraded state by M failure mode.  The system can be restored back from a partially failed state to its original state before the failure.  All transition intensities (degradation, failure, and repair) are constant, but they depend upon the degradation stage.


The system can be modeled by a continuous-time Markov process.               Let i (i = 1, 2…d) be the operational states, and the transition intensity from state (i) to state (i+1) due to degradation be v(i) such that v(1) ( v(2) ( … (  v(d). At each operational state (i) there are M partially failed states (iem) according to failure mode m,  m = 1,2 …M, where em is a unit row of dimension M which is unity in the mth position and zero every where else.  The transition intensities from state (i) to states (iem) are (m (i).  The repair intensities from states (iem) to state (i) are (m (i).


Let Pt (  ) be the probability that at time t the system is in (  ).  Assume that initially the system is in state 1.    

  M

         M

Pt|(1)          = –  v (1) +  (  (m (1)  Pt (1) +  (   (m (1) Pt (em)


(1)
 



           m = 1                      m = 1

  M

                                             

Pt|(i)            = – v (i) +  (  (m (i)   Pt (i) + v (i – 1) Pt (i – 1) +

  m = 1 

    M                  

    (     (m (i) Pt (iem), 
       i = 2, 3, …, d

   

(2)   

 

 m = 1




Pt|(iem)       = – ( m (i) Pt (iem) + (m (i) Pt (i),           m = 1, 2…M; 

        i  = 2, 3, …, d    


(3)

Pt|(d + 1)    =  v (d) Pt (d)

    





(4)

Laplace transform of equation (3) gives,

  
  (m (i) PS (i)

PS (iem)    =





    

   
 
(5)

                            S + (m (i)

Laplace transform of equation (1) gives, 

                    M


          M

 S + v (1) +  (  (m (1)  PS (1) =  1 +  (   (m (1) PS (em)  


     m = 1                            m = 1


 M

           =  1 +     (          

       PS (1)

          m = 1

         M
           M

S + v (1) +    (    [(m (1) ] –   ( 


    PS (1) = 1

       
      m = 1 
        m = 1



        M
         
         M
           M

   M

PS (1)    S + v (1) +  (  (m (1)          (   S + (m (1) – ( [ (m (1) (m (1) (  (S + (m (1))]


     m = 1
      m = 1 
         m = 1

 n = 1









 n ( m






M




     =     (    (S + (m (1))


  
(6)

         m = 1

Let (n (j), n = 1, 2… M + 1 be the roots of the polynomial 

       M
               M

        M

 M

 S + v (j) +  (  (m (j)      (    S + (m (j)  – (    (m (j) (m (j)  (  (S + (m(j))

    m = 1 
 m = 1 
    m = 1
          n = 1







          n ( m


Equation (6) gives,

M


(   [ S + (m (1) ]


         m = 1

PS (1)   =









(7)

        M + 1

(    [ S + (n (1) ]

 
          n = 1

Substituting i = 2 in the equation (3) and taking Laplace transform we get,

                   M


              
  M

S + v (2) +  (  (m (2) PS (2) = v (1)  PS (1) +  (   (m (2) PS (2 em)

    
 
                                    
    m = 1                    
         
          m = 1


   M
         =  v (1)  PS (1) +   (          

     PS (2)
m = 1

       M
          
      M

S + v (2) +  (   (m (2) –   ( 


                 PS (2) =  v (1)  PS (1)
       
   m = 1 
   m = 1

        M + 1


V (1)   (      [ S + (m (2) ]



          m = 1

 PS (2)      =




 PS (1)


    

        M + 1 

(  [ S + (n (2) ]

          n = 1

     M + 1                          M + 1


V1    (     [ S + (m (2) ]    (    [ S + (m (1) ]



     m = 1                          m = 1

     =




          


    

                 M + 1                   M + 1

                    (   [ S + (n (2) ]   (   [ S + (n (1) ]  

 

      n = 1                     n = 1



 

        2 

  

=     (     v (j – 1)





   
(8)



      j = 1

Taking i = 3, equation (3) gives

  M + 1                            M + 1 

M + 1


      (   [ S + (m (1) ] V1   (   [ S + (m (2) ] v2   (  [ S + (m (3) ]



   m = 1                           m = 1 
 
m = 1

PS (3)          =




          


    

    M + 1                   M + 1                   M + 1

                   (   [ S + (n (1) ]   (   [ S + (n (2) ]  (   [ S + (n (3) ]  

 

     n = 1                     n = 1                    n = 1  


 

        3 






  
          =       (    v (j – 1)






       



     j = 1

Taking i = 4,5,…,d and proceeding as above we get,



 

     i 






PS (i)
         =    (    v (j – 1)





  

(9)

             j = 1                                    

Resolving (7) into the partial fractions we get,

A11(1)
  
A2 1(1)                         AM + 1 1(1)      

PS (1)         = 
                             + 

       +  …  + 

                                  S + (1 (1) 
S + (2 (1)                   S + (m + 1  (1) 



         M

where An1 (1)  =       (     [ (m (1) –  (n (1) ]



      m = 1












       M + 1

        

          (     [ (1 (1) – (n (1)]



         i = 1

         i ( n

and hence 

                  M + 1

Pt (1)   
  =     (    An1 (1) e

       n = 1

Resolving PS (2) into partial fractions we get,

    
                     M + 1      An1(2)                M + 1      An2(2)                     

PS (2)  
   =       
 (
                        +    (
       

                                  n = 1     S + (n (1)             n = 1   S + (n (2)

         


M + 1 

               M + 1

where An1 (2) =     v 1    (       (m (1) –  (n (1)      (       (m (2) –  (n (1)



           m = 1 

                m = 1












            M + 1 

             M + 1

        

               (     (l (1) – (n (1)       (     (m (2) – (n (1)



             l = 1 

             m = 1

             l ( n

         

           M + 1 

              M + 1

where An2 (2) =     v 1    (       (m (1) –  (n (2)     (     (m (2) –  (n (2)



           m = 1 

              m = 1










     ,  n = 1,2,…,M + 1.



            M + 1 

           M + 1

        

               (     (l (1) – (n (2)     (     (l (2) – (n (2)



             n = 1 

            l = 1

             
                        l ( n

Pt (2)  
=  L –1 (PS (2))


    M + 1

         M + 1


=     (    An1e
  
    +     (    An2 e
  


     n = 1 

         n = 1

Similarly resolving equation (8) into partial fraction and taking inverse we get,


        i 
  M + 1


Pt (i)    
=     (       ( 
Ank (i) e






(10)

    K = 1 n = 1

         i

      M

        (     v (j – 1)  (   ((m (j) – (n (K))

      j = 1  
   m = 1

where Ank (i) =







  , i  = 2 … d and 

         i       M + 1

         i        

          
    K = 1, 2,…,i

        (         (   ((l (j) – (n (K)       (       (n (j) – (n (K)     

      j = 1     l = 1
         
       j = 1      


      l ( n 

       j ( K

AVAILABILITY 

Availability of the system is given by,







           

       d

A (t)

 =    (   Pt (i) 

     i = 1

        

      d          i    M + 1


 =   (        (       (    Ank (i) e



    i = 1  K = 1  n = 1

Unavailability due to partial failure is given by,




        d         M

D (t)  

 =     (        (     Pt (iem)



       i = 1  m = 1




       d           i     M + 1       M

 =    (         (        (          (    (m (i) 

     i = 1   K = 1   n = 1    m = 1 

Probability that the system fails completely before time t is given by,

Pt (d + 1)        = 1 – A (t) – D (t)

Expected operational time (EOT) is given by,

      t

EOT (t)
=   (  A (t) dt

    0


     d          i      M + 1


            =   (        (         (    Ank (i) 



   i = 1  K = 1    n = 1

Expected down time (EDT) is given by,

EDT (t)   =
t – EOT (t) 

Mean life time (MLT) and mean operational life time (MOLT) is given by,


(
MLT 
    = 
(  [ A (t) + D (t)] dt

           0


(
MOLT
    =
(  A (t) dt

           0

RELIABILITY


The system reliability is the availability of the same system without repair.


Assume (m (i) = 0 then equations (1) and (2) reduce to 

Pt | (i)    =  – W (i) Pt (i) + ( (i) v (i – 1) Pt (i – 1) 




(11)



   M

where W (i)    =  v (i) +  (  (m (i)

 m = 1

Taking Laplace transformation of (11) we have the following three cases.

(i)W(i) ( W(j) for (i) ( (j), i,j = 1,2,…,d


     i

PS (i) =    (   

       ,  


 j = 1

and hence 


        i

Pt (i)      =    ( 




  e


     j = 1

         
d        d

R (t)       =       (       (



   e


          i = 1  n = i

         (
MTTFF    =   (  R (t) dt


         0


  d
  d
n

              (
  (       (    v (K – 1)

i = 1    n = i  K = 1

     =


  n

 (   [ W (P) – W (i) ] W (i)

           P = 1

                       P ( i

(ii) Assume W(i) = W(j);  i, j = 1, 2,…,d

                 
   i

PS (i)      =         (                          


           j = 1

               t i-1 e-Wt        i

Pt (i)       = 
                      (   v (j – 1)

               (i – 1)!      j = 1


          d 

  i

R (t)       =     (                         (   v (j – 1)

        i = 1   
           j = 1

            d          i

MTTFF   =      (        (   
            

          i – 1    j = 1    

(iii)  Assume W(i) ( W(j)for (i) ( (j), i,j = 1,2,…,d


    i

        

   (     v (j – 1)

  j = 1 

PS (i)     =

    n

   (   (S + WK)

 K= 1




 i

n  



  

Pt (i)      =        (    v (j – 1)    (        (    DKL [– WK ] 
           e 

          j = 1
        K = 1   L = 1
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d
                    1

where DKL [– WK ] = 

   

 n         n




   (rK-1) !           dS

(    [ S + Wj]
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          j ( K

   
        d        i    
         
        n       rk
R (t) 
  =    (      (    v (j – 1)       (      (    DKL [ - WK ]

  e  

      i = 1  j = 1 
    
    K = 1 L = 1

d         i

(       (    v (j – 1)

           i = 1   j = 1

MTTFF   =


          n

         (    WK
      K = 1

K - TO - L - OUT OF N : G SYSTEMS

WITH M FAILURE MODES

K - to - L - out - of - N: G system subject to M failure modes is considered. Closed form solution of the steady state probabilities, transient probabilities and availability are derived.  For non-repairable system, the reliability and the mean time to failure are obtained.

MODEL DESCRIPTION


The system consists of N components with independent and identically distributed random life times.  Each component is either up (operating) or failed by mode m, m = 1,…,M. The time to failure caused by failure mode m, has failure intensity (m.  The time and the mode of any failure are observed.  There is a multiple repair facility.  The time to repair j components failed due to mode m, m = 1,2,…,M is exponentially distributed with expectation      .   A repaired component is as good as new.  The system cannot return to the up state until at least one of the N – K + 1 failed components is repaired.

CASE:1 

Assume that there are no transitions between different failure modes which means that the failure modes are mutually exclusive.  If one of the failure modes occurs, it can be followed only by the same failure mode.

The system is modelled by a continuous-time Markov process.                    Let, (jem), j = 0,1…N – K + 1  be the state of the system representing the number of failed components due to failure mode m, where em is a unit row of dimension M with a one at the mth position, and 0 every where else.  Let Pt (jem) at time t when the system starts at time t = 0 in state 0 (i.e) without a failed component.

The differential difference equations governing the  model are:

      
 
  M


M

Pt|(0) 
        
         =   (    L (m Pt (0)   +     (    (m Pt (em)

    

(1)


          
           m = 1 

         m = 1

Pt|(jem) 
        = – [ L ( m + j (m ]  Pt (jem) + L( m Pt [ (j –1) em ] +

  (j + 1) (m Pt [ (j +1) em ],             j = 1, 2… N – L 

(2)

Pt|(jem) 
        = – [ (N – j) ( m + j (m ]  Pt (jem) + [ (N – (j – 1) ( m Pt [(j –1) em ] +

   (j + 1) (m Pt [ (j +1) em ],       j = N – L +1…N – K 

(3)

Pt|(N – K +1)em) =  –  (N – K +1) (m Pt [ (N – K +1) em ] +

                       K( m Pt [ (N – K) em ]



(4)

Steady state equations corresponding to the above equations are:

   M

           
         M

   (   L (m P (0)  
  =     (    (m P (em)

    
  


(5)

m = 1 

                  m = 1

[ L ( m + j(m ]  P (jem)  = L( m P [ (j –1) em ] + (j + 1) (m P [ (j +1) em ];

 j = 1, 2… N – L 

(6)

[ (N – j) ( m + j (m ]  P (jem) = [ (N – (j – 1) ( m P [(j –1) em ] +  

             (j + 1) (m P [ (j +1) em ], 

   j = N – L +1…N – K 
     


(7)

(N – K +1) (m P [ (N – K +1) em ] =    K( m Pt [(N – K) em]



(8)

SYSTEM AVAILABILITY

Taking j = 1and m = 1 in equation (6) we get,

2 (1 P(2 e1) 
 =  (L (1 + (1) P (e1) – L (1 P (0)



        (L (1 + (1)  L (1  –  L (1       

     (1




       L2  (12  


         

       2 (12

       L2  ((1) 2

2!

when j = 1and m = 2,equation (6)gives

2 (2 P(2 e2)     =  (L (2 + (2) P (e2) – L (2 P (0)




       (L (2 + (2)  L (2  –  L (2       
    (2



         L2  (22  


         

         2 (22

         L2  ((2) 2

 2!

substituting j = 2 and m = 2 in equation (6) we have

3 (2 P(3 e2)    =  (L (2 + 2 (2) P (2 e2) – L (2 P (e2) P (e2)




      (L (2 + 2 (2)  L2 (2 2  –  L (2       L (2

     2  (2
        
          (2
        L3 (2 3        2 L2 (22 (2         L2 (22    

         +

          –
  
P (0)

         2 (22
       2 (22
         (22

       L3  (23  


         

      3.2 (23

      L3  ((2) 3

          3!

Equation (6), for j = 2 and m = 1 becomes

3 (1 P (3 e1) 
 = (L (1 + 2 (1) P (2 e1) – L (1 P (e1)




      (L (1 + 2 (1)  L2 (1 2 –  L (1  L(2
       2 (1 2
       (1
         L3 (1 3     2 L2 (12  (1        L2 (1 2    

         +       
        –
  
         P (0)

          2 (12
      2 (12
       (1
    

L3 (1 3



3.2 (13

L3  ((1) 3

 

     3!


In general we get,

       Lj  ((m) j




         

P(jem) 
 = 

 P (0); 0 ( j ( N – L where (m =

 
(9)
       

 j!





      
Put j = N – L and m = 1 in equation (6) we get,

(N – L + 1) (1 P (N – L + 1e1)    =    L (1 + ((N – L) (1)


L(1


   

    = 



   
    


 


     L!

     P (N – L + 1e1)   =  


     LN – L  (1N – L –1
                

(10)

    (L – 1) ! (N – L – 1) !

Taking j =  N – L + 1and m = 1 in equation (7) and using equation (10) we get,

 (N – L + 2) (1 P (N – L + 2e1) =  (L – 1) (1 +  (N – L + 1) (1  P (N – L + 1e1) – 

  


L (1 P (N – L e1)



=   [ (L – 1) (1 +  (N – L + 1) (1 ]






      

    L N – L  (1N – L + 1  – L (1 

          P (0)




=



L N – L  (1N – L + 1   + 


   P (0)



        
 =


       {(L – 1) (1 (1 + (N – L + 1) (1 (1 –




  (1 (N – L + 1)} P (0)}


P (N – L + 2e1) 
=



P (0)

In general we get,

       L! LN - L  ((m) j




         

P(jem) 

 
= 

       P (0),N – L + 1 ( j ( N – K + 1     
(11)
(N – j)! j!





      


where 

     (m    = 

Substituting the expression in (9) and  (11) in the normalising equation

N – K + 1
M

       (               (    P (jem)  
= 1  we get,
     j = 0       m = 1


       N – j 


   N – K + 1

          – 1 

P (0) = 1 +    (       L  
        + LN - L  L!       (
        j = 1       


    j = N – L + 1



   M

where    Sj      =   (
(m 

  j = 1
SYSTEM RELIABILITY  

Taking (m = 0 the equation (1) through (4) becomes

           
            M


      

Pt (0) 
       =   
(    L (m Pt (0)  





(12)     



  
        m = 1 

Pt|(jem)       = 
         – [ L ( m]  Pt (jem) + L( m Pt [ (j –1) em ],

 


 j = 1, 2… N – L 


(13)

Pt| (jem)      = 
         – [ (N – j) ( m]  Pt (jem) + [ (N – (j – 1) ( m Pt [(j –1) em ],

   



j = N – L +1…N – K 

(14)

Pt| (N – K +1) em) =  K( m Pt [ (N – K) em ] 





(15)
    

Laplace transform of equations (12) gives,


PS (0)  =              



where ( =          ( m








(16)

equation (13) yields,

[ S + L(m ] PS (jem)
=  L ( m  PS ((j – 1) em)

     L ( m  PS ((j – 1) em)

PS (jem)
=  







(17)



 [ S + L ( m ]

Taking j =1, m = 1 we getfrom equation (17),

       L (1 PS (0)

PS (e1)

=


         (S + L (1)

       
       L (1


=      
       (S + L () (S + L (1)

Put j = 2and m = 1 equation (17)gives,

        L (1, PS (e1)
PS (2 e1)
=

        (S + L (1)
L (1. L (1
=

       (S + L () (S + L (1) (S + L (1)
                   (L (1)2
=

        (S + L () (S + L (1) 2

when j = 1and m = 2,equation (17) becomes

        L (2 PS (0)

PS (e2)

=

        (S + L (2)
 (L (2)
=

      (S + L () (S + L (2) 

Put j = 2 and m = 2 in equqtion (17),

L (2 PS (0)

PS (2 e2)
=


 (S + L (2)
L (2. L (2
=



    (S + L (2) (S + L () (S + L (2)
       (L (2)2
=

         (S + L () (S + L (2) 2

Proceeding like this we get,

(L (m) j
PS (jem) =


       ,   j = 1, 2…N – L




(18)

      (S + L () (S + L (m) j

Equation (14) yields,

 [ S + (N – j) (m ] PS (jem)
= [ N – (j – 1) ] (m PS ((j – 1) em)
Put j = N – L + 1 and m = 1 in above equation we get, 

[ S + (L – 1) (1 ] PS (N – L + e1) = L (1 PS (N – L e1)

L (1 PS (N – L e1)

PS (N – L + 1e1) =

    S + (L – 1) (1

L (1 (L (1) N – L
     =

    
(S + L() (S + L(1) N – L (S + (L – 1) (1)

L N – L + 1 (1 N – L + 1

     =


                                  (S + L () (S + L (1) N – L (S + (L – 1) (1)

L! L N – L (1 N – L + 1
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                                 (L – 1)! (S + L () (S + L (1) N – L (S + (L – 1) (1)

Put J = N – L + 2 and m = 1

           (L – 1) (1 PS (N – L + 1 e1)

PS (N – L + 2e1) =

  S + (L – 2) (1
  (L – 1) (1 L!  L N – L   (1 N – L + 1
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         (L – 1)! (S + L () (S + L (1) N – L (S + (L – 1) (1) (S + (L – 2) (1)

In general we get,

(mj

PS (jem) = L ! L N – L








        (19)
(N – j)! (S + L () (S + L (m) N – L                     [ S + (L – i) (m ] 

Taking inverse Laplace transform of equation (16) we get, 

Pt (0)    = e –(Lt
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a
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L (1 

                L (1
where a1  = 
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         L (( – (1) 

 L ((1 – ()
  (L (1)2 
PS (2 e1)  =


         







         (S + L () (S + L (1) 2 
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               a1
              a2
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    +

  +

         (S + L ()       (S + L (1)        (S + L (1) 2  

    (L (1) 2
where  a   =                                 , 

[ L ((1 – () ] 2

 (– L (1) 2
where  a1  =                             
and

[ L (( – (1) ] 2

  (L (1) 2
a2  =                             


L (( – (1) 

          L (2 
PS (e2)     =


         







         (S + L () (S + L (2) 

  a
                 a1
              

     =
                  +

   

          S + L (              (S + L (2)     

    L (2
where  a1  =                          
and 

L (( – (2)


   L (2 

a   =                             


L ((2 – () 

 (L (2)2 
PS (2 e2) =


         







         (S + L () (S + L (2)

    a
                 a1
              a2
                =
 
     +

   +

            (S + L ()      (S + L (2)       (S + L (2) 2  

   (L (2) 2
where  a   =                             

[ L ((2 – () ] 2

 (L(2) 2
a2  =                             and

L (( – (2) 
– (L (2) 2
a1  =                             


 (L ((2 – ()) 2

Accordingly from the equation (18) we have,

 (L (m) j
PS (jem)    =                             


          (S + L () (S + L (m) j



a

an
      =      (L(m) j 
         +    




  
     (21)

        S + L ( 
        (S + L ( m) n



      1


      (– 1) j – n 
where    a  = 


  ,  an  = 

         [ L ((m – () ] j

      [ L (( – ( m) ] j – n + 1

Inverse Laplace transform of (21) is,


Pt (jem)  = (L (m) j  a e – L ( t  + e – L ( m t  + 
Similarly proceeding with equation (14) we get,
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             bn

 
         Ci
 PS(jem)  =  Fj    
       +

                  +




   (22)
        S + L( 
        (S + L(m) n
              
    S + (L – i) (m 
Inverse laplace transform of equation (18) is,






        
        
               


Pt (jem)  =  Fj   be – L ( t  + e – L (mt
    +

      
   Ci e – (L – i) (m t     
    (23)


where   Fj   =
(– 1) j + n

           bn     = 

       





     +


 [ L (( – (m) ] N – L  

       [ L (( – (m) + i(m ]    







(j –  (N – L)) ! (m j – n  (i)  N – L – n [ L (( – (m) + i(m]



  (– 1) j + N + L

           Ci      =

 (j –  (N – L)) ! (m j – 1  (i)  N – L – 1 [ L (( – (m) + i(m]

(– 1) j + n

and       b    =
   [ L (( – (m) ] N – L  

 [ L (( – (m) + i(m ]    

The reliability and the mean time to failure (MTTF) can be obtained as follows.

R (t)
   =   Pt (0)  + 

         Pt (jem)  

MTTF
   =
Lim   RS



S       0


          1
       N – L
 N – L 
             1


  =
    +  M

      +        (

        L(
         L(       j = N – L + 1   (N – j) (
CASE : 2



 Pt|(J)  =  –       L  
  (m +
     jm (m  Pt (J) + L
 [ (m ( (jm) Pt (J – em) ] +



      (jm + 1) (m Pt (J  + em), jm = 0, 1…N – L and J = 0,1,…N - L          (24)



Pt|(J)  = –  (N – J)        (m +
         jm (m   Pt (J) + (N +1 – J)         (m ((jm)


      Pt (J – em) ]  +          (jm + 1) (m Pt (J  + em), j m = 0, 1…N – L + 1 

     and J = N – L + 1,…N - K  





      (25)


Pt|(J) = –            jm (m    Pt (J) + K         (m ( (j m) Pt (J – em),

         jm = 0,1…N – K + 1 and J = N – K + 1



         
      (26)


1 : j m > 0

where ( (jm)   = 





0    : j m = 0

SUMMARY AND CONCLUSION


Markov models have been used to derive the closed form solution of the transient probabilities for 

(i) Shared-load repairable and non-repairable K - out - of - N: G systems subject to M failure modes.

(ii) A multi stage degraded system subject to M failure models modes and 

(iii) K - to - L - out - of - N: G systems subject to M failure modes.  

The availability and reliability indices are obtained using transient probability.


Imbedded Markov chain technique has been used to obtain the availability of 


K - out - of - N: G system subject to exponential failures and general repairs.
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