Chapter 3

Other Notions Related to )\g-Closed
Sets

3.1 Introduction

The aim of this chapter is to introduce a new class of neighborhoods using
)\g—open sets namely )\g—neighborhoods in topological spaces. Further, we discuss some
vital relations and interesting characterizations of )\g—neighborhood. This new notion can
be applied in the Geographic Information System (GIS), where the concept of nearness is
studied in terms of the relation between objects rather than the distance between them. In
a consequent manner, concepts of Ag—Frontier, )\S—Boundary, )\g—Exterior and /\g—Saturated
Set are studied.

The idea of grills was developed by Choquet in 1974. Grill is a powerful tool in
dealing with proximity spaces, closure spaces and in the theory of compactification. It is
efficient in dealing with many topological situations. With this motivation, )\g—open sets

are analyzed through grills.

3.2 )\g-Neighborhood

Definition 3.2.1. A subset N of a topological space (X,7) is called a
)\g-neighborhood of x € X if there exists a )\g-open set () such that z € Q C N.
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The set of all AJ-neighborhood of x is denoted by AN (x).

Example 3.2.2. Let X = {a,b,¢,d} and 7 = {X, ¢, {a}, {b}, {a,b},{a,b,c},{a,b,d}}.
Then N O(X, 1) = {X, ¢,{a},{b},{c},{d},{a, b}, {a,c},{a,d},{b,c},{b,d}, {a,b,c}, {a,b, d}}.

Now, {a,c,d} is a )\g-neighborhood of a, as there exists a )\g—open set {a,c} such that

a € {a,c} C{a,c,d}.

Definition 3.2.3. A subset N of A C X is called a )\g—neighborhood of A if there
exists a )\g—open set () such that A C Q) C N.

Example 3.2.4. Let X and 7 be defined as in Example 3.2.2. Now, {a,c,d} is a )\g—
neighborhood of {a} as there exists a X’-open set {a, c} such that {a} C {a,c} C {a,c,d}.

Theorem 3.2.5. If a subset N of a topological space X is )\g-open then N is a
)\g—neighborhood of each of its points.

Proof. Let N be a )\g—open set and x € N. Then z € N C N. Since x is an arbitrary

point in N, N is a )\g—neighborhood of each of its points. n
The converse of the above theorem need not be true as seen from Example 3.2.2.

Remark 3.2.6. A )\g—neighborhood need not be a )\g—open set as observed from the

following example.

Example 3.2.7. Let X = {a,b,c} and 7 = {X,7,{a}, {b}, {a,b}} then X O(X,7) =
7. The set {b,c} is a X)-neighborhood of the point b, as b € {b} C {b,c} but {b,c} is not

a A2-open set of (X, 7).

Theorem 3.2.8. If I is a /\g—closed subset of a topological space and x € X \ F
then there exists a )\g—neighborhood N of x such that N N F = ¢.

Proof. Let F' be a )xg—closed subset of X then X \ F'is )\g—open in X. By Theorem
3.2.5 , X \ F contains a /\g—neighborhood of each of its points. Therefore there exists a
Ao-open set N of z such that N C (X \ F') which in turn implies that N N F = ¢. O

Theorem 3.2.9. In a topological space (X, T) with z € X, the following results are
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true.
() XN (@) # 6
(i) If N € X)N(z) then x € N.
(iii) If N € AX)N(x) and N C M then M € AN (z).
(iv) If N € X)N(x) and M € )N (x) then NN M € XN (z).

(v) If N € X)N(z) then there exists M € A)N(x) such that M C N and M € X)N(y),
for ally € M.

Proof. (i) Since X isa )\g—open set irrespective of the topology, it is a /\g—neighborhood
for every # € X. That is X € XN (z), for all z € X. Hence N)N(x) # ¢, for all
reX.

(ii) Let N € A’N(z) then N is a neighborhood of . Therefore z € N follows from the
definition of )\g—neighborhood.

(ili) Let N € AX)N(x) and N C M. Since N € AN (z) there exists a AJ-open set @ such
that x € Q C N C M and hence M is a )\g—neighborhood of z. Hence M € )\gN(q:).

(iv) Let N € X)N(x) and M € XN (z) then there exists A>-open sets Q1 and Q2 such
that 2 € Q1 C N and € Q2 C M. This implies z € Q; N Q2 € N N M. Now in
order to prove NN M is a /\g—neighborhood of z, it suffices to prove that Q1 N Qs is
)\g-open. Since arbitrary intersection of )\g—open sets is )\g—open, Q1N Qs is )\g—open

and hence N N M is a A)-neighborhood of x. Therefore N N M € A)N(x).

(v) Let N € X)N(z) then there exists a A>-open set M such that 2 € M C N. Since M
is )\g—open, it is a Ag—neighborhood of each of its points (by Theorem 3.2.5). Thus

M e X)N(y), for all y € M.
O

Lemma 3.2.10. Let (X, 7) be a topological space and z € X. Suppose that a

collection 27, satisfies
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(i) N € o, such that z € N
(ii) Ny\M € o7, = NNM € o,

then % forms a basis for a topology where 8 = {¢} U{G C X|x € G = there exists
N € 4, such that z € N C G}.

Proof. (a) ¢ € A, by definition of A. For all x € X, there exists N € 7, such that
x € N C &, , by hypothesis (a). Thus X € £.

(b) Let G1,Gy € Band x € Gy NGy = x € Gy and x € Gy. © € G = there exists
N € 4, such that x € N C G and x € G5 = there exists M € &7, such that
r€MCGy, Nowz e NN M C GyNGy. By (b), NN M C o, Therefore for
all z € G1 N Gy, there exists N N M = N°® such that + €= N* C G; N G5. Thus
GiNGy e A.

O

Corollary 3.2.11. Suppose that A, = )\ZN(x) in Lemma 3.2.10. Then £ = {¢} U
{GCXlreG=3NeXN(x)>ze N C G} forms a basis for a topology.

Definition 3.2.12. Let x € A C X. Then z is a )\g-limit point of A if
every )xg—open containing x contains at least one point of A other than z. That is,
NN (A\{z}) # ¢, for all N € XO(z). The set of all A>-limit points of A C X is called
a )\g-derived set and denoted by X0 D(A).

Example 3.2.13. Let X = {a,b,c,d} and 7 = {X, ¢, {a}, {c}, {a,b},{a,c}, {a,b,c},
{a,c,d}}. Then NO(X,7) = {X,¢,{a},{b}.{c} . {a,b},{a,c},{b,c},{a,b,c}}. disa

A0-limit point of {a,d} as every A)-open set containing d (only X in this case) contains

at least one of {a,d} other than d. Further, X)D(A) = {a,b,d}.
Proposition 3.2.14. Every )\g—limit point is a d-limit point.
Proof. Follows from the fact that O(X,7) € A’O(X, 7) and Theorem 3.2.5. O

Theorem 3.2.15. Let A, B C X. Then the following statements are valid.
(i) X3D(¢) = ¢.
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(i) NJD(A) C Ds(A).
(iii) If A C B then X)D(A) C X D(B).
(iv) AXD(AU B) = X D(A) U D(B).
(v) XXD(AN B) C XD(A) N A D(B).
(vi) DN D(A))\ A C X D(A).
(vii) MMD(AUND(A)) C AUND(A).
Proof. (i) Trivial
(ii) Follows from Proposition 3.2.14.

(iii) Let z € A’D(A) then N N (A\ {z}) # ¢, for each X>-open set N of z. Since A C B,
NN (A\{z}) S NN (B\{z}) # ¢ = 2 € N)D(B). Therefore X)D(A) C N)D(B).

(iv) Since A € AU B, X)D(A) C MD(AU B). Similarly B € AU B = X D(B)
C MD(AU B). Therefore X)D(A) UXD(B) € XD(AU B). Suppose if = ¢
N D(A)UXD(B) then z ¢ X D(A) and x ¢ X D(B) so that x is neither a limit
point of A nor B. Therefore there exist )\g—open sets N7 and N, of x such that
NiN(A\{z}) = ¢ and NoN(B\{z}) = ¢. Since NN N, is a A2-open set containing
z, (Nt N Ny)N[(AUB)\{z}] = ¢ = 2 ¢ X)D(AU B) giving N)D(AU B) C
N D(A)UND(B).

(v) Follows from (iii) as AN B C A, B.

(vi) Let # € MDA D(A)) \ A and U be a X-open set containing x. Then z €
MDA D(A) = UNND(A)\{z}] # ¢. Nowlet y e UN N D(A)\{z}] = yeU
and y € X)D(A) so that UN[A\ {y}] # ¢. Let z € UN[A\ {y}]. Then z # z as
z€ Aand x ¢ A. Therefore U N [A\ {x}] # ¢. Hence x € X)D(A).

(vii) Let € ) D(AUXD(A)). If x € A, the result is obvious. Suppose if 2 € N)D(AU
A D(A))\ A and let U be a A’-open set containing 2. Then UN(AUND(A)\{z}) #
¢ = UN(A\{z}) # ¢ or UN(AD(A)\{z}) # ¢. Now let y € UN[ND(A)\{z}] =
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y € Uand y € X)D(A) so that UN[A\ {y}] # ¢. Let z € UN[A\ {y}]. Then z #
as z € A and & A. Therefore U N [A\ {x}] # ¢. Hence z € A)D(A) and thus
x € AUXND(A).

[

Theorem 3.2.16. Let AC X. If A is )\g—closed then )\gD(A) C A.

Proof. As Ais )\g—closed, X\Ais )\g—open. For each x € X'\ A, there exists a )\g—open
set N of z such that z € N C X \ A. Since AN (X \ A) = ¢, the A2-open set N contains
no point of A and hence x is not a /\g—limit point of A. Therefore no point of X \ A can be

a )\g-limit point of A which means A contains all its limit points. Hence /\gD(A) CA O

3.3 )\g - Frontier
Remark 3.3.1. For a subset A of a topological space (X, 7), the following are true.
L Xocl(A)\ Ncl(B) # Xocl(A\ B).
2. Nint(A) \ Xint(B) # Aoint(A\ B).

Example 3.3.2. (i) Let X = {a,b,c¢} and 7 = {X, ¢, {a},{b},{a,b}}. Then
NC(X, 1) ={X,¢,{c}. {a,c},{b,c}} and NXO(X,7) = {X, ¢, {a}, {b},{a,b}}. Let
A = {b,c} and B = {b}. Now, XNcl(A) \ Xcl(B) = {b,c} \ {b,c} = ¢ but
Nocl(A\ B) = {c}. Hence Nocl(A) \ Xocl(B) # Xcl(A\ B).

(i) Let X = {a,b,¢,d} and 7 = {X, ¢,{a},{c},{a,b},{a,c},{a,b,c},{a,c,d}}. Then
NC(X,7) = {X,6,{d} {ad}, {b,d}, {c,d}, {a,b,d}, {a,c,d}, {b,c,d}} and
NO(X, 1) = {X, ¢, {a}, {b}, {c}. {a,b},{b.c}. {a,c} . {a,b,c}}. Let A = {b,d} and
B = {c,d}. Now, XNint(A) \ Nint(B) = {b} \ {c} = ¢ but Noint(A\ B) = {b}.
Hence N)int(A) \ Noint(B) # N)int(A\ B).

Definition 3.3.3. For a subset A of a topological space (X, 1), /\g-frontier of Ais
denoted by A F(A) and defined as A F(A) = M cl(A) \ Nint(A).
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Example 3.3.4. Let X and 7 be defined as in Example 3.3.2(i). Then for A = {a, c},
NF({a,c}) = Nel({a, c}) \ Agint({a, c}) = {a,c} \ {a} = {c}.

Proposition 3.3.5. For a subset A of a topological space (X, 7), the following results

are true.
(i) Aocl(A) = Noint(A) U X F(A).
(i) Mint(A) NN F(A) = ¢.
(iii) AF(A) = Xocl(A) N Xoel(X \ A).
(iv) MF(A) is d-closed.
(v) MF(A) = XF(X\ A).
(vi) Frs(AJF(A)) C X F(A).
Proof. (i) Mint(A) UNF(A) = Nint(A) U[Ncl(A) \ Mint(A)] = Acl(A).
(i) ASint(A) N A F(A) = Nint(A) N [Ncl(A) \ Mint(A)] = ¢.
(i) ASCI(A) N ASC(X \ A) = Ncl(A) \ Nint(A) = N F(A).

(iv) cls(NF(A)) = cls(Mocl(A) N Xel(X \ A)) C els(Nel(A) N els(Xoel(X \ A)) C
cls(cls(A)) Nels(cls(X \ A)) = cls(A) Nels(X \ A) = Frs(A), which is §-closed.

(v) XF(X\A) = Ne(X\A)\ Xint(X \ A) = [X \ Xint(A)] \ [X \ Ncl(A)] =
X\ Nint(A)] N XScl(A) = Mel(A) N [X\ Mint(A)] = Mel(A)\ Nint(A) = X F(A).

(vi) Fr(;(/\gF(A)) = Clg()\gF(A)) ﬂclg(X\)\gF(A)) C Cl5(/\gF(A)) = )\SF(A), as /\gF(A)
is 0-closed.

[l
Proposition 3.3.6. Let A C B and \)int(B) = ¢ then X) F(A) C A F(B).
Proof. Let A C B and Xint(B) = ¢. Let © € NJF(A) = Xocl(A) \ Adint(B). Then

x € XNcl(A) C Nocl(B) = Xocl(B) \ N)int(B), as Xyint(B) = ¢. Hence z € X)F(B). [
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3.4 )\g-Boundary, )\g-Exterior, )\g-Saturated Set

Definition 3.4.1. For a subset A of a topological space (X, 1), }\g—bounda'r'y of A
is denoted by A)B(A) and defined as X0 B(A) = A\ Aint(A).

Example 3.4.2. LetX, 7 and A be defined as in Example 3.3.4. Then X B({a, c}) =
{a,c}\{a} = {c}-

Theorem 3.4.3. For a subset A of a topological space (X, T), the following results

are true,
(i) \B(¢) = ¢.
(i) XB(X) = ¢.
(iii) A = Noint(A) U B(A).
(iv) If A is \) — open then X B(A) = ¢.
(v) Nint(A) N N B(A) = ¢.
(vi) X B(Xint(A)) = ¢.
Proof. (i) X B(¢) = ¢\ Nint(¢) = ¢.
(i) MB(X) =X\ Nint(X) = ¢.
(i) Aoint(A) UX B(A) = Nint(A) U[A\ Nint(A)] = A.
(iv) Let A be X’-open then \Jint(A) = A. Now, N B(A) = A\ Mint(A) = A\ A =¢.
(v) Mint(A) N A B(A) = Nint(A) N [A\ Nint(4)] = 6.

(vi) A B(ASint(A)) = Mint(A) \ Nint(\int(A)) = Nint(A) \ Mint(A) = ¢.
]

Remark 3.4.4. In the previous Theorem, converse of (iv) is not true as seen from

the following Example.
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Example 3.4.5. Let X = {a,b,¢,d} and 7 = {X, ¢, {a}, {b}, {a,b},{a,b,c}, {a,b,d}}
then for A = {¢,d}, AJint(A) = A. Therefore X B(A) = ¢ but A is not a X’-open set.

Definition 3.4.6. For a subset A of a topological space (X, 7), )\g-emterior of Ais
denoted by A E(A) and defined as MJE(A) = X \ Xocl(A).

Example 3.4.7. LetX, 7 and A be defined as in Example 3.3.4. Then A E({a, c}) =
X\ )\gcl({a,c}) = X\ {a,c} ={b}

Theorem 3.4.8. For a subset A of a topological space (X, 1), the following results

are true,
(i) Exts(A) C N E(A).

(i) XE(X) = ¢.

(iii) NE(¢) = X.

(iv) NE(A) = Nint(X \ A).

(v) If AC B then N)E(A) D N E(B).
(vi) ME(AUB) C NE(A)UXNE(B).
(vii) X E(AN B) 2 X E(A) NN E(B).
(viii) N E(AE(A)) = Aint(\cl(A)).
(ix) NE(A) = NE(X \ NE(A)).

(x) X = Nint(A) UNE(A) U N F(A).
(xi) Nint(A) C NE(AE(A)).

Proof. (i) Let 2 € Exts(A). Then z € X \ cls(A) = = & cls(A) = = & Ncl(A), as
Nocl(A) C cls(A). That is, z € X \ Mcl(A) = x € NX)E(A).

(i) NE(X) =X\ N(X) = ¢.
(iii) NME(¢) = X \ Mel(¢) = X.
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(iv) ME(A) = X \ Xcl(A) = Nint(X \ A), by Lemma 2.5.14.

(v) Let A C B then N E(A) = N)int(X \ A) 2 XNint(X \ B) = M) E(B), by Proposition
2.5.11(i).

(vi) We have A € AUB and B € AUB. By (iv), ME(A) 2 ME(AU B) and
N E(B) 2 M E(AU B) which implies X' E(A) UX E(B) 2 E(AU B).

(vii) We have AN B C A and ANB C B. By (iv), ME(AN B) 2 ME(A) and
N E(ANB) 2 M E(B) which implies XX E(AN B) 2 M E(A) N X E(B).

(vili) A EOSE(A)) = ME(X \ Nel(A)) = Nint[\lcl(A)].

(ix) ME(X\NE(A)) = NE(X \Nint(X\ A)]) = NE(Xcl(A)) = Mint[X \ Nocl(A)] =
Aoint[Noint(X \ A)] = Noint(X \ A) = X E(A), by (iii).

(x) Aoint(A) U X E(A) UNF(A) = XNint(A) U Nint(X \ A) U [Ncl(A) \ Nint(A)] =
Noel(A) U X\ Xcl(A)] = X.

(xi) Mint(A) = Nint(XNocl(A)) = Nint(X \ Nint(X \ A)) = Nint(X \ N E(A)) =
NE(NE(A)).

Remark 3.4.9. The reverse implications (vi) and (vii) are not true in general as

seen from the following Example.

Example 3.4.10. (i) Let X and 7 be defined as in Example 3.3.4. Then for A =
{a} and B = {b}, NE({a} U {b}) = N E({a,b}) = {c} but N E({a}) UNE({b}) =
{b,c} U{a,c} = {a,b,c}.

(ii) Let X and 7 be defined as in Example 3.3.2(ii). Then for A = {a} and B =
{a,c}, NE({a} N {a,c}) = NE({a}) = {b,c,d} but NE({a}) N M E({a,b}) =
{b,c,d}y N {c} = {c}.

Corollary 3.4.11. Exts(A)U Ext;(B) C X E(AN B).
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Definition 3.4.12. A subset A of a topological space (X,7) is said to be
s £ \6 5 :
Ay -saturated if Acl({x}) € A for every x € A. The set of all \J-saturated sets in
(X, 7) is denoted by A\)Sat(X).

Remark 3.4.13. In the usual topological spaces, for any subset A € )\gSat(X) =
Ac e )\gS at(X). But in the case of )\g—closed sets, the result fails as seen from the following

Example.

Example 3.4.14. Let X and 7 be defined as in Example 3.3.4. Take A = {d} then
A e XN Sat(X) but X \ A = {a,b,c} & X Sat(X).

Theorem 3.4.15. Every )\g—c]osed set is a )\g—saturated set but not conversely.

Proof. Let A be a A-closed set in (X,7) with # € A. Then {z} C A. Taking
Ao-closure on both sides, Mcl{z} C XNcl(A) = A, as A is A)-closed. Therefore A is a
)\g—saturated set. ]

Example 3.4.16. Let X = {a,b,¢,d} and 7 = {X, ¢, {a}, {b}, {a,b},{a,b,c},{a,b,d}}.
Take A = {a,b}. Then A is a A)-saturated set but not A-closed set.

3.5 )\g—open sets via grill

Definition 3.5.1.  Let (X, r*‘é,g) be a grill )xg—space. We define a function
vig - P(X) — P(X), denoted by s A, 7%) or vig(A) (for A € P(X)), called the
gg gg gg

)\g-operator associated with the grill G and 7%, and is defined by Q/J/\gg(A) ={re X|
UNAeQg, for all )\g—open set U containing x}.

Example 3.5.2. Let X, 7 be defined as in Example 3.3.4 and G = {{a}, {a, b}, {qa, ¢},
{a,b,c}}. Then ¢dysg({a}) = {a,c}.

Theorem 3.5.3. Let (X,7%) be a Ao-space and G, H be two grills on X. Then for

a subset A of X, the following conditions are valid:

(i) G S H = ¥rsg(A) S asu(A).
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(i) ¥asgumy (A) = Ursg(A) U sy (A).

Proof. (i) Let x € ¢ysg(A). Then UN A € G, for every Ao-open set containing z.
Since G C H, UNA € H, for every /\g—open set containing x. Therefore x € w/\g;{(A)

and hence ¢ys6(A) C Prsp(A).

(i) ¥asg(A)Utaan(A) S ¥asgumy(A) is obvious. Suppose z ¢ ¥hys6(A)Uthys(A). Then
x ¢ Ynsg(A) and & ¢ 1ys9(A). Therefore there exist Ao-open sets Uy, Uy containing

x such that (U NA) ¢ G and (UyNA) ¢ H. Now let U = Uy NUs then U is an
Ao-open set containing x such that (U N A) ¢ G and (U N A) ¢ H. This implies

(U N A) §é Q U H so that z g_f w)\g(gUH) (A) Thus w/\g(guH)(A) - w)\gg(A) U ’QD)\gH(A).

[

Theorem 3.5.4. Let (X, T’\g, G) be a grill )\g—space. Then for any two subsets A and
B of X, the following conditions hold:

(i) ¥nig(A) C trso(B), if A C B.

(i) ¥rsg(AU B) = ysg(A) U thygg(B).
(ii)) ¥rg(A N B) C thygg(A) Nibrsg(B).
(iv) drgg(A) = 6, if A ¢ G.

(v) thrgo(A) C Ysg(A).

(vi) Yrgg(A) C Nel(A) C cls(A).

Proof. (i) Suppose z ¢ ¥ysg(B). Then UN B ¢ G, for every Ao-open set U con-
taining x. This implies U N A ¢ G, for every )\g—open set U containing x. Thus
r ¢ Ynsg(A). Hence ¢rsg(A) C Yrsg(B).

(ii) w,\gg(A) U w,\gg(B) C w,\gg(A U B) is obvious. Suppose x ¢ wAgg(A) U w,\gg(B) then
x ¢ 'l/)x(i]g(A) and = ¢ w)\gg<B). That is, there exists )\g—open sets Uy, Uy containing
x such that (U; N A) ¢ G and (Us N B) ¢ G. Therefore (ANU,) U (BNUs,) ¢ G.
Now (U; N Us) is a AJ-open set containing  and (AU B) N (U;NUy) ¢ G. Hence
x & rsg(AU B). Thus ¢ysg(AU B) C ¥aig(A) Uthyg(B).
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(iii) Since AN B C A and AN B C B, it follows from(i).

(iv) Suppose there exists = € @/},\gg(A) then for all )\g—open set U containing =, U N A €
G = A € G, which is a contraction to A ¢ G.

(v) Let « € ¥ys6(A). Then for every Ao-open set U containing z, UNA € G. Let U’ be
a d-open set then it is /\g-open which implies U' N A € G. Therefore = € 1s56(A).

(vi) Let z € ¥ys6(A) then for all Ao-open set U containing #, UNA € G = A € G. Since
peG, UNA#¢=xeNd(A) C cls(A).
O]

Theorem 3.5.5. Let (X, 9, G) be a grill )\g—space. Then for any two subsets A and
B of X, the following conditions hold:

(1) ¥asg(A) \ ¥rsg(B) € thrsg(A\ B).
(i) If B ¢ G,¥xg(AU B) = thrsg(A) = thrsg(A\ B).
(iii) If (A\ B) U (B\ A) ¢ G then ¢55(A) = ¥rsg(B).

Proof. (i) Let A and B be subsets of X and A = (A\ B) U (AN B). By (ii) of
Theorem 3.5.4, ¢rsg(A) = ¥asg(A\ B) Uthrsg(AN B). Further by (iii) of Theorem
3.5.4, Yrsg(AN B) C Yrsg(B). Therefore 1ysg(A) € Yrsg(A\ B) Uthrsg(B). Now,
Uasg(A) \ Uasg(B) € [Unsg(A\ B) U hysg(B)] \ ¥nsg(B) = ¥psg(A\ B). Hence
Ursg(A) \ asg(B) € Urg(A\ B).

(ii) Let B ¢ G. Then ty56(A U B) = thysg(A) U thrsg(B) = thnsg(A), as B ¢ G =
Uxig(B) = ¢. In general, A\ B C AU B. By (i) of Theorem 3.5.4, ¢¥sg(A\ B) C
Uasg(AUB) = ¥6(A). Further by hypothesis, ¢xsg(A) \¥asg(B) € ¥asg(A\ B) =
Uxig(A) € Uasg(A\ B). Therefore ¥ysg(AU B) = thysg(A) = thrsg(A\ B).

(i) Let V = (A\B)U(B\A) ¢ G. Then A = (V\ B)U(B\V). By (ii) of Theorem 3.5.4,
Usg(A) = Usg(V\ B) Uthrsg(B\ V). By (ii), ¥asg(A) = Upsg((A\ B)U(B\ A)) =

Uasg(V \ B) Uthrsg(B) = thasg(V U B) = ¥rs6(B), again by (i)
]
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Corollary 3.5.6. Let (X,7%,G) be a grill AJ-space and A C X. Then
(i) ¢ ¢ G = 1hg(d) =¢.
(i) ¥asg(A) \ ¥nsg(¥rsg(A)) € Ursg(A\ ¥asg(A)).
(iil) ¥nsg(A) \ ¥asg(B) = nsg(A\ B) \ ¥xsg(B).
(iv) ANtysg(X) = ¢, for every Aj-open set A with A ¢ G.

Lemma 3.5.7. Let (X, TAS,g) be a grill /\g—space and A C X be )\g—closed. Then
nsg(A) € A.

Proof. Suppose = ¢ A, where A is )\g—closed. Then X \ Ais a /\g—open set containing
zand (X \A)NA=¢¢7. Therefore z ¢ 1ys6(A) and hence ¢s5(A) C A. O

Corollary 3.5.8. Let (X, T’\g, G) be a grill )\g—space and A C X be /\g—closed. Then
g (Vasg(A)) S Yasg(A).

Proof. Follows from Theorem 3.5.4(i). O

Theorem 3.5.9. Let (X, T’\g, G) be a grill )\g—space and AC X. IfV is )\g—open set
containing x then @/},\gg(A) = ¢Agg<v NA).

Proof. Since VN A C A, by (i) of Theorem 3.5.4, we have ¢s5(V N A) € ¥ysg(A).
Suppose = ¢ @bAgg(V N A), then there exists )\g-open set U containing x such that U N
(VNA) ¢G. Now, W =UnNV is a \-open set containing z such that WNA ¢ G.
Therefore z ¢ 1y36(A). Hence 1hysg(A) € dysg(V N A). O

Theorem 3.5.10. Let (X, rAi,g) be a grill )\g—space. Then a function
Cig @ P(X) = P(X) defined by (sg(A) = AU ysg(A), satisties Kuratowski closure

; 5
axioms, for every \j-open set A.

Proof. (i) (ug(9) = ¢ Usg(9).

(ii) Let A C X and = ¢ (y3g(A). Then = ¢ A and = ¢ ¢hysg(A). Therefore A C (ys6(A)
and ¥y56(A4) € Qug(A).
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(i) Gg(AU B) = (AU B) Utysg(AU B) = (AU B) U¥yg(A) Uig(B) =

(AUYrsg(A)) U (BUYrsg(B)) = Crg(A) U g(B).

(iv) Gg(Cg(A) = Gug(A U vng(A)) = (A U dyg(A)) U hrsg(A U Ppsg(A)) =

AUhrsg(A) = Qug(A).
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