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CHAPTER-4
SEMI STAR GENERALIZED W - CLOSED SETS
IN BITOPOLOGICAL SPACES
The concepts of semi generalized open sets and semi
generalized closed sets in a topological space was introduced by
Chandrasekhara Rao and Joseph [8]. In this chapter we discuss the
generalizations of these concepts due to Chandrasekhara Rao and
Narasimhan[13] in Bitopological spaces.
SECTON: 4.1
PRELIMINARIES
Notation: 4.1.1
Let (X, 1), T») or simply X denote a bitopological space. For any
subset A c X, 1;—int(A) and 1;— cl(A) denote the interior and closure of
a set A with respect to a topology ;. The closure and interior with respect
to the topology t; of B relative to A is written as ti—cl o(B) and

1;— into(B) respectively.

Definition: 4.1.2
A subset A of a bitopological space (X, T, T,) is called
1,7~ Generalized semi open (t;7,— gs open) if Fct,— sint(A)

whenever Fc A and F is t,- closed in X.

Definition: 4.1.3
A subset A of a bitopological space (X, 1), 1) is called
7,7, - Generalized semi closed (1,1, — gs closed) if X — A is 11, — gs

open.
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Definition: 4.1.4
A subset A of a bitopological space (X, 1), T2) is called
7,7, - generalized w - closed (1T, — gw closed) if 7, — cly(A)cU

whenever AcU and U is 1, - open in X.

Definition: 4.1.5
A subset A of a bitopological space (X, 1), T,) is called

1,7, - generalized w - open (T17,—gw open) if X—A is 1;7,—gw closed.

Definition: 4.1.6
A subset A of a bitopological space (X, 1, , T,) is called
T,T, - regular generalized w-closed (t;7,—rgw closed ) it el lA)elU

whenever Ac U and U is 1,1, - regular open in X

Definition: 4.1.7
A subset A of a bitopological space (X, 1), Tp) is called
7,7, - regular generalized w - open (TT,—rgw open) if X—A is 1,7, 1gw

closed.

SECTION: 4.2
SEMI STAR GENERALIZED W - CLOSED SETS
Definition: 4.2.1
A set A of a topological space (X, 1) is called semi star generalized
w-closed (s*gw closed) if cl,(A) c U wheneverAc U and U is semi open

in X.
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Definition: 4.2.2
A set A of a bitopological space (X, 1, 12) is called 71, — semi
star generalized w- closed (7T, —s*gw closed) if 1,—cl, (A)cU

whenever AcU and U is t1;-semi open in X.

Example: 4.2.3
Let X be the set of all real numbers % , 1, = {4, R,R— Q},
T, = {4,R, Q},where Q is the set of all rational numbers. Then % —Q is

T\T, — s*gw closed.

Theorem: 4.2.4

Let (X, 11, T2) be a bitopological space and Ac X. Then the
following are true.

(a) If A is 1, — w closed, then A is 1)1, — s*gw closed.

(b) If A is 1, - semi open and 1, — s¥*gw closed, then A is

oW - closed .

(c) If A is 1, — s*gw - closed, then A is 1,7, gw - closed.
Proof:

(a) Suppose that A is 1, — w closed. Let AcU and U is 1, - semi
open in X. Then 1, —cl,(A) = AcU. Therefore A is 1,1, —s*gw closed.

(b)Suppose that A is 1, - semi open and T;T, — s*gw closed. Let
AcA and A is 1, - semi open. Then 1, — cl(A)c A .Therefore,
1, — cly(A)=A.Therefore A is t,— w closed.

(c) Suppose that A is 117, — s*gw closed. Let AcU and U is
1) - open in X. Then U is 1; - semi open in X and 1, — cly(A)c U.

Therefore A is 1,1, — gw closed.
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Theorem: 4.2.5
Every 1)1, — s*g closed set is 1y1, — s*gw closed and every

1,- closed set is 1,1, — s*gw closed.

Remark: 4.2.6
From the Theorem 4.2.4, Theorem 4.2.5 and above definitions, the
following relations.

7T, — s*gw closed= 1,1, — gw closed = 1,7, — rgw closed

i i i

1, — w closed 71T, —gclosed = 11, — rg closed
0 fl

1, —closed = 7,7, — s*g closed = t1,1, — gs closed
U U

T, - semi closed= )T, — sg closed

Theorem: 4.2.7

If A is 1)T,—s*gw closed in X and A cBc 1,—cl(A), then
B is 117, — s*gw closed.
Proof:

Suppose that A is 1T, — s*gw closed in X and A ¢ B c1
—cly(A).Let BcU and U is 1 - semi open in X. Then A < U. Since A is
7,1, —s*gw closed, 1~ cly(A) cU. Since Bct, — clW(A), 12 — cly(B)

c1,—cl(A) cU. Hence B is 11, — s*gw closed.

Theorem: 4.2.8

If A and B are 1,1, — s*gw closed sets then so is AUB.
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Proof:

Suppose that A and B are 17, —s*gw closed sets. Let U be
1, — semi open in X and AuBcU. Then A ¢ U and BcU. Since A and
B are 1,1, — s*gw closed sets, 1, — cly(A)cU and 1, — cl(B) cU.

Consequently 1, —cly,(AuB) cU. Therefore, AUB is 1)1 —s*gw closed.

Theorem: 4.2.9

Let BcAcX where A is 1, - open and t;7,—s*gw closed in X.
Then B is 1,7, — s*gw closed relative to A if and only if B is 71, — s*gw
closed relative to X.
Proof:

Suppose that Bc A< X where A is 1, - open and 1,7,-s*gw closed.
Suppose that B is 7,7, — s*gw closed relative to A. Let BcU and U is
7,- semi open in X. Since AcX, A is 1) - open, AnU is T, — semi open
in X. Consequently, AnU is 1, - semi open in A. Since Bc A, BcU,
BcAAU. Since B is 11, — s*gw closed relative to A, 1, —cly(Ba)
cAnU . Therefore, 1, —cly(Ba)cU . Since A is 1) - open, T;—cly (Ba)
= 1,—cly (B)n A = 1,—cl(B)c U. Hence B is 1,1,—s*gw closed relative to
X.
Conversely, suppose that B is 7,7, — s*gw closed relative to X. Let BcU
and U is 1, - semi open in A. Since A cX, U is 1, - semi open in X. Since
B is 1,1, — s*gw closed relative to X, 7, — cl(B)c U .
Now, 1,— cly(Ba) =1~ cly(B)nA =1, —cl(B)cU. Therefore, B is

7,1, — s*gw closed relative to A.
Corollary: 4.2.10

If A is 11, —s*gw closed, 1, - semi open in X and F is 1 —w closed

in X, then AnF is 1, — w closed in X.
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Proof:
Since A is T,T,—s*gw closed, 1, - semi open in X, A is 1,~w closed
in X. {By Theorem 4.2.4 (b)}. Since F is 1, —w - closed in X, A nF

is T,— w - closed in X.

Theorem: 4.2.11

If a set A is 1,7, — s*gw closed in X then 1, — cl(A) — A contains
no nonempty 1, - semi closed set.
Proof:

Suppose that A is 1)1, —s*gw closed in X . Let F be 1, - semi closed
and Fc1, —cl(A)—A. Since F be 1, - semi closed, FC is 1, — semi open.
Since Fctr—cly(A)-A, F ct,—cl(A)and A F¢. Since A is 11, — s*gw
closed in X, 1, — cl(A) gFC . Consequently, F =¢. Hence 1, — cl(A) —A

contains no nonempty T, - semi closed set.

Corollary: 4.2.12

Let A be 1,1, —s*gwclosed. Then A is 1, —w - closed if and only if
1, — cly(A) — A is 1, - semi closed.

Proof:

Suppose that A is 1,7, — s*gw closed. Since A is 1, — w - closed, we
have 1,—cly(A) = A. Then 1,—<cl, (A)-A = ¢ is 1) - semi closed.
Conversely,Suppose that A is 1,7, — s*gw closed and 1, — cl(A) — A is
7, - semi closed.Since A is 1,7, — s*gw closed, 1 — cly(A) — A contains
no nonempty t;- semi closed set {by Theorem 2.10}. Since 1,—cl(A) — A
is itself 1, - semi closed, T, — cly(A) — A = ¢. Then 1, — cl(A) = A.

Hence A is 1, — w - closed.
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Theorem: 4.2.13
If A is 1)1, —s*gw closed and AcBc1, —cl(A) then 1, —cl(B) -B
contains no nonempty T; - semi closed set.
Proof:
Let A be 1,1, — s*gw closed and A cBc1,—cly, (A). Then B is
7,1, — s*gw closed. {By Theorem 4.2.7}. Hence 1, — cl,, (B) — B contains

no nonempty t; - semi closed set.{ By Theorem 4.2.11 }

SECTION: 4.3
SEMI STAR GENERALIZED W - OPEN SETS

Definition: 4.3.1
A set A of a topological space (X, 1, 1) is called 77, — semi star
generalized w open ( T/t — s*gw open ) if and only if ACis 11, — s*gw

Closed .

Example: 4.3.2

In Example 4.2.3, Q is 1,1, — s*gw open

Theorem: 4.3.3

A set A is 1y, — s*gw open if and only if Fct, — int, (A)
whenever F is 1, -semi closed and Fc A.
Proof:

Suppose that A is T;T,—s*gw open. Suppose that F is 1, - semi
closed and Fc A. Then F® is 1, - semi open and ACcFC. Since AS is
TT,—s*gw closed, 1, —clw(AC) —FC. Since 1, —clw(AC) =[1, —intw(A)]C,

we have Fc 1, — int(A).
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Conversely, suppose that Fct, —int,(A) whenever F is 1, - semi closed
and F < A. Then A“cF¢ and FCis 1) - semi open. Since Fc 1, — int(A),
and T, — ¢l (AS) = [1, — inty(A)]S, T2 — cl(A%) cU. Then A® is

7,1, — s*gw closed. Consequently A is 1,7, — s*gw open.

Theorem: 4.3.4

If A and B are separated 1,1, — s¥gw open sets, then AUB is
7,7, — s*gw open set.

Proof:

Suppose A and B are separated 1,7, — s*gwopen sets. Let F be 1
semi closed and F cA U B. Since A and B are separated, 7, —cl(A)nB
=An 1, —cl(B)=¢ and 1, — cl(A) n B=A n 1, — cI(B) = ¢.Then,
F 15— clA)c (AUB) n 1, — cl(A) = A. Similarly, we can prove
F n 1, — cl(B)cB. Since F is t; - semi closed, Fnt; — cl(A) and
Fr1, — cl(B) are 1, - semi closed. Since A and B are 11, — s*gw open,
Frt — cl(A) ¢ 1, — inty(A) and F n1, — cl(B)ct, — inty(B) . Now,
F = Fn(AUB) c{Fn1, —l(A)} U{Fn 1—cl(B)}c1, —int,(AuUB).

Therefore, A UB is 1)1, — s*gwopen.

Theorem: 4.3.5
If A and B are 1,1, — s*gw open sets, then sois AnB .
Proof.
Suppose that A and B are 1,7, — s*gw open sets. Let F be 1, - semi
closed and Fc A~ B. Then, Fc A and F<B. Since A and B are
7,1, — s*gw open, F 1, — int,(A) and Fc 1, — int,(B). Hence

Fc1, — int (AN B). Consequently AnB is 1,1, — s*gw open set.



Theorem: 4.3.6
If A is 1y1,—s*gw open in X and 1,—int,, (A)cBc A, then
B is 1)1, — s*gw open.
Proof:
Suppose that A is 11, — s*gw open in X and 1, — int,(A)cBc A.
Let F be 1, - semi closed and F=B. Since FcB, Bc A, FcA.
Since A is 1;1,—s*gw open, F c1,—int,, (A). Since t,—int,, (A)c B,
1, — inty(A)c 1, — inty(B). Then F c 1, — inty(B). Therefore, B

is T)T, — s*gw open set.

Theorem: 4.3.7

If a set A is 1)1, — s*gw closed in X then t,— cl(A) — A'is
T,T, — s*gw open.
Proof:

Suppose that A is 7,1, — s*gw closed in X. Let F be 1, - semi closed
and Fc1,— cly(A)—A. Since A is 1y1, —s*gw closed in X, 1, — cl(A)—A
contains no nonempty T, - semi closed set. Since Fct, — cly(A) — A,
F =¢ 1, —inty[1, —cly(A)—A]. Therefore, 7, —cly(A)—A is 71, —s*gw

open.

Theorem: 4.3.8
If a set A is T;T,—s*gw open in a bitopological space (X, 1), 12),
then G = X whenever G is 1, - semi open and 1, — inty(A)u A°cG.
Proof:
Suppose that A is 1,1, —s*gw open in a bitopological space (X, 1}, 12)
and G is 1, - semi open and T, — inty(A) UA“cG. Then G‘c{t

—inty(A)]u AC}C =1 clw(AC) — AS. Since G is 1, - semi closed and A
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. C & g )
is 71T, — s*gw closed , 1, — clw(A~) — A™ contains no nonempty T, -semil

closed set in X { By Theorem 4.2.11 }. Therefore, G = ¢. Hence G =X.

Theorem: 4.3.9

The intersection of a 1,1, —s*gw open set and a T, —w open set is a
always 1,7, — s*gw open.
Proof:

Suppose that A is 1,7, — s*gw open and B is t; — w open. Then B¢
is T, — w closed. Therefore, BCis 11, — s *oaw closed. {By Theorem 4.2.4
(a)}. Hence B is 11, — s*gw open. Consequently, AnB is 71, — s*gw

open. { By Theorem 4.3.5 }

Theorem: 4.3.10
If AXB is 1)1, —s*gw open subset of (X XY, 1/X 0}, T» XG,) then

A is 11, — s*gw open subset in (X, Ty, T;) and B is 6,6, — s*gw open
subset in (Y, o, 62).
Proof:

Let F be a 1, - semi closed subset of (X, 1), 7;) and let G be a
o, -semi closed subset of (Y, 6, ;) such that Fc A and GeB. Then F x
Gis
7, X 6y - semi closed in (X x Y, 1, X 61, T, X 05) such that F x G < A x B.
By assumption A x B is 71, — s*gw open in (X x Y, 1, X 6}, T, X 02) and
so F x Gc 1, inty(A xB) <1, — int(A) X 1, — inty(B). Therefore

F ct—inty(A) and G t,-int,(B). Hence A and B are 1,1,—s*gw open.
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SECTION: 4.4
PAIRWISE SEMI STAR GENERALIZED W-T,, SPACES
Definition: 4.4.1
A space (X, 1) is called Ty, if every g - closed set is closed.

Definition: 4.4.2
A space (X, 1) is a regular generalized w — T, (simply,

rgw — Typ,) if every rgw - closed set is w - closed.

Definition: 4.4.3
A space (X, 1), Tp) is called pairwise T, if every 1, — g closed set

is T, - closed and or every 1, — g closed set is 1, - closed.

Definition: 4.4.4
A space (X, 1, Tp) is a pairwise regular generalized w — Tz
(simply, pairwise rgw — Typ) if every 1,7, — rgw closed set in (X, 1, T,) 18

7, — w closed and 1,1, — rgw closed set in (X, 1y, 1) is T, — w closed.

Definition: 4.4.5
A space (X, t) is a semi star generalized w —T;, (simply,

s*gw =T, ) if every s¥*gw - closed set is w - closed.

Definition: 4.4.6

A space (X, 1, T2) is a pairwise semi star generalized w—T,
(Simply, pairwise s*gw — T)) if every 1,1, — s*gw closed set in (X, 1,
T,) is T, — w closed and 1,1, — s*gw closed set in (X, 1y, 12) 18

T, — w closed.
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Theorem: 4.4.7
For a space (X, 1, T2), the following are equivalent.
(a) X is pairwise s*gw — T,

(b) Every singleton is either 1;- semi closed or tj — w open, i# .

Proof:
(a) =(b)

Suppose {x} is not a 7, - semi closed subset for some x € X. Then
X --{x} is not 1, - semi open and hence X is the only 1, — semi open set
containing X —{x}. Therefore X —{x} is 1,7, —s*gw closed. Since
(X, 1y, T2) is 1112 — s*gw — Tp space, X — {x} is 1, — w closed and thus
{x} is T, — w open.
(b) = (a)

Let A be an 1,1, — s*gw closed subset of (X, 1), 1,) and
X €T, —cly(A).We show that xe A.
Case: 1 If {x} is 1, - semi closed and x does not belong to A, then
xeT, — cly(A) — A. Thus 1, — cl(A) — A contains a nonempty T; - semi
closed set {x}, which is a contradiction to the fact that A is 11, — s*gw
closed. So xe A.
Case: 2 If {x} is T, — w open, since x €T, — cl\(A), then for every 1, —
w open set U containing x, U n A = ¢ . But {x} is T,— w open, then
{x} n A = ¢.Hence, xeA. So in both cases xe A. Therefore A is
T, — w closed.
Similarly we can prove every 1,1, — s*gw closed set in (X, 1y, 12) 1IST I — W

closed. Hence X is pairwise s*gw — T} ..

Theorem: 4.4.8

Every pairwise rgw —T,, space is pairwise s*gw —T), space
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