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INTRODUCTION

“Fuzzy set theory is an approach studied extensively. On the other hand, the notion of fuzzy set, that is, a set with not sharply defined boundaries, is very natural for a human being”






- L.A. Zadeh.

In 1965, L.A. Zadeh [32] introduced the concept of fuzzy set which is a generalization of an ordinary set. Since its inception, the theory of fuzzy sets has been developed in many directions and is finding applications in a wide variety of fields. In 1971, Azriel Rosenfeld [24] studied fuzzy set theory with regard to algebraic structure like groupoids, groups, subgroups, ideals, homomorphisms, etc.


Ideals of semirings play a central role in the structure theory and are useful for many purposes. However, they do not in general coincidence with the usual ring ideals if R is a ring and, for this reason, their use is somewhat limited in trying to obtain analogues of ring theorems for semirings.


Henriksen defined in [14] a more restricted class of ideals in semirings, which is called the class of k-ideals, with the property that if the semiring R is a ring then a complex in R is a k-ideal if and only if it is a ring ideal. Another more restricted class of ideals has been given in hemirings by Iizuka [16]. However, in an additively commutative semiring R, ideals of a semiring coincide with “ideals” of a ring, provided that the semiring is a hemiring. These ideals are called as 
h-ideals of the hemiring R. Then Y.B. Jun et. al [18] introduced the notion of fuzzy h-ideal of hemirings and discussed related properties.


This thesis is devoted to the study of fuzzy h-ideals of hemirings.

The following papers are chosen for our discussion:

i) “Fuzzy h-ideals of hemirings” by J. Zhan and W.A. Dudek [35]

ii) “The h-hemiregular fuzzy duo hemirings” by Xiao-kun Huang, Hong-jie Li, Yun-qiang Yin [26]

iii) “On anti fuzzy left h-ideals in hemirings” by M. Akram and
 K.H. Dar [4]

iv) “On properties of fuzzy left h-ideals in hemirings with t-norms” by 
J. Zhan [34]

v) “S-fuzzy left h-ideal of hemirings” by D.R. Prince Williams [23]

This thesis is divided into five chapters.


In the first chapter, preliminary definitions and results on fuzzy sets and hemirings are presented. Also a characterization of h-hemiregular hemiring in terms of a fuzzy h-ideal is discussed.


In chapter 2, different types of fuzzy h-ideals of hemirings are discussed. In the first section of this chapter, some properties of prime fuzzy left h-ideals of hemirings are investigated. In the second section, some interesting results on normal and maximal fuzzy left h-ideals of hemirings are presented. In the third section, the concept of a fuzzy h-bi-ideal, a fuzzy h-quasi-ideal of a hemiring and some related properties of such fuzzy h-ideals are discussed.


In this chapter, the following interesting results are discussed:

(i)  A fuzzy set ζ of a hemiring S is a prime fuzzy left (right) h-ideal of S if and         

      only if


(1) ζ 0 = { x ∈ S / ζ (x) = ζ (0) } is a prime left (right) h-ideal of S,


(2) Im ζ = { ζ (x) / x ∈ S } contains exactly two elements,


(3) ζ (0) = 1.

(ii)  For given a fuzzy left h-ideal μ of a hemiring S, the fuzzy set μ+ in S           

       defined by μ+ (x) = μ (x) + 1 – μ (0) for all x ∈ S is a normal fuzzy left h-ideal

       of S which contains μ.

(iii) Any fuzzy h-quasi-ideal of a hemiring S is a fuzzy h-bi-ideal of S.


Chapter 3 deals with the study of anti fuzzy left h-ideals of hemirings and some of their related properties. Also, relationship between fuzzy left h-ideals and anti fuzzy left h-ideals of hemirings is given.


In chapter 4, the notion of T-fuzzy left h-ideals in a hemiring and basic properties are investigated. Using a collection of left h-ideals of a hemiring S, 
T-fuzzy left h-ideals of S are established. Moreover, the notion of a finite-valued T-fuzzy left h-ideal and its characterization is given. T-fuzzy relations on a hemiring S are also discussed. 


Important results proved in this chapter are given as follows:

 (i) Let T be t-norm. Then every imaginable T-fuzzy left h-ideal μ of a      

hemiring S is a fuzzy left h-ideal of S.

(ii)  An onto homomorphic image of a fuzzy left h-ideal with the sup property is a 

       fuzzy left h-ideal.

(iii) Let T be a continuous t-norm and let f be a homomorphism on a hemiring S.

       If μ is a T-fuzzy left h-ideal of S, then f (μ) is a T-fuzzy left h-ideal of f (S).

(iv) Let { An / n ∈ N } be a family of left h-ideals of a hemiring S which is nested. 

       That is S =A1 ⊃ A2 ⊃ ………….

       Let μ be a fuzzy set in S defined by 

       μ (x) =    
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       for all x ∈ S. Then μ is a T-fuzzy left h-ideal of S.

(v)   Let T be a t-norm and let μ and 
[image: image3.wmf]n

 be a T-fuzzy left h-ideals of a hemiring S. 

       Then, μ x 
[image: image4.wmf]n

 is a T-fuzzy left h-ideal of S x S.


In chapter 5, the notion of S-fuzzy left h-ideals in a hemiring and its basic properties are investigated. The homomorphic preimage of S-fuzzy left h-ideal of hemirings are studied. Using a collection of left h-ideals of a hemiring, S-fuzzy left h-ideal of hemirings are established. The characterization of finite-valued 
S-fuzzy left h-ideal is given. S-fuzzy relations on hemirings are discussed. Some properties of the direct product and S-product of S-fuzzy left h-ideals of hemirings are also discussed.

REVIEW OF LITERATURE
In [32], Zadeh introduced the notion of fuzzy sets and fuzzy set operations. Since then, fuzzy set theory developed by Zadeh and others has evoked great interest among researchers working in different branches of mathematics.

Semirings play an important role in studying matrices and determinants. Many aspects of the theory of matrices and determinants over semirings have been studied by Beasley and Pullman [7,8], Ghosh [13], and others. Although ideals in semirings are useful for many purposes, they do not in general coincide with the usual ring ideals if S is a ring, and for this reason, their use is somewhat limited in trying to obtain analogues of ring theorems for semirings. Indeed, many results in rings apparently have no analogues in semirings using only ideals. Henriksen [14] defined a more restricted class of ideals in semirings, which is called k-ideals, with the property that if the semiring S is a ring, then a complex in S is a k-ideal if and only if it is a ring ideal. A still more restricted class of ideals in hemirings has been given by Iizuka [16]. However, a definition of ideals in any additively commutative semiring S can be given which coincides with Iizuka’s definition provided that S is a hemiring, and it is called h-ideal. La Torre [20] investigated 
h-ideals and k-ideals in hemirings in an effort to obtain analogues of familiar ring theorems.

Y.B. Jun et. al [18] introduced the notion of fuzzy h-ideal of hemirings and discussed related properties. First, Abu Osman [1] introduced the notion of fuzzy subgroup with respect to t-norm. Following this, J. Zhan [34] introduced the notion of T-fuzzy left h-ideal of hemirings. Then, J. Zhan [33] introduced the notion of fuzzy hyper ideals in hyper near-rings with respect to t-norm. Recently, Y.U. Cho et. al [9] introduced the notion of fuzzy subalgebras with respect to 
t-conorm of BCK-algebras and M. Akram et. al [5] introduced the notion of sensible fuzzy ideal with respect to t-conorm in BCK-algebras. 

Several other authors have also contributed to the study of the concepts mentioned above. We give here a brief survey of some of the articles published on ideals and fuzzy ideals in hemirings.
1. Fuzzy t-conorm integral with respect to fuzzy measures: Generalization of Sugeno integral and Choquet integral: 

     T. Murofushi, M. Sugeno. (1991) [21]



This article discusses integrals with respect to Sugeno’s fuzzy measures. Sugeno integrals and Choquet integrals with respect to general fuzzy measures are generalized in the setting of a t-conorm algebraic system. First 
t-conorm integrals with respect to decomposable measures based on t-conorm algebraic system are defined. They are a modification of the Weber integral. Secondly they are extended to fuzzy t-conorm integrals with respect to general fuzzy measures. The extension is made in the same way as the extension of the Lebesgue integral to the Choquet integral. The class of fuzzy t-conorm integrals includes Choquet integrals and Sugeno integrals. Properties of the integrals, especially their representation, are discussed.

2. Hemirings, Congruences and the Hewitt Realcompactification: 

    S.K. Acharyya, K.C. Chattopadhyay, G.G. Ray. (1995) [3]



The present paper indicate a method of obtaining the Hewitt realcompactification  vX  of a Tychonoff space X, by considering a distinguished family of maximal regular congruences, viz, those which are real, on the hemiring C+(X) of all the non-negative real valued continuous functions on X.

3. T-fuzzy prime ideals: 

    Alfonso Garmendia, Maria Molero, Adela Salvador. (1996) [6]



The purpose of this paper is to define, study and characterize the 
T-fuzzy prime ideals. T-fuzzy strongly prime ideals and T-S-fuzzy weakly prime ideals proving the inclusion relationships that are satisfied among them. The 
T-fuzzy comaximal ideals and fuzzy maximal ideals are also investigated.

4. Hemiring-homomorphisms, Stone Cech Compactification and Hewitt Realcompactification: 

    S.K. Acharyya, K.C. Chattopadhyay, G.G. Ray. (2002) [2]



In this paper the Stone-Cech Compactification and Hewitt Realcompactification of a Tychonoff space X are shown as the spaces of Hemiring Homomorphisms from the hemirings C+(X) and C+(X) to R+ respectively.

5. On fuzzy h-ideals in hemirings: 

    Y.B. Jun, M.A. Ozturk, S.Z. Song. (2004) [18]



In this article, the fuzzy setting of a left h-ideal in a hemiring is constructed, and basic properties are investigated. Using a collection of left 
h-ideals of a hemiring S, fuzzy left h-ideals of S are established. The notion of a finite valued fuzzy left h-ideal is introduced, and its characterization is given. Fuzzy relations on a hemiring S are discussed.

6. Generalized transformed t-conorm integral and multifold integral:
    Yasuo Narukawa, Vicenc Torra. (2006) [29]



Fuzzy integrals are commonly used as aggregation operators. In this paper, new composite models based on fuzzy integrals with several t-conorms are presented. These models permit to further increase the computational power of the previous models. Basic properties of new composite models are studied. In particular, it is shown that for composite models, the only meaningful case is when not all the t-conorms are the same.

7. Intuitionistic fuzzy h-ideals of hemirings:
    W.A. Dudek. (2006) [10]



The author introduced the notion of intuitionistic fuzzy (left) h-ideals of hemirings and investigated their properties connected with the corresponding level subsets. Methods of constructions of such intuitionistic fuzzy ideals from given sequences of left h-ideals of a hemiring R are presented. Some natural classification of such intuitionistic fuzzy h-ideals is given.

8. On fuzzy h-ideals of hemirings:
    Xueling Ma, J. Zhan. (2007) [27]



The concept of quasi-coincidence of a fuzzy interval value in an interval valued fuzzy set is considered. In fact, this concept is a generalized concept of the quasi-coincidence of a fuzzy point in a fuzzy set. By using this new concept, the authors defined the notion of interval valued (
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)-fuzzy h-ideals of hemirings and studied their related properties. In addition, the authors also extended the concept of a fuzzy subgroup with thresholds to the concept of an interval valued fuzzy h-ideal with thresholds in hemirings.

9. The characterizations of h-hemiregular hemirings and h-intra-hemiregular hemirings:
      Yunqiang Yin, Hongxing Li. (2008) [30]



In this paper, the concepts of fuzzy h-bi-ideals and fuzzy 
h-quasi-ideals of a hemiring are introduced, and related properties are investigated. The notion of h-intra-hemiregularity of a hemiring, which is a generalization of the notion of intra-regularity of a ring, is provided. Some characterizations of 
h-hemiregular hemirings, h-intra-hemiregular hemirings and hemirings that are both h-hemiregular and h-intra-hemiregular are derived in terms of fuzzy left, fuzzy right h-ideals, fuzzy h-bi-ideals and fuzzy h-quasi-ideals.

10. The characterization of Regular Hemirings:
      Hongjie Li, Xiaokun Huang, Yunqiang Yin. (2008) [15]



In this paper, the concept of a fuzzy h-bi-ideal, a fuzzy h-quasi-ideal in a hemiring is introduced, and some related properties of such fuzzy h-ideals are investigated. Also, the notion of h-hemiregular hemirings is given, and its characterization in terms of h-ideals and fuzzy h-ideals is studied.

11. Special types of intuitionistic fuzzy left h-ideals of hemirings:
      W.A. Dudek. (2008) [11]



In this article, characteristic, normal and completely normal intuitionistic fuzzy left h-ideals of hemirings are described.

12. Generalized fuzzy h-bi-ideals and h-quasi-ideals of hemirings:
      Xueling Ma, J. Zhan. (2009) [28]



A new kind of generalized fuzzy h-ideals of a hemiring, namely, the (
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)-fuzzy h-bi-ideal (resp., h-quasi-ideal) is studied and the relationships between these generalized fuzzy h-ideals are described. Some characterization theorems of prime and semiprime (
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)-fuzzy h-bi-ideals (resp., 
h-quasi-ideals) of a hemiring are also given. In particular, the authors proved that the h-hemiregular hemirings and h-intra-hemiregular hemirings can be described by using some of their generalized fuzzy h-ideals. Finally, the implication-based fuzzy h-bi-ideals (resp., h-quasi-ideals) of a hemiring are considered.

13. The characterization of h-semisimple Hemirings:
      Yun-qiang Yin, Xiao-kun Huang, De-hua Xu, Fei Li. (2009) [31]



In this paper, the notions of (
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(
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) fuzzy h-interior ideals of a hemiring are introduced, and some of their properties are investigated. Then the concept of h-semisimple hemirings is introduced and its characterizations are established.

14. (α,β)-fuzzy ideals of hemirings:
      W.A. Dudek, M. Shabir, M. Irfan Ali. (2009) [12]



In this paper, a characterization of different types of (α,β)-fuzzy ideals of hemirings, where α,β
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 is given. Special attention is paid to (
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15. Spectrum of prime L-fuzzy h-ideals of a hemiring:
      H.V. Kumbhojkar. (2009) [19]



In this article, the author redefined the concept of prime fuzzy 
h-ideals of a hemiring so that the fuzzy h-ideals are not necessarily 2-valued. He also introduced the concept of semiprime fuzzy h-ideals. A topological space, called the spectrum of prime fuzzy h-ideals of a commutative hemiring with unity, has been obtained. This topological space is compact and preserves isomorphisms between hemirings. The correspondence associating a hemiring with its spectrum of prime fuzzy h-ideals is shown to define a contravariant functor from the category of commutative hemirings with unity into the category of compact topological spaces. The spectrum of (crisp) prime h-ideals of the hemiring is a subspace which is dense in the spectrum of prime fuzzy h-ideals. Valuation lattices for all the fuzzy sets in the paper are assumed to be complete Heyting algebras.

16. Characterization of – Interval valued anti fuzzy left h-ideals over hemirings:
      A. Solairaju, R. Nagarajan. (2009) [25]



In this paper, the authors introduced the concept of max-interval valued anti fuzzy left h-ideals in hemirings and extension principle of interval valued fuzzy set. They investigated some of their properties and structural characteristics, some theorems for homomorphic image and its inverse image on max i-interval valued anti fuzzy left h-ideals of hemirings. Relationship between anti fuzzy left h-ideals in a hemiring and fuzzy left h-ideals is also given. Using lower level set, they gave a characterization of interval valued anti fuzzy left 
h-ideals.

17. On properties of uninorms with underlying t-norm and t-conorm given as ordinal sums:
       Pawel Drygas. (2010) [22]



This paper presents some properties of uninorm-like operations for which the underlying operations are given by ordinal sums. If the underlying operations of a uninorm are given by ordinal sums, then the Cartesian product of the union of two arbitrary intervals (one in [0,e] and the other in [e,1], where e is the neutral element of the uninorm) is a set closed under the uninorm. When transposing such a Cartesian product to the unit square, one obtains a uninorm-like operation. As a result, the author described the uninorm-like operations for which the underlying operations are basic pseudo-t-norms and pseudo-t-conorms and one of them is idempotent.

18. Note on “(α,β)-fuzzy ideals of hemirings”:
      Y.B. Jun. (2010) [17]



In this paper, the author discussed more updated results than the results in the paper due to Dudek, Shabir, Irfan Ali [12].

CHAPTER – 1

FUZZY h-IDEALS OF HEMIRINGS

SECTION  : 1.1

PRELIMINARIES ON FUZZY SETS

Definition : 1.1.1

Let X  be a nonempty set and I = [0,1]. A fuzzy set in X is a map μ : X → I. That is, μ is an element of IX.

Definition : 1.1.2

The complement of a fuzzy set μ in X, denoted by μC is defined by  μC (x) = 1- μ (x) for each x 
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 X.

Definition : 1.1.3

Let μ and 
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 be fuzzy sets in X. Then

(i)            μ = 
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μ(x) = 
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(x)
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 x 
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 X. 

(ii)            μ ≤ 
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μ(x) ≤ 
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(x)
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 x 
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 X.

Definition : 1.1.4

Let X be a nonempty set. Let μ and 
[image: image31.wmf]n

 be two fuzzy sets in X. The  union and intersection of μ and 
[image: image32.wmf]n

 are defined as follows:

( μ V 
[image: image33.wmf]n

 ) (x) = max { μ(x) , 
[image: image34.wmf]n

(x) }

( μ Λ 
[image: image35.wmf]n

 ) (x) = min { μ(x) , 
[image: image36.wmf]n

(x) }

Definition : 1.1.5

Let { μj / j 
[image: image37.wmf]Î

 Δj , the index set } be a family of fuzzy sets in X.

Union and intersection of these family of fuzzy sets denoted by V and Λ respectively are defined as follows:


V μj = sup { μj (x) / j 
[image: image38.wmf]Î

 Δj , for all x 
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 X }


Λ μj = inf { μj (x) / j 
[image: image40.wmf]Î

 Δj , for all x 
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 X }

Remark : 1.1.6

Any subset A of X can be identified with a fuzzy set χA : X → [0,1] , the characteristic function of A, defined by



χA (x)
=
1
if x 
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 A




=
0
if x 
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 A

Definition : 1.1.7

Let μ be a fuzzy set in X. Then U(μ;t) = { x 
[image: image44.wmf]Î

 X / μ(x) ≥ t } where 
t 
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 [0,1] is called an upper level subset (cut) of μ.

Definition : 1.1.8

Let μ be a fuzzy set in X. Then L(μ ; t) = { x 
[image: image46.wmf]Î

 X / μ(x) ≤ t } where
t 
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 [0,1] is called an lower level subset (cut) of μ.

Definition : 1.1.9

Let f be a mapping defined on a nonempty set X. If 
[image: image48.wmf]n

 is a fuzzy set in f(X), then the fuzzy set μ in X defined by μ (x) = 
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(f(x)) for all x 
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 X is called the pre image of 
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 under f. μ is also denoted by 
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 f = f-1 (
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).

Definition : 1.1.10

Let f be a mapping defined on a nonempty set X. If μ is a fuzzy set in X, then the fuzzy set 
[image: image55.wmf]n

 in f(X) defined by
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is called the image of μ under f. 
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 is also denoted by f (μ).

SECTION : 1.2 

PRELIMINARIES ON h-IDEALS OF HEMIRINGS

Definition : 1.2.1

A semiring is an algebraic system (S,+,•) consisting of a nonempty set S together with two binary operations on S called addition and multiplication such that

(i)
(S,+) is a semigroup

(ii)
(S,•) is a semigroup and

(iii) The following distributive law holds:



a ( b + c ) = ab + ac and



( a + b ) c = ac + bc , for all a,b,c 
[image: image59.wmf]Î

 S.

Definition : 1.2.2

A semiring S is said to be additively commutative if a + b = b + a, for all a,b 
[image: image60.wmf]Î

 S.

Definition : 1.2.3

A zero element of a semiring S is an element 0 such that 0 • x = x • 0 = 0  and 0 + x = x + 0 = x,  for all  x 
[image: image61.wmf]Î

 S.

Definition : 1.2.4

An additively commutative semiring with zero is called a hemiring. That is, a semiring with zero and a commutative semigroup (S,+) is called a hemiring.

Example : 1.2.5
(i) A simple example of an infinite hemiring is the set of all non negative integers with usual addition and multiplication.

(ii)  The set S = {0,1,2,3} with the following Cayley tables:
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  is  a finite hemiring.

Definition : 1.2.6

A subset A of a hemiring S is called a left ideal of S if 

(i)
A is closed under addition. That is, x,y 
[image: image64.wmf]Î

 A 
[image: image65.wmf]Þ

 x + y 
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 A.

(ii)
SA 
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 A. That is, r 
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 S, x 
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 A 
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 rx 
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 A.

Definition : 1.2.7

A subset A of a hemiring S is called a right ideal of S if 

(i)
A is closed under addition. That is, x,y 
[image: image72.wmf]Î

 A 
[image: image73.wmf]Þ

 x + y 
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 A.

(ii)
AS 
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 A. That is, r 
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 S, x 
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 A 
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 xr 
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 A.

Definition : 1.2.8

If A is both left and right ideal of a hemiring S, then A is called a two-sided ideal or simply an ideal of S. 

Definition : 1.2.9

A left h-ideal of a hemiring S is defined to be a left ideal A of S such that 
x + a + z = b + z implies that x 
[image: image80.wmf]Î

 A for any x,z 
[image: image81.wmf]Î

 S and a,b 
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 A.


Right h-ideals are defined similarly.

Definition : 1.2.10

If A is both a left and a right h-ideal of a hemiring S, then A is called a 
two-sided h-ideal or simply a h-ideal of S.

SECTION : 1.3 

FUZZY h-IDEALS OF HEMIRINGS

Definition : 1.3.1

A fuzzy set μ of a hemiring S is said to be a fuzzy left ideal of S if 

(i)
μ ( x+y ) ≥ min { μ (x) , μ (y) } and

(ii)
μ ( xy ) ≥ μ (y)


for all x,y 
[image: image83.wmf]Î

 S.

Definition : 1.3.2

A fuzzy set μ of a hemiring S is said to be fuzzy right ideal of S if 

(i)
μ ( x+y ) ≥ min { μ (x) , μ (y) } and

(ii)
μ ( xy ) ≥ μ (x)


for all x,y 
[image: image84.wmf]Î

 S.

Definition : 1.3.3

μ is a fuzzy ideal of a hemiring S if it is both fuzzy left ideal and right ideal of S.

Note :

If μ is a fuzzy left ideal of a hemiring S, then μ (0) ≥ μ (x) for all x 
[image: image85.wmf]Î

 S.

Definition : 1.3.4


A fuzzy set μ of a hemiring S is said to be a fuzzy left (respectively, right) h-ideal of S if

(i)
μ (x+y) ≥ min { μ (x) , μ (y) } and

(ii)
μ (xy) ≥ μ (y)  ( respectively, μ (xy) ≥ μ (x) ) for all x,y 
[image: image86.wmf]Î

 S

(iii)
x + a + z = b + z implies that μ (x) ≥ min {μ (a) , μ (b)}, for all a,b,x,z 
[image: image87.wmf]Î

 S.

Equivalently,


A fuzzy left (respectively, right) h-ideal of a hemiring S is defined to be a fuzzy left (respectively, right) ideal μ of S such that x + a + z = b + z implies that μ(x) ≥ min{μ(a),μ(b)} , for all a,b,x,z 
[image: image88.wmf]Î

 S.

Definition : 1.3.5

μ is a fuzzy h-ideal of a hemiring S if it is both a fuzzy left and fuzzy right h-ideal of S.

Note :

For any algebraic system U = ( X , F ), where F is a family of operations (also partial) defined on X. A fuzzy set μ defined on U has the property P if and only if all nonempty upper level subsets U(μ;t) have the property P.

Proposition : 1.3.6

A fuzzy set μ in a hemiring S is a fuzzy left h-ideal of S if and only if each nonempty upper level set U (μ;t) is a left h-ideal of S.

Proof : 


Obvious.

Proposition : 1.3.7

Let A be a nonempty subset of a hemiring S. Then a fuzzy set μA defined by


μA (x)
=
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,


where 0 ≤ s < t ≤ 1 is a fuzzy left h-ideal of S if and only if A is a left h-ideal of S.

Proof : 


Obvious.

Definition : 1.3.8

Let μ and 
[image: image90.wmf]n

 be fuzzy sets in a hemiring S. Then the h-product of μ and 
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 is defined by

 (μ 
[image: image92.wmf]o

h 
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) (x) = 
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     min { μ(a1) , μ(a2) , 
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(b1) , 
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(b2) }
and

 (μ 
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h 
[image: image98.wmf]n

) (x) =  0 if x cannot be expressed as x + a1b1 + z = a2b2 + z.

Lemma : 1.3.9

If μ and 
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 are fuzzy left h-ideals in a hemiring S, then so is μ Λ
[image: image100.wmf]n

. Moreover, if μ and 
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 are a fuzzy right h-ideal and a fuzzy left h-ideal, respectively, then μ 
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h 
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 ≤  μ Λ
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.

Proof : 


Obvious.

Definition : 1.3.10

A hemiring S is said to be h-hemiregular if for each a 
[image: image105.wmf]Î

 S, there exist x1,x2,z 
[image: image106.wmf]Î

 S such that a + ax1a + z = ax2a + z.

Example : 1.3.11

Let S be the set of all non-negative integers N0 with an element 
[image: image107.wmf]¥

 such that 
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 ≥ x for all x 
[image: image109.wmf]Î

 N0. 

Consider two operations : a + b = max { a , b } and




         a • b = min { a , b }

Then (S,+,•) is an h-hemiregular hemiring.

Definition : 1.3.12


The h-closure 
[image: image110.wmf]A

 of A in a hemiring S is defined as
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 = { x 
[image: image112.wmf]Î

 S / x + a1 + z = a2 + z for some a1, a2 
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 A, z 
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 S } 
Note :
(i) If A is a left ideal of S, then 
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 is the smallest left h-ideal of S containing A.

(ii) A 
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 for all A 
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 S.

(iii) 
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 = 
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 for each A 
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 S.

(iv) A 
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 B 
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 S implies 
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[image: image126.wmf]B

.

Lemma : 1.3.13

Let S be a hemiring and A,B 
[image: image127.wmf]Í

 S. Then 
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 = 
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A

.

Proof : 


Obvious.

Lemma : 1.3.14

If A and B are respectively, right and left h-ideals of a hemiring S, then  
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 A ∩ B.

Proof : 

Let x 
[image: image132.wmf]Î
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.

Then  x + 
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aj’bj’ + z 
for  ai,aj’ 
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 A,  bi,bj’ 
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 B  and  z 
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 S.

Since A is a right h-ideal of S and (S,+) is a commutative semigroup, elements 
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aj’bj’ are in A, and in consequence, x 
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 A.

Similarly  x 
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 B can be proved.

So, x 
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 A ∩ B.

That is, 
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 A ∩ B.

Lemma : 1.3.15

A hemiring S is h-hemiregular if and only if for any right h-ideal A and any left h-ideal B we have 
[image: image146.wmf]AB

 = A ∩ B.

Proof :

Assume that S is h-hemiregular and a 
[image: image147.wmf]Î

 A ∩ B.

Then there exist x1, x2, z  
[image: image148.wmf]Î

 S such that a + ax1a + z = ax2a + z.

Since A is a right h-ideal of S, we have axi 
[image: image149.wmf]Î

 A and axia 
[image: image150.wmf]Î

 AB for i = 1,2.

Thus a 
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, which implies A ∩ B 
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.

This, by lemma 1.3.14, gives 
[image: image155.wmf]AB

 = A ∩ B.

Converse can be proved easily.

Characterization of h-hemiregular hemirings by fuzzy h-ideals is given in the following theorem.

Theorem : 1.3.16

A hemiring S is h-hemiregular if and only if for any fuzzy right h-ideal μ and fuzzy left h-ideal 
[image: image156.wmf]n

, μ 
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h 
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 = μ Λ
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.

Proof :

Let S be an h-hemiregular hemiring.

Then μ 
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h 
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  μ Λ
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 by lemma 1.3.9.

For any a 
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 S there exist x1, x2, z 
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 S such that a + ax1a + z = ax2a + z.

Thus (μ 
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h 
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) (a)
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 min { μ(ax1) , μ(ax2) , 
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(a) }





≥
min { μ(ax1) , μ(ax2) , 
[image: image170.wmf]n

(a) }




≥
min { μ(a) , 
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(a) }




=
(μ Λ
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) (a),
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μ Λ
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 μ 
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h 
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, whence μ 
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h 
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 = μ Λ
[image: image180.wmf]n

.

Conversely, let C and D be, respectively right and left h-ideals of S.

Then, their characteristic functions χC and χD are respectively, fuzzy right h-ideal and fuzzy left h-ideal.

Moreover, by lemma 1.3.14, 
[image: image181.wmf]CD
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 C ∩ D.

Let a 
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 C ∩ D.

Then χC (a) = 1 = χD (a).

Thus (χC 
[image: image184.wmf]o

h χD) (a) = (χC Λ χD) (a)
 = min { χC (a) , χD (a) } = 1.

So min { χC (a1) , χD (b1) , χC (a2) , χD (b2) } = 1 for some a1, a2, b1, b2 satisfying the equality a + a1b1 + z = a2b2 + z .

But then χC (ai) = 1 = χD (bi) for i = 1,2, which implies ai 
[image: image185.wmf]Î

 C and bi 
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 D.
Therefore a 
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.

Hence 
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 = C ∩ D.

By lemma 1.3.15, hemiring S is h-hemiregular.

CHAPTER – 2

DIFFERENT TYPES OF FUZZY h-IDEALS OF HEMIRINGS
SECTION : 2.1


PRIME FUZZY LEFT h-IDEALS OF HEMIRINGS
Definition : 2.1.1 


A left (right) h-ideal P of a hemiring S is called a prime h-ideal if P ≠ S and for any two left (right) h-ideals A and B of S, AB ( P implies either A ( P or 
B ( P. 

Definition : 2.1.2


A fuzzy left (right) h-ideal ζ of a hemiring S is said to be prime if ζ is a non-constant function and for any two fuzzy left (right) h-ideals ( and 
[image: image190.wmf]n

 of S, 

( 
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h 
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 ( ζ implies ( ( ζ or 
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 ( ζ. 

Example : 2.1.3


The fuzzy set ((n) = 
[image: image194.wmf]î
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defined on the set N0 of all non-negative integers is a prime fuzzy left 
h-ideal of a hemiring (N0, +, 
[image: image195.wmf]·

).
Proposition : 2.1.4 


A fuzzy set χp of a hemiring S is a prime fuzzy left (right) h-ideal of S if and only if P is a prime left (right) h-ideal of S. 

Proof :

Obvious.

Theorem : 2.1.5 


A fuzzy set ζ of a hemiring S is a prime fuzzy left (right) h-ideal of S if and only if

(i) ζ0= { x 

 S  / ζ (x) = ζ(0) } is a prime left (right) h-ideal of S, 

(ii) Im ζ = { ζ (x) / x 

 S } contains exactly two elements, 

(iii) ζ (0) = 1.

Proof :

We prove this theorem only for left h-ideals. 

For right h-ideals the proof is very similar. 

Let ζ be a prime fuzzy left h-ideal. 

To prove : (i) 


Let ζ0 = { x 

 S / ζ (x) = ζ (0) }

Then ζ0 is  prime left h-ideal 

To prove : (ii)


Suppose that Im ζ = {ζ (x) / x 

 S} has more than two values. 


Then there exist two elements a, b 

 S \ ζ0 such that ζ(a) ≠ ζ(b).

Without loss of generality, assume that ζ(a) < ζ(b).

Since  ζ is a fuzzy left h-ideal and b 
[image: image210.wmf]Ï

 ζ0. 

It follows that ζ(a) < ζ(b) < ζ(0).

So there exist r, t 

 [o, 1] such that ζ(a) <  r[image: image216.png]


 <  t < ζ(0)   <  ζ(b) <  t (*)

Let 
[image: image217.wmf]n

 and ( be fuzzy left h-ideals defined by 
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 = rχ<a> and ( = tχ<b> where χ<a>, χ<b> are characteristic functions of ideals generated by a and b, respectively. 

Then, for any x

S, which cannot be expressed in the form x +a1b1 + z = a2b2 + z, where z 

 S, a1, a2 

 <a> and b1, b2 

 <b>, we have  (
[image: image227.wmf]n



 EMBED Equation.3 [image: image228.wmf]o
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 (a1), 
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 (a2),  ((b1), ((b2) } ) 



      =     min {r , t}  =  r

Since ζ is a fuzzy left h-ideal, from x + a1b1 + z = a2b2+ z, it follows that 

ζ(x)  (   min { ζ (a1b1), ζ (a2b2) }  (   min { ζ (b1), ζ (b2) }  (   r.

So, (
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 EMBED Equation.3 [image: image235.wmf]o
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, which implies 
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  ζ  or ( 
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 ζ because ζ is a fuzzy prime left h-ideal. 

Therefore 
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(a)  =  r  (  ζ(a)    or   ((b) = t = ζ(b), which contradicts to (*)

Consequently, Im ( contains exactly two elements.

To prove : (iii) 

Suppose that ζ is a prime fuzzy left h-ideal and ζ(0) ≠ 1.

Then , according to (ii), Im ζ = {(1, (2}, where 0 ( (1 < (2 < 1. 

Since ζ (0)  = ζ (0, x)  (  ζ (x)  for all x 
[image: image247.wmf]Î

 S, we have ζ (0) = (2. 

Thus ζ (x)  =  
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Consider, for fixed a 
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 ζ0 and b 
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 S \ ζ0, two fuzzy sets and 

((z) = 
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where 0 ( (1 < r < (2 < t ( 1. 

It is clear that ( and 
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 are fuzzy left h-ideals of S. 

If x does not satisfy the equality x + a1b1 + z = a2b2 + z where a1 , a2 

 <a>,
b1 , b2 

 <b>, and z 
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 S, then (( 
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      =    min {t, r} = r

By (i),  ζ0 is a prime left h-ideal. 

If a1, a2 
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 <a>,  then a1, a2  
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 ζ0  because a 
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 ζ0  and <a> 
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This implies x 

 ζ0.

Thus ζ (x) = (2 > r =  ((
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) (x).

Therefore, ( 
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  (  ζ.

But ((a) = t > (2 = ζ (a) and 
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 (b) = r >  (1 = ζ (b), which gives ( 
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 ζ  and  
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 EMBED Equation.3 [image: image284.wmf]Ë

 ζ.
This contradicts to the assumption that ζ is a prime fuzzy left h-ideal of S. 

Hence ζ (0) = 1. 

Converse can be proved easily. 

Corollary : 2.1.6


A fuzzy set ζ of a ring R is a prime fuzzy ideal of R if and only if. 

(i) ζ0 is a prime ideal of R, 

(ii) Im ζ  contains exactly two elements. 

(iii) ζ (0) = 1.

Proof : 

Since rings are special case of hemirings and in the case of rings h-ideals are ideals, the above result is a simple consequence of the above theorem. 

The following example shows that in theorem 2.1.5 the condition (iii) cannot be omitted. 

Example : 2.1.7 

The set N0 of all non-negative integers is a hemiring with respect to usual addition and multiplication. Consider the following fuzzy sets of N0:


ζ(n)  =   
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Then  ζ, ( and 
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 are fuzzy left h-ideals such that ( 
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h 
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  (  ζ. 

Moreover,  ζ0 = <2> = 2N0 is a prime left h-ideal, but ((2) = 0.7 > 0.5 = ζ (2) and 
[image: image299.wmf]n

(3) = 0.3 > 0.2  = ζ (3). Thus ζ is not a prime fuzzy left h-ideal of N0.

SECTION : 2.2 

NORMAL FUZZY LEFT h-IDEALS OF HEMIRINGS
Definition : 2.2.1


A fuzzy left h-ideal ( of a hemiring S is said to be normal if there exists 
x 
[image: image300.wmf]Î

 S such that ((x) = 1.

Note :
(i) If ( is a normal fuzzy left h-ideal of S, then ((0) = 1, and hence ( is normal if and only if ((0) = 1. 
(ii) Any fuzzy left h-ideal containing some normal left h-ideal is normal. 
Proof :

If  
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 ( (  and 
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 is normal, then 1 = 
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(0) ( ((0), and so ((0) = 1. 


Hence ( is normal. 

Proposition : 2.2.2 


Every prime fuzzy h-ideal of a hemiring is normal. 

Proof :

Proof follows directly from theorem 2.1.5

The converse is not true, which can be seen from the following example. 

Example : 2.2.3

The fuzzy set μ(x)
=
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defined on a hemiring (N0, + , 
[image: image306.wmf]·

), where N0 is the set of all non-negative integers, is a normal fuzzy left h-ideal of N0, which is not prime.

Proposition : 2.2.4


Given a fuzzy left h-ideal μ of a hemiring S, let μ+ be a fuzzy set in S defined by μ+(x) = μ(x) + 1 – μ(0) for all x 
[image: image307.wmf]Î

 S. Then μ+ is a normal fuzzy left 
h-ideal of S which contains μ.

Proof :

For all x,y 
[image: image308.wmf]Î

 S, we have

(i) μ+(0) = μ(0) + 1 – μ(0) = 1 and

(ii) μ+(x + y) 
= μ(x + y) + 1 – μ(0) 






[image: image309.wmf]³

 min { μ(x) , μ(y) } + 1 - μ(0) 





= min { μ(x) + 1 - μ(0) , μ(y) + 1 - μ(0) }





= min { μ+(x) , μ+(y) },


(iii)
μ+(xy)

= μ(xy) + 1 – μ(0)






[image: image310.wmf]³

 μ(y) + 1 - μ(0)  =  μ+(y)

Hence μ+ is a fuzzy left ideal of S.


(iv)
Now, let a,b,x,z 
[image: image311.wmf]Î

 S be such that x + a + z = b + z. Then



μ+(x) 

= μ(x) + 1 – μ(0) = 1 






[image: image312.wmf]³

 min { μ(a) , μ(b) } + 1 - μ(0) 





= min { μ(a) + 1 - μ(0) , μ(b) + 1 - μ(0) }





= min { μ+(a) , μ+(b) },

μ+ is a normal fuzzy left h-ideal of S, and obviously μ 
[image: image313.wmf]£

 μ+.

Corollary : 2.2.5


Let μ and μ+ be as in proposition 2.2.4. If there exists x 
[image: image314.wmf]Î

 S such that 
μ+(x) = 0, then μ(x) = 0.

Proof :

Obvious.

Note : 

(i) For any left h-ideal A of S, the characteristic function χA of A is a normal fuzzy left h-ideal of S.

(ii) μ is a normal fuzzy left h-ideal of S if and only if μ+ =  μ.

Proposition : 2.2.6

If μ is a fuzzy left h-ideal of S, then (μ+)+ = μ+. Moreover if μ is normal, then  (μ+)+ = μ+.

Proof : 

Obvious.

Theorem : 2.2.7

Let μ be a fuzzy left h-ideal of hemiring S and let f : [0, μ(0)] → [0,1] be an increasing function. Then a fuzzy set μf : S → [0,1] defined by μf(x) = f (μ(x)) is a fuzzy left h-ideal of S. In particular, if f (μ(0)) = 1, then μf is normal; if f (t) 
[image: image315.wmf]³

 t 
for all t 
[image: image316.wmf]Î

 [0, μ(0)], then μ 
[image: image317.wmf]£

 μf.
Proof : 

For all x,y 
[image: image318.wmf]Î

 S,

μf(x+y)
=
f (μ(x + y))

[image: image319.wmf]³


f ( min {μ(x) , μ(y)} )



=
min {f (μ(x)) , f (μ(y))}



=
min {μf(x) , μf(y)},
→  (1)

Similarly,

μf(xy)

=
f (μ(xy))

[image: image320.wmf]³


f (μ(y))
=
μf(y)
→  (2)

By (1) and (2),  μf is a fuzzy ideal of S.

If a,b,x,z 
[image: image321.wmf]Î

 S are such that x + a + z = b + z, then 

μf(x)

=
f (μ(x))

[image: image322.wmf]³


f ( min {μ(a) , μ(b)} )



=
min {f (μ(a)) , f (μ(b))}



=
min {μf(a) , μf(b)}

Therefore μf is a fuzzy left h-ideal of S.

If f (μ(0)) = 1, then μ is normal.

Assume that f (t) = f (μ(x)) 
[image: image323.wmf]³

 μ(x) for any x 
[image: image324.wmf]Î

 S, which proves μ 
[image: image325.wmf]£

 μf.

Note :

Let N(S) denote the set of all normal fuzzy left h-ideal of S. Then N(S) is a poset under the set inclusion.

Definition : 2.2.8

A fuzzy set μ in a hemiring S is called a maximal fuzzy left h-ideal of R. If it is non-constant and μ+ is a maximal element of ( N(S),
[image: image326.wmf]Í

).

Theorem : 2.2.9

Let μ 
[image: image327.wmf]Î

 N(S) be non-constant such that it is a maximal element of 
( N(S),
[image: image328.wmf]Í

). Then μ takes only two values 0 and 1.

Proof :

Since μ is normal, we have μ(0) = 1.

Let μ(x) 
[image: image329.wmf]¹

1 for some x 
[image: image330.wmf]Î

 S.

Claim : μ(x) = 0.

If not, then there exists x0 
[image: image331.wmf]Î

 S such that 0 < μ(x0) < 1.

Define on S, a fuzzy set 
[image: image332.wmf]n

 putting 
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  for all x 
[image: image335.wmf]Î

 S.

Then 
[image: image336.wmf]n

 is well defined and for all x, y 
[image: image337.wmf]Î

 S, 




[image: image338.wmf]n

(x+y)  = 
 (((x+y) + ((x0))



   (   

  (min {((x) + ((y)} +((x0))




   =  min { 

(((x) + ((x0), 
[image: image345.wmf]2

1

(((y), ((x0)) }




   =  min { 
[image: image346.wmf]n

(x), 
[image: image347.wmf]n

(y) },      (   (1) 

Similarly, 


[image: image348.wmf]n

(xy)   =   
[image: image349.wmf]2

1

(((xy) + ((x0))  (  
[image: image350.wmf]2

1

(((y) + ((x0))    =   
[image: image351.wmf]n

(y),   (   (2)

By (1) and (2), 
[image: image352.wmf]n

 is a fuzzy left ideal of S. 

Moreover, for a, b, x, z 
[image: image353.wmf]Î

 S be such that x + a + z = b + z.

We have, 

[image: image354.wmf]n

(x)   
=   
[image: image355.wmf]2

1

(((x) + ((x0))



    
(  
[image: image356.wmf]2

1

(min {((a), ((b) } + ((x0))




=  min { 
[image: image357.wmf]2

1

(((a), ((x0)), 
[image: image358.wmf]2

1

(((b), ((x0)) }



=  min { 
[image: image359.wmf]n

(a), 
[image: image360.wmf]n

(b) }
Therefore, 
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 is a fuzzy left h-ideal of S. 

By preposition 2.2.4, 
[image: image362.wmf]n

+ is a maximal fuzzy left h-ideal of S. 

Also,     
[image: image363.wmf]n

+(x0)   
=  
[image: image364.wmf]n

(x0)  + 1 - 
[image: image365.wmf]n

(0)



   
=  

(((x0) + ((x0)) + 1  -   
[image: image368.wmf]2

1

(((0) + ((x0))


=  
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1

(((x0) + 1)




=  
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(x0)  

And  
[image: image371.wmf]n

+(x0)  <  1  =  
[image: image372.wmf]n

+(0) .

Hence 
[image: image373.wmf]n

+ is non-constant and ( is not a maximal element of N(S). 

This is a contradiction. 

Therefore, ((x) = 0. 

Hence the proof. 

Definition : 2.2.10 


A non-constant fuzzy left h-ideal ( of S is called maximal if (+ is a maximal element of N(S).

Theorem : 2.2.11


If a fuzzy left h-ideal ( of S is maximal, then 

(i) ( is normal, 
(ii) ( takes only the values 0 and 1, 
(iii) χ(( = (,  
(iv) (( is a maximal left h-ideal of S. 
Proof :
To prove : (i) and (ii) 

Let ( be a maximal fuzzy left h-ideal of S. 

Then (+ is a non-constant maximal element of the poset (N(S), (). 

It follows from theorem 2.2.9 that (+ takes only the values 0 and 1. 

Also (+ (x) = 1  if and only if ((x) = ((0) and 


(+ (x) = 0  if and only if ((x) = ((0)-1 

By corollary 2.2.5, we have ((x)=0 and so ((0)=1.

Hence ( is normal and (+ =(. 

This proves (i) and (ii) 

Obviously (iii) is true. 

To prove (iv) 

It is clear that, (( = { x 
[image: image374.wmf]Î

 S / ((0) =1} is a left h-ideal. 

Obviously (( ≠ S because ( takes two values. 

Let A be a left h-ideal containing ((.

Then ((( ( (A, and in consequence, ( = ((( ( (A.

Since ( is normal, (A is also normal and takes only two values : 0 and 1. 

But, by the assumption, ( is maximal, so ( = (A or ( = (, where ((x) =1 
for all x 
[image: image375.wmf]Î

 S. 

In the last case ((= S, which is impossible. 

So, ( = (A, that is, (A = XA. 

Therefore ((=A. 

Definition : 2.2.12 


A normal fuzzy left h-ideal (  of a hemiring S is said to be completely normal if there exists x (S such that ((x) =0. 

Note :

The set of all completely normal fuzzy left h-ideals of S is denoted by C(S). Then 

(i) C(S) ( N(S)     and 

(ii) The restriction of the partial ordering ( of N(S) gives a partial ordering of C(S). 

Proposition : 2.2.13


Any non-constant maximal element of ( N(S), () is also a maximal element of ( C(S), (). 

Proof :

Let ( be a non-constant maximal element of  ( N(S), (). 

By theorem 2.2.11, ( takes only the values 0 and 1, and so ((0) = 1 and ((x) = 0 for some x 
[image: image376.wmf]Î

 S. 

Hence ( 
[image: image377.wmf]Î

 C(S)

Assume that there exists 
[image: image378.wmf]n

 
[image: image379.wmf]Î

 C(S) such that ( ( 
[image: image380.wmf]n

. 

It follows that ( ( 
[image: image381.wmf]n

 in N(S).

Since ( is maximal in ( N(S), () and 
[image: image382.wmf]n

 is non-constant, therefore ( ( 
[image: image383.wmf]n

.

Thus ( is maximal element of ( C(S), (). 

Hence the proof. 

Theorem : 2.2.14


Every maximal fuzzy left h-ideal of a hemiring S is completely normal. 

Proof :

Let ( be a maximal fuzzy left h-ideal of S. 

Then by theorem 2.2.11, ( is normal and ( = (+ takes only the values 0 and 1. 

Since ( is non-constant, it follows that ((0) = 1 and ((x) = 0 for some x 
[image: image384.wmf]Î

 S. 

Hence ( is completely normal. 

SECTION : 2.3 
FUZZY h-BI-IDEALS AND FUZZY h-QUASI IDEALS OF HEMIRINGS

Definition : 2.3.1


A set A of a hemiring S is called a bi-ideal if A is closed under addition and multiplication such that ASA ( A. 

Definition : 2.3.2


A fuzzy set ( of a hemiring S is called fuzzy h-bi-ideal if for all x,y,z,a,b
[image: image385.wmf]Î

S, 

(i) ( (x+y) ( min {((x), ((y)}
(ii) ( (xy) ( min {((x), ((y)}
(iii) ( (xyz) ( min {((x), ((z)}
(iv) x + a + z = b + z ( ((x) ( min {((a), ((b)}.
Definition : 2.3.3 


A set A of a hemiring S is called a h-quasi-ideal of S if A is closed under addition. 
∩ 
[image: image388.wmf]AS

 ( A and x + a + z = b + z implies x 
[image: image389.wmf]Î

 A, for all a,b
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A, x,y
[image: image391.wmf]Î

S. 

Lemma : 2.3.4 


Let S be a hemiring. Then A = 

, for any h-left (respectively h-right) ideal, h-bi-ideal or h-quasi-ideal A of S. 

Proof :
Obvious.

Lemma : 2.3.5 


Let S be a hemiring and A, B ( S. Then, we have 

(i) χ A ∩ χ B if and only if A ( B
(ii)
χA ∩ χ B = χ A∩B
(ii) χ A 
[image: image394.wmf]o

h  χ B  = 
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c


Proof :

The proof of (i) and (ii)  is clear. 

To prove (iii) 

Let x 
[image: image396.wmf]Î

 S.

If  χ A 
[image: image397.wmf]o

h  χ B  ≠ 0, then there exist elements a1, a2, b1, b2 and z of S such that
x + a1a2 + z = a2b2 + z and 
min {χ A(a1), χ A(a2), χ B(b1), χ B(b2) } ≠ 0.

Hence,  χ A(a1) = χ A(a2) = χ B(b1) = χ B(b2) = 1. 


( a1, a2 
[image: image399.wmf]Î

 A   and   b1, b2 
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 B. 

Thus x 
[image: image401.wmf]Î

 

  and  
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c

(x) = 1 (  (χ A 
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h  χ B) (x). 

This implies that χ A 
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h  χ B  ( 
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Definition : 2.3.6


A fuzzy set ( of a hemiring S is called a fuzzy h-quasi-ideal if for all x,y,z,a,b 
[image: image408.wmf]Î

 S, we have

(i) ((x+y)  (  min { ((x), ((y) }, 

(ii) ((
[image: image409.wmf]o

h S) ∩ (S 
[image: image410.wmf]o

h ()  ( (, 
(iii) x + a + z  = b + z   ( ((x) ( min {((a), ((b)}.
Note :


If μ is a fuzzy h-quasi-ideal of a hemiring S, then μ(0) 
[image: image411.wmf]³

 μ(x) for all x 
[image: image412.wmf]Î

 S.

Lemma : 2.3.7

A fuzzy set μ of a hemiring S is a fuzzy left (respectively right) h-ideal of S if and only if for any x,y,z,a,b 
[image: image413.wmf]Î

 S, we have

(1)
μ(x + y) 
[image: image414.wmf]³

 min { μ(x) , μ(y) };

(2)
S 
[image: image415.wmf]o

h  μ 
[image: image416.wmf]£

 μ (respectively μ 
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h  S  
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  μ);

(3)
x + a + z = b + z ( μ(x) 
[image: image419.wmf]³

 min { μ(a) , μ(b) }
Proof :

It is sufficient to show that the condition (2) is equivalent to the 
condition (ii) of  definition 1.3.4.

First assume that ( is a fuzzy left h-ideal of S. 

Let x (S.

Then (S 
[image: image420.wmf]o

h  ()  (x) = 0  (  ((x)  if x cannot be expressed as x + a1b1 = a2b2.

Otherwise, we have 

(S 
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h ()  (x) =           
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h (   (  (.

Conversely, assume that the given condition holds. 

Let x, y 
[image: image426.wmf]Î

 S. 

Then ((xy)  (  (S 
h
  () (xy)   =  
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         ( ((y)    (Since xy + 0y + 0 = xy +0)

This implies that the condition (ii) of definition 1.3.4 is valid and so ( is a fuzzy left h-ideal of S. 

The case of fuzzy right h-ideal can be similarly disposed of 

Lemma : 2.3.8 

Any fuzzy h-quasi-ideal of a hemiring S is a fuzzy h-bi-ideal of S. 

Proof :

Let ( be any fuzzy h-quasi-ideal of S. 

It is sufficient to show that 

((xyz)  (  min { ((x), ((z) }  for all x, y, z 
[image: image430.wmf]Î

 S. 

Infact, by the assumption, we have 

((xyz) (   (((
[image: image431.wmf]o

h S) ∩ (S 
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h  () (xyz)   


=  min { ((
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h S) (xyz), (S
[image: image434.wmf]o

h  () (xyz) }

= min{
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(Since xyz + 0.0 + 0 = (xy)z + 0 and xyz +0.0 +0 = x(yz) + 0)


(  min {min {((0), ((z) }, min {((x), ((0) } }


=  min {((x), ((z)}

This completes the proof. 

Lemma 2.3.9


Let S be a hemiring and A ( S. Then the following conditions hold. 

(i) A is a left (respectively right) h-ideal of S if and only if χ A is a fuzzy left

(respectively right) h-ideal of S. 

(ii) A is a h-bi-ideal of S if and only if χ A is a fuzzy h-bi-ideal of S. 

(iii) A is a h-quasi-ideal of S if and only if χ A is a fuzzy h-quasi-ideal of S.

Proof :

Obvious.


CHAPTER – 3

ANTI FUZZY LEFT h-IDEALS OF HEMIRINGS

SECTION : 3.1 

PROPERTIES OF ANTI FUZZY LEFT h-IDEALS OF HEMIRINGS

Definition : 3.1.1


A fuzzy set μ of a hemiring R is said to be an anti fuzzy left h-ideal of R if

(i)
μ ( x+y ) ≤ max { μ (x) , μ (y) }, for all x,y 
[image: image437.wmf]Î

 R.

(ii)
μ (xy) ≤ μ (y), for all x,y 
[image: image438.wmf]Î

 R.

(iii)
x + a + z  =  b + z  
[image: image439.wmf]Þ

 μ (x) ≤ max { μ (a) , μ (b) }, for all x,z,a,b 
[image: image440.wmf]Î

 R.

Example : 3.1.2

Let R = {0,1,2,3,4} be a hemiring with zero multiplication and addition defined by the following table:
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We define a fuzzy set μ : R → [0,1] by letting μ (0) = t1 and μ (x) = t2 for all x ≠ 0, t1 < t2. Then, μ is an anti fuzzy h-ideal of hemiring R.

Proposition : 3.1.3

Let R be a hemiring and μ be a fuzzy set in R. Then μ is an anti fuzzy 
h-ideal in R if and only if μC is a fuzzy left h-ideal in R.

Proof : 

Let μ be an anti fuzzy left h-ideal in R.

For x,y 
[image: image442.wmf]Î

 R,

μC (x+y)
=
1- μ (x+y)
≥
1- max { μ (x) , μ (y) }



=
min { 1- μ (x) , 1- μ (y) }



=
min { μC (x) , μC (y) },

μC (xy)
=
1- μ (xy)
≥
1- μ (y)
=
μC (y).

Let x,z,a,b 
[image: image443.wmf]Î

 R be such that x + a + z = b + z.

Then μC (x)
=
1- μ (x)
≥
1- max { μ (a) , μ (b) }



=
min { 1- μ (a) , 1- μ (b) }



=
min { μC (a) , μC (b) }

Hence μC is a fuzzy left h-ideal of R.

Conversely, let μC be a fuzzy left h-ideal in R.

For x,y 
[image: image444.wmf]Î

 R,

μ (x+y)
=
1 - μC (x+y)
≤
1 – min { μC (x) , μC (y) }



=
max { μ (x) , μ (y) },

μ (xy)

=
1 - μC (xy)
≤
1 - μC (y)
=
μ (y).

Let x,z,a,b 
[image: image445.wmf]Î

 R be such that x + a + z = b + z.

Then μ (x)
=
1 - μC (x)
≤
1 – min { μC (a) , μC (b) }



=
max { μ (a) , μ (b) }

Hence μ is an anti fuzzy left h-ideal of R.

Theorem : 3.1.4

Let μ be an anti fuzzy left h-ideal in a hemiring R such that L(μ;α) is a left h-ideal of R for each α
[image: image446.wmf]Î

 Im(μ), α
[image: image447.wmf]Î

 [0,1]. Then μ is an anti fuzzy left h-ideal of R.

Proof :

Let x,y 
[image: image448.wmf]Î

 R be such that μ (x) = α1 and μ (y) = α2.

Then x+y 
[image: image449.wmf]Î

 L(μ;α).

Without loss of generality, we may assume that α1 ≥ α2. 
It follows that L(μ;α2) 
[image: image450.wmf]Í

 L(μ;α1) so that x 
[image: image451.wmf]Î

 L(μ;α1) and y 
[image: image452.wmf]Î

 L(μ;α2).

Since L(μ;α1) is a left h-ideal of R, we have x+y 
[image: image453.wmf]Î

 L(μ;α1).

Thus μ (x+y)
≤ α1 = max { μ (x) , μ (y) },

         μ ( xy )
≤ α1 = μ (y).

Let x,z,a,b 
[image: image454.wmf]Î

 R be such that x + a + z = b + z.

Then μ (x) ≤ α1 = max { μ (a) , μ (b) }

This shows that μ is an anti fuzzy left h-ideal of R.

Corollary : 3.1.5


Let μ be an anti fuzzy left h-ideal of R. Then μ is an anti fuzzy left h-ideal of R if and only if L(μ;α) is left h-ideal of R for every α 
[image: image455.wmf]Î

 [μ (0),1] with α 
[image: image456.wmf]Î

 [0,1].

Proof : 

Obvious.

Theorem : 3.1.6


Let μ be an anti fuzzy set in a hemiring R. Then two lower level subsets L(μ;t1) and L(μ;t2) ( t1 < t2) are equal if and only if there is no x 
[image: image457.wmf]Î

 R such that 
t1 < μ(x) ≤ t2.

Proof : 


From definition of L(μ;α) it follows that 

L(μ;t) = μ-1 ( [μ(0),t] ) for t 
[image: image458.wmf]Î

 [0,1].

Let t1,t2 
[image: image459.wmf]Î

 [0,1] be such that t1 < t2.

Then, L(μ;t1)

=
L(μ;t2)





[image: image460.wmf]Û


μ-1 ( [μ(0) ; t1] )
=
μ-1 ( [μ(0) ; t2] )
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μ-1 (t1,t2)
=

[image: image462.wmf]f
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there is no x 
[image: image464.wmf]Î

 R such that t1 < μ(x) ≤ t2.

This completes the proof.

Definition : 3.1.7

Let f : R1 → R2 be a mapping from a hemiring R1 into R2. Then f is called a hemiring

(i) homomorphism if f(x+y) = f(x) + f(y) and f(xy) = f(x)f(y), 

for every x,y 
[image: image465.wmf]Î

 R.

(ii) epimorphism if it is an onto homomorphism.

Definition : 3.1.8

Let R be a hemiring. Then f : R → R is called a hemiring automorphism if it is one-one onto homomorphism. The set of all automorphisms of R is denoted by Aut (R).

Definition : 3.1.9

A left h-ideal A of hemiring R is said to be characteristic if f (A) = A, 
for all f 
[image: image466.wmf]Î

 Aut (R).

Definition : 3.1.10

Anti fuzzy left h-ideal μ of hemiring R is said to be anti fuzzy characteristic if μ(f(x)) = μ(x), for all x 
[image: image467.wmf]Î

 R, f 
[image: image468.wmf]Î

 Aut (R).

Lemma : 3.1.11

Let μ be an anti fuzzy left h-ideal of a hemiring R and let x 
[image: image469.wmf]Î

 R. Then μ(x) = s if and only if x 
[image: image470.wmf]Î

 L(μ;s) and x 
[image: image471.wmf]Ï

 L(μ;t), for all s > t.

Proof : 

Obvious.

Theorem : 3.1.12

Let μ be an anti fuzzy h-ideal of a hemiring R. Then each level left h-ideal of μ is characteristic if and only if μ is an anti fuzzy characteristic.

Proof :

Suppose that μ is anti fuzzy characteristic and 

let s 
[image: image472.wmf]Î

 Im (μ), f 
[image: image473.wmf]Î

 Aut (R) and x 
[image: image474.wmf]Î

 L(μ;s).

Then μ (f(x)) = μ (x) ≤ s

[image: image475.wmf]Þ


μ (f(x)) ≤ s






[image: image476.wmf]Þ


f(x) 
[image: image477.wmf]Î

 L(μ;s).

Thus f ( L(μ;s) ) 
[image: image478.wmf]Í

 L(μ;s).

Let x 
[image: image479.wmf]Î

 L(μ;s) and y 
[image: image480.wmf]Î

 R such that f (y) = x.

Then μ(y) = μ (f(y)) = μ (x) ≤ s 

[image: image481.wmf]Þ


y 
[image: image482.wmf]Î

 L(μ;s) 
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x  = f(y) 
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 f ( L(μ;s) ) .

Consequently, L(μ;s) 
[image: image485.wmf]Í

 f ( L(μ;s) ).

Hence f ( L(μ;s) ) = L(μ;s),

i.e., L(μ;s) is characteristic.

Conversely, suppose that each level left h-ideal of μ is characteristic and

let x 
[image: image486.wmf]Î

 R, f 
[image: image487.wmf]Î

 Aut (R) and μ (x) = s.

Then, by lemma 3.1.11, x 
[image: image488.wmf]Î

 L(μ;s) and x 
[image: image489.wmf]Ï

 L(μ;t), for all s > t.

It follows from the assumption that 

f(x) 
[image: image490.wmf]Î

 f ( L(μ;s) ) = L(μ;s)


[image: image491.wmf]Þ


μ (f(x)) ≤ s.

Let t = μ (f(x)) and assume that s > t.

Then f(x) 
[image: image492.wmf]Î

 L(μ;t) = f ( L(μ;t) ), which implies from the injectivity of f that 
x 
[image: image493.wmf]Î

 L(μ;t), a contradiction.

Hence μ (f(x)) = s = μ (x)

Thus μ is an anti fuzzy characteristic.

Theorem : 3.1.13

Let f : R1 → R2 be an onto homomorphism of hemirings. If μ is an anti fuzzy left h-ideal of R2, then f-1 (μ) is an anti fuzzy left h-ideal of R1.

Proof : 

Let x1, x2 
[image: image494.wmf]Î

 R1, then we have

f-1 (μ) (x1 + x2)
=
μ ( f(x1 + x2) )




=
μ ( f(x1) + f(x2) )




≤
max { μ (f(x1)) , μ (f(x2)) }




=
max { f-1 (μ) (x1) , f-1 (μ) (x2) },

f-1 (μ) (x1 x2)

=
μ ( f(x1 x2) )




=
μ ( f(x1) f(x2) )
≤
μ ( f(x2) )




=
f-1 (μ) (x2).

Let x,z,a,b 
[image: image495.wmf]Î

 R1 be such that x + a + z = b + z.

Then, f-1 (μ) (x)
=
μ ( f(x) )
≤
max { μ (f(a)) , μ (f(b)) }




=
max { f-1 (μ) (a) , f-1 (μ) (b) } 

Hence f-1 (μ) is an anti fuzzy left h-ideal of R1.

Definition : 3.1.14

Let R1 and R2 be any sets and let f : R1 → R2 be any function. A fuzzy set μ of R1 is called f-invariant if f(x) = f(y) implies μ(x) = μ(y), x,y 
[image: image496.wmf]Î

 R1.

Theorem : 3.1.15

Let f : R1 → R2 be an epimorphism of hemirings. Let μ be an f-invariant anti fuzzy left h-ideal of R1. Then f(μ) is an anti fuzzy left h-ideal of R2.

Proof :

Let x,y 
[image: image497.wmf]Î

 R2.

Then there exist a,b 
[image: image498.wmf]Î

 R1 such that f(a) = x and f(b) = y.

Then x + y = f (a + b)  and  xy  =  f (ab).

Since μ is f-invariant, 

f (μ) (x + y)
=
μ (x + y)
≤
max { μ (a) , μ (b) }



=
max { f (μ) (x) , f (μ) (y) },

f (μ) (xy)
=
μ (ab)

≤
μ (b)

=
f (μ) (y).

Let x,z,a,b 
[image: image499.wmf]Î

 R2 be such that x + a + z = b + z, then there exist x’,y’,a’,b’ such that

f(x’) = x , f(y’) = y ,  f(a’) = a  and  f(b’) = b.

Since μ is f-invariant, 

f (μ) (x)
=
μ (x)
≤
max { μ (a’) , μ (b’) }



=
max { f (μ) (a) , f (μ) (b) }.

Hence f (μ) is an anti fuzzy left h-ideal of R2.

SECTION : 3.2 

NORMAL ANTI FUZZY LEFT h-IDEALS OF HEMIRINGS

Definition : 3.2.1

An anti fuzzy left h-ideal μ of a hemiring R is said to be normal if there exist x
[image: image500.wmf]Î

R such that μ (x) = 1.

Note :

If μ is a normal anti fuzzy left h-ideal of R, then μ(0) = 1, and hence μ is normal if and only if μ(0) = 1.

Theorem : 3.2.2

Let μ be an anti fuzzy left h-ideal of a hemiring R. Let μ+ be a fuzzy set in R defined by μ+(x) = μ(x) + 1 – μ(0) for all x
[image: image501.wmf]Î

R. Then μ+ is a normal anti fuzzy left h-ideal of R which contains μ.

Proof :

For any x,y 
[image: image502.wmf]Î

 R, we have

(i) μ+(0)
=
μ(0) + 1 – μ(0)  and

(ii) μ+(x+y) 
=
μ(x+y) + 1 – μ(0)

≤
max { μ(x) , μ(y) } + 1 – μ(0)

=
max { μ(x) + 1 – μ(0) , μ(y) + 1 – μ(0) }

=
max { μ+(x) , μ+(y) },

(iii) μ+(xy)
=
μ(xy) + 1 – μ(0)
≤
μ(y) + 1 – μ(0)


=
μ+(y).

This shows that μ+ is an anti fuzzy left ideal of R.

Let a,b,x,z 
[image: image503.wmf]Î

 R be such that x + a + z = b + z.

Then 
(iv) μ+(x)
=
μ(x) + 1 – μ(0)


≤
max { μ(a) , μ(b) } + 1 – μ(0)

=
max { μ(a) + 1 – μ(0) , μ(b) + 1 – μ(0) }

=
max { μ+(a) , μ+(b) }.

Hence μ+ is a normal anti fuzzy left h-ideal of hemiring of R.

Clearly,  μ < μ+.

Hence the proof.

Note :

Let A N (R) denote the set of all normal anti fuzzy left h-ideals of R. Then A N (R) is a poset under the set inclusion.

Definition : 3.2.3

A fuzzy set μ in a hemiring R is called a maximal anti fuzzy left h-ideal of R if it is non-constant and μ+ is a maximal element of (A N (R) , 
[image: image504.wmf]Í

)

Theorem : 3.2.4

Let μ
[image: image505.wmf]Î

A N (R) be non-constant such that it is a maximal element of 
(A N (R) , 
[image: image506.wmf]Í

). Then it takes only two values {0,1}.

Proof :

Since μ is normal, μ(0) = 1.

Claim : μ(x) = 0.

If not, then there exists x0
[image: image507.wmf]Î

 R such that 0 < μ(x0) < 1.

Define on R, a fuzzy set 
[image: image508.wmf]n

 by putting 
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 (x) = 
[image: image510.wmf]2

1

( μ(x) + μ(x0) ) for each x 
[image: image511.wmf]Î

 R.

Then clearly 
[image: image512.wmf]n

 is well defined and for all x,y 
[image: image513.wmf]Î

 R, we have


[image: image514.wmf]n

 (x + y)
=

[image: image515.wmf]2

1

 μ(x+y) + 
[image: image516.wmf]2

1

 μ(x0)



≤

[image: image517.wmf]2

1

 ( max { μ(x) , μ(y) } + μ(x0) )



=
max { 
[image: image518.wmf]2

1

 ( μ(x) + μ(x0) ) , 
[image: image519.wmf]2

1

( μ(y) + μ(x0) ) }



=
max { 
[image: image520.wmf]n

(x) , 
[image: image521.wmf]n

(y) },


[image: image522.wmf]n

 (xy)

=

[image: image523.wmf]2

1

 μ(xy) + 
[image: image524.wmf]2

1

 μ(x0)
≤     
[image: image525.wmf]2

1

 ( μ(y) + μ(x0) )
 

=     
[image: image526.wmf]n

 (y)

Thus 
[image: image527.wmf]n

 is an anti fuzzy left ideal of R.

Let a,b,x,z 
[image: image528.wmf]Î

 R be such that x + a + z = b + z.

Then 
[image: image529.wmf]n

(x)
=

[image: image530.wmf]2

1

 μ(x) + 
[image: image531.wmf]2

1

 μ(x0)



≤

[image: image532.wmf]2

1

 ( max { μ(a) , μ(b) } + μ(x0) )



=
max { 
[image: image533.wmf]2

1

 ( μ(a) + μ(x0) ) , 
[image: image534.wmf]2

1

 ( μ(b) + μ(x0) ) }



=
max { 
[image: image535.wmf]n

(a) , 
[image: image536.wmf]n

(b) }.

Hence 
[image: image537.wmf]n

 is an anti fuzzy left h-ideal of R.

By theorem 3.2.2 
[image: image538.wmf]n

+ is a maximal anti fuzzy left h-ideal of R.

Also, 
[image: image539.wmf]n

+(x)
=

[image: image540.wmf]n

(x) + 1 - 
[image: image541.wmf]n

(0)



=

[image: image542.wmf]2

1

 ( μ(x) + μ(x0) ) + 1 – 
[image: image543.wmf]2

1

 ( 1 + μ(x0) )



=

[image: image544.wmf]2

1

( μ(x0) + 1 )
=

[image: image545.wmf]n

(x0),

and    
[image: image546.wmf]n

+(x0) 
<
1
=

[image: image547.wmf]n

+(0).

Hence 
[image: image548.wmf]n

+ is a non constant, and μ is not a maximal element of A N (R).

This is a contradiction.

Therefore, μ(x) = 0.

Hence μ takes only two values {0,1}.

CHAPTER  - 4
FUZZY LEFT h-IDEALS OF HEMIRINGS WITH t-NORM
SECTION : 4.1
T-FUZZY LEFT h-IDEALS OF HEMIRINGS

Definition : 4.1.1 


A t-norm T is function T : [0, 1] x [0, 1] ( [0, 1] satisfying the following
conditions : 


(T1)  T(x, 1)  =  x; 


(T2)  T(x, y) ( T(x, z) if y ( z; 


(T3) T(x, y) = T(y, x); 


(T4) T(x, T(y, z)) = T(T(x, y), z);  for all x, y, z 
[image: image549.wmf]Î

 [0,1] 
Definition : 4.1.2


For a t-norm T on [0,1], (T is defined as  (T  =  { ( 
[image: image550.wmf]Î

 [0, 1] / T((, () = ( }. 
Note :

It is clear that every t-norm T has the following property : 
T((, () ( min {(, (}
Definition : 4.1.3 


Let T be a t-norm. Then the fuzzy set ( in S satisfying the imaginable property if Im ( ( (T.

Definition : 4.1.4 


A fuzzy set ( is called a fuzzy left ideal of a hemiring S with respect to a 
t-norm T (briefly, T-fuzzy left ideal of S) if it satisfies the following : 


(TFI 1)  ((x+y)  ( T ( ((x), ((y)); 

(TFI 2)  ((xy)  (  ((y);
for all x, y ( S. 

T-fuzzy right ideals are defined similarly.
Definition : 4.1.5 


 A T-fuzzy left h-ideal of a hemiring S is defined to be a T-fuzzy left ideal ( of S such that 
(TFI 3)  x + a + z = b + z implies that ((x) ( T (((a), ((b))  for all a, b, x, z ( S. 

T-fuzzy right h-ideals are defined similarly. 
Definition : 4.1.6


A T-fuzzy left h-ideal of a hemiring S is said to be imaginable if it satisfies the imaginable property. 
Example : 4.1.7 


Let S be the set of natural numbers including 0, and S is a hemiring with usual addition and multiplication. Define a fuzzy set   ( : S ( [0, 1] by 


((x)  =  
[image: image551.wmf]î

í

ì

otherwise

or

even

is

x

if

2

.

0

,

0

1


and let Tm : [0,1] x [0,1] ( [0, 1] be a function defined by 
Tm((, () = max {( + ( -1, 0} for all ( , (, ( [0,1]. 

Then, Tm is a t-norm. Also ( is an imaginable T-fuzzy left h-ideal of S. 
Proposition : 4.1.8


Let T be a t-norm. Then every imaginable T-fuzzy left h-ideal ( of a hemiring S is a fuzzy left h-ideal of S. 

Proof :

Assume that ( is an imaginable T-fuzzy left h-ideal of S, then 

((x+y)  (  T (((x), ((y)) and 

( (1)

((xy) ( ((y)  for all x, y ( S

( (2)

Since ( is imaginable, 

min {( (x), ((y)) } = T(min {( (x), ((y)}, min {( (x), ((y)} ) 



        ( T (( (x), ((y))   (  min {( (x), ((y)}, 

(  T (( (x), ((y))  = min {( (x), ((y)},

It follows that 

((x+y)  (  T (((x), ((y))  =  min {( (x), ((y)}  ( x, y ( S     ( (3)

By (3) and (2), ( is a fuzzy left ideal of S. 

Let x, z, a, b ( S be such that x + a + z = b + z. 

Then, ((x) (  T ( ((a), ((b) ), since ( is a T-fuzzy left h-ideal of S. 

Since ( is imaginable, 

min {((a), ((b)}  =  T (min {((a), ((b)} , min {((a), ((b)}   



       (  T (((a), ((b))   (  min {((a), ((b)}   

(  T(((a), ((b))   =  min {((a), ((b)}   

Hence, ((x) (  T (((a), ((b)) = min {((a), ((b)}  
Thus, μ is a fuzzy left h-ideal of  S.
Corollary : 4.1.9



If μ is an imaginable. T-fuzzy left h- ideal of S, then each nonempty upper level subset U(μ ; α) of μ is a left h-ideal of S.

Proof :


The proof follows by proposition 1.3.6 and proposition 4.1.8.

The following example shows that there exists a t-norm T such that a fuzzy left  
h–ideal of S may not be an imaginable T–fuzzy left h–ideal of S.
Example : 4.1.10

Let S be a hemiring in example 4.1.7.

Define a fuzzy set μ : S → [0,1] such that

μ(x)
=

[image: image552.wmf]î

í

ì

otherwise

or

even

is

x

if
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,

0

,
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1

2

1


is a fuzzy left h-ideal of S.

Let 
[image: image553.wmf]n

 
[image: image554.wmf]Î

 (0,1) and define the binary operation T
[image: image555.wmf]n

 on (0,1) as follows:




α ∩ β 

,
if min { α , β } = 1

T
[image: image556.wmf]n

(α , β)
=
0

,
max { α , β } < 1, α + β ≤ 1 + 
[image: image557.wmf]n






[image: image558.wmf]n



,
otherwise


for all 
α , β 
[image: image559.wmf]Î

 [0,1].

Then T
[image: image560.wmf]n

 is a t-norm.

Also μ is a T-fuzzy left h-ideal of S.

But T
[image: image561.wmf]n

( μ(0) , μ(0) )  =   T
[image: image562.wmf]n

( 
[image: image563.wmf]2

1

 , 
[image: image564.wmf]2

1

 ) =  0  ≠  μ(0).

Hence μ is not an imaginable T-fuzzy left h-ideal of S.
Theorem : 4.1.11


Let T be a t-norm and let ( be on imaginable fuzzy set in a hemiring S, then (  is an imaginable T-fuzzy left h-ideal of S if and only if each nonempty upper level subset U((; () of ( is a left h-ideal of S. 

Proof :
The necessary condition can be given by corollary 4.1.9.

Conversely, assume that each nonempty upper level subset U((; () of ( is a left 
h-ideal of S. 
Then, ( is a fuzzy left h-ideal of S by Proposition 1.3.6 and so 

((x+y)  (  min {( (x), ((y)},  ( T(( (x), ((y)) for all, x, y ( S. 
Hence,   ( is a T-fuzzy left ideal of S. 

Now let x,z,a,b (S be such that x + a + z = b + z. 

Then ((x) (  min {((a) - ((b)} ( T (((a), (((b)).

Therefore, ( is an imaginable T fuzzy left h-ideal of S. 
Definition : 4.1.12 


It ( is a fuzzy set in a hemiring S and ( is a mapping from S into itself, define a mapping  ([(] : S ( [0, 1]  by  ([(] (x) = ( (((x))  for all x ( S. 
Proposition : 4.1.13 


If ( is  a T-fuzzy left h-ideal of a hemiring S and ( is an endomorphism of S, then ([(] is a T-fuzzy left h-ideal of S. 
Proof :


For any x, y ( S, we have 

µ [(] (x + y)   =
µ (( (x + y))  

=
µ ( ( (x) +  ( (y)

≥
T (µ(((x)), µ(((y))    ≥
T (µ [(] (x) , µ [(] (y))

µ [(] (xy)
=
µ (( (xy))   =   µ (((x), ((y))   (
µ (( (y))     =   µ [(] (y)

Hence, µ[(] is a T-fuzzy left ideal of S. 

Let x, z , a, b ( s be such that  x + a + z  =  b + z. 

Then  
(( x + a + z)  =  ((b + z), and so (( x)  + (( a) +  (( z)  =  (( b) +  (( z)   

It follows that µ [(] (x)   =  µ(((x))   (  T (µ(((a)), µ(((b)))

       =   T (µ [(] (a) , µ [(] (b))

Therefore, µ [(] is a T-fuzzy left h-ideal of S. 
Proposition : 4.1.14


An onto homomorphic preimage of a T-fuzzy left h-ideal of a hemiring S is T-fuzzy left h-ideal. 

Proof :


Let  f : S ( S’ be an onto homomorphism of hemirings, and let 
[image: image565.wmf]n

 be a 
T-fuzzy left h-ideal S’, and µ the preimage of 
[image: image566.wmf]n

 under f. 

Then, we have


µ (x + y)  
= 

[image: image567.wmf]n

(f (x + y))    =   
[image: image568.wmf]n

(f(x) + f(y))




(   
T (
[image: image569.wmf]n

(f (x)) , (
[image: image570.wmf]n

(f (y)))
=
T (µ(x), µ(y))


µ (xy)

=    
[image: image571.wmf]n

(f (xy))   =    
[image: image572.wmf]n

(f(x) f(y))   ≥   
[image: image573.wmf]n

(f(y)    =     µ(y)

Hence, µ is a T-fuzzy left ideal of S. Let x, z, a, b ( S be  such that 
x + a + z = b + z, then  f (x+a+z) = f (b+z), and so f(x) + f(a) + f(z)  = f(b) + f(z).   

It follows that µ (x)  =  
[image: image574.wmf]n

(f( x))  (  T  (
[image: image575.wmf]n

(f( a)) , 
[image: image576.wmf]n

(f( b))  =   T (µ(a), µ(b)). 

Therefore, µ is a T-fuzzy left h-ideal of S. 
Definition : 4.1.15


A fuzzy set µ in a hemiring S is said to have the sup properly if for every 

subset H 
[image: image577.wmf]Í

 S, there exists h0 (  H such that µ(h0)   =  
[image: image578.wmf]H

h

Î

sup

 µ(h).
Proposition : 4.1.16


An onto homomorphic image of a fuzzy left h-ideal with the sup property is a fuzzy left h-ideal. 

Proof :


Let f : S ( S’ be an onto homomorphism of hemirings and let µ be a fuzzy left h-ideal of  S with the sup property. 

Given x’, y’ 
[image: image579.wmf]Î

 S’ , we let x0 (  f-1(x’) and y0 (  f-1(y’) be such that 

µ(x0)
=   
[image: image580.wmf])

'

(

1

sup

x

f

h

-

Î

 µ(h),   µ(y0)  =    
[image: image581.wmf])

'

(

1

sup

y

f

h

-

Î

 µ(h),  respectively. 

Then we can deduce that 

(f (µ))  (x’ + y’)    
=   
[image: image582.wmf])

'

'

(

1

sup

y

x

f

z

+

Î

-

 µ(z)    (   min { µ(x0), µ(y0)} 




=   min { 
[image: image583.wmf])

'

(

1

sup

x

f

h

-

Î

 µ(h),  
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(

1

sup

y

f

h

-

Î

 µ(h) }       

      


=   min { µ(x’), µ(y’) }, 

(f (µ))  (x’y’)    
=   
[image: image585.wmf])
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(

1

sup

y

x

f

z

-

Î

 µ(z)    (   µ(y0)  =    
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'

(

1

sup

y

f

h

-

Î

 µ(h)    (   (f(µ) (y’)

Hence , f(µ) is a fuzzy left ideal of S’. 

Now, given x’, z’, a’, b’ ( S’, let x0 ( f-1(x’), z0 ( f-1(z’), a0 ( f-1(a’), and                     b0 ( f-1(b’), respectively, be such that 


µ(x0)
=
  
[image: image587.wmf])

'

(

1

sup

x

f

h

-

Î

 µ(h),  

µ(z0)   =
  
[image: image588.wmf])

'

(

1

sup

z

f

h

-

Î

 µ(h),  

µ(a0)   =
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'

(

1

sup

a

f

h

-

Î

 µ(h),  

µ(b0)   =
   
[image: image590.wmf])

'

(

1

sup

b

f

h

-

Î

µ(h),  
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=
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=
min { µ (a’)   ,    µ (b’) }        

Therefore,   f(µ)  is a fuzzy left h-ideal of S’. 

The above proposition can be further strengthened as follows. 
Definition : 4.1.17


A t-norm T on [0, 1] is called a continuous t-norm if T is a continuous function from [0, 1] x [0, 1]  (  [0, 1]  with respect to the usual topology. 
Note :  

The function “min” means a continuous t-norm. 
Proposition : 4.1.18


Let T be a continuous t-norm and left f be a homomorphism on a hemiring S. If µ is a T-fuzzy left h-ideal of S, then f(µ) is a T-fuzzy left h-ideal of f(S). 

Proof :


Let A1 = f-1(y1), A2 (f-1(y2) and   A12 = f-1(y1 + y2),  where y1, y2  ( f(s).

Consider the set A1 + A2 = {x ( S / x = a1 + a2 for some a1 ( A1, a2 ( A2}

If x ( A1 + A2, then x = x1 + x2 for some x1 ( A1 and x2 ( A2 

so that we have,  f(x)  =  f(x1 + x2)  = f(x1) + f(x2)  = y1 + y2, 

that is, x ( f-1(y1 + y2)  = A12.  Thus, A1 + A2 
[image: image594.wmf]Í

  A12. 

If follows that,

(f(µ)) (y1+y2)  
=  
sup { µ (x) / x ( f-1(y1 + y2)  }



=
sup { µ (x) / x ( A12 }



(
sup { µ (x) / x ( A1 + A2 }



(
sup { µ (x1 + x2) / x1 ( A1 , x2 ( A2 }



(
sup {T (µ (x1), µ (x2)) / x1 ( A1 , x2 ( A2 }

Since T is continuous, for every 
[image: image595.wmf]e

 > 0, we see that if 

sup { µ (x1) / x1 ( A1 } – x1 * ≤ ( and 

sup { µ (x2) / x2 ( A2 } – x2 * ≤ (, 

Then T (sup {µ (x1) / x1 ( A1 } , sup { µ (x2) / x2 ( A2 } ) - T (x1 *, x2 *)  ≤  
[image: image596.wmf]e


Choose a1 ( A1  and a2 ( A2 , such that 

sup { µ (x1) / x1 ( A1 } - µ (a1)  ≤ (   and   

sup { µ (x2) / x2 ( A2 } - µ (a2)  ≤ (   

Then we, have 

T (sup { µ (x1) / x1 ( A1 } , sup { µ (x2) / x2 ( A2 } ) - T (µ (a1) , µ (a2)  ≤  
[image: image597.wmf]e


Consequently, we have 

(f(µ)) (y1+y2)  
(  
sup {T (µ (x1), µ (x2)) / x1 ( A1 , x2 ( A2 }

(
T ( sup { µ (x1) / x1 ( A1 } , sup { µ (x2) / x2 ( A2 } )

=
T ( f(µ) (y1) , f(µ) (y2) )

Similarly, we can show that   f(µ) (y1 y2)  (  f(µ) (y2)  

Hence, f(µ) is a T-fuzzy left ideal of  f(S). 

Now, let x1, z1, a1, b1 (  f(S)  be such that x1 + a1 + z1  =  b1 + z1. 

Similarly, we can show that f(µ) (x1)  (  T(µ (a1), µ (b1)). 

Therefore, f(µ ) is a T fuzzy left h-ideal of f(S). 

SECTION :  4.2 
FINITE VALUED T-FUZZY LEFT h-IDEALS OF HEMIRINGS

Definition : 4.2.1. 


Let µ and 
[image: image598.wmf]n

 be fuzzy sets in a hemiring S. Then the T-h-product of µ and 
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 is defined by 


[image: image600.wmf]î

í

ì

+

=

+

+

=

=

otherwise

z

b

a

z

b

a

x

as

ressed

be

can

x

if

i

b

a

T

x

i

i

h

,

0

exp

,

)

2

,

1

/

))

(

),

(

(

sup(

)

)(

(

2

2

1

1

n

m

n

m

o


Lemma : 4.2.2 


Let T be a t-norm. Then for all (, (, 
[image: image601.wmf]n

 and ( ( [0, 1], 

T(T ((, (), T(
[image: image602.wmf]n

,()) 
=    T(T ((,
[image: image603.wmf]n

) , T ((,())

Proof :


Obvious. 
Proposition : 4.2.3 


Let µ and 
[image: image604.wmf]n

 be fuzzy sets in a hemiring S. If they are T-fuzzy left h-ideals of S, then so is µ ( 
[image: image605.wmf]n

, where µ ( 
[image: image606.wmf]n

 is defined by (µ ( 
[image: image607.wmf]n

) (x) = T (µ(x),
[image: image608.wmf]n

(x))  for all x ( S. Moreover, if µ and 
[image: image609.wmf]n

 are a T-fuzzy right h-ideal and a T-fuzzy left 
h-ideal respectively. Then µ 
[image: image610.wmf]o

h 
[image: image611.wmf]n

   ≤  µ ( 
[image: image612.wmf]n

. 

Proof :


Let µ and 
[image: image613.wmf]n

 be fuzzy sets in a hemiring S. 

For any x, y ( S, we have 

(µ ( 
[image: image614.wmf]n

) (x + y)   
=
T (µ (x + y), 
[image: image615.wmf]n

 (x + y))




(
T (T (µ (x), µ (y)),  T (
[image: image616.wmf]n

(x), 
[image: image617.wmf]n

(y))) 




=
T (T (µ (x), 
[image: image618.wmf]n

(x)),  T (µ(y), 
[image: image619.wmf]n

(y)))




=
T (µ ( 
[image: image620.wmf]n

) (x) , (µ ( 
[image: image621.wmf]n

) (y)), 

(µ ( 
[image: image622.wmf]n

) (xy)  

=
T (µ (x y), 
[image: image623.wmf]n

(xy))  (   T (µ (y),   
[image: image624.wmf]n

(y))   =  (µ ( 
[image: image625.wmf]n

) (y) 

Hence, (µ ( 
[image: image626.wmf]n

) is a T-fuzzy left ideal of S. 

Let a, b, x, z ( S be such that x + a + z = b + z. Then 

(µ ( 
[image: image627.wmf]n

) (x) 
 
=
T (µ (x), 
[image: image628.wmf]n

 (x))  ( T (T (µ (a), µ (b)),  T (
[image: image629.wmf]n

(a), 
[image: image630.wmf]n

(b))) 




=
T (T (µ (a), 
[image: image631.wmf]n

(a)),  T (µ(b), 
[image: image632.wmf]n

(b)))




=
T (µ ( 
[image: image633.wmf]n

) (a) , (µ ( 
[image: image634.wmf]n

) (b))

Therefore, µ ( 
[image: image635.wmf]n

 is a T-fuzzy right h-ideal of S. 

Now, let µ and 
[image: image636.wmf]n

 be a T-fuzzy right h-ideal and a T-fuzzy left h-ideal of S, respectively. Let x, z ( S. 

The proof is obvious if (µ 
[image: image637.wmf]o

h 
[image: image638.wmf]n

 ) (x) = 0. 

Otherwise, for every ai, bi ( S, i = 1, 2, satisfying x + a1b1 + z = a2b2 + z, we have 

µ (x)  (  T (µ (a1b1), µ  (a2b2))   (   T (µ (b1), µ (b2)) as µ is a T-fuzzy left h-ideal of S and  
[image: image639.wmf]n

(x)  (  T (
[image: image640.wmf]n

(a1b1), 
[image: image641.wmf]n

(a2b2))   (   T (
[image: image642.wmf]n

(b1), 
[image: image643.wmf]n

(b2)) as 
[image: image644.wmf]n

 is a T-fuzzy left h-ideal of S. 

Thus,  (µ 
[image: image645.wmf]o

h 
[image: image646.wmf]n

) (x)   =   

[image: image647.wmf]z
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(T (µ (ai), 
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(bi) / i = 1, 2))     




≤
T (µ (x), 
[image: image649.wmf]n

(x))  =  (µ ( 
[image: image650.wmf]n

) (x)  

Consequently,   µ 
[image: image651.wmf]o

h 
[image: image652.wmf]n

  
[image: image653.wmf]Í

  µ ( 
[image: image654.wmf]n

. 
Remark : 4.2.4

(i) The intersection of all left h-ideals of a hemiring S is also a left h-ideal 


of S. 

(ii) Let ( be a totally ordered set and let  { Aj / j ( ( }  be a collection of left


h-ideals of S such that for all i, j ( (, j < i, if and only if Ai ( Aj.


Then, ∩j(( Aj  is a left h-ideal of S. 

(iii) For any subset A of S, denote by <A>h the intersection of all left h-ideals 


containing A which is the smallest left h-ideal of S containing A. 

It is called the left h-ideal generated by A. 
Theorem : 4.2.5 

Let {Aj / j ( ( ( [0, 1] }  be a collection of left h-ideals of a hemiring S such that 

(i) S  = 
[image: image655.wmf]U

 j(( Aj ;  

(ii) j < i    if  and only if Ai ( Aj for all i, j ( (. 

Let T be a t-norm.

Define an imaginable  fuzzy set μ in S by µ(x) = sup {j (( / x 
[image: image656.wmf]Î

 Aj} for all x ( S. 

Then µ is an imaginable T-fuzzy left h-ideal of S.

Proof :


For any i ( [0, 1], we consider the following two cases : 

i  = sup {j (( / j < i},     i  ( sup {j (( / j < i}

Case (i) 

We know that x (U(µ ; i) if and only if x
[image: image657.wmf]Î

Aj for all j < i if and only if x (∩ j<i Aj.

Hence U(µ ; i) = ∩ j<i Aj, which is a left h-ideal of S. 

The second case implies that there exists ( > 0 such that (i -
[image: image658.wmf]e

, 1) ( ( = (. 

We claim that U(µ ; i) = 
[image: image659.wmf]U

 j(i Aj. If  x ( 
[image: image660.wmf]U

 j(i Aj, then x ( Aj for some j ( i. 

It follows that µ(x) ( j ( i. 
Hence x ( U(µ ; i), showing that if x ( Aj, then j ≤ i - 
[image: image661.wmf]e

.

Thus µ(x) ≤ i - 
[image: image662.wmf]e

, and so x ( U(µ ; i). 

Therefore, U(µ ; i) ( 
[image: image663.wmf]U

 j(1 Aj,  and so U(µ ; i) = 
[image: image664.wmf]U

 j(1 Aj. 

Hence µ is an imaginable T-fuzzy left h-ideal of S by theorem 4.1.11. 
Theorem : 4.2.6


Let { An / n ( N} be a family of left h-ideals of a hemiring S which is nested. That is, S =  A1 ( A2 ( …. Let µ be a fuzzy set in S defined by 


µ (x)  =   
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     for all x ( S. 

Then µ is a T-fuzzy left h-ideal of S. 

Proof :


Let x, y ( S. 

Suppose that x ( Ak \ Ak+1  and y ( Ar \ Ar+1  for k = 1, 2,…..; r = 1, 2, ……

Without loss of generality, we may assume that k ≤ r. 

Then x + y ( Ak,  and so 

µ (x + y)  (  
[image: image666.wmf]1
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k

k


=   min { µ (x) , µ (y) }  (  T (µ (x) , µ (y))

If x, y ( 
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 An,  then  x + y ( 
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An, and thus µ (x+ y) = 1 = T (µ (x) , µ (y))

If x ( 
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 An, and  y 
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 An, then there exists i ( N such that y ( Ai \ Ai+1. 

It follows that x + y ( Ai so that 

µ (x+ y) (  
[image: image672.wmf]1

+

i

i

 = max { µ (x) , µ (y) } (  T (µ (x) , µ (y))

Similarly, we know that µ (x+ y) (  T (µ (x) , µ (y))
whenever  x ( 
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 An and y 
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Now if y ( Ak \ Ak+1 for some k =1, 2, 3, then xy ( Ak for all x ( S. 

Hence, µ (xy) ( k / (k+1) = µ (y)

If y ( 
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An,  xy ( 
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=
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An,  for all x 
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 S. Thus μ(xy)  =  1  =  μ(y).

Hence μ is a T-fuzzy left ideal of S.

Now, let a, b, x, z 
[image: image679.wmf]Î

 S be such that x + a + z = b + z.

If a, b 
[image: image680.wmf]Î

 Ar \ Ar+1 for some r = 1,2,3,….., then x 
[image: image681.wmf]Î

 Ar as Ar is a left h-ideal of S.

Thus  μ(x) (  
[image: image682.wmf]1

+

r

r

 = min { µ (a) , µ (b) } (  T (µ (a) , µ (b))

If a, b 
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 EMBED Equation.3 [image: image686.wmf]¥
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An and so µ (x) = 1 = T (µ (a), µ (b)). 

Assume that a ( Ar \ Ar+1 for some r = 1, 2, 3…., and b 
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(or,  a ( 
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 An and  b ( Ar \ Ar+1 for some r = 1, 2, 3. …. )

Then x ( Ar, and so µ (x) =  
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  = min { µ (a), µ (b) } 





(  T ((µ (a), µ (b))

Consequently, µ is a T–fuzzy left h-ideal of S. 

Definition : 4.2.7 


Let µ : S ( [0, 1] be a fuzzy set. The smallest T-fuzzy left h-ideal containing µ is called the T-fuzzy left h-ideal generated by µ and µ is said to be           n-valued if µ(S) is a finite set of n elements. When no specific n is intended, µ is called a finite-valued fuzzy set. 
Theorem : 4.2.8 


A T-fuzzy left h-ideal 
[image: image691.wmf]n

 of a hemiring S is finite valued if and only if it is generated by a finite- valued fuzzy set µ in S. 

Proof :


It 
[image: image692.wmf]n

 : S ( [0, 1] is a finite–valued T–fuzzy left h-ideal of S, then one may choose µ = 
[image: image693.wmf]n

. 

Consequently, assume that µ : S ( [0, 1] is an n-valued fuzzy set with n distinct values t1, t2, ……, tn  where t1 > t2 > ……> tn.

Let Gi be the inverse image of ti under µ. 

That is, Gi  =  µ-1 (ti)

Obviously,   
[image: image694.wmf]j

i

1

=

U

 Gi  (  
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 Gi    when j < r. 

Denote by Aj the left h-ideal of S generated by the set 
[image: image696.wmf]j
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Gi. 

Then we have the following chain of left h-ideals: 


A1 ( A2 ( ……… ( An  = S

Define a fuzzy set 
[image: image697.wmf]n

 : S ( [0, 1] by 


µ (x)  =   
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Claim : 
[image: image701.wmf]n

 is a T-fuzzy left h-ideal of S generated  by µ. 

Let x, y ( S and let i and j be the smallest integers such that x ( Ai  and y ( Aj.

We may assume that i > j without loss of generality. 

Then x+y ( Ai  and yx ( Aj, and so 



[image: image702.wmf]n

(yx)   
(   
tj   =  
[image: image703.wmf]n

(y) and 



[image: image704.wmf]n

(x + y)  
(
tj   =   min {ti, tj}




=
min { 
[image: image705.wmf]n

(x), 
[image: image706.wmf]n

(y) }    ( 
T (
[image: image707.wmf]n

(x), 
[image: image708.wmf]n

(y))

Hence, 
[image: image709.wmf]n

 is a T-fuzzy left ideal of S. 

Now, let a , b, x, z ( S be such that x + a + z =  b + z. 

If a ( Ai and b ( Aj   for some i < j, then a, b ( Aj , and so x ( Aj   as  Aj   is a left h-ideal of S. 

Thus 
[image: image710.wmf]n

(x)  (   tj  =  min { 
[image: image711.wmf]n

(a), 
[image: image712.wmf]n

(b)}  (  T (
[image: image713.wmf]n

(a), 
[image: image714.wmf]n

(b)). 

If a, b 
[image: image715.wmf]Î

 Aj \ Aj-1 for j = 2,3,…….n, then x 
[image: image716.wmf]Î

 Aj.

Hence, 
[image: image717.wmf]n

(x)  ≥  tj​  =  T(
[image: image718.wmf]n

(a) , 
[image: image719.wmf]n

(b) ).
Therefore,  
[image: image720.wmf]n

 is a T-fuzzy left h-ideal of S. 

If x ( S and  µ (x) = tj, then x ( Gj and so x ( Aj.

But we get 
[image: image721.wmf]n

(x)   (    tj  = µ (x)

Consequently,   µ  ≤  
[image: image722.wmf]n

. 

Let γ be any T-fuzzy left h-ideal of S containing µ. 

Then  
[image: image723.wmf]j

i

1

=

U

 Gi   =  U(µ ; tj)    (  U (γ ; tj), and thus Aj   (  U(γ ; tj). 

Hence, 
[image: image724.wmf]n

 ≤  γ  and  
[image: image725.wmf]n

 is generated by µ. 

Also | Im µ|  =  n  =  | Im  γ|, thus completing the proof. 
Definition : 4.2.9


A semiring S is said to be left h-Noetherian if it satisfies the ascending chain condition on left h-ideals of S.
Theorem : 4.2.10 


If S is a h-Noetherian hemiring, then every T-fuzzy left h-ideal of S is 
finite-valued. 

Proof :

Let µ : S ( [0, 1] be a T-fuzzy left h-ideal of S which is not finite-valued. 

Then, there exists an infinite sequence of distinct numbers 

µ (0)  =  t1 > t2 > ….. > tn > ….., where  ti  =  µ (xi) for some xi ( S.

This sequence induces an infinite sequence of distinct left h-ideals of S : 

U(µ ; t1)  (  U(µ ; t2) ( ……. U(µ ; tn) ( ……

This is a contradiction. 

Combining the theorem 4.2.8 and theorem 4.2.10, we have the following corollary 

Corollary : 4.2.11


If S is an h-Noetherian hemiring, then every T-fuzzy left h-ideal of S is generated by a finite fuzzy set in S. 

Proof :


Obvious. 

SECTION : 4.3 
T-PRODUCT OF T-FUZZY LEFT h-IDEALS OF HEMIRINGS

Definition : 4.3.1 


A fuzzy relation on any set S is a fuzzy set µ : S x S ( [0, 1]. 
Definition : 4.3.2 


Let T be a t-norm. If µ is a fuzzy relation on a set S and 
[image: image726.wmf]n

 is a fuzzy set S, then µ a T-fuzzy relation on 
[image: image727.wmf]n

 if µ (x, y)  ≤  T (
[image: image728.wmf]n

(x), 
[image: image729.wmf]n

(y) ) for all x, y ( S. 

Definition : 4.3.3


Let T be a t-norm and let µ and 
[image: image730.wmf]n

 be fuzzy sets in a set S. Then direct 
T-product of µ and 
[image: image731.wmf]n

 is defined by (µ 
[image: image732.wmf]´

 
[image: image733.wmf]n

) (x, y)  =  T (µ (x), 
[image: image734.wmf]n

(y))   (  x, y ( S. 

Lemma : 4.3.4 


Let T be a t-norm and let µ and 
[image: image735.wmf]n

 be fuzzy sets in a set S. Then, 

(i) µ 
[image: image736.wmf]´
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  is a T-fuzzy relation on S; 

(ii) U(µ 
[image: image738.wmf]´

 
[image: image739.wmf]n

 ; ()  =  U(µ ; ()  
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  U(
[image: image741.wmf]n

 ; ()   for all ( ( [0, 1] 

Proof :


Obvious.
Definition : 4.3.5 


Let T be a t-norm. If 
[image: image742.wmf]n

 is a fuzzy set S, the strongest T-fuzzy relation on S that is a T-fuzzy relation on 
[image: image743.wmf]n

 is µ
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, given by µ
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(x, y) = T(
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(x),
[image: image747.wmf]n

(y)) ( x,y ( S. 
Lemma : 4.3.6 


For a given fuzzy set 
[image: image748.wmf]n

 in a set S,  let µ
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 be the strongest T-fuzzy relation on S. Then for ( ( [0, 1], U(µ
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 ; ()  =  U(
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 ; ()  
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  U(
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 ; (). 

Proof :


Obvious. 
Proposition : 4.3.7 


For a given fuzzy set 
[image: image754.wmf]n

 in a hemiring S, let µ
[image: image755.wmf]n

 be the strongest T-fuzzy relation on S. If µ
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 is an imaginable T-fuzzy h-ideal of S
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S, then 
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(a) ≤ 
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(0) 
for all a ( S. 

Proof :


If µ
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 is a T-fuzzy left h-ideal of S
[image: image761.wmf]´

S, 

then µ
[image: image762.wmf]n

(a, a) ≤ µ
[image: image763.wmf]n

(0, 0) for all a ( S. 

This means that T(
[image: image764.wmf]n

(a) , 
[image: image765.wmf]n

(a) )  ≤  T(
[image: image766.wmf]n

(0) , 
[image: image767.wmf]n

(0) ) for all a 
[image: image768.wmf]Î

 S.

Since µ is imaginable, then 
[image: image769.wmf]n

(a) ≤ 
[image: image770.wmf]n

(0) for all a ( S. 

Proposition : 4.3.8 


Let µ and 
[image: image771.wmf]n

 be T-fuzzy left h-ideals of a hemiring S, then the level left 
h-ideals of µ
[image: image772.wmf]n

  are given by U(µ
[image: image773.wmf]n

; ()  =  U(
[image: image774.wmf]n

 ; ()  
[image: image775.wmf]´

  U(
[image: image776.wmf]n

 ; () for all ( ( [0, 1]. 

Proof :


Obvious. 
Theorem : 4.3.9 


Let T be a t-norm and let µ and 
[image: image777.wmf]n

 be T-fuzzy left h-ideal of a hemiring S. Then µ 
[image: image778.wmf]´

 
[image: image779.wmf]n

  is a T-fuzzy left h-ideal of S 
[image: image780.wmf]´

 S. 

Proof :


Let x = (x1, x2) and y = (y1, y2) be any elements of S 
[image: image781.wmf]´

 S. 

Then,  (µ 
[image: image782.wmf]´

 
[image: image783.wmf]n

)  (x + y)   
=   
(µ 
[image: image784.wmf]´

 
[image: image785.wmf]n

)    ((x1, x2) + ((y1, y2)) 





=
(µ 
[image: image786.wmf]´

 
[image: image787.wmf]n

)  (x1 + y1, x2 + y2)





=
T (µ(x1 + y1), 
[image: image788.wmf]n

(x2 + y2)) 

· T (T (µ(x1), µ (y1)), T (
[image: image789.wmf]n

(x2), 
[image: image790.wmf]n

(y2)) )
=
T(T(µ(x1), 
[image: image791.wmf]n

(x2)) , T(µ (y1), 
[image: image792.wmf]n

(y2)) )





=
T ((µ 
[image: image793.wmf]´

 
[image: image794.wmf]n

) (x1, x2), (µ 
[image: image795.wmf]´

 
[image: image796.wmf]n

) (y1, y2))





=
T ((µ 
[image: image797.wmf]´

 
[image: image798.wmf]n

) (x), (µ 
[image: image799.wmf]´

 
[image: image800.wmf]n

) (y) ), 

(µ 
[image: image801.wmf]´

 
[image: image802.wmf]n

) (xy)   
=   
(µ 
[image: image803.wmf]´

 
[image: image804.wmf]n

) ((x1, x2) (y1, y2)) 





=
(µ 
[image: image805.wmf]´

 
[image: image806.wmf]n

) (x1 y1 ,  x2 y2)





=
T (µ(x1 y1) , 
[image: image807.wmf]n

(x2 y2))  (
T (µ(y1) , 
[image: image808.wmf]n

(y2))




=
(µ 
[image: image809.wmf]´

 
[image: image810.wmf]n

) (y1, y2)
=
(µ 
[image: image811.wmf]´

 
[image: image812.wmf]n

) (y) 

Hence, µ 
[image: image813.wmf]´

 
[image: image814.wmf]n

 is a T-fuzzy left ideal of S 
[image: image815.wmf]´

 S. 

Let x = (x1,x2), z =  (z1,z2), a = (a1,a2) and b = (b1,b2) be such that x + a + z = b + z Then (x1,x2) + (a1,a2) + (z1,z2)  =  (b1,b2)  +  (z1,z2), 

and so x1 + a1 + z1 = b1 + z1 and x2 + a2 + z2 = b2 + z2.

It follows that 

(µ 
[image: image816.wmf]´

 
[image: image817.wmf]n

)  (x)
   
=
(µ 
[image: image818.wmf]´

 
[image: image819.wmf]n

)  (x1, x2) 
=
T (µ(x1), 
[image: image820.wmf]n

 (x2))




(
T ( T (µ(a1), µ (b1)), T (
[image: image821.wmf]n

(a2), 
[image: image822.wmf]n

(b2)) )




=
T ( T (µ(a1), 
[image: image823.wmf]n

(a2)), T (µ (b1), 
[image: image824.wmf]n

(b2)) )




=
T ((µ 
[image: image825.wmf]´

 
[image: image826.wmf]n

) (a1, a2), (µ 
[image: image827.wmf]´

 
[image: image828.wmf]n

) (b1, b2) )




=
T ( (µ 
[image: image829.wmf]´

 
[image: image830.wmf]n

)(a), (µ 
[image: image831.wmf]´

 
[image: image832.wmf]n

)(b) ) 

Therefore, µ 
[image: image833.wmf]´

 
[image: image834.wmf]n

 is a T-fuzzy left h-ideal of S 
[image: image835.wmf]´

 S. 

Corollary : 4.3.10 


Let µ and 
[image: image836.wmf]n

 be imaginable T-fuzzy left h-ideal of a hemiring S. Then, 
µ 
[image: image837.wmf]´

 
[image: image838.wmf]n

 is an imaginable T-fuzzy left h-ideal of S 
[image: image839.wmf]´

 S. 

Proof :


By theorem 4.3.9, we have µ 
[image: image840.wmf]´

 
[image: image841.wmf]n

 is a T-fuzzy left h-ideal of S 
[image: image842.wmf]´

 S. 

Let x = (x1, x2)  be any element of S 
[image: image843.wmf]´

 S. 

Then  T ( (µ 
[image: image844.wmf]´

 
[image: image845.wmf]n

) (x), (µ 
[image: image846.wmf]´

 
[image: image847.wmf]n

) (x))   =
T ((µ 
[image: image848.wmf]´

 
[image: image849.wmf]n

) (x1, x2), (µ 
[image: image850.wmf]´

 
[image: image851.wmf]n

) (x1, x2))






    =    
T(T(µ(x1), 
[image: image852.wmf]n

(x2)), T(µ(x1), 
[image: image853.wmf]n

(x2)))






    =  
T(T(µ(x1), µ (x1)), T(
[image: image854.wmf]n

(x2), 
[image: image855.wmf]n

(x2)))






    = 
T (µ(x1), 
[image: image856.wmf]n

(x2))






    = 
(µ 
[image: image857.wmf]´

 
[image: image858.wmf]n

) (x1, x2)  =  (µ 
[image: image859.wmf]´

 
[image: image860.wmf]n

)(x)

This shows that µ 
[image: image861.wmf]´

 
[image: image862.wmf]n

 is an imaginable T-fuzzy left h-ideal of S 
[image: image863.wmf]´

 S. 

Converse of the above corollary is not true can be seen in the following example. 

Example : 4.3.11 


Let S be hemiring with |S| (  2 and let S ( [0, 1]. 

Define imaginable fuzzy sets µ and 
[image: image864.wmf]n

 in S by µ(x)  = s and 



[image: image865.wmf]n

 (x)  =  
[image: image866.wmf]î

í

ì

1

s

      
[image: image867.wmf]otherwise

x

if

,

0

=


for all x ( S, respectively. 

If y = 0, then 
[image: image868.wmf]n

(y) = s, and thus (µ 
[image: image869.wmf]´

 
[image: image870.wmf]n

) (x, y) = T (µ (x),
[image: image871.wmf]n

(y))  =  T (s, s)  =  s. 

That is, (µ 
[image: image872.wmf]´

 
[image: image873.wmf]n

) is a constant function, and so µ 
[image: image874.wmf]´

 
[image: image875.wmf]n

 is an imaginable T-fuzzy left h-ideal of S 
[image: image876.wmf]´

 S. 

Now, µ is an imaginable T-fuzzy left h-ideal of S, but 
[image: image877.wmf]n

 is not an imaginable 
T-fuzzy left h-ideal of S, since for x ( 0, we have 
[image: image878.wmf]n

(0) =  s  < 1 = 
[image: image879.wmf]n

(x).  

Note :

To generalize the idea to the product of n T-fuzzy left h-ideal. 

It is necessary to generalize the domain of T to 
[image: image880.wmf]n

i

1

=

Õ

 [0, 1] as follows:

Definition : 4.3.12


The function Tn : 
[image: image881.wmf]n

i

1

=

Õ

 [0, 1] ( [0, 1] is defined by 

Tn ((1, (2, ….. (n) =  T ((i, Tn-1 ((1, (i-1, (i+1, ……... (n))

for all 1 ≤ i  ≤ n, where n ( 2, T2 = T,  and T1 = id (identity)

Lemma : 4.3.13 


For every (i, (i ( [0, 1], where 1 ≤ i  ≤ n and n ( 2

Tn(T ((1, (1), T ((2, (2), …. T ((n, (n)) = T(Tn ((1, (2 , .… (n), Tn ((1, (2 , …. (n))

Proof :


Obvious. 

Proposition : 4.3.14 


Let T be a t-norm and let {Si}
[image: image882.wmf]n

i

1

=

 be the finite collection  of hemirings and          S = 
[image: image883.wmf]n

i

1

=

Õ

 Si  the T-product of Si. Let µi be a T-fuzzy h-ideal of Si, where 1 ≤ i  ≤ n. Then,  µ = 
[image: image884.wmf]n

i

1

=

Õ

 µi  defined by 

µ (x1, x2, ……, xn)  =  
[image: image885.wmf]n

i

1

=

Õ

 µi (x1, x2, ……, xn)  =  Tn (µ1 (x1), µ2 (x2), …..., µn (xn)) 

 is a T-fuzzy left h-ideal of S. 

Proof :


Proof is similar to the proof of theorem 4.3.9. 

Definition : 4.3.15 


Let µ and 
[image: image886.wmf]n

 be fuzzy sets in S. Then, the T-product of µ and 
[image: image887.wmf]n

, written as          [µ • 
[image: image888.wmf]n

]T, is defined by [µ • 
[image: image889.wmf]n

]T (x)   =  T(µ(x), 
[image: image890.wmf]n

(x)) for all x ( S. 

Theorem : 4.3.16

Let µ and 
[image: image891.wmf]n

 be fuzzy  left h-ideals of a hemiring S. If T* is a t-norm which dominates T , that is T*(T((, (), T(γ, ())  (  T(T*((, γ), T*((, ()) for all  
(, (, γ, ( ( [0, 1], then T*-product of µ and 
[image: image892.wmf]n

, [µ • 
[image: image893.wmf]n

]T*, is  a T-fuzzy left h-ideal     of S. 

Proof :

Let x, y ( S, then we have 


[µ  • 
[image: image894.wmf]n

]T* (x + y)   
=   T*  (µ(x+y), 
[image: image895.wmf]n

(x+y)) 





(   T* (T (µ(x), µ(y)), T(
[image: image896.wmf]n

(x), 
[image: image897.wmf]n

(y))





(    T(T*( µ(x), 
[image: image898.wmf]n

(x)), T*( µ(y), 
[image: image899.wmf]n

(y)))





=    T([µ • 
[image: image900.wmf]n

]T* (x), [µ • 
[image: image901.wmf]n

] T* (y)),

[µ • 
[image: image902.wmf]n

]T* (xy)   
=   T*  (µ(xy), 
[image: image903.wmf]n

(xy)) 





(   T* (T (µ(y), 
[image: image904.wmf]n

(y))





=    [µ • 
[image: image905.wmf]n

]T* (y). 

Hence, [µ • 
[image: image906.wmf]n

]T*  is a T-fuzzy left ideal of S. 

Now, let x, z, a, b ( S be such that x + a + z = b + z. 

Then,  [µ • 
[image: image907.wmf]n

] T*  (x)  
=  T* (µ(x), 
[image: image908.wmf]n

(x))





(  T* (T(µ(a), µ(b)), T (
[image: image909.wmf]n

(a), 
[image: image910.wmf]n

(b)))





(  T( T*( µ(a), 
[image: image911.wmf]n

(a)), T( µ(b), 
[image: image912.wmf]n

(b)) )





=  T( [µ • 
[image: image913.wmf]n

]T*(a), [µ • 
[image: image914.wmf]n

]T* (b) )

Therefore, [µ • 
[image: image915.wmf]n

]T* is a T-fuzzy left h-ideal of S. 

Remark : 4.3.17

(i) Let f : S ( S’ be an onto homomorphism of hemirings. Let T and T* be t-norms such T* dominates T. If µ and 
[image: image916.wmf]n

 are T-fuzzy left h-ideal of S’, then the T*-product of µ and 
[image: image917.wmf]n

, [µ • 
[image: image918.wmf]n

]T* is a T-fuzzy left h-ideal of S’. 

(ii) Since every onto homomorphic inverse image of a T-fuzzy left h-ideal is a T-fuzzy left h-ideal, the inverse images f-1(µ), f-1(
[image: image919.wmf]n

), and 
f-1( [µ • 
[image: image920.wmf]n

]T*) are T-fuzzy left h-ideals of S. 

The next theorem provides the relation between f-1( [µ • 
[image: image921.wmf]n

]T*) and T*-product               [f-1(µ) • f-1(
[image: image922.wmf]n

)]T* of f-1(µ) and f-1(
[image: image923.wmf]n

).
Theorem : 4.3.18 


Let f : S ( S’ be an onto homomorphism of hemirings. Let T* be a t-norm such that T* dominates T. Let µ and 
[image: image924.wmf]n

 be T-fuzzy left h-ideals of S’. If  [µ • 
[image: image925.wmf]n

] T*  is the T*-product of µ and 
[image: image926.wmf]n

, and [f-1(µ) • f-1(
[image: image927.wmf]n

)]T*  is the T*-product of f-1(µ) and        f-1(
[image: image928.wmf]n

), then f-1([µ • 
[image: image929.wmf]n

]T*)  =   [f-1(µ) • f-1(
[image: image930.wmf]n

)]T*
Proof :


Let x ( S, then we have 

f-1( [µ • 
[image: image931.wmf]n

]T*) (x)  
=   ([µ • 
[image: image932.wmf]n

]T* (f(x)) 


=   T*( µ(f(x)), 
[image: image933.wmf]n

 (f(x)))




=   T*( f-1(µ)(x) , f-1(
[image: image934.wmf]n

)(x))




=   [f-1(µ) • f-1(
[image: image935.wmf]n

)]T*  (x)

This completes the proof. 

Theorem : 4.3.19 


Let 
[image: image936.wmf]n

 be an imaginable fuzzy set in a hemiring S and let µ
[image: image937.wmf]n

 be the strongest T-fuzzy relation on S. Then 
[image: image938.wmf]n

 is an imaginable T-fuzzy left h-ideal of S if and only if µ
[image: image939.wmf]n

 is an imaginable T-fuzzy left h-ideal of S 
[image: image940.wmf]´

 S. 

Proof :


Assume that 
[image: image941.wmf]n

 is an imaginable T-fuzzy left h-ideal of  S. 

Let x = (x1, x2), y = (y1, y2) (  S 
[image: image942.wmf]´

 S. 

Then we have 


µ
[image: image943.wmf]n

(x + y)
=
µ
[image: image944.wmf]n

((x1, x2) + (y1, y2))




=
µ
[image: image945.wmf]n

 (x1 + y1 , x2 + y2)




=
T (
[image: image946.wmf]n

(x1 + y1) , 
[image: image947.wmf]n

(x2 + y2) )




(
T( T(
[image: image948.wmf]n

(x1) , 
[image: image949.wmf]n

(y1)) , T(
[image: image950.wmf]n

(x2) , 
[image: image951.wmf]n

(y2)) )

`


=
T( T(
[image: image952.wmf]n

(x1) , 
[image: image953.wmf]n

(x2)) , T(
[image: image954.wmf]n

(y1) , 
[image: image955.wmf]n

(y2)) )




=
T(µ
[image: image956.wmf]n

(x1, x2) , µ
[image: image957.wmf]n

(y1, y2))




=
T(µ
[image: image958.wmf]n

(x), µ
[image: image959.wmf]n

(y)), 

T(µ
[image: image960.wmf]n

(x), µ
[image: image961.wmf]n

(y))  =  µ
[image: image962.wmf]n

((x1, x2) (y1, y2)) = µ
[image: image963.wmf]n

(x1x2 , y1 y2), 

T(
[image: image964.wmf]n

(x1y1) 
[image: image965.wmf]n

(x2 y2))   (  T(
[image: image966.wmf]n

(y1), 
[image: image967.wmf]n

(y2))   =  µ
[image: image968.wmf]n

(y1 y2)  =  µ
[image: image969.wmf]n

(y). 

Hence µ
[image: image970.wmf]n

 is a T-fuzzy left ideal of S 
[image: image971.wmf]´

 S. 

Now, let a = (a1, a2), b = (b1, b2), x = (x1, x2), z = (z1, z2) ( S 
[image: image972.wmf]´

 S be such that 

x + a + z = b + z. 

That is, (x1, x2) + (a1, a2) + (z1, z2)  =  (b1, b2) + (z1, z2)  

Then   x1 + a1 + z1 = b1 + z1 and x2 + a2 + z2 = b2 + z2.

Thus, µ
[image: image973.wmf]n

(x)    =   µ
[image: image974.wmf]n

(x1, x2)  =   T(
[image: image975.wmf]n

(x1), 
[image: image976.wmf]n

(x2))





   (  T(
[image: image977.wmf]n

(a1), 
[image: image978.wmf]n

(b1)), T(
[image: image979.wmf]n

(a2), (
[image: image980.wmf]n

(b2)) )   





   =  T( T(
[image: image981.wmf]n

(a1), 
[image: image982.wmf]n

(a2)), T(
[image: image983.wmf]n

(b1), (
[image: image984.wmf]n

(b2)) )   





   =  T(µ
[image: image985.wmf]n

(a1, a2), µ
[image: image986.wmf]n

(b1 , b2))   





   =  T(µ
[image: image987.wmf]n

(a), µ
[image: image988.wmf]n

(b)). 

Therefore, µ
[image: image989.wmf]n

  is a T-fuzzy left h-ideal of S 
[image: image990.wmf]´

 S. 

For any x = (x1, x2) ( S 
[image: image991.wmf]´

 S, then 

T (µ
[image: image992.wmf]n

(x), µ
[image: image993.wmf]n

(x))

=
T (µ
[image: image994.wmf]n

(x1, x2),  µ
[image: image995.wmf]n

(x1, x2))





=
T ( T(
[image: image996.wmf]n

(x1), 
[image: image997.wmf]n

(x2)), T(
[image: image998.wmf]n

(x1), 
[image: image999.wmf]n

(x2)) )





=
T( T(
[image: image1000.wmf]n

(x1), 
[image: image1001.wmf]n

(x1)), T(
[image: image1002.wmf]n

(x1), 
[image: image1003.wmf]n

(x1)) )

                                            =
T(
[image: image1004.wmf]n

(x1), 
[image: image1005.wmf]n

(x2)





=
µ
[image: image1006.wmf]n

(x1 , x2)





=
µ
[image: image1007.wmf]n

(x). 

Thus, µ
[image: image1008.wmf]n

 is an imaginable T-fuzzy left h-ideal of S 
[image: image1009.wmf]´

 S. 

Conversely, suppose that µ
[image: image1010.wmf]n

 is an imaginable T-fuzzy left h-ideal of S 
[image: image1011.wmf]´

 S 

Let x, y ( S. 

Then we have 



[image: image1012.wmf]n

(x + y)   =  T (
[image: image1013.wmf]n

(x + y), 
[image: image1014.wmf]n

(x + y))   =  µ
[image: image1015.wmf]n

 (x + y,  x + y)



      =  µ
[image: image1016.wmf]n

 ((x, x) + (y, y)) (   T (µ
[image: image1017.wmf]n

(x, x) , µ
[image: image1018.wmf]n

(y, y))



      =  T( T(
[image: image1019.wmf]n

(x), 
[image: image1020.wmf]n

(x)),  T(
[image: image1021.wmf]n

(y), 
[image: image1022.wmf]n

(y)) )



      =  T(
[image: image1023.wmf]n

(x), 
[image: image1024.wmf]n

(y))

since 
[image: image1025.wmf]n

 is imaginable. 

Next, we have 



[image: image1026.wmf]n

(xy)       =  T (
[image: image1027.wmf]n

(xy), 
[image: image1028.wmf]n

(xy))   



      =  µ
[image: image1029.wmf]n

((x, x) (y, y)) (   µ
[image: image1030.wmf]n

(y, y)



      =  T(
[image: image1031.wmf]n

(y), 
[image: image1032.wmf]n

(y))



      =  
[image: image1033.wmf]n

(y)

Hence, 
[image: image1034.wmf]n

 is an imaginable T-fuzzy left ideal of S. 

Let a, b, x, z ( S be such that x + a + z = b + z. 

Then, (x, x) + (a, a) + (z, z)   =   (b, b)  + (z, z). 

Since µ
[image: image1035.wmf]n

 is an imaginable T-fuzzy left h-ideal of S 
[image: image1036.wmf]´

 S, it follows that 



[image: image1037.wmf]n

(x)         =  T (
[image: image1038.wmf]n

(x), 
[image: image1039.wmf]n

(x))   



      =  µ
[image: image1040.wmf]n

(x, x)   (   T(µ
[image: image1041.wmf]n

(a, a), µ
[image: image1042.wmf]n

(b, b))



      =  T( T(
[image: image1043.wmf]n

(a), 
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(a)), T(
[image: image1045.wmf]n

(b), 
[image: image1046.wmf]n

(b)) )



      =  T(
[image: image1047.wmf]n

(a), 
[image: image1048.wmf]n

(b)). 

Consequently, 
[image: image1049.wmf]n

 is an imaginable T-fuzzy left h-ideal of S. 


CHAPTER – 5

FUZZY LEFT h-IDEALS OF HEMIRINGS WITH t-CONORM

SECTION : 5.1 

S-FUZZY LEFT h-IDEALS OF HEMIRINGS

Definition : 5.1.1

A triangular conorm (t-conorm or s-norm) is a mapping 

S : [0,1] x [0,1] → [0,1] that satisfies the following conditions:


(S1)
S (x,0) = x,


(S2)
S (x,y) = S (y,x),


(S3)
S (x, S(y,z) ) = S ( S(x,y), z),


(S4)
S (x,y) ≤ S (x,z) whenever y ≤ z,

for all x, y, z 
[image: image1050.wmf]Î

 [0,1].

Note :

Replacing 0 by 1 in condition S, we obtain the concept of t-norm T.

Proposition : 5.1.2

For a t-conorm S, the following statement holds:

S (x,y) ≥ max { x , y }, for all x,y 
[image: image1051.wmf]Î

 [0,1].

Proof : 

Obvious.

Definition : 5.1.3

Let S be a t-conorm. A fuzzy set μ in a hemiring R is called sensible with respect to S if Im μ 
[image: image1052.wmf]Í

 ΔS, where ΔS = { t 
[image: image1053.wmf]Î

 [0,1] / S (t,t) = t}.

Definition : 5.1.4

A fuzzy set μ of R is called a S-fuzzy left ideal of a hemiring R ( briefly, fuzzy left ideal with respect to t- conorm ) if it satisfies the following conditions:


(i)
μ (x+y) ≤ S (μ(x) , μ(y)),


(ii)
μ (xy) ≤ μ(y), for all x,y 
[image: image1054.wmf]Î

 S.

S-fuzzy right ideals are defined similarly.

Definition : 5.1.5

A S-fuzzy ideal μ of R is said to be a S-fuzzy left h-ideal if it satisfies the following condition:


(iii)
x + a + z = b +z implies that μ (x) ≤ S ( μ(a) , μ(b) ), 

for all a,b,x,z 
[image: image1055.wmf]Î

 S.

S-fuzzy right h-ideals are defined similarly.

Definition : 5.1.6

A S-fuzzy left h-ideal μ of R is said to be a sensible if it satisfies the sensible property.

Example : 5.1.7

Let R be the set of natural numbers including 0, and R is a hemiring with usual addition and multiplication.

Define a fuzzy set μ : R → [0,1] by 

μ (x)
=

[image: image1056.wmf]î
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[image: image1057.wmf]otherwise
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[image: image1058.wmf],

0

or

even


and let Sm : [0,1] x [0,1] → [0,1] be a function defined by 

Sm (α,β) = min {x+y , 1} for all x,y 
[image: image1059.wmf]Î

 [0,1].

Then, Sm is a t-conorm and μ is a sensible S-fuzzy left h-ideal of R.

Proposition : 5.1.8

Let S be a t-conorm. Then every sensible S-fuzzy left h-ideal μ of a hemiring R is an anti fuzzy left h-ideal of R.

Proof : 


Obvious.

Corollary : 5.1.9

If μ is a sensible S-fuzzy left h-ideal of R, then each nonempty lower level subset L(μ;t) of μ is a left h-ideal of R.

Proof :

Assume that μ is a sensible S-fuzzy left h-ideal of R and L(μ;t) is a nonempty lower level subset of μ in R.

(i) Since L(μ;t) is a nonempty lower level subset of μ, there exists x,y 
[image: image1060.wmf]Î

 L(μ;t),


μ (x+y) ≤ S ( μ(x) , μ(y) ) = t.


Thus x+y 
[image: image1061.wmf]Î

 L(μ;t).

(ii)  Let x,y 
[image: image1062.wmf]Î

 L(μ;t) such that μ (xy)  ≤  μ (y)  ≤  t.


 Thus xy 
[image: image1063.wmf]Î

 L(μ;t).

(iii) Let a,b,x,z 
[image: image1064.wmf]Î

 L(μ;t).


  If x + a + z = b + z implies that μ (x) ≤ S ( μ(a) , μ(b) ) = t.


  Thus x 
[image: image1065.wmf]Î

 L(μ;t).

Hence, L(μ;t) is a left h-ideal of R.

Note :

The following example shows that there exists a t-conorm S such that an anti fuzzy h-ideal of R may not be an sensible S-fuzzy left h-ideal of R.

Example : 5.1.10

Let R be a hemiring in example 5.1.7.

Define a fuzzy set μ : R → [0,1] by 

μ (x)
=
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í

ì

otherwise

or

even

is

x

if

,

,

0

,

3

1

5

1


is an anti fuzzy h-ideal of R.

Let 
[image: image1067.wmf]n

 = (0,1) and define the binary operation S
[image: image1068.wmf]n

 on (0,1) as follows:




max { α , β }
,
if min { α , β } = 0

S
[image: image1069.wmf]n

(α , β)
=
0

,
max { α , β } > 0, α + β ≥ 1 + 
[image: image1070.wmf]n






[image: image1071.wmf]n



,
otherwise



Then, S
[image: image1072.wmf]n

 is a t-conorm and μ is a S-fuzzy h-ideal of R, but

S
[image: image1073.wmf]n

( μ(0) , μ(0) ) = S
[image: image1074.wmf]n

( 
[image: image1075.wmf]5

1

,
[image: image1076.wmf]5

1

 ) = 
[image: image1077.wmf]n

 ≠  μ (0).

Hence, μ is not a sensible S-fuzzy left h-ideal of R.

Theorem : 5.1.11

Let S be a t-conorm and let μ be a sensible fuzzy set in a hemiring R, then μ is a sensible S-fuzzy left h-ideal of R if and only if each nonempty level subset L(μ;t) of μ is a left h-ideal of R.

Proof : 

The necessary condition can be given by corollary 5.1.9.

Conversely, assume that each nonempty lower level subset L (μ;t) is a left h-ideal of R.

(i)
Let x,y 
[image: image1078.wmf]Î

 R.


Let  if possible, μ (x+y) > S ( μ(x) , μ(y) )


Set t0 = (1/2){μ(x+y) + S(μ(x) , μ(y))}, we have x
[image: image1079.wmf]Î

L(μ; t0) and y
[image: image1080.wmf]Î

L(μ; t0),


since L(μ; t) is a left h-ideal of R.


Then x+y 
[image: image1081.wmf]Î

 L(μ;t0) and μ (x+y) ≤ t0, a contradiction.


Thus μ (x+y) ≤ S ( μ(x) , μ(y) ).

(ii)
If x,y 
[image: image1082.wmf]Î

 L(μ; t) then xy 
[image: image1083.wmf]Î

 L(μ; t).


Then μ (xy) ≤ μ(y) ≤  t.


Thus μ (xy) ≤ μ(y).

(iii)
Let a,b,x,z 
[image: image1084.wmf]Î

 R.


If x + a + z = b + z implies that x 
[image: image1085.wmf]Î

 L(μ;t).


Define t = min { μ(a) , μ(b) }.


Then μ (x) ≤ t = min { μ (a) , μ(b) }.


Thus μ (x) ≤ max { μ (a) , μ(b) }.


Hence, μ is a sensible S-fuzzy left h-ideal of R.

Theorem : 5.1.12

If { μi / i 
[image: image1086.wmf]Î

Δi } is a family of S-fuzzy left h-ideal of R, then (
[image: image1087.wmf]i

D
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V

μi) (x) is a S-fuzzy left h-ideal of R.

Proof : 

Let { μi / i 
[image: image1088.wmf]Î

Δi } be a family of S-fuzzy left h-ideal of R.

(i)
For all x,y 
[image: image1089.wmf]Î

 R, we have


(
[image: image1090.wmf]i

D

Î

i

V

μi) (x+y)
=
sup { μi (x+y) / i 
[image: image1091.wmf]Î

Δi }




≤
sup { S ( μi (x) , μi (y) ) / i 
[image: image1092.wmf]Î

Δi }




=
S ( sup{ μi (x) / i 
[image: image1093.wmf]Î

Δi } , sup{ μi (y) / i 
[image: image1094.wmf]Î

Δi } )




=
S ( (
[image: image1095.wmf]i

D

Î

i

V

μi) (x) , (
[image: image1096.wmf]i

D

Î

i

V

μi) (y) )

(ii)
For all x,y 
[image: image1097.wmf]Î

 R, we have


(
[image: image1098.wmf]i

D

Î

i

V

μi) (xy)
=
sup { μi (xy) / i 
[image: image1099.wmf]Î

Δi }




≤
sup { S (μi (x)) / i 
[image: image1100.wmf]Î

Δi }
=
S ( (
[image: image1101.wmf]i

D

Î

i

V

μi) (x) )

(iii)
For all a,b,x,z 
[image: image1102.wmf]Î

 R and if x + a + z = b + z, then


(
[image: image1103.wmf]i

D
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i

V

μi) (x) 
=
sup { μi (x) / i 
[image: image1104.wmf]Î

Δi }




≤
sup { S ( μi (a) , μi (b) ) / i 
[image: image1105.wmf]Î

Δi }




=
S ( sup{ μi (a) / i 
[image: image1106.wmf]Î

Δi } , sup{ μi (b) / i 
[image: image1107.wmf]Î

Δi } )




=
S ( (
[image: image1108.wmf]i

D
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μi) (a) , (
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μi) (b) )

Hence (
[image: image1110.wmf]i
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μi) is a S-fuzzy left h-ideal of R.

Theorem : 5.1.13

Let f : R → R’ be a homomorphism of hemirings. If μ is a S-fuzzy left 
h-ideal of R’, then f-1(μ) is S-fuzzy left h-ideal of R.

Proof :

Suppose μ is a S-fuzzy left h-ideal of R’, then

(i)
For all x,y 
[image: image1111.wmf]Î

 R, we have


(f-1(μ)) (x+y)
=
μ ( f(x+y) )
=
μ ( f(x) + f(y) )




≤
S ( μ(f(x)) , μ(f(y)) )




=
S ( (f-1(μ)) (x) , (f-1(μ)) (y) )

(ii)
For all x,y 
[image: image1112.wmf]Î

 R, we have


(f-1(μ)) (xy)
=
μ ( f(xy) )
=
μ ( f(x)f(y) )




≤
μ ( f(y) )
=
(f-1(μ)) (y)

(iii)
For all x,y 
[image: image1113.wmf]Î

 R and if x + a + z = b + z. Then


(f-1(μ)) (x)
=
μ ( f(x) )




≤
S ( μ(f(a)) , μ(f(b)) )




=
S ( (f-1(μ)) (a) , (f-1(μ)) (b) )

Hence, f-1(μ) is a S-fuzzy left h-ideal of R.

Theorem : 5.1.14

Let f : R → R’ be a homomorphism of hemirings. If f-1(μ) is a S-fuzzy left h-ideal of R, then μ is S-fuzzy left h-ideal of R’.

Proof :

Suppose f-1(μ) is a S-fuzzy left h-ideal of R, then

(i)
Let x’,y’ 
[image: image1114.wmf]Î

 R’, there exists x,y 
[image: image1115.wmf]Î

 R such that f(x) = x’ and f(y) = y’, 
we have


μ (x’+y’)
=
μ ( f(x) + f(y) )
=
μ ( f(x+y) )




=
(f-1(μ)) (x+y)




≤
S ( (f-1(μ)) (x) , (f-1(μ)) (y) )




=
S ( μ(f(x)) , μ(f(y)) )
=
S ( μ(x’) , μ(y’) )

(ii)
Let x’,y’ 
[image: image1116.wmf]Î

 R’, there exists x,y 
[image: image1117.wmf]Î

 R such that f(x) = x’ and f(y) = y’, 
we have


μ (x’y’)
=
μ ( f(x)f(y) )
=
μ ( f(xy) )




=
(f-1(μ)) (xy)
≤
(f-1(μ)) (y)




=
μ (f(y))




=

μ (y’)

(iii) Let a’,b’,x’,z’ 
[image: image1118.wmf]Î

 R’, there exists a,b,x,z 
[image: image1119.wmf]Î

 R such that


f(a) = a’, f(b) = b’, f(x) = x’, f(z) = z’.


If x’+a’+z’ = b’+z’, then f(x+a+z) = f(b+z) and so 


f(x) + f(a) + f(z) = f(b) + f(z).


It follows that


μ (x’)

=

μ (f(x))
=
(f-1(μ)) (x)




≤
S ( (f-1(μ)) (a) , (f-1(μ)) (b) )




=
S ( μ (f(a)) , μ (f(b)) )




=
S ( μ (a’) , μ (b’) )

Hence μ is a S-fuzzy left h-ideal of R’.

Lemma : 5.1.15

Let T be a t-norm. Then t-conorm S can be defined as 

S (x,y) = 1 – T (1-x,1-y).

Proof : 


Obvious.

Theorem : 5.1.16

A fuzzy set μ of R is a T-fuzzy left h-ideal if and only if its complement μC is a S-fuzzy left h-ideal of R.

Proof :

Let μ be a T-fuzzy left h-ideal of R.

(i)
For all x,y 
[image: image1120.wmf]Î

 R, we have


μC (x+y)
=
1 – μ (x+y)




≤
1 – T ( μ (x) , μ (y) )




=
1 – T ( 1 - μC (x) , 1 - μC (y) )




=
S ( μC (x) , μC (y) )

(ii)
For all x,y 
[image: image1121.wmf]Î

 R, we have


μC (xy)
=
1 – μ (xy)
≤
1 – μ (y)
=
μC (y)

(iii)
For all a,b,x,z 
[image: image1122.wmf]Î

 R, if x + a + z = b + z such that 


μC (x)

=
1 – μ (x)




≤
1 – T ( μ (a) , μ (b) )




=
1 – T ( 1 - μC (a) , 1 - μC (b) )




=
S ( μC (a) , μC (b) )

Hence, μC is a S-fuzzy left h-ideal of R.

The converse is proved similarly.

SECTION : 5.2 

S-PRODUCT OF S-FUZZY LEFT h-IDEALS OF HEMIRINGS

Definition : 5.2.1


Let μ and 
[image: image1123.wmf]n

 be a fuzzy set in a hemiring R. Then the S-h-product of μ and 
[image: image1124.wmf]n

 is defined by
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Proposition : 5.2.2

Let μ and 
[image: image1126.wmf]n

 be a fuzzy set of R. If they are S-fuzzy left h-ideal of R, then so μ Λ
[image: image1127.wmf]n

 where μ Λ
[image: image1128.wmf]n

 is defined by (μ Λ
[image: image1129.wmf]n

) (x) = S ( μ(x) , 
[image: image1130.wmf]n

(x) ) for all x 
[image: image1131.wmf]Î

 R.
Moreover, if μ and 
[image: image1132.wmf]n

 are S-fuzzy right h-ideal and a S-fuzzy left h-ideal respectively, then μ 
[image: image1133.wmf]o

h 
[image: image1134.wmf]n

 
[image: image1135.wmf]Í

 μ Λ
[image: image1136.wmf]n

.

Proof :

The proof is obtained dually by using the notation of t-conorm S instead of t-norm T in proposition 4.2.3

Theorem : 5.2.3

Let μ be a fuzzy set in R and 

Im (μ) = { α0 , α1 ,…….., αk }, where αi < αj whenever i > j.

Let { An / n = 0,1,…….,k } be a family of ideals of R such that

(i) A0 
[image: image1137.wmf]Ì

 A1 
[image: image1138.wmf]Ì

 ……….. 
[image: image1139.wmf]Ì

 Ak = R,

(ii) μ(A*) = αn, where An* = An\An-1 , A–1 = ф for n = 0,1,……..,k.

Then μ is a S-fuzzy left h-ideal of R.

Proof : 

Suppose { An / n = 0,1,…….,k } be a family of ideals of R.

(i)
For all x,y 
[image: image1140.wmf]Î

 R, then we discuss the following cases:


If x+y 
[image: image1141.wmf]Î

 An and y 
[image: image1142.wmf]Î

 An such that x 
[image: image1143.wmf]Î

 An, since An is an ideal of R,


thus x+y 
[image: image1144.wmf]Ï

 An* and y 
[image: image1145.wmf]Ï

 An*, then the following four cases arise:

1) x+y 
[image: image1146.wmf]Î

 R\An and y 
[image: image1147.wmf]Î

 R\An
2) x+y 
[image: image1148.wmf]Î

 An-1 and y 
[image: image1149.wmf]Î

 An-1
3) x+y 
[image: image1150.wmf]Î

 R\An and y 
[image: image1151.wmf]Î

 An-1
4) x+y 
[image: image1152.wmf]Î

 An-1 and y 
[image: image1153.wmf]Î

 R\An

But, in either cases, we know that μ(x+y) ≤ S (μ(x) , μ(y)).


If x+y 
[image: image1154.wmf]Î

 R\An* and y 
[image: image1155.wmf]Ï

 An*, then either y 
[image: image1156.wmf]Î

 An-1 or y 
[image: image1157.wmf]Î

 R\An.


It follows that either x 
[image: image1158.wmf]Î

 An or x 
[image: image1159.wmf]Î

 R\An.


Thus μ(x+y) ≤ S (μ(x) , μ(y)).


If x+y 
[image: image1160.wmf]Ï

 R\An* and y 
[image: image1161.wmf]Î

 An*, then by similar process we have


μ(x+y) ≤ S (μ(x) , μ(y)).

(ii)
Similarly, for x,y 
[image: image1162.wmf]Î

 R, we have μ(xy) ≤ μ(y).

(iii)
For all a,b,x,z 
[image: image1163.wmf]Î

 R, if x + a + z = b + z such that a 
[image: image1164.wmf]Î

 An and b 
[image: image1165.wmf]Î

 An 
then x 
[image: image1166.wmf]Î

 An.


By the above process it is easy to show that, μ(x) ≤ S (μ(a) , μ(b)).

Hence μ is a S-fuzzy left h-ideal of R.

Theorem : 5.2.4

Let { An / n 
[image: image1167.wmf]Î

 N } be a family of h-ideals of a hemiring R which is nested, that is, 

R = A1 
[image: image1168.wmf]É

 A2 
[image: image1169.wmf]É

 ……….

Let μ be a fuzzy set in R defined by

μ (x)
=
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for all x 
[image: image1171.wmf]Î

 R. Then μ is a S-fuzzy left h-ideal of R.

Proof : 


Obvious.

Definition : 5.2.5

Let μ : R → [0,1] be a fuzzy set of R. The smallest S-fuzzy left h-ideal containing μ is called the S-fuzzy left h-ideal generated by μ, and μ is said to be 
n-valued if μ(R) is a finite set of n elements. When no specific n is intended, μ is called a finite-valued fuzzy set.

Theorem : 5.1.6


A S-fuzzy left h-ideal 
[image: image1172.wmf]n

 of R is finite-valued if and only if a finite-valued fuzzy set μ of R is generated by 
[image: image1173.wmf]n

.

Proof : 


Obvious. 

Definition : 5.1.7

A semiring R is said to be left h-artinian if it satisfies the descending chain condition on left h-ideals of R.

Theorem : 5.2.8

If R is a h-artinian hemiring, then every S-fuzzy left h-ideal of R is 

finite-valued.

Proof : 


Obvious.

Corollary : 5.2.9

If R is a h-artinian hemiring, then every S-fuzzy left h-ideal of R is generated by a finite fuzzy set of R.

Proof :

The proof follows by theorems 5.2.6 and 5.2.8.

Definition : 5.2.10

Let S be a t-conorm. If μ is a fuzzy relation on a set R and 
[image: image1174.wmf]n

 is a fuzzy set in R, then μ is a S-fuzzy relation on 
[image: image1175.wmf]n

 if μ
[image: image1176.wmf]n

(x,y) ≥ S (
[image: image1177.wmf]n

(x),
[image: image1178.wmf]n

(y) ), for all x,y 
[image: image1179.wmf]Î

 R.

Definition : 5.2.11

Let S be a t-conorm. Let μ and 
[image: image1180.wmf]n

 be a fuzzy set of R. Then direct S-product of μ and 
[image: image1181.wmf]n

 is defined by (μ
[image: image1182.wmf]´



 EMBED Equation.3  [image: image1183.wmf]n

) (x,y) = S (μ(x) ,
[image: image1184.wmf]n

(y)), for all x,y 
[image: image1185.wmf]Î

 R.

Lemma : 5.2.12

Let S be a t-conorm. Let μ and 
[image: image1186.wmf]n

 be a fuzzy set of R. Then, 

(i) μ
[image: image1187.wmf]´



 EMBED Equation.3  [image: image1188.wmf]n

 is a S-fuzzy relation on S.

(ii) L(μ
[image: image1189.wmf]´



 EMBED Equation.3  [image: image1190.wmf]n

;t) = L(μ;t) 
[image: image1191.wmf]´

 L(
[image: image1192.wmf]n

;t), for all t 
[image: image1193.wmf]Î

 [0,1].

Proof : 


Obvious.

Definition : 5.2.13

Let S be a t-conorm. Let μ be a fuzzy set of R, then μ is said to be the strongest S-fuzzy relation on R if μ
[image: image1194.wmf]n

(x,y) ≥ S (
[image: image1195.wmf]n

(x) , 
[image: image1196.wmf]n

(y) ), for all x,y 
[image: image1197.wmf]Î

 R.

Lemma : 5.2.14

For given fuzzy set 
[image: image1198.wmf]n

 in a set R, let μ
[image: image1199.wmf]n

 be the strongest S-fuzzy relation on R. Then L (μ
[image: image1200.wmf]n

;t) = L (μ;t) 
[image: image1201.wmf]´

 L (
[image: image1202.wmf]n

;t), for all t 
[image: image1203.wmf]Î

 [0,1].

Proof : 


Obvious.
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Proof :
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Proposition : 5.2.16

Let μ and 
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Proof :

It is immediate consequence of lemma 5.2.14.

Theorem : 5.2.17

Let S be a t-conorm. Let μ and 
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[image: image1231.wmf]´


[image: image1232.wmf]n

 is a S-fuzzy left h-ideal of R
[image: image1233.wmf]´
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Proof : 


Obvious.

Corollary : 5.2.18

Let S be a t-conorm. Let μ and 
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Proof : 


Obvious.
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(iii)
Let x = (x1,x2), z = (z1,z2), a = (a1,a2) and b = (b1,b2) be such that 
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Hence, μ
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 is a sensible S-fuzzy left h-ideal of R.
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(iii)
Let a,b,x,z  
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Consequently, 
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 is a sensible S-fuzzy left h-ideal of R.


SUMMARY AND CONCLUSION

The concept of a fuzzy set introduced in Zadeh [32] was applied to the elementary theory of groupoids and groups in Rosenfeld [24]. In this thesis some interesting results on fuzzy h-ideals of hemirings are discussed.

In the first chapter, we have collected preliminary definitions and results on fuzzy sets and hemirings. A characterization of an h-hemiregular hemiring in terms of a fuzzy h-ideal is provided.

In chapter 2, some properties of prime fuzzy left h-ideals of hemirings, normal and maximal fuzzy left h-ideals of hemirings are presented. Also, the concept of a fuzzy h-bi-ideal, a fuzzy h-quasi-ideal of a hemiring and some related properties of such fuzzy h-ideals are discussed.


In chapter 3, the concept of anti fuzzy left h-ideals of hemirings and some of their related properties are provided.


In chapter 4, the notion of T-fuzzy left h-ideals in a hemiring and basic properties are investigated. Using a collection of left h-ideals of a hemiring S, T-fuzzy left h-ideals of S are established. Moreover, the notion of a finite-valued T-fuzzy left h-ideal and its characterization is given. T-fuzzy relations on a hemiring S are also discussed.


In chapter 5, the notion of S-fuzzy left h-ideals in a hemiring and its basic properties are investigated. Some properties of the direct product and S-product of S-fuzzy left h-ideals of hemirings are also discussed.


We hope that these results can be extended to fuzzy near-rings and fuzzy Gamma-rings for further research.
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