F (i, j)-v a-Continuous Maps in
Bitopological Spaces

7.1 Introduction

The concept of continuity in topological spaces was extended to bitpological spaces
by Pervin (1967). In this chapter, (i, j)—\u*a—ck—continuous maps, quasi (i, j)—\y*a—continuous
maps, perfectly (i, j)-w*a-continuous maps, totally (i, j)-w*a-ck-continuous maps, strongly
@, j)—\y*a—crk—continuous maps, contra (i, j)—\u*a—ck—continuous maps, (i, j)—\y*a—irresolute

maps and contra (i, j)-y o-irresolute maps are introduced and their properties are discussed.

7.2 (4, j)-\y*u-ck-continuous maps

In this section, (i, j)-y o-ci-continuous maps using (i, j)-y a-closed sets in

bitopological spaces are introduced and some of their basic properties are studied.

Definition 7.2.1 A map f : (X, 11, ©») — (Y, oy, o7) is called (i, j)-w*a-o'k-continuous if
fl(V)isan (i, j)-\u*a-closed set in (X, 11, T2) for every ox-closed set V in (Y, o1, 62), where

i,j,k=1,2andi#j.

Example 7.2.2 Let X =Y = {a, b, ¢}, 7= {0, {a}, X}, .= {d, {a},{a, b}, {a, c}, X},
o1 = {¢, {a, b}, Y} and o, = {9, {a}, Y}. Let f : (X, 11, 12) — (Y, G|, 52) be the identity

map. Then fis (1, 2)-y 0-;-continuous.

Remark 7.2.3 If 1= 1,=tand 6; =6, =c then (i, j)-\y*a-ck-continuous map coincides

. * .
with y a-continuous map.

Proposition 7.2.4

1) Every ti-cp-continuous map f : (X, 1, ) — (Y, o1, 02) is an
Yy T p
@, j)-\y*a-ck-continuous map.
i1) Every t-a-c-continuous map f : (X, 1, ©2) — (Y, o1, ©3) IS an
Yy T p

@, j)-\v*a-ck-continuous map.
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Proof: Since every t; -closed set and 7tj-a-closed set is an (i, j)-y a-closed set, the result

follows.

The converse of the statements in the above proposition need not be true as can be

seen from the following example.

Example 7.2.5 Let X =Y = {a, b, ¢}, 1= {$, {a, b}, X}, .. = {¢, {a}, {a, b}, X}, 51 = {¢,
{a}, Y} and o, = {¢, {a, b}, Y}. Let f: (X, 11, 2) — (Y, o1, 52) be a map defined by
f(a) = b, f(b) = a, f(c) = c. Then fis (1, 2)—\|f*0t-01-c0ntinu0us but not 1,-6;-continuous and
not T,-0-o-continuous, since {b, ¢} is o1-closed in (Y, o1, 6,) but £'({b, c}) = {a, ¢} is not

Tp-closed and not 1;-a-closed in (X, Ty, T2).

Remark 7.2.6 The converse of the statements in Proposition 7.2.4 is true if (X, 11, 12) is,

respectively,
(®) an (i, )-y+Tc-space,
(11) an (i, j)-y*aTo-space.

Proposition 7.2.7 Every (i, j)-\y*(x-ck-continuous map is an (i, j)-gp-ox-continuous map but

not conversely.

Proof: Let f: (X, 11, ) — (Y, o1, 62) be an (i, j)—\u*a-ck-continuous map. Let V be a
or-closed set in (Y, o1, 62). Then £'(V) is (i, j)-w*a-closed in (X, 11, 12). Since every
@, j)—\u*a—closed set is (i, j)-gp-closed, f'(V) is (i, j)-gp-closed and hence f is an

(1, j)-gp-ox-continuous map.

Example 7.2.8 Let X =Y = {a, b, ¢}, 1= {¢, {a}, X}, .. = {9, {a}, {b}, {a, b},{a, c}, X},
o1 = {0, {c},{a, b}, Y} and o2 = {9, {a}, {b}, {a, b}, Y}. Letf: (X, 11, 2) — (Y, o1, G2) be
the identity map. Then f is (1, 2)-gp-c;-continuous but not (1, 2)—\|f*0c-c51-continuous,
since {a, b} is o)-closed in (Y, 1, 6) but f'({a, b}) = {a, b} is not (I, 2)-\|1*(x-closed in
(X, 11, T2).

Proposition 7.2.9 Every (i, j)—w*a—csk—continuous map is an (i, j)-gpr-cx-continuous map

but not conversely.
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Proof: Let f : (X, 17, 7)) — (Y, 61, o) be an (i, j)—\u*a—ck—continuous map.
Let V be a oy-closed set in (Y, o1, 65). Then £'(V) is (i, j)-w*a-closed in (X, Ty, 12). Since
every (i, j)—\v*a—closed set is (i, j)-gpr-closed, £'(V) is (i, j)-gpr-closed and hence f is an

(i, j)-gpr-cx-continuous map .

Example 7.2.10 Let X =Y = {a, b, c}, 11 = {¢, {a}, {a, b}, X}, = = {9, {a}, {a, b}, {a, c},
X}, 01=1{0, {c}, {a,b}, Y} and o, = {0, {a}, Y}. Let f: (X, 11, ) — (Y, 1, 02) be a map
defined by f(a) = b, f(b) = c, f(c) = a. Then f is (1, 2)-gpr-o;-continuous but not
(1, 2)—w*a-61-c0ntinuous, since {a, b} is oj-closed in (Y, o1, 53) but fl({a, b})={a, c} is

not (1, 2)—\|J*a-c10sed in (X, t1, T2).

Proposition 7.2.11 Every (i, j)-\u*a-ck-continuous map is an (i, j)- §,-ox-continuous map

but not conversely.

Proof: Let f: (X, 11, 72) — (Y, 61, 62) be an (i, j)-y o-or-continuous map . Let V be a
oi-closed set in (Y, o1, 62). Then £'(V) is (i, j)-y o-closed in (X, 11, o). Since every
G, j)-w a-closed set is (i, j)- 8,-closed, f'(V) is (i, j)- g,-closed and hence f is an

(i, j)- g,-Ok-continuous map.

Example 7.2.12 Let X =Y = {a, b, ¢, d}, 11 = {¢, {a}, {a, b}, X}, 1. = {9, {d}, {a, b},
{a,b,d}, X}, 01=1{d, {a,b}, Y} and o = {0, {a}, Y}. Let f: (X, 11, T2) — (Y, 51, G) be a
map defined by f(a) = b, f(b) = ¢, f(c) = d, f(d) = a. Then f is (1, 2)- §,-c1-continuous but
not (1, 2)-y a-6,-continuous, since {c, d} is o;-closed in (Y, o1, o) but f'({c, d}) = {b, ¢}

is not (1, 2)—\y*a—closed in (X, 11, T2).

Proposition 7.2.13 Every (i, j)—\p*a—ck—continuous map is an (i, j)-gu-ok-continuous map

but not conversely.

Proof: Let f: (X, 11, 12) — (Y, o1, 62) be an (i, j)—\u*a—ck—continuous map. Let V be a
ox-closed set in (Y, o1, o). Then fl(V) is (i, j)-\u*a-closed in (X, 11, 12). Since every
@, j)-\v*a-closed set is (i, j)-ga-closed, f'(V) is (i, j)-go-closed and hence f is an

(i, j)-ga-ok-continuous map.
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Example 7.2.14 Let X =Y = {a, b, c}, 11 = {¢, {a}, {a, b}, {a, c}, X}, . = {¢, {a}, {b, c},
X}, 01 = {0, {a}, {a, b}, Y} and o, = {¢, {a}, {b}, {a, b}, Y}. Let f: (X, 11, 12) — (Y, o,
o,) be a map defined by f(a) = b, f(b) = a, f(c) = ¢. Then f is (1, 2)-ga-o;-continuous but
not (1, 2)—w*a—01—continuous, since {b, ¢} is oj-closed in (Y, o1, 02) but £'({b, c}) = {a, ¢}

is not (1, 2)-\V*a-closed in (X, 11, 7).

Proposition 7.2.15 Every (i, j)-w*a-ck-continuous map is an (i, j)-0g-or-continuous map

but not conversely.

Proof: Let f: (X, 11, 2) — (Y, 01, 02) be an (i, j)—w*a—ck—continuous map. Let V be a
or-closed set in (Y, o1, 62). Then £'(V) is (i, j)-w*a-closed in (X, 11, 12). Since every
(1, j)-\v*a-closed set is (i, j)-ag-closed, f'(V) is (i, j)-ag-closed and hence f is an

(i, j)-ag-ok-continuous map.

Example 7.216 Let X =Y = {a: ba C}a T = {(i)a {a}’ {a’ b}’ X}a T = {(I): {a}a {a’ b}’ {a, C},
X}, 01={¢, {b}, Y} and o2 = {¢, {a, b}, Y}. Let f: (X, 11, T2) — (Y, 01, 52) be the identity
map. Then f is (1, 2)-ag-c;-continuous but not (1, 2)-\|l*a-01-continuous, since {a, c} is

o;-closed in (Y, o1, 53) but fl({a, c})={a,c} isnot (I, 2)—\|/*0L—closed in (X, 11, 7).

Proposition 7.2.17 Every (i, j)-\y*a-ck-continuous map is an (i, j)-yg-ok-continuous map

but not conversely.

Proof: Let f: (X, 11, ) — (Y, ©1, 62) be an (i, j)-q/*(x-ck-continuous map. Let V be a
or-closed set in (Y, o1, 65). Then (V) is (i, j)-w*a-closed in (X, 11, T2). Since every
@, j)-\y*(x-closed set is (i, j)-yg-closed, f'(V) is (i, j)-wg-closed and hence f is an

(1, j)-yg-o-continuous map.

Example 7.2.18 Let X =Y = {a, b, ¢}, 11 = {9, {a}, {a, b}, X}, 12 = {d, {a}, {b}, {a, b},
X}, 01 =1{0, {a}, {b,c}, Y} and o, = {0, {a}, {a, b}, Y}. Let f: (X, 11, 2) — (Y, 0}, 02) be
a map defined by f(a) = b, f(b) = a, f(c) = ¢. Then f is (1, 2)-yg-G;-continuous but not
(1, 2)-y a-o;-continuous, since {a} is oj-closed in (Y, o1, o3) but £'({a}) = {b} is not

(1, 2)-y a-closed in (X, 1, T2).
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Remark 7.2.19 The following examples show that (i, j)-g-ox-continuous maps and

@, j)-\y*a-ck-continuous maps are independent.

Example 7.2.20 Let X =Y = {a, b, ¢}, 11 = {9, {a}, {b}, {a, b}, X}, 1. = {0, {a}, {a, b}, X},
o1 = {0, {b}, {a, b}, {b, c}, Y} and o, = {¢, {b}, {a, b}, Y}. Let f: (X, 11, .2) — (Y, 01, G2)
be a map defined by f(a) = b, f(b) = c, f(c) = a. Then fis (I, 2)-w*a-01-continuous but not
(1, 2)-g-o;-continuous, since {c} is oj-closed in (Y, o), o,) but f'({c}) = {b} is not

(1, 2)-g-closed in (X, 11, 12).

Example 7.2.21 Let X =Y = {a, b, ¢}, 1= {¢, {a}, X}, .o = {d, {a}, {a, b}, {a, c}, X},
o1 = {0, {c}, {a,b}, Y} and o, = {0, {a}, {a, b}, Y}. Let f: (X, 11, .») — (Y, ©1, 52) be the
identity map. Then f is (1, 2)-g-c;-continuous but not (I, 2)—\|/*(x—61—continuous, since
{a, b} is oj-closed in (Y, o), o) but fl({a, b}) = {a, b} is not (I, 2)-\|/*0L-closed in
(X, 11, 2).

Remark 7.2.22 The following examples show that (i, j)—g*—ck—continuous maps and

@, j)-\y*a-csk-continuous maps are independent.

Example 7.2.23 Let X=Y = {a, b, ¢}, 11= {9, {a}, {b}, {a, b}, X}, 1. ={0, {a}, {a, b}, X},
o1 = {¢, {b}, {a, b}, {b,c}, Y} and o, = {, {b}, {a, b}, Y}. Letf: (X, 11, 12) — (Y, o1, 02)
be a map defined by f(a) = b, f(b) = ¢, f(c) = a. Then f is (1, 2)-y a-6-continuous but not
(1, 2)-g*-61-continuous, since {c} is oj-closed in (Y, oj, o) but fl({c}) = {b} is not

(1, 2)-g*-closed in (X, 11, T2).

Example 7.2.24 Let X =Y = {a, b, c}, 1= {9, {a}, {b}, {a, b}, X}, 1. = {¢, {a}, {a, b},
X}, o1 ={0, {c}, {b,c}, Y} and 5, = {0, {c}, Y}. Let f: (X, 71, 1) — (Y, 01, 02) be a
map defined by f(a) = b, f(b) = ¢, f(c) = a. Then f is (1, 2)-g -o)-continuous but not
(1, 2)—\|J*(x—01—c0ntinuous, since {a, b} is oy-closed in (Y, o1, 02) but f'({a, b}) = {a, ¢} is

not (1, 2)-\|1*0L-closed in (X, 11, T2).

Remark 7.2.25 The following examples show that (i, j)-w-ox-continuous maps and

@, j)-\y*a-ck-continuous maps are independent.

A New Form of Generalized Closed Sets in General Topology 127



Chapter 7

Example 7.2.26 Let X =Y = {a, b, ¢, d}, 71 = {9, {d}, {a, b}, {a, b, d}, X}, .= {0,

{a},
X}, 01 = {0, {a, b}, Y} and o, = {d, {a}, Y}. Let £ : (X, 71, 12) — (Y, oy, 02) be a map

defined by f(a) = b, f(b) = ¢, f(c) = d, f(d) = a. Then fis (1, 2)-y “a-o1-continuous but not

(1, 2)-0-o,-continuous, since {c, d} is o;-closed in (Y, o1, o) but £'({c, d}) = {b, ¢} is not

(1, 2)-w-closed in (X, 1, T2).

Example 7.2.27 Let X =Y = {a, b, ¢, d}, 11 = {¢, {d}, {a, b}, {a, b, d}, X}, 12 = {0,

X}, 01=1{d, {a}, Y} and 2 = {¢, {b}, {a, b}, Y}. Let f: (X, 11, 72) — (Y, 01, 02) be a map
defined by f(a) = b, f(b) = a, f(c) = ¢, f(d) = d. Then f is (1, 2)-®-c;-continuous but not
(1, 2)—\|/*a-cs]-continuous, since {b, c, d} is o;-closed in (Y, G}, G,) but fl({b, c,d}) =

{a, c, d} isnot (1, 2)-\u*(x-closed in (X, 11, T2).

Remark 7.2.28 The above observations are depicted in the following diagram.

Tj-0-Ok- rj-ck-continuous
continuous map

{aj,

thi)=iprere Gireo |
continuous map \ / continuous map
J
(i, j)-gpr-ox- s . D
continuous @, j)- \|1 0-Cj - @i,))-g -oi-
/
(i, j)- Bu-0ic- /
continuous map ( G, j)-w-o )
5> J)"W=0Ok=
continuous map
(i, J)-go-Ci- - o

continuous map
(i, j)-0g-0k- (1, ))-vg-oi-
continuous map continuous map

Theorem 7.2.29 Let f: (X, 11, 2)) — (Y, 61, 02) be a map. Then the following statements

are equivalent.

(i) fisan (i, j)-y 0-oi -continuous.

(i) £ 1(V) isan (i, j)—\y*a—open for each ox-open set V in (Y, 61, 63), where i, j, k=1, 2
and i#j.
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Proposition 7.2.30 Let f : (X, 11, ©2) — (Y, o1, 62) be an (i, j)-y a-o-continuous map.

Then for every subset U of (X, 11, 12), f[(i, j)-\y*acl(U)] c or-cl(f(U)).

Proof: Let U be any subset of (X, 11, 12). Then oi-cl(f(U)) is a ox-closed set in (Y, o1, 62).
Since f is an (i, j)-y a-ox-continuous map, ' [ox-cl(f(U))] is an (i, j)—\p*a—closed set in
(X, 11, ). Since f(U) < o-cl(f(U)), U < f' [f(U)] < f'[ow-cl(f(U))] and hence
fow-cl(f(U))] is an (i, j)—\u*a-closed set containing U. Therefore (i, j)—\u*acl(U) c
f'[o1-cl(f(U))] which implies that f[(i, j)-\y*acl(U)] c oi-cl(f(U)).

Corollary 7.2.31 Let f : (X, 11, 12) — (Y, G1, 02) be a 1j--continuous map Then for every

subset U of (X, 11, 1), fI(1, j)-y acl(U)] < or-cl(f(U)).

Proof: Follows from the fact that every Ttj-cx-continuous map is an

(i, j)-y a-oy-continuous map and from Proposition 7.2.30.

Theorem 7.2.32 Let f: (X, 11, ©2) — (Y, o1, 02) be a map. Then the following statements

are equivalent.

(1) For every subset A of (X, 11, T2), T [(i, j)-¥ acl(A)] < ow-cl(f(A)).

(i)  For every subset B of (Y, 1, 6), [(i, )~y acl(f'(B))] < f' [ox-cl(B)].

Proof: Suppose that (i) holds and let B be any subset of (Y, o1, 6,). Replacing A by f'(B),
£ [G D-voclf'B)] < oeldf'(B)]) < orcl(B). Hence [, j)-v ocl(f'(B)] <
! [o-cl(B)].

Conversely, suppose that (ii) holds and let B = f(A) where A is a subset of
(X, 11, 12), Then [(j, j)—\y*acl(f 1(f(A))] c f! [ok-cl(f(A))]. Therefore f [(i, j)—\u*acl(A)] c
[ok-cl(f(A))].

Proposition 7.2.33 If f: (X, 11, 72) — (Y, 01, 02) is an (i, j)—\p*a—csj—continuous map and
g: (Y, o1, 62) = (Z, 1, M2) 1s a Gj -Ni-continuous map, then gof : (X, 11, 1) — (Z, N1, M2) is

an (i, j)—\u*a—nk—continuous map, where 1, j, k=1, 2 and i #j.
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Proof: Let V be a my-closed set in (Z, ni, m2). Since g is Gj-nk-continuous, g'(V) is
ci-closed in (Y, 61, 62). Since f'is an (i, j)-\y*a-csj-continuous map, (gof)'l(V) = fl(g'l(V)) is

an (i, j)-w*(x-closed set in (X, 71y, 12). Therefore gef is an (i, j)—\u*(x-nk-continuous map.

Proposition 7.2.34 If f : (X, 11, ©») — (Y, o}, 02) is T-Ck-continuous (resp. T;-0-Ck-
continuous) and g : Y, o1, o) — (Z, M, mM2) 1is o-mji-continuous, then
gof 1 (X, 11, ) — (Z, M1, M2) 18 an (i, j)-\u*a-ni-continuous map, where i, j, k =1, 2 and
i4].

Proof: Let V be a mj-closed set in (Z, ni, n2). Since g is op-ni-continuous, g”(V) is
oi-closed in (Y, oy, ©y). Since f is Tt-oy-continuous (resp. Tj-0-Cy-continuous),
(gef)'(V) = (g’ (V) is ti-closed (resp. tj-a-closed) in (X, 11, 12). Since every Tj-closed
(resp. tj-o-closed) set is (i, j)—\u*a-closed, (gOf)'l(V) is an (i, j)-w*a-closed in (X, 11, T2).

Therefore gef is an (i, j)-\y*a-ni-continuous map.

Remark 7.2.35 The composition of two (i, j)—\u*a—csk—continuous maps need not be an

@, j)-\y*a-ck-continuous map as seen from the following example.

Example 7.2.36 Let X =Y =Z = {a, b, ¢}, 11 = {9, {a, b}, X}, 1. = {9, {a}, X},
o1 =1{¢, {a}, Y}, 02 = {9, {a}, {b, c}, Y}, n1 = {9, {a}, {a, b}, Z} and mz = {¢, {a}, {b},
{a, b}, Z}. Let f: (X, 11, 12) — (Y, 01, 02) be a map defined by f(a) =c, f(b) =a, f(c) =b
and g: (Y, oy, 02) — (Z, N1, M2) be a map defined by g(a) = b, g(b) = a, g(c) = c. Then the
maps fis (1, 2)-w*a-62-continuous and g is (1, 2)-\|J*a-n2-continuous but their composition
gof : (X, 11, ) — (Z, M1, M2) is not a (1, 2)-\|/*0L-n2-continu0us map, since {b, c} is

ne-closed in (Z, n1, n2) but (go0) ' ({b, ¢}) = {a, b} is not (1, 2)-y a-closed in (X, 11, T2).

Proposition 7.2.37 Let (Y, o1, 02) be an (i, j)-y+ . - space. If £ : (X, 11, &) — (Y, 61, 62) is
an (i, j)-\v*a-csj-continuous map and g : (Y, o}, 62) — (Z, M1, n2) is an (4, j)-w*a-nk-
continuous map then gof : (X, 11, ©2) — (Z, N1, M2) is also an (i, j)-y a-ng-continuous

map, where 1, j, k=1, 2 and i #j.

Proof: Let V be a ni-closed set in (Z, 1y, 12). Since g is (i, j)-y o-ni-continuous, g™ (V) is
@, j)-\v*a-closed in (Y, o1, 62). Since (Y, o1, 62) be an (1, j)-y+ Tc-space, g'l(V) is oj-closed.
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Since f is (4, j)—\p*a—csj -continuous, (gof)'(V) = f(g'(V)) is (i, j)—\v*a—closed in

(X, 11, 12). Hence gefis an (i, j)-\y*a-nk-continuous map .
7.3 Quasi (i, j)-\y*a-continuous maps and perfectly (i, j)-\y*u-continuous maps

In this section, quasi (i, j)-\y*a-continuous maps and perfectly (i, j)—\u*a-continuous

maps are defined and their properties are studied.

Definition 7.3.1 A map f: (X, 11, ) — (Y, 61, 02) is called quasi (i, j)-y a-continuous if
(V) is ti-closed in (X, 11, o) for every (i, j)-y'a-closed set V in (Y, o1, o), where
,j=1,2andi#]j.

Example 7.3.2 Let X =Y = {a, b, ¢}, 1= {0, {a}, {a, b}, X}, o = {0, {a}, {b}, {a, b},
{a, ¢}, X}, o = {0, {a}, Y} and o = {¢, {a}, {a, b}, {a, c}, Y}. Let
f: (X, 1, 1) — (Y, 01, 02) be a map defined by f(a) = a, f(b) = b, f(c) = c. Then f is quasi

(1, 2)-\|/*0L-continuous.

Theorem 7.3.3 A map f: (X, 11, ) — (Y, 61, 62) is quasi (i, j)-\y*a-continuous if and only
if the inverse image of every (i, j)-w*u-open set in (Y, o1, 62) is tj-open in (X, 11, T2), Where

,j=1,2andi#].

Proof: (Necessity) Let f: (X, 11, 2) — (Y, o1, 62) be a quasi (i, j)—\p*a—continuous map
and V be any (i, j)-\y*a-open set in (Y, Gy, 02). Then Y — V is (i, j)-\v*a-closed in
(Y, o1, 02). Since f is quasi (i, j)-\v*a-continuous, Y -V)=X-f(V)is Ti-closed in
(X, 11, 12). Hence £(V) is ti-open in (X, 11, 12).

(Sufficiency): Let F be any (i, j)—w*a—closed setin (Y, o1, 03). Then Y —F is (j, j)—\y*a—open
in (Y, o1, 65). By assumption, f'(Y — F) = X — f '(F) is Ti-open in (X, Ty, T2) which implies

that f'(F) is ti-closed in (X, 11, 12). Hence fis a quasi (i, j)-\v*a-continuous map.

Definition 7.3.4 A map f:(X, 1, 1) — (Y, 61, 02) is called perfectly (i, j)-y a-continuous
if f 1(V) is ti-clopen in (X, T, 1) for every (i, j)—\y*a—closed set V in
(Y, o1, 62), where 1,j=1,2 and i #].
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Example 7.3.5 Let X =Y = {a, b, ¢}, 1= {¢, {a}, {a, b}, X}, 12 = {d, {a}, {b, ¢}, X},
o1 = {¢, {a}, {b}, {a, b}, Y} and &, = {d, {a}, {b, ¢}, Y}. Let f: (X, 11, 12) — (Y, Gy, 02)

be a map defined by f(a) = a, f(b) =b, f(c) = c. Then fis perfectly (1, 2)-y o-continuous.

Theorem 7.3.6 A map f: (X, 11, T2) — (Y, o1, 02) is perfectly (i, j)-y o-continuous if and
only if the inverse image of every (i, j)-\p*a-open set in (Y, o1, 62) is T5-clopen in (X, 11, 12),

where i, j =1, 2 and i #].
Proof: Similar to Theorem 7.3.3.

Proposition 7.3.7 If f: (X, 11, 12) — (Y, 0, 02) is a perfectly (§, j)-w*a-continuous map,

then it is a quasi (i, j)-\y*a-continuous map but not conversely.

Proof: Let V be an (i, j)-y a-closed set in (Y, o, o2). Since f is perfectly
@, j)—\u*a-continuous, f 1(V) is tj-clopen in (X, 11, 72) and hence f 1(V) is tj-closed in

(X, 11, T2). Therefore f is a quasi (i, j)-y a-continuous map.

Example 7.3.8 Let X =Y = {a, b, c}, 1, = {9, {a}, {a, b}, X}, .. = {d, {a}, {b}, {a, b},
{a, ¢}, X}, o = {0, {a}, Y} and o, = {¢, {a}, {a, b}, {a, c}, Y}. Let
f: (X, 1, ) — (Y, 61, 52) be the identity map. Then f is quasi (1, 2)-y o-continuous but
not perfectly (1, 2)—\|l*a-continuous, since {c} is (1, 2)-w*a-closed set in (Y, oy, 0») but

fl({c}) = {c} is not T,-clopen in (X, Ty, T2).

Proposition 7.3.9 If f: (X, 11, 1) — (Y, G4, 02) is a quasi (i, j)-w*a-continuous map, then

it is an (i, j)-y a-oi-continuous map but not conversely.

Proof: Let V be a oi-closed set in (Y, 61, 63). Since every oy-closed set is (i, j)—\y*a—closed,
V is (i, j)—\u*a—closed in (Y, o1, G3). Since f is quasi (i, j)—w*a—continuous, f 1(V) is 1j-closed
in (X, 11, 12). Since every tj-closed set is (i, j)-\y*a-closed, (V) is @, j)-\y*a-closed in

(X, 11, T2). Hence fis an (i, j)—\u*a—csk—continuous map.

Example 7.3.10 Let X=Y = {a, b, C}, T1= {(1), {a}, X}, T = {(I)y {a}a{aa b}) {aa C}a X}:
o1 = {¢, {a, b}, Y} and 5, = {9, {a}, Y}. Let f: (X, 11, 12) — (Y, G|, 02) be the identity
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map. Then fis (1, 2)—\p*a—<52—continuous but not quasi (1, 2)-y a-continuous, since {a, ¢} is

(1, 2)- “a-closed set in (Y, 61, 02) but f'({a, c}) = {a, ¢} is not To-closed in (X, 11, T2).
\V

Proposition 7.3.11 If f : (X, 11, 12) — (Y, o0y, 072) is a quasi (§, j)-w*(x-continuous (resp.
perfectly (i, j)-\u*a-continuous) map and g : (Y, o1, 62) — (Z, N1, M2) is a perfectly
(i, j)-y a-continuous (resp. quasi (i, j)-y o-continuous) then gof : (X, 11, T2) — (Z, M1, N2) is

a quasi (i, j)—\u*a—continuous (resp. perfectly (i, j)-y a-continuous) map.

Proof: Let V be an (i, j)-\u*a-closed set in (Z, M1, M2). Then g'(V) is cj-clopen (resp.
oi-closed) in (Y, o1, o) as g is perfectly (i, j)-y a-continuous (resp. quasi
@, j)—\u*a-continuous). Since every cj-closed set is (i, j)—\u*a-closed, g'l(V) isan (i, j)-\y*a-
closed in (Y, o), o3). Since f is quasi (i, j)-\v*a-continuous (resp. perfectly
@, j)—\p*a—continuous), (gof)'(V) = fi(g'(V)) is ti-closed (resp. tj-clopen) in (X, 11, 12) and

hence gef is a quasi (i, j)—\y*a—continuous (resp. perfectly (i, j)—\y*a—continuous) map.

Proposition 7.3.12 If f: (X, 11, 72) = (Y, 01, 62) and g : (Y, o1, 02) — (Z, M1, M2) are quasi
(1, j)-w*a-continuous (resp.  perfectly (i, j)-w*a-continuous) maps, then
gof 1 (X, 11, ) — (Z, M1, M2) is also a quasi (i, j)-\u*a-continuous (resp. perfectly

@, j)-\y*a-continuous) map.

Proof: Let V be an (i, j)-\u*a-closed set in (Z, N1, M2). Then g™(V) is cj-closed (resp.
cj-clopen) in (Y, oy, o2) as g is quasi (i, j)-\y*(x-continuous (resp. perfectly (i, j)-\y*a-
continuous). Since every o;j-closed set is (i, j)—\v*a— closed, g'(V) is (i, j)—\p*a—closed in
(Y, o1, 0»). Since f is quasi (i, j)—w*a—continuous (resp. perfectly (i, j)—w*a— continuous),
(geh)'(V) = (V) is ti-closed (resp. ti-clopen) in (X, 11, T2) and hence gof is a quasi

@, j)-\v*a-continuous (resp. perfectly (i, j)-\u*a-continuous) map.

7.4 Totally (i, j)—w*a-ck—continuous maps and strongly (i, j)-\y*a-ck—continuous maps

In this section, totally (i, j)-\y*a-ck-continuous maps and strongly

(i, j)-y a-ox-continuous maps are introduced and some of their properties are discussed.

Definition 7.4.1 A subset A of (X, 11, T) is called (i, j)-y a-clopen if it is both (i, j)—\p*a—
open and (i, j)-\u*a-closed in (X, 11, ).
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Definition 742 A map f : (X, 1, ) — (Y, o, o©2) is called totally
(@, j)-w*u-ck-continuous if £ 1(V) is an (i, j)—w*a—clopen set in (X, Ty, T2) for every ox-open

set Vin (Y, o1, 62), where 1, j, k=1, 2 and i #].

Example 7.4.3 Let X =Y = {a, b, ¢}, 11 = {d, {a}, {b}, {a, b}, X}, 1 = {9, {a}, {b, c}, X},
o1 = {¢, {a}, {b, ¢}, Y} and 5, = {¢, {b, c}, Y}. Let f : (X, 11, ) — (Y, G}, G2) be the

identity map. Then f'is totally (1, 2)-\|J*(x-02-continuous.

Theorem 7.4.4 A map f: (X, 11, 12) — (Y, o1, 62) is totally (i, j)-\y*a-(sk-continuous if and
only if the inverse image of every oy-closed subset of (Y, o1, G) is an (i, j)—\u*a—clopen

subset of (X, 11, T2).

Definition 7.4.5 A map f : (X, 1, 1) — (Y, o), oy) is called strongly
(@, j)—w*a-ck -continuous if f'(V)is an (i, j)-y a-clopen subset in (X, 1), 1) for every

ok -subset Vin (Y, 61, 63), where i, j, k=1, 2 and i #].

Example 7.4.6 Let X =Y = {a, b, ¢}, 11 = {¢, {a}, X}, 12 = {§, {a}, {b}, {c}, {a, b},
{b, c}, {a, ¢} X}, o = {¢, {a}, {b, ¢}, Y} and o = {¢, {a}, {b},{a, b}, Y}. Let
f: (X 1, ) — (Y, 61, 62) be a map defined by f(a) = c, f(b) = a, f(c) = b. Then f is

strongly (1, 2)-\|/*(x-c52-continuous.

Proposition 7.4.7 Every strongly (i, j)-\y*(x-ck-continuous map is a totally

(i, j)-y a-cy-continuous map but not conversely.
Proof : The proof follows from the Definition 7.4.2 and Definition 7.4.5.

Example 7.4.8 Let X =Y = {a, b, ¢}, 11 = {¢, {a}, {b}, {a, b}, X}, .. = {d, {a}, {b, c}, X},
o1 = {9, {a}, {b,c}, Y} and o2 = {¢, {b, ¢}, Y}. Let f: (X, 11, 72) — (Y, o1, G2) be the
identity map. Then f is totally (1, 2)—w*a—02—continuous but not strongly (1, 2)—\|1*a—02—
continuous, since {b} is o, -subset in (Y, o1, 65) but £'({b}) = {b} is not (1, 2)-\|1*0L-clopen

in (X, 11, T).

Proposition 7.4.9 Every totally (i, j)-y o-o,-continuous map is an (i, j)-y a-cy-continuous

map but not conversely.
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Proof: Let f: (X, 11, &) — (Y, 01, 02) be a totally (i, j)—\u*a—ck—continuous map. Let V be a
ox-closed set in (Y, o}, o). Since f is totally (i, j)-\y*a-ck-continuous, (V) is

@, j)—\y*a—clopen in (X, 11, 12). Hence fis an (i, j)—w*a—ck—continuous map.

Example 7.4.10 Let X =Y = {a, b, c}, 11 = {9, {a, b}, X}, 12 = {$, {a}, {a, b}, X},
o1 = {0, {a}, Y} and 5, = {9, {a, b}, Y}. Let f: (X, 11, 12) — (Y, 0}, 52) be a map defined
by f(a) = b, f(b) = a, f(c) = c. Then f is (1, 2)-\|/*a-02-continuous but not totally
(1, 2)-w*a-02-continu0us, since {c} is o»-closed in (Y, oy, o2) but f'({c}) = {c} is not

(1, 2)-y a-clopen in (X, 1, 2).

7.5 Contra (i, j)-w*a-ck-continuous maps

In this section, contra (i, j)-y a-cx-continuous maps are introduced and some of

their properties are discussed.

Definition 751 A map f : (X, 1, ) — (Y, o), 03) is called contra
(@, j)-w*u-ck-continuous if £1(V)isan (, j)-\y*a-open set in (X, Ty, T2) for every ok-closed
set Vin (Y, 6y, 63), where 1, j, k=1, 2 and i #j.

Example 7.5.2 Let X =Y = {a, b, ¢}, 11= {9, {a}, {a, b}, {a, ¢}, X}, o = {d, {a}, {b, c},
X}, o1=1{4¢, {a}, Y} and 5, = {¢, {a}, {a, b}, Y}. Let f: (X, 11, ) — (Y, 51, 62) be a map

defined by f(a) =c, f(b) = b, f(c) = a. Then f is contra (1, 2)-\|1*a-62-continuous.

Theorem 7.5.3 A map f: (X, 1, 12) — (Y, o1, 07) is contra (i, j)-\y*a-csk-continuous if and
only if the inverse image of every oyx-open set in (Y, oy, 63) is an (i, j)—\p*a—closed in

(X, 11, T2), where 1, j, k=1, 2 and i #].

Proof : Follows from the Definition 7.5.1.
Theorem 7.54 Every totally (i, j)-\y*a-ck-continuous map is a contra

@, j)-\y*a-ck-continuous map but not conversely.
Proof: Follows from the Definition 7.4.2 and Definition 7.5.1

Example 7.5.5 Let X =Y = {a, b, ¢}, 11= {9, {a}, {a, b}, {a, ¢}, X}, . = {d, {a}, {b, c},
X}, o1=1{¢, {a}, Y} and 52 = {9, {a}, {a, b}, Y}. Letf: (X, 11, =2) — (Y, ©1, G2) be a map
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defined by f(a) = c, f(b) = b, f(c) = a. Then f is contra (1, 2)—\41*(1— G, -continuous but not
totally (1, 2)-y a-o,-continuous, since {a} and {a, b} are o,-open sets in (Y, o1, o2) but

f'({a}) = {c} and f'({a, b})= {b, ¢} are not (1, 2)-y a-open in (X, 11, T2).

Theorem 7.5.6 Every strongly (i, j)-\y*(x-ck-continuous map iS a contra

(i, j)-y a-oy-continuous map but not conversely.
Proof: Follows from the Definition 7.4.5 and Definition 7.5.1

Example 7.5.7 Let X =Y = {a, b, ¢}, 11= {9, {a}, {a, b}, {a, ¢}, X}, . = {d, {a}, {b, c},
X}, 01=1{0, {a}, Y} and 5, = {0, {a}, {a, b}, Y}. Letf: (X, 11, 72) — (Y, G}, 52) be a map
defined by f(a) = c, f(b) = b, f(c) = a. Then f is contra (1, 2)-\|/*0c-c52-continuous but not
strongly (1, 2)-\|/*(x-62-continuous, since {a, b} is op-subset in (Y, G, o) but

f1({a, b}) = {b, ¢} is not (1, 2)-\4/*a-0pen in (X, 11, 7).

Remark 7.5.8 The following examples show that the (i, j)-\y*a-ck-continuous maps and

contra (i, j)-y a-Gx-continuous maps are independent.

Example 7.5.9 Let X =Y = {a, b, c}, 11 = {¢, {a, b}, X}, 12 = {9, {a}, X}, o1 = {9, {a, c},
Y} and o, = {¢, {a}, {a, ¢}, Y}. Let f: (X, 11, 12) — (Y, 61, 02) be a map defined by
f(a) = b, f(b) = c, f(c) = a. Then f is contra (1, 2)-\|1*a-62-continuous but not (1, 2)-\|l*0t-62-
continuous, since {b} and {b, c} are o,-closed sets in (Y, o, G,) but f 1({b}) = {a} and

f1({b, c}) = {a, b} are not (1, 2)-\|/*a-closed in (X, 11, T2).

Example 7.5.10 Let X =Y = {a, b, ¢}, 11 = {¢, {a}, X}, 1. = {¢, {a}, {a, b}, {a, ¢}, X},
o1 = {0, {a, b}, Y} and o, = {¢, {a}, {a, b}, Y}. Let f: (X, 11, 72) — (Y, o1, G2) be the
identity map. Then f is (1, 2)-w*a-62-continuous but not contra (1, 2)-\|/*0c-c52-continuous,
since {c} and {b, ¢} are o,-closed sets in (Y, o1, o;) but f'({c}) = {c} and

f1({b, c}) = {b, ¢} are not (1, 2)-\|/*a-open in (X, 11, T).

Remark 7.5.11 The following examples show that quasi (i, j)-y a-continuous maps and

contra (i, j)-y a-Gx-continuous maps are independent.
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Example 7.5.12 Let X =Y = {a, b, ¢}, 1= {¢, {a}, {a, b}, {a, ¢}, X}, . = {d, {a}, {b, c},
X}, 01=1{0, {a}, Y} and o, = {9, {a}, {a, b}, Y}. Let f: (X, 11, .2) — (Y, 01, G2) be a map
defined by f(a) = ¢, f(b) = b, f(c) = a. Then f is contra (1, 2)-y o-oc,-continuous but not
quasi (1, 2)—\|/*0L-continu0us since {b} and {b, c} are (1, 2)-w*a-closed sets in (Y, o1, 02)

but £'({b})= {b} and f'({b, c}) = {a, b} are not 1, -closed sets in (X, 11, T2).

Example 7.5.13 Let X =Y = {a, b, ¢}, 1= {¢, {a}, {a, b}, X}, . = {¢, {a}, {b}, {a, b},
{a, ¢}, X}, o = {¢, {a}, Y} and o = {¢, {a}, {a, b}, {a, ¢}, Y}. Let
f: (X, 1, ) — (Y, 01, 63) be the identity map. Then f is quasi (1, 2)-\|1*a-continuous but
not contra (1, 2)—w*a—62—continuous, since {c} and {b, ¢} are o,-closed sets in (Y, o1, 62)

but £'({c}) = {c} and f'({b, c}) = {b, ¢} are not (1, 2)-y o-open in (X, T, T2).

Remark 7.5.14 The composition of two contra (i, j)-\y*a-csk-continuous maps need not be a

contra (i, j)-y o-o-continuous map as seen from the following example.

Example 7.5.15 Let X =Y =Z = {a, b, ¢}, 11 = {0, {a},{a, b}, {a, ¢}, X}, ©o = {¢, {a},
{b, ¢}, X}, o1 = {¢, {a}, Y}, oo = {4, {a}, {a, b}, Y}, mi = {¢, {b}, {a, b}, Z} and
N2 = {0, {a, b}, Z}. Let f: (X, 11, 12) — (Y, 01, 62) be a map defined by f(a) = c, f(b) =Db,
f(c)=aand g: (Y, o1, 02) — (Z, N1, n2) be a map defined by g(a) = ¢, g(b) = a, g(c) =b.
Then the map f is contra (1, 2)—w*a-02-continuous and g is contra (1, 2)-\|/*a-r|2-continuous
but their composition gef : (X, 1y, T2) — (Z, N1, M2) is not a contra (1, 2) \y*a-nz-continuous
map, since {c} is n-closed in (Z, 1y, N2) but (gof)'({c}) = {c} is not (1, 2)-w*a-0pen in
X, T, T2)-

Proposition 7.5.16 Let f : (X, 71, 12) — (Y, o1, 02) be a perfectly (i, j)-y a-continuous map
and g : (Y, o1, 62) — (Z, M, M2) be a contra (i, j)-y o-ne-continuous map. Then

gof: (X, 11, T2) — (Z, M1, M2) is a totally (i, j)—\u*a—nk—continuous map.

Proof: Let U be n-open set in (Z, 11, 12). Since g is contra (i, j)-y o-ni-continuous, g” (U)

is (i, j)—\v*a—closed in (Y, o, o). Since f is perfectly (i, j)—\v*a—continuous,
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(gef)'(U) = f(g"(U)) is ti-clopen in (X, 11, 12). Since every tj-closed set is (i, j)—\p*a—closed
and Ttj-open set is (i, i)y o-open, gof : (X, T, ) — (Z, M, M2) is a totally

(i, j)-y a-ni-continuous map.

7.6 (i, j)-w*a-irresolute maps

In this section (i, j)-\y*(x-irresolute maps are introduced and some of their properties

are analyzed.

Definition 7.6.1 A map f: (X, 11, 1) — (Y, 61, 62) is called (i, j)-y a-irresolute if f'(V) is
@, j)-\v*a-closed in (X, 11, 12) for every (i, j)-w*a-closed set V in (Y, o, 02), where
,j=1,2andi#].

Example 7.6.2 Let X =Y = {a, b, ¢}, 11 = {0, {a, b}, X}, ©o = {9, {a}, {a, b}, X},
o1 = {¢, {a}, {a, b}, Y} and o, = {9, {a}, {a, b}, {a,c}, Y}. Letf: (X, 11, ) — (Y, 01, O2)

be the identity map. Then fis (1, 2)-\|1*0L-irresolute.

Theorem 7.6.3 A map f: (X, 11, ) — (Y, o1, 63) isan (i, j)-\y*(x-irresolute if and only if
the inverse image of every (i, j)-\y*a-open set in (Y, o}, 03) is an (4, j)-\y*a-open in

(X, 11, 12), where i, j = 1, 2 and i #j.
Proof: Follows from Definition 7.6.1

Proposition 7.6.4 Every quasi (i, j)—\u*a-continuous (resp. perfectly (i, j)—\y*a-continuous)

map is an (i, j)-y - irresolute map but not conversely.

Proof: Assume that f : (X, 11, 2) — (Y, o1, G2) is quasi (i, j)—\v*a—continuous (resp.
perfectly (i, j)—\y*a—continuous). Let V be an (i, j)—\u*a—closed setin (Y, Gy, 02). Then £ 1(V)
is tj-closed (resp. ti-clopen) in (X, t1, 12). Since every tj-closed set is (i, j)-\u*a-closed,

fi(Vyis @, j)-w*a-closed in (X, 11, T2). Hence f'is an (i, j)-w*(x-irresolute map.

Example 7.6.5 Let X =Y = {a, b, ¢}, 11 = {9, {a}, {b}, {a, b}, {a, c}, X}, 1 = {0, {a}, X},
o1 = {0, {a}, {a, b}, Y} and 52 = {¢, {a}, {a, b}, {a,c}, Y}. Let f: (X, 11, T2) — (Y, 1, G2)

be the identity map. Then fis (1, 2)-y a-irresolute but not quasi (1, 2)-y a-continuous and
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not perfectly (1, 2)—w*a—continu0us, since {b} and {c} are (1, 2)-y o-closed sets in

(Y, o1, o) but £'({b}) = {b} and f'({c}) = {c} are not 1, -closed in (X, 11, T2).

Proposition 7.6.6 Every (i, j)—\u*a—irresolute map is an (i, j)—\u*a—csk—continuous map but not

conversely.

Proof: Assume that f: (X, 11, 12) — (Y, 61, 02) is an (i, j)—\p*a—irresolute map. Let V be a
ox-closed set in (Y, o}, 62). Since every ci-closed set is (i, j)-\y*a-closed in (Y, o1, 63) and
f is (i, j)-y o-irresolute, f'(V) is (i, j)-y a-closed in (X, 1, 1,). Hence f is a

(i, j)-y a-cy-continuous map.

Example 7.6.7 Let X =Y = {a, b, ¢}, 1= {¢, {a}, X}, = {¢, {a},{a, b}, {a, ¢}, X},
o1 = {¢, {a, b}, Y} and 5, = {9, {a}, Y}. Let f : (X, 11, 12) — (Y, G|, G2) be the identity
map. Then f is (1, 2)-\|1*a-62-continuous but not (1, 2)-\V*a-irresolute, since {a, c} is

(1, 2)-y a-closed in (Y, o1, 52) but £'({a, ¢}) = {a, c}is not (1, 2)-y a-closed in (X, 11, T2)

Proposition 7.6.8 The following examples show that (i, j)-y o-irresolute maps and contra

@, j)—\y*a—ck—continuous maps are independent.

Example 7.6.9 Let X =Y = {a, b, ¢}, 11= {9, {a}, {b}, {a, b}, {a, c}, X}, 1. = {9, {a}, X},
o1 = {0, {a}, {a, b}, Y} and 52 = {, {a}, {a, b}, {a,c}, Y}. Let f: (X, 11, 12) — (Y, O1, G2)
be a map defined by f(a) = a, f(b) = b, f(c) = c. Then fis (1, 2)-y o-irresolute but not contra
(1, 2)-\|1*a-c52-continuous, since {b},{c} and {b, c}are o,-closed in (Y, o}, G2) but

(b} = {b}, f'({c}) = {cland f'({b, c}) = {b, c}are not (1, 2)-y a-open in (X, 11, T2).

Example 7.6.10 Let X =Y = {a, b, c}, 11= {¢, {a}, {a, b}, {a, ¢}, X}, ©. = {d, {a}, {b, c},
X}, 01=1{0, {a}, Y} and 5, = {0, {a}, {a, b}, Y}. Letf: (X, 11, 72) — (Y, G, 52) be a map
defined by f(a) = ¢, f(b) = b, f(c) = a. Then f is contra (1, 2)-w*a-(52-continuous but not
(1, 2)-\v*a-irresolute, since {c} and {b, c} are (1, 2)-\|J*a-closed in (Y, o), 63) but
f!({c}) = {a} and f'({b, c})= {a, blare not (1, 2)-y a-closed in (X, 1, T).

Proposition 7.6.11 If f: (X, 11, 12) — (Y, 01, 62) is (4, j)-w*a-irresolute then for every
subset A of (X, 11, 12) such that f(A) is (i, j)—\u*a—closed in (Y, o1, oo), f(i, j)—\p*acl(f(A))] c
(i, j)-w acl(f(A)).
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Proof: Let A be a subset of (X, 1;, T2) such that f(A) is (i, j)-w*a-closed in (Y, o1, o).
Since fis (i, j)-y o-irresolute, £'[(i, j)-y acl(f(A))] is (i, j)-y o-closed in (X, 11, T2). Now
A < f[f(A)] < [, j)-y acl(f(A))]. Therefore (i, j)-y acl(A) < £'[(i, j)-y ocl(f(A))] and

hence f(i, j)-y acl(A)] < fIf (i, j)-y acl(FA)))] = (i, j)-y acl(f(A)).

Proposition 7.6.12 If f: (X, 1, 12) — (Y, o1, 62) is (i, j)-y a-irresolute then for every
(i, )y a-closed set B in (Y, o1, o2), (i, j)-y ocl(f'(B)) < [, j)- "acl(B)].

Proof: Let B be an (i, j)-y o-closed set in (Y, 61, o). Then (i, j)-y acl(B) is an (i, )-y o-
closed set in (Y, o1, o). Since f is (i, j)—\u*a— irresolute, '[(i, j)—\u*acl(B)] is an (i, j)—\y*a—
closed set in (X, 11, 12). Since B < (i, j)-y acl(B), f'(B) < '[(i, j)-y acl(B)]. Therefore

(i, )y acl(f'(B)) < £((i, j)-y acl(B)).

Proposition 7.6.13 If f : (X, 11, ©.) — (Y, o1, 02) is an (i, j)-y o-irresolute map and
g : (Y, o, o) > (Z, n, M) is an (i, j)-w*a-nk-continuous map, then

gof : (X, 11, 12) = (Z, M1, M2) is an (i, j)-\p*a-nk-continuous map.

Proof: Let V be any ny-closed set in (Z, 1y, 12). Since g is (i, j)—\v*a—nk—continuous, (V)
is (i, j)-y o-closed in (Y, o1, o). Since fis (i, j)-y a-irresolute, (gof)' (V) = (g (V)) is

@, j)—\p*a—closed in (X, 11, T2). Hence gof isan (i, j)—w*a—nk—continuous map.

Proposition 7.6.14 Let f : (X, 1, ©2) — (Y, o1, ©62) be (i, j)-\y*a-irresolute and
g : (Y, oy, 62) — (Z, n1, m2) be quasi (i, j)-\y*a-continuous (resp. perfectly (i, j)-\y*a-

continuous). Then gof : (X, 1, 12) — (Z, N1, M2) is an (i, j)-\v*a-irresolute map.

Proof: Let V be any (i, j)-y a-closed set in (Z, m;, m2). Since g is quasi
(i, j)-y o-continuous (resp. perfectly (i, j)-y o-continuous), g'(V) is ci-closed (resp.
ci-clopen) in (Y, o1, ). Since every cj-closed setis (i, j)—\u*a-closed, g'l(V) is (i, j)-\y*a-
closed. Since f is (i, j)-y o-irresolute, (gof)'(V) = f'(g'(V)) is (i, j)-y a-closed in

(X, 11, 12). Hence gef'is an (i, j)-w*a-irresolute map.
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Proposition 7.6.15 Let f : (X, 11, 12) — (Y, o1, 62) be an (i, j)-y a-irresolute map and
g : (Y, o1, 62) — (Z, n1, M2) be a Gj-n-continuous (resp. Gj -o-n-continuous) map. Then

gof 1 (X, 11, 12) = (Z, M1, M2) s an (i, j)—\y*a—nk—continuous map.

Proof: Let V be any mi-closed set in (Z, i, n2). Since g is Gj-nk-continuous (resp.
Gj -0-M-continuous), g'l(V) i1s oj-closed (resp. oj-a-closed) in (Y, o1, ©2). Since every
oj-closed (resp. cj-a-closed) set is (i, j)-\y*a-closed, g'l(V) is (i, j)-\p*a-closed in (Y, G, 02).
Since f is (i, j)-y o-irresolute, (gof) (V) = f'(g'(V)) is an (i, j)-y a-closed in (X, 11, T2).

Hence gof'is (i, j)-\u*a-nk-continuous map.

Proposition 7.6.16 If f: (X, 11, 12) — (Y, 01, 02) and g : (Y, &1, 62) — (Z, N1, M) are
@, j)—w*a—irresolute maps, then gof : (X, 11, 12) — (Z, 1, M2) is also an (i, j)—\u*a—irresolute

map .

Proof: Let V be any (i, j)-\y*a-closed set in (Z, ny, M2). Since g is (i, j)-\y*(x-irresolute,
g (V) is (i, j)-y a-closed in (Y, o1, o). Since f is (i, j)-y a-irresolute, (gof)'(V) =
f(g'(V)) is (i, j)-y a-closed in (X, 11, T2). Hence gof is an (i, )-y o-irresolute map.

7.7 Contra (i, j)-\y*u-irresolute maps

In this section, contra (i, j)-\u*a-irresolute maps are introduced and their basic

properties are studied.

Definition 7.7.1 A map f: (X, 11, 12) — (Y, 0y, 02) is called contra (i, j)-w*a-irresolute if
f1(v) is G, j)-\y*a-closed in (X, 11, 1) for every (i, j)-\y*a-open set Vin (Y, o1, 63), where
,j=1,2andi#].

Example 7.7.2 Let X =Y = {a, b, c}, 11 = {¢, {a, b}, X}, .o = {¢, {a}, {a, b}, X},
o1 = {(I): {a}a{b}a {aa b}> Y} and Gy = {d), {a}, {b, C}a Y} Let f: (Xa T1, 12) - (Ya o1, 62) be
a map defined by f(a) = ¢, f(b) =a, f(c) =b. Then fis contra (1, 2)-y a-irresolute.

Theorem 7.7.3 Let f: (X, 11, T2) — (Y, 01, 02) be a map. Then the following statements are

equivalent.

(i) fis contra (i, j)—\y*a-irresolute.
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(i1) The inverse image of every (i, j)-\u*(x-closed set in (Y, o1, o7) is an (i, j)-\u*a-open in

(X, 11, 12), wherei,j=1, 2 and i # j.
Proof : Follows from the Definition 7.7.1

Proposition 7.7.4 Let f: (X, 1, T2) — (Y, G, 62) be a perfectly (i, j)-w*a-continuous map,

then f is a contra (i, j)-y o-irresolute map but not conversely.

Proof: Let U be an (i, j)—\u*a-open set in (Y, o5, o3). Since f is perfectly
@, j)-\u*a-continuous, f1(U) is ti-clopen in (X, 11, 12). Since every Ttj-closed set is
G, j)-y'a-closed, f'(U) is (i, j)-y a-closed in (X, T, T2). Hence f is an contra

@, j)-\y*a-irresolute map.

Example 7.7.5 Let X =Y = {a, b, ¢}, 11 = {¢, {a, b}, X}, = = {¢, {a}, {a, b}, X},
o1 = {¢, {a},{b}, {a,b}, Y} and 5, = {9, {a}, {b,c}, Y}. Letf: (X, 11, T2) — (Y, 01, 52) be
a map defined by f(a) = ¢, f(b) = a, f(c) = b. Then f is contra (1, 2)-y a-irresolute but not
perfectly (1, 2)-w*a-continuous, since {a} is (I, 2)-\|1*(x-closed in (Y, oj, o) but
fl({a}) = {b} is not 1,-clopen in (X, 11, T2).

Proposition 7.7.6 If f: (X, 11, ) — (Y, oy, 02) is a strongly (i, j)-\y*a-csk-continuous map,

then fis a contra (i, j)-y a-irresolute map but not conversely.

Proof: Let U be any (i, j)-\y*a-open set in (Y, o), o©3). Since f is strongly
@, j)-\y*(x-ck-continuous, f1(U) is (@, j)-\y*a-clopen in (X, 11, 12). Therefore f'(U) is

@, j)-y a-closed in (X, 11, T2). Hence f is a contra (i, j)-y o-irresolute map.

Proposition 7.7.7 The following examples show that (i, j)-\y*a-irresolute maps and contra

@, j)-\y*a-irresolute maps are independent.

Example 7.7.8 Let X =Y = {a, b, c}, 11 = {¢, {a, b}, X}, .. = {d, {a}, {a, b}, X},
o1 = {4, {a}, {a, b}, Y} and o, = {9, {a}, {a, b}, {a,c}, Y}. Letf: (X, 11, T2) — (Y, 01, O2)
be the identity map. Then f is (1, 2)-\|/*a-irresolute but not contra (1, 2)—\|/*0c-irresolute,
since {a} and {a, b} are (1, 2)—w*a—0pen in (Y, o;, o) but fl({a}) = {a} and
f'({ab}) = {a, blare not (1, 2)-\|/*0c-closed in (X, t1, T).
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Example 7.7.9 Let X =Y = {a, b, ¢}, 11 = {0, {a}, {a, b}, X}, 12 = {d, {a},{b}, {a, b}, X},
o1 = {0, {a}, {a, b},{a, c}, Y} and op = {9, {a}, {b,c}, Y}. Let f: (X, 11, 1) — (Y, 0y, O2)
be a map defined by f(a) =b, f(b) =c, f(c) =a. Then f is contra (I, 2)—\|J*a—irresolute but not
(1, 2)—\|1*(x—irresolute, since {b, c} is (1, 2)—\|J*a—closed in (Y, o1, o) but £'({b, c}) = {a, b}
is not (1, 2)-\V*a-closed in (X, 11, T2).

Proposition 7.7.10 Let f : (X, 11, 12) — (Y, o1, 2) be an (i, j)-\y*a-irresolute map and
g : (Y, 0, oo) - (Z, M1, M2) be a contra (i, j)-\y*a-irresolute map. Then

gof : (X, 11, 12) = (Z, M1, M2) 1s a contra (i, j)-\u*a-irresolute map.

Proof: Let U be any (i, j)-\p*a-open set in (Z, N1, M2). Since g is contra (i, j)-\p*a-irresolute,
g'(U) is (i, j)-y a-closed in (Y, o1, o). Since f is (i, j)-y a-irresolute, (gof)'(U) =
f 1(g'l(U)) is (i, j)—\p*a—closed in (X, 11, T2). Hence gef is a contra (i, j)—\u*a—irresolute map.

Proposition 7.7.11 Let f : (X, 1, ©2) — (Y, o1, 03) be contra (i, j)-y o-irresolute
g: (Y, o1, 62) = (Z, n1, M2) be quasi (i, j)—\v*a—continuous (resp. perfectly (i, j)—\u*a—

continuous). Then gof : (X, 11, T2) — (Z, M1, N2) is contra (i, j)—\v*a—irresolute.

Proof: Let U be any (i, j)—\y*a—open set in (Z, n1, M2). Since g is quasi (i, j)—\u*a—continuous
(resp. perfectly (i, j)—w*a—continuous), g'l(U) 1S oj-open (resp. oj-clopen) in
(Y, o1, 62). Since every cj-open set is (i, j)-w*a-open, g'(U) is (i, j)-w*a-open. Since f is
contra (i, j)-y o-irresolute, (gof)'(U) = (g’ (U)) is (i, j)-y a-closed in (X, 11, 1»). Hence

gof is contra (i, j)-y a-irresolute.

Remark 7.7.12 The composition of two contra (i, j)-y o-irresolute maps need not be a

contra (i, j)-\y*a-irresolute map as seen from the following example.

Example 7.7.13 Let X =Y =Z = {a, b, ¢}, 11= {¢, {a},{a, b}, X}, .. = {¢, {a}, {a, b}, X},
o1 = {9, {a}, Y}, o2 = {¢, {a}, {a, b}, {a, ¢}, Y}, m = {¢, {a}, {a, b}, Z} and
n2 = {¢, {a}, {b}, {a, b}, Z}. Let f: (X, 11, ) — (Y, G}, 02) be a map defined by f(a) = c,
f(b)=b, f(c)=aand g: (Y, o1, 62) = (Z, N1, N2) be a map defined by g(a) = c, g(b) =b,
g(c) = a. Then the maps f and g are contra (1, 2)-\|/*a-irresolute maps but their composition

gof : (X, 11, T2) — (Z, M1, M2) is not a contra (1, 2) y a-irresolute map, since {a} and
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{a, b}are (1, 2)—\|/*(1—0pen in (Z, N1, M2) but (gOf)'l({a}) = {a}and (gOf)'l({a, b}) = {a, b} are
not (1, 2)-\|1*a-closed in (X, 11, T2).

Remark 7.7.12 The above observations are depicted in the following diagram.

Totally (i, j)-y a-0y-

/ continuous map
Strongly (i, j)—\u*a—csk— l

continuous ma Coe
P \ Contra (i, J)-y 0-0y-

l continuous map \

Contra (i, j)-y o- @, )~y a- (i, )~y oG-

. — —_— .
irresolute map irresolute map continuous map

N/ N/

Quasi (i, j)-y o

Perfectly (i, j)-y o- ,
continuous map

continuous map

A New Form of Generalized Closed Sets in General Topology 144



