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CHAPTER – I 

INTRODUCTION


Queueing theory is a branch of applied mathematics utilizing the concepts from the field of stochastic process. It has been developed to predict fluctuating demands and to enable one to provide adequate service for the customers with tolerable waiting. The theory provides predictions about waiting times, the average number of waiting customers, the length of a busy period and so forth. These predictions help us to anticipate situations and to take appropriate measures to alleviate congestion.

1. Characterizations of Queueing Theory

Elements of a Queueing Model


The principal factors of a queueing situation are the customers and the servers. Customers are generated from a source. On arrival at the facility, they can start service immediately or wait in a queue, if the facility is busy. When a facility completes a service, it automatically pulls a waiting customer, if any from the queue. If the queue is empty, the facility becomes idle until a new customer arrives.


To analyse the queueing system we need information relating to : arrival process, service mechanisms, queue discipline, system capacity and service channels.

Arrival Process


The arrival pattern means the manner in which customers arrive and join the system. Arrivals may occur in single or in groups (batch or bulk arrival). It is specified by the probability of time between successive arrivals, that is, the inter‑arrival time distributions. The simplest arrival process is one where we have completely regular arrivals (the same constant time interval between successive arrivals). A Poisson stream of arrivals corresponds to arrivals at random. In a Poisson stream, successive customers independently arrive after intervals are exponentially distributed. The Poisson stream is important as it is a convenient mathematical model of many real life queueing systems and is described by a single parameter – the average arrival rate. Other important arrival processes are scheduled arrivals ; batch arrivals ; and time dependent arrivals.


If the customer decides not to join the queue when it is too long then he is said to have balking and if the customer leaves the queue after waiting too long for service he is said to have reneging. If the customer switches between queue as he thinks he will get served faster by so doing is known as jockeying.

Service Mechanism


Service mechanism is a description of the resources needed for service to begin. This explains the service time distribution, the number of servers available, whether the servers are in series (each server has a separate queue) or in parallel (one queue for all servers), whether preemption is allowed (a server can stop processing a customer to deal with another emergency customer) etc. The assumption that the service times for the customers are independent of the arrival process is common. Another common assumption about service time is that they are exponentially distributed. Customers may be served in batches also. In case of batch service, the service system is termed as bulk service system. The batches may be of fixed size or of variable size. Neuts [20] introduced the general bulk service rule. As per the rule, (i) the server starts service only if the minimum batch size a (quorum) number of customers are waiting in the queue and the maximum capacity is b. (ii) if the server finds  m (a ( m (b) customers in the queue then the entire queue is taken up. (iii) if the queue length is more than b then the first  b customers are taken leaving others to wait in the queue. The late arrivals are not allowed to join the ongoing service. In particular, if a = 1, the above rule will be called as usual bulk service rule and if a = b = k, then the rule is then called fixed size bulk service rule. 

Queue Discipline


The queue discipline is the method by which the customers are selected for service from the set of customers waiting for service. The most common discipline that is observed in every day life is first-in first-out (FIFO) also known as first-come first-served (FCFS) under which, the customers are served in the strict order of their arrival. Another queue discipline is last-in first-out (LIFO) which is applicable to some inventory systems where there is no obsolescence of stored units, as it is easier to reach the nearest items, which is last-in. Yet another queue discipline is service in random order (SIRO) in which the customers are served randomly irrespective of their arrivals into the system. 


Priority queue discipline allows priority in service to some customers in relation to other customers waiting in the queue. It is further subdivided into two categories via preemptive priority and non‑preemptive. In preemptive case the customer with higher priority is allowed to enter service immediately suspending even the service in progress to a customer with lower priority. In the non-preemptive case the higher priority customer goes to the head of the queue but gets into the service only after the completion of service to the customer with lower priority. It is assumed that, once a server who is able to provide service to a waiting customer becomes free, the customer immediately enters service without loss of time. 

System Capacity


The number of customers in the queue and in service put together is called system capacity. A system may have a queue of finite capacity or effectively infinite capacity. A system with finite capacity can be viewed as one with forced balking of a customer arriving when the system is to its full capacity. If the system capacity is not mentioned, it is assumed to be infinite.

Service Channels


A queueing system may have one or more service channels (servers) to provide service. The service channels may be arranged in parallel or in series or a combination of both depending on the nature of the service. It is generally assumed that the service mechanisms of the parallel channels operate independently of each other. A queueing system of only one server is called a single server model and a system with two or more number of parallel servers is called a multi‑server model. In case of multi‑server models the customers may form a single queue or a parallel queue in front of each server.

Kendall’s Notation


Kendall [10] has proposed a convenient classification system to remember the primary components of a queueing system in an easy way. Thus a queueing process is described by the notation A|B|C|X|Y where 

A
-
The inter‑arrival time distribution of the customers from the               

source population.

B
-
The service time distribution of the given service facility.

C
-
The number of parallel service channels.

X
-
The capacity of the system.

Y
-
The type of queue discipline


But in general, only the first three symbols are used commonly, unless otherwise stated the queue discipline can be considered as FIFO and the system capacity can be considered as infinite.


Queueing models used in the dissertation are 

M|M(a,b)|1
The inter‑arrival time and the service time for batches of size             

a ( x ( b  are exponential, there is only one server and service         

is done according to General Bulk Service Rule.

Transient State


A system is said to be in transient state if its operating characteristics are dependent on time. 

Steady State


A system is said to be in steady state when its operating characteristics are independent of time. That is the number of arrivals during a certain interval becomes independent of time.

Markovian Queueing Models


Queueing models with inter‑arrival time of customers, and the service time are exponentially distributed, are called Markovian Queueing Models.


Markovian queueing models are usually solved by

i) Difference – Differential equations method, using Rouche’s theorem and probability generating functions and

ii) Neuts Matrix – Geometric approach.

Non-Markovian Queueing Models


Queueing models in which either inter‑arrival time of customers or service time is not exponentially distributed are called Non-Markovian Queueing Models.

Servers Vacation


From practical consideration, it may not always be worth while to keep server unnecessarily idle. In such situations, the server may utilize his idle time in a useful and optimal way to perform additional jobs or preventive maintenance work, if the server is a machine and it is termed as the server’s vacation. The following are some policies of server’s vacation. 

Repeated Vacation


In case of bulk service models, a server on completion of a service will start serving again, if the system has the minimum number of customers required to start the service. Otherwise the server will withdraw from the system for a vacation. On returning from vacation, if the server finds less than the required number of customers, he may immediately take another vacation. He will continue in this manner, until he finds, upon returning from a vacation, the required number of waiting customers.

Single Vacation


The assumptions are same as those of repeated vacations except that, even if the server finds less than the minimum number of customers required for service, when he returns from a vacation, he stays in the system awaiting the queue length to reach the minimum number for starting the next service. He will go on vacation only after serving atleast one batch.


The other types of vacations in the literature are exceptional first vacation, random vacation, limited service vacation, etc. 

2. METHODOLOGY

The results used in the thesis are the following  :

· To analyse the nature of roots of a polynomial we use Rouche’s theorem which states “If f(z) and g(z) are functions analytic inside and on a closed contour  C  and  if | g(z) | < | f(z) | on  C  then f(z) and f(z) + g(z) will have the same number of zeros inside  C. Equivalently, the condition for the characteristic equation  ((z) = z to have an unique root inside the interval (0, 1) is (((1) > 1. For example  ( zb+1 – (( + () z + ( = 0 has only one root inside (0, 1) if  
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· Solution of linear difference equation with constant co‑efficients.

An equation involving yx of the type yx+n+a1yx+n-1 +...+an-1yx+1+anyx = gx is called non‑homogeneous linear difference equation of order n with constant coefficients. The solution of the corresponding homogeneous equation (En + a1 En-1 + . . . + an) yx  =  0 is given by  yx  =  
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  where  rI are the distinct roots of the characteristic equation. If any of the root say r is of multiplicity  K  then, x(x – 1) . . . . (x – k + 1) rk  is one of the components.

If gx is of the form rn then the particular solution of the non‑homogeneous equation is given by  
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 where the denominator not equal to zero, so that the general solution is the solution of the homogeneous equation together with the particular solution multiplied by a constant  A.

3.
Relevant Literature Survey

Bulk Service Queueing Model


The theory of batch service queues originated with the work of Bailey  [3]. He considered a queue with Poisson arrival and fixed size service. Numerous authors have investigated a variety of extensions of the basic model. They include the works by Miller [17] who looked at bulk‑arrival model with a fixed batch size and Jaiswal [8] who allowed random size. Neuts [5] introduced the general bulk service rule in considering a queue system with Poisson arrivals and a general service – time distribution.


Borthakur [4] assuming that the service times were exponentially distributed and independent of the batch size, was able to obtain explicit results for the steady state probabilities of queue length. Medhi [16] considered the waiting time distribution for the M | M(a, b) | 1 system and gave explicit results for the first two moments of the distributions. 


Shankaranarayanan and Nadarajan [21] have studied the general bulk service queueing model with Erlang input and obtained the steady state probability distribution for the model. Chaudhry and Easton [6] have obtained steady state results of the system Ek | M(a, b) | 1 including the waiting time distribution and busy period distribution. Madill and Chaudhry [13] have considered the waiting time moments associated with the more general GI | M(a, b) | 1 system, in the steady state and derived expressions that will permit them to be evaluated efficiently and stably for high values of quorum and capacity. Subsequently they [14] have extended the results to G | M(a,b) | C queueing system. Sim and Templeton [22] have discussed steady state results for M | M(a, b) | C batch service system and derived waiting time distributions, service batch size distribution and the average service batch size for the model. These results complement those given by Medhi, Neuts and Nadarajan.


Chaudhry, Medhi, Sim and Templeton [5] together have considered a two heterogeneous servers. Markovian queue with general bulk service rule such that channel i (i = 1, 2) will serve customers in batches of size atleast ai and utmost bi. Customers queue length distribution and busy period distribution are derived and these results are generalization of those given by Arora [2], Medhi and Borthakur [15], Ghare [7].


The literature on vacation models is increasing very rapidly nowadays because of its theoretical structure and application to the performance modeling of many engineering systems. Queueing systems in which idle servers take vacations arise in many computers, communication and manufacturing systems. Queueing system with server’s vacation has been studied extensively by a good number of authors.

General Bulk-Service Queueing Models with Server’s Vacation


Most of the general bulk service queueing models with server’s vacation have been analysed by many authors using matrix-geometric approach.


Nadarajan and Subramaniyan [19] have discussed a single server bulk service queueing system in which the server leaves the system for vacation if he does not find the sufficient customers to start his service. Both repeated and single vacation of server are considered.


Nadarajan and Audsin Mohana Dhas [18] have analysed the multiserver bulk service queueing model M | M(a, b) | C with server’s vacation (repeated and single vacation). 


Markovian general bulk service queueing system with vacation and additional service facility have been analysed by Krishna Reddy, Nadarajan and Kandasamy [12] using matrix geometric method. Kandasamy [9] has also discussed models with Tandem queues with general bulk service and server’s vacation. Soon Seole Lee, Ho Woo Lee and Nadarajan [23] have discussed a batch service model with single vacation.


Afthab Begum [1] has analyzed some bulk service models with server’s vacation in detail and obtained the closed form expression for steady state probability distributions, queue length and waiting time distributions.


Krishna Reddy and Anitha [11] have studied M | M(a, b) | 1 queueing model in which the server who finds m customers  in  queue on completion of service will  go  for  a  vacation  only  if   0 ( m ( a – 2  and  if  m = a – 1 either at a service completion epoch or at a vacation termination point, the server will wait for an exponential time in the system. Mean queue length and the expected waiting time of a customer are obtained for this model. 

WORK DONE IN THESIS


There are many models where in services are in bulk and arrivals occur singly. In this thesis we have discussed some single arrival and bulk service queues. There are numerous situations in which such phenomena occur. For example, many types of transportation process involving buses, trains, airplanes, ships, elevators etc., all have a feature of bulk service queue in common.


The study of bulk queues in the real sense originated in 1954 with the paper of Bailey [3], who studied a bulk service queue and applied the results to a practical problem. 


There are a number of variation of bulk service rules or policies available in literature.


Among them the most general rule is the one introduced by Neuts [20]. According to this rule, a batch may contain a minimum number of  a units and a maximum of  b units. If immediately, after completion of service of a batch, the server finds less than  a  units present, he waits till there are  a, where upon he takes a batch of  a  for service. If he finds more than  a  units present but atmost  b  he takes them all in a batch and if he finds more than  b  units waiting, he takes in batch for service, a batch of  b  units in order of arrival. 


In this thesis four‑bulk service queueing models are discussed under steady‑state and some of the performance measures are obtained in a closed form. In all the models, the arrival occurs singly according to the Poisson process with arrival rate  (, and the service is done according to the General Bulk Service Rule introduced by Neuts [20]. Service time is an exponentially distributed random variable with service rate  (.

· The first model deals with a two‑heterogenous server Markovian queue. There is a single queue. The service is done according to General Bulk Service Rules. The service times of the server I and II are exponentially distributed with rates  (1 and (2 respectively with  (1 > (2. The system accommodates an infinite number of customers. 

· In model two there is only one server available. The server serves the customers according to the General Bulk Service Rule as long as the queue length is less than or equal to  2b. When it exceeds 2b, the capacity of the service batch is increased to b( (b ( b( ( 2b). Whenever the queue length is decreased to a number less than 2b+1, the special facility is dropped.

· The third model consists of one regular server serving the units according to the General Bulk Service Rule as long as the queue length is less than (2b+1) ; An additional server is employed instantaneously, when the queue length exceeds  2b. The service distribution for both the servers are assumed to be the same. The free server is dropped, when the queue length is found to be less than 2b+1.

· The fourth model deals with servers going on vacation. There are two homogeneous servers available in the system serving the customers according to the General Bulk Service Rule. On completion of the service, if any one of the servers finds less than a customers in the queue and the other server is busy then he leaves the system for a random period of time called vacation which is exponentially distributed with parameter  (  and if he finds the other server is on vacation, he will remain in the system. i.e., Only one server is allowed to go on vacation at a time. Vacation considered in this model is a multiple vacation. i.e., On returning from vacation if the server finds less than  a  waiting customers and the other server is busy or idle he takes another vacation. He continues in this manner until he finds alteast  a  waiting customers upon returning from vacation.

All the models discussed in this thesis are formulated mathematically and the corresponding differential difference equations are obtained analytically. The equations are solved under the steady state, using Rouche’s theorem and iterations. Explicit expressions for the equilibrium probabilities of the number of customers in the queue are derived in a closed form. Expressions for the following performance measures are derived for all the models,

1) The average number of customers waiting in the queue.

2) The probability that the server (s) is busy.

3) The probability that the server is idle (or) on vacation. 

Numerical results are exhibited to compare the mean queue length of different models.

The cost analysis for the first three models are analysed, by considering different costs associated with the servers and the waiting of the customers. 

CHAPTER – II

THREE DIFFERENT BULK SERVICE QUEUEING MODELS

Introduction


In all the multiserver (c) general bulk service queueing models each free server starts his service as soon as the queue length reaches the lower limit  a. Therefore at certain instances, the number of customers served by all the c-servers is found to be only ca. This does not satisfy the purpose of the batch service policy. In other words the bulk service queueing system with c-servers is effective only when number of customers waiting in the queue is greater than cb. Sometimes it may happen that some of the servers may stay idle in the system for more percentage of time. Thus a question arises how the system can be handled effectively with less number of servers. Our interest here is to analyse this question for two servers bulk service queueing system. We have presented two different models in sections 2.2 and 2.3. These two models have been analysed, from the ultimate point of achieving the objective of providing better service, in terms of shortening the queue length and reducing the cost of the system.


In the first model, the concept of over loading the system, when the queue length exceeds a preassigned limit, is introduced. A queueing system with single server following the general bulk service rule of capacity maximum (a, b) is considered as long as the queue length is less than or equal to 2b. When the queue length exceeds 2b, the batch capacity is increased to b( (b ( b( ( 2b) from b. Whenever the queue length shortens to a number less than or equal to 2b, the original batch size is reverted to.


In the second model, the system is operated with a single server as long as the queue size is less than (2b + 1) and a second server gets into the system, whenever the queue length is greater than 2b. It is assumed that it is possible to press the second server into service instantaneously whenever required. And it is also assumed that if the queue size is less than or equal to 2b, one of the servers is withdrawn after his completion of service.


For purposes of meaningful comparison, the closed expressions for the effective measures for queueing model M|M(a, b)|2 – with heterogeneous servers have been presented. The anticipated queue sizes are compared for all the three models. Total cost for each of the model is also worked out on a cost formulation, taking into account the relevant costs associated in maintaining the model.

Section   2.1

Model  I  :  M | M(a, b) | 2  Heterogeneous Queueing System


Customers arrive individually at a service facility in accordance with a Poisson process having rate (  and form a queue. The service facility consists of two servers, each having exponential service time with rate (1 and (2 ((1 > (2) under the general bulk service rule with capacity maximum (a, b).


The system accommodates an infinite number of customers and the queue discipline is first in first out. Subject to the general bulk service rule, the arriving customers follow one of the following rules :

(i) when both servers are free : they choose the first server to get the fast service.

(ii) if only one server is free  :  they choose the free server.

(iii) and when both servers are busy : they join the queue and are served according to the FIFO rule.

2.1.1
General Bulk Service Rule (Neuts)


Under this rule, a server starts service only if atleast  a  customers are present in the queue, the maximum service capacity being  b  customers. In other words, if there are  x  customers waiting at the completion of a service, the following rule for service is followed.

(i)
For 0 ( x ( a,

no service.

(ii)
For a ( x ( b,

Service is done for a batch of  x  customers.

(iii)
For  x > b,

Service is done for a batch of  b  customers and                  



the remaining (x-b) customers continue to wait in           



the queue.

2.1.2
The Differential Difference Equation


The model leads to the state space {(1 1 n) : n ( 0} ( {(1 0 n) : 0 ( n ( a-1}  (  {(0 1 n) : 0 ( n ( a-1 }. The system is said to be in state (1 1 n) when both servers are busy and there are n customers in the queue. In this case  n  takes any integral value  0, 1, 2, …


The state (1 0 n) represents that the faster server is busy and the other server is idle, 

(0 1 n) denotes the slow server is busy and the faster server is idle with  n  number of customers in the system. In these two cases  n  lies between 0 to a-1.


Let  P (i j n t) represent the probability that the system is in the state (i j n) at time t and P (i j n) denote the corresponding steady state probabilities when  t  tends to  (. Then the steady state equations satisfied by P (i j n) are given by :

2.1.3
Steady State Difference Equations

( P (0 0 0)

=
(1 P (1 0 0) + (2 P (0 1 0)


      (2.1.1)

​(( + (1) P (1 0 0)
=
(2 P (1 1 0) + ( P (0 0 a-1)


      (2.1.2)

(( + (2) P (0 1 0)
=
(1 P (1 1 0)




      (2.1.3)

(( + () P (1 1 0)
=
 ( P(1 0 a-1) + ( P(0 1 a-1) + ( 
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( P (0 0 n)

=
( P(0 0 n-1) + (1 P (1 0 n) + (2 P (0 1 n)
      (2.1.5)









   (0 ( n ( a-1)

(( + (1) P(1 0 n)
=
( P(1 0 n-1) + (2 P(1 1 n)
   (0 ( n ( a-1)     (2.1.6)

(( + (2) P(0 1 n)
=
( P(0 1 n-1) + (1 P(1 1 n)
   (0 ( n ( a-1)     (2.1.7)

(( + () P(1 1 n)
=
( P(1 1 n-1) + ( P(1 1 n+b)    (n ( 1)
      (2.1.8)

where   (  =  (1 + (2.

2.1.4
Steady State Solutions


Let E be the forward shifting operator defined by E (P(1 1 n)) = P(1 1 n+1). Introducing the operator  E  in the equation (2.1.8) we have

(( Eb+1 – (( + () E + () P(1 1 n)  =  0  ( n ( 0



      (2.1.9)

Using the Rouche’s theorem the characteristic equation  ( zb+1 – (( + () z + ( = 0 has only one root say  r0 inside the unit disc |z| = 1 under the condition  (  =  
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. Thus the solution of the homogeneous difference equation is given by


P(1 1 n)
=
A r0n,

n ( 0

i.e.,
P(1 1 n)
=
r0n P(1 1 0),
n ( 0



    (2.1.10)

Equation (2.1.6) and (2.1.7) can be written as

((( + (1) E - () P(1 0 n)
=
(2 P(1 1 n+1)

1 ( n ( a-2

and

((( + (2) E - () P(0 1 n)
=
(1 P(1 1 n+1)

1 ( n ( a-2

substituting for  P(1 1 n+1) in the above equation we have

((( + (1) E - () P(1 0 n)
=
(2 r0n+1 P(1 1 0)


    (2.1.11)

((( + (2) E - () P(0 1 n)
=
(1 r0n+1 P(1 1 0)


    (2.1.12)

Solving the above non‑homogeneous difference equations, the solution of equation (2.1.11) is given by

P(1 0 n)
  =
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i.e., P(1 0 n)
  =
[ A1 R1n + K2 1 r0n ] P(1 1 0)

(0 ( n ( a-1)
    (2.1.13)

Where
  K2 1
  =
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Similarly the solution of (2.1.12) is given by

P(0 1 n)
  =
[A2 R2n + K1 2 r0n] P(1 1 0),

(0 ( n ( a-1)
    (2.1.14)

Where
  K1 2
  =
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Adding equations (2.1.1) and (2.1.2) over n = 0 to k and changing k to n we have

( P(0 0 n)
=
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(0 ( n ( a-1)

substituting for P(1 0 n) and P(0 1 n) from equations (2.1.13) and (2.1.14) we have

P(0 0 n)
=
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To evaluate the constants  A1 and A2  we consider the equation (2.1.3),


(( + (2) P(0 1 0)  =  (1 P(1 1 0)

substituting for P(0 1 0) from equation (2.1.14) we have,


(( + (2) (A2 + k1 2)  =  (2
Thus
A2
=
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i.e.,
A2
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Similarly,

Substituting for P(1 0 0) and  P(0 0 a-1) in equation (2.1.2) we have

(( + (1) (A1 + k2 1)
=
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Thus all the steady state queue size probabilities are expressed interms of P(1 1 0). Thus P(1 1 0) can be calculated using the normalizing condition


[image: image21.wmf] [ P(0 0 n

) 

+

 P(1 0 n) 

+

 P(0 1 n)]

 

+

 

 P(1 1 n)

n

=

0

n

=

0

a

-

1

¥

å

å

  =  1

P(1 1 0)
=

[image: image22.wmf] 

 

 A

 

1 

-

 R

 

-

 R

 

+

 

 A

 

1 

-

 R

 

-

 R

1

1

1

n

+

1

1

2

2

2

n

+

1

2

n

=

0

a

-

1

m

l

m

l

1

1

æ

è

ç

ö

ø

÷

æ

è

ç

ö

ø

÷

é

ë

ê

ê

ì

í

ï

î

ï

å






[image: image23.wmf]+ 

1 

-

 r

 

-

 r

 

k

 

 

+

 k

 

 

+

 (A

 R

 

+

 k

 r

0

n

+

1

0

2 1

1

1 2

2

1

1

n

2 1

0

n

1

m

m

l

æ

è

ç

ö

ø

÷

)






[image: image24.wmf]+ (A

 R

 

+

 k

 r

 

+

 

1

1 

-

 r

2

2

n

1 2

0

n

0

)

ù

û

ú

ü

ý

ï

þ

ï

-

1


P(1 1 0)
=

[image: image25.wmf]m

l

m

l

1

1

1

2 1

0

2

2

2

1 2

0

 a 

A

1 

-

 R

 

+

 

k

1 

-

 r

 

+

 

 a

 

A

1 

-

 R

 

+

 

k

1 

-

 r

é

ë

ê

æ

è

ç

ö

ø

÷

æ

è

ç

ö

ø

÷






[image: image26.wmf]+ 

1

1 

-

 r

 

-

 

 r

 (1 

-

 r

 (1 

-

 r

 

-

 

 r

 (1 

-

 r

 (1 

-

 r

0

1

0

0

a

0

2

0

0

a

0

m

l

m

l

)

)

)

)

2

2

1

ù

û

ú

-

    (2.1.18)

Next we shall calculate the average number of customers waiting in the queue. 

The Mean Queue Length


The mean queue length is calculated as

Lq
=
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The other measures obtained are :

i) The probability that both servers are busy  
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ii) The probability that both the servers are idle 
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iii) The probability that the faster server is busy  
[image: image44.wmf](P

1 0

B

)



[image: image45.wmf]P

1 0

B


=

[image: image46.wmf] P(1 0 n)

n

=

0

a

-

1

å



=

[image: image47.wmf] (A

 R

 

+

 k

 r

 P(1 1 0)

1

1

n

2 1

0

n

n

=

0

a

-

1

)

å



=

[image: image48.wmf] A

 

1 

-

 R

1 

-

 R

 

+

 k

 

1 

-

 r

1 

-

 r

 P(1 1 0)

1

1

a

1

2 1

0

a

0

æ

è

ç

ö

ø

÷

æ

è

ç

ö

ø

÷

é

ë

ê

ê

ù

û

ú

ú


(iv) The probability that the slower server is busy  
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Section  2.2

Model  II  :  M | M(a, b ( b() | 1 – Queueing Model


Assume that the units arrive into a service facility according to a Poisson process with rate  (. The units are served by a single server in batches of size  n  varying from  a to b(. The service times are assumed to have independent exponential distribution with parameter  (.


The service rule is assumed to operate as follows  :  The server starts service only when a minimum number  a  is reached. If the server on completing his service finds  :

i) n (a ( n ( b) units in the queue, he takes all the units into the batch of service. 

ii) n (b ( n ( 2b) units in the queue, he takes only  b  units in his batch of service. 

iii) n (n > 2b) units, he takes (b() units (b ( b( ( 2b) in the batch of service. 

2.2.1
State Space of the Model


Let (0, n) (0 ( n ( a-1) denote that the server is idle and the number of customers waiting in the queue is  n  and 

(1, n) (n ( 0) denote the server is busy and there are  n  units waiting in the queue. 

2.2.2 Steady State Difference Equations

Assuming the steady state exists, let  P0 n (0 ( n ( a-1) denote the steady state probability that the server is idle and  n  units are in the queue.  P1 n (n ( 0) denote the steady state probability that the server is busy, the balanced equations satisfied by the probabilities are given by

( P​0 0

=
( P1 0






      (2.2.1)

( P0 n

=
( P0 n-1 + ( P1 n 
(0 ( n ( a-1)


      (2.2.2)

(( + () P1 n
=
( P1 n-1 + ( P1 n+b(
(n > b)



      (2.2.3)

(( + () P1 n
=
( P1 n-1 + ( (P1 n+b + P1 n+b()
   (2b-b( < n ( b)
      (2.2.4)

(( + () P1 n
=
( P1 n-1 + ( P1 n+b
(1 ( n ( 2b-b()

      (2.2.5)

(( + () P1 0
=
( P0 a-1 + (  
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2.2.3
Steady State Solutions


Introducing the forward shifting operator E, namely E(P1 n)  =  P1 n+1  in equation (2.2.3). We have  ( Eb(+1 – (( + () E + ( = 0. If r0  is the unique root of the characteristic equation  ( zb(+1 – (( + () z + ( = 0 that lies inside the unit disc | z | = 1 (such a root exists under the condition  
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 as in model I  then the solution (2.2.3) is given by


P1 n
=
r0n-b  P1 b  (  n (  b




      (2.2.7)

Equation (2.24) can be written as

[(( + () E - (] P1 n
=
( [P1 n+b+1 + P1 n+b(+1]

(2b-b(  ( n ( b-1)

The solution of the non-homogeneous equation is given by

P1 n
=
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(2b-b( ( n ( b-1)

Where  R  =  
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The equation can be further simplified, using the fact that, r0 is the root of the characteristic equation  ( zb(+1 – (( + () z + (  =  0. The simplified equation is given by


P1 n
=
[ A Rn + (r0-b( +  r 0-b) r0n ] P1 b      (2b - b( ( n ( b-1)  (2.2.8)

Now to calculate the constant A, we consider the equation (2.2.4) at n = b.

i.e., (( + () P1 b
=
( P1 b-1 + ( (P1 2b + P1 b+b()

Using equations (2.2.7) and (2.2.8) we have


A
=
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To find the expressions for the remaining probabilities P1 n​ (0 ( n ( 2b-b(-1) we rewrite equation (2.2.5) as 

[(( + () E - (] P1 n
=
( P1 n+b+1
(0 ( n ( 2b - b( - 1)




=
( r0n+1 P1 b
Solving the non‑homogeneous difference equation we have,


P1 n
=
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(0 ( n ( 2b-b(-1)

i.e.,
P1 n
=
(B Rn + r0n-b() P1 b

(0 ( n ( 2b-b(-1)          (2.2.10)

The constant  B  is evaluated from the equation (2.2.5) at n = 2b-b(  and is given by 

(( + () P1 2b-b(

=
( P1 2b-b(-1 + ( P1 3b-b(
(( + () [ AR2b-b( + (r0-b( + r0-b) r02b-b( ]  =  ( [ BR2b-b(-1 + r02b-2b(-1] + ( r02b-b(
B
=
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i.e., B
=
A (1 - Rb(-b)






    (2.2.11)

Adding the equations (2.2.2) and (2.2.1) over n = 1 to k (0 ( k ( a-1) and changing k to n we get,


( P0 n
=   
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The expression for P0 n  may depend on whether  a-1 ( 2b-b( or not.

Thus, if a-1 ( 2b-b( then P0 n  is given by

P​0 n
=    
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Thus

P​0 n
=    
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Where  Cn
=    0  for  0 ( n ( 2b-b(-1  and



    (2.2.12)


Cn
=    
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for  (2b-b() ( n ( (a-1)

Thus the steady state probabilities are expressed interms of P1 b​  and P1 b  is calculated from the normalizing conditions
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(2.2.13)

Where

C1 
=    0

if  a-1 < 2b-b(   
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2.2.4
Performance Measures for this Model

i) Mean Queue Length

Let  Lq  denote the expected number of customers waiting in the queue then

Lq
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After simplification, it becomes

Lq
=
[ r0-b( H(r0) + BH(R) – (b( - b) 
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if  a-1 ( 2b-b(
H(x)
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Remark  :


When  b( = b, the queue length is given by the equation (2.2.14) coincides with that of M| M(a, b) | 1 model

ii) The probability that the server is busy is
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2.2.5
Waiting Time Distribution

Whenever the queue length exceeds 2b, the batch size being served is changed to b( (b ( b( ( 2b)  from  b. Thus the waiting time of the arriving unit not only depends on the state at which he arrives, but also the number of customers arriving during his waiting time in the queue. i.e., the number of arrivals during his waiting time will decide the size of the batch (b or b() in which he is served. Since it is too complicated to discuss the general case max (a, b), we here present the waiting time distribution for the case max (1, b)  and verify the Little’s formula. An arriving unit has to wait in the queue for service in the following two cases :

i)
(1  rb(+q)
(r ( 0 ;
   0 ( q ( b-1)

ii)
(1  rb(+q)
(r ( 0 ;   b ( q ( b(-1)
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In case (i) the unit has to wait for (r+1) service completion whose density function is 
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In case (ii), the waiting time depends on the capacity of the (r+2)th batch being served or equivalently on the number of arrivals occurred during the period of (r+1) services.
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Let  kj denote the probability that j units arrive during a period of duration  T,  whose density function is density function is 
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 denotes the probability that the number of units arrived during the period  T  is greater than or equal to (2b-q), 
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where  (j+1)r
=    (j+1) (j+2) . . .  (j+r).

The density function of the waiting time for the case (ii) now becomes,
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i.e., if the number of customers arrived during (r+1) services is atleast (2b-q), then there will be more than  2b  units at the end of (r+1)th service in the queue. Thus, the (r+2)th batch will be served with capacity  b(  and the unit under discussion enters the service in (r+2)th batch. On the other hand, if the number of units arrived during (r+1) services is less than (2b-q) (the  (r+2)th batch will be served with capacity  b), then the unit has to wait for (r+2) service completions and can enter only in (r+3)rd batch.


If ((t) denote the density function of the waiting time of the arriving unit, then 
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The first term is 
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The second term is
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The last term is
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Adding and simplifying, we get

E(T)
=
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Section  2.3

Model  III  :  M | M(a,b) | 1  Queueing Model with Additional Servers


In section 2.1 we have analysed a bulk service queueing model with two heterogeneous servers present always in the system, whether they have customers to serve or not. In this section we consider a bulk service queueing system in which only one server is available, as long as the queue length is less than or equal to 2b and an additional server is employed instantaneously when the queue length exceeds 2b.

2.3.1 Model Description

Customers arrive at the system in a Poisson stream with parameter  (. There is a single server serving the units in batches according to the general bulk service rule with max (a, b) in the batch as long as the queue length is less than or equal to 2b.

When the queue size exceeds 2b, an additional server is employed instantaneously. The service time distributions of both the servers are exponential with the same parameter  (. When the length of the queue is less than (2b+1), the server who terminates his service is withdrawn and the system continues with a single server.

2.3.2 State Space of the Model

Let (0, n) denote the server is idle and there are  n  units in the queue (0 ( n ( a-1) and 

(1, n) denote only one server is available in the system and he is busy. Such state exists for 0 ( n ( 2b.

(2, n) denotes that both servers are busy and there are  n  customers in the queue. This state exists for n ( b+1.

Assuming that the steady state exists, let  Pi n denote the steady state probabilities when the system is in state (i, n).

2.3.3
Steady State Difference Equations

( P0 0

=
( P1 0






      (2.3.1)

( P​0 n

=
( P0 n-1 + ( P1 n​

(1 ( n ( a-1)

      (2.3.2)

((+() P1 0
=
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      (2.3.3)

((+() P1 n
=
( P1 n-1 + ( P1 n​+b

(1 ( n ( b)

      (2.3.4)

((+() P1 n
=
( P1 n-1 + 2( P2 n

(b ( n ( 2b)

      (2.3.5)

((+2() P2 b+1
=
( P1 2b + 2( P2 2b+1




      (2.3.6)

((+2() P2 n
=
( P2 n-1 + 2( P2 n​+b

(n ( b+2)

      (2.3.7)

2.3.4
Steady State Solutions


Introducing the forward shifting operator  E, namely  E (P2 n)  =  P2 n+1 in the equation (2.3.7) we have


2( Eb+1 – (( + 2() E + (  =  0

Thus the solution is given by


P2 n
=
r1n-(b+1) P2 b+1,  (n ( b+1)

Where  r1  is the unique root, which lies in the interval of (0, 1), of the characteristic equation

(2( zb+1 – (( + 2() z + ()  =  0 
when  
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Equation (2.3.6) can be written as

P1 2b
=
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P2 b+1
=
r1 P1 2b
P2 n
=
r1n-(b+1) r1 P1 2b
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P2 n
=
r1n-b P1 2b,

(n ( b+1)



      (2.3.8)

Equation (2.3.5) implies

[(( + () E - ( ] P1 n  =   2( P2 n+1,
(b ( n ( 2b-1)

The solution of the non-homogeneous equation is given by


P1 n
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(b ( n ( 2b-1)

i.e.,
P1 n
=
(ARn + k r1n-b) P1 2b


(b ( n ( 2b-1)      (2.3.9)

where
  R
=
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Equation (2.3.5)  at  n = 2b gives


(( + () P1 2b
=
( P1 2b-1 + 2( P2 2b

(( + ()

=
( A R2b-1 + k (( + () r1b


A
=
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substituting the constant  A  in  P1 n equation, we get

P1 n
=
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    (2.3.11)

Equation (2.3.4)  can be rewritten as 

[(( + () E - (] P1 n
=
( P1 n+b+1


(1 ( n ( b)
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Thus the solution of the non-homogeneous equation is given by 


P​1 n
=
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    (2.3.12)

The constant  B  is evaluated from the equation (2.3.4) at n=b and is given by


(( + () P1 b​
=
( P1 b-1 + ( P1 2b


B
=
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i.e.,
B
=
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               (2.3.13)

Adding equation (2.3.1) and (2.3.2) over n = 1 to k changing  k  to  n  we get


P0 n
=
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Thus all the probabilities are expressed interms of P1 2b. Using the normalizing conditions P1 2b can be calculated. For this we first add equations (2.3.2) and (2.3.4) over  n = 1 to k where 1 ( k ( a-1  then we have,

( (P​0 k + P1 k)
   =
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substituting for  P1 0  and  P1 n (n ( b)  we have after simplification that

P0 n + P1 n
=
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substituting these in the normalizing conditions
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We can get the value of  P1 2b .

2.3.5
Performance of Measures for this Model

i) Mean Queue Length

If  L​q  denote the average number of customers in the queue, then 

Lq
=
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(2.3.15)

ii) The probability that one server is busy (P1 B)


P1 B
=
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This can be calculated from equations (2.3.9) and (2.3.11).

iii) The probability that both servers are busy (P2 B)

P2 B
=
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  (from 2.3.8)

Section  2.4

Cost Analysis


In this section, we discuss the cost analysis for the three models given in sections 2.1, 2.2 and 2.3, by considering different costs associated with the servers and the waiting of the customers. For this we introduce the following costs. For the lost analysis we have considered model I with  (1 = (2
i) Let  d denote the fixed cost per unit time for each server

ii) e  denote the waiting cost per unit per time and

iii) f denote the cost per unit service by each server.

If  C  denotes the total cost per unit time of the system for  M | M(a,b)|2 model, then

C   =   2d + e Lq + f [((1 
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For model  II (over loading),


C   =   d + e Lq + f ( (PB)

where   d  is the fixed cost per unit time for the server.

For Model  III (Additional server),


C   =   d (1 + P2 B) + e Lq + f ( (2 P2 B + P1 B)

Section  2.5

Numerical Analysis and Graphical Representation


The numerical values for different performance measures are presented. 

· The two-server heterogeneous bulk service queueing model (() in Table  2.1.

· M|M(a,b(b()|1 queueing model ((() in tables 2.2a to c and

· M|M(a,b)|1 queueing model (((() with additional server in Tables 2.3a to  c.

The measures calculated are the following  :

· The mean queue lengths Lq2, Lq0 and LqAD for the above three models respectively. 

· P1 1 B – Probability that both the servers are busy for model  I.

· 
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– Probability that the faster (slower) server is busy for model I.

· 
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 - Probability that the server is busy (idle) for M|M(a,b(b()|1 model.

· 
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 - Probability that both servers (one server) busy for the additional server model. 

The following observations are made  :

From the table values it is noted that, the average queue lengths for all the models are increasing functions of the arrival rate  ( and the servers are busy for more percentage of time as the arrival rate increases. It is also shown graphically that the queue length for the overloading model decreases as b( increases.

TABLE  2.1

a = 10 ; b = 30 ; (1 = 1.5 ; (2 = 1

	( = 
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	0.2

0.4

0.6

0.8

0.9
	5.292097

11.2642

24.73486

64.11395

141.8904
	0.3267825

0.1386526

0.0542819

0.01778812

0.0743267
	0.1258913

0.0963771

0.04738

0.0175548

0.076540
	0.3141571

0.7148065

0.8850635

0.9613825

0.9686912




a = 20 ; b = 50 ; (1 = 1.2 ; (2 = 1

	( = 
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	0.2

0.4

0.6
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18.3226
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232.084
	0.386464

0.1938308

0.083675

0.028423

0.01201059
	0.1005288

0.1000954

0.0546539

0.021298

0.0094419
	0.22721

0.6292273

0.8410092

0.9449986

0.9765624




a = 20 ; b = 30 ; (1 = 1.3 ; (2 = 1

	( = 
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0.4
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a = 20 ; b = 30 ; (1 = 1.2 ; (2 = 1

	( = 
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0.6
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134.7893
	0.3905629

0.3449149

0.2017186

0.0829504

0.0374676
	0.01474156
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0.09413838
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0.0230618
	0.0646889

0.3336136
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0.8444018
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The table values of 2.2a to 2.2c show that queue length can be controlled by increasing the values of b( without appointing more servers.

TABLE  2.2a

a = 20 ; b = 30 ;  ( = 1

	(
	b(
	Lq0
	PB0
	P(0

	24

27


	30
	60.7526

137.727
	0.8942148

0.9511886
	0.1057852

0.04881

	21

24

27


	35
	29.8973

42.75722

65.06808
	0.8145072

0.8609701

0.919098
	0.1933087

0.1390299

0.080901

	21

24

27


	40
	27.2377

36.28531

49.25517
	0.8066914

0.8532338

0.9035037
	0.1987842

0.1467663

0.096496

	21

24

27


	45
	25.25238

32.57053

41.99186
	0.801258

0.8532338

0.8936502
	0.1987842

0.1467663

0.1063498


TABLE  2.2b

a = 10 ; b = 30 ;  ( = 1.2

	(
	b(
	Lq0
	PB0
	P(0

	21

27


	30
	23.74226

33.23884
	0.9044245

0.9345021
	0.0955755

0.06972575

	21

27


	35
	21.9822

28.83329
	0.901696

0.9302742
	0.098303

0.069725

	21

27


	40
	20.96232

26.6057
	0.8997786

0.9275383
	0.1002215

0.07246

	21

27


	45
	20.27421

25.25066
	0.8983335

0.9255532
	0.1016665

0.744468


TABLE  2.2c

a = 20 ; b = 50 ;  ( = 1.2

	(
	b(
	Lq0
	PB0
	P(0

	30

35

40

45


	50
	28.30971

38.58081

54.03684

79.74015
	0.8242542

0.8740142

0.9123274

0.9422262
	0.1757458

0.1259857

0.087672

0.057773

	30

35

40

45


	60
	27.13085

35.2860

45.78325

59.67795
	0.8219829

0.8698609

0.9057588

0.9328257
	0.1780171

0.1301391

0.0942412

0.061174

	30

35

40

45


	70
	26.01707

32.62357

40.23845

49.0125
	0.8194384

0.865615

0.8996813

0.9249784
	0.1805616

0.134385

0.1003187

0.0750216


Mean queue length (Lq() Vs b( for different arrival rates (() 

when a = 20 ; b = 30 ; ( = 1




Mean queue length (Lq() Vs arrival rates (() for different values of b(
with  a = 20 ; b = 50 ; ( = 1.2





The Table 2.3 gives the queue length and probability that the server is busy for the additional server queueing model.

TABLE  2.3

a = 20 ; b = 30 ; ( = 1

	(
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	42

48

54
	51.90034

75.5876

150.1039
	0.24633

0.1486786

0.067285
	0.4725191

0.63975

0.8166111


a = 20 ; b = 30 ; ( = 1.2

	(
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	42

48

54

60
	38.5209

47.21338

61.274508

90.1756
	0.38020

0.2825639

0.1954065

0.1198435
	0.296005

0.4196108

0.554626

0.6978167


a = 20 ; b = 50 ; ( = 1.2

	(
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	40

45

50

55
	34.99035

40.00628

44.8977

49.71266
	0.8953894

0.837433

0.7683641

0.6942487
	0.04794

0.075863

0.1105576

0.1515074


In Tables 2.4a and 2.4b, 

i)
Pi (i = 1, 2) denotes the probability that  i  servers are busy

ii)
Bs denotes the average number of batches waiting in the queue. 


Numerical results in Tables 2.4a and 2.4b show that the average cost per unit time (C) of the overloading system and additional server systems are less than that of the two‑servers model. Though the mean number of customers waiting in the queue is different for the models, one can note that the number of batches waiting in all the three models is zero when the arrival rate is less. 

TABLE  2.4a

	a=20 ; b=30 ; (=1
	b(
	(
	C
	Lq
	Bs
	P1
	P2

	Model I

Model II

Model III

Model I

Model II

Model III

Model I

Model II

Model III

Model I

Model II

Model III
	-

45

85

-

-

45

55

-

-

45

55

-

-

55

-
	12

12

12

12

18

18

18

18

24

24

24

24

30

30

30
	64.8357

39.8242

39.7775

39.8373

70.7014

45.7075

49.3264

45.6859

76.3268

51.9294

50.5794

51.3299

81.7608

54.8833

56.8890
	9.5591

12.6466

12.5648

12.4631

10.0471

20.0221

19.1450

18.0814

11.5835

32.8823

29.1828

24.8631

14.9108

31.2119

31.9292
	0

0

0

0

0

0.7

0

0

0

1

0.97

0.8

0

1

1
	0.45507

0.5515

0.5504

0.5474

0.4962

0.7351

0.7291

0.7070

0.4583

0.8523

0.84122

0.7602

0.38286

0.8549

0.7267
	0.0717

-

-

0.0029

0.1941

-

-

0.0263

0.3422

-

-

0.0877

0.4908

-

0.1883


TABLE  2.4b

	a=20 ; b=50 ; (=1
	b(
	(
	C
	Lq
	Bs
	P1
	P2

	M|M(a,b)|2 (Model I)

Overloading (Model II)

Additional Server (Model III)
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Model III
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-
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CHAPTER – III

M | M(a, b) | (2, 1) – QUEUEING MODEL WITH SERVERS REPEATED VACATION

Introduction


In most of the queueing models, the server on completion of service to all the existing units continue to stay in the empty system awaiting a new arrival. Service commences immediately upon a customer’s arrival. But there are some physical systems in which idle servers will leave the system for some other uninterrupted task such as tea break, a telephone call, tool exchange, a check up operation in case of server is a machine etc. Idle periods of the system during which these additional tasks will be performed, is called vacation. After completing such a vacation the server returns to the system and starts servicing any backlog that may have accumulated during his absence. If the system is empty, he may stay with the system and wait for customer’s arrival (single vacation) or he may initiate another independent vacation (repeated vacation). 


In multiserver queueing models with server’s vacation if every server who becomes idle leave the system for vacation, then the customers who arrive during the absence of all the servers have to wait in the system for servers to return from their vacation. And there are places like hospitals, telegraph office, telephone booths etc., where some of the servers are expected to be available in the system for service. Here, we have discussed a two server bulk service queueing model in which atleast one server is available in the system for service.

3.1 Model Description
In this model it is assumed that the arrival pattern is Poisson with  parameter (. Service is done in batches according to the general bulk service rule introduced by Neuts  [20]. As per the rule the service begins only when a customers (quorum) are present. If the queue length is more than  a but less than or equal to b then the entire queue is taken up for service and if there are more than b customers in the queue then the server accepts the first b customers. The service time of a batch is independent of the number of customers in the batch and is exponentially distributed with parameter   (.


On completion of the service, if a server finds less than a customers in the queue and the other server is busy, then the server who becomes idle, will leave the system for a random period of time called vacation. The vacation time is a random variable and exponentially distributed with parameter (. On the other hand if the free server finds the other server is on vacation then he will remain in the system i.e., only one server is allowed to go on vacation at a time. On returning from vacation if the server finds less than a waiting customers and the other server is busy or idle in the system he leaves for another vacation.  He continues in the manner until he finds atleast a waiting customers upon returning from vacation which is called repeated vacation.

3.2 Mathematical Model

The queue is studied as a Markov‑process on the state space defined by  {(j, n), j = 0, 1, 2 ; n ( 0 }, where n ( 0 denotes the number of waiting customers in the queue and  j  denotes the state of the server.

The process is said to be in state 

(0, n) when one server is idle and the other server is on vacation (0  (  n  ( a-1), 

(1, n) when one server is busy and the other server is on vacation (n  (  0) and 

(2, n) when both the servers are busy (n ( 0).

Defining   Pj n(t)
=
Pr { At time t, the system in the state (j, n)





j = 0, 1, 2 ; n ( 0 }

and assuming that the steady state probabilities
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exist, the balance equations in the steady state are given by 


( P0 0
=
( P1 0




         (3.1)


( P0 n
=
( P0 n-1 + ( P1 n  (1 ( n ( a-1)

         (3.2)


(( + () P1 0
=
( P0 a-1 + 2 ( P2 0 + ( 
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(( + () P1 n
=
( P1 n-1 + 2 ( P2 n + ( P1 n+b  (1 ( n ( a-1)      (3.4)


(( + ( + () P1 n
=
( P1 n-1 + ( P1 n+b  
(n ( a)

         (3.5)


(( + 2() P2 0
=
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         (3.6)


(( + 2() P2 n
=
( P2 n-1 + ( P1 n+b + 2 ( P2 n+b 
(n ( 1)
         (3.7)

3.3 Steady State Solutions

Equation (3.5) implies

(( + ( + () P1 n
=
( P1 n-1 + ( P1 n+b ,
n ( a

This can be written as


[( Eb+1 – (( + ( + () E + (] P1 n  =  0,
n ( a-1

         (3.8)

where  E  is forward shifting operator given by E (P1 n) = P1 n+1 ( n.


The solution of the homogeneous difference equation (3.8) is given by 


P1 n
=
r0n-a+1 P1 a-1

n ( a-1


         (3.9)

where  r0  is the unique root of the characteristic equation  ( zb+1 – (( + ( + () z + ( = 0  with  |r0| < 1 by Rouche’s theorem such a root exists under the condition  
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Equation (3.7) can be written as 

2 ( P2 n+b+1 – (( + 2() P2 n+1 + ( P2 n   =   - ( P1 n+b+1,  (n ( 0)

substituting for  P1 n+b+1 and using the forward shifting operator we have 


[2 ( Eb+1 – (( + 2() E + (] P2 n  =  - ( r0n+b-a+2,  n ( 0

The solution of the non-homogeneous difference equation is given by


P2 n 
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where  r1  is the unique root of the equation  2( zb+1 – (( + 2()z + ( = 0 such that |r1| < 1 such a root exists if  
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since  r0  is a root of the equation  ( r0b+1 – (( + ( + () r0 + (  =  0.
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Thus,  P2 n (n ( 0) can be written as


P2 n
=
(Ar1n + kr0n) P1 a-1,   n ( 0



       (3.10)

Next we shall calculate  P1 n (0 ( n ( a-1) from equation (3.4)

Equation (3.4) implies

[(( + () E - (] P1 n​  =  2 ( P2 n+1 + ( P​1 n+b+1,  
(0 ( n ( a-1)

substituting for  P2 n  and  P​1 n from equations (3.9) and (3.10) we have

[(( + () E - (] P1 n​  =  [ 2 ( (A r1n+1 + k r0n+1) + ( (r0n+b-a+2)] P​1 a-1,  (0 ( n ( a-1)

solving the above difference equation we have
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where 

R  
=  

[image: image197.wmf]l

l

m

 

+

 


Substituting for  K,  we have
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i.e., P1 n
=
(A1 Rn + B (r​1) r1n + C(r0) r0n) P1 a-1
    (0 ( n ( a-1)     (3.11)

where
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Next we shall calculate P​0 n​ ( 0 ( n ( a-1). 

Adding equations (3.2) and (3.1) over  0 to n we have


P0 n
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Substituting for  P1 k  from (3.11) we have

          P0 n
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(i.e.),  P0 n
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Thus the steady state queue size probabilities are given by 

P0 n
=
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P1 n
=
(A1 Rn + B(r1) r1n + C (r0) r0n) P1 a-1​
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P1 n
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Next we shall calculate the constants  A  and A1 involved in the equations.

Equation (3.6) implies
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substituting for P2 0, P1 n and P2 n (a ( n ( b) from (3.13) we have,
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Next we shall calculate A1 from the equation (3.3)

Equation (3.3) implies

(( + () P1 0
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(3.15)

Thus all the steady state probabilities Pi n,  i = 0, 1, 2,   n ( 0  are obtained interms of P1 a-1. The value of P1 a-1 can be determined from the normalizing condition
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where

H(x)
=
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3.4 Some performance measures

i) The expected queue length is given by 

Lq
=
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After simplification we get

Lq
=
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where  G(x)
=
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ii) The probability that both servers are busy (P2 B)

P2 B 
=
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iii) The probability that one server is busy and one server is on vacation (P1 B)

P1 B
=
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iv) The probability that one server is idle and one server is on vacation (P0 B)

P0 B
=
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Thus

P0 B
=
[ A1 H1(R) + B (r1) H1 (r1) + C(r0) H1(r0) ] P1 a-1
Where

H1(x)  =  
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3.5 Numerical Analysis and Graphical Representation

In order to know how the change in parameter values affect the system performance measures, sample values for  (, (, (, a and b are taken and the numerical values are given in Tables 3.1 and 3.2 and the following conclusions are made through the numerical analysis.

· The mean queue length (Lq) is an increasing function of the arrival rate (.

· Lq is a decreasing function of the vacation parameter  (.

· The pictorial representation of Lq as a function of  (  is given in Graph  3.1 and 3.2.

TABLE  3.1

MEAN QUEUE LENGTH FOR VARIOUS VALUES OF a, b, ( and 1 / ( WITH (=1

	(
	(
	Lq

	
	
	a=5, b=20
	a=10, b=30
	a=25, b=30
	a=40, b=50

	5

10

15

20
	0.1
	4.105075

9.9515

20.528183

40.657784
	5.199803

8.691892

14.74712

24.1391
	12.039351

12.957296

16.303785

23.892813
	19.502092

19.672197

20.580647

22.796101

	5

10

15

20
	0.25
	3.77515

8.271267

14.856401

24.564768
	50.092186

7.964101

12.55441

18.78352
	12.033314

12.788303

15.345677

20.47765
	19.501781

19.644808

20.394276

22.155613

	5

10

15

20
	0.5
	3.415659

6.802918

11.253087

17.329138
	4.96999

7.208331

10.59966

14.87544
	12.026324

12.60983

14.485404

17.990053
	19.501419

19.613577

20.192657

21.516968

	5

10

15

20
	0.75
	3.184757

6.003263

9.637212

14.626596
	4.88888

6.737935

9.504966

12.93791
	12.021604

12.495773

13.989507

16.716022
	19.501173

19.592726

20.062101

21.124413


TABLE  3.2

MEAN QUEUE LENGTH FOR DIFFERENT VALUES OF a AND b when (=1

	(=(+(/(
	1/(
	Lq for a=10, b=30
	Lq for a=20, b=30
	Lq for a=40, b=50

	0.2

0.4

0.6

0.8
	1
	4.203

5.063

6.401

8.39
	8.89

9.24

9.702

10.513
	18.844

19.078

19.338

20.024

	0.2

0.4

0.6

0.8
	2
	4.403

5.836

8.007

11.101
	8.944

9.521

10.486

12.142
	18.873

19.338

20.211

22.051

	0.2

0.4

0.6

0.8
	4
	4.585

6.596

9.864

14.874
	8.987

9.796

11.382

14.343
	18.899

19.596

21.234

24.869

	0.2

0.4

0.6

0.8
	8
	4.717

7.208

11.673

19.507
	9.016

10.017

12.259

17.06
	18.917

19.806

22.254

28.425

	0.2

0.4

0.6

0.8
	10
	4.748

7.363

12.194

21.105
	9.023

10.073

12.513

18.008
	18.921

19.86

22.554

29.681


Mean queue length (Lq) Vs arrival rates (() for different variation parameters  (  when  a = 5 ; b = 20 ; ( = 1







Graph  3.1

Mean queue length (Lq) Vs arrival rates (() for different variation parameters  (  when  a = 40 ; b = 50 ; ( = 1







Graph  3.2

SUMMARY AND CONCLUSION


Whenever demand for service is more than the available service facility, waiting becomes unavoidable. To reduce the waiting line the following performance measures 

i) The queue size or system size probabilities

ii) The expected queue length

iii) The probability that the servers are busy or idle or on vacation are required.

For the development of the practice of queueing theory, the expressions for the performance measures need to be given in a closed form. In our thesis we have obtained all the results required, in a closed form for all the models discussed.

The bulk service queueing models discussed in this thesis are :

i)
M|M(a,b)|2
-
Queueing model in which two servers with different               



service rate are always available in the system.

ii)
M|M(a,b(b()|1
-
Queueing model in which the capacity of the            



service batch is increased from b to b( whenever            



the queue length exceeds 2b.

iii)
M|M(a,b)|1
-
Queueing model in which an additional server is           



appointed whenever the queue length exceeds 2b.

iv)
M|M(a,b)|(2,1)
-
Queueing model in which two-homogeneous                    



servers are available in the system and only one of            



the servers is allowed to go on a multiple vacation,                  



whenever he is free. 


The results of the models discussed in this thesis help us to decide whether the service facility can be handled with two‑servers always available in the system (or) an additional server may be appointed whenever necessary, (or) the system may appoint two regular servers and one of them may be sent for vacation (may be utilized for some other work) when the queue size is less.


For simplicity in the over loading model and the additional server queueing model, we have assumed that the changes in the service facility are done whenever the queue length exceeds 2b. These models can be analysed by allowing the changes, when the queue length exceeds kb where  k is any integral value.

BIBLIOGRAPHY

	1.
	AFTHAB BEGUM, M.I.
	“Queueing models with bulk service and vacation”, Ph.D. Dissertation, Bharathiar University, Coimabtore, India, 1997.

	2.
	ARORA, K.I
	“Two server bulk service queueing processes”, Opns. Res. 12, 286 – 294 ; 1964.

	3.
	BAILEY, N.T.J.
	“On queueing process with bulk service”, J.R.Statist. Soc. B 16, 80 – 87, 1954.

	4.
	BORTHAKUR, A.
	“A Poisson queue with a general bulk service rule”, J. Assam Sci. Soc., 14, 162-167, 1971.

	5.
	CHAUDHRY, M.L., MEDHI, J., SIM, S.H. and

TEMPLETON, J.E.
	“On a two heterogeneous server Markovian queue with general bulk service rules”, The Indian Journal of Statistics, Vol. 49, Series B Pt. 1, 36-50, 1987.

	6.
	CHAUDHRY, M.L. and 

EASTON, G.D.
	“The queueing system Ek | M(a, b) | 1 and its numerical analysis”, Compt. Opns. Res., 9, 197-205, 1982. 

	7.
	GHARE, P.M.
	“Multichannel queueing system with bulk service”, Opns. Res. 16, 189-192, 1968.

	8.
	JAISWAL, N.K.
	“A contribution to the theory of bulk service queueing problem”, Opns. Res., 8, 773-778, 1960.

	9.
	KANDASAMY, P.R.
	“Matrix-geometric algorithmic approach to some Markovian queueing and inventory models”, Ph.D. Dissertation, Bharathiar University, 1990.

	10.
	KENDALL
	“Some problems in the theory of queues”, J.R.S.S.B., 13, 151-185, 1951.

	11.
	KRISHNA REDDY, G.V. and ANITHA, R.
	“Markovian bulk service queue with delayed vacations”, Computers Opns. Res., Vol. 25, No. 12, pp. 1156-1166, 1998. 

	12.
	KRISHNA REDDY, G.V., NADARAJAN, R. and KANDASAMY, P.R.
	“Markovian general bulk service queueing system with vacations and additional server”, Asia-Pacific Journal of Operation Research, 1990. 

	13.
	MADILL, B.R. and CHAUDHRY, M.L.
	“Waiting time moments in the queueing system GI | M(a,b) | 1”, INFOR. Vol. 24, No. 4, 309-318, 1986.

	14.
	MADILL, B.R. and CHAUDHRY, M.L.
	“Steady state analytic and algorithmic results on the queueing system GI | M(a,b) | c”, Proceedings of the UGC sponsored seminar on stochastic modelling and decision making (University of Delhi), 1986.

	15.
	MEDHI, J. and 

BORTHAKUR, A.
	“On a two server Markovian queue with a general bulk service rule”, Cahiers du Centre d’Ctudes de recherche Operationnelle, Vol. 14, 151-158, 1972.

	16.
	MEDHI, J.
	“Waiting time distribution in a Poisson queue with a general bulk service rule”, Mgmt. Sci. 27, 777-782, 1975.

	17.
	MILLER, R.G.Jr.
	“A contribution to the theory of bulk service”, J. Roy Statistics Soc. Ser. B. 21, 320-337, 1959. 

	18.
	NADARAJAN, R. and AUDSIN MOHANADAS, D.
	“Multiserver general bulk service queue with vacation”, APJOR, Vol. 7, No. 2, 1990.

	19.
	NADARAJAN, R. and SUBRAMANIYAN, A.
	“A general bulk service queue with server’s vacation”, Opl. Res. in Mgmt. System, Academic Pub., 127-135, 1984.

	20.
	NEUTS, M.F.
	“A general class of bulk queues with Poisson input”, Ann. Math. Statist., 38, 759-770, 1967.

	21.
	SHANKARA NARAYANAN, G. and NADARAJAN, R.
	“General bulk service rule with Erlang input”, Research supported by UGC Research, Project No. F 23, 1171-1179.

	22.
	SIM, S.H. and 

TEMPLETON, J.G.C.
	“Steady state results for the M | M(a,b)| c batch service”, European Journal of Oprl. Res., 21, 260-267, 1985.

	23.
	SOON SEOLE LE, HO WOO LEE and NADARAJAN, R.
	“A batch service queue with single vacation”, Appl. Match Modelling, Vol. 16, 36-42. 


 r





 r





 r





(=27





(=24





(=21





� EMBED MSGraph.Chart.8 \s ���





b(





Lq





b(=50





b(=60





b(=70





� EMBED MSGraph.Chart.8 \s ���





Lq





(





� EMBED MSGraph.Chart.8 \s ���





( = 0.1





( = 0.25





( = 0.5





( = 0.75





Lq





(





� EMBED MSGraph.Chart.8 \s ���





( = 0.1





( = 0.25





Lq





(





( = 0.5





( = 0.75








_1172585958.unknown

_1172653118.unknown

_1175332795.unknown

_1175342936.unknown

_1175344212.unknown

_1175410070.unknown

_1175964759.unknown

_1176013880.unknown

_1176015754.unknown

_1176031299

_1176031426

_1176015780.unknown

_1176015184

_1176015434

_1175964810.unknown

_1175411088.unknown

_1175411115.unknown

_1175411208.unknown

_1175964712.unknown

_1175411193.unknown

_1175411104.unknown

_1175411056.unknown

_1175345347.unknown

_1175345549.unknown

_1175345772.unknown

_1175345836.unknown

_1175345407.unknown

_1175344976.unknown

_1175345188.unknown

_1175344685.unknown

_1175343729.unknown

_1175344138.unknown

_1175344164.unknown

_1175344082.unknown

_1175343225.unknown

_1175343235.unknown

_1175343188.unknown

_1175333839.unknown

_1175334229.unknown

_1175334421.unknown

_1175342818.unknown

_1175334385.unknown

_1175334024.unknown

_1175334102.unknown

_1175333873.unknown

_1175333245.unknown

_1175333670.unknown

_1175333831.unknown

_1175333447.unknown

_1175332887.unknown

_1175332906.unknown

_1175332834.unknown

_1172654738.unknown

_1174734135.unknown

_1175332531.unknown

_1175332689.unknown

_1175332756.unknown

_1175332649.unknown

_1175090043.unknown

_1175090203.unknown

_1175090289.unknown

_1175074420.unknown

_1175074461.unknown

_1175079251.unknown

_1175079252.unknown

_1175079250.unknown

_1175074446.unknown

_1175074327.unknown

_1175074388.unknown

_1174734196.unknown

_1172655578.unknown

_1172655687.unknown

_1174734129.unknown

_1172655653.unknown

_1172654789.unknown

_1172655289.unknown

_1172654749.unknown

_1172654394.unknown

_1172654602.unknown

_1172654632.unknown

_1172654430.unknown

_1172654090.unknown

_1172654217.unknown

_1172653900.unknown

_1172650360.unknown

_1172652311.unknown

_1172652758.unknown

_1172652892.unknown

_1172652941.unknown

_1172652846.unknown

_1172652539.unknown

_1172652602.unknown

_1172652488.unknown

_1172650919.unknown

_1172652049.unknown

_1172652113.unknown

_1172651978.unknown

_1172650790.unknown

_1172650813.unknown

_1172650486.unknown

_1172648685.unknown

_1172649171.unknown

_1172650107.unknown

_1172650291.unknown

_1172649920.unknown

_1172648916.unknown

_1172649016.unknown

_1172648834.unknown

_1172647995.unknown

_1172648491.unknown

_1172648613.unknown

_1172648293.unknown

_1172647366.unknown

_1172647923.unknown

_1172586052.unknown

_1172479640.unknown

_1172580058.unknown

_1172582479.unknown

_1172583131.unknown

_1172583646.unknown

_1172585375.unknown

_1172585543.unknown

_1172585571.unknown

_1172585649.unknown

_1172585486.unknown

_1172583899.unknown

_1172584926.unknown

_1172583780.unknown

_1172583448.unknown

_1172583481.unknown

_1172583179.unknown

_1172582648.unknown

_1172583064.unknown

_1172582495.unknown

_1172581705.unknown

_1172582233.unknown

_1172582326.unknown

_1172581857.unknown

_1172581497.unknown

_1172581571.unknown

_1172580190.unknown

_1172481009.unknown

_1172579691.unknown

_1172579820.unknown

_1172580029.unknown

_1172579732.unknown

_1172491827.unknown

_1172579679.unknown

_1172481183.unknown

_1172479934.unknown

_1172480655.unknown

_1172480828.unknown

_1172480037.unknown

_1172479905.unknown

_1172479919.unknown

_1172479705.unknown

_1172316971.unknown

_1172475737.unknown

_1172478929.unknown

_1172479407.unknown

_1172479584.unknown

_1172479607.unknown

_1172479545.unknown

_1172479039.unknown

_1172479146.unknown

_1172479011.unknown

_1172476413.unknown

_1172478186.unknown

_1172478526.unknown

_1172478077.unknown

_1172475892.unknown

_1172476015.unknown

_1172475857.unknown

_1172471886.unknown

_1172474035.unknown

_1172475295.unknown

_1172475552.unknown

_1172475140.unknown

_1172472511.unknown

_1172472534.unknown

_1172472093.unknown

_1172413369.unknown

_1172413490.unknown

_1172413535.unknown

_1172413467.unknown

_1172412815.unknown

_1172413141.unknown

_1172317072.unknown

_1172412337.unknown

_1172317004.unknown

_1172303400.unknown

_1172306439.unknown

_1172310426.unknown

_1172310816.unknown

_1172311814.unknown

_1172315537.unknown

_1172315839.unknown

_1172316027.unknown

_1172316755.unknown

_1172315795.unknown

_1172311921.unknown

_1172312502.unknown

_1172311875.unknown

_1172311557.unknown

_1172311782.unknown

_1172311449.unknown

_1172310620.unknown

_1172310710.unknown

_1172310563.unknown

_1172308193.unknown

_1172309920.unknown

_1172310291.unknown

_1172309682.unknown

_1172306605.unknown

_1172307835.unknown

_1172306540.unknown

_1172304189.unknown

_1172305711.unknown

_1172305945.unknown

_1172306089.unknown

_1172305839.unknown

_1172305134.unknown

_1172305556.unknown

_1172304433.unknown

_1172303735.unknown

_1172304051.unknown

_1172304068.unknown

_1172303888.unknown

_1172303553.unknown

_1172303572.unknown

_1172303537.unknown

_1172133321.unknown

_1172134463.unknown

_1172302386.unknown

_1172302436.unknown

_1172302658.unknown

_1172302359.unknown

_1172133939.unknown

_1172134226.unknown

_1172133390.unknown

_1172132207.unknown

_1172132745.unknown

_1172133246.unknown

_1172132381.unknown

_1172132054.unknown

_1172132073.unknown

_1172131995.unknown

