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CHAPTER - 1

INTRODUCTION

The queueing theory had its origin in 1909, when A.K. Erlang [9] published
his fundamental paper relating to the study of congestion in telephone traffic. Erlang is
called the Father of Queueing theory. The queueing theory provides predictions about
waiting times, the average number of waiting customers, the length of the busy period
and so forth. These predictions help us to anticipate situations and to take appropriate
measures to shorten the queues.

Some of the prominent applications of queueing theory are telephone
conversation, machine repair, toll booths, taxi stands, inventory control, the loading
and unloading of ships, scheduling patients in the hospital, clinics and applications in
the computer field with respect to program scheduling etc.

A queueing system may be described as one having a service facility, at which
units of some kind called customers arrive for service and whenever there are more
units in the system than the service facility can handle simultaneously, a queue or
waiting line develops. The waiting units take their turn for service according to a
preassigned rule and they leave system after service.

1.1  BASIC CHARACTERISTICS OF QUEUEING SYSTEM

The following characteristics provide an adequate description of any queueing
system.

1.1.1 ARRIVAL PATTERN OF CUSTOMERS

The arrival process describes the manner in which units arrive and join the
system. In most of the cases, the arrival pattern is random and hence characterized by a

probability distribution. The interval between two consecutive arrivals is called the



probability distribution. The interval between two consecutive arrivals is called the
inter arrival time. Arrivals may occur in batches instead of one at a time. In such case,

the input is said to occur in bulk or batch.

1.1.2 SERVICE PATTERN

The service mechanism describes the manner in which service is rendered. The
units may be served either singly or in batches. The time required for serving a unit or
A batch is called service time. Service time is also a random variable in most of the
cases, and represented by a probability distribution.

In case of batch service, the service system is termed as bulk service system.
There are number of policies or rules, according to which batches for bulk service may
be formed. Neuts [20] introduced a more general bulk service rule.

1.1.3 QUEUE DISCIPLINE

Queue discipline refers to the manner by which customers are selected for
service when the queue has formed. The most common discipline that can be observed
in every day life is First in First out (FIFS). Some others in common usage are Last in
First out (LIFO); Selection for service In Random Order independent of the time of
arrival to the queue (SIRO) etc. In some cases, priority discipline is followed. This
discipline allows priority in service to some customers in relation to other customers
waiting in queue.

1.1.4 SYSTEM CAPACITY

The system may have either a limited or an unlimited capacity for holding

customers. The source from which the customers come may be finite or infinite.



1.1.5 SERVICE CHANNELS

Queueing system may have several service channels to provide service. These
service channels may be arranged in parallel or in series or as a more complex
combination of both, depending on the design of the system’s service mechanism.

In parallel channels, a number of channels provide identical service facilities, so
that several customers may be served simultaneously. In case of series channels, a
customer must pass successively through the ordered channels, before service is
completed.

1.1.6 MARKOVIAN QUEUEING MODELS

Queueing models with exponential inter-arrival times and exponential service
time are called Markovian queueing models. Markovian queueing models are ususally
solved by :

1. Difference - differential equations method using Rouche’s theorem and

generating functions and

2. Neuts Matrix - geometric Algorithm

The first method is disscussed in detail by Gross and Harris [12] and
Saaty [26]. Neuts [21] developed the Matrix-geometric algorithmic approach for
studying the steady-state queueing models. Matrix-geometric approach involves only
real arithmetic and avoids the calculations of complex roots based on Rouche’s
theorem.

1.1.7 SERVER’S VACATION

From practical consideration, it may not always be worth while to keep server

unnecessarily idle. In such situations, the server may utilize his idle time in a useful and

optimal way to perform additional jobs. If the server is a machine, the idle time can be



used for some preventive maintenance work. This utilization of idle time is termed as
the server’s vacation.
There are differrent types of vacation policies. The policies that we have used
in this thesis are the following :
|. REPEATED VACATION
In bulk service queueing models, a server on completion of a service will start
serving again, if the system has the minimum number of customers required to start
the service. Otherwise, the server will withdraw from the system for a vacation. On
returning from a vacation , if the server finds less than the required number of
customers, he may immediately take another vacation. He will continue in this
manner, until he finds, upon returning from a vacation, the required number of
waiting customers.

2. SINGLE VACATION

The assumptions are same as those of repeated vacations except that, even if
the server finds less than the minimum number of customers required for service, when
he returns from a vacation, he stays in the system awaiting the queue length to reach
the minimum number for starting his next service.

The other types of vacation in the literature are exceptional first vacation, gated

vacation, random vacation, limited service vacation etc.



(AN 2AMBAINF INVAIJIIG



1.2 RELEVANT LITERATURE SURVEY

1.2.1 BULK SERVICE QUEUEING MODELS

The models studied during the earlier years were confined to single arrival and
individual service systems. The study of bulk queues in the real sense, originated in
1954, with the paper by Bailey [4],who studied a bulk service queue and applied the
results to a practial problem. During the last thirty years, bulk queues have received
considerable attention both from researchers, interested in theoretical developments
and professionals and practitioners interested in practical applications. The literature on
bulk queues have grown tremendously. The publication of the excellent book entitiled
“A first course in bulk queues” by M.L. Chaudry and J. G. C. Templeton [7] has
been very much welcomed by all interested in the area.

Borthakur and Medhi [6] have obtained the steady state probabilities for the
number of customers in the queue and the waiting time distribution for the
M / M, v/ 1 queue. Arora [2] and Ghare [11] have studied the multi server
Markovian queue with bulk service. Later Medhi [16] derived the waiting time
distribution for the M / M, s / ¢ queue by analytic methods. Following Neuts
algorithmic approach, Neuts and Nadarajan [22] have studied the M / Mg, v) / ¢
queue and obtained the stationary waiting time distribution. Sim and Templeton [27]
used yet another recursive algorithm to obtain the steady - state numerical results for
the same model. Chaudry, Medhi, Sim, Templeton et al., [8] have discussed a two -
heterogeneous - server Markovian queueing model with general bulk service rule such
that channel i (i =1, 2) will serve customers in batches of size atleast a; and atmost b;.

The results obtained by them are the generalization of those given by Arora [2],

Medhi and Borthakur [14].



1.2.2 BULK SERVICE QUEUEING MODELS WITH VACATION

A queueing system with single server who serves customers according to
general bullk service rule and leaves the system for vacation has been analysed by
Nadarajan and Subramanian [19].

Nadarajan and Audsin Mohana Dhas [18] have analysed, “Multi Server
general bulk service queue with vacation”. In this model both repeated vacation and
single vacation of servers are considered. The steady - state probability vector of the
number of customers in the queue has been obtained using matrix-geometric approach.

Audsin Mohana Dhas [3] has also obtained the steady state probability vector
and the stability condition for the queueing model MY / M, / ¢, 1 £ N < b, with
vacation. Bulk service queueing models with servers vacation have also been discussed
by Kandaswamy [13].

1.2.3 QUEUEING SYSTEMS WITH ADDITIONAL SERVER

In many queueing situations normally the number of servers is dependent on
the queue length. For instance in a bank, more and more windows are opened for
service when the queues in front of the existing windows are observed to become too
long. This procedure is sometimes used even in the case of airlines, buses etc. The
basic advantage in such a system is the inherent flexibility of service.

Romani [25] and Philips [24] have discussed the single service queueing
model with variable number of service channels, assuming that when the waiting line
size increases to some preassigned fixed number N, then with each arriving unit a new
channel is made available . The new channel is cancelled at the termination of service,
if there is no unit waiting, with the exception of one channel, which remains open at all

times. Murari [17] has modified the result with the assumption that when the queue



length increases to some undesirable number my, another channel is called for its help.
If the queue length increases to some undesirable number m; > my, the third channel is

called for their help and so on.

In all these cases, the additional server is made available instantaneously .
Bidhi Singh [5] considered the situation when on reaching the queue length the
maximum capacity of the waiting space, a search for additional server is started and the
availability time of an additional server is a random variable. Neuts [23] analysed a
similar situations for a bulk service queueing model and obtained the steady-state
results using matrix-geometric method.

Garg and Khanna [10] have considered the steady state behaviour of a
queueing system with additional server facility wherein arrivals occur in batches of
variable size. Whenever the queue infront of the first server reaches certain length, the
system adds another server. Steady - state probabilities and ex'pected queue lengths in

single server system and additional server system are calculated explicitly.



WORK DONE IN THIS THESIS

Bulk service seems to be realistic for many practical situations. For example, an

elevator serves a group of people at the same time, passengers at a bus stand are

served in groups etc.

There are number of rules according to which batches for bulk service may be
formed. Throughout our discussion we followed the general bulk service rule
introduced by Neuts [20]. According to this service rule, a server starts service only if
atleast a customers are present in the queue, the maximum capacity being b customers.

In otherwords, if there are X customers waiting at the completion of a service,

the following rule is considered:

For0<X<a No service
Fora<X<b Service is done for a batch of X customers
For X >b Service is done for a batch of first b customers

and the remaining X-b customers continue to
~ wait in the queue.

In the case of multi server (c) bulk service queueing models, each free server
starts his service as soon as the queue length reaches the lower limit a. Therefore at
certain instances the number of customers served by all the C servers may happen to be
only Ca which does not satisfy the purpose of the batch service. In other words, the
bulk service queueing system with C servers is effective only when the number of
customers waiting in the queue is greater than Ch. Sometimes it may also happen that
some of the servers may stay idle in the system for more percentage of time. Thus, a

question arises, whether the system can be handled effectively with less number of



servers providing with additional service facility, whenever required? In this thesis, we

have analysed this question.

In model I of chapter - II, we have discussed bulk service queueing model -
M /Mg, v/ 1 with overloading.
The server serves the units according to the usual general bulk srevice rule of capacity
maximum (a, b) as long as the queue length is less than or equal to 2b.
When the queue length exceeds 2b, the batch capacity is increased to b’ (b<b' <2b)
from b.
Whenever the queue length shorten to a number less than 2b+1 the original batch size
is followed.

In model II of chapter - IT we have analysed the following additional server
model :
There is one regular server serving the units according to the usual bulk service rule as
long as the queue length is less than 2b+1.
An additional server is employed instantaneously if the queue length exceeds 2b. The
service distribution for both the servers are assumed to be exponential with same
srevice rates.

The free server is dropped when the queue length is less than 2b+1.

The expressions for steady-state probabilities and some of the effective measures are

obtained in a closed form for both the models.

In chapter - III we have considered the generalizations of model II of

chapter -II.



In the models of chapter - III, an additional server is employed instantaneously
whenever the queue length exceeds a preassigned value Nb. The service rate of the
regular server is u and that of additional server is j;.

The regular server is allowed to go on a vacation if he finds less than a customer in the
system.

Multiple vacation is considered in model 3.1 and single vacation is followed in
model 3.2.

Steady-state probability vectors are calculated using matrix-geometric method. The

expected queue length is calculated for various parametric values for both the models.

10
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CHAPTER - 11

M /M) /1 QUEUEING MODEL WITH ADDITIONAL

SERVICE FACILITY

In section 1 of this chapter we have first discussed the two homogeneous servers

bulk service queueing model M / M vy / 2 and listed the expressions for

1.

2

3,

4.

Expected queue length.
Average number of batches waiting in the queue.
Probability that only one server is busy.

Probability that both the servers are busy.

In section 2 of this chapter we have analysed M / My, vy / 1 queueing model with

over loading.

In section 3 we have considered the model in which there is single server, as long

as the queue length is less than 2b+1 and an additional server is appointed instantaneously

when the queue length exceeds 2b.

The expressions (1) to (4) mentioned above are also derived for the overloading model

and the additional server model.

The expected queue size are compared for all the three models.

A cost analysis is also presented, by considering the different cost associated with the

servers and the waiting of the customers.
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SECTION 2.1
M / Mquyw / 2 QUEUEING SYSTEM

There are two homogeneous servers in the service facility and the service time of
each server has an exponential distribution with service rate pu. The servers serve the
customers in the queue according to the general bulk service rule.

Each server will start his service if there exist atleast a units in the queue. If a free
server finds more than a units but less than b units in the queue he takes all the customers
into a batch together, for service. If he finds more than b units he takes only b members
in a batch for service. The service distribution is independent of the batch size.

Steady-State Results

Let P; , denote the steady-state probability that there are n units in the queue and

both servers are busy, ifi=2 (n 20)

one server is busy, ifi=1 (0 <n < a-1)

both servers are idle, ifi=0 (0 <n < a-1).

The steady-state equations satisfied by P; , are :
b
(A+20)Pro =APiat2p D Py (2.1.1)
k=a

A+2W)Pan =APra1t2UPsae (n=1) (2.1.2)
A+WPis =APoart2uPy, (2.1.3)
A+WPin =APiaat2uPr, (1<n<a-1) (2.1.4)
AP0 =APgnit+ WUPia (1<n<a-1) (2.1.5)

XP() 0 = 7\,P1 o (216)
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Equation (2.1.2) implies,
2uE" - (A +2u) E+A] P2y =0
Pyn =11"P2o (n>0)

where r; in the real root of 2p ZY' - (A +2p) Z + A =0, which lies in (0, 1). Such a real
. ; e A
root exists uniquely, if — <1.
2bu

Equation (2.1.4) implies,
[(}»+LL)E-}»]P1n:2HP2n+1

solving we get,

(ie) P, .= (AR"+kr") P; o (0<n<a-l) 2.1.7)
‘where R = —L k= 2113

Equation (2.1.5) implies,

n
Pon = Pw“%ZP, . (1< n< a-1)
1

>|E

l, n
> Pk

0

Substituting for Py x, We have

1 _Rn+l k(1 -
Po » B A )+ ( d Pyo
)\, 1-R l—rl

(0<n<a-1) (2.1.8)



Equation (2.1.3) gives ’

(7»+L1)P10=}»P03-1+2L1P20

Substituting for P;; we get,

GrpyA+ly =p|AL-RD K _rla)}#wy

1-R l—rl

Simplifying we have,

a
AR*(L+p) = — &0, 2K
- 1-n
Ge) ALRY  =—f @-kn®)
l—r]
.

AR (1-1)
All the expressions are obtained interms of P; o

P, o is obtained from the normalizing equation

a-1 ©
Z(Pl n +PO n) + ZP2n =1

n=0 n=0
a-1 €]
E - + ke a - 2ﬂ rln+l+Zrln P20=1
A. 1-R 1-1'1 ﬂ,(l —rl) 0 0
_ .atl
) A+ k - 1 2u (-t )P20=1
Al 1-R ]-l'l 1-r1 /1(1 -Tl) (l—rl)

(i.e) P, is obtained as

P20-1= 1 +ﬁa a + £ - 21T, (l‘rla) (2.1.9)
1-5 A|1-R 1-1] 2(-1)




Next we shall calculate the expected queue length for this model.

a-1 ©
Lq = Zn(P0n+Pln)+ZnP2n

n=1 n=1

substituting for P;,, 1=0, 1, 2 from (2.1.7) and (2.1.8) we get,

a-1 n+l o
H A k 2/,1['1 n
L = E nj= + - 2 E P.
| { (x[l—R 1-r1j, A=

n=1

n__H A L k a(a -1)
(1-r) A|1-R 1-ng 2

_2un (rl(l_rla)_arla(l_rl)j Pyo
/?'(1 - I'l) (l—rl)z

The other measures obtained are the following :

(i) P, - The probability that both the servers are busy is Z P,y

n=1

1
- n

1e. Pz B — P2 0

2

a-1

(i) P; - The probability that only one server is busy is Z P,

l-Ra l-rla
ie, Pig= |A +k P
' L(l—kj [l—rlj]”
a-1

(iii) P; - The probability that both the servers are idle is Z Py .

n=0

(2.1.10)

e {a[ ALk j_ ( AR(L-RY) k(1= )
IR 1-1 (1-R) a-n)

1o

15
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SECTION 2.2
MODEL 2.1 (OVER LOADING)

Assume that units arrive into a service facility according to a Poisson process with
rate A. The units are served by a single server in batches of size n varying from a to b".
The service times, irrespective of the batch size, are assumed to have independent identical
exponential distribution with parameter Q.

The service rule is assumed to operate as follows: The server starts service only
when a minimum number a is reached. If the server, on completing his service finds

(i) n(a <n <b) units in the queue, he takes all the units into the batch of service.

(ii) n(b < n < 2b) units in the queue, he takes only b units in his batch of service.

(iii) n(n > 2b) units, he takes b’ units (b < b’ < 2b) in the batch of service.

2.2.1. Steady-State Equations

Assuming the steady-state exists, let Po » (0 <n < a-1) denote the probability that

the server is idle and n units are in the queue.

P, » (n =0) refers to the situations when the server is busy. The standard

arguements lead to the following equations:

A Po 0 = HP} 0 (221)
A Po =APo s1+ UP1a (O<n<al) (222)
(7\,'*‘ LI.) P1 n =XP1 n-1+ HP1ﬂ+b' (n>b) (223)

(A+1W)Pia =APiat L(PrasstPrasy) (2b-D'<n<b) (224)
A+ Pia =APiait+ BPrary (1<n<2b-b) (22.5)

b
(7\'*‘},1) P10 =)\.Poa.1+ 0 ZPI n (226)

n=a
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2.2.2. Solution of Steady-state Probabilities
Equation (2.2.3) implies
[ME" " '-(A+ W) E+AJP;, =0 (n>b)
Pia=1¢""Prs (n>b) 2.2.7)

where 1, is the unique root of the characteristic equation (1 Z" - (A+p) Z + X)) =0 that

. : . . A
lies inside the interval (0, 1). Such root exists uniquely whenever v <1.
Yo

Equation (2.2.4) implies
[(}\. o+ l.l) E- }\.] P] n=_u [Pl ntbe1 T Pl n+b'+l] (2b -b’<n<b- 1)
substituting for P; 4, n>b from (2.2.7) and solving for P, we get,

Py o =[AR"+(ro" +1o") r"] Py, (2b-b' <n<b-1) (2.2.8)

and A is obtained from equation (2.2.4) at n=b.

where R =
A+

A+ Py =AProat 1 Piovt Prver]

Substituting for Py , from (2.2.7) and (2.2.8) we have
A+ ) =L (AR™ + (10" + 10™) 10"™) + u(ro” + 10"
AARY =+ p) - A"+ o) - u(ro” + o)

Simplifying we have,

A=- (——Rbr:b"b ] (22.9)

Similarly, equation (2.2.5) gives

[(A+ 1) E-A]Pia = 1Py wibn (0 <n<2b-b-1)
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Solving the difference equation, we get,

n+l
P,.=(BR"+—2T0___,p,
A+ )y -4

Since ro is the root of the pz’*'- (A+ )z + A = 0, we have,
Pi.=BR"+r," ") P, (0<n<2b-b-1)  (2.2.10)
The constant B is evaluted from equation (2.2.5) at n=2b - b’
()» S8 U-) Pl Tt — [}\‘ (BR 2b-b'-1 4 (r02b‘2b'-1)+ lyu,o2b-b’] Pl "
(From (2.2.7 and 2.2.10)

Subsituting for Pjaby from (2.2.8.) and simplifying, we have

()\' + “) ARZb-b' — )\, BR 2b-b'-1 _ (}\’ + H) roh-b'
AR2b-b' - BR 2b-b’_+_ ARb
B =A(1-R""M (2.2.11)

Adding the equation (2.2.2) over n =1 to k (0 < k < a-1) and changing k to n, we get

n
Pon=4 SP (O<n<a-l)
h =

The expression for Py , depends on whether (a-1) = (2b - b").
5
If (a-1) < (2b - b’), then

n+l _ . nt
p, =& M___)+ro-b'(l—r()_) P,| (O<n<al) (2.2.12)
A 1-R 1 -1
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If (a-1) > (2b - b"), then

{ ZPI j+ ZP] J} (0<n<a-l)

2b-b'

substituting from (2.2.8) and (2.2.10), we get

u 2b-b' -1 # n B b
PO"ZI{ ZO (BRn + 5 )+2bzb‘ARn +(r0‘ +1y” )fon P,

Nh:

2b-b' 2b-b

{ §B1R“+ZAR“+Zr +Zr0 }plb

Simplifying we have,

0+ “b o+l b, 2b-b  _n+l 2b-b' n+1
_ g{B(I-R ), 6 0-0"") 6 r, )+ARb._b(R =R )H -

=R 1-1, 1-r1,

n+ b n+l
Py = %HB(II RR ) To (11 fo )) +C,JPl .

where C, =0for0<n<2b-b’-

2b-b' 1 —b'
- . -b (Mo — ™" )+ARb’-b(R2b *-r*" (2.2.13)
. 1-1, =R -

for 2b-b"<n<a-1
Thus, the steady-state probabilities are expressed in terms of Py and Py is calculated

from the normalizing condition.
a-1 0
SPon+ 2Py =1
n=0 n=0

substituting for Pp , and Py », we get



20

1-R l—r()

a- B 1 Rn+] -b' 1_ n+1 2b-b'-1 ,
(Z{ ( ) rp (-1 )+Cn % (BRn+r0n-b)
0

2b-b' b
Simplifying,
Bﬁ( 1 )a 1 Ru (I-R% :
A\I-R 1-R (1-R)A 1-R -1
—b[_ M a 1 o p(l-r") ﬁazlc
l.ﬂ, (1"‘1’0) l—ro l—r()/{ l"fo ﬂ s .
(ie) Pry =[r™ g(ro) +BgR)+C]" (2.2.14)
where C =0 Jif (a-1) < (2b-b")
a-1
= & 3'C,.if(a-1)=(2b-b)
R TR
a
1+£(a - AX(LX )]
4 800 = A 1-X
and g( T

Thus the expressions for the steady - state probabilities are given by (2.2.8), (2.2.10),

(2.2.13) and (2.2.14).
2.2.2 The Mean Queue - Length

The mean queue length for the system is

a-1 0
iy = [ZnP0n+ anlnj

n=1 n=1

substituting for Py , and P; ,we have,
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> n|— +Cn
= |4 1-R 1-1
2b-b'-1 b-1
+ n(BRn ")+ Y n(ARn R g ) Zn 1" [P 4
n=0 n=2b-b
Simplifying we have,
b+l
L, =[re™ H(ro) + BHR) - (b’ - b) ——+ C" ] P1p (2.2.15)
—To
where
C'=0 Jif (a-1) < 2b-b’
a-1
= Z nC, Jif (a-1) = 2b-b’,
n=2b-b
a+l _ w2 1_vya
H(X) = )7 AX +a(a-l)+aX (1-X) X2 (1-X%) (2.2.16)
A0-X)| u[1-X] 2 (1-X)
Remark -

When b’ = b, the queue length given by the equation (2.2.15) coincides with that of

M/M, vy/1 model.
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SECTION 2.3
MODEL 2.2 (ADDITIONAL SERVER)

In this section we consider a bulk service queuing model with additional server and
obtain the steady-state probability results by solving the difference - differential equations.
2.3.1. Problem Description

Customers arrive at the system in a Poisson stream with parameter A. There is a
single server serving the units in batches according to the general bulk service rule with
max (a, b) in the batch as long as the queue length is less than or equal to 2b. When the
queue size exceeds 2b, an additional server is employed instantaneously. The service time
distributions of both the servers are exponential with the same parameter p. When the
length of the queue is less than (2b + 1), the server who terminates his service is
withdrawn and the system continues with a single server.

2.3.2. State Space Of The Model

Let (0, n) denote the server is idle and there are n units in the queue (0 <n <a- 1)
and (1, n) denote only one server is available in the system and he is busy. Such state
exists for 0 <n < 2b.

(2, n) denotes that both the servers are busy and there are n customers in the
queue. This state exists for n > b+1.

2.3.3 Steady-State Equations

Assuming that the steady-state exists, let P; , denote the steady-state probabilities

when the system is in state (i, n). The difference-differential equations satisfied by P; ,

are .
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APoo = uP;1o (2.3.1)
APon =APy w1t WPia (1<n<a-l) (2.3.2)
b
A+WPe=APy st 1 Y. P (2.3.3)
B=aq '
A+WPin =APiaat UPin+b (1<n<b) (2.3.4)
A+WPin =APipat 2uP; 4 (b<n<2b) (2.3.5)
A+20) Py pu=AP1 2t 2UP2  2pn (2.3.6)
(A+2u) Py o =APy pit 2P, ».,ﬂ (n > b+2) (2.3.7)

2.3.4. The Solution Of Steady-State Probabilities
Equation (2.3.7) implies
[2uE™! - A+2p) E+A] P, , =0
P; s =1"""P; pu (n>b+1)

where r; is the unique root, which lies in the interval of (0, 1), of the characteristic
. b+1 /1
equation [2uZ’" - (A+2p) Z+A] = 0,when —~—2b <1.
U

Equation (2.3.6) implies

A2W)P; by = APy ot 2ur1b Py 4
(A + 2 -2u ;"
0

(i.e.), Py =AP;

. 1
(l.e.) P]Zb = r_P2 b+l
1

This implies

P, n=r"" P, 5 (n>b+1) (2.3.8)



Equation (2.3.5) implies

[A2LE-A TP o= 2uPs i (b<n<2b-1)
n-b+1
P, . —|ARM 240 p
(l + IU)I'I —ﬂ.
Pi = [ARn +kr,“'b] Pi 2 (b <n<2b-1)
where R = ———41———; K= __2un and
(A + w) (A + -4

A is obtained from equation (2.3.5) at n =2b

(AP 2 =A Py b + 2 Pagy
() =4 (ARZM +kr, "") +2u ()
AAR™ = (A +p)-2u " - A k™!

_A-un AQun")
I‘l (/?,’*‘Il,l)r]"ﬂ,

A further simplification implies,

AR = —HT
-K
& P
b Rn-Zb '
i.e., P] n = K f]n— = 5 P] 2b (bSnSZb) (239)

Equation (2.3.4) impies

[(>"+U)E -A ]Pl n— ZH | SR

24
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By induction from the equation 2.3.4,we get ,
= n-b n nb+1 4 K
Py, = [BR™ +Kn" - -+ DR™ 2] Py
(0<n<b-1)(2.3.10)

where B=2-R - (—12-(—+R'b)

Equations (2.3.1) and (2.3.2) together imply

/—l n
Po » :I ZP]J- (0<n<a-l)
i=0

Adding equation (2.3.2) and (2.3.4) over n =1 to k, we get

K
APo x+ Py ) =A(Po o+ Py o)+ 1 ZPI n+b

n=1

K
=(MHOPr ot 1 D P

n=

On simplifying, we get,

(Po o +Pi n) =

(0<n<a-l) (2.3.11)
P; 2, can be evaluated using the normalizing equation.
The mean queue length is obtained by substituting for P; , from (2.3.8), (2.3.9), (2.3.10)

and (2.3.11)in Lq.

®© 2b a-1 b-1
Lq = an2 n+znpl n+zn(PO n+Pl n)+ZnPI n

n=b+l n=b n=0 n=a
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SECTION 2.4
COST ANALYSIS
In this section, we discuss the cost analysis for the three models analysed in this
chapter, by considering different costs associated with the servers and the waiting of the

customers. The mean queue length for all the three models are also presented in this

section.

Let

(1) d denote the fixed cost per unit time for each server,

(i1) e denote the waiting cost per unit, per unit time and

(i) fdenote the cost per unit service by each server

If C denotes the total cost per unit time of the system, then
1. For M/ Mq, by / 2 model,

C=2d+eLq+fu (2P, +P; B)
where Lq is the mean queue length and P, 5 (P; g) denotes the probability that both the
servers (one server) busy.
2. For model 1 (over loading),

C=d+eLq+fpu(Pp)

where Py = Probability that the server is busy.

=ZP] n
0

_b'
|, B Py
I-r, 1-R




3. For model II (Additional server),
C =d(1+P2 B)+€Lq+le(2P2]3+P1 B),

n
Pep me—=ly 5
I-n

2b
andPy 5 = D P, ,is obtained from (2.3.9) and (2.3.10)

n=0

27
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NUMERICAL ANALYSIS
Tables 2.1a, 2.1b and 2.1c give the average queue length of the over loading
model for various values of b’ (b < b’ < 2b). For given values of a, b, p and A, the table
values show that the mean queue length (Lq) decreases as b’ increases from b to 2b.
A computer program is written to calculate the following system measures for the
three models : M / My / 2, overloading (Model I) and Additional server model

(Model II) and the results are tabulated.

C - The average cost per unit time of the system

Lq - Mean queue length

Bs - The average number of batches waiting in the queue
P, - Probability that only one server is busy.

P, - Probability that two servers are busy.

Numerical results in table 2.2.2 show that the average cost per unit time of the
over loading system and additional server system are lesser than that of the two-servers
model. Considering the mean number of members waiting in the queue, we find that the

size of the waiting batch is O for all the three models, when the arrival rate is less.



a=20;b=30;u=1
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b’ A Lq A Lq

30 9.7448 23.4839
40 6 9.7441 18 20.0221
45 9.7439 19.1449
30 12.8708 60.7526
40 12 12.6466 24 32.8823
45 12.5648 29.1829

Table 2.1.a
a=10;b=30;u=12

b’ A Lq A Lq

40 9.3350 26.6087
50 12 9.2903 24 24.2439
60 9.2561 22.8871
40 16.3102 42.5442
50 18 15.7769 30 35.1048
60 15.4161 31.6270

Table 2.1.b
a=20;b=50;u=12

b’ A Lq A Lq

50 15.9431 54.0368
70 20 15.8324 40 42.4533
90 15.7645 38.6933
50 28.3098 130.9715
70 30 26.5019 50 66.5369
90 25.6423 54,9644

Table 2.1.c




d=25,e=3,f=20

30

a=20, b=50, p=1 b | A C L, B, | P P,
M/ May/2 (Model 1) |- |10 | 688442 [9.5171 |0 [0.4148 |0.04230
Overloading (Model 2.1) [ 70 |10 |37.6186 |10.9624 |0 |0.4665 |-
80 |10 |37.6184 |10.9599 [0 |0.4665 |-
Additional Server - |10 |37.6185 |10.9587 |0 |0.4665 |0.00002
(Model 2.2)
Model 1 _ |20 |723939 | 102406 |0 |0.4933 |0.2364
Model 2.1 70 |20 |45.6907 |19.5096 |0 |0.7419 |-
80 |20 |45.6424 [19.3818 [0 |0.7415 |-
Model 2.2 - |20 |45.6044 |19.0511 [0 |0.7379 |0.0038
Model 1 - |30 |803724 |13.0312 |0 |0.4066 |0.4583
Model 2.1 70 |30 |53.1178 |353536 [0.7 |0.8753 |-
80 |30 |52.6842 |34.0625 |0.7 | 08733 |-
Model 2.2 - |30 |524040 |30.9047 | 0.6 |0.8429 |0.0307
Model 1 - |40 |86.7689 |18.3800 [0 |0.2975 |0.6327
Model 2.1 70 |40 |61.9842 |60.5699 |1 |0.9466 |-
80 |40 |602240 |54.9488 |1 |0.9369 |-
Model 2.2 _ |40 |58.6410 |42.9545 | 0.8 |0.8406 | 0.0959

Table 2.2.2
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CHAPTER - 111

M /M /1 QUEUEING MODEL WITH ADDITIONAL
SERVER AND VACATION

In this chapter, Markovian general bulk service queueing system
M / Mayw / 1 with servers vacation and additional server facility is considered. We
have discussed two models in this chapter and these models are the generalizations of
Model I of Chapter II.

In both the models we have assumed that if the number of customers in the queue
exceeds a preassigned value Nb (where N is any positive integer ), an additional server is
employed instantaneously. At the end of his service if he finds the queue length is less
than Nb, the additional server is dropped from the system.

Mutiple vacation is introduced in Model I and single vacation is considered in
Model II.

The matrix-geometric method is used to obtain the steady-state probabilities and
the expected queue length for both the models. The result of Model II of Chapter II are

obtained as a special case.



32

SECTION 3.1
MODEL 1
REPEATED VACATION AND ADDITIONAL SERVER EMPLOYED
INSTANTANEQUSLY
3.1.1 PROBLEM DESCRIPTION

We consider M / M v / 1 queueing system, in which the regular server,
processes the customers in batches according to the general bulk service rule with
maximum (a, b) in the batch as long as there are atleast @ customers waiting in the queue.

If the server completes a service and finds less than the quorum of @ customers in
the queue he leaves the system for a random period of time called vacation, which is
exponentially distributed with parameter . On returning to the system if the server
finds less than a waiting customers, he immediately takes another vacaton. The server
continues his vacation in this manner until he finds a customers in the system.

The service time distribution of the regular server follows a negative exponential
distribution with parameter p.

When the queue size exceeds Nb, an additional server is employed
instantaneously and he also also serves the customers according to the general bulk
service rule. The service time distribution for the additional server is also a negetive
exponential distribution with parameter ;.

Customers arrive at the system in a Poisson stream with mean rate A.

3.2.1 MATHEMATICAL MODEL

The above M / M1 / 1 queueing model can be studied by a continuous time

Markov chain on the state space {i, i > 0} where
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i =(jk)  0<i<Nb, jk=0,1
= (i,),k) i> Nb, k=1,j=0,1
The state (i,j,k) represents that

i customers are in the waiting line

|

—  the regular server is on vacation when j =0
— the regular server is busy when j = 1
—  the additional server is busy in the system when k=1
— the additional server is not in the system when k =0
Hence for example, (0,1,1) represents there are no customers in the queue, the
regular server is busy with his customer and the additional server is also busy in the
system.
To facilitate the representation of the infinitesimal generator Qu of the
continuous
Markov chain with the above state space, we define the following submatrices,
Ai, Bi;1=0,1,2,3,4.

The matrices Ao, A1, A, are square matrices of order 2, defined by,

A 0 W T— 0
Ag = Ay =
0 A . 0 -A-u-

! a
sz[ll }
B 0  u+



The matrix Az of order 2 X 4 is defined by

0 0 py o
A‘; &=
) 0 0 0 p+p

The matrix Ay is a square matrix of order 4, defined by A4 = AI where I is a unit

matrix of order 4.

The matrix Bo, B, B2 and Bs are square matrices of order 4 defined by

-2 0 0 0
iy 0 0
B, = il L
T8 0 —A— 1 0
0 0 “A-p-
[-A -« 0 0 0
0 -A-u 0 0
B]Z
1 0 —A—o— Ly 0
. O Hy 0 —de = L=l
[0 o 0 0 00 A O
w 0 0 00 0 A
B2= B3:
0 0 o 00 0 0
0 0 0 00 00

The matrix B4 of order 4 X 2 is defined by

B4=

o > O o
> o © <

The infinitesimal generator Qy of the continuous time Markov chain, with the
state space defined by {i;i> 0} has the block partitioned structure as shown below :

Some of the illustrations of the transition from i to j are explained in the

Appendix I which is given at the end of this section.

34
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__Qm - Multiple Vacation
N'=(N-b, b'=b+a
0 1T 2 .. a2 alTa atl .. b .. b1 b¥ ve. W

7

N+1N+2 ... Nb-1 Nb’ Nb+1 Nb+2.... Nb+b . - - *

4
N

joV]
1
—
o
>
K

0 B, By A
“a+ B, B1“ K\

V)
+
—_

.....

H“Bz %"81 B,

A3 A1 AO
Nb+2 o,

Nb+b
Nb+b+1

Az

e



THE STEADY-STATE PROBABILITY VECTOR AND

THE STEABILITY CONDITION

Let X be the steady-state probabilities associated with Qu such that

=0

<

Qu

-

>

A = 1
where e is the column vector of dimensions (Nb + 1) 4 + 2 with all elements
equal to 1.

The vector X is partitioned as

X = Ko, X, seoeesesoriouns e, Kty coceneoe )
where X = (Pioo, Pi1o, Pio1, Pi11), 0<i<Nb
= (Pio1, Pi11), i>Nb
and P;;« = the steady- state probability that the system is at the state (i, j, k).

Thus for 0 <i<Nb, X; is of type 1 X 4 and

for i>Nb, X; is of type 1 X 2.
Following Neuts [21], the solution of X ;, for i > Nb+1 is of the form

Xi = XwaR" ™D i>Nb+l (3.1.1)
where the matrix R of order 2 X 2 is the minimal non-negative solution of the matrix
equation

Ao +RA;+R™A, =0 (3.1.2)
The equation (3.1.2) is obtained by expanding the equation XQum = 0 and substituting
for X;, i>Nb+1 from (3.1.1).

Following theorem 1 of Neuts [21], the matrix R can be computed numerically

by using the recurrence relations,

36



R(0) =0

R(nt+1) = - (AA;" + R (n) A2A, ™), n>0
(i.e), R is the limit of the monotonically increasing sequence of matrices {Rq, n > 0}
STEABILITY CONDITION

The condition under which the solution exists is discussed in this section.
Consider the infinitesimal generator

A=At+tA+A

Then A is a square matrix of order 2 given by
-a o
A=

Ae = 0 where<_3=(1,1)T

We find

Thus A is irreducible.

Therefore there exists a unique row vector
n = (m, m2) such that

ntA=0and e =1

This implies my =0 and m; =1

Following Netus [21] the system is stable if and only if @' (1) is greater than zero, where
p(z) = m(A+ZA +2"A) e

and  @'(1) = m(Ai+(b+ 1) Ade

>0

37
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(ie)mbAre-mAe>0 (Since (Ao + A1 + A2) €=0)
(ile)tbAre>mAoe

where © =(0, 1)

Substituting for A, and Ao we get,

b(r + ) > A

Now the matrix R decides the vector Xj, i > Nb+1 if ——L <1.
b(p + 1)

To determine the remaining vectors Xi, 0<i< Nb+1 we define Qu by
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N[ =] o

IARAR
NI

©
+
-—

U]g

EX
bl
T

0 1 2
By As
Bo As

Al
BO A4
B,

444.“.““A.A...-4- Bz

b ... b-

Qm* - Multiple Vacation

=

~

N-)b, © =b+a

b'+1 ...

N N

M'Bz

N+1 N+2 ... Nb-1 Nb
As
By As
By
. A
g,
A;  RA, - R"A;

Nb+1

A+R°A,



QM' is an infinitesimal generator.

(i.e) Qu €=0

40

To prove Qu € = 0 it is enough to consider the (last row of Q" )e, since the other

rows of Q" are identical to that of Quand Qu is an infinitesimal generator.

b-1

(Last row of Q) e = ZRiA3§+A]§+RbA2g
1=0
where (e )= (1,1)
_pb
(le) = i i Ase+Aje+RPAze

Il

(1-R)7[A-R")Aze+ I -R)(A; +RA)e]
= (1-R)[A-RM)Aze+ (A +R"Az)e+ Aqe|

(Since Age =-R A; e - R™Ase)
By the definition of A, and As,
Are=Ase
Substituting this we get,

(Last row of Q*) e

(-R)" [(A+ A+ Ag)e]

=0
Therefore Q* is an infinitesimal generator and hence irreducible.
Now we have to calculate the remaining vectors X; with 0 <i < Nb+1
Let X* = (Xa, Xiovoroorenr Kitiet),

then X* satisfies the équations



X*QM* =
and > X;e=1
i=0
Expanding X*Qu* =0 we get,

b

i=a
XoAq +X By +Xpy By =0
Ka—lAél +XaB1 +Za+bB2 =0
XNn-1pA4 + Xn-nypr1B1 + XnpuA3 =0 ¢
Xn-1p+1A4 + X(N-1)p+2B1 + X RA3 =0

Xnb-1A4 + X\ By + Xpst RPTA; =0
XnpBa + Xnps1 (A1 +RPA) =0

or

il
o

X, e = limplies

Nb e
> Xiet+ X XpuR T e=1
0 i=Nb+l
Nb
> Xie+ Xypn(I-R) e =1
0

Substituting for A;, Bi, 1 =10 to 4 in I we get,

4(Nb+1)+2 equations in 4(Nb+1)+2 unknowns,

Piik'swith 0<i<Nb,0<j<1,0<k<I; i=Nb+1, j=0,1, k=1.

@

(1)

41



Replacing the first 4(Nb+1) rows of the last column of Qu* by I, the last two rows by
(I - R)'e and correspondingly the right hand side by (0,0, ...... 1) of Qu*, (I) become
X* Qwu* = (0,0, .... 1)
where Qun* is the matrix obtained from Qu* by making the replacement mentioned
above.
Now the last row of the inverse matrix (Qun*) will give the required probability
vectors X;' s for 0 <i < Nb+1.
MEAN QUEUE LENGTH
Next we shall calculate the expected number of customers waiting in the queue.
Recalling the definition of P withi>0; j=0,1 and k = 0,1, the expected queue

length Lq of this model is given by,

1 1

Nb 1 o
Lo= 222G Pg)+> 2 ([ Py)

k=0j=0i=0 j=0i=Nb-+1

1 1
_)_(_igz ZZPljk 5 for 0 <i<Nb
k=0=0

1
-_—Zpi]’], fOI'i>Nb
=0

Thus

Nb )
La=Yi X;e+ D iXe
i=0 i=Nb+l

Substituting for

X; = XmnR Y for i>Nb,

42



We get,

Nb © )
Lq=| >0 X +Xypar IR e
i:o i=Nb+1

Simplifying,

Nb
. (Nb(I-R)+]1
= TH X + Xyt
Lq |:i=01 Ai +—Nb+] (I ~ R)2 JQ

substituting for X; for 0 <i < Nb, we obtain the values for Lq.

Numerical values for the steady-state vectors X, i > 0 and the value for the mean

queue length are calculated.

It is verified that the normalizing condition

o0
> X; e=11istrue.
i=0

43
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NUMERICAL ANALYSIS FOR MULTIPLE VACATION MODEL

The matrix R and the probablity vectors Xi (0 <i < Nb) for M / M@apy/ 1 model with
additional server and multiple vacation when N=2, a=2, b=4, A=5, p=1, a=.5, =12

are given below:

R= 8079212 0624070
0 7862624

X, = [.0051033 .0243235 .0009942 .0061639]

X, = [0116969 .0302888 .0022332 .0088752]
X, = [.0109972 0358264 .0016666 .0116807]
X; = [.0102688 .0411146  .0012437 .0142692]
X, = [.0095377  .0462016 .0009282 .0165110]
Xs = [.0088363 .0450418  .0007591 .0327023]
X¢ = [.0081683 .0454178  .0006202 .0394148]

X; = [.0075385 .046634 0005166 .0440764]
Xs = [.006949 0483489  .0004391 .0473135]

Xo = [.0003711 .0694163]
The values for expected queue lengh Lq are tabulated for various parametric

values in tables 3.1.1 to 3.1.4 for the multiple vacation model.
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In the table 3.1.1 it is found that the mean queue length Lq increases as the arrival rate

A increases and as 1/o. increases.

N=1, a=4, b=15, p=1, 1,=1.
L, |
x\l 33 2 o | __ 4
: b(u +p1)
10 2.0626 | 2.8803 | 4.3878 33
15 6.8524 | 8.1340 | 12.8625 5
20 16.7740 | 18.4408 | 31.5896 66
25 43.5079 | 45.4384 | 70.8756 83
3.1.1

The table 3.1.2 shows that the queue length decreases if we increase the service rate

of the additional server.

N=1, a=4, b=15, =3, p=1.

A\ 1 12 15
10 20626 | 1.7240 | 13706
15 68524 | 55267 | 42281
20 167740 | 127214 | 9.2057
25 435079 | 27.6800 | 17.8139

3.1.2



The conclusions made from tables 3.1.1 and 3.1.2 are verified for different

values of a,b and N in the following tables 3.1.3, 3.1.4.

N=2, a=4, b=7, p=1, u;=1.2.

Lq
x\ 33 ;) 10 2
p b(u +p1)
5 0.8206 1.4875 2.008 32
8 4.6339 5.428 6.1072 Sl
10 9.6387 | 10.3275 | 11.4686 .64
13 27.586 28.08 30.688 .84
3.1.3
N=3, a=2, b=4, p=1, n,;=1.2.
L‘l
A \ 2 A
PE———
b(u +p1)
3 .97760 34
5 5.0999 .56
7 15.20747 .79

3.14
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Transitions from a-1, a, btato a

a
000 010 001 011
a-1 00 A 0 0 0
a-110 0 A 0 0
a-101 0 0 A 0
a-111 0 0 0 A
a 00 -A-0 0 0 0
alo 0 A 0 0
a0l T 0 ~A-0L-LLy 0
all 0 T 0 -A-p-p
b+a 00 0 a 0 0
b+al0 | 0 m 0 0
b+a 01 0 0 0 a
b+a 11 0 0 0 1l
Transitions from Nb, Nb+1, (N+1)b+1 to Nb+1
Nb+1
Nb+101 Nb+l 11
Nb 00 0 0
Nb 10 0 0
Nb 01 A 0
Nb 11 0 A
Nb+1 01 A 0
Nb+1 11 0 A
(N+Db+1  (N+1)b+1 01 L a
(N+1)b+1 11 0 et




SECTION 3.2
MODEL 11
SINGLE VACATION AND ADDITIONAL SERVER

EMPLOYED INSTANTANEOQUSLY

3.2.1 MODEL DESCRIPTION

This model differs from the model I in that on returning to the main system from
vacation the regular server will join the system and remain idle in the system if the
number of customers in the queue is less than a. He takes another vacation after having

served at least one batch. That is only single vacation is taken each time.

assumptions are exactly the same as in Model L.

3.2.2 MATHEMATICAL MODEL

The single vacation additional server queueing model M / Mu, v / 1 can be

studied by a continuous time Markovian chain on the state space {i, 1> 0}

wherei=(,j, k), j=0,1,2, k=0,1 for 0<i<a-l

=(,],k), 1=02, k=0,1 for a<i<Nb

=(@,j,k), j=02, k=1 for i>Nb

The state (i, j, k) represents that there are

i customers are waiting in the queue

the regular server is on vacation when j = 0

the regular server is idle when j = 1

the regular server is busy when j =2

the additional server is busy in the system when k =1

the additional server is not in the system when k = 0.
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Thus (0,1,1) represents that there are no customers in the queue, the regular
server is idle and the additional server is busy in the system.

The infinitesimal generator Qs of the continuous time Markov chain is obtained
by adopting the similar argument of Model I.

The matrices A;, i = 0 to 4 and B;, i = 1 to 4 are the same as the matrices A; and
Bi's given in Model I.

The other matrices A;, i = 5,6,7 and B;, j = 5,6 involved in matrix Qs are listed
here

As = Al where I is an identity matrix of order 6.

The matrix Ag of order 6 X 6 is defined by

0 0 0 0 0 O]

0 0A 0O0 O

00 0 0O O
Ag=

000 0O0 O

000 0 O0 A

000 00 0

The matrix A7 of order 6 X 4 is defined by

147=

©O O O O O »
©O O O » o o

SO O » O O O
> O O O O O




The matrix Bs of order 6 X 6 is defined by

[-A-a «a 0 0 0 0 ]
0o -A 0 0 0 0
B, = 1 ~A-u 0 0 0
s 0 0 “A-u -« a 0
M 0 0 —A- 0
L U H 0 —A-p-pm]

The matrix Bs of order 4 X 6 is defined by

B6:

o o o O
o o o o
© O r® R
o o o o
o o o o
T R o© o

Now, the infinitesimal generator Qs of the continuous time Markov chain, with

state space defined in the beginning of this section, has the block partitioned structure, as

shown below.

Some of the illustrations of the transitions from i to j are explained in the

Appendix II which is given at the end of this section.
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UI;

b1
b'
b'+1

Nb-1
‘Nb
Nb+1

Nb+2
Nb+b

Nb+b+1

Nb+b+2

Bs

Bo ...

a-Ta a+T ... b

Bs A
i
B,
B>

Qs - Single Vacation

N'=(N-)b, b =b+a

b1 b

N O N+1N+2 ... Nb-1 Nb
82 83 ) B1
As
A .
.......... A3

Nb+1 Nb+2 ...

B4
By B
As
Az
Az

Nb+b
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THE STEAD Y-STATE PROBABILITY VECTOR AND THE STEABILITY
CONDITION
Let P; ;i denote the steady state probability that the system is at the state 1,3, k).

Let  X;=Pioo0, Pi1o, Pizo, Pio1, Pi11, Pi21) for0<i<a-1

= (P;o0, Pi20, Pio1, Pi21) fora<i<Nb
=(Pio1, Pi21) for i > Nb.
Let X_ = ()_(o,__X_l, ....... ,)_(3.1)_(3, .......... _XNb,X_Nb+1, ........... )

Thus the vector X satifies the equations
XQs =0
and Xe =1
where ¢ is a column vactor of suitable dimension with all the elements equal to one.
As in the case of model I, the solution of the form
X; = X RO for i>Nb+1
exists (Neuts [21]) where R is the unique non negative solution of the matrix equation,
Ao+ RA;+R"A; =0
with spectral radius is less than one.
Since this equation is exactly the same as in the case of model I the condition
under which the matrix R satisfying the equation
Ag+RA; +R"A; = 0 exists |
We have Qs* is irredueible

A

—x<l1
b(p+ py)

If

Defining  Qs”

)
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-1 BG B5 A7

o|

I Be
b' B,
B 5,

Qs* - Single Vacation

B,

Bs

....... Nb-1Nb  Nb+1



We have Q, is irreducible

Now we have to calculate the vector X;, 0 <i< Nb+1 satisfying the equations
X'Qs =0 (3.2.1)
Xe =1 (3.2.2)
Expanding (3.2.1) we get,

X()BS +Xa—]A6 +ZQB6++_X'DB() = O

XoAs+ X Bs + Xy,41Bg =0
-‘\3’11—2A5 +X.a—]BS +Xb+a—lB6 =1
X(l—]‘A"] +X(1Bl +Xb+a82 =
XuA‘l +X:|+IBI +->-<-u+b+IBQ = 4

XN-1p-1A4 + Xn-1pB1 + XnpB2 = 0
Xn-1pAs + Xn-nypr1 B + XnbBs + Xy Az = 0
Xn-nps1As + Xn-nps2B1 + Xnp+1RA3 = 0

Xnp-1A4 + XnpBi + Xnb41R"TA3 = 0
XoBa + Xxps1 (A +RPA2) = 0

Substituting for Ai's and bi's we find that the above set of equations are
6a+4(Nb+1-a)+2 in number and 6a+4(Nb-a+1)+2 unknowns are involved in it.

As in the case of model I replacing the first 6a+4(Nb+1-a) rows of the last
column of Qs* by 1, the last two rows by (I - R)'e and the right hand side by (0,0,.....1)
we get,

X* Qs1* = (0,0,.....1)

where Qs;* is the replaced matrix.
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Thus the values of X;, 0 <1< Nb+1 are obtained from the last row of inverse of

(Qs1™).
Mean queue Length

Let Lqgs denote the expected queue length for this model.

Then,
1 2 a-l 1 Nb 0
Lqg= > > > iPy+. > 2iPjc+ 2 DiPx
k=0=0i=0 k=0j=0,2 i=a =0,2i=Nb+1
a-1 Nb © .
= YiXjet)yiX;e+t YiXe
i=0 =a i=Nb+1

where the vector X; of summation 1,2,3 are of dimension 1X6, 1X 4, 1X 2, respectively.

Thus after simplification we find,

qu = Zi X; + XNb+

L. (Nb(I—R)+I}
———_2 (§
i=0 (I-R)
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NUMERICAL ANALYSIS FOR SINGLE VACATION MODEL

The values for the mean queue length Lq are tabulated for various parametric

values in table 3.2.1. to 3.2.4 for the single vacation.

In the table 3.2.1 it is found that for the single vacation earn also the mean queue
length Lq increases as A increases and as 1/ o increases.

N=1, a=4, b=10, p=1, ,,=1.5

The table 3.2.2 shows that the queue length decreases if we increase the service rate of

the additional server.

N=1, a=4, b=10, a=.5, p=1.

Lq
A ] 2 10 A
z P ==
by +uy)
12 20455 43720 48
15 3.2494 17.0824 .6
20 20.2245 | 68.8555 8
3.2.1

The conclusion made from table 3.2.1 and 3.2.2 are verified for different values of a, b

when N =2,

A\ ] 12 15

12 34330 | 15160 | .20455

15 141059 | 77500 | 3.2494

20 397.462 | 57.6417 | 20.2245
322

N =2, a=4, b=7, u=1, w;=1.5

Ly |
x\ 33 2 10 A
t p=—
< b(u +uy)
8 1.5448 | 2.6285 | 5.7412 45
9 2.8996 | 3.8740 | 7.9769 51
12 9.3104 | 10.0737 | 17.6922 68

3.2.3




N=3, a=2, b=4, pu=1, u,;=1.2.

Lq
AN A
“ 2 p b(u +uy)
3 348851 34
5 2.5923 .56
7 10.8440 .79
3.24
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For given parameter values of A, a, b, 1, 1, and N , the expected queue lengh in

the single vacation is lesser than that of the multiple vacation for certen values of a.'s.

This is justified in the following table.

The mean queue length for the Multiple Vacation and Single Vacation

A Comparison

N =1, a=4, b=10, p=1

Multiple Vacation Single vacation
L 1.2 1.3 1 1.2 1.5
x\ 2Tl 2]l 2]l 2] 2]p]|2 o
12 ] 982 1.6 7.70 | .54 |[575|.48 [343].6 1.51 | .54 |.204 | 48
15 19.7 | .75 | 142 | .68 |997 |.6 141 .75 [7.75].68 [324].6
2,a=4,b=7,u=
5 1.74 | 35 | 148 .32 |121|.28 |.510|.35 |[.365]|.32 |.238 .28
8 6.69 | .57 | 542 |.51 | 421 |45 |506|.57 |[3.78 .51 |[2.62 | .45
9 957 | .64 |757|.58 |575]|.51 |7.74|.64 |568|.58 |3.87].51
12 302 | .85 |192|.77 | 128 | .68 |279 .85 |167 |.77 |10.0 | .68




1o

|8

000
010
020
001
011
021

a-1 00
a-110
a-120
a-1 01
a-111
a-121

a 00
a?20
a0l
a2l

b 00
b 20
b 01
b 21

ILLUSTRATION

APPENDIX - II

Transitions from 0, a-1, a, b to 0 are explained

0
000 010 020 001 011 021
-(A+a) o 0 0 0 0
0 -A 0 0 0 0
u 0 -+ 0 0 0
L 0 0 -(AMuta) o 0
0 Ly 0 0 -(At+) 0
0 0 H H 0 ~(Atptp)
0 0 0 0 0 0
0 0 A 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 A
0 0 0 0 0 0
0 0 o 0 0 0
0 0 1l 0 0 0
0 0 0 0 0 o
0 0 0 0 0 i
0 0 o 0 0 0
0 0 u 0 0 0
0 0 0 0 0 o
0 0 0 0 0 1
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(N-1)b

(N-1)b+1

:

Nb+1

Transitions from (N-1)b, (N-1)b+1, Nb, Nb+1 to (N-1)b+1

(N-1)b 00
(N-1)b 20
(N-1)b 01
(N-1)b 21

(N-1)b+1 00
(N-1)b+1 20
(N-1)b+1 01
(N-1)b+1 21

Nb 00
Nb 20
Nb 01
Nb 21

Nb+1 00
Nb+1 21

39

(N-1)b+1
(N-Db+100  (N-I)b+120 (N-1)b+101  (N-1)b+1 21
A 0 0 0
0 A 0 0
0 0 A 0
0 0 0 A
-A-CL 0 0 0
0 -A-p 0 0
Ly 0 -A-0L-|L 0
0 Hi 0 -A-pi-L
0 0 A 0
0 0 0 A
0 0 0 0
0 0 0 0
0 0 35 (04
0 0 0 pHL



)

(feV]

atb+l

Transitions from 0, 1. b+1 to 1

(@)

000
010
020
001
011
021

100 -A-a

110
120
101
111
121

b+1 00
b+1 20
b+1 01
b+1 21

a 00
a20
a0l
all

a+1 00
a+1 20
at+1 01
atl 21

a+b+1 00
a+b+1 20
a+b+1 01
a+b+1 21

O oo o o >o

S O OO

S O O O

O OO OO~

Transitions from a, at1, atb+1 to at+1

a+1 00

a+l 20

atl
a+]1 01

atl 21

A

0
0
0

-A-0L
0

S O O O

0

S O >

O OoOE R

0

0
A
0

0

ol =W <!

S O

T R oo
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SUMMARY AND CONCLUSION

Single service queueing models with additionl server have been discussed by many
authors. Kandasamy,P.R. [13], has considered the bulk service queueing model in
which the regular server serves the customers according to the general bulk service
rule. An additional server is appointed instantaneously whenever the queue length
exceeds Vb and dropped if the server is free and the queue length is less than Nb. The
regular server is allowed to go on vacation whenever he is free and the queue length is
less than . Kandasamy in his thesis has obtained the steady-state condition for the
model using the matrix geometric approach. But the expression for the expected
queue length Lq and the numerical values for it were n;)t obtained for the models in

his thesis.

In our work we have discussed the model in detail for both single and multiple

vacation and derived the expression for Lg. The numerical values for steady state

probability vectors and the expected queue length are calculated for various parameters by

writing a Fortran program. The following conclusions are made from the table values.

i

The expected queue length Lq increases as the arrival rate increases.

If the server is on vacation for more time the mean queue length increases.

By increasing the service rate of the additional server, the queue length can be
minimized.

The mean queue length for the single vacation model is less than that of the multiple

vacation model for certain values of a‘s.
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Aftahb Begam M.I [ 1 | has considered the additional server queueing model
without vacation when N=2. The expression for the expected queue length is obtained
using the analytical method. The model is compared with the single server model in
which batch capacity is increased to b from b whenever required. A comparision is
made by considering the cost occured to maintain the system. We have also discussed
this model in detail.

The author suggests for future work that these models can be generalised by
appointing more additional servers whenever required. The waiting time distribution

for each server can also be calculated.
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Program to find Queue length (L,) for multiple vacation

20
10

300

310

320

REAL LA,MU,AL,MU1

REAL A0(20,20),A1(20,20),A2(20,20),E(20,20),U(20,20)
REAL C51(20,20),ZMI(75,75),F(75,75),G(75,75),F1(75,75)
REAL A11(20,20),X(20,20),RB(20,20),R1(20,20),RXY(20,20)
REAL Z(20,20),Y(20,20),RN(20,20),B0(20,20),B1(20,20)
REAL B2(20,20),B3(20,20),B4(20,20),A3(20,20),A4(20,20)
REAL D1(20,20),ZM(75,75),C0(20,20),C1(20,20),C23(20,20)
REAL C3(20,20),C4(20,20),P(20,20),C5(20,20),C6(20,20),Q(20,20)
REAL C7(20,20),C17(20,20),C18(20,20),C19(20,20),C21(20,20)
REAL XB(20,20),E4(20,20),LQ(20,20),C20(20,20)
INTEGER N,B,A,NLK1,L,L1,L2,T,L3,L4,J1,T1

PRINT *,'ENTER THE VALUES FOR LA,MU,AL,MU1,A,B,N'
READ (*,*) LAMU,AL,MU1,A,B,N

DO 10 I=1,2

DO 20 J=1,2

READ (*,*) AO(LIT),A1(11),A2(LJ)

CONTINUE

CONTINUE

CALL MATINV(AL,A11,2)

CALL MATMUL(AO0,A11,X,2,2,2)

DO 290 11=1,2

DO 290 J1=1,2

R1(11,J1)=-X(11,]1)

NI=0

CALL MATCHA(R1,RB,2,2)

DO 300 L=1,B

CALL MATMUL(RB,R1,P,2,2,2)

CALL MATCHA(P,RB,2,2)

CALL MATMUL(A2,A11,Z,2,2,2)

CALL MATMUL(RB,Z,Y,2,2,2)

CALL MATADD(X,Y,RXY,2)

DO 310 11=1,2

DO 310 J1=1,2

RN(11,J1)=-RXY(I1,J1)

DO 320 11=1,2

DO 320 J1=1,2

D1(11,J1)=RN(11,J1)-R1(11,J1)

DIF=ABS(D1(11,J1))

[F(DIF.LT.0.001) GO TO 320

GO TO 340

CONTINUE



340

350

365

370

380

CALL MATCHA(RN,R1,2,2)
NI=NI+1

IF (NL.EQ.75) GO TO 350

GO TO 295

WRITE(*,*) (RN(11,J1),] 1=1,2),11=1,2)
PRINT *'ENTER THE VALUES FOR MATRICES B0,B1,B2,B3'
DO 351 I=1,4

DO 351 J=1,4

READ(*,*) BO(L,J),B1(1,J),B2(L,J)
PRINT * 'ENTER THE VALUES FOR MATRIX B4'
DO 352 I=1,4

DO 352 J=1,2

READ(*,*) B4(1,J)

PRINT *'ENTER THE MATRIX A3’
DO 353 1=1,2

DO 353 J=1,4

READ (*,*) A3(1J)

PRINT *,'ENTER THE MATRIX Ad'
DO 354 1=1,4

DO 354 J=1,4

READ (*,*) A4(LJ)
K1=(N*B+1)*4+2

DO 360 I=1,K1

DO 360 J=1,K1

ZM(1,1)=0.0

DO 365 K=0,A-1

DO 365 1=1,4

DO 365J=1,4

[1=4*K+I]

J1=4*K+]

ZM(11,J1)=B0(1,J)

DO 370 K=A,B

DO 370 I=1,4

DO 370J=1,4

[1=4*K+1

ZM(11,1)=B2(L,J)

L=N*B

DO 380 K=0,L-1

DO 380 1=1,4

DO 380 J=1,4

[1=4*K+I]

J1=4*(K+1)+]

ZM(11,J1)=A4(L])



390

400

410

415

420

DO 390 K=A,L

DO 390 I=1,4

DO 390 J=1,4

[1=4*K+I

J1=4*K+]

ZM(11,J1)=B1(1,J)

DO 400 [=1,2

DO 400 J=1,4
[1=(N*B+1)*4+I
J1=((N-1)*B+1)*4+]
ZM(11,J1)=A3(LJ)

DO 4101=1,4

DO 410 J=1,2

[1=(N*B)*4+I1
J1=((N*B)+1)*4+]
ZM(11,J1)=B4(1,J)
L1=(N-1)*B

DO 412 K=1,L1

DO 412 1=1,4

DO 412 J=1,4

[1=4*(K+B)+I

J1=4*K+]

ZM(11,11)=B2(1,J)

DO 415 L=1,B-1

CALL MATCHA(RN,R1,2,2)
CALL MATMUL(R1,A3,C0,2,2,4)
CALL MATMUL(R1,R1,C1,2,2,2)
CALL MATCHA(CI1,R1,2,2)
DO 415 1=1,2

DO 415J=1,4
[1=(N*B+1)*4+1
J1=((N-1)*B+1+L)*4+]
ZM(11,11)=C0(1,)
CONTINUE

CALL MATMUL(R1,A2,C3,2,2,2)
CALL MATADD(A1,C3,C4,2)
DO 420 I=1,2

DO 420 J=1,2
[1=(N*B+1)*4+1
J1=(N*B+1)*4+]
ZM(11,J1)=CA4(1,J)

DO 425 1=1,2

DO 425 J=1,2



U(1,1)=0.0

425 UL D=1
DO 426 1=1,2
DO 426 J=1,2

426 C5(13)=U(LJ)-RN(L,J)
CALL MATINV(C5,C51,2)
DO 427 1=1,2

427 E(1,1)=1
CALL MATMUL(C5LE,C7,2,2,1)
L2=(N*B+1)*4
DO 430 I=1,L2
T=(N*B+1)*4+2

430 ZM(,T)=1
DO 435 I=1,2
[1=(N*B+1)*4+I
T=(N*B+1)*4+2

435 ZM(11,T)=C7(1,1)
CALL MATIN(ZM,ZMLT)
Tl=T-2
DO 436 J=1,T1

436 F(1,J)=ZMI(T,J)
DO 437 1=1,T1

437 G@, D=1
CALL MATMULT(F,G,F1,1,T1,1)
L3=N*B+1
DO 438 0O=1,L3
DO 438 J=1,4
L4=(0-1)*4+]
SUM=0

438 SUM=SUM+(0-1)*ZMI(T,L4)
DO 439 1=1,1
DO 4391 =1,2
J1=(N*B+1)*4+]
XB(LJ)=ZMI(T,J1)

439 CONTINUE
DO 440 1=1,2
DO 440 J=1,2

440 Q(LI)=(N*B)*C5I(LJ)
CALL MATMUL(C51,C51,C6,2,2,2)
DO 441 1=1,2

441 EA(L1)=1
DO 442 I=1,1
DO 442 J=1,1



442

CALL MATADD(Q,C6,C17,2)
CALL MATMUL(XB,C17,C18,1,2,2)
CALL MATMUL(C18,E4,C19,1,2,1)
LQ(LJ)=SUM+C19(1,J)

CALL MATMUL(XB,C51,C20,1,2,2)
CALL MATMUL(C20,E4,C21,1,2,1)
CALL MATADD(F1,C21,C23,1)
WRITE(*,*)((C23(L,)),J=1,1),]=1,1)
WRITE(*, *)((LQ(L)),J=1,1),]=1,1)
END



Program to find Queue length (L) for single vacation (After finding RN)

PRINT * 'ENTER THE VALUES FOR THE MATRICES B1,B2,B3'
DO 351 I=1,4
DO 351 J=1,4
351  READ (*,*) BI(1,J),B2(13),B3(L))
PRINT *,'ENTER THE VALUES FOR THE MATRIX B4'
DO 352 1=1,4
DO 352 J=1,2
352 READ (*,*) B4(L))
PRINT * 'ENTER THE VALUES FOR THE MATRIX A3’
DO 353 =1,2
DO 353 J=1,4
353  READ (*,*) A3(LJ)
PRINT * 'ENTER THE VALUES FOR THE MATRIX A4'
DO 354 1=1,4
DO 354 J=1,4
354  READ (*,*) A4(L])
PRINT *'ENTER THE VALUES FOR THE MATRICES A6,B5,A5
DO 451 1=1,6
DO 451 J=1,6
451  READ (*,*) A6(LJ),B5(LJ),A5(LJ)
PRINT * 'ENTER THE VALUES FOR THE MATRIX A7
DO 153 1=1,6
DO 153 J=1,4
153 READ (*,*) A7(LJ)
PRINT * 'ENTER THE VALUES FOR THE MATRIX B6'
DO 154 1=1,4
DO 154 J=1,6
154  READ (*,*) B6(LJ)
L5=6% A+4*(N*B-A+1)+2
DO 355 I=1,L5
DO 355 J=1,L5
355 Z(I1)=0.0
DO 365 K=0,A-1
DO 365 I=1,6
DO 365 J=1,6
[1=6*K+1
J1=6%K+]
365 Z(11,J1)=B5(LJ)
DO 370 K=0,A-2
DO 370 I=1,6
DO 370 J=1,6



379

380

385

390

400

[1=6*K-+1
J1=6*(K+1)+)
Z(11,J1)=A5(1,J)
DO 375 1=1,6
DO 375 J=1,6
[1=6*(A-1)+]
Z(11,1)=A6(L])
DO 380 K=0,B-A
DO 380 I=1,4
DO 380 J=1,6
[1=6* A+I+4*K
Z(11,7)=B6(1,J)
DO 385 K=0,A-2
DO 385 I=1,4
DO 385 J=1,6
[1=6* A+4((B-A)+1)+H+4*K
J1=J+6*(K+1)
Z(11,J1)=B6(L))
DO 390 I=1,6
DO 390 J=1,4
[1=6*(A-1)+1
J1=6*A+]
Z(11,J1)=A7(L])
L1=B*(N-1)-A
DO 395 K=0,L1
DO 395 I=1,4
DO 395 J=1,4
[1=4*B+6*A+I+4*K
J1=6* A+4*K-+]
Z(11,J1)=B2(L,])
L2=N*B-A

DO 400 1=1,4
DO 400 J=1,4
DO 400 K=0,L2
[1=6* A+4*K+]
J1=6* A+4*K+]
Z(11,J1)=B1(LJ)
L3=N*B-A-1

DO 415 K=0,L3
DO 415 =1,4
DO 415 J=1,4
[1=6* A+4*K+1
J1=6* A+4*(K+1)+]



415

420

130

131

430

431

432

433

Z(11,11)=A4(1,))

DO 420 1=1,2

DO 420 J=1,4
[1=6*A+(N*B-A+1)*4+]
J1=6*A+4*((N-1)*B)-A+1)+]
Z(11,J1)=A3(1,J)

DO 130 I=1,4

DO 130 J=1,2

[1=6* A+(N*B-A)*4+]
J1=6*A+4*((N*B)-A+1)+]
Z(11,J1)=B4(1L,J))

DO 131 1=1,4

DO 131 J=1,4

[1=6* A+(N*B-A)*4+1
J1=6*A+4*((N-1)*B)-A+1)+]
Z(11,J1)=B3(L,J)

DO 430 1=1,2

DO 430 J=1,2

D(LJ)=0.0

D(LD)=1

DO 431 L=1,B-1

CALL MATMUL(D,RN,R1,2,2,2)
CALL MATMUL(D,A3,R2,2,2,4)
CALL MATCHA(R1,D,2,2)

DO 4311=1,2

DO 431J=1,4
[1=(N*B+1-A)*4+6*A+]
J1=((N-1)*B+1-A)*4+6*A+]J+4*L
Z(11,J1)=R2(LJ)

CONTINUE

CALL MATMUL(D,RN,R3,2,2,2)
CALL MATMUL(R3,A2,D2,2,2,2)
CALL MATADD(A1,D2,D3,2)
DO 432 1=1,2

DO 432 J=1,2
[1=(N*B+1-A)*4+6*A+]
JI=(N*B+1-A)*4+6*A+]
Z(11,J1)=D3(1,J)
L4=(N*B+1-A)*4+6*A

L5=L4+2

DO 433 I=1,L4

Z(1,L5)=1

DO 434 1=1,2



DO 434 J=1,2
E(1,J)=0.0
434  E(LD)=1
DO 435 1=1,2
DO 435 J=1,2
435  F(LJ)=E(1,J)-RN(LJ)
CALL MATINV(F,FL2)
DO 135 1=1,2
135 El(L1)=1
CALL MATMUL(FLE1,F2,2,2,1)
DO 536 I=1,2
[1=(N*B+1-A)*4+6*A+]
536  Z{1,L5)=F2(1,1)
CALL MATIN(Z,Z1,L5)
M1=6*A
DO 537 I=1,M1
537 XA(1,I)=ZI(L5,I)
M2=(N*B+1-A)*4
DO 538 [=1,M2
[1=6*A+1
538 XB(1,I)=ZI(L5,11)
DO 539 I=1,2
[1=6* A+4*(N*B+1-A)+I
539 XB1(1,I)=ZI(L5,11)
DO 540 I=1,M1
540 E3(I,1)=1
DO 541 I=1,M2
541 E4(1,1)=1
CALL MATMULT(XA,E3,E6,1,M1,1)
CALL MATMULT(XB,E4,E7,1,M2,1)
CALL MATMUL(XB1,FLE9,1,2,2)
CALL MATMUL(ES,E1,E10,1,2,1)
CALL MATADD(E6,E7,E11,1)
CALL MATADD(E11,E10,E12,1)
WRITE(*,*) (E12(1,J),J=1,1),I=1,1)
Ql1=A-1
DO 542 0=0,Q1
DO 542 J=1,6
[1=(0)*6+]
SUM=0
542 SUM=SUM+O*ZI(L5,11)
S1=SUM
Q2=N*B



544

545

547

DO 544 0=A,Q2

DO 544 J=1,4

[1=(0-A)*4+6*A+]

SUM=0

SUM=SUM+O*ZI(L5,11)

S2=SUM

DO 545 1=1,2

DO 545 J=1,2

Q(LJ)=(N*B)*FI(LJ)

CALL MATMUL(FLFL,C13,2,2,2)
DO 546 I=1,2

E14(1,1)=1

CALL MATADD(Q,C13,C17,2)
CALL MATMUL(XB1,C17,C18,1,2,2)
CALL MATMUL(C18,E14,C19,1,2,1)
DO 547 I=1,1

DO 547 J=1,1
LQ(L,))=S1+S2+C19(1,J)

WRITE(*,*) (LQ(1,J),J=1,1),I=1,1)
END



Program for subroutines

445

445

777

666

SUBROUTINE MATMUL(EE,H,U,N,L,M)
REAL EE(20,20),H(20,20),U(20,20)
INTEGER N,L,M

DO 445 I=1,N

DO 445 J=1.M

U(1,1)=0.0

DO 445 K=1,L
U(LD=U(LI+EE(LK)*H(K,J)
CONTINUE

RETURN

END

SUBROUTINE MATMULT(EE,H,U,N,L,M)
REAL EE(75,75),H(75,75),U(75,75)
INTEGER N,L,M

DO 445 1=1,N

DO 445 J=1.M

U(1,1)=0.0

DO 445 K=1,L
U(L,D=U(LI)+EE(LK)*H(K,J)
CONTINUE

RETURN

END

SUBROUTINE MATADD(T,G,W,N)
REAL T(20,20),G(20,20),W(20,20)
INTEGER N

DO 777 I=1,N

DO 777 J=1,N

W(LD=T(LI)+G(LJ)

CONTINUE

RETURN

END

SUBROUTINE MATCHA(EB,E,M,N)
REAL EB(20,20),E(20,20)
INTEGER N,M

DO 666 I=1,M

DO 666 J=1,N

E(LJ)=EB(LJ)

CONTINUE

RETURN

END

SUBROUTINE MATIN(A,ALN)



10
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250

260
270
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REAL A(75,75),A1(75,75),AA(75,150)
INTEGER N

M=N+N

M2=N+1

DO 10 I=1,N

DO 10J=1,N
AA(LT=A(L))

DO 20 I=1,N

DO 20 J=M2,M
AA(LJ)=0.0

DO 30 I=1,N

J=I+N

AA(LI)=1.0

DO 280 LJ=1,N

K=LJ |
IF (K.EQ.N) GO TO 100
1=K
BIG=ABS(AA(K,K))
KP1=K+1

DO 70 I=KP1,N
AB=ABS(AA(LK))

IF (BIG-AB)60,70,70
BIG=AB

13=1

CONTINUE

IF (JJ-K)80,100,80

DO 90 J=K,M
T=AA(L,J))
AA(LD=AAK,))
AA(K,D)=T
CONTINUE
P=AA(LJ,L))

DO 250 I=LJ,M
AA(LI,D=AA(LJ,I)/P
DO 270 LK=1,N
T=AA(LK,LJ)

DO 270 LI=LJ,M

IF (LK-LJ)260,270,260
AA(LK,LD)=AA(LK,L)-AA(LJ,LD)*T
CONTINUE
CONTINUE

DO 290 I=1,N

DO 290 J=M2,M



290
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L3=J-N
AI(LL3)=AA(L])
CONTINUE
RETURN

END

SUBROUTINE MATINV(A,ALN)
REAL A(20,20),A1(20,20),AA(20,40)
INTEGER N
M=N+N

M2=N+1

DO 10 I=1,N

DO 10 J=1,N
AALI=ALT)

DO 20 I=1,N

DO 20 ]I=M2,M
AA(LT)=0.0

DO 30 I=1,N

J=I+N

AA(LT)=1.0

DO 280 LI=1,N
K=LJ

IF (K.EQ.N) GO TO 100
1=K
BIG=ABS(AA(K,K))
KP1=K+1

DO 70 I=KP1,N
AB=ABS(AA(LK))
IF (BIG-AB)60,70,70
BIG=AB

13=1

CONTINUE

IF (J1-K)80,100,80
DO 90 J=K,M
T=AA®LJ)
AA(II,D=AA(K,])
AAK,D)=T
CONTINUE
P=AA(LJ,LJ)

DO 250 I=LJ,M
AA(LI,D=AA(LI,I)/P
DO 270 LK=1,N
T=AA(LK,LJ)

DO 270 LI=LI,M



260
270
280

290

IF (LK-LJ)260,270,260
AA(LK,LD)=AA(LK,LI)-AA(LJ,LD*T
CONTINUE

CONTINUE

DO 290 I=1,N

DO 290 J=M2,M

L3=]-N

AI(LL3)=AA(LJ)

CONTINUE

RETURN

END



