CHAPTER, 1




CHAPTER 1
CLOSURE AND BICLOSURE SPACES

In this chapter preliminary results of closure spaces, biclosure spaces

and T, — biclosure spaces are studied.

SECTION 1.1
CLOSURE SPACES

This section deals with some basic definitions and results on closure

spaces.
Definition: 1.1.1

A map u: P(X)—P(X) defined on the power set P(X) of a set X is

called a closure operator on X if the following axioms are satisfied:

(1) up =9
(11)A c uA forevery Ac X
(i) A< B = uA cuB forall A, Bc X.

The pair (X, u) is called a closure space.
Definition: 1.1.2

A closure operator u on a set X is called additive if for subsets A, B

of X, u (A UB)=uA U uB.

Definition: 1.1.3

A closure operator u# on a set X is called idempotent if A < X
= uul = uA.
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Definition: 1.1.4

A subset A < X is closed in the closure space (X, u) if uA = A.
Definition: 1.1.5

A subset A ¢ X is open if its complement in X is closed.
Remark: 1.1.6

The empty set and the whole space are both open and closed.
Definition: 1.1.7

A closure space (Y, v) is said to be a subspace of (X, «) if Y < X and
vA = uA N'Y for each subset A C Y.

Remark: 1.1.8

IfY is closed in (X, u), then the subspace (Y, v) of (X, u) is said to be

closed.
Definition: 1.1.9

Let (X, u) and (Y, v) be closure spaces. A map f: (X, u) — (Y, v) is
said to be continuous if f(uA) < v{(A) for every subset A < X.

Proposition: 1.1.10

A map f: (X, u) — (Y, v) is continuous if and only if
uf'l(B) C f'](vB) for every subset B C Y.
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Proof:
Let f: (X, u) — (Y, v) be continuous.
i.e., f(uA) c vf(A) for each subset A c X.
To prove: uf'l(B) = f-l(vB) for every subset B Y.
Let BC Y and f ' (B) = A. Then ff "' (B) = f(A).
Since fluA) c vf(A), f(uf '(B)) < vi(f '(B)) — vB. ¢ ff '(B) = B)
Therefore, f(uf '(B)) c vB. uf '(B)  f '(vB).
Conversely, let uf '(B) c f'(vB), VB Y.
To prove: f: (X, u) — (Y, v) is continuous.
Let A be a subset of X and B = f(A).
Since uf '(B)  f '(vB)
uf '(f(A)) < £ (v f(A))
uA c uf " (f(A)) = £ (v f(A)) (+Ac f(f(A)
uA c £7'(v f(A))
fluA)  f(f (v f(A)) < v f(A)
Therefore, f(uA) c v f(A)

Therefore, f is continuous.



Proposition: 1.1.11

If f: (X, u) — (Y, v) is continuous, then f "\(F) is a closed subset of
(X, u) for every closed subset F of (Y, v).

Proof:
Let f: (X, u) — (Y, v) be continuous.

To prove: f "'(F) is a closed subset of (X, u) for every closed subset F of
(Y, v).

Let F be a closed subset of (Y, v).

Therefore, vF =F

By continuity, «f '(B)  f "'(vB)

uf '(F) < £ '(vF) = '(F)

Therefore, uf "'(F) = £ \(F) (1)
Since, f '(F) < uf "\(F) )
From (1) and (2), f '(F) = uf "'(F).

Therefore, f '(F) is a closed subset of (X, u).
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Definition: 1.1.12

Let (X, u) and (Y, v) be closure spaces. A map f: (X, u) — (Y, v) is
said to be a closed map if f(F) is a closed subset of (Y, v) whenever F is a

closed subset of (X, u).
Definition: 1.1.13

Let (X, u) and (Y, v) be closure spaces. A map f: (X, ) — (Y, v) is
said to be an open map if f(F) is an open subset of (Y, v) whenever F is an

open subset of (X, u).
Definition: 1.1.14
The product of a family {(X,,u,) : o € I} of closure spaces, denoted

by l_I(Xa,u,“) is the closure space (QI;I Xy ,u) where D{g)(adenotes the

ael I

Cartesian product of sets X, a € I and u is the closure operator generated by

the projection m,: L1X, - X, o€ L i, is defined by uA = Llu 1, (A)

for each A al;{ y,

Proposition: 1.1.15

If {(Xy uy): o € 1} is a family of closure spaces, then the projection

map T ag(Xa,ua)—» (Xgp, up) 1s closed and continuous for every 3 € I.
Proof:

Let the projection map be m: c(Ie_k)(o(_,ua) — (Xp, up).
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Claim: 1 ntg is closed

Let A be a closed subset of ag(Xa, U )i

Then A = uA and by definition uA = __, u, T (A).

To prove: mg(A) is closed in (Xp, up).
Since A is closed, mg(A) = mp(uA)

R = Mo 3 e The(A)
Therefore, mp(A) = ug mp(A)
Therefore, mg(A) is closed in (Xg, up).
Therefore, g is closed.

Claim:2 g is continuous

i.e., to prove: mg(uA) < up m(A)

Consider m g(uA)

mopua) = o o, ay)

ael
np(uA) = ug( mp(A))
np(uA) C ug mp(A)

Therefore, m is continuous.
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Proposition: 1.1.16

Let {(X4, uy): a € I} be a family of closure spaces and let B € I.

Then F is a closed subset of (Xg, up) if and only if F X algxais a closed

el

subset of I1(}'{“, Ug )

aE

Proof:

Let F be a closed subset of (Xg, up).

Since mp is continuous, 7 B"(F) is a closed subset of ag(xa, (/i

But EI(F) =F x a:l;a[ X, Hence F xa:ﬁl_B[ X, 1s a closed subset ofag(Xa,ua).
eEl wel

[1

el X Uq)- Since my

Conversely, let F x H X, be a closed subset of
az

el

is closed, mwg(F x [l X.) =F, a closed subset of (Xg, ).

azp
ael

Therefore, F is a closed subset of (X3, up).
Proposition: 1.1.17

Let {(Xq, uy): o € I} be a family of closure spaces and let § € 1. Then

G is an open subset of (Xg, up) if and only if G x al—ﬁ[ X, is an open subset of

ael

ex uo).

ael

Proof:

Let G be an open subset of (Xg, up).
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Then G° is a closed subset of (X, up).

Since 7 is continuous, B'I(GC) is a closed subset of C};{(X“, )t
;G =G x X,
wel

Therefore, G° x a:.l;[ X, 1s a closed subset of ag(xa, Uy )

el

Therefore, G X a;n X, is an open subset of ag(Xa,ua).

wel

Conversely, let G x _HXQ be an open subset of U X, U, )
azf =) S

el

Then G x “:1_‘3[ X, is a closed subset of 0(l;{()(“, i Sy

el

Since m is closed, mp( G° a:n X, ) =G’ is a closed subset of (X, up).

eEl
Therefore, G is an open subset of (Xg, up).

Definition: 1.1.18

Let (X, u) be a closure space. A subset A < X is called a generalized
closed set (g-closed set), if uA < G whenever G is an open subset of (X, u)

with A € G.
Definition: 1.1.19
A subset A < X is called a generalized open set (g-open set), if its

complement is g-closed.
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Proposition: 1.1.20

Let (X, u) be a closure space and let (Y, v) be a closed subspace of
(X, u). If F is a g-closed subset of (Y, v), then F is a g-closed subset of
(X, u).

Proof:

Let (X, u) be a closure space and let (Y, v) be a closed subspace of

(X, u).

Let F be a g-closed subset of (Y,v).

To prove: F is a g-closed subset of (X, u).

Let G be an open subset of (X, ) and F < G.

Since Yisclosedin (X, u)and Fc Y, uF cuY =Y.
uF =uF N Y =vF

Since F is g-closed in (Y, v), Wc GNYcG
Therefore, uF < G.

Hence F is a g-closed subset of (X, u).

Proposition: 1.1.21

Let (X, u) be a closure space. If F is a closed subset of (X, «) and
F'is a closed subset of (X, ») then F N F' is a g-closed subset of (X, u).
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Proof:

Let (X, u) be a closure space.

Let F and F' be closed subsets of (X, u).

Then F N F' is a closed subset of (X, u).

Let G be an open subset of (X, ) such that F N F' < G.

Since F N F' is a closed subset of (X, u), uFNF) =FNF < G.

Therefore, F N F'is a g-closed subset of (X, u).

Proposition: 1.1.22

Let {(Xq, u#,): o € I} be a family of closure spaces and let B € I. Then

F is a g- closed subset of (X, up) if and only if F X al;[ Xy 1s a g-closed

ael
subset of “g(xa, Uy )-
Proof:
Let F be a g-closed subset of (Xg, up).

To prove: F X “:1_6[ X, is a g-closed subset of c(I;(qua).

eel

LetFx“:l;[Xa c G,

ael

where G is an open subset of “g (X o U )
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G= ag Go , where F < Ggand G, = X,

To prove: u(F x alg X 3ot

ael

Consider u(F x G:H Xy)

wel

u(F agxa) = upF X cc:}—BI UK

ael el

u(F “:UXQ)C a;HGGX HXa cG

=0
ael ael el

Therefore, u(F % a;,lg X)cG

ael

Therefore, F X “:_l;[ X, is a g-closed subset of 0([E—E(X.O(,ua).

ael

Conversely, let F x a:,l;[ X, be a g-closed subset of ag(Xa,u.a).

ael

e, Fx 11XcG

ael
To prove: F is a g-closed subset of (Xgp, ).

Let Gy be an open subset of Xg such that F < Gg.

Then F X a:,l;[)(ac G where G, = X, for a # .

ael

Since F x ag X, is a g-closed subset of “l—[(Xa,u“).

el
el

u(F X m.I_IXOL ) G

el
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upF X a:,l;a[XauaCG=ag Gg,

aEl
Therefore, ugF < Gg.

Therefore, F is a g-closed subset of (Xg, up).
Proposition: 1.1.23

Let {(Xq, t,): o € I} be a family of closure spaces and let B € I. Then

G is a g-open subset of (X, ug) if and only if G X afﬁl X, is a g-open subset
wel

of ik u)

Proof:

Let G be a g-open subset of (X, up).

Then G° is a g-closed subset of (Xg, up).

By Proposition 1.1.22, G° x C(;,l;,’[XO[is a g-closed subset of cE(X“,ua).

el

Therefore, G X ag X, 1s a g-open subset of ag(X“, e )

ael

Conversely, let G x ag X, be a g-open subset of “g(Xa,uK).

ael

o, Iy . [1
Then G™ X ;¢ X, is a g-closed subset of 1 (Xq, Ug)-

ael

By Proposition 1.1.22, G” is a g-closed subset of (X, up).

Therefore, G is a g-open subset of (Xg, ug).
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Proposition: 1.1.24

Let {(Xq, ) : o € I} be a family of closure spaces for each § € I, let
g ag X, — Xgp be the projection map. Then

(i) If F is a g-closed subset of C(g()(“,'ua), then my(F) 1s a

g- closed subset of (Xp,ug).
(i) If F is a g-closed subset of (Xg,up) then ng"(F) is a g-closed

subset of l:(lE_{(X“, Tl ).
Proof:

Let mp : ag X, — X be the projection map, for each § € I.
(i)  Assume F is a g-closed subset of “g(Xa,ua).

Therefore, uF — G where G is an open subset of ag(Xa,ua) with F c G.
Claim: 1 ny(F) is a g-closed subset of (Xg,up).

Let mg(uF)cG

m( ag umg(F)c G

Therefore, upnp (F) c G

Therefore,ng(F) is a g-closed subset of (Xp,up).

(ii) Assume F is a g-closed subset of (X;,u).
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Therefore, ugF < G where G is an open subset of Xj.

Claim: 2 m(F) is a g-closed subset of ag (X Ug )

Let my '(uF) < G where G is an open subset of CE(XG, U )-
5 (F) < G where G =TI1G,.

To prove: u(nB'l(F)) cG

nB‘l(F)zanyxa cG:GBxaz[gxa, Fc G

el el

Therefore, ugF < Gg

Let u(n ™ (F)) = u(F X Ll X, ) = ugF X a;-Il_gluaXa

aZp
ael ael

u(my (F)) < Gp x ag X =G

el

Therefore, mp *(F) is a g-closed subset ofaH(Xa,u.“ ¥

el

Definition: 1.1.25

Let (X, ) and (Y, v) be closure spaces. A map f: (X, u) — (Y, v) is
called g- irresolute, if f (F) is a g-closed subset of (X, u) for every
g- closed subset F of (Y, v).

Remark: 1.1.26

A map f: (X, u) — (Y, v) is g-irresolute if and only if f'(G)isa
g- open subset of (X, u) for every g- open subset G of (Y, v).
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SECTION 1.2
BICLOSURE SPACES

In this section some basic definitions and results on biclosure spaces

are analyzed.
Definition: 1.2.1

A biclosure space is a triple (X, u;, ;) where X is a set and u,, u, are

two closure operators on X.

Definition: 1.2.2

A subset A of a biclosure space (X, u;, uy) is called closed if

U1t A = A.
Note: 1.2.3
The complement of a closed set is open.

Remark: 1.2.4

A is a closed subset of a biclosure space (X, u;, u>) if and only if A is

both a closed subset of (X, ;) and (X, u»).
Remark: 1.2.5

Let A be a closed subset of a biclosure space (X, uy, ;). Then the

following conditions are equivalent:

(l) uglllA =A
(11) ll]A = A, UQ_A = A.
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Definition: 1.2.6

Let (X, u;, uy) be a biclosure space. A biclosure space (Y, vy, v) Is
called a subspace of (X, uy, ) if Y < X and v;A = 1,A N Y for each

1 €{1,2} and each subset A C Y.

Proposition: 1.2.7

Let (X, u;, up) be a biclosure space and (Y, v;, v,) be a closed
subspace of (X, u;, u). If F is a closed subset of (Y, vy, v2), then F is a closed

subset of (X, uy, ).
Proof:

Let F be a closed subset of (Y, v, v»).
Then viF =F and v,F =F.

Since (Y, vy, v») is a closed subset of (X, uy, u5), F=viF=u/FNY = wFN
ll]Y = ul(F N Y) = ll]F and F = sz = uzF ny-= lle N L{zY = llz(F N Y) =
lle.

Therefore, F is both a closed subset of (X, ;) and (X, u,).

Therefore, F is a closed subset of (X, u;, uy).
Definition: 1.2.8

Let (X, uy, up) and (Y, vy, v;) be biclosure spaces and leti € {1,2}. A
map f : (X, uy, uy) — (Y, v, vo) is called i-continuous if the map

f: (X, u;)) — (Y, v) is continuous.
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Definition: 1.2.9

A map f: (X, u, un) — (Y, vi, v) is called continuous if f is

i- continuous for each i € {1,2}.
Definition: 1.2.10

Let (X, uy, u») and (Y, v, v,) be biclosure spaces and leti € {1,2}. A
map f : (X, uy, uz) — (Y, v, ) is called i-g-irresolute if the map

f: (X, u;) — (Y, v;) is g-irresolute.
Definition: 1.2.11

A map f: (X, uy, uz) — (Y, v, vo) is called g-irresolute if f is

i- g- irresolute for each i € {1,2}.
Definition: 1.2.12

Let (X, u;, up) and (Y, v, v») be biclosure spaces and let 1 € {1,2}.
A map f : (X, uy, ) — (Y, v;, vp) is called i-closed if the map
f: (X, u)— (Y, »)is closed.

Definition: 1.2.13

A map f: (X, u) — (Y, ) is called closed if f is i-closed for each

i€fl2}
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Definition: 1.2.14

Let (X, uy, u2) and (Y, vy, v2) be biclosure spaces and let i € {1,2}. A
map f : (X, u, us) — (Y, v, v) is called i-open if the map

f: (X, u;) — (Y, v;) is open.
Definition: 1.2.15

A map f: (X, u)) — (Y, v) is called open if f is i- open for each
i€{l1,2}.

Proposition: 1.2.16
Let (X, uy, u») be a biclosure space and let A < X. Then

(i) Aisopenifandonly if A =X - uuy(X-A).
(il) IfGisopenand G c A, then G < X — uju(X - A).

Proof:
(i) Let A be open.
To prove: A =X - uju(X - A).
Given A is an open subset of a biclosure space (X, u;, u,), then A° is closed.
Therefore, uu>A° = AS.
Implies uju(X - A)=X - A
Therefore, A = X - ujus(X - A).

Conversely, let A = X - uju(X - A).
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To prove: A is open
X-A=uu(X-A)
A =uu(A°)
Implies A° is closed
Therefore, A is open.

(ii) Let Gbeopenand G C A.
To prove: G < X —ujur(X - A).
Since Gisopenand GCc A, X-G>X-A and G=X-uu(X-G).
Then uu)(X - G) D ujup(X - A)
X-wuur(X-G) < X - uqjupy(X—A)
Therefore, G < X - uju(X — A).
Proposition: 1.2.17

Let {(Xy ul, u2) : a € I} be a family of biclosure spaces. Then F is

a closed subset of ag(Xa,ui,ui) if and only if F is both a closed subset of

ex utyand ex,u).

el

Proof:

Let F be a closed subset of ag(X Tt Y
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Then F = al—[ UL T ( Huina (F)).

el ael

Hz’l‘[(F] H l_[

BT Huf‘n“(F))=F.

el

Since F ¢ u u (Flc

Therefore, F is a closed subset of H (qua)

Since Hu am (F)c . H g {F); ., l_[ uin, (F)c nu ~ AR Hu T (F)) =F.

ael ael

Therefore, F is a closed subset of l_[ (Xa,ua)
Conversely, let F be a closed subset of ag (X, ud) and H (Xa,'ua)

ThenF= luin, (Fand F= hzm, p)

ael

Therefore, F = “n U Tl L1 uﬁna (F).

el

Therefore, F is a closed subset of H(Xa, uz).

Definition: 1.2.18

A subset A of a biclosure space (X, u;, up) is called generalized
closed (g- closed), if #;A < G whenever G is an open subset of (X, u,) with

A cG.
Definition: 1.2.19

The complement of a g- closed set is called g- open.
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Remark: 1.2.20

If A is a closed subset of a biclosure space (X, uy, u,), then A is

g- closed. The converse need not be true.
Example: 1.2.21

Let X = {a, b} and define a closure operator u; on X by u;¢ = ¢ and
u{a} = u{b} = u;X = X. Define a closure operator #, on X by u,¢ = ¢ and
u{a} = {a} and u,{b} = u,X = X. Then {a} is g- closed but it is not closed.

Proposition: 1.2.22

Let (X, u;, uy) be a biclosure space. Then A is a g- open subset of
(X, uy, up) if and only if F ¢ X - uy(X - A) for every F is a closed subset of
(X, upy) with F C A.

Proof:

Let A be g- open and F be a closed subset of (X, #,) such that

Fc A.ThenX-Ac X-F.

Since X — A is g-closedand X —F is an open subset of (X, u,),

u(X-A)c X-F.
Therefore, F < X - u)(X - A).

Conversely, let U be an open subset of (X, #,) such that X — A < U.

Then X —U c A.

Since X — U is a closed subset of (X, 1), X —U < X - u;(X - A).
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Therefore, (X - A) c U.
Therefore, X — A is g- closed.
Therefore, A is g- open.
Proposition: 1.2.23

Let {(Xe ul, uZ) : a €1} be a family of biclosure spaces and let

B € I. Then G is a g- open subset of (Xg, ué, ué) if and only if

G X p X, is a g- open subset of aq (Xud, ul).

=

Let B € I and let G be a g- open subset of (Xg, ué, ué)

Let F be a closed subset of 1 (X, u%) such that F = G X _H X
ael @ azf T

=

ael

Then Ta(F) < G.

Since Tig(F) is a closed subset of (X, ué) and 1z(F) < Xp - ué(XB - G).

Therefore, F < 15 (Xp - ug(Xs - G))

Therefore, F = ag X - ug ul Tl,'a(ag X,-G X ag Xo)
ael

By Proposition 1.2.22, G X az_ré X, is a g- open subset of ag (X, ul,uz).

ael
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Conversely, let G X ag X, be a g- open subset of ag (Xul,uz)and let F

el

be a closed subset of (Xg, ué) such that F ¢ G.

ThenF x Ix, cax Hx,.

ael ael

Since F X HXG is closed and G X HX“ is g- open,

azf azf
ael el

FoX a:El){a < cxl_!>{“ } a££liijra ( a£¥){“ - G X “;£}>{“)
eEl aEl

by Proposition 1.2.22.

Therefore, w2, (%, - 6) x U xo e M -Fx lx,

ael azf
ael ael

Therefore, [ut m ((X; - G) x (L% =X, - F) x [Ty

azp
ael ael

Therefore, u(Xp - G) < Xp - F.
Implies F < X; - u.é(XB -G).

Hence G is a g- open subset of (Xg, ué, ué) .
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Proposition: 1.2.24

Let {(Xq ul, u2) : a € I} be a family of biclosure spaces and let

B € I Then F is a g- closed subset of (Xp, ug, ug) if and only if

F X a;l_;al X, is a g- closed subset of ag (X Uk, us).

ael
Proof:

Let B € I and let F be a g- closed subset of (Xg, ué, u.:é). Then

Xj - F is a g- open subset of (Xp, up, ug).

By Proposition 1.2.23, (X - F) Xazré Ky = ag}(a -F X “:lg X, 1s a

ael el

g- open subset of ag (X ul, ud).

Hence F X a:.l—[ X, is a g- closed subset of ag (X, ul uz).

wel
Conversely, let F X ag X, be a g- closed subset of “g (X pul,uz) and let

el

G be an open subset of (X, ué) such that F ¢ G.

Then F X agxagG X“:.nga.

el ael
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Since F X l_[X is g- closed and G xag}{a is open,

aEf T a
ael el

i, x Mxp cox x.

el
eel ael

Therefore, uéF c G. Hence F is a g- closed subset of (Xg, ué, ué).

Proposition: 1.2.25

Let {(X,ul,u2): o€ l} be afamily of biclosure spaces. For each

Bel letmy: 25 (X ul, u2) — (Xg, ul, ug) be the projection map. Then
B el oo Yoo U B> “p> Mg

(i) If F is a g-closed subset of a[EII (X ul,uz), then my(F) is a
g-closed subset of (X, ug, up).

(if) If F is a g-closed subset of (Xg, ué, u.é), then nB"(F) is a
g-closed subset of al;! (X ul, u2).
Proof:

(i) Let F be a g- closed subset of al;{ (X ul,u2) and let G be an

open subset of (X, ué) such that Tz(F) < G.

'mmFgM%®=Gxagxw

eel
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Since G xagxa is an open subset of aﬂ (X w2}

el
el

Hu& n,(F)c G X al—g X,. Therefore, ué ng(F) c G.

el
el

Hence my(F) is a g- closed subset of (X, ug, ué).

(i) Let F be a g- closed subset of (Xp ug, ug) then

ny (F)=F X a_ga Xe.

ael

By Proposition 1.2.24, F X 0(:.];‘3[ X, is a g- closed subset of al;! (X ul, u2)

eEl
Hence nB"(F) is a g- closed subset of ag (Xl u2).

Lemma: 1.2.26

Let (X, u;, u,) be a biclosure space and (Y, v;, v;) be a closed
subspace of (X, u;, up). If G is an open subset of (X, u;) and an open subset
of (X, u,), then G N Y is an open subset of (Y, v|) and an open subset of
(Y, vp).

Proof:
Let G be an open subset of (X, u).
Claim: Y-(GNY)=YN(X-G)

LetxeY-(GNY)
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Therefore, x e Yandx € (GNY)
le,x € Gandx € YbutxeY.
xZG=>xeX-Gandx €Y.
Therefore, x € Y N (X - G).
Therefore, Y - (GNY)c YN (X-G)

LetzeY N (X-G)

Therefore, z e Yandze X -G
ie,zeXandx ¢ GbutxeyY
Implies z¢ GNY

Therefore,ze Y-(GNY)

Therefore, Y N (X-G)cY-(GNY)

From (3)and (4), Y-(GNY)=Y N (X-G).
As Y and (X — G) are closed subsets of (X, u,),

YNX-G)=u,Y Nuy(X-G)=u, (YN (X-G))

YNX-G)=u(YNX-G)NY
Y N (X-G)=v(Y N (X-G))

Y N (X-G)=v(Y (G NY)).

3)

(4)

(+Y-(GNY)=YN(X-G))
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Hence Y — (G N Y) is a closed subset of (Y, v;) and therefore G N Y is an
open subset of (Y, vy). Similarly, if G is an open subset of (X, uy),
then G N'Y is an open subset of (Y, v,).

Lemma: 1.2.27

Let (X, u;, up) be a biclosure space and (Y, vy, v;) be a closed
subspace of (X, u;, up). If G is a g- open subset of (X, u;) and a g- open
subset of (X, u,), then G N Y is a g- open subset of (Y, v,) and a g- open
subset of (Y, v,).

Proof:

Let G be a g- open subset of (X, u;). Then X — G is a g- closed subset
of (X, u;).Since Y is a closed subset of (X, u;), (X - G) N'Y is a g- closed
subset of (X, u).

Claim: X-G)NY=Y-(GNY).
Considerx € (X-G)NY, implies x€e X-Gandx €Y
ie,xg GandxeY = xgGNY.

x€EY 2x¢GNY=>xeY-(GNY)
Therefore, X-G)NY=Y-(GNY).

Therefore, G N Y is a g- open subset of (Y, v).

Similarly, if G is a g- open subset of (X, u,), then G N Y is a g- open subset
of (Y, Vz).

42



Proposition: 1.2.28

Let {( X4 u,) : o €1} be a family of closure spaces and let B € 1.

Then F is a 0-closed subset of (Xﬁ,uﬁ) if and only if F X G:I;[Xﬂ is a

el

0- closed subset ofag (X o Uee)-

Proposition: 1.2.29

Let {( X u,): o €1} bea family of closure spaces and let

B € 1. Then G is a d-open subset of (X, ug) if and only if G X _n X, isa
f—" ‘3 c(.,_ﬁ cC

eel
0- open subset of 1 T

ael

Proposition: 1.2.30
Let {( Xe ) : @ €1} be a family of closure spaces. For each

BELletm: ag X, —X_ be the projection map. Then

(i) If F is a 0-closed subset of ag ( XUy ) thenmg (F)isa d- closed

subset of (Xg,uﬁ )

(i) If F is a 0-closed subset of(Xp,up), Then m;*(F) is a O-closed

subset of ag (X Ue)-
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SECTION 1.3
Ty,- BICLOSURE SPACES

In this section discusses the concept of T/, - biclosure spaces.
Definition: 1.3.1

A biclosure space (X, u, u,) is called a Ty, - biclosure space if every

g-closed subset of (X, u,, u,) is a closed subset of (X, u,).
Proposition: 1.3.2

Let (X, u;, u,) be a biclosure space. Then (X, u;, u;) i1s a
T,» - biclosure space if and only if every singleton subset of X is either a

closed subset of (X, ;) or an open subset of (X, u,).
Proof:
Let (X, u;, u») be a Ty, — biclosure space.

Let x € X and suppose that {x} is not a closed subset of (X, u,). Then
X — {x} is not an open subset of (X, u). The only open subset of (X, u,)

containing X — {x} is X, hence X — {x} is a g-closed subset of (X, uy, ).
Since (X, u;, u») is a Ty, - biclosure space, X — {x} is a closed subset of

(X, uy).

Hence {x} is an open subset of (X, u,).

Conversely, let A be a g- closed subset of (X, u;, u,). Suppose that x ¢ A.
Then {x} < X — A and we have A c x — {x}.
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If {x} is an open subset of (X, u;), then X — {x} is a closed subset of
(Xs ll|)-

Therefore, 1A < u)(X — {x}) = X — {x}, thus x ¢ u A.

If {x} is a closed subset of (X, u,), then X — {x} is an open subset of
(X, u»). Since A is g- closed, u;A < X — {x}.

Therefore, x ¢ ;A = A C u)A.

Since, 1, A C A.

Therefore, ;A = A.

i.e., A is a closed subset of (X, u;).

Therefore, (X, uy, u,) is a Ty, - biclosure space.
Proposition: 1.3.3

Let (X, u;, u)) be a biclosure space and let (Y, v;, v,) be a closed
subspace of (X, uy, u). If (X, uy, up) is a Ty, - biclosure space, then
(Y, vi, v») is a Ty, - biclosure space too.

Proof:
Let (X, u;, up) is a Ty, - biclosure space.

Let F be a g- closed subset of (Y, v, v;). Then F is a g- closed subset of
(Xs up, Uz)-

Since (X, uy, uy) is a Ty, - biclosure space, F is a closed subset of (X, u,).
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Implies F is a closed subset of (Y, vy).
Therefore, (Y, vy, v,) is a T, - biclosure space.
Proposition: 1.3.4

Let {(Xy ul, u2) : o € 1 } be a family of biclosure spaces. Then

ag (X ul,u2) is a Ty, - biclosure space if and only if (X,, ul, u2) is a

T, - biclosure space for each o € 1.

Proof:

Let ag (X, ul,u2)beaT,,- biclosure space.

Claim 1: (Xg,ué,ué) is a T}, - biclosure space for each € I.
Let B € I and let F be a g- closed subset of (X;, ué, ué).

Then F X ag X, is a g- closed subset of ag (X Uk US).

ael

Since ag (X, ul,ul) is a Typ - biclosure space, F X a;—!—{! X, is a closed

ael
subset of ag (X u%, u3) and hence F is a closed subset of (X g, u,ug ).

Therefore, (Xguéué) is a T/, - biclosure space.

Conversely, let (X, ul, uz) be a Ty, - biclosure space for each a € I.
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Claim 2: ag (X ul,u?)is a Ty, - normal biclosure space.

Let F be a g- closed subset of ag (X, ul,u2)and let (X,)eer  F.

Then there exists a B € I such that xg ¢ 7g(F).

Since 7g(F) is g- closed and (Xg,ug,u3 ) is a Ty, - biclosure space, 7g(F) is
a closed subset of(XB,ué,ué).

Thus xp & ugme (F) = (Xo)eer £ ag UM (F).

Therefore, F is a closed subset of ag (X U).

Hence ag (X, uk,uz)is aT,- biclosure space.
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