


C H A P T E R I 

C L O S U R E AND B I C L O S U R E S P A C E S 

In this chapter preliminary results of closure spaces, biclosure spaces 

and T i / 2 - biclosure spaces are studied. 

S E C T I O N 1.1 

C L O S U R E SPACES 

This section deals with some basic definitions and results on closure 

spaces. 

Definition: 1.1.1 

A map ir. P (X)^P(X) defined on the power set P(X) of a set X is 

called a closure operator on X i f the following axioms are safisfied: 

(i) w(j) = (}) 

(ii) A c uA for every A c X 

(iii) A ^ B => z/A ^ j/B for all A, B c X. 

The pair (X, u) is called a closure space. 

Definition: 1.1.2 

A closure operator it on a set X is called additive i f for subsets A, B 

o f X , u (A U B) = iiA u wB. 

Definition: 1.1.3 

A closure operator u on a set X is called idempotent i f A c X 

=> nil A = uA. 
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Definition: 1.1.4 

A subset A c X is closed in the closure space (X, ii) i f uA = A. 

Definition: 1.1.5 

A subset A c X is open i f its complement in X is closed. 

Remark: 1.1.6 

The empty set and the whole space are both open and closed. 

Definition: 1.1.7 

A closure space (Y, v) is said to be a subspace of (X, n) i f Y c X and 

vA = z/A n Y for each subset A c Y. 

Remark: 1.1.8 

I f Y is closed in (X, u), then the subspace (Y, v) of (X, ii) is said to be 

closed. 

Definition: 1.1.9 

Let (X, u) and (Y, v) be closure spaces. A map f: (X, u) (Y, v) is 

said to be continuous i f f{nA) c vf(A) for every subset A c X. 

Proposition: 1.1.10 

A map f: (X, ii) (Y, v) is continuous i f and only i f 

z/f ' ' (B) c f ' ' ( v B ) for every subset B c Y. 
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Proof: 

Let f : (X, u) (Y, v) be continuous, 
i.e., f(uA) c vf(A) for each subset A c X. 

To prove: uf'\B) c f "'(vB) for every subset B ̂  Y. 

Let B c Y and f (B) = A. Then f f " (B) = f(A). 

Since fiuA) c vf(A), f(wf "'(B)) c vf(f "'(B)) c vB. (v f f "'(B) c B) 

Therefore, f(wf "'(B)) c vB. wf "'(B) c f "'(vB). 

Conversely, let i / f ' ' (B) c f "'(vB), V B c Y. 

To prove: f: (X, u) (Y, v) is continuous. 

Let A be a subset of X and B = f(A). 

Since wf "'(B) c f "'(vB) 

^ / f " ' ( f ( A ) ) c f - ' ( v f ( A ) ) 

uA c wf "'(f(A)) c f - ' (v f(A)) ( v A c f "'(f(A)) 

z / A c f " ' ( v f ( A ) ) 

f(wA) c f ( f "'(v f(A))) c V f(A) 

Therefore, f(wA) c v f(A) 

Therefore, f is continuous. 
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Proposition: 1.1.11 

I f f : (X, u) —» (Y, v) is continuous, then f "'(F) is a closed subset of 
(X, u) for every closed subset F of (Y, v). 

Proof: 

Let f : (X, u) (Y, v) be continuous. 

To prove: f "'(F) is a closed subset of (X, u) for every closed subset F of 

(Y, V). 

Let F be a closed subset of (Y, v). 

Therefore, vF = F 

By continuity, wf "'(B) c f "'(vB) 

wf" ' (F )c f " ' ( vF ) = f"'(F) 

Therefore, wf"' (F) c f"' (F) (1) 

Since, f "'(F) c w f ' ' ( F ) (2) 

From (1) and (2), f "'(F) = wf "'(F). 

Therefore, f "'(F) is a closed subset of (X, w). 
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Definition: 1.1.12 

Let (X, u) and (Y, v) be closure spaces. A map f: (X, u) —> (Y, v) is 
said to be a closed map i f f(F) is a closed subset of (Y, v) whenever F is a 
closed subset of (X, u). 

Definition: 1.1.13 

Let (X, u) and (Y, v) be closure spaces. A map f: (X, u) (Y, v) is 

said to be an open map i f f(F) is an open subset of (Y, v) whenever F is an 

open subset of (X, n). 

Definition: 1.1.14 

The product of a family {{Xa,Ua) : a G 1} of closure spaces, denoted 

by ( X i s the closure space (^^Xa,z^) where ^^ Xadenotes the 

Cartesian product of sets X„, a E I and u is the closure operator generated by 

the projection KU : X^ -> X^, a £ I . i.e., is defined by uA = i i „K„(A) 

for each A c 0 X., — atl " 

Proposition: 1.1.15 

I f {(Xa, Ua): a G 1} is a family of closure spaces, then the projection 

map nf j ^ ^ ( X „ / u „ ) ^ (Xjs, wp) is closed and continuous for every (3 G I . 

Proof: 

Let the projection map be Tip: ^ ^ ( X ^ , ^ ^ ) (Xp, wp). 

19 



Claim: 17tp is closed 

Let A be a closed subset of ^^ (X„ ,u„ ) . 

Then A = uA and by definition uA = u^'^^(A). 

To prove: 7ip(A) is closed in (Xp, wp). 

Since A is closed, TI p(A) = 7i P(MA) 

7ip (A)= 7rp (^n^„Ti„(A)) 

Therefore, n p(A) - U^TI p(A) 

Therefore, TU p(A) is closed in (Xp, wp). 

Therefore, TI p is closed. 

CIaim:2 7t p is continuous 

i.e., to prove: ; i p(wA) c wp 7i:p(A) 

Consider K p(wA) 

7Ip(wA)= 71 p( ^ 5 u „ T T „ ( A ) ) 

71 p(wA) = Wp( 71 p(A)) 

7t p(wA) C Wp 71 p(A) 

Therefore, 7i p is continuous. 
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Proposition: 1.1.16 

Let {(Xa, Ua): a e 1} be a family of closure spaces and let P e I . 
Then F is a closed subset of (Xp, wp) i f and only i f F x X̂ ^ is a closed 

ael 

subset o f ^ y ( X « , u J . 

Proof: 

Let F be a closed subset of (Xp, up). 

Since Tip is continuous, 7tp ' '(F) is a closed subset of ^^CX^,u,,). 

But 71 p ^(F) = F X „ J ] Xa. Hence F x „ X x is a closed subset o f^5(X„ , u„) . 
aEl aGl 

Conversely, let F x ^Jp Xabe a closed subset of ^JcX^.u^). Since Ttp 
ael 

is c losed ,p (F x ^ J| )<a) = F, a closed subset of (Xp, up). 

Therefore, F is a closed subset of (Xp, wp). 

Proposition: 1.1.17 

Let {(Xa, Ua): a ^1} he a family of closure spaces and let P e I . Then 

G is an open subset of (Xp, Wp) i f and only i f G x ^ Jp Xa is an open subset of 
a£l 

Proof: 

Let G be an open subset of (Xp, wp). 
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Then G*̂  is a closed subset of (Xp, wp). 

Since Tip is continuous. Tip"'(G'') is a closed subset of ^ ^ ( X „ , H „ ) . 

a£l 

Therefore, G'̂  X Xa is a closed subset of (X„,u„) . 
ael 

Therefore, G X „ J J Xa is an open subset of " a ) -
ael 

Conversely, let G X Xa be an open subset of ^ ^ ( X ^ , 
aEl 

Then G'̂  X ^ J J Xa is a closed subset of (X„, if „). 
ael 

Since n p is closed, K p( G^ x „ >[«) = G'' is a closed subset of (Xp, ii^). 
atl 

Therefore, G is an open subset of (Xp, wp). 

Definition: 1.1.18 

Let (X, u) be a closure space. A subset A c X is called a generalized 

closed set (g-closed set), i f wA c G whenever G is an open subset of (X, u) 

with A c G. 

Definition: 1.1.19 

A subset A c X is called a generalized open set (g-open set), i f its 

complement is g-closed. 
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Proposition: L L 2 0 

Let (X, w) be a closure space and let (Y, v) be a closed subspace of 
(X, ii). I f F is a g-closed subset of (Y, v), then F is a g-closed subset of 
(X, ̂ 0-

Proof: 

Let (X, n) be a closure space and let (Y, v) be a closed subspace of 

(X, u). 

Let F be a g-closed subset of (Y,v). 

To prove: F is a g-closed subset of (X, u). 

Let G be an open subset of (X, u) and F c G. 

Since Y is closed in (X, u) and F c Y, wF c i/Y = Y. 

wF = wF n Y = vF 

Since F is g-closed in (Y, v), vF cz G H Y c G 

Therefore, wF c: G. 

Hence F is a g-closed subset of (X, u). 

Proposition: 1.L21 

Let (X, u) be a closure space. I f F is a closed subset of (X, w) and 

F' is a closed subset of (X, u) then F f l F' is a g-closed subset of (X, u). 
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Proof: 

Let (X, u) be a closure space. 
Let F and F' be closed subsets of (X, u). 
Then F f l F' is a closed subset of (X, M). 
Let G be an open subset of (X, u) such that F f l F' c G. 
Since F f l F' is a closed subset of (X, u), u{F f l F') = F f l F' c G. 
Therefore, F f l F' is a g-closed subset of (X, u). 
Proposition: 1.1.22 

Let {(Xa, Ua): a G 1} be a family of closure spaces and let p G I . Then 

F is a g- closed subset of (Xp, wp) i f and only i f F x ^ Xa is a g-closed 
at I 

subset o f ^ y ( X „ , u „ ) . 

Proof: 

Let F be a g-closed subset of (Xp, wp). 

To prove: F x ^ J j Xa is a g-closed subset of |^2(X„,i i„) . 
OLSl 

L e t F x ^ J J X x c G , 
a E l 

where G is an open subset of ^5(X„, u„) . 
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G = Ga, where F c G^and Ga - Xu. 

To prove: ii{¥ x ^ J j x < O c G 
a£l 

Consider u(¥ x ^J^ Xt) 
CtGl 

u{¥x^llXa)-up¥y^lluaXa 
a6l ael 

aGl a£l ctfcl 

Therefore, M(F X X X ) C G 
a£l 

Therefore, F x Xa is a g-closed subset of (X„ ,u„ ) . 
ael 

Conversely, let F x ^ J J Xa be a g-closed subset of ^ ^ ( X „ , i i a ) . 
a£l 

i . e . , F x „ n X a C z G 
a t l 

To prove: F is a g-closed subset of (Xp, wp). 

Let Gp be an open subset of Xp such that F c Gp. 

Then F x ^ Xx c: G where G„ = Xa for a ^ p. 
a£l 

Since F x ^ Xx is a g-closed subset of ^y (X„ ,u^ ) . 
a£l 

u{¥ X Xx ) c G 
ael 
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^ p F x „ n X , i / „ c : G = ^ n G a 
a£l 

Therefore, i/pF cz Gp. 

Therefore, F is a g-closed subset of (Xp, wp). 

Proposition: 1.1.23 

Let {(Xa, Ua)' a G 1} be a family of closure spaces and let P G L Then 

G is a g-open subset of (Xp, wp) i f and only i f G x „ J J Xx is a g-open subset 
aEl 

o f n ( X „ , n J . 

Proof: 

Let G be a g-open subset of (Xp, wp). 

Then G'̂  is a g-closed subset of (Xp, wp). 

By Proposition 1.1.22, G^ x „J ]Xa i s a g-closed subset of ^^CX^/i i^) . 
ael 

Therefore, G X ^ J j Xa is a g-open subset of ^^(X„, 
ael 

Conversely, let G x ^J^ Xa be a g-open subset of "̂̂  (X^/u^c). 
ael 

Then G'' X ^ J J Xa is a g-closed subset of ^[ j (X„/u„) . 
ael 

By Proposition 1.1.22, G'̂  is a g-closed subset of (Xp, wp). 

Therefore, G is a g-open subset of (Xp, wp). 
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Proposition: L L 2 4 

Let {(Xa, Ua) : a e 1} be a family of closure spaces for each (3 e I , let 
^^• ^ Xa ^ Xp be the projection map. Then 

(i) I f F is a g-closed subset of ^^ (Xj^ /UfJ , then 7rp(F) is a 

g- closed subset of (Xp,i/p). 

(ii) I f F is a g-closed subset of (Xp,z/p) then 7ip"'(F) is a g-closed 

subset of ^5 (X„ , i i , ) . 

Proof: 

Let 7ip : ^ i j Xa —> Xp be the projection map, for each (3 G I . 

(i) Assume F is a g-closed subset of ( X „ , u „ ) . 

Therefore, uF c G where G is an open subset of ^^^CXf^, u„) with F c G. 

Claim: 1 7ip(F) is a g-closed subset of (Xp,wp). 

Let 7rp ( wF ) c G 

^p(ay^ '«TTp (F)cG 

Therefore, Wp Tip (F) c G 

Therefore,7rp(F) is a g-closed subset of (Xp,wp). 

(ii) Assume F is a g-closed subset of (Xp,Mp). 
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Therefore, upF c G where G is an open subset of Xp. 

Claim: 2 7tp"\F) is a g-closed subset of ̂ ^(X^^.i^n)-

Let Tip ^wF) c G where G is an open subset of ^^ (X„ /u„ ) . 

7ip"\F) cz G where G = UGa. 

To prove: z/(7ip'^(F)) c G 

V ( F ) = F x „ J J X a c G = G p X ^ J X a , F c G p 
ael ael 

Therefore, z/pF c Gp 

Let w(7ip-\F)) = u(¥ X „ J J Xa) = wpF X 
a£l « 6 l 

z/(7rp-\F)) c Gp X ̂  n Xa = G 
ael 

Therefore, Ttp'^F) is a g-closed subset o f^^ (X„ , u„) . 

Definition: 1.1.25 

Let (X, ii) and (Y, v) be closure spaces. A map f : (X, u) (Y, v) is 

called g- irresolute, i f f "'(F) is a g-closed subset of (X, u) for every 

g- closed subset F of (Y, v). 

Remark: 1.1.26 

A map f : (X, u) —> (Y, v) is g-irresolute i f and only i f f ' ' (G ) is a 

g- open subset of (X, u) for every g- open subset G of (Y, v). 
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S E C T I O N 1.2 

B I C L O S U R E SPACES 

In this section some basic definitions and results on biclosure spaces 

are analyzed. 

Definition: 1.2.1 

A biclosure space is a triple (X, u\, U2) where X is a set and U], ih are 

two closure operators on X. 

Definition: 1.2.2 

A subset A of a biclosure space (X, U], ih) is called closed i f 

u\U2A = A. 

Note: 1.2.3 

The complement of a closed set is open. 

Remark: 1.2.4 

A is a closed subset of a biclosure space (X, u\, 112) i f and only i f A is 

both a closed subset of (X, u\) and (X, Ui). 

Remark: 1.2.5 

Let A be a closed subset of a biclosure space (X, ii\, ui). Then the 

following conditions are equivalent: 

(i) uiU\A = A 

( i i) ii\A = A, ihA ^ A. 
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Definition: 1.2.6 

Let (X, u\, ui) be a biclosure space. A biclosure space (Y, Vi, v^) is 
called a subspace of (X, U2) i f Y c X and VjA = ii^A H Y for each 
i e {1,2} and each subset A c Y. 

Proposition: 1.2.7 

Let (X, u\, U2) be a biclosure space and (Y, Vj, V2) be a closed 

subspace of (X, u\, U2). I f F is a closed subset of (Y, vi , V2), then F is a closed 

subset of (X, u\, U2). 

Proof: 

Let F be a closed subset of (Y, vi , V2). 

Then viF = F and V2F = F. 

Since (Y, Vi, V2) is a closed subset of (X, U\, ui), F = ViF = W]F f l Y = U\¥ H 

z/,Y = w,(F n Y) = z/,F and F = V2F = W2F n Y = Z/2F n U2Y= W2(F f l Y) = 

W2F. 

Therefore, F is both a closed subset of (X, u\) and (X, ui). 

Therefore, F is a closed subset of (X, U\, Uj). 

Definition: 1.2.8 

Let (X, M], 112) and (Y, Vi, V2) be biclosure spaces and let i e { L 2 } . A 

map f : (X, u\, uo) (Y, Vi, V2) is called i-continuous i f the map 

f : (X, u) (Y, Vj) is continuous. 
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Definition: 1.2.9 

A map f : (X, u\, nj) —> (Y, Vi, v^) is called continuous i f f is 
i - continuous for each i e {1,2}. 

Definition: 1.2.10 

Let (X, uu UT) and (Y, vi , V2) be biclosure spaces and let i G {1,2}. A 

map f : (X, ih) (Y, V|, V2) is called i-g-irresolute i f the map 

f : (X, Wi) —> (Y, Vi) is g-irresolute. 

Definition: 1.2.11 

A map f : (X, u\, 112) (Y, Vi, vi) is called g-irresolute i f f is 

i - g- irresolute for each i e {1,2}. 

Definition: 1.2.12 

Let (X, U], U2) and (Y, V], V2) be biclosure spaces and let i G {1,2}. 

A map f : (X, u\, ui) —> (Y, V|, V2) is called i-closed i f the map 

f : (X, ui) (Y, Vi) is closed. 

Definition: 1.2.13 

A map f : (X, u\) —>• (Y, Vi) is called closed i f f is i-closed for each 

i e { l , 2 } . 
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Definition: 1.2.14 

Let (X, u\, U2) and (Y, V|, V2) be biclosure spaces and let i e {1,2}. A 
map f : (X, u;, U2) (Y, Vi, V2) is called i-open i f the map 
f : (X, Hi) —> (Y, Vi) is open. 

Definition: 1.2.15 

A map f : (X, Wi) —>• (Y, Vi) is called open i f f is i - open for each 

i e { l , 2 } . 

Proposition: 1.2.16 

Let (X, U], ui) be a biclosure space and let A c X. Then 

(i) A is open i f and only i f A = X - U\U2(X - A ) . 

(ii) I f G is open and G c A , then G c X - ii]U2iX - A ) . 

Proof: 

(i) Let A be open. 

To prove: A = X - UxUiQi - A ) . 

Given A is an open subset of a biclosure space (X, U\, U2), then A'^ is closed. 

C C 
Therefore, U]U~,A = A . 

Implies U]H2(X - A ) = X - A 

Therefore, A = X - U\U2(X - A ) . 

Conversely, let A = X - U]U2{X - A ) . 
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To prove: A is open 

X - A = M,W2(X-A) 

A'^ = U\U2{J^) 

Implies A '^ is closed 

Therefore, A is open. 

(ii) Let G be open and G c A . 

To prove: G c X - UxUiiX - A ) . 

SinceGisopenandGc A , X - G z ) X - A and G = X - u^UjiX - G). 

Then w,W2(X - G) ID u^ujiX - A ) 

X - w,M2(X - G) c X - w,W2(X - A ) 

Therefore, G c X - UxUiiX - A ) . 

Proposition: 1.2.17 

Let {(Xa, u\, l i ^ ) : a G 1} be a family of biclosure spaces. Then F is 

a closed subset of ^y(Xn, i /^ ,u^) i f and only i f F is both a closed subset of 

n ( X „ , i i i ) and n ( x „ , m 2 ) . 

Proof: 

Let F be a closed subset of ^P(XH,ii.^,ii^). 
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Then F = ^ n ^ : T r „ ( „ y i4Tia (F)) . 

Since F c ^2 ^p,̂  U .^1 ^ f ) c "|Tr„ ( F ) ) = F. 

Therefore, F is a closed subset of (X(j,l^„), 

Since ^ 4 ^ ^ ( F ) C ^4^1^ ( F ) , IZ^TX„ ( F ^ C J u > „ ( J U1TT„ ( F ) ) = F. 

Therefore, F is a closed subset of (X„,ii^). 

Conversely, let F be a closed subset of (X„,li^) and (X„,1iJ). 

Then F = ^1 F = ^ [ j I^1TI„ (F) . 

Therefore, F = ^ [ j MaTT«(„5 ^iaTT„(F)). 

Therefore, F is a closed subset of ^^(Xa,u^,ul). 

Definition: 1.2.18 

A subset A of a biclosure space (X, u\, ui) is called generalized 

closed (g- closed), i f j / iA c G whenever G is an open subset of (X, ui) with 

A c G . 

Definition: 1.2.19 

The complement of a g- closed set is called g- open. 
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Remark: 1.2.20 

I f A is a closed subset of a biclosure space (X, U], ni), then A is 

g- closed. The converse need not be true. 

Example: 1.2.21 

Let X = {a, b} and define a closure operator u\ on X by = ^ and 

wi{a} = Wi{b} = WiX = X. Define a closure operator 112 on X by ih^ = ^ and 

W2{a} = {a} and W2{b} = M2X = X. Then {a} is g- closed but it is not closed. 

Proposition: 1.2.22 

Let (X, Ml, ui) be a biclosure space. Then A is a g- open subset of 

(X, U\, U2) i f and only i f F c X - U\{X - A) for every F is a closed subset of 

(X, U2) with F c A. 

Proof: 

Let A be g- open and F be a closed subset of (X, U2) such that 

F c A . T h e n X - A c X - F . 

Since X - A is g- closed and X - F is an open subset of (X, U2), 

z / , ( X - A ) c X - F . 

Therefore, F c X - w , ( X - A ) . 

Conversely, let U be an open subset of (X, U2) such that X - A c U. 

Then X - U c A. 

Since X - U is a closed subset of (X, uj), X - U c X - ii^iX - A) . 
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Therefore, Wi(X - A ) c U . 

Therefore, X - A is g- closed. 

Therefore, A is g- open. 

Proposition: 1.2.23 

Let { ( X u , ul, ul) : a e 1} be a family of biclosure spaces and let 

p e L Then G is a g- open subset of ( X p , Up, Wp) i f and only i f 

K£l 

Proof: 

Let p G I and let G be a g- open subset of ( X p , u^, Up). 

Let F be a closed subset of (X^^-u^) such that F c G X J ] X„. 
aEl 

Then Tlp(¥) c G. 

Since Trp(F) is a closed subset of ( X p , lip) and TTp(F) c X p - if.p(Xp - G). 

Therefore, F c Tip ^ ( X p - Up(Xp - G)) 

Therefore, F = J X , - ^ ^ . i ^ ^ ( 0 . q x ^ J] X J 

By Proposition L 2 . 2 2 , G X ̂ J ] x „ is a g- open subset of (X^.u^.u^). 
ael 

36 



Conversely, let G X ̂ J ] x „ be a g- open subset of (X^,ul,iil) and let F 

be a closed subset of (Xp, u^) such that F c G. 

T h e n F X „ J 3 x „ c G X J X „ . 
oi6l a£l 

Since F X ^ X„ is closed and G X ^J] X„ is g- open, 

aEl a£l 

ael atl 

by Proposition 1.2.22. 

Therefore, ^ ;,^((Xp - G) X „ J ] X J c ^ [1 . F x „ J ] X„ 
ael a£l 

Therefore, ^ u^7^,((Xp - G) X „ J ] x J = (Xp - F) X ̂  J ] X„. 
a£l a£l 

Therefore, iip(Xp - G) ̂  Xp - F. 

Implies F c Xp - "Wp(Xp - G). 

Hence G is a g- open subset of (Xp, Up, Up) 
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Proposition: 1.2.24 

Let { ( X a , -u-̂ , u^) : « e 1} be a family of biclosure spaces and let 
p e l . Then F is a g- closed subset of ( X p , u j , uj) i f and only i f 

F X a j p ̂ « ^ 8" ^1°^^^ ^^^^^^ °^ ccS (Xa,^^a,^4)-
a£l 

Proof: 

Let p e I and let F be a g- closed subset of ( X p , u j , Up). Then 

X p - F is a g- open subset of ( X p , u^, Wp). 

By Proposition 1.2.23, ( X p - F) X^JJx^ = „ [ | x „ - F X ^JJx^ is a 
atl aEl 

g- open subset of ^[ j (X^/u^.u^) . 

Hence F X ̂ JJ X„ is a g- closed subset of ( X ^ , i 4 , w^)-

Conversely, let F X „J |x „ be a g- closed subset of (X„, i i4 , i4) ^̂ ^̂  
0.61 

G be an open subset of (Xp, u^) such that F c G. 

Then F X „ n X , c G X „ ̂  x^. 
a6l a6l 
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Since F X X„ is g- closed and G X all ^ « open, 

otti atl 

ael aEl 

Therefore, u j F c G. Hence F is a g- closed subset of ( X p , u^, u | ) . 

Proposition: 1.2.25 

Let {(X^,Ua,Ua) : a G 1} be a family of biclosure spaces. For each 

P G I , let Tip : (Xa.u'^/ul) ( X p , uj, uj) be the projection map. Then 

(i) I f F is a g-closed subset of ( X „ / i 4 , ^ 4 ) ' then 7Cp(F) is a 

g-closed subset of ( X p , U p , u^). 

(ii) I f F is a g-closed subset of ( X p , u^, w | ) , then 7ip"'(F) is a 

g-closed subset of JJAX^MLUI). 

Proof: 

(i) Let F be a g- closed subset of (X„ ,u^ ,u^) and let G be an 

open subset of (Xp, u^) such that iTp(F) c G. 

T h e n F c V ' ( G ) - G x „ n X „ . 
aEl 
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Since G X ^ J j : X „ is an open subset of „g (X„, u^). 
a£l 

^ X n , ( ¥ ) ^ G X ^ J J x , . Therefore, uj7r^(F) c G. 
G-e 

a£l 

Hence 7r3(F) is a g- closed subset of ( X p , u^, U p ) . 

(ii) Let F be a g- closed subset of (Xp, u^, l i p ) then 

V ( F ) = F X „ J | X „ . 
a£l 

By Proposition 1.2.24, F X X„ is a g- closed subset of (X„ , i4 , i 4 ) 

Hence 7ip"'(f^) ^ 8" closed subset of (X<^,i4, 

Lemma: 1.2.26 

Let (X, u\, U2) be a biclosure space and (Y, vi , V2) be a closed 

subspace of (X, u\, 112). I f G is an open subset of (X, u\) and an open subset 

of (X, U2), then G H Y is an open subset of (Y, Vi) and an open subset of 

(Y, V2) . 

Proof: 

Let G be an open subset of (X, U\). 

Claim: Y - (G f l Y) = Y f l (X - G) 

Let X G Y - (G n Y) 
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Therefore, x G Y and x ^ (G H Y) 

i.e., X ^ G and x ^ Y but x G Y. 

x ^ G = > x G X - G a n d x G Y . 

Therefore, x G Y f l (X - G). 

Therefore, Y - (G n Y) c Y fl (X - G) ( 3 ) 

Let z G Y n (X - G) 

Therefore, z G Y and z G X - G 

i.e., z G X and X ^ G but x G Y 

Implies z ^ G n Y 

Therefore, z G Y - (G n Y) 

Therefore, Y n (X - G) c Y - (G n Y) (4) 

From ( 3 ) and (4), Y - (G H Y) = Y H (X - G). 

As Y and (X - G) are closed subsets of (X, u\), 

Y n (X - G) = w,Y n w,(X - G) = w,(Y n (X - G)) 

Y n (X - G) = M,(Y n (X - G)) n Y 

Y n ( X - G ) = v,(Y n ( X - G ) ) 

Y n (X - G) = v,(Y - (G n Y)). (v Y - (G n Y) = Y n (X - G)) 
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Hence Y - (G H Y) is a closed subset of (Y, vi) and therefore G H Y is an 

open subset of (Y, v i ) . Similarly, i f G is an open subset of (X, ui), 

then G n Y is an open subset of (Y, V2) . 

Lemma: 1.2.27 

Let (X, u\, ui) be a biclosure space and (Y, Vi, V2) be a closed 

subspace of (X, ii^, ih). I f G is a g- open subset of (X, iii) and a g- open 

subset of (X, U2), then G f l Y is a g- open subset of (Y, vi) and a g- open 

subset of (Y, V 2 ) . 

Proof: 

Let G be a g- open subset of (X, u\). Then X - G is a g- closed subset 

of (X, z/i).Since Y is a closed subset of (X, u^X (X - G) 0 Y is a g- closed 

subset of (X, U\). 

Claim: (X - G) n Y = Y - (G fl Y). 

Consider x e (X - G) n Y, implies x e X - G a n d x G Y 

i.e., X ^ G and x e Y ^ x ^ G H Y . 

x e Y = ^ x ^ G n Y ^ x G Y - ( G n Y ) 

Therefore, (X - G) fl Y = Y - (G n Y). 

Therefore, G f l Y is a g- open subset of (Y, V i ) . 

Similarly, i f G is a g- open subset of (X, U2), then G f l Y is a g- open subset 

o f ( Y , V2) . 
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Propos i t ion: 1.2.28 

Let {( X u , u„) : a G I } be a family of closure spaces and let P G I . 

a t l 

Then F is a ^-closed subset of (X^/Up) i f and only i f F X „ i p X „ is a 

d- closed subset o f ^ ^ {X^Ai^)-

P r o p o s i t i o n : 1.2.29 

Let {( X a , : a G I } be a family of closure spaces and let 

P G I . Then G is a ^-open subset of (Xp, Up) i f and only i f G X ̂ JJ X„ is a .2 
a t ] 

d- open subset of^Q (X„, u„) . 

P r o p o s i t i o n : 1.2.30 

Let {( X a , : a G I } be a family of closure spaces. For each 

p G I , let Tip: Xa ^ X p be the projection map. Then 

(/) I f F is a o-closed subset of ( X„/u„) , then Tip (F) is a d- closed 

subset of (Xp , i/p). 

(//•) I f F is a 5-closed subset of(Xp,Up), Then 7r^^(F) is a 5-closed 

subsetof J ( X « , i i J . 
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S E C T I O N 1.3 

T,/2 - B I C L O S U R E SPACES 

In this section discusses the concept of T io - biclosure spaces. 

Definition: 1.3.1 

A biclosure space (X, u\, ui) is called a T 1 / 2 - biclosure space i f every 

g-closed subset of (X, Wi, U2) is a closed subset of (X, u\). 

Proposition: 1.3.2 

Let (X, u\, U2) be a biclosure space. Then (X, W], U2) is a 

Ti/2 - biclosure space i f and only i f every singleton subset of X is either a 

closed subset of (X, 1/2) or an open subset of (X, u\). 

Proof: 

Let (X, u\, U2) be a T1/2 - biclosure space. 

Let X G X and suppose that {x} is not a closed subset of (X, H2). Then 

X - {x} is not an open subset of (X, U2). The only open subset of (X, 2/2) 

containing X - {x} is X, hence X - {x} is a g-closed subset of (X, z/i, ih). 

Since (X, U], ui) is a T1/2 - biclosure space, X - {x} is a closed subset of 

(X, z/,). 

Hence {x} is an open subset of (X, u\). 

Conversely, let A be a g- closed subset of (X, u\, U2). Suppose that x ^ A. 

Then {x} c X - A and we have A c x - { x } . 
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I f {x} is an open subset of (X, U\), then X - {x} is a closed subset of 

(X, lu). 

Therefore, u\A c ii\(X - { x } ) = X - { x } , thus x ^ u\A. 

I f {x} is a closed subset of (X, U2), then X - {x} is an open subset of 

(X, 112). Since A is g - closed, wiA c X - { x } . 

Therefore, x ^ it^A =i> A c U\A. 

Since, u\A c A. 

Therefore, U]A- A. 

i.e., A is a closed subset of (X, U\). 

Therefore, (X, W|, U2) is a T1/2 - biclosure space. 

Proposition: 1.3.3 

Let (X, U], ui) be a biclosure space and let (Y, V i , V2) be a closed 

subspace of (X, i / i , U2). I f (X, u\, iii) is a T1/2 - biclosure space, then 

(Y, V ] , V2) is a T i /2 - biclosure space too. 

Proof: 

Let (X, u\, U2) is aTi /2- biclosure space. 

Let F be a g - closed subset of (Y, V | , V2) . Then F is a g - closed subset of 

(X, ux, U2). 

Since (X, U\, U2) is a T 1 / 2 - biclosure space, F is a closed subset of (X, u\). 
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Implies F is a closed subset of (Y, V i ) . 

Therefore, (Y, V i , V2) is a T1/2 - biclosure space. 

Proposition: 1.3.4 

Let {(X(j, u^, ul) : a G I } be a family of biclosure spaces. Then 

„5 (X„ ,M4, I4 ) is a Ti/2 - biclosure space i f and only i f (X,„ i ^ , irj is a 

Ti/2 - biclosure space for each a G I . 

Proof: 

Let (X„,u^ ,u^) be aTi /2- biclosure space. 

Claim 1: (Xp,iip, i f | ) is a T1/2- biclosure space for each p G I . 

Let P G I and let F be a g- closed subset of (Xp, u^, u^). 

Then F X ̂ ^J] X„ is a g- closed subset of (X,„ul,iil). 

Since O^a.'^l.ii^) is a T,/2 - biclosure space, F X X„ is a closed 
as I 

subset of ( X „ / W c ( , i 4 ) sricl hence F is a closed subset of (Xp,i tp/w|) . 

Therefore, (Xp, U p , i i | ) is a T1/2 - biclosure space. 

Conversely, let (X„, i f^ , i4) be a T1/2- biclosure space for each a G F 
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Claim 2: (X„,uJ , i i^) is a T,/2 - normal biclosure space. 

Let F be a g- closed subset of (X^.u^.u^) and let (Xa)a£i ^ F. 

Then there exists a p G I such that Xp € 7r^(F). 

Since 7r^(F) is g- closed and (Xp,Up,Up) is a T1/2 - biclosure space, 7r^(F) is 

a closed subset of(Xp, i ip , i ip) . 

ThuSXp ^ i i ^ 7 r ^ ( F ) ^ ( X a ) „ 6 , ^ „5^«TT„(F). 

Therefore, F is a closed subset of (X„, u^) . 

Hence (X„,ii^,i i^) is a T1/2- biclosure space. 

47 


