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CHAPTER 2

INTUITIONISTIC GRADATION OF OPENNESS

In this chapter, the concepts of intuitionistic fuzzy sets, intuitionistic
fuzzy topological spaces and intuitionistic gradation of openness
introduced by Atanassov [5], Coker [12] and Mondal, Samanta [28]

respectively are discussed.
In section one, some important operations and their relations on
intuitionistic fuzzy sets are collected.
In section two, some interesting properties and results on
intuitionistic fuzzy topological spaces are discussed.
“In section three, some basic definitions and results on intuitionistic

gradation of openness that are needed for our study are collected.

SECTION: 2.1

INTUITIONISTIC FUZZY SETS

Definition: 2.1.1
Let X be a nonempty fixed set. An intuitionistic fuzzy set (IFS, for
short) A is an object having the form
A={<X, pa(x), 1a(X) > [x eX}
where the functions pa: X —1 and ya : X — 1 denote the degree of

membership (namely pa(x)) and the degree of nonmembership
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(namely ya(x)) of each element x X to the set A, respectively, and

0 < pa(x) + ya(x) <1 for each x eX.

Definition: 2.1.2

Let X be a nonempty set, and the IFSs A and B be in the form

A ={<X, pa(x), Ta(x) > [x €X}, B = {< X, pg(x), ys(x) > [x €X}. Then
(@) A cBiff pa(x) < ps(x)and ya(x) = yg(x) for all x €X;

(b) A=BiffAcBandBcA;

(€) A ={<x, ya(x), pa(x) > |x X} where A® is the complement of A;
(d) AN B={<x, pa() A pa(x), vax) v y8(X) > [x €X};

(€)  AUB={<X, pa(X) v pa(x), Ta(x) A v8(X) > X €X};

)  [IA={<x, pa(x) 1 pa(x) > [x eX};

@ OA={<x1-ya(x), va(x) > [x eX}.

Definition: 2.1.3
Let X be a non empty set and let {A; / i €J} be an arbitrary family of
IFSs in X. Then

@ A=Ay (0, v 74 () > X XY

(b) VA ={<X v pa(X), A va (X) > X €X})
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Definition: 2.1.4
Let X be a non empty set and IFSs 0 and 1in X be defined as

0= {x01/xe X}and 0= {(x,10)/x e X}.

Proposition: 2.1.5
Let A, B, C be IFSs in X. Then

(@ AcBandCcD=AuCcBuDandAnCcBnND
(b) AcBandAcC=AcBnC

(c) AcCandBcC=AuBcC

(d AcBandBcC=AcC

e) (AUB)X‘=A°~B°

f (AnB*=A°UB°

(@ (A9°=A
n (=0
i ©=17.

Definition: 2.1.6

Let X and Y be two non empty setsand f: X - Y.

If B ={{y, us(y), ya(y))/ yeY}is an IFS in Y, then the preimage of B
under f, denoted by f1(B), is the IFS in X defined by

f1(B) = {(x.F(ue)(x), F'(y8)(x))/ xeX}.
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Definition: 2.1.7

Let X and Y be two non empty setsand f: X > Y.
If A = {(x, Aa(X), ya(X))/ xeX} is an IFS in X, the image of A under f,
denoted by f(A), is the IFS in Y defined by
f(A) = {<y.fF a)(y), (1-f(1-ya))(y))/ yeY}
sup Aa(x) iff'(y)=o

where f(Aa) (Y) = < xef(y)
0 otherwise,

. .
and (1~ (1 ~ya)(y) = {x;r—‘ﬂy) T - T4
1 otherwise,

We denote 1 — f(1 —ya) as f = (ya).

Proposition: 2.1.8
Let A, A(i €J) be IFSs in X, B, Bj(j eK) IFSsinY andf: X >, a
function. Then
@ AicAr=f(A) cf(A)
(b) Byc=B=f"(B) =f'(By)
(c) Acf'(f(A)[If fis injective, then A = f(f(A)) ],
(d) f(f'(B)) = B[ If fis surjective, then f(f'(B)) =B ],
(e) f'(UBy)=uUf'(B),
f  f("Bj) = f'(B)

(@ f(LA) = Uf(A)
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(h)  f(nA) < Nf(A) [ If fis injective, then f(NA) = ~f(A) ]
i f'(7)=1,3Gf"0)=0,
(k) f(7)= 1 if fis surjective,

0

(@]

()  f(0)

(m) (f(A))° = f(A%), If fis surjective
n 8% =("®) .

SECTION: 2.2

INTUITIONISTIC FUZZY TOPOLOGICAL SPACES

Definition: 2.2.1
An intuitionistic fuzzy topology (IFT, for short) on a nonempty set

X is a family 1 of IFSs in X satisfying the following axioms:

(i) G NnGyertforany Gy, Gren
(iii) WGer for any arbitrary family {G; /i eJ} c 7.

The pair (X, 7) is called an intuitionistic fuzzy topological space
(IFTS, for short) and any IFS in t is known as an intuitionistic fuzzy open

set (IFOS for short) in X.

Proposition: 2.2.2
Let (X, t) be an IFTS.

(@) 11 ={uc/ Ger}is a fuzzy topological space on X in Chang’s sense.
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(b) 1,= {yc / Gert} is the family of all fuzzy closed sets of the fuzzy

topological space 1, = {1-yg / Get} on X in Chang’s sense.

(c) Since 0 < pg(x) +ys(x) <1 for each xe X and each G €7, we obtain
e < 1-ve.

(d) Using (a) and (b), we conclude that (X, t4, 12) is a bifuzzy topological

space.

Definition: 2.2.3
Let (X, t1), (X, 12) be two IFTSs on X. Then 14 is contained in

(in symbols, 11 < 1,) if G €1, for each G et14. We also say that 14 is coarser

than .

Proposition: 2.2.4
Let {t; / i €J} be a family of IFTs on X. Then Nt is an IFT on X.

Furthermore, N, is the coarsest IFT on X containing t’s.

Definition: 2.2.5
The complement A® of an IFOS A in an IFTS (X, 1) is called an

intuitionistic fuzzy closed set (IFCS, for short) in X.

Definition: 2.2.6

Let (X, t) be an IFTS and A = {{X, pa(x), ya(X)) be an IFS in X. Then

the fuzzy closure and fuzzy interior of A are defined respectively by
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cl(A)=n{K/Kisan IFCSin Xand A c K}

int (A)=U{G/GisanIFOSin Xand G c A}.

Remark: 2.2.7

Let (X, t) be an IFTS and A = {{X, pa(x), ya(x)) be an IFS in X. Then

cl(A) is an IFCS and int(A) is an IFOS in X, and
(@) AisanIFCSin Xiff cl(A) = A;

(b) Aisan IFOS in X iff int(A) = A.

Proposition: 2.2.8
Forany IFS Ain (X, 1), we have
(@) cl(A®) = (int (A))°

(b)  int(A®) = (cl (A))°.

Proposition: 2.2.9
Let (X, ) be an IFTS and A, B be IFSs in X. Then the following
properties hold:
@@ int(A)cA
(b) Accl(A) .
©) AcB=int(A) cint(B)
(d) AcB=clA)cclB)
(e)  int(int(A)) = int(A)
) clcl(A)) = cl(A)

(@) int(A A B) = int(A) N int(B)
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(h)  cl(A UB) = cl(A) U cl(B)
G int(7)=7

G) cl(0)=0.

Definition: 2.2.10
Let (X, 1) and (Y, ¢) be two IFTSs and let f : X — Y be a function.
Then f is said to be fuzzy continuous iff the preimage of each IFS in ¢ is

an IFSin t.

Definition: 2.2.11
Let (X, 1) and (Y, ¢) be two IFTSs and let f : X — Y be a function.

Then f is said to be fuzzy open iff the image of each IFS in tis an IFS
in ¢.

Proposition: 2.2.12

f: (X, 1) > (Y, ¢) is fuzzy continuous iff the preimage of each IFCS in

¢isan IFCSin .

Proposition: 2.2.13

The following are equivalent to each other:
@ f:(X, 1) (Y, ¢)is fuzzy continuous.
(b)  f'(int(B)) < int(f"(B)) for each IFSBin Y.

(c) cl(f'(B)) = f'(cl(B))for each IFSBin Y.
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SECTION: 2.3

INTUITIONISTIC GRADATION OF OPENNESS

Definition: 2.3.1
Let X be a nonempty set. An intuitionistic gradation of openness
(IGO, for short) of fuzzy subsets of X (i.e. IGO on X) is an ordered pair
(t, t*) of functions from I* to I such that
i ) +TQ) <1, vael®
Gy (0)=t(T)=1,7(0)=1(1)=0
(i) (AN A2)=1t(A) A t(Ap) and
T N LT IA TR M elti=1,2
(iv) r(i:i A )2 A (A;) and
t*(i:JAki )S i;/Ar*(ki), A e IX ieA.
The triplet (X, t, 1") is called an IFTS. t and t* may be interpreted as

gradation of openness and gradation of nonopeness, respectively.

Definition: 2.3.2

Let X be a nonempty set and %, 7*:1* — 1 be two mappings

satisfying

(i)  FO)+F N1, VA el

(i) FO0)=9(1)=1,70)=9(1)=0
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(i)  FU A) = F(Aq) A F()p) and
T (MUr) ST (M) v T (M), M € ri=1,2
(iv) 9(3 A )2 A F(%) and

7)< v T (), A e X, ieA.

ieA

Then the pair (7, #7) is an intuitionistic gradation of closedness

on X (briefly IGC on X).

Definition: 2.3.3

For two pairs of mappings (1, t*) and (7, 7*) from I* — I, define
t5(A) = FO), 7. (1) = T ()
FM) = 1A°), T2 (W) = 7).

Theorem: 2.3.4

(@ (r,t")is an IGO on X iff (7, F/?T:) isan IGC on X,

(b) ‘ (%, %) is an IGC on X iff (1, 1*] )is an IGO on X.

e 1tz=1,1,=1,9% =%, F, =F".
% 7 g

; § T
T* F*
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Definition: 2.3.5

Let {(ri,ri*)}ieA be a family of IGOs on X. Then their intersection is
defined by

m(t- r-*) =(AT, VT )
ieA s ieA I,ieA i

where (A 7)) = A((W), (v Jw = v(E W), ner®

Theorem: 2.3.6

An arbitrary intersection of IGOs is an IGO.

Definition: 2.3.7

Let (X, 7, ') be an IFTS and Y < X. Define two mapping
ty, 1v : I'— I by the rule

() = Vit (M)t A e I, A MY =},

() =alt'A): A el AN =p}, Vel

Then (ty, 1v)is an IGO on Y and ty(u) > t(ux), Ty (1) <7 (px).

Definition: 2.3.8

Let (X, 7, ©*) and (Y, U, U*) be two IFTSs and f : X > Y be a

mapping. Then f is called a gradation preserving map (gp-map, for short)

if for each pu e I",

U(w) < o(f' () and U’ (w) = ' (F ().
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Definition: 2.3.9

Let f: (X, 7, T°) > (Y, U, U") be a mapping, where (X, 1, ") and
(Y, U, U) are two intuitionistic fuzzy topological spaces of fuzzy subsets.
Then f is said to intuitionistic continuous if f: (X, ) —» (Y, U) and

f: (X, t*) = (Y, U") are continuous.
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