Intuitionistic L-Fuzzy Structures in Z-Algebras

In 1984, intuitionistic L-fuzzy set was introduced by Atanassov and Stoeva [11] as a
generalization of L-fuzzy set where the membership and non-membership function takes values
in a bounded lattice with maximal element 1 and minimal element 0, respectively to allow
incomparability among elements. Motivated by this, in this chapter, we define the intuitionistic
L-fuzzy Z-Subalgebras of Z-algebras and the intuitionistic L-fuzzy Z-Ideals of Z-algebras and
establish some of their properties. All the results proved in this chapter are analogous to the
results proved in the previous chapter, except the fact that we are considering the intuitionistic
L- fuzzy sets of a Z-algebra X.

6.1 Intuitionistic L-fuzzy Z-Subalgebras in Z-algebras

In this section we introduce the notion of Intuitionistic L-fuzzy

Z-Subalgebra of a Z-algebra. Also we have obtained some interesting results.
Definition 6.1.1: An Intuitionistic L-fuzzy Set A =(u,,v,) in a Z-algebra (X,*,0)is called an
Intuitionistic L-fuzzy Z-Subalgebra of X if it satisfies the following conditions:
(1) ma(xxy) 2 pa () AR, (y)
(1) v, (x*y)<v,(x)vv,(y) ,forall x,yeX.
One can easily prove the following theorems.
Theorem 6.1.2: Let A and A, be two intuitionistic L-fuzzy Z- Subalgebras of a Z-algebra X.
Then A, N A, is an intuitionistic L-fuzzy Z-Subalgebra of X.
We generalize the above theorem as follows.

Corollary 6.1.3:  Let {A |icQ} be a family of intuitionistic L-fuzzy Z-Subalgebras of a

Z-algebra X. Then ﬂAi is an intuitionistic L-fuzzy Z-Subalgebra of X.

ieQ)

In the same way and by the definition of A°, we can prove the following result.
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Theorem 6.1.4: An intuitionistic L-fuzzy set A=(u,,v,) is an intuitionistic L-fuzzy

Z-Subalgebra of a Z-algebra X if and only if the L-fuzzy sets p, and (v,)° are L-fuzzy

Z-Subalgebras of X.

Theorem 6.1.5: A = (p Y A) is an intuitionistic L-fuzzy Z-Subalgebra of a Z-algebra X if and
onlyif ®A= (u N )°) and ® A = ((v A)SVa ), both are intuitionistic L-fuzzy Z-Subalgebras
of X.

Theorem 6.1.6: If A=(u,,v, ) is an intuitionistic L-fuzzy Z-Subalgebra of a Z-algebra X, then
U(u,;s) and L(v,;t) are Z-Subalgebras of X for all s,teL .

Theorem 6.1.7: Let A =(u,,v,) be an intuitionistic L-fuzzy set in a Z-algebra X such that the
sets U(u,;s) and L(v,;t) are Z-Subalgebras of X for every s,t e L. Then A =(u,,v,) isan
intuitionistic L-fuzzy Z-Subalgebra of X.

Theorem 6.1.8: Any Z-Subalgebra of a Z-algebra X can be realized as both the upper s-level
and lower t-level Z-Subalgebras of some intuitionistic L-fuzzy Z-Subalgebras of X.

Theorem 6.1.9: Let Q be a subset of a Z-algebra X and A be an intuitionistic L-fuzzy set on X
which is given in the proof of Theorem 6.1.8. If Q be realized as upper s- level Z- Subalgebra ,

lower t-level Z- Subalgebra of intuitionistic L-fuzzy Z-Subalgebra A of X, then Q is a
Z-Subalgebra of X.

As a generalization of Theorem 6.1.8, we prove the following theorem:

Theorem 6.1.10: Let (X,*,O) be a Z-algebra. Then any given chain of Z-Subalgebras
Q,cQ,c..cQ, =X, there exists an intuitionistic L-fuzzy Z-Subalgebra A of X whose

level(upper level and lower level) Z-Subalgebras are exactly the Z-Subalgebras of this chain.

Note: If X is a finite Z-algebra, then the number of Z-Subalgebra of X is finite, but on the other
hand the number of level Z-Subalgebras of an intuitionistic L-fuzzy Z-Subalgebra A appears to
be infinite. But since every level Z-Subalgebras is indeed a Z-Subalgebra of X, not all these
Z-Subalgebras are distinct. The next theorem characterizes this aspect.

Theorem 6.1.11: Let A be an intuitionistic L-fuzzy Z-Subalgebra of a Z-algebra X. Then

(i) two upper s-level Z- Subalgebras U(u,;s,) and U(u,;s,) (with s, <s, ) of A are equal if
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and only if there is no x € X such that s, <p, (x)<s,.
(ii) two lower t-level Z- Subalgebras L(v,:t,) and L(v,;t,) (with t, > t,) of A are equal if
and only if thereis no x € X such that t, >v,(x)>t,.

Theorem 6.1.12: Let X be a finite Z-algebra and A be an intuitionistic L-fuzzy Z-Subalgebra of
X.
(i)  If Im(pu,)=1s,....,s, |, then the family of Z-Subalgebras U(u,;s,),i=1,2,...,n
constitutes all the upper s-level Z-Subalgebras of A.
(i) If Im(v,)= {tl,..., tr}, then the family of Z-Subalgebras L(VA;ti) ,i=12,...,n constitutes
all the lower t-level Z-Subalgebras of A.
Theorem 6.1.13: Let A be an intuitionistic L-fuzzy Z-Subalgebra of a Z-algebra X. Then
()  If Im(u,) is finite , say {s,....s, |, then for any ss, € Im(p,), U(u,;s,)=Ulu,;s,)
implies s, =s ;.
(i1) If Im(v,) is finite , say {t],...,tn}, then for any t,t; e Im(v,), L(VA;ti):L(vA;tj)
implies t;, =t .
Theorem 6.1.14: Let h be a Z-homomorphism from a Z-algebra (X,*,O) onto a Z-algebra
(Y,,0") and A =(u,,v,) be an intuitionistic L-fuzzy Z-Subalgebra of X with sup-inf property.
Then the image h(A): {<y, Hy( A)(y),vh( A)(y)>|y € Y} of A under h is an intuitionistic L-fuzzy Z-
Subalgebra of Y.
Theorem 6.1.15 : Let h:(X,%0)— (Y,¥,0') be a Z-homomorphism of Z-algebras and B be an

intuitionistic ~ L-fuzzy  Z-Subalgebra of Y. Then the inverse image of B,
h™(B)= {<x, Mo (B)(X)’Vh" (B)(X)>|X € X} is an intuitionistic L-fuzzy Z-Subalgebra of X. Converse
is true if h is an Z-epimorphism.

Definition 6.1.16: Let h :(X,*,O)—> (X,*,O) be an Z-endomorphism of Z-algebras and A be an

intuitionistic L-fuzzy set in X. We define a new intuitionistic L-fuzzy set A" = (pAh Vo ) in X

as W, (x) =p,(h(x)) andv,,(x)=v,(h(x)) forallx e X.
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Theorem 6.1.17: Let h be an Z-endomorphism of a Z-algebra (X,*,0). If A be an intuitionistic
L-fuzzy Z-Subalgebra of X. Then intuitionistic L-fuzzy set A" = (pAh ,V Ah) is also an

intuitionistic L-fuzzy Z-Subalgebra of X.
Proof: Let x, y € X. Then

(1) po(x*xy)=p,(h(x*y)) =p, (h(x)*h(y)) 2p, (h(x) Ap,(h(y)) =p,.)Ap,.(y)
= paxEry)zp(x)Ap,.(y)
(i) v, (x*y)=v,(h(x*y)) = v, (h(x)*h(y)) <v,(h(x) v v, (h(y)) =V,.()VV,.(y)
= Vvu&XFy) SV, (xX)Vvv,.(Y)
From (i) and (ii) we get, A" is an intuitionistic L-fuzzy Z-Subalgebra of a Z-algebra X.
Analogously, we can prove the following theorem.
Theorems 6.1.18: Let A and B be any two intuitionistic L-fuzzy Z-Subalgebras of a Z-algebra
X. Then A xB is an intuitionistic L-fuzzy Z-Subalgebra of X x X..
Proof: Take (X1aY1) and (xz,yz)e XxX . Then
P[00y % (e v = s 60, ), (34w )] = i (0, ) A g (3% y,)

2 (pa (%)) A o (62)) A (s (1) A 15 ()

= (A (x) A (Y ) A (1 (35) A g (y2))

= Mo (X1 Y1) A B (X2,
Vaenl (61,71 % (65,3, )] = Vsl (2, ) (v 2y ) = v (o, ) v vy, )

< (VA )VvA(a))V (Vi) v v (v)

= (VA(XI )V VB(Yl ))V (VA(XZ ) V Vg (Y2 ))

= Vax (Xla Y1)V VAXB(XZ’ YZ)
This proves that the Cartesian product of two intuitionistic L-fuzzy Z-Subalgebras is again an

intuitionistic L-fuzzy Z-Subalgebra of a Z-algebra X.
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6.2 Intuitionistic L-fuzzy Z-Ideals in Z-algebras

In this section we introduce the notion of Intuitionistic L-fuzzy Z-ideal of a

Z-algebra and some interesting results are obtained.

Definition 6.2.1: An intuitionistic L-fuzzy set A =(u,,v, ) ina Z-algebra (X,*,0) is called an
intuitionistic L-fuzzy Z-ideal of X if it satisfies the following conditions:

(D, (0) 2, (x) and v, (0)< v, (x)

(D (x) 2w (x*y) Ay (y)

(i) v, (x) S v, (x*y) Vv v, (y), forall x,yeX.

One can easily prove the following theorems.

Theorem 6.2.2: Intersection of any two intuitionistic L-fuzzy Z-ideals of a Z-algebra X is again
an intuitionistic L-fuzzy Z-ideal of X.

We generalize the above theorem as follows.

Theorem 6.2.3: Let {Ai lie Q} be a family of intuitionistic L-fuzzy Z-ideals of a Z-algebra X.

Then ﬂAi is an intuitionistic L-fuzzy Z-ideal of X.

ieQ
Lemma 6.2.4: An intuitionistic L-fuzzy set A =(u,,v, ) is an intuitionistic L-fuzzy Z-ideal of
a Z-algebra X if and only if the L-fuzzy sets p, and (v,)° are L-fuzzy Z-ideals of X.
Theorem 6.2.5: Let A = (p AV A) be an intuitionistic L-fuzzy set in a Z-algebra X. Then
A =(u,,v, ) is an intuitionistic L-fuzzy Z-ideal of X if and only if ® A =(p,,(u,)) and
A= ((v )5V A) are intuitionistic L-fuzzy Z-ideals of X.
Theorem 6.2.6: An intuitionistic L-fuzzy set A =(u,,v, ) is an intuitionistic L-fuzzy Z-ideal of
a Z-algebra X if and only if for all s,¢ e L , the sets U(u A;s) and L(v A;t) are either empty or
Z-ideals of X.
Theorem 6.2.7: Let h be a homomorphism from a Z-algebra (X,*,O) onto a Z-algebra (Y,*’,O')
and A be an intuitionistic L-fuzzy Z-ideal of X with sup-inf property. Then image of A,

h(A)= {<y, Hh(A)(Y)>Vh(A)(Y)>|y c Y} is an intuitionistic L-fuzzy Z-ideal of Y.
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Theorem 6.2.8: Let h:(X,x0)— (Y,¥,0') be a Z-homomorphism of Z-algebras and B be an

intuitionistic =~ L-fuzzy = Z-ideal of Y. Then the inverse image of B,
B (B)= {1y (5 v, sy () € X i an intuitionistic L-fuzzy Z-ideal of X,
Theorem 6.2.9: Let h:(X,%0)— (Y,*,0') be an Z-epimorphism of Z-algebras. Let B be an

intuitionistic L-fuzzy set of Y. If h™'(B) is an intuitionistic L-fuzzy Z-ideal of X then B is an

intuitionistic L-fuzzy Z-ideal of Y.
Theorem 6.2.10: Let h be an Z-endomorphism of a Z-algebra (X,*,O). If A be an intuitionistic

L-fuzzy Z-ideal of X. Then, A" = (pAh Vo ) is also an intuitionistic L-fuzzy Z-ideal of X.
Theorem 6.2.11: Let A and B be two intuitionistic L-fuzzy Z-ideals in a Z-algebra X. Then

A xBis an intuitionistic L-fuzzy Z-ideal of X x X.
Proof: Take (x,,x,)e XxX.

Then 11,,;,(0.0)= 1, (0) AR5 (0) 2wy (x, ) A by (x,) = Hpa(x,x,)

and  v,.5(0.0)=v,(0)v vy (0) < v, (x,)v valx,) = via(x,.x,)

Now take (x,,x,),(y,,y,)e XxX . Then

M (X1, X5) = o (%) A R (%5) 2 (1 (% % YD) AR (VD) A (g (6 #Y2) A (Y,))
= (A (X xy ) Apg (X % y;)) A (V) A Rp(Y,))
= Haep (X % Y15 (X5 % ¥,)) A (Y15 2)
= Mas (X1, X2) # (Y15 ¥2)) A Masp (V15 Y2)

Vas (X5 X,) = VA (X)) V VR (X)) S (VAKX *y) vV () v (Ve (X, #Y,) vV VR(Y,)
= (VA *y) VvV (X, #y,)) Vv (VA (Y) v VE(Y,))
=V (X *y), (X, ¥ Y,)) v VA5(Y15Y2)

=V (X X)) * (Y, )V Vop (Y15 2)
Hence A xBis an intuitionistic L-fuzzy Z-ideal of X x X .
Theorem 6.2.12: Let A and B be two intuitionistic L-fuzzy sets in a Z-algebra X. If AxB is an

intuitionistic L-fuzzy Z-ideal of X x X, the following are true.

() n,(0)>p,(y) and pg(0)>p,(x) forall x,yeX.
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(ii) v,(0)<v,4(y) and v,(0)<v,(x) forall x,yeX.

Proof : Assume that MB( )

v
>u,(0) and p,(x)>p,(0) for some x,y e X.
Then HAxB(X Y) ( )/\MB( )

5(0)A 1, (0)
=11,.5(0,0) which is a contradiction.
Similarly, assume that v, (x)<v,(0) and v,(y)<v,(0) for some x,y e X.
Then v, (X, Y) =Va (X)V Ve (Y) < VB(O)V VA(O)
=V,; (0,0) which is also a contradiction thus proving the result.

Theorem 6.2.13: Let A and B be two intuitionistic L-fuzzy sets in a Z-algebra X such that AxB
is an intuitionistic L-fuzzy Z-ideal of X x X . Then either A or B is an intuitionistic L-fuzzy

Z-1deal of X.
Proof : Now by above Theorem 6.2.12 if we take p,(0)>p,(y) and v,(0)<v,(y) for all
yeX,
Mas(0,¥)= 1, 0) A kg (¥)=a(y)  and v, 5(0,y)=v,(0)v vy(y)=v,(y) )
Take (x,,y,).(x,,y,)e XxX.
Since AxB is an intuitionistic L-fuzzy Z-ideal of X x X .
M (%05 90) 2 B (6190 (0 ¥ ) A s (3502
= B (X % X0, ¥, % ¥2) AMag (X5, Y)) )
Putting x, =x, =0 in (2) we get,
Mo (0,31) 2 1us (0¥, %y, ) A 15 (0,y,) and by (1),
M ()2 g (v, ¥ ¥2) A ka(y2)
Analogously, we can prove vB(yl)S ve(y, *y,)vvy(y,) .
Hence B is an intuitionistic L-fuzzy Z-ideal of a Z-algebra X.
By Theorem 6.2.12, assume that p1,(0)>p, (x) and v,(0)<v,(x) then A is an intuitionistic

L-fuzzy Z-ideal of a Z-algebra X.
Therefore, either A or B is an intuitionistic L-fuzzy Z-ideal of a Z-algebra X.
This completes the proof.
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