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SYNOPSIS

SYNOPSIS

In the first chapter preliminary definitions and relevant literature are presented.


In the second chapter a single server retrial queue with finite population of customers is considered. When a customer arrives and the server is idle then according to a probability distribution, the server either serves the arriving customer or takes a vacation. The system is analyzed in steady state using the methods of supplementary variables and generating functions. Performance measures such as the system through put, the mean number of customers in the system and the mean waiting time are derived.


In the last chapter​​ an M/G/1 retrial queuing system with two phases of service and preemptive resume service discipline is considered. Under the steady - state condition, the mean number of customers in the system and the mean number of customers in the orbit are derived.

chapter I 

INTRODUCTION

“I cherish both faces of mathematics, the pure as a beautiful 

retreat from reality and the applied as an ardent hope for life”

Queueing theory is a branch of applied Mathematics utilizing concepts from the fields of stochastic processes. The queueing theory has its origin in 1909, when A.K.Erlang (1878 -1929) published his fundamental paper relative to the study of congestion in telephone traffic. The study of queueing systems finds application in a variety of real life situation like business, industry, engineering, transportation, communication, computer and consumer activities.
QUEUEING SYSTEM

A queue is a waiting line of customers requiring service from one or more servers service facility. In our day to day life we have been a unit in one or other of the following waiting lines registration for the school term, ticket booth at a movie theatre, teller window at a bank and so on. Queueing models are also applicable to the arrival of rainfall to dams via rivers, arrivals of fire calls to fire departments and money into and out of bank accounts.

CHARACTERISTICS OF QUEUEING SYSTEMS

The basic characteristics of a queueing system are

1. Arrival Process,

2. Service Mechanism,

3. Queue Discipline,

4. System capacity,

5. Service Channels.

1. Arrival Process
The arrival process characterizes the arrival of units into the queueing system. The calling source can consists of a finite or infinite number of units. Arrival of unit can occur either singly or in bulk. The arrival pattern is measured in terms of the mean arrival rate or mean inter-arrival time.

2. Service Mechanism
Service mechanism describe the manner in which service is rendered. Customer may be served either singly or in batches. The queueing system where the service is done in batches is called bulk service queueing system. The time required for servicing a unit (or group) is called service time.


Sometimes, the service rate may depend on the number of customer waiting for service when the queue becomes longer, a server may work faster or conversely he may becomes less efficient. The situation in which service depends on the number of waiting customer is known as state dependent service.
3. Queue Discipline
Queue discipline refers to the behaviour of arriving units both in the selection (or rejection) of a waiting line and in the act of waiting. The most common queue discipline is First In First Out (FIFO) or First  Come First Serve (FCFS) is often dictated by ‘Fairness’, as in the ticket numbering system or bakeries, butcher shops or delicatessens.

Another queue discipline is Last In First Out (LIFO) or Last Come First Serve (LCFS) can be illustrated by an elevator queueing system where by the last customers to enter are the first to exit in any given floor. Customers may also be served randomly irrespective of their arrivals into the system as in the selection of Bingo numbers. This type of queue discipline is called service in random order (SIRO) Another discipline is priority queue discipline, which allows service to be offered to customer depending on their priority in relation to other customers. There are two types in priority discipline that is preemptive priority and nonpreemptive priority. In the preemptive case, the customer with high priority is allowed to enter service immediately suspending the service in progress to a customer with lower priority. In nonpreemptive case, the higher priority goes to the head of the queue but gets into service only after the completion of service in progress to the customer with lower priority.

4. System Capacity

Some of the queueing processes admit the physical limitation to the amount of waiting room, so that when the waiting line reaches the maximum room capacity, no further customer is allowed to enter until space becomes available for a service completion.

5. Service Channels
The service facility can have one or multiple channels. Multiple channels can be parallel in series or both. Channels in parallel can be 
co-operative (idle servers help busy servers) or un-cooperative. As in the arrival process, service times can be deterministic or probabilistic. State dependent service parameters refer to cases where the mean, standard deviation or other parameters of a service time distribution are affected or changed by the state of the system that is number of units in the system breakdowns among servers also can be considered.

NOTATIONS

Kendall proposed a convenient notation to denote queueing system. A queueing process is described by the notation A/B/C/X/Y.

Kendall (1951) formulated the convenient symbolic form A/B/C/X/Y to specify an queueing model completely. The first and second symbols denote the type of distributions of inter-arrival time and of inter-service times respectively. Third symbol specifies the number of servers, fourth the capacity of the system. The last symbol denotes the queue discipline. But only the first three symbols are used commonly.  M/G/I defines a single server queues with Poisson input and general service.

RETRIAL QUEUES

In classical queueing theory it is assumed that a customer who cannot get service immediately after arrival either joins the waiting line or leaves the system forever. Sometimes impatient customers leave the queue, but it is also assumed that they are leaving the system forever. However as a matter of fact the assumption about loss of customers who elected to leave the system is just a first order approximation to a real situation. Usually such a customer after some random period of time returns to the system and tries to get service again. The standard queueing models do not take into account the phenomenon of retrials and therefore cannot be applied in solving a number of practically important problems. Retrial queues have been introduced to solve this deficiency.

GENERAL STRUCTURE OF RETRIAL QUEUES


The general structure of a retrial queue is shown in the following figure.
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It is clear that retrial queues can also be regarded as a special type of queueing networks. In the most general form these networks contain two nodes the main node where blocking is possible and a delay node for repeated trials. To describe specific retrial queues with a certain structure and queueing discipline more nodes have to be introduced.

The following are a few examples for a retrial queues.

(i) Telephone Systems


Everybody knows from their experience that a telephone subscriber who obtains a busy signal, repeats the call until the required condition is made. As a result, the flow of calls circulating in a telephone network consist of two parts the flow of primary calls, which reflects the real wishes of the telephone subscribers, and the flow of repeated calls, which is the consequence of the lack of success of previous attempts.

(ii) Retrial Shopping Queue


In a shop a customer who finds that a queue is too long may wish to do something else and return later on with the hope that the queue dissolves. Similar behaviour may demonstrate some impatient customers who entered the waiting line but then discovered that the residual waiting time is too long.

(iii) Random Access Protocols In Digital Communication Networks



Consider a communication line with slotted time, which is shared by several stations. The duration of the slot equals the transmission time of a single packet of data. If two or more stations are transmitting packets simultaneously then a collision takes place that is all packets are destroyed and must be retransmitted. If the stations involved in the conflict would try to retransmit destroyed packets in the nearest slot then a collision occurs with certainly. To avoid this, each station independently of other stations, transmits the packet with probability p and delays actions until the next slot with probability 1-p, or equivalently, each station introduces a random delay before next attempt to transmit the packet.

RELEVANT LITERATURE SURVEY


The early work of Kosten [15], Wilkinson [24] and Cohen [4] shows that retrial queues are suitable Mathematical models of for the modeling of subscribes behaviour in telephone networks. Single server queues with vacations have been studied extensively in the past : a comprehensive survey can be found in Teghem [23], Doshi [6] and Takagi [21]. These models arise naturally in telephone switching systems, computer communication systems, etc. A wide class of policies for governing the vacation mechanism has been discussed in the literature. One of the fundamental feature of vacation models is the study of their stochastic decomposition properties. In general, the stochastic decomposition relates one performance characteristic for the system with vacations to the corresponding one for the same model without vacation. Most of the analyses for retrial queues concern the exhaustive service schedule Artalejo [1] and the gated service policy langaris [17]. Comprehensive survey on retrial queues was given by yang and Templeton [25], Falin and Templeton [8] and Artalejo [2]. 


Consequently, the analysis focuses on characterizing the system performance. Keilson and Servi [14] have introduced a class of vacation scheduling disciplines including the M/G/1 queue with Bernoulli service schedule and multiple vacation. This is a class of schedules rather than a particular schedule, proving the opportunity for both performance analysis and system optimization. Further, Bernoulli service scheduling is significant due to the existence of the control parameter p. The extreme values correspond to 1-limit service discipline (for p = 0) and exhaustive service discipline (for p = 1).



In Keilson-Servi's single-server M/G/1 queue with Bernoulli service schedule and multiple vacation model, customers have exponential interarrival times and general service times. If the queue is empty after a service completion, then the server becomes inactive (begins a vacation period) for a random duration with a known probability distribution. If the queue is not empty, then another service begins with specified probability p, or a vacation period commences with probability q = 1 - p, (q > 0). At the end of a vacation period, service commences if a customer is present in the queue. Otherwise the server takes another vacation immediately and continues in this manner until it finds atleast one customer waiting upon returning from a vacation. The length of each vacation is assumed to be independent and identically distributed random variable and is independent of the length of the service times and arrival process. There is an extensive literature on many variations of this model, for example Servi [20], Ramasamy and Servi [18], Tedijanto [22].


Retrial queueing systems with general service times and 
non-exponential retrial time distributions have been received little attention. The first work on the M/G/1 retrial queue with general retrial times is due to Kapyrin[13] who assumed that each customer in orbit generates a sequence of repeated attempts that are independent of the customers in the orbit and the server state. However, this methodology was found to be incorrect by Falin[7]. Subsequently, Yang et al. [26] have developed an approximation method to obtain the steady-state performance measures for the model of Kapyrin. 


Fayolle [10] has investigated an M/M/1 retrial queue where the customers in the retrial group form a queue and only the customer at the head of the queue can request for service from the server after exponentially distributed retrial time with constant rate α. Farahmand [9] calls this discipline as a retrial queue with FCFS orbit. This kind of retrial control policy is well known for the stability of the ALOHA protocol in communication systems [3]. A retrial queueing system with FCFS discipline and general retrial times has been extensively discussed by 
Gomez - Corral [11] .

PROFILE OF PRESENT WORK 


In this dissertation the papers entitled "A Single - Server Retrial Queue with Server Vacations and a Finite Number of Input Sources" Presented by Hui Li and Tao yang [12] and "An M/G/1 Retrial Queueing System with Two-Phase Service and Preemptive Resume" Presented by Krishna Kumar,B., Vijayakumar,A. and Arivudainambi,D. [16] are analyzed. 

CHAPTER ii

A SINGLE - SERVER RETRIAL QUEUE WITH SERVER

VACATIONS AND A FINITE NUMBER OF INPUT SOURCES
In this chapter, we consider a single-server retrial queuing system with no waiting space and finite population of customers. When a customer arrives and the server is idle then according to a probability distribution, the server either immediately serves the arriving customer or takes a vacation. Using the method of supplementary variables, the limiting probabilities and probability densities for the queueing system, the system throughput, mean number of customers in the system and the mean waiting time are derived.

MODEL DESCRIPTION


Consider a single-server queueing system with no waiting space and M independent, identical input sources. A source can be either active or inactive. When a source is active, it will generate a customer according to a Poisson process with rate λ. If an active source generates a customer at time t, then it becomes inactive immediately after that. However, the source becomes active again immediately after the corresponding customer completes its service. Inactive sources generate no customers. At time t = 0, all sources are active and there are no customers in the system. At any time, the server can only be in one of three states: 'idle', 'busy', and 'on vacation'. If a fresh arriving customer finds the server either busy or on vacation, it leaves the service center and then returns after a random amount of time to try for service again. Customers in the process of making retrials are called returning customers. When the server is idle at the time of the arrival of a fresh or returning customer, it either starts serving the customer with probability 
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 or takes a vacation with probability 
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 where k is the number of returning customers present in the system at the time of the arrival excluding the arriving customer if it is returning. The inter-retrial times of any customer are independently, exponentially distributed with parameter θ. Successive service times and successive server vacation times are independent random variables with common distribution functions B1(x) and B2(x) respectively. The average service time and the average vacation time are assumed to be finite and are denoted by μ1 and μ2 respectively.

STEADY - STATE DISTRIBUTION

Let N(t) be the number of returning customers in the system at time t and S(t) be a random variable. such that 
 


 0 
if the server is idle at time t,

    S(t) = 
1 
if the server is busy at time t,


 
 2 
if the server is on vacation at time t.

Define X(t) as the expended service time of the customer being served at time t if S(t) = 1 or the expended vacation time at time t if 
S(t) = 2 or X(t) = 0 if S(t) = 0. Then, the process { S(t), N(t), X(t), t 
[image: image5.wmf]³

0} is a continuous time Markov process. Assume the initial conditions as 
S(0) = 0, N(0) = 0 and X(0) = 0, we define the probabilities

        P0,k(t)  = P{ S(t) = 0, N(t) = k }, 


k = 0,1,2,...,M 

and the probability densities

 Pj,k(x,t) dx  = P{S(t) = j, N(t) = k, x < x(t) ≤ x + dx}, 

                            j = 1,2, k = 0,1,..., M. x 
[image: image6.wmf]³
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where 

  P1​​,M (x,t)  = P2,0(x,t) = 0 for any fixed  x , t 
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Assuming the condition for the existence of the limiting distribution, define 

P0,k =  
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 P0,k(t)  and  Pj,k,(x)  = 
[image: image9.wmf]¥

>

-

t

Lim

Pj,k(x,t). 

Using supplementary variable technique, we have the following system of equations that governs the model under consideration

[(M – k)λ + kθ] P0,k = 
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r1(x) P1,k (x)dx + 
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r2(x)P2,k (x)dx, 

k = 0,1,2,...,M,
(1)
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d

P1,k(x)
 =  – [(M – 1 – k)λ + r1(x)] P1,k (x) + (M – k) λ P1,k – 1(x), 

k = 0,1,...,M – 1,
(2)
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P2.k(x)
 = – [(M – k)λ + r2(x)] P2,k(x) + (M – k + 1)λP2,k – 1(x),

k = 1,2,...,M,

(3)

       P1,k(0) 
 =  αk λ(M – k)P0,k + αk (k +1) θP0,k + 1,

k = 0,1,...,M – 1,
(4)

and 

       P2,k(0)
 =  
[image: image14.wmf]1
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λ(M – k + 1)P0,k – 1 + 
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 kθP0,k
k = 1,2,...,M,

(5)

where 

rj (x) = Bj'(x)  [1 – Bj(x)] are hazard rate functions of Bj(x) for j = 1,2 and Pj, – 1(x) =  0    for  j = 1,2 and x 
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Define the generating functions

φ0(z)      =  
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φ1(x,z)   = 
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φ2(x,z)   =  
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Multiplying equation (1) by zk and summing over k for k = 0,1,2,...,M, 

we get
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Mλφ0(z) + (θ–λ)zφ0'(z) =
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φ1(x,z) r1(x) dx + 
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φ2 (x,z)r2 (x) dx
(6)

Multiplying equation (2) by zk and summing over k for k = 0,1,2,...,M – 1, 

we get
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 φ1(x,z) + (M – 1)λφ1 (x,z) 

+ r1(x)φ1(x,z) – λz 
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 φ1(x,z) – λz(1 – z) 
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 φ1(x,z) + [(M–1)λ(1–z) + r1(x)]φ1(x,z) = 0 
(7)

Multiplying equation (3) by zk and summing over k, for k = 1,2,...,M, 

we get 
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φ2(x,z) + [Mλ(1 – z) + r2(x)]φ2(x,z) = 0
 (8)

Multiplying equation (4) and equation (5) by zk and summing over k for 

k = 0,1,...,M – 1 and k = 1,2,...,M respectively, we get

      φ1 (0,z)
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where 

Ak  = P1,k(0) = αk (M – k)λP0,k + αk (k +1) θ P0,k + 1, k = 0,1,...,M – 1


Bk  = P2,k (0) = 
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Let  u
 =  φ1(x,z) then
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Comparing with equation (7), we have


[image: image49.wmf]÷

ø

ö

ç

è

æ

¶

¶

s

x

 
  =  1








(11)


[image: image50.wmf](

)

s

z

¶

¶

  =  – λz (1 – z)






(12)


[image: image51.wmf](

)

ds

du

  =  – [(M – 1) λ(1 – z) + r1(x)]u




(13)

From equation (11),we have 
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Where t is a parameter.




Substituting z in the equation (13), we get 
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Integrating factor of the above equation is 

exp{
[image: image65.wmf]ò

(M – 1) λ (
[image: image66.wmf]x

e

t

t

l

-

+

)dx + 
[image: image67.wmf]ò

r1(x)dx} = exp {logz – (M – 1)} exp{
[image: image68.wmf]ò

r1(x)dx}



 



      = z1 – M [1 – B1(x)] – 1
uz1 – M[1 – B1(x)] – 1 = f(t)

Hence u = f(t) zM – 1[1 – B1(x)]
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and 

  t = e
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Where

 f is an arbitrary function. 

Using the boundary conditions on equation(4) and equation (9), 

we get

      φ1(0,z)   =  f (
[image: image70.wmf]z

z

1

-

) zM – 1

    f(t)
  = φ1 (0,
[image: image71.wmf]t

1

1

+

) (1 + t) M – 1 






From equation (16) through equation (18), we obtain 
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Comparing the co - efficients of zi on both sides of equation (19), we have
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By similar procedure equation (8) gives
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Equating the co-efficients of zi on both sides of equation (21), we have
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Taking k = i in equation (1) and substituting the expressions P1,i(x) and P2,i(x) is 
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In equation (23), put i = 0, then
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In a similar way, we obtain
P0,i   =  QiP0,0 ,        i = 0,1,2,...,M

Where 
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with 
   Q0  =  1.

Accordingly  we  have P0,I ; i = 0,1,...,M in terms of P0,0.
Now let us determine P0,0 substituting P0,i in equation (19) and then integrating the resulting equation from 0 to ∞ with respect to x at a point 

z = 1, We obtain
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Similarly, Considering equation (21), we have 
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We can easily solve P0,0 by using the expressions φ0(1), φ1(1) and φ2(1) in the normalizing condition φ0(1) + φ1(1) + φ1(1) = 1, then
 we have
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Summing the above results :
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 P2,i(x)  = [ 1 – B2(x)] 
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Let U be the server utilization then, we have 

U = φ1(1) = μ1 P0,0 
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Let N be the mean number of customers in the system, then 

The average number of active sources = M – N = 
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Let W be the mean time each customer spends in the system then 

 W
=  N / (Departure rate from the server) 


=  N / (U/μ1) 


=  (M μ1 /U) – (1/λ) 
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SPECIAL CASES 

Case 1

Taking αk = 1, we get 
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  P0,i 
 = Qi P0,0,   i = i,2,...,M 
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P1,i (x) = [1 – B1(x)] 
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and 

P2,i (x) = 0,  
 
i = 1,2,..., M






(39)


These results coincide with the results obtained by Kok [5] for M/G/1 retrial queue with quasi-random input. 

Case 2

Assume  αk = 1 and θ tends to ∞
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Proceeding like this we get in general 
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Where 

Ri is recursively given by, 


Ri + 1 
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Using the results from equation (40) and equation (41), the equation (36) through equation (39) gives 
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   P0,i
 = 0, 


i = 1,2,..., M 
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P1,i (x) = [1 – B1(x)] 
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i = 0,1,2,..., M – 1 

(45)

and 

P2,i (x) = 0, 
i = 1,2,..., M

Where 

δ0 = 1 and δk = 0 for k ≥1

The above results are consistent with those in Saaty [19, pp 323 – 325].

CHAPTER iii

AN M/G/1 RETRIAL QUEUEING SYSTEM WITH 
TWO - PHASE SERVICE AND PREEMPTIVE RESUME

In this chapter an M/G/1 retrial queueing system with additional phase of service with a push-out scheme under possible preemptive resume service discipline is considered. The retrial time is governed by an arbitrary distribution and that the customer at the head of the orbit queue is allowed for access to the service. Under the equilibrium state, the probability that the server is busy for providing the preliminary service, The probability that the server is busy for providing the primary service, the probability that the server is idle during retrial time, the mean number of customers in the system and, the mean number of customer in the orbit are derived. 

Model Description


Consider an M/G/1 retrial queue with second phase of service provided after the first phase of service. There is a single server who provides the preliminary service to all arriving customers. Let B(x) and b(x) be the cumulative distribution function and the probability density function of the preliminary service time respectively with 
Laplace-Stieltjes β*(θ) and β1,β2 as the first two moments. As soon as the preliminary service of a customer is completed, then with probability p, the customer may be provided primary service in second phase or else with probability q =1–p he has to leave the system. The primary service times of customers are independent random variables with common distribution function H(x), probability density function h(x), Laplace - Stieltjes transform υ*(θ) and first two moments υ1 and υ2

New customers arrive from outside the system according to a Poisson stream with rate λ. We assume that the preliminary service commences for an arriving customer, if the server is free. While at the preliminary service, the server may push out with probability α, the customer undergoing such service to the orbit, to commence preliminary service of an arriving customer or continue the ongoing service with probability (1 – α). So that the arriving customer leaves the service area to join the orbit in accordance with FCFS discipline. Assume that such push out facility is not available while the server is providing primary service. Successive inter - retrial times of any customer are governed by an arbitrary probability distribution function A(x) with corresponding density function a(x) and Laplace - Stieltjes transform φ*(θ). 


The input flow of new arrivals, intervals between repeated trials, preliminary and primary service times are assumed to be mutually independent. The server becomes free when the customer quits after preliminary service or after completion of his primary service. In such a case both the new arrival and the one at the head of the orbit queue complete for preliminary service. 


The stochastic behaviour of this retrial queueing system can be described by the Markov process {N(t);t ≥ 0} = {[C(t), X(t), ξ0(t), ξ1(t), ξ2(t)];t ≥0} where C(t) denotes the server state 0,1, or 2, according as the server being free, providing the preliminary service or providing the primary service respectively and X(t) corresponds to the number of customers in the orbit at any time t. If C(t) = 0 and X(t)>0, then ξ0(t) represents the elapsed retrial time; if C(t)=1 and X(t) ≥ 0, then ξ1(1) corresponds to the elapsed time of the customer being provided preliminary service; if C(t)=2 and X(t) ≥ 0, then ξ2(t) represents the elapsed time of the customer being provided primary service at time t.


The functions η(x), μ1(x), μ2(x) are the conditional completion rates (at time x) for repeated attempts for preliminary service and for primary service, respectively, then 

η (x)  =  a(x) / (1 – A(x)), 

μ1(x)  =  b(x) / (1 – B(x)) 

and 
μ2(x)  =  h(x) / (1 – H(x)).


Let { tn ; n(N } be the sequence of epochs of the end of the service completion times at which the server is idle. The sequence {Xn=X(tn+)} forms a Markov chain which is embedded in the retrial queueing system on the state space N. Let Xn be the orbit length at the time of the  nth  customer's departure, n≥1. Then {Xn;n ≥ 1} is ergodic 
if and only if  (1 – β*(αλ)) / (αβ*(αλ)) + Pλυ1 < φ*(λ) by [11]

STEADY - STATE DISTRIBUTION:

Define the probability, 

         R0(t) 
= P{C(t)=0, X(t)=0}

and the probability densities 

    Rn(x,t)dx
= P{C(t) = 0, X(t) = n x ≤ ξ0 (t) < x + dx},

t ≥ 0, x ≥ 0 and n ≥ 1.

    Pn(x,t)dx
= P{C(t) = 1, X(t) = n, x ≤ ξ1(t) < x + dx}, 

t ≥ 0, x ≥ 0 and n ≥ 0.

and Sn(x,t)dx = P{C(t) = 2, X(t)=n, x ≤ ξ2 (t)< x+ dx}, 

t ≥ 0, x ≥ 0 and n ≥ 0.

The system of equations that governs the model under consideration are given by,
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Where 

            δnm is the Kronecker delta. 

The boundary conditions are 

Rn(0,t)  = q 
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n = 0,1,2,...
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Assuming the steady state condition 

(1 – β*(αλ)) / (αβ*(αλ)) + Pλυ1 < φ*(λ), 

Define, 
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The steady state equations corresponding to the equation (1) through equation(8) are

   λR0     = q
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The steady state boundary conditions are, 

Rn(0) = q 
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Pn(0) = αλ
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and the normalizing condition is 

R0 + 
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Define the probability generating functions: 

P(x,z) = 
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Multiplying equation(10) by Zn and summing over n for n=1,2,3,...

we get 
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Solving the partial differential equation (18), we obtain

R(x,z) e λx + ∫η(x)dx =C

R(x,z) = Ce – λx 
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= Ce – λx 
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= Ce – λx e log (1 – A(x))



= Ce – λx [1 – A(x)]

Put x = 0, we get the constant C = R(0,z) 

R(x,z) = R(0,z) e – λx [1 – A(x)]




(19)

Multiplying equation (11) by zn and summing over n for n = 0,1,2,...

we get
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Solution of the above equation is given by

P(x,z)e(λ(1 – z)+λαz)x + ∫μ1(x)dx = C

P(x,z) = C e – λ[(1 – z)+αz]x e – ∫μ1(x)dx



= C e – λ[1 – z) + αz]x 
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= C e – λ[(1 – z) + αz]x e log(1 – B(x))



= C e – λ[(1 – z) + αz]x [1 – B(x)]

By substituting x = 0 and eliminating the constant C, 

we get

P(x,z)
 =  P(0,z)e – λ[(1 – z)+αz]x [1 – B(x)]



   (21)

Multiplying equation (12) by zn and summing over n for n = 1,2,3,...

we get 
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Solving the partial differential equation (22), we obtain

S(x,z)e λ(1 – z)x e∫μ2(x)dx = C

S(x,z) = C e – λ(1 – z)x 
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= C e – λ(1 – z)x elog(1 – H(x))


= C e – λ(1 – z)x [1 – H(x)]

x = 0 implies C = S(0,z)

Hence    S(x,z) = S(0,z)e – λ(1 – z)x[1 – H(x)]
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Multiplying equation (13) by zn and summing over n, for n = 1,2,3,... 

we get
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R(0,z) = q 
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Multiplying equation (15) by zn and summing over n, for n = 0,1,2,...

we get 
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From equation (16), we have 
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using the equation (21) in the equation (26), we get 

S(0,z) = p
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Substituting the expressions of P(x,z), S(x,z) and S(0,z) in the 
equation (24), we get

R(0,z) = q 
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= q β* (λ(1 – z)+αλz) P(0,z) + S(0,z) υ* (λ(1 – z)) – λR0

R(0,z) = P(0,z) [q + pυ* (λ(1 – z))] β* (λ(1– z) + αλz) – λR0 
(28)

Again, substituting the expressions of P(x,z), and R(x,z) in P(0,z), 

we get 

P(0,z) = αλz 
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     P(0,z) = λR0(1 – z) (1 – z + αz) φ*(λ) / D(z)


        (29)

Where 

D(z) 
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Substituting the expression of P(0,z) in the equation (21), we get 

P(x,z)
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Substituting P(0,z) in the equation (27), we get 

S(0,z)
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Substituting P(0,z) in the equation (28) and simplifying equation(19), 

we get 

R(0,z) 
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      (32)

Denote the probability generating function of orbit size when the server idle as R(z) then 
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Let the probability generating function of the orbit size when the server busy with preliminary service be P(z), then 
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Let the probability generating function of the orbit size when the server busy with primary service be S(z) then 
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Now, we derive some important results : 
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= (λ – αλ)2β*"(αλ)

Using the above results, we have 

D(1)
=  β*(αλ){ – 1 – αφ*(λ)+αp λυ1}+1
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R(1)
=  R0
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P(1)
=  R0
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S(1)
=  R0
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Substituting the expressions of D(1), R(1), P(1) and S(1) in the normalizing condition R0+R(1)+P(1)+S(1)=1, we get 

R0 - the probability for the server to be idle in the system as 

R0
= 1 – 
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PERFORMANCE MEASURES 


The steady state probability that the server is idle during the retrial time as 

   I = R(1) = 
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The steady state probability that the server is busy for providing the preliminary service as 

  U(1)
= P(1) = 
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The steady state probability that the server is busy for providing the primary service as 

U(2) 
= S(1) = pλ υ1
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The probability generating function for the number of customers in the system is given by 

K(z) 
= R0 + 
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= R0 + R(z) + z P(z) +z S(z)

substituting R(z), P(z), and S(z) in K(z), we get 

K(z)=
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The mean number of customers in the system under steady - state condition is obtained by differentiating K(z) with respect to z and evaluating at z=1.

Denote N(z) =R0φ*(λ)(1 – z)(1 – z+αz)β*(λ(1 – z)+αλz) [q+pυ*(λ(1 – z))]

Now   K(z)
= 
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The expected system size is given by the equation 

Ls = K'(1) = 
[image: image379.wmf][
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  (2αβ*(αλ) {β*(αλ)[1 + αφ*(λ) – pαλυ1]-1}) – 1
         (45)

The probability generating function for the number of customers in the orbit is given by the equation H(z) = R0+R(z)+P(z)+S(z)

H(z)
= 
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The mean number of customers in the orbit is 

   Lq 
= H'(1)


= (2{(β*(αλ))2 [αφ*(λ) – pαλυ1 + pα2λυ1(1 – φ*(λ))]


  –β*(αλ)[1+αφ*(λ)–pαλυ1]+1–αλ(1–α)β*'(αλ)}+(β*(αλ))2 pα2λ2υ2)

  
           (2αβ*(αλ) {β*(αλ) [1+αφ*(λ) – pαλυ1] – 1}) – 1
(47)

SUMMARY AND CONCLUSION 

SUMMARY AND CONCLUSION

In the foregoing dissertation " A single-server retrial queue with server vacations and a finite number of input sources" and "An M/G/1 retrial queueing system with two-phase service and preemptive resume" are considered. Analytical expressions for various performance measures of interest are obtained. Results of some special cases are deduced.
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= λR0(1 – z) (1 – z + αz) φ*(λ)
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