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C H A P T E R - 2 

FUZZY IDEALS AND FUZZY FILTERS IN CI -ALGEBRAS 

S E C T I O N 2.1 

FUNDAMENTAL DEFINITIONS ON F U Z Z Y S E T S 

Definition : 2.1.1 

Let X is a non-empty set. A fuzzy set ^ is a mapping ^ : X ^ [0, 1 ]. 

Definition : 2.1.2 

A fuzzy set ^ : X ^ [0, 1] is said to be empty if ^ ( x ) = 0 for all x in X. It 

is denoted by Ox or Ox. 
Definition : 2.1.3 

A fuzzy set : X ^ [0, 1 ] is said to be whole fuzzy set if ^ ( x ) = 1 for all 

X in X. It is denoted by 1x or X. 

Definition : 2.1.4 

For C e [0, 1], a fuzzy set Kc : X ^ [0, 1] is said to be a constant 

fuzzy set if Kc(x) = c for all x in X. 

Definition : 2.1.5 

T h e complement of a fuzzy set ^ in X denoted by or "jl is defined 

a s M^(x) = 1 - ^ ( x ) . 

Definition : 2.1.6 

If ^ is a fuzzy set in X, then support of \i denoted by supp ^ is defined 

a s , Supp ^ = {x e X / ^ ( x ) > 0}. 
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Definition : 2.1.7 

Two fuzzy sets ^ in X and y in X are equal, (written a s ^ = y), if and 
only if (^(x) = y(x) for x in X . 

Definition : 2.1.8 

Let and y are fuzzy se ts in X . ^ is contained in y (or equivalently, ^ is 

a subset of y, or ^ is smal ler than or equal to y) if and only if ^ ( x ) ^ y(x) for all 

X in X . In symbols ^ < y iff ^ ( x ) ^ y(x). 

Definition : 2.1.9 

T h e union of two fuzzy se ts ^ in X and y in X is a fuzzy set X (written 

asX = ^vy) defined by ?.(x) = (^ v y) (x ) = max { ^ ( x ) , y(x)}, for all x e X . 

Definition : 2.1.10 

T h e intersection of two fuzzy s e t s ^ in X and y in X is a fuzzy set 

X (written a s = ^ A y) defined by >.(x) = (^ A y) (x ) = min { ^ ( x ) , y(x)}, V x e X . 

Definition : 2.1.11 

Let A be an indexing set and {^x / ^ e A} be a family of fuzzy se ts in X . 

Then their union and intersection are defined a s follows : 

V ^x(x) = sup {^x(x) / X e A] for all x e X . 
X e A 

A ^x(x) = inf {^x{x) /X e A} for all x e X . 

Definition : 2.1.12 

A fuzzy set ^ in X is said to have the s u p property if for any subset 

T c X there exists Xo e T such that ^(xo) = Sup ̂ ( t ) . 
t e T 
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Definition : 2.1.13 

A fuzzy set ^ in X defined by 

^^yj r t i f y = x , t e ( 0 , 1 ] 

[0 if y ?̂  X 

is cal led a fuzzy point with support x and value t. It is denoted by (x, t) or X t . 

Definition : 2.1.14 

A fuzzy point (x, t) or X t is sa id to belong to a fuzzy set ^ in X if t < ^ ( x ) 

V X e X . It is denoted by (x, t) e ^ or X t e ^. 

Definition : 2.1.15 

(i) A fuzzy point (x, t) is said to be quasi coincident with a fuzzy set ^ 

in X dented by (x, t )q^ if t + ^ ( x ) > 1. 

(ii) A fuzzy point (x, t) is not quasi coincident with a fuzzy set ^ in X 

denoted by (x , t)q|i (x, t )q^ if t + ^ ( x ) ^ 1. 

(iii) If (x, t ) e ^ or (x, t )q^ then (x, t ) e v q ^ . 

(iv) If (x, t ) e ^ and X t q ^ then (x, t )eAq^ . 

Note 

Also e vq means evq does not hold. 

Definition : 2.1.16 

Let be a fuzzy set in a set X . For t e [0, 1] 

(i) T h e set U(n ; t) = {x e X / ^ ( x ) > t} is called an upper level s u b s e t 

of | i . It is a lso denoted by ^ \ 

(ii) T h e set L ( ^ ; t) = {x e X / ^i(x) < t} is called an lower level s u b s e t of 

1^. It is also denoted by pt. 
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Note 

^ (A t = X for t e [0, 1 ]. If ti < t2 then yi^^ Q . 

Definition : 2.1.17 

Let f : X ^ Y be a function from a set X to a set Y and let ^ be a fuzzy 

set of X . Then the fuzzy set of Y is defined by 

^^y^ ^ j S u p M x ) / x e f - \ y ) } , i f f - \ y ) = { x e X / f ( x ) = y } ^ 0 

[o, otherwise 

is cal led the image of \i under f, denoted by f ( ^ ) . 

If is a fuzzy set of Y , then the fuzzy set ^ of X is given by 

f A ( x ) = X ( f ( x ) ) , for all X e X , is called the preimage of X under f and is denoted 

by r\X) that is, r\X) (x ) = ?.(f(x)). 
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S E C T I O N 2.2 

F U Z Z Y I D E A L S IN C I - A L G E B R A S 

Definition : 2.2.1 

A fuzzy set ^ in X is cal led fuzzy ideal of X if it sat isf ies the following : 

( F 1 1 ) ^ ( x * y ) > n(y) , for all x, y e X. 

(FI 2 ) ^ ( ( x * (y * z ) =1= z ) > min { ^ ( x ) , ^ (y ) } , for all x, y, z e X. 

Theorem : 2.2.2 

Let be a fuzzy set in a Cl -a lgebra X. Then ^ is a fuzzy ideal of X iff it 

sat isf ies : 

U(^ ; a ) O ^ U(^ ; a ) is an ideal of X, V a e [0, 1] 

where U(^ ; a ) = {x e X / |A(X) > a} . 

Proof 

A s s u m e that ^ is a fuzzy ideal of X. 

To Prove : U(^ ; a ) is an ideal of X 

Let a e [0, 1] be such that U(^ ; a ) O. 

Let X , y e X be such that y e U(^ ; a) . Then ^ ( y ) > a . 

Therefore ^ ( x * y ) > ^ ( y ) > a (by F I 1) 

Thus X * y e U(^ ; a ) (1) 

Let X e X and a , b e U(^ ; a ) then ^ ( a ) > a and ^ (b ) > a . 

Then from (FI 2 ) we have 

^ ( ( a * (b * x ) ) * x ) > min { ^ ( a ) , ^ (b) } > a 

=> (a * (b * x ) ) * X e U(^ ; a ) (2) 

Hence by (1) and (2) U(^ ; a ) is an ideal of X. 

Converse ly , suppose U ( ^ ; a) ^ (L> => U ( ^ ; a ) is an ideal of X for all 

a e [0, 1]. 
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Claim : is a fuzzy ideal of X . 

If ^i(a * b) < ^ (b ) for some a , b e X 

1 
then \\{a * b) < ao < ^ (b ) by taking ao = — [^(a * b) + ^(b)] 

Hence a * b € U(^ ; ao) and b e U(^ ; ao) which is a contradiction. 

Therefore ^ ( a * b) > ^ (b ) for all a , b e X (1) 

Let a , b, c e X be such that 

^ ( ( a * (b * c ) ) * c ) < min { ^ ( a ) , ^ (b) } . 

1 
Taking po = — ^ ( ( a * (b * c ) ) * c ) + min { ^ ( a ) , ^ (b) } we have po e [0, 1] 

and ^ ( ( a * (b * c ) ) * c ) < po < rnin { ^ ( a ) , ^ (b ) } . 

Hence a , b e U(^ ; po) and (a * (b * c ) ) * c ^ U(^ ; po) 

This is a contradiction. 

Therefore, ^ ( ( a * (b * c ) ) * c ) > min { ^ ( a ) , ^ (b) } (2) 

By (1) and (2) , ^ is a fuzzy ideal of X . 

Lemma : 2.2.3 

E v e r y fuzzy ideal ^ of X sat isf ies the following inequality : ^ ( 1 ) > ^ ( x ) , 

V X e X . 

Proof 

Let ^ be a fuzzy ideal in X . 

Then by (CI 1), ^ ( 1 ) = ^ ( x * x ) V x e X 

=> 1̂ (1 ) > ^ (X) V X e X 

Example : 2.2.4 

Let X = { 1 , a , b, c, d, 0} be a set with the following cay ley table : 
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* 1 a b c d 0 

1 1 a b c d 0 

a 1 1 a c c d 

b 1 1 1 c c c 

c 1 a b 1 a b 

d 1 1 a 1 1 a 

0 1 1 1 1 1 1 

Then (X ; *, 1) is a Cl-a lgebra. 

(i) 

m = 
Let yibea fuzzy set in X defined by 

0.7 i f x e { l , a , b } 

0.2 i f x e { c , d , 0 } 

Then U(^ ; ; a ) = 

O if a e ( 0 . 7 , 1 ] , 

{ 1 , a , b } if a e (0 .2 ,0 .7 ] , 

X if a e [0 ,0.2] . 

(ii) 

Then { 1 , a , b} and X are ideals of X , and so ^ is a fuzzy ideal of X . 

Let 1̂  be a fuzzy set in X defined by 

0.6 i f x e { l , a } 

0.4 if x e { b , c , d , 0 } 
M(X) = 

O if p e ( 0 . 6 , 1 ] . 

Then U ( ^ ; [3) = j { 1 , a } if [3 e (0 .4 ,0 .6 ] , 

X if p e [0 ,0.4] . 

Then (a * (a * b)) * b = (a * a ) * b 

= 1 * b 

= b ^ { 1 . a } 

^ { 1 , a } is not an ideal of X . 

Hence |̂  is not a fuzzy ideal in X . 
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Proposit ion : 2.2.5 

If is a fuzzy ideal of X, then ^ ( ( x * y ) * y ) > ^ ( x ) , V x, y e X. 

Proof 

Let be a fuzzy ideal of X. 

Taking y = 1 and z = y in ^ ( ( x * (y * z ) ) * z ) > min { ^ ( x ) , ^ ( y ) } V x, y, 

z e X and 

using 1 * x = x and ^ ( 1 ) > ^ ( x ) we get 

M ( ( x * y ) * y ) = M ( ( ( x * ( i * y ) ) * y ) 

>min Hx), ^ (1 ) } 

= M(X) V X , y e X 

Corollary : 2.2.6 

Every fuzzy ideal ^ of X is order preserving i.e, ^ sat isf ies : 

x < y ^ ^ ( x ) < ^ ( y ) , V x , y e X . 

Proof 

Let be a fuzzy ideal in X. Let x, y e X be such that x < y. 

Then x * y = 1 and so ^ ( y ) = ^ (1 * y ) by (CI 2) 

= ^ ( ( x * y) * y) 

By proposition (2.2.5) ^ ( y ) > ^ ( x ) . 

Proposit ion : 2.2.7 

Let ^ be a fuzzy set in X which sat isf ies ^ ( 1 ) > ^ ( x ) V x e X and 

(^(x * z ) > min { ^ ( x * (y * z ) ) , ^ ( y ) } V x, y, z e X. Then ^ is order preserving. 



44 

Proof 

Let ^ be a fuzzy set in X which sat isf ies ^ ( 1 ) > ^ ( x ) V x e X and 
^ ( x * z ) > min { ^ ( x * (y * z ) ) , ^ ( y ) } V x, y, z e X. Let x, y e X be be such that 
X < y. Then x * y = 1. 

And (^(y) = ^ (1 * y) > min { ^ (1 * (x * y ) ) , ^ ( x ) } . 

By putting x = 1, z = y, y =x in (1) we get, 

^ ( y ) = min {^ (1 * 1), ^ ( x ) } = min{^(1) , ^ ( x ) } = ^ ( x ) . 

••• ^*(x) < M(y) 

. • . x < y ^ ^ ( x ) < ^ ( y ) 

.-. yi is order presenting. 

Theorem : 2.2.8 

Let X be a transitive Cl -a lgebra. A fuzzy set in X is a fuzzy ideal of X. 

Then it sat isf ies condition : 

(i) ^ ( 1 ) > fi(x), V X e X and 

(ii) ^ ( x * z ) > min { ^ ( x * (y * z ) ) , n(y)}, for all x, y, z e X. 

Proof 

A s s u m e that ^ is a fuzzy ideal of X. Then by lemma (2.2.3) ^ sat is f ies, 

| i(1) > ^ ( x ) . S ince X is transitive, we have 

(y * z ) * z < (x * (y * z ) ) * (x * z ) 

i.e., ((y * z ) * z ) * ((x * (y * z ) ) * (x * z ) ) = 1 V x, y, z e X. 

Consider ^ ( x * z ) = ^ (1 * (x * z ) ) by (CI 2 ) 

= |a[((y * z ) * z ) * ((x * (y * z ) ) * (x * z ) ) * (x * z) ] 

> min { ^ ( (y * z ) * z ) , ^ ( x * (y * z ) ) } 

> min { ^ ( x * (y * z ) , ^ ( y ) ) } 

Hence ^ sat isf ies (ii) 
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Corollary : 2.2.9 

Let X be a self-distributive Cl -a lgebra. A fuzzy set ^ in X is a fuzzy ideal 
of X , then it sat isf ies condition 

(i) ^ ( 1 ) > M ( X ) V x e X 

(ii) ^ ( x * z ) > min { ^ ( x * (y * z ) ) , ^ ( y ) } for all x, y, z e X . 

P r o o f : Obvious. 

Definition : 2.2.10 

For every a , b e X , let f i g be a fuzzy set in X defined by 

b . _ fa i f a * ( b * x ) = 1, 

[p otherwise 

for all X e X and a , p e [0, 1] with a > p. 

T h e following example shows that there exist a , b e X such that is 

not a fuzzy ideal of X . 

Example : 2.2.11 

Let X = { 1 , a , b, c, d, 0} be a Cl -a lgebra a s in example (2.2.4) . 

Then ( (a * (a * b)) * b) = ( (a * a ) * b) 

= * b ) 

= Mi(b) 

s ince 1 * (a *b ) * a ?̂  1 = p < a = (a ) 

= m i n { ^ ? ( a ) , ^ ? ( a ) } 

i.e. M?((a * (a * b)) * b) < min { ^ ^ ( a ) , M?(a)} 

^ is not a fuzzy ideal of X . 
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Lemma : 2.2.12 

A non empty subset I of a Cl -a lgebra X is an ideal of X if it sat isf ies. 

(i) 1 e I and 

(ii) x * ( y * z ) e l = > x * z e l , V x , z e X and V y e I 

Proof 

Let I be an ideal of a Cl -a lgebra X . 

S ince x * x = 1 and if x e X , a e I then x * a e I, 

we have 1 = a * a e l V a e l 

1 e I 

Claim : x * y e l ^ y e l , V x e l , V y e X 

Let X e I and y e X be such that x * y e L 

Then y = 1 * y 

= ((x * y) * (x * y ) ) * y e I by (1.1.17) 

Now let X , z e X and y e I be such that x * ( y * z ) e I 

Then y * (x * z ) e I [by (CI 3)] 

S ince y e I, we have x * z e I 

That is, X * (y * z ) e I ^ X * z e I V X , z e X and V y e I 

This completes the proof. 

Theorem : 2.2.13 

Let 1̂ be a fuzzy set in a Cl -a lgebra X . Then ^ is a fuzzy ideal of X iff ^ 

sat isf ies the following assert ion : 

For all a , b e X and a e [0, 1] a , b e U(^ ; a ) ^ A ( a , b) e U(^ ; a) . 

Proof 

A s s u m e that ^ is a fuzzy ideal of a Cl -a lgebra X . Let a , b e U(^ ; a ) 

then ^ ( a ) > a and ^ (b ) > a . L e t x e A ( a , b). Then a * (b * x ) =1. 
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Hence ^ ( x ) = ^ (1 * x) 

= ^ [ a * (b * x) * x] 

> min Ma), ^ (b) } 

> a 

X e U(^ ; a ) 

T h u s A ( a , b) e U(^ ; a ) 

Converse ly , suppose A ( a , b) Q U ( ^ ; a ) for all a , b e U ( ^ ; a) . 

Claim : is a fuzzy ideal of X. 

Obviously 1 e A ( a , b) e U(^ ; a ) V a , b e X. 

Let X, y, z e X be such that x * (y * z ) e U(^ ; a ) and y e U(^ ; a ) 

S ince (x * (y * z ) ) * (y * (x * z ) ) 

= (X * (y * z ) ) * (X * (y * z ) ) [by (CI 3)] 

= 1 [ b y ( C I 1 ) ] 

=> X * z e A ( x * (y * z ) , y) e U ( ^ ; a ) 

U(^ ; a ) is an ideal of X 

Hence by theorem (2.2.2) ^ is a fuzzy ideal of X. 

Corollary : 2.2.14 

If ^ is a fuzzy ideal of a C l -a lgebra X. 

Then U{p.; a) ^ => U ( ^ ; a ) = IJ A ( a , b), V a e [0, 1]. 
a , b e U ( ( i ; a ) 

Proof 

Let be a fuzzy ideal of a Cl -a lgebra X. 

Let a e [0, 1 ] be such that U(^ ; a ) ?̂  O. 

S ince 1 e U(^ ; a ) we have 

U ( n ; a ) Q U A ( a , 1 ) Q UA(a ,b ) . 
a e U ( | j ; a ) a , b e U ( | j ; a ) 

Let X e U A ( a , b). 
a , b e U ( f i ; a ) 
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Then there ex is ts a , b e U ( ^ ; a ) such that x e A (a , b) ^ U ( ^ ; a) , by 

theorem (2.2.13). 

Thus U A ( a , b ) c U(^ ; a) . 
a , b e U ( | i ; a ) 

Definition : 2.2.15 

A fuzzy filter ^ of a Cl-a lgebra X is said to be normal if there exists 

X e X such that ^ ( x ) = 1. 

Example : 2.2.16 

Let X = {1 , a , b, c } be a set with the following table : 

* 1 a b c 

1 1 a b c 

a 1 1 b c 

b 1 a 1 c 

c c c c 1 

Then (X ; *, 1) is a Cl-a lgebra. Then the fuzzy filter ^ in X defined by 

| i(1) = ^ ( a ) = 1, ^ (b ) = ^ ( c ) = 0.3 is a fuzzy normal filter. 

Note 

If ^ is a normal fuzzy filter of a Cl -a lgebra X , then clearly ^ ( 1 ) = 1, and 

hence ^ is normal if and only if ̂ (1) = 1. 

Theorem : 2.2.17 

Let ^ is a fuzzy filter of a Cl -a lgebra X . Let yi* be a fuzzy set in X 

defined by ^• ' (x) = ^ ( x ) + 1 - ^ ( 1 ) for all x e X . Then f̂ "" is a normal fuzzy filter 

of X which contains 
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Proof 

Let ^ is a fuzzy filter of a Cl -a lgebra X . Let ^'^ be a fuzzy set in X 
defined by (^""(x) = ^ ( x ) + 1 - ^ ( x ) for all x e X . 

Then ^""(1) = ^ ( 1 ) + 1 - ^ ( 1 ) = 1 > ^ » for all x e X . L e t x , y e X . Then 

min {^"{x), ^^{x * y)} = min {^{x) + 1 - ^ ( 1 ) , ^ ( x * y ) + 1 - ^ (1 ) } 

= min Hx), ^(x=i=y)} + 1 - ^ ( 1 ) 

< M ( y ) + 1 - M ( 1 ) = M » . 

Hence is a normal fuzzy filter of X . Clear ly ^ e j^"". 

Note 

Let and be a s in Theorem (2.2.17) . If there ex is ts x e X such that 

(^""(x) = 1, then (^(x) = 1 . 

Theorem : 2.2.18 

A fuzzy filter ^ of a Cl -a lgebra X is normal if and only if ^'^ = ^ . 

Proof 

T h e suff iciency is obvious. 

A s s u m e that ^ is a normal fuzzy Cl -a lgebra of X and let x e X . 

Then ^^{x) = ^ ( x ) + 1 - ^ ( 1 ) = ^ ( x ) , hence yi^ = ^. 

Proposit ion : 2.2.19 

If is a fuzzy filter of X , then (^L"^)"^ = ^L"". 

Proof 

For any x e X , we have 

( M T (X) = M » + 1 - M ^ ( 1 ) = M » . 
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S E C T I O N 2.3 

ON (6, 6vqk) -FUZZY F I L T E R S O F C I - A L G E B R A S 

Definition : 2.3.1 

A fuzzy set ^ in a Cl -a lgebra X is called a fuzzy filter of X if it sat isf ies 

the following conditions : 

( F F 1) 1^(1) >^(x) for all X e X . 

( F F 2 ) ^ ( y ) > min {|A(X * y ) , ^;(x)} for all x, y e X . 

Definition : 2.3.2 

Let X be a Cl -a lgebra and k e [0, 1] for a e {e , evqk}, define the 

following 

(i) (x, t) qkf̂ , we mean ^(x) + t + k > 1, 

(ii) (x, t) e vqkf^, means that (x, t) e ^ or (x, t) qk^. 

Note 

For (x, t) a [X, we mean (x, t)a^ does not hold. 

Definition : 2.3.3 

A fuzzy set ^ in X is called an (e , e vqk ) - fuzzy filter of X if it sat isf ies 

( C I ) ( X , t ) e M ^ ( 1 , t ) e v q k M , 

( C 2) (x, t) e and (x * y, r) e ^ => (y, min {t, r}) evqk^ for all x, y e X and 

t, r e ( 0 , 1 ] . 

Note 

An (e , evqk ) - fuzzy filter of X with k = 0 is cal led (e , evq ) - fuzzy filter 

o f X . 
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Example : 2.3.4 

Let X = { 1 , a , b, c} be a Cl -a lgebra a s in example ( 2 . 2 . 1 6 ) . Then define 
a fuzzy set : X ^ [0, 1 ] on X , by ^ ( 1 ) = 0.8, ^ ( a ) = ^ (b ) = 0.4 and ^ ( c ) = 0.3. 
Then ^ is a ( e , evqk) - fuzzy filter of X . 

Theorem : 2.3.5 

A fuzzy set ^ in X is an ( e , evqk) - fuzzy filter of X if and only if it 

sat isf ies two conditions : 

( C 3 ) 1^ (1 ) > min Mx), ^ } , for all x e X . 

1 - k 

( C 4 ) ^ ( y ) > min { ^ ( x ) , ^ ( x * y ) , , for all x, y e X . 

Proof A s s u m e that ^ is an ( e , evqk) - fuzzy filter of X , if ( C 3 ) is not valid, then 

1 - k 1 - k 
( ^ ( 1 ) < ta < min { ^ ( a ) , - fo'' some a e X and ta e (0, — ^ ] -

T h u s (a , ta) e M but ( 1 , ta) e ^. 

Also, 1^(1) + ta < 2 t a < 1 - k, i.e., ( 1 , ta) q k | i . 

Therefore ( 1 , ta) G v q k | i , which is a contradiction. 

1 - k 

Consequent ly ^ ( 1 ) > min { ^ ( x ) , fo"" all x e X . 

A s s u m e that ( C 4 ) is not val id. 
1 - k 

Then there exist a , b e X and t e (0, 

1 - k 
such that ^ (b) < t < min {n(a), ^ ( a * b), ~ ~ ^ } -

1 - k 

If min { ^ ( a ) , ^ ( a * b)} < , then ^ (b) < t < min { ^ ( a ) , ^ ( a * b)}. 

Hence (a , t) e ^ and (a * b) e ^ but (y, t) 
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Moreover, ^(b)+ t < 2 t < 1 - k, and so (b, t) qk fi. 

Therefore (b, t) G vqk| i , which is a contradiction, 

1-k 1-k 1-k 
if min {^(a), ^ (a + b) > then (a, ^ ^ "•' b, ~ ~ ^ ) ^ ^ 

but (b, -—^) e yL. 

., ... 1 — k 1 — k 1 — k , , . ,, 1 — k. , 
Also, ^(b) + — < — + — = 1 - k. I.e. (b, — ) qk^. 

Hence (b, e vqk j i , which is a contradiction. 

1-k 
Consequently, ^(b) > min {^(a), ^ (a * b), fo"" x, y e X . 

Conversely, let ^ be a fuzzy set in X satisfying (C3) and (C4). 

Let X e X and t e (0, 1] be such that (x, t) e J A . 

1 -k 1-k 
Then ^(x) > t, and so ̂ (1) > min {^(x), ^ { t 

lft<ldl,then M(1)>t,i.e, ( 1 , t ) e n . 

If t > — , then n(i)>lJl. 
2 ' 2 

Thus M(1) + t > ^ + ^ = 1 - k. i.e., (1 , t)qk^. 

Hence (1 , t) e vqk^, which proves (C1). 

Let X, y e X and t, r e (0, 1] be such that (x, t) e and (x * y, r) e f̂ . 

Then ^i(x) > t and n(x * y) > r. 

1 - k 
It follows from (C4) that ^(y) > min {^(x), ^(x, y), ~ ~ ^ } 

1-k 
>min{t, r, — } = 

1-k 1-k 
min {t, r} if t < or r < , 

2 2 
1-k . . . 1-k 1-k 

if t> or r > 
2 2 2 

The case ^i(y) > min {t, r} implies that (y, min {t, r}) e | A . 
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1 - k 
From (^(y) > we have 

1 _ 1 _ 1̂  
|j(y) + min {t, r} > + = ^ - i-®- (V- n '̂n {t, r}) qk^. 

Hence (y, min {t, r}) e vqk^. 

Therefore the condition (C2) is valid. 

Consequently, ^ is an (e , evqk)-fuzzy filter of L. 

Theorem : 2.3.6 

A fuzzy set ^ in a Cl-algebra X is an (e , evqk)-fuzzy filter of X if and 

only if it satisfies : 

(*) UdA ; t) O ^ U( |A ; t) is a filter of L, for all t e (0, ^ ^ ] . 

Proof 

Let yi be an (e , evqk)-fuzzy filter of X . 

1 - k 
Let t e (0, be such that U(^ ; t) O. 

Obviously, 1 e U(^ ; t) for all t e (0, 1^]. 

Let X, y e X be such that x e U(^ ; t) and x * y e U(^ ; t). 

Then ^i(x) > t and ^(x * y) > t. 

It follows from(C4) that 

1-k 1 - k 
^(x * y) > min Mx), ^(x * y), — } > min ft—} = t 

so that y e U(^ ; t). Hence U(^ ; t) is a filter of X. 

Conversely, let ^ be a fuzzy set in X in which (*) is valid. 

1 - k 
If there exists a e X such that ^i(1) < min {^(a), ~ ~ ^ } ^ then 

1 - k 1-k 
(^(1) < ta < min {^(a), foi" some ta e (0, —^]- Thus (a, ta) e ^ but 

( l , ta )~M. 
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Also, yi{^) + ta < 2ta < 1 - k, i.e,(1, ta) qk| i . Hence (1 , ta) evqk | i , which 

1 - k 
is a contradiction. Therefore ^(1) > min {^(x), for 3 " x e X. Assume that 

1 - k 
there exists a, b e X such that ^(b) < min {^(a), ^ (a * b), ~ ~ ^ } -

1-k 1-k 
Then |A(b) < t < min { |A (a ) , |A(a * b), for some t e (0, — s ^ i d so 

a e U(^ ; t) and a * b e U(^ ; t ) , but b ^ U(^; t). 

Since U(n ; t) is a filter of X, it is a contradiction. 

1 - k 
Therefore ^(y) > min {^(x), ^(x * y), ~ ~ ^ } for a " x, y e X. 

Consequently, is an (e , evqk)-fuzzy filter of X. 

Corollary : 2.3.7 

A fuzzy set ^ in X is an (e, evq) fuzzy filter of X if and only if it satisfies: 

U( |A ; t) O ^ U( |A ; t) is a filter of X, for all t e (0, 0.5]. 

Proof: Obvious. 

Theorem : 2.3.8 

If A is a filter of X, then a fuzzy set ^ in X defined by ^ : X ^ [0, 1], 

t jf X G A 1 — k 1 — k 
X = < where ti e [ , 1] and {2 e (0, ), is an (e, evqk)-

{2 otherwise 2 2 

fuzzy filter of X . 

Proof 

Obviously, U(^ ; r) = ^ ' ' ^ " ( ^ - ^ I ' i s a f i l t e r o f X . 
X re (0 , t2 ] 

By Theorem (2.3.6), ^ is an (e , evqk)-fuzzy filter o fX. 
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Corollary : 2.3.9 

If A is a filter of X, then a fuzzy set ^ in X defined by 

t- if X G A, 
: L ^ [0, 1 ], X = < where ti e [0.5, 1 ] and t2 e (0, 0.5), is an 

[t2 otherwise 

( e , evqk)-fuzzy filter of X. 

Proof: Obvious. 

Theorem : 2.3.10 

Every fuzzy filter is an ( e , evqk)-fuzzy filter. 

Proof : Obvious. 

Note 

The converse of Theorem (2.3.10) is not true in general which can be 

shown in following example. 

Example : 2.3.11 

Let X = { 1 , a, b, c} be a set with the following table : 

1 a b c 

1 1 a b c 

a 1 1 b c 

b 1 a 1 c 

c 1 a b 1 

Then (X ; *, 0) is a Cl-algebra. Define a fuzzy set ^ : X ^ [0, 1] on X, 

by (^(1) = (^(a) = (^(b) = 0.6 and ^(c) = 0.5 and k = 0.2 then ^ is a ( e , e v q k ) -

fuzzy filter of X but is not a fuzzy filter because ^(c) is not > min {^(b), 

M(C * b)}. 
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Theorem : 2.3.12 

1 - k 
If ^ is an (e , evqk)-fuzzy filter satisfying ^(1) < then ^ is a fuzzy 

filter. 

Proof 

1 - k 
Let yi be an (e , evqk)-fuzzy filter of X such that ^(1) < — u s i n g (C3) 

1-k 1-k 1-k 
we have min {^(x) , ^ MC ) srid so ^(x) < for all x e X. 

It follows from (03) and (04) that ^(1) > ^(x) and ^(y) > min {^(x) , 

M(y * x)} for all X, y e X. 

Hence ^ is a fuzzy filter of X. 

Corollary : 2.3.13 

If ^ is an (e , evq)-fuzzy filter satisfying ^(1) < 0.5, then ^ is a fuzzy 
filter. 

Proposition : 2.3.14 

For any ki, k2 e (0, 1] with ki < k2, every (e , evqki)-fuzzy filter is an 

(e , evqk2)-fuzzy filter. 

Example : 2.3.15 

In Example (2.3.11), define a fuzzy set ^ : X ^ [0, 1] on X, by 

1 (̂1) = ^ (a )= (^(b) = 0.6 and ^(c) = 0.5 and ki = 0 .1 . Then ^ is a 

(e , evqki) fuzzy filter of X. Also by ^(1) = ^ (a) = ^(b) = 0.6 and ^(c) = 0.4 and 

k2 = 0.4, then ^ is a (e , evqk2)-fuzzy filter of X , but (e , evqk2)-fuzzy filter is 

not an (e , evqki)-fuzzy filter. 


