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CHAPTER - IV
ANALYSIS OF (m, N) POLICY OF BATCH ARRIVAL QUEUE
WITH MULTI - OPTIONAL SERVICE AND UNRELIABLE
SERVER UNDER SINGLE VACATION POLICY

INTRODUCTION

All the existing research works on Bi-level control of batch arrival
queues with an early setup have a common assumption that the system
contains single server who provides only one kind of service to the customers.
However in Chapter lll, we have analysed the (m, N) policy for a batch arrival
M*/G/1 queueing system with server vacation, in which the server provides
First Essential Service (FES) to all the existing customers where as only some
of them are provided with Second Optional Service (SOS) when they demand

for it.

Server breakdown is a remarkable and unavoidable phenomenon in
the service facility of a queueing system. Server breakdowns with multi-
optional service are more flexible and applicable in practice than single
service counter parts. However, due to their analytic complexity there have
been only a few studies carried out on multi stages service queueing systems
with server breakdowns. Existing research works, have never investigated the
(m, N) policy of batch arrival queues with multi-optional service and vacation

taking into account the service failures and repairs.

In this chapter, a repairable, M*/G/1 queue with multi-optional service
is considered to analyse the (m, N) policy. It is assumed that the server's
lifetime has exponential distribution with mean 1/a; (1 <i < c) in the i" type of
service. If the server breaks down during the service it is sent for repair
immediately and the customer who was being served during server failure
remains in the service facility, to complete the remaining service. It is also
assumed that the server takes a single vacation whenever the system

becomes empty.
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4.1 Mathematical Analysis of the Model
I Model Description
Arrival Pattern

Customers arrive in batches, so that the arrival streams form a Poisson
process with group arrival rate A. The actual number of customers in any
arriving module is a random variable X which may take any positive integral

value k (< «) with probability Pr(X =k) =g, k=1,2,3, .. ..
(m, N) Policy and Server’s Vacation

As soon as the system becomes empty the server leaves for a vacation
of random length V. When the server returns from the vacation and finds that
the system size is greater than or equal to a predetermined value m then the
server starts a setup operation of random length D. This setup time
corresponds to the preparatory work of the server before starting the busy
period. If after returning from vacation, the server finds less than m customers
in the system then the server remains idle in the system until the system
length reaches at least m and then starts the setup operation. The period
during which the server remains idle until ‘m’ or more customers accumulate

in the system is called buildup period.

At the end of the setup period if the number of customers in the queue
is less than N, then the server remains idle (dormant) in the system waiting for
the queue length to reach or exceed N, to start a service. This idle period is
called dormant period (or) stand by period. On the other hand, if at the end of
the setup period, queue length is greater than or equal to N, then the server

begins to serve the customers exhaustively.

Service Process

During busy period, the server provides c-kinds of general
heterogeneous service to the customers .The customers are served, one at a

time. Just before a service starts each customer has the option to choose the
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i (1 <i < c) type of service with probability r; where Z rr=1. It is assumed
i=1

that the i type of service time S; follows an arbitrary distribution and its

distribution function, density function and the first two moments are Si(t), si(t)
and E(Sik)(1 < i < c) respectively. The customers undergo only one type of

service according to their choice and leave the system as soon as the service

is complete.

The server may breakdown at any time while serving customers. It is
assumed that the server's life time has exponential distribution with mean a;
(1 <i<c)in the i type of service. When the server breaks down, it is sent for
repair immediately. If the server breaks down during the i type of service, the
customer just being served before server breakdown waits for the server in
the service facility to complete the remaining service. The repair time B; is
arbitrarily distributed and has probability distribution function Bi(t) density
function bi(t) and the first and second moments as E(B¥) where (1<I| <c) and
(k =1,2) . Immediately after the server is fixed, it starts to serve the customer
who is waiting for his remaining service. It is assumed that the service time for
a customer is cumulative and after repair the server is considered as good as

new.

Thus in this model, vacation period, build-up period, a setup period and
a standby period together give an idle period. The busy period and the
breakdown period constitute a completion period. The idle period and a

completion period will determine a cycle.

The customers continue to arrive and join the system independent of
the system states, following the compound Poisson process. Various
stochastic processes involved in the queueing system are assumed to be
independent of each other.

This model is denoted by M%‘m‘N) IGi 15i<ey/1/SVIBD
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The following notations are used to write the partial differential
equations using supplementary variable technique. The remaining service
time, setup time, vacation time and repair time are introduced as the

supplementary variables.

Let Ns(t) denote the system size at time ‘t' and (m, N) denote the
thresholds. The CDF, pdf and LST (the cumulative distribution function,
probability density function and the Laplace Stieltjes transform) of various

random variables are listed below.

Remaining k™"
RV  CDF pdf time of LST moment

random variable t

Service time Si Si(x) i 0 * k
(1<i<c) k. sl =il S
Vacation time Vo V(X)) v(x) VO(t) V*(0) E(VK)
Setup time D D(x)  d(x) D(t) D*(6) E(DX)
Repair time Bi Bily) b 0 *] k
(1<i<c) v) Bi (t) b] (91) E(Bi )

Il Steady State Equations

Attimet, let Y(t) = 0, 1, 2, 3 and 4 respectively denote that the server is
on vacation, buildup state, setup, in dormant, busy and in breakdown state
respectively. Then the state of the system at time t can be described by the
Markov process as K(t) = { Ns(t), &(t) } t =0 where &(t) = Q°(t), 0, D°(t), 0
SP(t), BY(t) according as Y(t) = 0, 1, 2, 3 and 4 respectively. The transient

system states are defined by

Qn(x, t)dt = Pr{Ns(t) = n, x < VO(t) < x + dt, Y(t) = 0}

Rn(t) = Pr{Ns(t) =n, Y(t) = 1}, 0<n<m-1
Da(x,t)dt = Pr{Ng(t) =n, x <D°t) < x +dt, Y(t) = 2}, n>m
Un(t) = Pr{Ns(t) = n, Y(t) = 3}, m < n < N-1
Pai(x, t) dt = Pr{Ns(t) =n, x < S(t)< x+dt, Y(t) = 4}, n>1
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Bni(x, y, ) dt = Pr{Ns(t)=n, S°(t) =x,y<B?(t) <y+dt, Y(t)=5}, n>1
i=1,2.3, ...,

Thus, P, (x, t) dt (1 <i < c) denotes the joint probability that at time t,
there are n customers in the system, the server is doing i type of service and
the remaining service time of the customer lies in the interval [x,x + At]. P,;(0)
(1< i < c) denotes the corresponding probability at the termination of i
service time.

Bn,i(x,y,t)dt denotes the joint probability that at time t, there are n

customers in the system, one being provided with i type of service facility
with the remaining service time is equal to x, and the server being repaired
has remaining repair time between y and y+dt . The corresponding probability

at the termination of the i repair time is Bn, (x,0,t)(1 <i <c) and the other

notations corresponding to buildup, dormant, setup and vacation states are as
mentioned in previous chapters. Let the steady state system size probabilities

be independent of time t, and given by,

t It Rn(t) = R, t It Un(t) = U,
t It Qn(t) = Qn(x) t It Dn(x, t) = Dn(x)
t It Pnix,t) = Pni(x) t It B,i(xy.t) = B,ixy)

Following the arguments of Cox (1955) and observing the changes of
states during the interval (t, t + At) for any time t, the steady state equations

are :

-2 (Qux) =2 Qlx) + P1(0) v(x) where P1(0) = Y P, (0) (4.1)
=1

— % Qn(x) + A Z Q, ., (X) O n>1 (4.2)

k=1

A Ro = Qo(0) (4.3)

d
" dx (Qn(x))
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A R, = Qp0)+A Zn: Rk Ok 1<n<m-1 (4.4)
k=1
- L D) = -2Da(0+ Q) )+ 1S Ry 6 A0 (4.5)
k=1
- L0 = -AD QO A+ A D Ry gk d)
k=n-m+1
+A n_zm D, (x) gk, n>m+1 (4.6)
k=1
A U = Du(0) (.7)
A Un = Dy0)+ 1 nin Up_k Ok, m+1 <n < N-1 (4.8)
. k=1
- L PuK) = -0+ )PS0 D) Py (0) + Bufx, 0

=1

1<i<c  (4.9)

c n-1
- Pu) =~ 8) P+ 1800 D P (0041 D Py (008,
X j=1 k=1
+ Bni(x, 0) 2<n<N-1;1<i<c (4.10)
(o] n-1
= % (Pni(x)) = —(A+a)Pni(x) +risi(x) D Poyj(0)+ 1 Y Py i(X) g,
j=1 k=1
+ Bni(x, 0) + A r; s(x) nim Un-k 9k * i si(x) Dn(0)
k=n-N+1
n>N, 1<i<c (4.11)
- d_dy (B1i(x,y)) = —=AB1i(x,y) +a Pq(x)bi(y), i=1toc (4.12)
n-1
= C% (Bni(%Y)) = —ABni(x,y)+aiPni(x) bi(y) + & > Bp i(X,¥) gk
k=1

i=1toc, n>2 (4.13)
To obtain the PGF of the system size probabilities LST is applied first
with respect to x.
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Let Bpi(6,0) = [ e *Bn(x 0)dx

o—38

and B;,i(e,y) = e'OXBm(X y) dx

O — 8

and the other LSTs are as mentioned in previous chapters.

Thus we have

0 Q;(0) —Qo(0) = X Qj(6) — V*(0) ,21 P, (0) (4.14)
0 QL(0) —Qn(0) = A QL(6) —A Z Q. () g, n>1 (4.15)
0 D;,(0) —Dn(0) = A D},(6) — Qn(0) D Z Ry« Ok (4.16)
0 D;(6)-Dn(0) = A D}(6) — Qn(0) D*(0)—2 D*(0) zn; 1Rn_k Ok
k=n-m+

Y nan: Dr«(6) gk, n>m+1 (4.17)

6 P(6) —P1i(0) = (A+a)Pyi(0) -1 S Z P,(0) - B}(6,0)  (4.18)
Pri(0) —Pni(0) = (A+a) P:,(0)-r S (0) zc; P,.1.(0)
=
—A nz1 Prk.i(6) gk — B(6,0) 2<n<N-1 (4.19)
k=1

0 P;i(0) ~Pai0) = (+a)PLy(0) -1 S, 121 oot (0)- 2 kz: P (63

- Ar §7(0) nzr:n Unk 9« — i S (6) Da(0) — B :(6,0)

k=n-N+1
n=N (4.20)

—d—dy B,(0.Y) = —2Bi(0,y)*aP(0) b(y) (4.21)
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d * * * n71 *
_d—y B..i(6,y) = —AB,i(6y) +a P ;(0) b(y) + A Z B.k.i(0,Y) g
k=1
n>2 (4.22)

Moreover when the server is in repair state, the LSTs with respect to

the remaining repair time (y) are needed.

Let B.1(0,0,) = je-"ﬂ B .(6,y)dy n>1
0
Bl (6) = [e"b(y)dy
0
and hence taking LST of the equations (4.21) and (4.22) with respect to y ,
we have,
01 By (6,0,) — By ;(6,0) = A B (6,0,) - a Py (6) B (6;) (4.23)

01 B, (6,64) - B,;(6,0) A B, (6,0,) - aP,;(06)B(0,)

n-1

-1 Y Bi(6,6,) g, n>2  (4.24)
k=1

Il The Probability Generating Function

Equations (4.1) to (4.8) are similar to the corresponding equations of

section (3.1) of chapter Ill. Hence the partial generating functions R(z), U(z),

D(z, 0), D*(z,0), Q(z, 0) and Q"(z,0)are obtained similarly as

m-1 n
R@) = Pi0) Y 25 =Py(0) y(2) (4.25)
n=0
N-1 d)S 2N
U) = Pi0) X P =Py(0) 4s(2) (4.26)
D(z,0) = Py0) D'(wx(@)[V'(W(2))-wx(2) v(2)] (4.27)

(D" (wx(z))-D"(6))
(6 —wx(2))

O
~
N
D
N

I

P1(0) [V'(wx(2)) - wx(z) w(2)](4.28)



Q(z, 0)

P1(0) V*(wx(2))

p.(0) (Y (Wx(2) =V"(©)

and Q"(z,0) ©-We(2)
— WX

where wx(n) = A1-X@), X@) = ¥ g2 , P+(0)

k=1
and m,'s, w,'s and ¢,’s are given by
n
mo =1, M = ) G M 0<n<m-1
i=1
n
Yo = oo \un—ZOL,nn_, 0<n<m-1

with  £0 = an+ ) yi g
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(4.29)

(4.30)

C
= > P10

=1

(4.31)

(4.32)

an and hy's denote the probabilities that n customers arrive during a

vacation time V and setup period D respectively.

Thus the partial generating function of the system size when the

server is in idle state (vacation, buildup, setup and dormant) is given by

Pi(z)

Q" (z,0)+ R(z) +
P1(0) (Is(2))

D*(z,0)+ U(2)

1-D"(wy (2) Vi (Wy(2))
Wy (2)

where Is(z)

— |+ D (Wx(2)) (w(2) + $s(2)

(4.33)

(4.34)

To obtain the remaining partial PGFs corresponding to the breakdown

state B"(z,0,0,) and busy state P(

define, B{"(z6,0,) =) B

n=I

e kl691)2 and P/(

z,0) due to the i™"

type of service we

[0 0]
Z <i<c

=1
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Equations (4.23 and 4.24) imply, for (1<i<c),

(01— wx(2)) B"'(2,6,6;) = B;(2,6,0)-a P(z,0)B/"(6,)

when 61 =wx(z) , B{(z6,0) =ai P’(z,0) B"(Wy(z)) (4.35)
and hence,
s _ (Bi"(wx(2))-B"(64)) _ .
B (z,0,0,) e e P’ (z,0) (4.36)

Similarly equations (4.18) to (4.20) imply for (1 <i < c)

(0 - wi(2)- a)P; (2,0) = P(z.0) - =) [iﬂ(zﬁ)-iﬂ ,1-(0)4 - B{(2,6,0)

J =1
o0 " 0 n-m
-nS;(8) >, D" -AnSi(6) ). z" > Unyok (4.37)
n=N n=N k=n-N+1
Equations (4.7) and (4.8) give
N-1 N-1 n-m
AUR) = Y D(0)z"+r > 2" > Uy ok (4.38)
n=m n=m+1 k=1

Multiplying equation (4.38) by (- ri S/(0) ) adding with equation (4.37) and
using equation (4.35) the following equation is obtained.

c P(z0
Pi(z, 0) -1 S{(0) (D - :

=1

(i.e.) (6-h, (Wx(2))P'(z0) - P4(0)

+D(z, 0) - U(z) wx(2))
Wi(2) + a (1 - B} (Wx(2)) (4.39)

where h, (Wx(z))

when 6 = h, (wx(2))

Pi(z,0) = riH(wy(z i —P1 0)+D(z,0)-U(z)w(z) (4.40)
=1

where Hi(wy(z)) = S;(h, (Wx(2)))

Thus equation (4.39) can be simplified as



116

* S I:DJ
= n (Hi(wx(z Z (0)+D(z,0)-U(z)wy(z) | (4.41)
j=1
Adding equation (4.40) over i=1toc
Y R0 = 2 [Z i H?(w(z»} PA2.0)~ RO~ D2 Wy (2)
= = Z- Z r H (wx(2))
izt
" D(z,0)-P;(0) -U(z) wx(2)
= H 4.42
’ (WX(Z){ (z-H (wx(2)) } B
where H( Zc: r H (w
i=1
The equation (4.41) is simplified as
_ + = itk -8 z
(6 — h,, (wx(2)) P (2,6) i (Hi (wx(2)-S](0)) [Z_H* . (Z))}
(D(z, 0) = P4(0) — U(z) wx(2)) (4.43)
Substituting for D(z, 0) and U(z) from equations (4.26) and (4.27),
D(z, 0) - P4(0) — U(z) wx(z) = — P1(0) wx(2) Is(2) (4.44)
where Ig(z) is given by (4.34)
Hence the equation (4.43) becomes
P 20) = zr HWE@)-S0) POEWx@NIS@) 4 40
(6 —h, (Wx(z)) (z-H(wx(2))
Further when 6 =64 =0 ,equation (4.36) implies
B, "(z,0,0) = (1—Bi*1(wx(z)))ai P’(z,0) 1<i<c (4.46)
(Wx(2))
Then P*(z,0) + B™(2,0,0) = zr, {HWx@)=1 o1 ) (4.47)

(z—-H'(wx(2)))

Thus the total PGF Pbr(m N)( Z) is given by
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C

Pormn)@ = Pi(z) + ) (B["(z,0,0)+P’(z0))
i=1
= P1(0) IS(Z) 1 + z (H*(WX(Z))_1)
(z-H(wx(2))
P @ P1(0)(z—-1)H (wx(2))Is(2) (4.48)

(z-H"(wx(2)))
IV Performance Measures

The steady state system size probabilities at various states are derived
as follows. Let Ppuid, Pset, Pdor, Pousy, Pv @and Py denote the probability that the
server is in buildup, setup, dormant, busy, vacation and in breakdown state

respectively. Then

() Pouw = Mt R@ = P1(0) w(1)
(i) Pset = It D(z0)=  Py0)E(D)
(i) Poor = Mt oU@ = Pa(0) ¢s(1)
(ivy P, = It Q(z0) = Py(0)E(V)

Thus the probability that the server is in idle state is given by

(v) P a P1(0) Is(1) = P4(0) Ds(m, N)
m-1 N-1

where Ds(m, N) = |E(V)+ED)+ > yy(1/N+ ), eS(1/N) (4.49)
n=0 n=m

(vi)  Further the probability that the server is in busy state is given by

P.,

z—1

C C
i=1 i=1
P,(0) A E(X)

where P, = It P(z,0) = et )
~ Por

(; E(S;))Dg(m,N)
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(i.e), Pbusy = pcc P1(O) Ds(m, N)
(1—pbr)
where p. = A E(X) Zc: r E(S;) and
i=1
S = LE(X) Y RES) (1+aE®))
i=1

(vii)  The probability that the server is in breakdown state is given by

Por = It B (z0,0)

(o}
i=f %

= AEX) Y RES) a EB) 2sMN)

P4(0
i=1 (1—p§r) L

C
Hence  Pousy+ Por = P:(0) [ch] Ds(m, N)
1= Pbr

The normalizing condition implies,

P1(0) = (1-pg) / Ds(m, N) (4.50)

Thus the probability that the server is in busy state is given by

Pousy =  (AE(X) E(S) = pc
C
where E(S) = r E(S;)
i=1
substituting for P4(0) = (1-pg,) / Ds(m, N) in equation (4.48),

S = (eB)E-NH Wx@) 15(2)
br(m,N) (z-H (wx(2)  Is(1)

Thus the ergodic condition for the model is pg, < 1.

V  Decomposition Property

The PGF of the system size of the model under consideration is
decomposed into product of two Probability Generating Functions one of

(1-p5) (z-1)H (wx(2))
(z-H (wx(2)))

which is PS (z) = and this gives the PGF of the
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corresponding classical breakdown model provided with c-types of

I5(2)
Is(1)

the conditional system size distribution during the server idle period.

heterogeneous service facility without N-policy and

gives the PGF of

VI Mean Queue Length

Let L., Lbuid, Lset, Laor, Lousy @and Ly denote the expected system size
when the server is in vacation, build up, set up, dormant, busy and in

breakdown state respectively. Then

(i) Lo = AE(X)(E(V?)/2)P4(0)

m-—

-t

ny,
n=0 A

(i) Lt = Py(0) % E(X) (E(D?)/2) + E(V) E(D) + E(D) 5 o)

n=0

(iv)  Lgor = P4(0) Z , follow by differentiating the equations (4.25) to

(4.30)atz=1.
Thus the expected system size (Lige) wWhen the server is in idle state is

obtained by adding (i) to (iv) and is given by

(V) Lige = Ls (m, N) P4(0)

m—1 m-1 N-1 S
\V ny no d
where Ls(m, N) = Lo + E(D AL n+ = —lle(z
& : : i R r; r§n A dz s )]Z=1
with Lo = AE(X)(E(V?¥)/2+ E(D? /2 + E(V) E(D))

c * %
() Lousy *Lor= = (XIR (@.0)+B " (2.0,00),

(z-1)H (wx(2)-1)Is(2)
(z-H (wx(2)))

=P4(0) %( from equation (4.47)

z=1

L ,N D
Lousy *+Lor = P * P1(0)] S8 PSIT) \e ox 1)) + AE ) ZEH?)
(1'pbr) 2(1- pbr)
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where E(H) = rE(H) with E(H) = (1 +a E(B) E(S)

C

i=1
C

E(H) = Y rE(H?) where ,E(H?) =a E(B?)E(S)+(1+a E(B;))? E(S?)
i=1

Then the expected system size is given by

L = Lyr/e (1< —_— Ls(m,N)

< 1<

br(m,N) M*/G, (1< i<c) /1/SV/br D<(m,N)

NE(X(X - 1) E(H) + AE(X))* E(H?)
2(1-pf)?

gives the mean system size of the corresponding breakdown model provided

C
- %
where LMX/Gi (i=1toc)//svibr — | Pbr

with c- types of heterogenous service facility.

VI Other system characteristics

Let E(Cycle), E(Busy),E(l) and E(W;) denote the expected length of
cycle, busy period, idle period and expected waiting time in the system. Then

from V- (ii), (vi) and (v) we get,

: _ 1 _  (1-pgp)
E(Cycl = =
O HEYe) = 5@ T D)
(i) E(Busy) = Pousy E(cycle) = —LC— Dg(m, N)
(1‘pgr)
(i) E(idle) = P E(cycle) = Ds(m, N)
LC
(iv) EWs) = —2(mN (Using little’s formula)

A E(X)

VIl Queue Size Distribution at Departure Epoch

Theorem If ©* (z) denotes the PGF of the system size distribution at

departure epoch of the system under consideration, with stability condition

pg <1 then n°(2) = E(1X) ((X(sz}”) Pormn)@
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Proof Let =] denote the probability that there are j customers in the system

C
at departure epoch then, =" =D P..,:(0) | where D is constant then
j j+1,i
i=1

o0

n'(z) =Y nt 2= (g)[z F’,(z,O)}

=0

C
Substituting for Z P.(z,0) from equation (4.42) and evaluating D from the
i=1

normalizing condition it is found that

+ _ 1 (X(z2)-1)
n'(z) = E(X)( —r th?r(m,N)(z)

4.2 Optimal Management Policy

By following the procedure of section (2.1.2), the optimal threshold

values (m*,N") can be obtained.

Recalling the cost structure as ,Cy(startup cost per cycle), Cse(setup
cost), Cgo(standby cost), Cpusy (Operating cost), C, (holding cost per
customer), Cy(breakdown cost)and C, (reward cost) per unit time, the

average cost per unit time of the system is given by

C
T(?r(mv N) = [ Y + Cset F)set + Cdor Pdor £ Cbusy Pbusy + Cbr Pbr
E(Cycle)

+Ch LNy — Cv Pl

By substituting the corresponding measures,

1_ € ) N-1 ¢S N-1 n¢S ,
TON(m,N)= U —Pbr) | S 458 (mysC =h+C —n | 4+ A
¢ (M,N) Do(m Ny | o1 br(M) + Cyor n=zm i hngr:n = br

where Agr = (1 - plc)r) (Cy + Coet E(D) - Cy E(V))
+ Cp (» E(X)) (E(D?)/2 + E(D) E(V) + E(V?)/2)
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m-1
n
26,(m) = [(1-p5,)Couta + Cr A ED)ECX)] 3. Y0+, 3 ¥
n=0 A n=0 A
C
Abr = Cousy p° + Cor A E(X Z i E(S;) ai E(Bi) + Ci LMx/Gi (i=1toc)/1/SV

i=1

By proceeding as in previous chapters it is found that , the conditional

optimal threshold policy is given by

N'(m) = Min {k > 1/ HE (m,k)> 0}

where Hg(m, k)=Ch (k ¢y +Z (k-n) "’" J* Caor (1-p; ) £on— (Af, +25,(m))

n=m

MB

with /% = E(D) + E(V) + WT

3
I
o

Thus the optional value (m",N°(m)) and the corresponding

T.(m*,N"(m)) can be obtained similarly, as in Chapter III.

4.3 Particular cases

(1) When ¢ = 1 the results of single service breakdown (m, N) policy
queueing model with single vacation can be obtained. If the service time,
vacation time and setup time follow exponential distribution then the
corresponding results of section (2.1) and section (4.1) coincide under the

condition that r; = 1 for every i.

(2) Whena; =0, (1<i <c) the results of M(mN)/G' asisg/ 1/ 8V

model without server breakdown can be obtained.



123

4.4 Numerical Analysis

In this section we provide numerical results of (i) Optimal expected
system size (L%r(m*‘N*) ) (i) The optimal threshold values (m*,N*) of (m ,N)
(iii) The total expected cost per unit time Tc(m ,N ) and (iv) the optimum value
Tc(m*,N*) for the M* /G; (i=1t03)/ 1/ SV/ BD geueing system.

For computation purpose the following distributions are assumed for

setup time D ,vacation time V, service time (S;) repair time R; where i=1,2,3

and for the batch size x.

Random Distribution
Variable () F(y) Mean E(y) Second order moment
E(S)= L+ 1
)= 2 a -a
s Two stage hyper M1 Hq E(Sqy)=2 (—21- 1)
1 exponential 7 11122
0 <a1 <1
, 1 2. J
Uniform E(S,) = — E(S5)= —
Sz distribution “ g 2773
2 2
Ss Exponential E(S3) = "y E(S3)=—
distribution M3 H3
Gamma 2 E(Dz) :L
D Distribution E(D)= - 2
G(2,u)
1 EV?) =2
Vv Erlang 3 type E(V) = — (V9 = =S
distribution n 3n
2 2
R Exponential E(R) = il E(Ri)=—
1i=1.23) distribution Bi B
) 2
X Geometric E(X) =1 E(X(X-1)= P 5
distribution 1-p (1-p)

ri (1<i<3) denotes that the probability that the customers choose the ith

type of service. aj and B i (1 <i<3) denote the breakdown rate and repair rate

respectively.
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Tables (4.1) and (4.2) show that as the mean vacation time E (V) =1/n or the
mean setup time E(D)=2/v decreases, the mean system size also decreases.
The table values also show that the mean system size increases with the
arrival rate A. The parametric values chosen to construct the Tables (4.1) and
(4.2) are the same. Their corresponding graphical representations are given in

figures (4.1) & (4.2) .

Table (4.1) : Mean system size LY . .\~ Wwith respectto A and n
br(m*N*)

(Ch, Chuild, Cset . Cdor, Cousy: Cy ,Cv, Cur) =(100, 10, 40, 100,1000 ,10000,10, 10) :
(p, m3,v,E(S4)) = (.75,.5,.2,,63); (rq,r2,13)= (.2,.5,.3);

(a1, a2, a3 )= (.2,.1,.2) ; (B1, B2, B3) = (.2,.3,.4);

X n 03 04 05 25 35 45 5
005 | 5618 | 4637 | 4.103 | 2.8871 | 2.854 | 2.841 | 2.837
0.075 | 9.134 | 7563 | 6.578 | 4.567 | 4504 | 4.478 | 4.071
0.1 13.067 | 10.916 | 9.379 | 6.604 | 6.506 | 6.464 | 5.352
0.125 | 17.588 | 14.866 | 13.084 | 9.16 | 9.072 | 9.007 | 8.088
015 | 23.05 | 19.771 | 17.451 | 12.65 | 12.556 | 12.472 | 11.347
0.175 | 30.255 | 26.427 | 24.075 | 18.041 | 17.797 | 17.689 | 16.557

Table (4.2) : Mean system size L%r(m*,N*) with respect to A and v

All the parameters are as in Table (4.1) with n =.35

A v=.056 |v=075| v=. v=.15 1| v=, =25 | v=.
0.05 7.126 | 5268 | 4.332 | 3.378 | 2.854 | 2.542 2.374
0.075 | 10.841 | 8.033 | 6.629 | 5.223 | 4504 | 4.085 30713

0.1 14,982 | 11.179 | 9.313 | 7.446 | 6.506 5.938 5.551
0.125 | 19.747 | 14.916 | 12.554 | 10.225 | 9.072 | 8.361 7.895
0.15 | 25.498 | 19.624 | 16.759 | 13.946 | 12.556 | 11.727 | 11.161
0.175 | 33.034 | 26.109 | 22.728 | 19.424 | 17.796 | 16.827 | 16.188




Fig. (4.1) L%r(m*,N*) with respect to A for different n

L b me )
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005 0075 0.1 A gi125 015 D175 0.2

——n=03 —+—n=04 ——n=05 ——n=.25 —=—n=5

Fig. (4.2) %r(m*‘N*) with respect to A for different v
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The values in tables (4.3) and (4.4) give the optimal mean system size
as breakdown rate (a1) and repair rate (81) vary. The numerical results are
calculated for two different cases namely ry = .3 and ry = .6 where ry denotes
the probability of selecting first type of service. Similarly the analysis can be
carried out by changing (@i, 8i andr; )i=1,2,3. The table values show that,
the system size (i) increases with breakdown rate a; and (ii) decreases as the
repair rate B 1 increases. The pictorial representation of the above discussion

is given in figures (4.3) and (4.4)

Table (4.3): L%r(m*,N*) with respect to a4 for various f1

Parameters are as in Table (4.1) with n =.35 and A=.175, (ry,r,r3)=(.3 .3, .4)

as Bi=1| B1=.1256 | B4 =15 | B =175 B1=.2 B1=.25
0.1 19.25 18.67 18.33 18.103 17.95 17.74
0.15 20.54 19.58 19.03 18.668 18.42 18.09
0.2 21.99 20.59 19.79 19.272 18.92 18.46
0.25 23.63 21.7 20.61 19.82 19.45 18.85
0.3 25.5 22.92 21.5 20.61 20.02 19.25
0.35 27.63 24.23 22.5 21.36 20.62 19.69

Table (4.4): Ly, N+ With respect to a; for various B, forry = .6

Parameters are as in Table (4.1) with n =.35 and A=.175, (rq,r,,r3)=(.6 .2, .2)

as Bi=.1 B1=125 | B1=15 | B1=175 | B1=.2 | B1=.25
0.1 2412 22.521 21.61 21.02 20.61 20.08
0.15 28.17 25.21 23.57 22.56 21.88 21
0.2 33.53 28.51 25.91 24.34 23.31 2202
0.25 40.89 32.68 28.71 26.41 24.93 23.14
0.3 51.69 38.05 32.11 28.83 26.8 24.38
0.35 68.44 45.23 36.32 at.7 28.93 25.76
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Fig. (4.3) L%(m* N*) with respect to a; for various B1 (r1 =.3)

Fig. (4.4) L°,(m*,N*) with respect to a; for various B+ ( ry =.6)
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The system size probabilities corresponding to different states of
the server are presented in Table (4.5) and figure (4.5). p. and pg, are given

by pe=A E(X) X nESvand pS =L E(X) 3 5 s (1 +a E(B)).
i=1 1=l

Table 4.5 : System size probabilities with respect to A

All the parameters are as in Table (4.1) with n = .35.

p
A Pbusy Py Pset Pbuild Pdor Pbr $ Por

0.05 0.126 0.068 0.237 0.412 0.092 0.066 0.126 0.066

0.075 0.188 0.072 0.251 0.272 0.12 0.098 0.188 0.098

0.1 0.251 0.069 0.242 0.184 0.122 0.131 0.251 0.131

0.15 0.377 0.058 0.201 0.09 0.078 0.197 0.377 0.197

0.155 0.389 0.056 0.196 0.084 0.072 0.203 0.389 0.203

0.175 0.44 0.046 0.163 0.058 0.063 0.23 0.44 0.23

0.2 0.502 0.034 0.12 0.035 0.046 0.262 0.502 0.263

0.225 0.565 0.021 0.073 0.018 0.027 0.295 0.565 0.295

0.25 0.628 0.007 0.024 0.005 0.007 0.328 0.628 0.328

0.7 -
0.6
05 -
04 -
3. -
0.2 -
01 - —

: W}"«
0

T T T T T

0.1 0.2 @3 . P an 05 06 0.7
—+—Pbusy ——Pvy ——Pset —— Phuild Pdor ——Pbr

Fig. (4.5) system size probabilities with respect to p
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The total cost function Tc (m,N) and the optimal cost Tc(m*,N*) are
tabulated in table 4.6. Figure 4.6 gives the graphical representation of the cost

function. The optimal cost Tc (m*,N*) = 650.821 is observed at m*=16,N* = 22

Table 4.6 : The expected cost Tc(m,N) Vs m and N.
(Ch. Coutd, Ceet. Caor. ., Cousys Cy. Cv, Cor) =(8, 8, 100, 100, 1000 , 10000, 8, 100)
(p.Av,n,u ESY)) = (75,.18, .2, .5,.5,.484) ;
(ri,r2,ra) = (6,.2,.2);(ar, 0p ,03) = (.25,.15,.25) ;
(B1,B2,B3) = (.2,.3,4);C=3.

mN 17 18 19 20 21 22 23 24
8 | 656.567 | 655.428 | 654.557 | 653.936 | 653.545 | 653.361 | 653.387 | 653.592

9 | 655.846 | 654.737 | 653.894 | 653.295 | 652.924 | 652.762 | 652.797 | 653.013

10 | 655.225 | 654.144 | 653.324 | 654.144 | 653.324 | 652.746 | 652.391 | 652.516

11 | 654.701 | 653.645 | 652.846 | 652.286 | 651.945 | 651.810 | 651.866 | 652.099

12 | 654.272 | 653.238 | 652.457 | 651.911 | 651.583 | 651.458 | 651.521 | 651.760

13 | 653.934 | 652.919 | 652.154 | 651.620 | 651.302 | 651.185 | 651.253 | 651.497

14 | 653.614 | 652.686 | 651.934 | 651.411 | 651.101 | 650.989 | 651.061 | 651.307

15 | 653.316 | 652.484 | 651.795 | 651.281 | 650.976 | 650.868 | 650.943 | 651.188

16 | 653.043 | 652.319 | 651.700 | 651.227 | 650.927 | 650.821 | 650.896 | 651.140

17 | 652.800 | 652.194 | 651.653 | 651.227 | 650.950 | 650.844 | 650.918 | 651.160

Fig. 4.6: The expected cost Tc(m,N) for Vs m and N when C = 3 servers
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Tables (4.7) and (4.8) exhibit the optimal policies for double and
single threshold models, for different values of service selecting probabilities
(r1, r2, r3 ) and breakdown rates (a1, ap,a3). From the Tables (4.7) and (4.8), it
is found that as r; or a; increases, (m*,N*) decreases and Tc(m*,N¥)
increases. The expected cyclic length for (m,N) policy is found to be longer
than that of N policy in either cases as expected. For Tables (4.7) and (4.8)

cost elements and parameters are as in Table (4.6).

Table (4.7) optimum threshold with respect to (ry, rz, 3 )

(ry,ra,r3) | (M*,N*) | Tc (m*,N*) | Ecy(m*,N*) | N* | Tc(N*) Ecy(N*)
(.2,.5,.3) | (7,18) 770.139 123.270 14 773.935 120.535
(.3,.4,.3) | (5.17) 788.778 127.638 13 793.363 126.081
(4,.28,3) |(317) 809.993 136.64 12 815.52 132.694
{.5,.2,.3) | (3,16) 834.704 144.934 11 841.327 140.714
(.3,.3,.4) | (3,9 2648.031 938.79 1 2655.695 675.13

Table (4.8) optimum threshold with respect to (a1, a 2, a3)

(a1, aa, a3) | (M*N*) | Te (m*N¥) | Ecy(m®N¥) | N* | Tc(N¥) Ecy(N*)

(.35,.15,25) | (14,21) 656.438 101.539 18 657.726 99.163

(.35,.45,.35) | (10,19) 676.849 113.882 15 679.662 109.218

(:55,.25,.35) (5,18) 708.1011 129.622 13 712.615 124.520

(.45,.45,55) | (4,17) | 729.317 | 136.6866 | 12 | 734.763 | 131.093

{:5;:5,:5) (2,14) 814.902 169.539 9 823.742 162.214

(«7B,:55,45) (2,12) 921.323 207.035 8 931.323 201.844




