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CHAPTER-I
CHAPTER-I

INTRODUCTION


         Queueing theory is  a branch of applied mathematics utilizing concepts from the field of stochastic processes. It is applicable in a wide variety of situations that may be encountered in business, commerce, industry, healthcare, public service and engineering. Queueing theory is directly applicable to intelligent transportation systems, call centers, PABXs, networks, telecommunications, server queueing, mainframe computer of telecommunication terminals, advanced telecommunication systems and traffic flow.
A queueing system can be described as customers arriving for service, waiting for service if it is not immediate, and if having waited for service, leaving the system after being served.                                                                                        

CHARACTERISTICS OF QUEUEING THEORY

The basic features which characterize a system are
                           1. Arrival Pattern

                           2. Service Pattern

                           3. Queue Discipline

                           4. The Number of Service Channels

                           5. System Capacity

Arrival Pattern
The arrival pattern describes the way in which the customers arrive and joining the queueing system. Generally, it is not possible to find out or to observe and control the moment of customers arrival for service. Hence, the arrival pattern to a queueing system is measured in terms of the average number of arrivals per some unit of time, mean arrival rate or by the average time between successive arrivals, mean inter-arrival time.

Arrival may be either single or batches of variable or fixed size. An arrival pattern that does not change with time is called a stationary arrival pattern. In this case, a steady state condition occurs. If the arrival pattern is time dependent, then the input process is called non-stationary.

Service Pattern
The service pattern describes the manner in which service is rendered to the arrivals. Customers may be served either singly or in batches of variable or fixed size. The amount of time which a customer takes to be serviced by the server is called the service time.
Queue Discipline

 
The queue discipline is the method by which customers are selected from the queue for processing by the service mechanisms (also called servers). The queue discipline is normally First-Come-First-Served (FCFS), where the customers are processed in the order in which they arrived in the queue such that the head of the queue is always processed next. Most queueing models assume FCFS as the queue discipline. Some other common usage are Last In First Out (LIFO), selection for Service In Random Order (SIRO) and a variety of priority schemes, where customers are given priorities upon entering the system.

The Number of Service Channels

The number of servers refers to the number of parallel nodes, which can service customers simultaneously. In telephone systems describe trunks, tone detectors, tone generators and time slots.
The service channels may be arranged in parallel or in series or combination of both depending on the design of the system’s service mechanism.
In parallel channels, a number of channels provide identical service facilities, so that several customers may be served simultaneously. In case of series channels, a customer must pass successively through the ordered channels before service is completed.

A queueing system is called single server model, when the system has one server only and when the system has two or more parallel servers, it is called as multiserver model.     

System Capacity
Maximum number of customers in the system can be either finite or infinite. In some situations, only limited number of customers are allowed to enter the system unless the number becomes less than the limiting value.

KENDALL’S NOTATION

Kendall introduced a notation that is commonly used to describe or classify the type of a queueing system.

According to the notation, a queueing system is described by the string (A/B/X/Y/Z).

A – Denotes the distribution of inter arrival times.

B – Denotes the distribution of service times.

X – Denotes the number of servers.

Y – Denotes the maximum size of waiting line in the finite case

       (If Y=
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, then this letter is omitted).     

Z – Denotes the queue discipline and if the service discipline is     

       FCFS then Z is omitted.

Special letters used to symbolize the inter-arrival time distribution (A) and service time distribution (B) are as follows

M – Exponential distribution.

D – Deterministic distribution.

G – General (any arbitrary probability distribution).

Ek – Erlang-k distribution.

Example 

· M/M/1 denotes a single-server queue with Poisson arrival process and exponential service time with infinite buffer and FIFO service order. 

· M/G/1 denotes a single server processor sharing queue with Poisson arrivals and generally distributed customer service time requirement.

METHODOLOGY AND PRELIMINARY DEFINITIONS

Queueing models are broadly classified into markovian queueing models and non-markovian queueing models.
Markovian queueing models are usually analyzed by

· Difference differential equation method

· Recursive computation approach

· Laplace transform method and

· Integral calculus approach

The techniques generally used in studying non-markovian queueing models are

· Imbedded Markov chain technique introduced by Kendall.

· Supplementary variable technique introduced by Cox.

· phase technique method and

· Matrix geometric method by Netus. 

MEAN QUEUE SIZE
The average number of customers waiting in a queue is called mean queue size.

MEAN SYSTEM SIZE

The average number of customers waiting in the system (including the one in service) is called mean system size.
WAITING TIME

The waiting time of a customer in a queue is the time that a customer has to wait in the queue before starting his service. The waiting time of a customer in queue along with his service time is called waiting time in the system.

SERVER’S VACATION

Queueing system with server vacations arises as models of many diverse fields such as computer, communication and production systems. The non-availability of a server at the system is termed as server’s vacation. The purpose of leaving the system is manifold. The server may want to utilize his idle time for another task or if the server is a machine, it may need some repair after completing a job. An exhausted bank teller may like to take a coffee break before getting ready for the next customer.
THE LAPLACE TRANSFORM
The Laplace transform of a function f(t) for t > 0 is defined by the following integral defined over 0 to ∞
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The resulting expression is a function of s, which we write as F(s). In words we say 

"The Laplace Transform of f (t) equals function F of s" and write:
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Where s is real and L is called the Laplace Transform Operator.

TRANSIENT AND STEADY STATES

 
Queueing theory analysis involves the study of systems (operating characteristics) over time. A queueing system is said to be in ‘transient state’ when its operating characteristics are dependent of time. A queueing system is said to be in ‘steady state’ when its operating characteristics are independent of time.    

SINGLE VACATION WITH BERNOULLI SCHEDULE
If the server is free at the time of a primary or repeated call arrival, then this arriving call begins to be served immediately and leaves the system after completion of the service. After completion of each service, the server has an option to go for vacation with probability p or continue to serve with probability (1-p). This type of vacation in queueing theory is called Single Vacation with Bernoulli Schedule. The single vacation means after completion of vacation period he can once again go for vacation after completing atleast one service. The server may return from the vacation at any time and is independent of number of customers in the system.

SERVICE INTERRUPTIONS

Queueing theory predicts system performance under the influence of randomness. The randomness mainly comes from natural variability of inter-arrival and service times and from interruptions. Interruptions can be either preemptive or non-preemptive and are defined as any event which prevents machines from being productive. Interruptions are events whose occurrence prevents the system from performing its intended function. The negative impact of interruption can be longer cycle time, less capacity, or both. 

REVIEW OF LITERATURE

Vacation queues have been extensively studied by numerous authors including Levy and Yechiali (1976), Doshi (1985, 1986), Igaki (1992) and Madan (2002, 2003 and 2004) due to their various applications in communication systems, computer network and etc. Choudhury and Borthakur (1997) have studied vacation queues with batch arrivals. Vacation queues with c servers have been studied by Tian et al (1999). Chae et al (2001), Chang and Takine (2005) have considered queues with generalized vacations. Multiple vacations have been studied by Tian and Zhang (2002).

Madan and Maraghi (2009) have studied batch arrival queueing system with random breakdowns and Bernoulli schedule server vacation having general vacation time. They have obtained steady state results in terms of the probability generating functions for the number of customers in the queue. 

It is quite natural that a server may be interrupted while providing essential service. White and Christie (1958) have analyzed queue with interruption. Times of interruptions and services generally distributed were studied by Avi– Itzhak and Naor (1963) and Thiruvengadam (1963). 

PROFILE OF PRESENT WORK

Preliminary definitions and review of literature are presented in the first chapter.

In chapter two, “A Single Server M/G/1 Queue with Service interruption under Bernoulli schedule” presented by Baskar, Rajalakshmi Rajagopal and Palaniammal (2011) is analyzed.

The author introduced General distribution for vacation time in Single Server M/G/1 queue with Service interruption under Bernoulli Schedule and is presented in the final chapter.

CHAPTER-II

CHAPTER-II

A SINGLE SERVER M/G/1 QUEUE WITH SERVICE

INTERRUPTION UNDER BERNOULLI SCHEDULE

An M/G/1 queue with optional server vacation based on Bernoulli schedule and single vacation policy is analyzed in this chapter. The server provides essential service to all arriving customers with service time follows general distribution subject to random interruption. The server is interrupted at random and duration of attending interruption follows exponential distribution. The time dependent probability generating functions are obtained in terms of their Laplace transforms. The corresponding steady state results are obtained explicitly. The mean queue length and the mean waiting time are computed. 

MODEL DESCRIPTION
          Customers arrive at the system one by one according to poisson stream with rate 
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(>0). Let B(v) and b(v) respectively be the distribution function and the density function of the essential service time. It is assumed that while serving the customers, interruptions arrive at random and occur according to a poisson process with mean rate 
[image: image6.wmf]a

>0. Let 
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 be the server rate of attending interruption. Let s(x) dx be the conditional probability of the completion of the essential service during the interval (x, x+
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x) given that elapsed time is x, so that
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As soon as the essential service is over, he may or may not go for vacation. The server may take a vacation with probability p or may continue to stay in the system with the probability 1-p. The vacation periods are exponentially distributed with mean vacation time
[image: image11.wmf]g

1

. On returning from vacation the server instantly starts serving the customer at the head of the queue if any. The customers are served according to the first come, first served rule. It is assumed that the inter arrival times and the vacation times are independent of each other.
DEFINITIONS AND EQUATIONS GOVERNING THE SYSTEM
We define
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 Probability that at time t, there are n(
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0) customers in the queue excluding one customer in the essential service  and the elapsed service time for this customer is x.

Consequently,
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0)                          customers in the queue excluding one customer in the essential service irrespective of the value of x.
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0) customers in the                  queue and the server is on vacation.
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 Probability that at time t, the server is inactive due to the arrival of interruption.
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  Probability that at time t, there is no customer in the queue or in service and the server is idle but available in the system.

EQUATIONS GOVERNING THE SYSTEM 

           The model is governed by the following set of differential -difference equations.
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Equations (3) to (9) are to be solved subject to the following boundary conditions.
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Assume that initially there is no customer in the system and the server is not under vacation and the server is idle. So the initial conditions are 
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GENERATING FUNCTIONS OF THE QUEUE LENGTH 
Define the probability generating functions,
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Which are convergent inside the circle 
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 and define the laplace transform of a function f(t) as
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Taking Laplace transform of equations (3) to (11) and using (12), we obtain
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         Multiplying equations (18) and (19) by suitable powers of z, summing over n and using the generating function (13), we get
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Multiplying equation (20) by zn, summing over n from 1 to 
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 and adding to equation (21) and using (15), we have
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Performing similar operations on (22) and (23) and using (16),
 we get
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Multiplying equation(25) by zn and multiplying equation(26) by zn+1 and summing over n from 1 to 
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 and adding the two results and using (13),(15) and (16), we obtain
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From equations (24) and (30), we get 
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Solving the partial differential equation (27), we obtain
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Where 
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Integrating equation (32) with respect to x, we have
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Where 
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Multiplying equation (32) by s(x) and integrating with respect to x from 0 to
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Solving the partial differential equation (19), we obtain
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When x=0, 
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Multiplying both sides of equation (36) by s(x) and integrating with respect to ‘x’, we get
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Integrating equations (36) with respect to x, we get
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From equations (28) and (35), we get
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Substituting (33) in (29), we get
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Substituting equation (35) and (37) in (31), we get
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Substituting equation (39) in (41), we get
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Substituting equation (40) in (42), we get


[image: image337.wmf]=

)

s

,

z

,

0

(

P

z

1

,

q



EMBED Equation.3[image: image338.wmf])]

(

1

[

)

(

)

1

(

s

Q

s

s

Q

z

-

+

-

l



[image: image339.wmf]+



EMBED Equation.3[image: image340.wmf]z

s

z

l

-

l

+

b

+

ab


[image: image341.wmf])

,

,

0

(

1

,

s

z

P

q


[image: image342.wmf]ú

û

ù

ê

ë

é

l

-

l

+

a

+

l

-

l

+

a

+

-

z

s

)

z

s

(

B

1



[image: image343.wmf]+



EMBED Equation.3[image: image344.wmf]z

s

p

l

-

l

+

g

+

g


[image: image345.wmf])

,

,

0

(

1

,

s

z

P

q


[image: image346.wmf])

(

z

s

B

l

l

a

-

+

+



[image: image347.wmf]+


[image: image348.wmf])

p

1

(

-


[image: image349.wmf])

,

0

(

1

,

0

s

P


[image: image350.wmf])

(

l

a

+

+

s

B

      

                   
[image: image351.wmf]+


[image: image352.wmf]z

)

p

1

(

-


[image: image353.wmf])

,

,

0

(

1

,

s

z

P

q


[image: image354.wmf])

(

z

s

B

l

l

a

-

+

+


Solving for 
[image: image355.wmf])

,

,

0

(

1

,

s

z

P

q

 we get


[image: image356.wmf]ï

î

ï

í

ì

ú

û

ù

ê

ë

é

-

+

+

-

+

+

-

+

+

-

 

)

(

B

-

1

  

z

s

z

s

z

s

z

z

l

l

a

l

l

a

l

l

b

ab


              
[image: image357.wmf])

,

,

0

(

)

(

B

)

1

(

s

)

(

B

 

p

1

,

s

z

P

z

s

z

p

z

z

s

q

þ

ý

ü

-

+

+

-

-

-

+

+

-

+

+

-

l

l

a

l

l

g

l

l

a

g


               
[image: image358.wmf]=


[image: image359.wmf])]

(

1

[

)

(

)

1

(

s

Q

s

s

Q

z

-

+

-

l


[image: image360.wmf]+


[image: image361.wmf])

,

0

(

)

1

(

1

,

0

s

P

p

-


[image: image362.wmf])

(

l

a

+

+

s

B



[image: image363.wmf])

,

,

0

(

1

,

s

z

P

q


[image: image364.wmf]=



EMBED Equation.3[image: image365.wmf]Dr

 

)

(s

B

s)

(0,

P

  

p)

-

(1

 

+

(s)]

 

Q

s

-

[1

+

(s)

Q

1)

-

(z

 

0,1

l

a

l

+

+

                 (43)

Where  Dr
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Substituting equation (43) in equations (33),(39) and (40), we obtain
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are completely determined.
THE STEADY STATE RESULTS
We derive the steady state probability distribution for our queueing model under consideration by applying the well-known Tauberian property
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By using the normalizing condition
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The unknown Q can be calculated.

Multiplying both sides of equation (45) by s, taking limit as
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Multiplying both sides of equation (46) by s, taking limit as
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Performing similar operation on equation (47) yields, 
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It is easy to verify that for z=1, the R.H.S of (50), (51) and (52) are indeterminate of the form
[image: image416.wmf]0

0

. Hence by applying L’Hopital’s rule, we get


[image: image417.wmf])

1

(

P

1

,

q



EMBED Equation.3[image: image418.wmf]=



EMBED Equation.3[image: image419.wmf]=

®

)

z

(

P

1

,

q

1

z

lim



EMBED Equation.3[image: image420.wmf]a

l



EMBED Equation.3[image: image421.wmf]dr

)]

(

B

1

[

Q

a

-

                                                                   (53)


[image: image422.wmf])

1

(

V

 
[image: image423.wmf]=

 
[image: image424.wmf]=

®

)

z

(

V

lim

1

z



EMBED Equation.3[image: image425.wmf]g

l



EMBED Equation.3[image: image426.wmf]dr

B

pQ

)

(

a

                                                                       (54)

[image: image427.wmf])

1

(

R

 
[image: image428.wmf]=

 
[image: image429.wmf]=

®

)

(

lim

1

z

R

z

 
[image: image430.wmf]b

l



EMBED Equation.3[image: image431.wmf]dr

)]

(

B

1

[

Q

a

-

                                                                   (55)

Where 

dr
[image: image432.wmf]=



EMBED Equation.3[image: image433.wmf])

(

B

p

a



EMBED Equation.3[image: image434.wmf]-

ú

û

ù

ê

ë

é

g

l

-

1



EMBED Equation.3[image: image435.wmf]l



EMBED Equation.3[image: image436.wmf]÷

÷

ø

ö

ç

ç

è

æ

+

b

a

1

1



EMBED Equation.3[image: image437.wmf])]

(

1

[

a

B

-


Where 
[image: image438.wmf]),

1

(

1

,

q

P



EMBED Equation.3[image: image439.wmf])

1

(

V

 and 
[image: image440.wmf])

1

(

R

 are the steady state probability that the server is providing essential service, server under vacation and server attending interruption respectively independent of the number of customers in the queue.

Using equations (53) to (55) in (49), we have
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The probability that the server is idle is given by
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And hence the utilization factor 
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Where 
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THE AVERAGE QUEUE SIZE AND THE AVERAGE SYSTEM SIZE
The mean number of customers in the queue under the 
          steady state is given by
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From the expressions of N(z) and D(z), we have
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Using equations (60) to (63) in (59), we get 
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If L denotes the average system size using little’s formula, we have
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Where 
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 has been found in equation (59) and
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THE MEAN WAITING TIME
         Let 
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 denote the mean waiting time in the queue and in the system respectively.
Then using little’s formula, we obtain 


[image: image502.wmf]q

W



EMBED Equation.3[image: image503.wmf]l

=

q

L

                                                                                                        (66)

 
[image: image504.wmf]W



EMBED Equation.3[image: image505.wmf]l

=

L

                                                                                                         (67)

Where Lq and L have been found in equations (59) and (64)

CHAPTER-III
CHAPTER – III

A SINGLE SERVER M/G/1 QUEUE WITH SERVICE INTERRUPTION AND BERNOULLI SCHEDULE

SERVER VACATION HAVING GENERAL

VACATION TIME DISTRIBUTION

In chapter II, we have analyzed a single server general service queueing system with service interruption under Bernoulli schedule. In this chapter, we consider a general service queueing system in which vacation time follows general arbitrary distribution. The steady state solutions are obtained by using supplementary variable technique. The mean queue length and the mean waiting time are computed. 

MODEL DESCRIPTION

Customers arrive at the system one by one according to poisson 

stream with arrival rate
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Let μ(x) dx be the conditional probability of service completion during the interval
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As soon as the essential service is completed, then with probability p the server may take a vacation of random length, or with probability 1−p, the server may stay in the system providing service , where 0 ≤ p ≤ 1. The server’s vacation time follows a general (arbitrary) distribution with distribution function H(r) and density function h(r). Let 
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On returning from vacation the server instantly starts serving the customer at the head of queue if any. The customers are provided service one by one on a first come first served rule. Various stochastic processes involved in the system are assumed to be independent of each other.

DEFINITIONS AND NOTATIONS

We define,
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 customers in the                                         queue excluding one customer in the service and   the elapsed service time for this customer is x.
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 customers in the queue and the server is on vacation with elapsed vacation time is x.
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     Probability that at time t, there are no customers in the  queue or in service and the server is idle but available in the system.

STEADY STATE CONDITIONS

Assume that the steady state equation exists. 

Let     
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denotes the corresponding steady state probabilities.

EQUATIONS GOVERNING THE SYSTEM
According to the mathematical model mentioned above, the system has the following set of differential-difference equations
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with the boundary conditions 
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QUEUE SIZE DISTRIBUTION AT A RANDOM EPOCH
Define the probability generating functions
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Multiplying equation (5) by 
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 and summing over n from 1 to
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, addind to equation (6) and using the generating functions defined in (15) we obtain, 
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Performing similar operations on equations (7) and (8) and (9) and (10) and using equation (15), we obtain,
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Multiplying both sides of equation (12) by z n+1 summing over n from 1 to 
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and multiplying equation (13) by z, adding these two results and using equation (15) we obtain, 
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Using equation (11), equation (19) becomes,
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Multiplying both sides of equation (14) by 
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Solving the partial differential equation (16), we get
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Integrating equation (22) with respect to x, yields 
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Where 
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 is the Laplace-stieltjes transform of the service time G(x).

Multiplying both sides of (22) by μ(x) and integrating with respect to x from 0 to 
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Substituting equation (24) in (21), we obtain,              
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Solving the partial differential equation (17), we obtain


[image: image604.wmf]2

q

C

)

z

,

x

(

V

=



EMBED Equation.3[image: image605.wmf]ò

l

-

l

-

dx

)

z

(

e



EMBED Equation.3[image: image606.wmf]ò

g

-

x

0

dt

)

t

(

e


          
[image: image607.wmf]2

C

=



EMBED Equation.3[image: image608.wmf]ò

g

-

l

-

l

-

x

0

dt

)

t

(

x

)

z

(

e


When x =0, then


[image: image609.wmf])

z

,

0

(

V

C

q

2

=


and hence, 


[image: image610.wmf]=

)

z

,

x

(

V

q



EMBED Equation.3[image: image611.wmf])

z

,

0

(

V

q



EMBED Equation.3[image: image612.wmf]ò

g

-

l

-

l

-

x

0

dt

)

t

(

x

)

z

(

e

                                                              (26)

Substituting for 
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Integrating equation (27) with respect to x, we get,
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Where 
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 is the Laplace-stieltjes transform of the vacation time H(x). 

Multiplying both sides of (27) by 
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Substituting equation (23) in (18), we get
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Using equations (24), (29) and (30) in equation (20) and solving for
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Substituting equation (31) in equations (23), (28) and (30) we get,
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Let 
[image: image656.wmf])

z

(

S

q

 denote the probability generating function of the queue size irrespective of the state of the system. Then adding equations (32), (33) and (34) we get,
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Q can be obtained by using the normalizing condition,
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It is easy to verify that for z = 1, the right hand side of equation (35) is indeterminate of the form
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Therefore adding Q to equation (36) and equating to 1 and simplifying, we get
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And hence the utilization factor 
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 of the system is given by 
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THE AVERAGE QUEUE SIZE AND THE AVERAGE SYSTEM SIZE


Let  
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 denote the mean number of customers in the queue under the steady state. Then 
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Let N (z) and D (z) be the numerator and denominator of right hand

side of (35). Since N (1) = D (1) = 0.

By applying L’Hopital’s rule, we have
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Where
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The expected system size is given by 
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Where 
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THE MEAN WAITTING TIME

Let 
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 and 
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denote the mean waiting time in the queue and in the system respectively. Then using little’s formula, we obtain
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Where 
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 and 
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 are found in equations (40) and (45).      

SUMMARY AND

CONCLUSION
SUMMARY AND CONCLUSION


In this dissertation, two queueing models with single server poisson arrival, general service and service interruption are analyzed. 
In all the models it is assumed that server provides essential service to all arriving customers and server is interrupted at random. The customer, whose service is interrupted at random, goes back to the head of the queue to complete the service. At the completion of service, the server takes a single vacation based on Bernoulli schedule. 
For both the models the mean queue length and mean waiting time are obtained.
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