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CHAPTER - I

THE (m,N) POLICY OF SINGLE SERVER BATCH ARRIVAL
MARKOVIAN QUEUEING SYSTEMS WITH SERVER
VACATIONS AND BREAKDOWNS UNDER RESTRICTED
ADMISSIBILITY

INTRODUCTION

Queueing systems with bi-level control (m,N) policy have been studied
extensively in the literature by number of authors (Lee and Park 1997,
Lee et al .,1998, 2003 and J.C. Ke 2004a). Most of the batch arrival queueing
systems under bi-level control policy are analyzed by using decomposition
property of vacation queues and they do not involve cost model (or) numerical

analysis. Hence in Chapter Il to V , the main objectives are

(i) to analyze some general bulk arrival queueing systems with server
vacations and early setup and to derive the PGF of the system size by
solving the difference differential equations satisfied by the system size

probabilities.

(ii) to study the effect of various parameters on system size through

numerical results.

(iii)  to develop a cost model and a procedure to find the optimal values of
the decision variables m and N that minimize the linear average cost

and to illustrate the solution procedure through some examples.

Past work regarding queues may be divided into two categories (i) the
case of controlling the service and (ii) the case of controlling the arrivals.
Regarding the control policy of service, Yadin and Naor (1963) introduced an
N-policy for M/M/1 queueing system, which turns the server on whenever N

(predetermined value) or more customers present in the system and turns off
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the server when the system becomes empty. Lee et al., (1994a) successively
combined the batch arrival queues with N-policy and later Lee and Srinivasan
(1989), Lee et al., (1994b and 1995) studied the behavioral characteristics of
batch arrival queues with N-policy and server vacations. But these research

works do not involve setup operations.

In many real world production systems, setup operations are needed in
several occasions. For example, when the machine changes its production
type, the operator of the machine changes the tools and adjusts the machine
speed. Sometimes, a setup operation takes several days and is very costly.
One way to reduce the setup cost per unit time is to delay the production until
some number of raw materials accumulates. But when the setup cost is very
high, the operator may not need to wait until the accumulated items reach the
usual single threshold N (i.e.) the server can start the setup operation when m
(m <N ) customers accumulate in the queue. And after the setup, if there are
less than N customers in the queue, then the server remains dormant in the
system until the number of customers reaches N. If N (or) more customers are
in the system, after the setup, the server begins to serve the customers
immediately. This policy is called bi-level threshold policy (or) (m, N) policy.
This policy is more general than the usual (N,N) policy in which the server
starts a setup when N customers have piled up in the queue and then starts

his service as soon as the setup is complete.

Lee and Park (1997) introduced the double threshold policy for M/G/1
queues and showed that the policy was more beneficial than the conventional
single threshold N policy when the startup cost was excessively high
compared with the inventory holding cost. Later Lee, Park and Jeon (2003)
have applied the factorization property of vacation queues to derive the queue
length for the batch arrival of bi-level control queueing system with or without
server vacations. The research works mentioned above do not investigate
cases involving both server breakdowns and vacations. In the literature of
queueing, most of the papers deal with the queueing system wherein the

service stations are reliable (i.e.) do not fail. However in practice, we often
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meet the case where the service station may fail and can be repaired. The
performance of the system may be heavily affected by the server break
downs and limited repair capacity. On such situations queueing system with
unreliable service stations are worth to investigate from performance

prediction view point.

J.C.Ke (2004a) studied a like queue production system under bi-level
control policy where an unreliable server operates an (m, N) policy. This
paper also applies the stochastic decomposition property to derive the system

size distribution and some system characteristics.

Regarding the control policy of arrivals many authors (Rue and Roshen
shine 1981, Neuts 1984 and Stidham 1985) deal with the policy, where not all
arriving batches are allowed to join the system at all times. Such restrictions
may be necessary in many real life situations, particularly in the over

saturated queue with arrivals occurring faster than the departures.

J.C.Ke and Pearn(2004 ) discussed the optimal management policy for
heterogeneous arrival queueing systems with server breakdowns and multiple
vacations for an M/M/1 queue, and derived the system size distribution and
employed the PGF to obtain the system characteristics. But the concept of
heterogeneous arrivals is not combined with the double threshold policy,

batch arrival queues under server breakdowns and vacations in literature.

In the present Chapter, batch arrival Markovian queueing systems
along with server breakdowns and vacations are analysed under bi-level
threshold policy for service and restricted admissibility policy for arrivals. The
PGF of the system size is obtained through the Chapman-Kolmogorov
balanced equations satisfied by the steady state system size probabilities.
The PGF is presented in closed form so that various performance measures
can be calculated easily. Two types of vacation policies (single and multiple)

are considered in two different sections (2.1) and (2.2) of this chapter.
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SECTION : 2.1

SINGLE VACATION QUEUING SYSTEM

2.1.1 Mathematical Analysis of the System

(d)

Model Description

The System has the following specifications:

Customers arrive in batches in accordance with the time homogeneous
Poisson process with group arrival rate A. The batch size X is a random
variable with probability distribution Pr(X = k) = gk , k=1,2,3... (i.e.) the
probability that a batch of k units arrive in an infinitesimal interval (t,t+h)
is A gk h + O(h).

Not all arriving batches are allowed to join the system at all times. The
probability that an arriving batch is allowed to join the system varies
according to the system state which falls into one of the 3-categories
namely idle (build up, setup, dormant and vacation) or busy or
breakdown period. ry (0 < ry < 1) denotes the probability that an arriving
batch is allowed to join the system while the server is idle and
rn(i=2,3) (0 <r <1)denotes the probability with which an arriving
batch joins the system during the server's busy and breakdown periods

respectively.

The customers who arrive and join the system form a single waiting
line based on the order of the batches. It is further assumed that the
customers within a batch are pre-ordered for service. The customers

are served one by one according to the order in the queue.

A cycle starts whenever the system empties, the server is deactivated
and leaves the system for a vacation of random length V, following an

exponential distribution of parameter n.
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After returning from the vacation, if the server finds m (or) more
customers in the system, then the server immediately starts a setup
operation of random length D. Otherwise the server joins the system
and remains idle in the system until the system size reaches atleast m
and then starts the setup work (i.e.,) single vacation policy is adopted.
The period during which the server remains idle in the system before
starting the setup work is called buildup period. The setup time is

assumed to be an exponentially distributed random variable with mean
(1/y).

At the end of the setup period, if the queue length is greater than or
equal to N, then the server begins to serve the customers, one at a
time. Otherwise the server remains idle (dormant) in the system
waiting for the queue length to reach at least N, to start the service.
The service time of each customer is an independent and identically

distributed random variable, following exponential distribution (1 — e™").

The server is subject to breakdowns at any time while working, with
Poisson rate a. Whenever the system fails, the server is sent
immediately for repair at a repair facility where the repair time is an
independent and identically distributed random variable B, following an
exponential distribution (1 — ™). The customer, who is just being
served when the server breaks down, joins the head of the waiting line
and resumes the service as soon as the server returns from the repair
facility. This type of service continues until the system becomes empty
again. Thus vacation period, buildup period, setup period and dormant
period together represent an idle period and the sum of busy period
and the breakdown period gives the completion period. Thus an idle

period and completion period constitute a cycle.

This model is denoted by Mi)((m’N)I M / 1/ BD/ SV in which BD denotes

breakdown and SV denotes single vacation.
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In this model, the first threshold m, is used to control the starting

condition of a setup operation, and the second threshold N is used to control

the starting condition of service. If m = N, the model becomes the usual setup

time queueing model with N-policy and vacations. It is also assumed that all

the stochastic processes involved in the model are independent of each other.

In this section, the PGF of the system size distribution is derived. The

following notations are used to write the steady state system size equations.

m,N

r(i=1to3)

M, m,yand B

V*(0), D*(08)and B:(0)

Bilevel thresholds
Group arrival rate

Group size random variable
gk (k= 1)

> gy z“ the PGF of X
k=t

i-fold convolution of g,s itself, where ¢!¥ is

1,ifn=0,and 0if n >0

The probability that the arriving batch is allowed
to join the system while the server is idle
(buildup, setup, dormant and vacation) busy and
in breakdown state respectively.

The respective parameters of the exponential
distributions of the random variables namely
service time (S), vacation time (V), setup time
(D) and repair time (By).

The Laplace-Stielties transforms of the
corresponding exponential distributions, (i.e.)

V(@) =n/ (n+6) ; D'(®) = v/(vtB) and

B/ (0) =B/ (B+6).
The number of customers in the system at time

t, including the one in service.



Q(0,1,2,3,4and5)

Ai

Qn(t)
Ri(t)
Dn(t)
Un(t)
Pn(t)
Bn(t)
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according as the system is in vacation, buildup,

setup, dormant, busy and in breakdown state

respectively.
= Arn,i = 123
= Pr(Nt)=n,Q=0)n>0
= Pr(Nt)=n, =1)0<n<m-1
= Pr(Nt)=n,Q=2)m=>=n
= Pr(N(t)=n,Q=3)m<n<N-1
= Pr(Nt)=n,Q=4)n>1
= Pr(Nt)=n,Q=5)n>1.

(N(t), Q) follows a Markov process. Further let Q,, R, Dy, Uy, P, and B,

denote the steady state probabilities (independent of time t) that there are n

customers in the system and the system is in vacation, buildup, setup,

dormant, busy and in breakdown state respectively.

Il The System Size Distribution

The forward set of Kolmogorov equations satisfied by the steady state

probabilities are given by

(M +m) Qo = Py (2.1.1)
(M +m)Qn - = M ki Q,k 9 n>1 (2.1.2)
A1 Ro = Qo (2.1.3)
A1 Rn = N Qn+ A iRn_k I 1<n<m-1 (2.1.4)
k=1
m
(A1 + ) D = M ; R, 9 +1 Qn (2.1.5)
n n-m
(M +7) Dy = M D R A D Doy gk +nQn, n2m+1 (2.1.6)
k=n-m-+1 k=1
A Un = yDn (2.1.7)
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n-m
g U = yDn+h Y Unk m+1 <n < N-1 (2.1.8)
k=1
(A+p+a)Pr = BBi+uPs (2.1.9)
n—1

k=1

n-1 n-m
(a+p+a)Py = BBn+pPn+iz D P gk+yDn+h > U G

k=1 k=n—N+1
n>N (2.1.11)
(A3 + B) By = aPy (2.1.12)
n-1
(A3 +B) Bn = aPn+ A3 ) Boy 0k n>2 (2.1.13)

k=1
Il Probability Generating Function

To obtain the system size distribution of the model the following partial
PGFs of R, Dy, Uy, P, and B, are defined.

m-1 o0 \
Rz) = R, z"; Dz) = > D,z
n=0 n=m
N-1 ©
Uz) = U, 2" ; Puz) = > B,z > (2.1.14)
n=m n=1
Qz) = Y Q,z"and Bz) = > B, 7" )
n=0 n=1

Multiplying the equations by suitable powers of z and adding the
corresponding equations, the partial PGFs are obtained through some
algebraic manipulations.

Equations (2.1.1) and (2.1.2) imply
Az = A [—“—j (2.1.15)

n \n+wk(2)

where wi(z) = L (1-X(2) i=1,2,3
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If o, denotes the probability that n customers arrive during a single

vacation then,

= [ 3 e B ghaviy

0 i=0

and this gives V*(w1 (z)) = i a,z" = #(Gross and Harris 1985)
" = (n+wk(2))

Hence 1 Q) = uP; [v*(w;(z))} (2.1.16)

and nQy = pPran n>0 (2.1.17)

Q(z) can also be written as Q(z) = u Py Ll fWX(Z)) (2.1.18)
Wx(2)

Equations (2.1.3) and (2.1.4) imply,
m-1

A R(2) n Yy Q2" +7\1Z ZRnkgk
n=0 n=1

Equations (2.1.5) and (2.1.6) imply,

(M +v) D(z) =AM > 2" Z Rnkdk + Z ankgk"'rlZan
n=m k=n-m +1 n=m+1 k =1

By adding the above two equations, we have,
(y+ wx(2)D (2) = - wi(2)R (2) +n Q(2)

Substituting for Q(z) from equation (2.1.16), the above equation becomes

(2.1.19)

P, . .
D(z) = hD(w;(z){v Wi (@) - T

Y
(or)D(z) = pPy w v*(w;(z))—ﬂ;(Z)—R(z—) (2.1.20)
wx(2) nP

wl (@) R(z)]

o0 k .
Since hy = j > e (M t) gV dD(t) gives the probability that k
0 i=1 !

customers arrive during a setup period,
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#ig. A - T = S k
D*(w}(2)) oy (y= k;)hkz (2.1.21)

For further simplification of D(z) the following result of Lee et al. ,(1995) is

used.

Theorem: 2.1.1

Letmo=1,m= Y m,_, 9 and (2.1.22)
k=1
Yo = oo, Yn = Z o T (1<n<m-1) (2.1.23)
i—0
m-1
then A R(z) = uPy > y, 2" (2.1.24)
n=0

Proof

Using, the equations (2.1.3), (2.1.4), (2.1.17) and (2.1.23), it can be

shown by recursion that 1R, = pP1y, 0<n<m-1.

uPy (1/21) ) w,z" = pPq1y(2) (2.1.25)

3

Thus R(z)

3
I
o

1l

m-1
where  y(z2) (1/x1) Dy, 2"
n=0

Corollary: For (0 <n<m-1)
]

) n-1 n—
() Z Vi Onsi = o T
i=0 i=0
. n-1
(i)  oan+t Z ViGni = Wn
i=0
Proof

Substituting for wyn from (2.1.23), and using the definition of w,

n n n—-k
Z Ok Vnx = Z Ok {Z Qi nnkijl
k=1 k=1
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n—1 n—k n—1
~ Z Ol Z g Tk = Z Ok Tp—k (from 2122)
k=0 i=1 k=0
Hence
n-1 n
Oln + Z \ gn—i = Z Oy Tk N Wn
i=0 k=0
Thus equation (2.1.20) can be written as
* 1
o = wpr | TR ) w126
wx(2)
o D@ = (B (0" whi2) (Viwl@) -wi@v@)  @1.27)
Next equations (2.1.12) and (2.1.13) imply
= —G P = E . 3 w o -
B(z) Brwi@) w(2) 5 B (Wx(2)) Pw(z) (2.1.28)

B

h B (w5 = —
where (wx(2)) (B+w§((z))
By using equations (2.1.7) to (2.1.11), Pw(2z) is calculated as
(A2 + p+a)Pu(z) + 21 U(z) = B B(2) + (n/2) (Pu(z) — ZP1) + k2 X(2) Pu(2)

+v D(z2) + A X(z) U(2) (2.1.29)
Substituting for D(z) and B(z) from equations (2.1.27) and (2.1.28) and

simplifying, the above equation leads to

uz-1)+z(wh(@)+a(1-B; k@) |Pu@) = 2[1D@ - wh(z)U@ - kP,

=2z uPq [(D*

—

wk@) V' (wk(@)-1)-wk@ (D" (wk@) v + U(Z)(1/uF’1)H

(2.1.30)
For further simplification the following Theorem (2.1.2) is used.
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Theorem : 2.1.2

i) [Vol@ -wi@ea] = Y&
n=m (2.1.31)
m-1

where & = on* Y ;o
i=0

) k
(i D*(w;(z)j[V*(w;(zﬂ—w1x<z>w<z>j = 22" Y g h
k=m i=m

(2.1.32)
where o, denotes the probability that n customers arrive during a vacation
n
and yo = ag, Yn = z o T, (0<n<m-1)
=0
Proof

V' (wk@)- wki@)w(@)

k=1 n=0

0 m-1 m-1 n-1 0 m-—1
= Yo, z" =) y, 2" +[Z Z' Y Wi Bt D, an\Vign—i]
i=0

n=1 1=0 n=m

REN

n-— m-1

m-1 0
= [an +Z Vi gniJZn - z WVn Zn + Z Zn {an + z Vi gn~iJ (2133)
n=0 n=m

i i=0

= > &, z" using the corollary (ii) of Theorem (2.1.1)

n=m

m-1

where & = on+ ) W0,
-0

Thus D*(w;(z)][v*(w;(z))—w;(z)\y(z)j = {i hy zk}

k=m i=m
To obtain the PGF U(z) of Us, equations (2.1.7) and (2.1.8) are used

recursively which result in
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n
MU, = v ZDk”n-k (m<n<N-1)
k=m
where Dy = co-efficient of z“ in D(z)

= (1 P+ / y) coefficient of 2 in D*(w;(z)] (v*(w;(z)] —w;(z)w(z)j

= (uPq1/7y) i & h from Theorem (2.1.2 (ii))

i=m

ThUS, M Un 8 P1 ¢§

n

k
Z Tk Z & hi_;(2.1.34)

k=m i=m

where ¢

(i.e.) U(z) = uPi¢(2) (2.1.34)

I
K =1
L

L[]

Substituting for U(z), the equation (2.1.30), yields

u(z-1)+2(wWh(@)+ a (1- B w(@)) |Pwiz)

- 2Pl {[1 D' (wh(2) V' (wk(2)

i ]+D*(W1x(2))w(2)+ $>@)| (2.1.35)
wx(2)

Thus the total PGF Pg, ny(2) is given by

PN (2) P\(z) + Pu(2) + B(2)

where Py(z) PGF of the system size when the server is idle

Q(z) + R(z) + D(z2) + U(2)

By adding equations (2.1.18), (2.1.25), (2.1.26) and (2.1.34)
Pi(z) = n PqIs(2)

*, ] *, ]
where Is(z) =| L= (Wx(f)z? X pr (wh @@+ 650 | (21.352)
Wx(Z




36
and using (2.1.28), Pw(z) + B(z) = (1+(oc /B)B; Wf((z)] P, (2)

Thus by substituting for P(z) from equation (2.1.35), the total PGF,

Piany@ = 1P Is(2)]1- zw(2)(1+(a/B)B, (Wx(2))
; u(z-1)+z(w§((z)+(a/ﬁ) W?((Z)B:(W‘;Z(z)))

(2.1.36)

The value of uPy can be calculated by using the normalizing condition

P(Sm’N)(']) =1.
v Performance Measures

Let the steady state system size probabilities Py, Puyuid, Pset, Pdor, P,
Pousy and Pgr denote the probability that the server is in vacation, buildup,

setup, dormant, busy and in breakdown state respectively.

Then () P, = 1tQ@ = Q) =@P:i/n)
-1 \lj
(i) Pouis = It uPry(z) = pPs T”
= n=0 "1
(iii) Pset = (M P /y)
. N-1 S
(IV) F)dor = z|~t>1 MP1 QS(Z) = :Z )\—n
(V) P = It P(z) = pnPq Ds(m,N)
z > 1
V) Puy = I P& = HIPLpm N
z—1 (1 p23)
and (vii)  Ps = It B(z) = (a/B) Pousy

z—>1

Then the normalizing condition P(Sm,N)(1) =1 implies

WPy = 1-p2s 1 R
[1-(p% —pt")] Ds(mN)  Dg(m,N)

(2.1.37)
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where Dg(m, N) = Is(1) = E(D)+ E(V) + ‘;— £y 2 (2.1.38)
n=0 1 n=m 1
1-p%s _ o
R = e P W) EX); i=1,2,3, ...
Py = pi(1+@/B)and p3; = p2+ps(alp)
Thus, Ppusy = P1

b b
1 —p2s+pp

By substituting for p P4 from equation (2.1.37) the equation (2.1.36) can be

written as

zw1x(z)[1+(0/3)(5: (W§(2>))j Is (2)
1

PS (z) =R |1- :
{rm, ) p(z-1)+z(w§((z)+(a/ﬁ) w3 (2)B; (W:;((z))) Ig

where Is(z)is asin(2.1.35a)

V Decomposition Property

Equation (2.1.39) implies that under the condition p25< 1, the total

PGF of the system size probabilities of the system is the product of the PGF

of two random variables one of which is

a- pBE) - z W1X(Z) (1 + % (B: (wg’((z)))j

X e )=(l — pB 4 by

This gives the PGF of the system size for the batch arrival MiX/M/1/BD

queueing model with heterogeneous arrivals and unreliable server and

I
Blz) = — @) gives the PGF of the conditional system size distribution during

Is (1)

the idle period (vacation + buildup + setup + dormant).
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Vi Expected System Size

Let Ly, Lbuids Lsets Ldor, Lousy @nd Lg, denote the expected system size
when the server is in vacation, buildup, setup, dormant, busy and in
breakdown state respectively. Then

d

) L = Q@)= = wPiaEX) (EV)2)
m-1
(i) Lo = —(R@)=1= wPr Y 0y, (1/2)
dz =
(i) L = — (@)=t = 1P ME) (ED?)/2) + ED) (EV) + (D)
d N-
(V) Laor = — (U@t = 1P S 0 (1)
V) Lo = —(B@) = 5 Wousy * s (0O /) Pougy] ~ and

(Vi) Lousy = %(Pw(z))zﬂ

Pbusy+ uP1p1 Ls(m,N)
(1-p33)

+ PLOSTRE) [ LEX(X-1)) + 20 ECO@ (AGE QA (E®E)/2)+1035) |
2u(1-p5%)?
m-1 N-1 S
where Ls(m,N) = Lo + ME(X)E(D)y(1)+ +Z - (2.1.40)
with Lo = M E(X)((E(D2)/2)+E(D)E(V)+(E(V2)/2)) (214

Let L? N) denote the expected system size of Mi)((m,N) /IM/1/SV /BD

queueing system under consideration .Then

L?m N) = Lv + Lpuid + Lset + Laor + I—busy + I-Br implies,
Ls (m,N)
Lo} = o FL 2.1.42
(m,N) Ds (m,N) 1 ( )
2 2
whereL,= ! br , ME(X(X-1))E(H)+ MA3(E(X))” E(HT) (2.1.43)

:
(1 - P35 +pf") 2(1- p85)
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with E(H) (/) (1+(a/p)) = ES)(+(a/B))

and E(H?) = aE(BAE(S)(1 + ps—p2) +E(S*)(1 + (a/ B)) [(ha / A3) + (a/ B)]
L1 gives the mean system size of classical MiX/M/1/BD queueing model

with unreliable server under restricted admissibility.

VIl Other System Characteristics
Definition

The busy period begins, when the system size becomes at least N
soon after the setup work (or) at the end of the dormant period (the server
starts serving the customers) and it ends, when the system next becomes

empty and the server leaves for a vacation.

Let E(Cycle),E(Busy) and E(I) denote the expected length of
cycle, busy period and expected idle period . Then the long run fraction of

E(D)

time when the server is in setup state implies, Pset = —————
E(Cycle)

= uP; E (D).

Then by using IV - (iii), (vi) and (v) we get

() E(Cycle) =———
P
(i) E(Busy) = Pousy E(cycle)= Ds(m, N) —PL
(1-p23)
(i) E(idle) = PyE(cycle) = Ds(m, N).
Let E(Ws ) denote the expected waiting time in the system. Then

the Little’s formula implies

L(mN)

(iv)  EWs)= m

where A ; denotes the actual arrival rate into the system which is given by,
Aa = (Ar P +7\r2Pbusy+}\r3PBr)

= AR(r1#(r2+13 (a/B))) —Pb
(1-p23)
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2.1.2 Optimal Management Policy

In this section, the optimal values of m and N that minimize a linear
cost function are obtained. To do this, the cost structure that has been widely
used in the literature is employed ( refer Yadin and Naor 1963, Ke 2003b,

and Arumuganathan and Jeyakumar 2005 ).

Cy = start up cost per cycle

Ceuig =  Cost per unit time for keeping the server idle (buildup)
Ch = Holding cost per customer per unit time.

i T = Server set up cost per unit time for the preparatory work

of the server before starting the service

Cdor =  Server standby cost per unit time.

Cousy =  Cost per unit time for keeping the server on and in
operation

Cy = Reward per unit time due to vacation

Cgr = Breakdown cost per unit time for a failed server

Let TCS(m, N) denote the total average cost per unit time for the

system. Then

TCS(m1 N) + Ch L?m,N) + Cbuild F)build + Cset Pset + Cdor Pdor + CBr F)Br

= [7)/
E(Cycle)

+ Cousy Pousy — Cv P/] (2.1.44)

Substituting for the system performances, we have,

s s 1 S '“21 o5 '“21 nen
TS(m, Ny=  AS+ AS +2,(m)+Cyer R Y. 20 4,
- Ds(m,N) : TS M S M
Where A1S = (Cbusy + %Cbr ) Pbus:y + Ch L‘I
As = R(C,+ Ceqt E(D)— CyE(V))+ Ch Lo
m-1 v m-1 n\V
Zs(m) = (R Chuig + Cn 11 E(X) E(D)) > Tn +Ch Y g s
n=0 1 n=0 1

and Lo, L1 as in equations (2.1.41) and (2.1.43).
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In order to find the optimal control values (m”,N") that minimize

TCS(m, N), a two-dimensional search over the non-negative integer space
must be made. Due to the mathematical complexity it is difficult to prove the
convexity or unimodality of the cost function Tcs(m, N). Thus following the

concept of the dynamic optimization (due to Bellman1957, J.C.Ke 2001
2003b, and Lee and Park 1997), we consider the procedure that makes it

possible to calculate the optimal thresholds (m*,N™).

k
Let J(m, k) Z¢k, K=Y igd
1I=m
S o
th T k+1)- TS(m, k) = K Ha(m, K 2.1.45
en Tg(m, )- Te(m, k) %1 Da o0, Kt ) Daim ) s(m,k) ( )
k-1 d)
where Hs(m, k) =Cy, (k 75 + )+ R Cyor 13— (A +24(m)) (2.1.46)
n=m 1
S 2 © Vi
02 = E(D)+ E(V) + Z_
n=0 }‘1

The equation (2.1.45) implies, for a given m, the sign of Hs(m, k) determines
whether TCS (m, k) increases or decreases with respect to k.
Let n be the first k for which Hs(m, k) > 0.

Then Hs(m, n+1) = Hg(m, n) + Cy, (¢35, + Z¢ > 0 implies

1=m

TS (m, k) > TS(m, n) for k>n
This means that for a given m, the optimal value N"(m) of N is given

by the first k for which Hs(m, k) > 0 and that , once Tés(m, N(m)) increases
with respect to N, it keeps on increasing thereafter. Therefore for a given m,
TCS(m, N(m)) is conditionally unimodal and thereby N"(m) is conditionally
optimal.

Thus, N'(m) = min{ k= 1 /Hs(m, k) >0} , where Hs(m.k) is

given as in equation (2.1.46)
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Therefore for each m, TCS(m, N) has a relative minimum value at
(m, N*(m)). Thus the pair (m, N"(m)) gives the relative optimal policy for a
given m. Though it is difficult to prove mathematically that TCS(m, N) is convex
(or) unimodular, the computer experiments show that, the expected cost

function is convex. Thus the optimal (m",N*) can be obtained by using the

following algorithm.

Algorithm

Step 1 : Set m = 1, Determine N*(m) from equation (2.1.46). Calculate
T (m, N*(m)). GO TO Step 2.

step 2 : Calculate N*(m+1) and Tg (m+1,N"(m+1)). GO TO Step 3.
Step 3 : If Tg(m+1, N (m+1)) > T2 (m,N*(m)), STOP.

The optimal threshold is (m*,N*) = (m,N*(m)) and TS (m,N*(m)) is the

required optimal value. Otherwise set m = m+1 and GO TO Step 2.

SECTION : 2.2

MULTIPLE VACATION QUEUING SYSTEM

2.21 Mathematical Analysis of System

| Model Description

Model of section (2.2) differs from the model of section (2.1) only in
vacation policy. The server leaves for a vacation of random length V,
whenever the system empties (as in model 1). After returning from the
vacation, if the server finds m or more customers in the system then he
immediately starts the setup operation of random length D. Otherwise the
server takes repeated number of vacations, until he finds m (or) more

customers accumulate in the system. It is assumed that the sequence of



43

vacations {V1, Vo, . . } are independent and identically distributed and are

denoted by V. In multiple vacation model, the buildup period is 0.
Il System Size distributions :

Let Q' =(Q - {1}). Then Q' takes values 0 and 2 to 5 and the state
space (N(t), Q') follows Markov process. The other notations followed in this

section are same as in section (2.1). The steady state system size equations

are then given by

%1 Qg = uPy (2.2.1)
A1 Qn = MY Qo % 1<n<m-1 (2.2.2)
k=1
(M + 1) Qn = MY Qo % n>m (2.2.3)
k=1
(A1 +7) D = N Qn (2.2.4)
n-m
(A1 +7) Dy = nQn+i Y Do n>m+1 (2.2.5)
k=1
A1 Un = v Dm (2.2.6)
n-m
A Uy = yDn+ A > Upg Gk m+1 <n < N-1 (2.2.7)
k=1
Ma+p+a)Py = BBy+uPs (2.2.8)
n-1
(hg+p+a)Py = BBa+pPri+ia ) Py gk 2<n<N-1 (2.2.9)
k=1

n-1 n-m
(}\,2+M+(X)Pn = BBn+HPn+1+}\'2zpn—kgk+yDn+}\‘1 ZUn—kgk1
k=1 k=n-N+1

n>N (2.2.10)
(A3 +B) B4 = o Py (2.2.11)

n-1

(3 + B) Bn = aPn+Xis ) B g n>2 (2.2.12)
k=1
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Equations (2.2.6) to (2.2.12) are similar to the equations (2.1.7) to

(2.1.13) of section (2.1). Thus following the arguments of section (2.1), these

equations lead to

n
MUy =y Z D
k=m

{u (z—1>+z[wi(z)+gwi(zm:[wi(z)jﬂ Pu(2)

= z(yD(2) - wk(z)U@) - nP1)

and  B@) = —2Pw@ o6y B (wWi(2)) Pul2)

(B +wx(2))

For further simplification the following procedure is adopted.

Equations (2.2.4) and (2.2.5) give

D(z) = D*L;X(zn(n Q(z)—n"f; Q, z”]
and equations (2.2.1) to (2.2.3) imply
A Q(z) +n (Q(2)) - :i; Q, z") = M x(2)Q(z) + p Py
which implies _

Q@ = q@ V'(wk2)
where qz) = pP;+n mZ;Qn z" and

Vi (wk(2) = ﬁx(—z)

By selecting 69 = nP1+nQ and 6, = nQ, (1<n<m-1)

m-1

aqz) = D 5,2"

=0

3

(2.2.13)

(2.2.14)

(2.2.15)

(2.2.16)

(2.2.17)
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m-1
Thus n Q(z [Z an Z }[ S, z”]
n=0

where a, denotes the probability that n customers arrive during vacation V.

._s

m-— n

Thus, nQ(z) = > 2" > o; 8,

i=0

0.0}
n
+ Z z &; O
=m i=0

s |
o

The coefficient of z" in the above equation implies

nQ, = ZaiSn_i 0<n<m-1

nQ = 3, o n>m (2.2.18)

For further simplification the following theorem is used.
Theorem : 2.2.1

n oL; .
Let Bo=1,Pn= D — Poj 1<n<m-1 (2.2.19)
o (1-ag)
then 6, = uPq P where 0 <n<m-1 (2.2.20)
(1-0y9)

Proof
By definition of 3o , &y = pP1+m Qo
and substituting for Qo, from equation (2.2.18),
P P
S0 = H = U Bo
(1-0ay) (1-ayp)

This shows that the result of §, is true forn =0 and

n
fort<n<m-1 & =nQ, = ) 3, implies
i=0

1 = OL()) 8n Z (Xk n—k
Thus by induction, substituting for &,

3 Bn—k
(1 _CXO) on = HP1 E e HP1 Bn
k=1 “ (1_0‘0)



46

(i.,e.) & = pPq P 0<n<m-1 and
(1-0)
m-1 m-—1 B.z
q@) = Y 8,2" = pP1p(2), where B(z) = Z i
n=0 (1 00)
substituting for q(z) in (2.2.17) and (2.2.16)
nQz) = pPy V(wi(2)) B(2) kel 21)
and D(z) = (D*(w;(z))/y] ((v*(w;(z))—ns(z)u)p P, (2.2.22)

For further simplification of U, the following theorem is used.

Theorem : 2.2.2

_ X n _ T o, By
VW @) -1z + 1 = r;; S.z" where S, = 2 Meay) (2.2.23)
(D" (wi(@)) (V" (Wh(z)-1)p2)+1) = i z - (22.24)

where hy denotes the probability that k customers arrive during setup period.

Proof :

((V'(wWi(@)-10p@ + 1 )= (1 - p@) +(

3
18
RQ
3
N
= |
Nee A
7~ N\
Nghi
L
ko)
3
N
]
S A

(1 - (10) | (1'00) n=0 i=0 ( aO) n=m i=0 (1_(10)
m-1 n m-1 n 0 m-1
- BnZ n Qi Bn-i , 90 Bn n i B
[n 1 (1'00)}“:1 § {21 (1-ap) (1 aoJ*Emz 2 (1-otg)
— & n = Ol Bl - - n = = Ol Bi
_g;n z 2 Teag) r;ﬂ S,z" whereS, 2 eay)
(D" (wk(@)) (V" (wh(@) - D@ +1)= [z hy 2" ][z SJ
k=0 n=m
=22 g ST



47
Now U(z) can be calculated by using equation (2.2.13), namely,

k=m
where Dy = co-eff. of Z* in D(2)
(i.e) = (WP /) co-eff. of Zin (D*(w;(z))] ((v*(w;(z))—ns(z)m]
k
= (uP1/7y) > Sjhy, from equation (2.2.24)
i=m
n k
Then }\«1 Un = l«lp1 Z nn—k z SI hk-l
k=m i=m
n n-r
= HP1 z Sr hk Thrk = HP‘I ¢E
r=m k=0
N-1
Thus Uz) = pP1 Y (R z")/ %y = uPy o7(2) (2.2.25)
n=m
where ¢f = > S, 3 he Ty

Il
o

r=m k

By substituting for D(z) and U(z) from equations (2.2.21) and (2.2.25),

yD(2) - wk(z)U(@) - uPy = - Py z w(2) k()

where Ir(z) = {D*(w;(z)) [1V*(W;(Z))]B(z)+[1D*(W;(Z))}+¢R(z)}

wx(2) wi(2)
(2.2.26)
Thus the partial PGF’s are obtained as
p— 2 1
Qz) = P 1 V1(wx(z)) B(2)
wx(2)
_— = 1
o) = |2 (v w2 - 1By +1) Py
wWx(2)
N-1 ;R _n
Uz) = uPy %)\Z (2.2.27)
n=m 1
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Bz) = (a/P) B:(wi(z)jpw(z) and

[u(z —1)+Z(Wi(2)+(a/ B)Wi(Z))B?(Wi(Z))} Puz) = - pP1z wi(2)Ir(2)
If P}(z) denotes the PGF of the system size when the server is idle
(vacation + dormant + setup) then

PR(z) = Q@) +D(2)+U(z) = uP1Ir(2)
Hence the total PGF P(';N)(z) = P]R(z) + Pu(z) + B(z) is given by

z(1+(al B)Br (W5 (2)) (W) (2)) (2.2.28)

pR = uPyIr(z) |1- *
) = R W @ i@ B @)

Further uP¢ can be calculated by using the normalizing condition.

v Performance Measures

Let Py, Pset, Pdor, Pousy ,Psr @and Py denote the probability that the server
is on vacation, setup, dormant, busy ,breakdown and in idle state respectively

then, proceeding as in section (2.1)

m-—1

- p

P, = Pi | E(V =
(i) “1(();0(1_0‘0)}
(”) Pset = HP1 E(D)
(iii) Pgor = P+ or(1)
(iv) Pousy = _pP1_bp1 Dr(m,N) and

(1-p23)

(v) Per = (a/B) IDbusy

where p; and p2 asin section (2.1)

m-1 B N-1 ¢nR
and Dgr(m,N) = Irg(1) =E(D)+ E(V) ) ——+ » N (2.2.29)
n:O1 — &g n=m }VI

(vi) P = pPq Dr(m, N)



Then the normalizing condition implies

_ (1-p3 1 _ R
“P1 - br br -
(1-(p23 —p"1)) Dr(MmN)  Dr(m,N)

Then the equation (2.2.28) gives,

z(1+(a/ B)Br (Wy(2)) (W} (2)) R(2)

P('fn,N)(z) = R |1-

uz-1)+z(wi(@)+(a/ B Wi(2)Brw(2) | 'R(T)
where Ig(z) is as in (2.2.26).

\' Decomposition Property
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(2.2.30)

(2:2.31)

Equation (2.2.31) implies the total PGF of the system probabilities of

the model is the product of the PGF of two random variables one of which is

given by

B = R |1-

z[wl((z)(1 +(a/ B)(Bf(Wi(Z))J]

MX/M/1/BD (2)

h(z-1)+2(Wh(2)+ (@B wi(@)B; (wh(2)

as in section (2.1), and 8(z) = Ir(z)/ Ir(1) gives the PGF of the conditional

system size distribution during the idle period (vacation + setup + dormant)

under the condition p£5 < 1.

Vi Expected System Size

Let Ly, Lset, Ldor, Lousy @nd Lgr denote the expected system size when

the server is in vacation, setup, dormant, busy and in breakdown state

respectively. Then

. _ MP»] E(VZ) m-1 m-1

(i) Ly= —(1_00)[A1E(X) 5 n;) Bn+E(V)r§)n Bn

N B E(D2) m-1 B,

(i)) Lset = pPq 2 E(X) = i E(D) E(V) ), —2—
n=0

0]



50

(i) Laoe = uPy 3 9B
n=m )\1
(iV) l—busy = Pbusy + Py B br LR(mv N)
(1-p23
E(Br?
+Mn;—N)—[)\1pE(X(X-1))+2)\1E(X)(q()\3E(X))2 Cr)s o fh)
2u(1-p35Y
AE
and (V) Lg = %(me%]
where Dgr(m, N)is as in (2.2.29) and
La(m, N) = Ig(1)
2 m-1 2\ m-1
= 2w E09 | 52 oy EQv) D By | EVT) P
2 n=0 |~ %o 2 ol -
m-—1 nB m-1 I"I(I)R
+E(V) Z n +Z i (2.2.32)
n=0 1-00 n=0 )\1
Let LR

(m,N)denote the expected system size of Mf((m‘N) /M/1/MV /BD

queueing system under consideration .

Then L )= Lv* Lset + Loor + Lousy + Ler  implies

R _LR (mrN) +

= L 2.2.33
(m,N) DR (m, N) 1 ( )

where L1 gives the mean system size of the classical MiX/M/l/BD model as in

(2.1.43) with  E(H) ES)[1+ (a/B)];

E(H?)

oE(Br*)E(S)(1+p3-p2) +E(S*)[1+(a/B)][(Aa/a)*(o/B)]

where Dgr(m, N) and Lr(m, N) are as in (2.2.29) and (2.2.32).
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VIl Other System Characteristics

Let E(Cycle), E(Busy),E(l) and E(Ws) denote the expected
length of cycle, busy period, idle period and expected waiting time in the
system. Then by using IV- (ii), (iv) and (vi) we get,

1

) E(Cycle) = —
(i) E(Cycle) P,
(i) E(Busy) = Ppuy E(cycle) = Dgr(m, N)p—l
(1-p253)
(i) E(dle) = P,E(cycle) = Dgr(m,N)
LR
(iv) EWs) = % (Using little’s formula)

where Ay, =AR(ri+(r+r; (G/B)))—p:)r— )
(1-p23)

2.2.2 Optimal Management Policy

By following the procedure of section 2.1.2, the optimal threshold

values (m*,N") can be obtained for the multiple vacation model also.

Recalling the cost structure as ,C, (startup cost per cycle), Cset (setup
cost), Cqor (standby cost), Cyusy (Operating cost), Cy, (breakdown cost), C,

(reward cost) and C; (holding cost per customer) per unit time.

The total average cost of the multiple vacation model is given by

C
TCR (m, N) = [E(T};le) + Cset Pset + Cdor F)dor + Cbusy F)bus,y + Chr I:)Br +Ch

R
LmN)
= Cv l:)v]

Substituting for various measures, the above equation can be written as

TR(m,N)= AR+ ' [A¥ + zg(m) + R C Nfﬁ+c NZ_I n¢§]
C , 1 DR(m,N) R dor e )\1 hn:m X

where AR = ChLy+(Ch(a/B)+ Cousy) Pousy
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A = R (Cy + E(D) Cset) + Ch Lo , Lo = A E(X) E([Z)z)
2
Za(m) = [Cn (1 EQQ) (B4 E(D) E(V)) - RE(V) G z Fo
0
m-1 nB
Ch E(V 4
FOREN 2 s
¢R
By calculation T (m, k+1) — T& (m, k) K Hr(m, k)

" M DR(m, k) D (m, k+1)

where Hr(m, k) = h(k (R + Z (k —n) i” }+ RO 28

(R = E(D)+E(V)+ mi _Pn

n=0 (1 _aO)

Then the value of first k, for which Hg (m, k) > 0 decides the optional

policy of the model.
(i.e.) Ng(m) = Min{k=>1/Hg(m,k)> 0}.

The other procedure follows similarly.

2.3 PARTICULAR CASES
(1) The homogeneous batch arrival (m,N) policy single vacation model
M. Ny /M/1/SV /BD.

By letting, A; = A and i=1,2,3 in equation (2.1.39),

br N
sy = |1PEDH wx@ |1
(z-H wx(2)) Is (1)
where " = 25X (1,9, 1y )= Z
H g (u+ wy(2)(1+—2

B+ wx(2)
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3 LS (m, N)

and the mean system sizeis Ls = L
Ds (m,N)

2 2
el = {pg,r+AE<X(X-1>>E<H>+E)AFE(X)) E(H )}
2(1-p¢")

(2) When a = 0 the PGF of the single vacation reliable queueing system

M(xm,N)/MM/SV is given by

P(z) = “'p)(z‘])S* wx(2) | Is(2)
(z-S wx(2)) Is (1)
where S’ WX(Z)=——’U—— : p=7»E(X)
(b-wx(2) H

(3) Similarly, the PGF and the mean system size of the homogeneous

batch arrival (m,N) policy multiple vacation non-reliable server queueing

system M(Xm,N)/MM/MV/BD are obtained from (2.2.28) and (2.2.23)

(1-p")z-NH wx(@) | Ik (2)
(z-H wx(2)) Ir (1)

as, Pr (2) = {

n LR (m, N)
Dgr (m,N)

where Lk = L4

(4) The corresponding reliable multiple vacation model M()ﬁn,N) IM/[1/ MV

has the PGF as,

P (@) {(1—p)(z-1)8 Wy (2) } IR (2)

(z-S wy(2)) IR (1)
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2.4 NUMERICAL ANALYSIS

In this section some numerical results are obtained to study the effects
of various parameters namely (1) Batch arrival rate A (2) mean setup time
E(D)=1/v (3) mean vacation time E(V) = 1/n(4) breakdown rate a (5) mean
repair time E(B;) = 1/B and (6) the probabilities with which the arriving batch

joins the system (r;,r2,r;) on the mean system size for single vacation (L(Sm N))

and multiple vacation (L'(?m N)) Aqueueing  models. The batch size X is

assumed to follow geometric distribution with mean E(X) = 1/(1-p)

and E(X(X-1) = 2p/(1-p)?

The optimum thresholds (m’, N) for (m,N) policy and the minimum
average cost per unit time Tc(m',N) are also obtained for both the models
using the procedures given in sections (2.1.2) and (2.2.2). The bi-level policy

is compared with the corresponding N policy also. The parameters are so

chosen that the stability condition pgg < 1 obtained in sections 2.1 and 2.2 is

satisfied.

The total expected cost values Tc(m,N) per unit time with respect to m
and N are presented in table (2.1) and figures (2,1a and 2.1b) fcr the single

vacation model. The optimum values are given by
1) m* = 9,N*=13 with Tc® (m* ,N*) = 1004.88 for ri=r, =r;=.2 ( fig 2.1a).
2)m*=11,N*=18 with Tc® (m*,N*) = 1055.14 for (r4,r2,r3)=((.1,.2,.3) (in fig.2.1b).

Similarly the table (2.2) and figures(2.2a and 2.2b) show the value for
multiple vacation model. Their optimum values are given by

3) m* =11, N* = 14 for TcR} (m*,N*) = 943.03 for the case ry,=r; =rz= .2.
4) m* =9, N*=16 with TcR (m*,N*) = 1124.69 for the case (rq,r2,r3)=((.3,.2,.1).
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Fig. (2.1) The expected cost Tc®(m,N) Vs m and N for single vacation model

Fig. (2.1a) when ri=rp=rz=.2

(9,13, 1004.33)

1300

Fig. (2.1b) when (r, ror3)=(.1,.2,.3)
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(Ch.Chuid, Cset Cdor,Cousy,Cy,Cv Cor)=( 35, 8, 100, 100,1000,10000, 8,10); (p, A, v, n ,u4, o, B)=(.75, 1, .3, .3, 2, .04,.4)

Table (2.1): The total expected cost Tc®(m,N) Vs m and N for single vacation model

X 1 2. 11 12 13 14 15 16 17 18...
1 123471 | 119657 | 1018.52 | 1015.33 | 1014.31 | 10152 | 1017.75 | 1021.77 | 1027.07 | 1033.5
1286.26 | 1263.18 | 1095.43 | 1086.11 | 1078.56 | 1072.64 | 1068.22 | 1065.19 | 1063.4 | 1062.76
2 1177.82 | 1016.41 | 1013.39 | 1012.49 | 1013.46 | 1016.07 | 1020.14 | 1025.48 | 1031.94
124573 | 40933 | 1084.3 | 1076.98 | 1071.23 | 1066.94 | 1063.99 | 1062.27 | 1061.68
7 1008.29 | 1006.11 | 1005.67 | 1006.84 | 1009.52 | 1013.58 | 1018.87 | 1025.27
1081.82 | 1074.99 | 1069.24 | 1064.59 | 1061.08 | 1058.66 | 1057.29 | 1056.93
8 1007.5 | 1005.48 | 1005.08 | 1006.24 | 1008.86 | 1012.84 | 1018.05 | 1024.38
1079.5 | 1073.23 | 1067.87 | 1063.5 | 1060.17 | 1057.87 | 1056.57 | 1056.25
B 1007.11 | 1005.25 | 1004.88 | 1006 | 1008.53 | 1012.4 | 1017.49 | 1023.7
10772 | 1071.54 | 1066.61 | 1062.55 | 1059.41 | 1057.23 | 1056 | 1055.71
10 1007.19 | 1005.48 | 1005.13 | 1006.17 | 1008.58 | 1012.3 | 1017.24 | 1023.31
1074.96 | 1069.95 | 1065.49 | 1061.74 | 1058.81 | 1056.76 | 1055.6 | 1055.33
11 1007.78 | 1006.24 | 1005.89 | 1006.83 | 1009.09 | 1012.62 | 1017.36 | 1023.23
1072.79 | 1068.48 | 1064.52 | 1061.12 | 1058.41 | 1056.49 | 1055.4 | 1055.14
12 1007.59 | 1007.23 | 1008.05 | 1010.11 | 1013.4 | 1017.9 | 1023.54
1067.14 | 1063.73 | 1060.7 | 1058.23 | 1056.45 | 1055.42 | 1055.18

Cl(ri,=12 rs =.2) B (ri, 2 ra )=(1,2.3)

56
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Fig. (2.2) The expected cost Tc" Vs (m,N) for multiple vacation

Fig. (2.2a) when r{= r=rz=.2
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Fig. (2.2b) when (rq, 1z, 13) = (.3, .2, .1)
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Table (2.2): The total expected cost Tc(m,N) Vs mand N for Multiple vacation model
(Cr Gt Cor, Couys 0 Cr)=( 30, 100, 100 ,1000 , 10080, 8, 10); {(p. 4, ¥, np. o B) ={75,1,.5,.5,2, .06,2.5)

1 ..o 11 12 13 14 15 16 17 18...

m
1 12355 1191.6 974.92 968.91 965.16 963.38 963.31 964.74 967.47 971.33
1404.04 | 1373.08 | 1162.22 | 115243 | 114494 | 113952 | 113598 | 1134.1 1133.72 | 1134.67
. 1158.51 971 965.35 961.88 960.3 960.39 961.95 964.78 968.73
; 1338.97 | 1158.84 | 114959 | 1142.48 | 1137.33 | 1133.97 | 1132.22 | 1131.93 | 1132.95
¥ 954.31 950.57 948.36 947.62 948.27 950.2 953.31 957.48
114497 | 113799 | 113299 | 119924 | 112678 | 142557 | 112557 | 112672
8 951.83 948.48 946.49 945.87 946.57 948.51 951.6 955.74
1141.85 | 1136.36 | 1131.83 | 112838 | 1126.09 | 112497 | 112499 | 1126.12
9 949.74 946.78 945.01 944.49 945.21 947.12 950.17 954.25
1139.81 | 113503 | 113099 | 1127.85 | 112573 | 1124.69 | 112472 | 112581
10 948.09 945.53 943.97 943.52 944.24 946.1 949.06 953.05
1138.07 | 1134.03 | 1130.49 | 1127.67 | 112573 | 112476 | 112479 | 1125.83
11 946.94 944.78 943.42 943.03 943.72 945.48 948.32 952.18
113666 | 113338 | 113037 | 112788 | 112642 | 112521 | 442523 | 412649
12 944.59 943.43 943.09 943.7 945.34 948.02 951.7
1133.11 | 1130.64 | 112851 | 1126.94 | 1126.09 | 1126.08 | 1126.96

CI(ri,=r2 =r3 =.2) [ (1, 12, ra)=(1,2,.3)
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The optimal mean system size L*(m*,N*) for single vacation model and
LR(m* N*) for multiple vacation model are presented in tables and figures 2.3

and 2.4 for various values of ry,n and v.

From the figures it is observed that the mean system size decreases as
n or v increases (i.e.,) the system size can be reduced by reducing the mean

vacation time E(V) = 1/n, or mean setup time E(D)=1/v. The corresponding

graphical representations are given in figures (2.3) and (2.4). The cost

structure and the parameters considered in Tables (2.3) and (2.4) are same.

Fig. (2.3) LR « « With respect to (ry)
(m N

for various n of multiple vacation.

Fig. (2.4) LS « s With respect to (ry)
(m N)

for various v of single vacation.




60

Table (2.3) Mean system size for various (ri) with respect to n.
(Ch, Cbu“d s Cset , Cdor” Cbusy, Cy, C\/’ Cbr) = ( 60, 8, 100, 200, 500,1 OOOO, 8,10)
(p; A v,n.p0,B) =(75,1:5,1, 2,.05.2)and {rs.ra) =(.3,2)

n A 3 5 1 5
I
13.82 12.83 12.77 12.35 12.33
il 12.55 11.58 11.41 11.31 11.03
17.62 15.39 15.23 15.17 15.15
e 15.73 14.07 13.16 12.65 12.05
20.79 17.31 17.03 16.92 16.89
- 19.33 16.79 15.4 14.75 14.15
23.63 18.79 18.09 17.89 17.83
5= 23.47 17.99 17.19 17.43 16.58
29.43 25.12 21.95 20.8 19.46
- 26.22 19.97 19.22 18.91 18.82

Table (2.4) Mean system size for various (r{) with respect to v

The cost structures and parameters are as in table (2.3) with n =.35

| Single vacation

O Multiple vacation

A 3 5 7 1
Iy
13.24 12.85 12.76 12.37 12.23
: 13.15 12.36 12.18 11.99 11.85
15.54 14.59 13.93 13.54 13.2
s 14.91 14.42 13.63 13.51 13.15
17.84 16.66 15.68 14.96 14.58
& 17.33 15.99 15.5 14.43 14.41
21.14 19.35 17.79 17.09 15.96
20 20.50 19.13 17.37 16.85 15.65
26.96 24.34 21.68 19.89 17.82
. 26.46 20.95 19.82 19.46 19.23

- Single vacation [

Multiple vacation
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In Tables (2.5) and (2.6) the mean system size is compared with (i) the
breakdown rate (a) for different probabilities ry and (ii) repair rate 3 for
different values of r3. The table values show that the mean system size of
both the models, increases with a and decreases as {3 increases. (i.e.,) more
breakdowns will increase the system size and the mean system size can be
reduced by reducing the repair time. The cost structure and the parameters of
Table (2.3) are used to construct Tables (2.5) and (2.6).

Table (2.5) Mean system size for various (r1) with respect to a
The values of (A.n) = (.5..5)

.05 .07 .09 1
5]

112577 19.14 32.76 46.32

B 112:17 18.28 30.82 43.65
15.23 22.29 36.68 50.73

19 14.63 21:85 35.25 48.79
17.03 24.29 39.04 53.69

i 16.50 23.80 38.37 52.50
18.10 25.62 40.84 55.54

i 18.37 25.99 41.01 55.87
3 ili9E24 27.06 42.41 57.18
19.82 27.74 43.17 57.93

Table (2.6) Mean system size for various (r3) with respect to 3
The values of (A,n,r1) = (.5,.5,2)

1 1.5 2 2.5

I3
11.05 10.93 10.87 10.83
i 10.40 10.29 10.23 10.21
11.18 11.01 10.93 10.88
19 10.68 10.52 10.45 10.40
11.18 11.09 10.99 10.93
= 10.97 10.76 10.66 10.6
11.20 11.28 11.05 10.97
25 11.10 11.13 10.97 10.89

| Single vacation = Multiple vacation
The joint optimum  threshold values (m*,N*) and the minimum

expected cost Tc(m*,N*) for two cost structures are summarized in Table (2.7)
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for different values of (r, r,). From Table (2.7) it can be observed that (m*,N*)

decreases and Tc(m*,N*) increases as r1 or r, increases.

Case 1:(Ch,Cbuild,Cset,Cdor,Cbusy;Cy,Cv,Cbr) = (30, 8, 100, 100, 1000, 10000, 8, 10)
Case 2 . (Ch’Cbu”d .Csetycdory Cbusy,Cy,va Cbr)=( 60, 8, 100, 200, 500, 10000, 8, 10)

Table (2.7) Optimum threshold values for various (ry, r2)
(P A ¥,ngaB) ={75 .51, 2 .05,2)

r.f2) (:2,.1) (2.3) | (2.4) | (152 | (2.2
I = 2
N* 14 11 6 12 13
Case1 | TN | 877.34 | 114368 | 200851 | 84517 | 961.11
MmN [ (1414) | (@.11) (1,7) (12,12) | (12,13)
Te(m*,N*) | 877.34 | 114297 | 2002.97 | 84517 | 961.09
9 7 4 8 8
& 953.43 | 1302.61 | 2873.89 | 919.49 | 1045.65
ase 2
(9.9) (6,7) (2,5) (8,8) (8,9)
953.43 | 1301.42 | 286225 | 829.34 | 953.43
13 10 6 11 12
T 884.93 | 1121.81 | 1862.34 | 838.75 | 959.14
(13,14) | (8,11) (1.7) (11,11) | (11,13)
884.87 | 112176 | 1854.82 | 838.75 | 959.04
8 6 3 7 7
st 984.98 | 126672 | 2588.71 | 917.38 | 1051.9
(8,9) (4,7) (1,5) (7.7) (6,8)
980.058 | 1266.18 | 257232 | 917.38 | 1051.81

The conditional optimal values N*(m) of N and Tc(m,N*(m)) for a given
m are presented in Table (2.8) and in figures (2.5a)and (2.5b) for both single
and multiple vacation models.

Table 2.8:The Conditional Optimum values(m ,N*(m)) and Tc(m,N*(m))
(Ch.Chuid, Cset, Caor, Cousys Cy,Cv,Cur)=(35, 8, 100, 100,1000, 10000, 8,10);
{ P&V B) =075, 1,3, 3,2, 04,:4); (ty=Ts =rg=2)

mN9 | (1,13) | @13) | (3,13) | 4,13) | (5,13) | (6,13)
To(m,N*) | 1014.31 | 1012.49 | 1010.77 | 1009.18 | 1007.77 | 1006.58
(m,N") (1,18) | (2,18) | (3,18) | (4,18) | (5,18) | (6,18)
Te(m,N*) | 963.38 | 960.3 | 957.37 | 954.6 | 952.03 | 949.69
(m,N*) (7,13) | (8,13) | (9,13) | (10,43) | (11,13) | (12,13)
Tc(m,N*) | 1005.67 | 1005.08 | 1004.88 | 1005.13 | 1005.89 | 1007.23
(m,N*) (7,18) | (8,18) | (9,18) | (10,18) | (11,18) | (12,18)
Te(mN*) | 947.62 | 945.87 | 944.49 | 943.52 | 943.04 | 943.09

- n Single vacation = Multiple vacation ,



The Conditional Optimum values (m ,N*(m)) and Tc(m ,N*(m))

Fig. (2.5a) Single vacation Model
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