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CHAPTER - 4 

DIFFERENT VERSIONS OF HAUSDORFF SEPARATION  

AXIOM IN SECOND ORDER BIPOLAR FUZZY  

TOPOLOGICAL SPACES    

 

Different versions of Hausdorff separation axiom have been defined and studied in the case 

of fuzzy topological spaces by many authors. Three different Hausdorff separation axioms in fuzzy 

topological spaces introduced by Gantner et al. (1978), Katsaras (1981) and Srivastava et al. (1981) 

were extended to second order fuzzy topological spaces by Kalaichelvi (2000, 2011b, 2013) and 

were denoted as W – Hausdorff, K – Hausdorff and S – Hausdorff axioms respectively.  

In the first section, W – Hausdorff, K – Hausdorff and S – Hausdorff separation axioms of 

Warren, Katsaras and Srivastava are extended to first order bipolar fuzzy topological spaces. 

In the second section, W – Hausdorff, K – Hausdorff and S – Hausdorff axioms are 

extended to second order bipolar fuzzy topological spaces. 

Third section is devoted to study the relations between the first order bipolar fuzzy and 

second order bipolar fuzzy Hausdorff axioms with special reference to R1, R3 and R5. The 

behaviour of these concepts with regard to i(τ̂𝔅), iε(τ̂𝔅), i
∗(τ̂𝔅), ω(τ)̂, ωε(τ)̂, ω∗(τ)̂ are also 

analysed.  
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SECTION 4.1 

W-HAUSDORFF, K-HAUSDORFF AND S-HAUSDORFF SEPARATION AXIOMS IN 

FIRST ORDER BIPOLAR FUZZY TOPOLOGICAL SPACES 

 

Definition:4.1.1 

      Let (X , τ𝔅)  be a bipolar fuzzy topological space. Let Y ⊆ X.  

If Abp = (Abp
+, Abp

−) ∈ τ𝔅 and Abp/Y = (Abp
+/Y, Abp

−/Y) is the restriction function where 

(Abp
+/Y)(z) =  Abp

+(z)  and (Abp
−/Y)(z) = Abp

−(z), for every z ∈ Y, then the collection 

(τ𝔅/Y) = {( Abp/Y) / Abp ∈ τ𝔅 } is called the bipolar fuzzy topology on Y and (Y, τ𝔅/Y) is 

called a bipolar fuzzy subspace of (X , τ𝔅) 

 

Definition:4.1.2 

 A bipolar fuzzy topological space (X , τ𝔅) is said to be a bipolar fuzzy                                      

W-Hausdorff or bipolar fuzzy W-T2, if for any two distinct points x, y ∈ X, there exist two 

bipolar fuzzy open sets Abp, Bbp ∈ τ𝔅 such that Abp
+(x) = 1, Abp

−(x) = −1, Bbp
+(y) = 1, 

Bbp
−(y) = −1  and Abp ∩ Bbp= 0bp . 

 

Theorem:4.1.3  

Subspace of a bipolar fuzzy W-Hausdorff space is bipolar fuzzy W-Hausdorff. 

Proof:  

 Let (X , τ𝔅)  be a bipolar fuzzy W-Hausdorff space and Y be a non-empty subset of 

X. Then (Y, τ𝔅/Y) be a bipolar fuzzy subspace of (X , τ𝔅).   

Consider y1 , y2  ∈  Y, y1 ≠ y2. Therefore y1 , y2  ∈  X since (X , τ𝔅) be a bipolar fuzzy                 

W-T2, there exist two bipolar fuzzy open sets Abp, Bbp ∈ τ𝔅 such that Abp
+(y1 ) = 1, 

Abp
−(y1 ) = −1, Bbp

+(y2) = 1, Bbp
−(y2) = −1  and Abp ∩ Bbp=0bp.  

Since Y is a subset of  X,  Abp/Y,  Bbp/Y ∈ τ𝔅/Y where 

 (Abp
+/Y)(y1 ) =  Abp

+(y1 ) = 1, (Abp
−/Y)(y1 ) = Abp

−(y1 ) = −1 and  
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(Bbp
+/Y)(y2) =  Bbp

+(y2) = 1, (Bbp
−/Y)(y2) = Bbp

−(y2) = −1.  

Consider 

(Abp/Y) ∩ (Bbp/Y) = ((Abp
+/Y) ∧ (Bbp

+/Y), (Abp
−/Y) ∨ (Bbp

−/Y)) 

((Abp
+/Y) ∧ (Bbp

+/Y))( y)   = (Abp
+/Y)( y) ∧ (Bbp

+/Y)(y), for every y ∈ Y ⊆ X 

                           = Abp
+(y)∧ Bbp

+(y), for every y ∈ Y ⊆ X 

                                      = (Abp
+∧ Bbp

+)(y), for every y ∈ Y ⊆ X 

                                                 = 0+(y), for every y ∈ Y ⊆ X. 

(Abp
+/Y) ∧ (Bbp

+/Y) = 0+. 

(((Abp
−/Y) ∨ (Bbp

−/Y)) ( y)    = (Abp
−/Y)( y) ∨ (Bbp

−/Y)(y), for every y ∈ Y ⊆ X 

                                                     = Abp
−(y) ∨ Bbp

−(y), for every y ∈ Y ⊆ X 

                                          = (Abp
−∨ Bbp

−)(y), for every y ∈ Y ⊆ X 

                                                     = 0−(y), for every y ∈ Y ⊆ X. 

(Abp
−/Y) ∧ (Bbp

−/Y)  = 0−. 

Thus (Abp/Y) ∩ (Bbp/Y) = (0+, 0−) = 0bp. 

Hence subspace of a bipolar fuzzy W-Hausdorff space is bipolar fuzzy W-Hausdorff. 

  

Theorem:4.1.4 

Product of two bipolar fuzzy W-Hausdorff spaces is a bipolar fuzzy W-Hausdorff 

space. 

Proof:   

Let (X, τ𝔅1)   and (Y, τ𝔅2)   be two bipolar fuzzy W-Hausdorff spaces.  

To prove : (X×Y, τ𝔅1 × τ𝔅2) is a bipolar fuzzy W-Hausdorff space 

Consider two distinct points (x1, y1), (x2, y2)  ∈ X × Y.  

Either x1 ≠ x2 or  y1 ≠ y2. Assume x1 ≠ x2,  since (X , τ𝔅1)  be a bipolar fuzzy W-T2, there 

exist two bipolar fuzzy open sets Abp = (Abp
+, Abp

−) and Bbp = (Bbp
+, Bbp

−)  such that 

Abp
+(x1) = 1, Abp

−(x1) = −1, Bbp
+(x2) = 1, Bbp

−(x2) = −1 and Abp ∩ Bbp= 0bp                                                                                    

where 0bp is a bipolar fuzzy null set in X. Therefore Abp × 1bp , Bbp × 1bp ∈ τ𝔅1 × τ𝔅2 where 

Abp × 1bp = (Abp
+ × 1bp

+,  Abp
− × 1bp

−) and Bbp × 1bp = (Bbp
+ × 1bp

+,  Bbp
− × 1bp

−). 



  
 
 

    

 

 

 101 

 
 
 

 

 A Descriptive Study on Second Order Bipolar Fuzzy Structures 

 

Chapter 4 

Also (Abp
+ × 1bp

+)(x1, y1) = min{ Abp
+(x1), 1bp

+(y1)} 

                                              = min{1,1} 

                                              =  1.    

      (Abp
− × 1bp

−)(x1, y1)   = max{ Abp
−(x1), 1bp

−(y1)} 

                                              = max{−1, −1} 

                                              = −1. 

Similarly, (Bbp
+ × 1bp

+)(x2, y2) = 1 and (Bbp
− × 1bp

−)(x2, y2) = −1. 

So, Abp ∩ Bbp= 0bp implies (Abp
+ ∧ Bbp

+,  Abp
− ∨ Bbp

−) = 0bp 

implies (Abp
+ ∧ Bbp

+)(x) = 0+(x) and  (Abp
− ∨ Bbp

−)(x) = 0−(x), for every x ∈ X 

implies  Abp
+(x) ∧ Bbp

+(x) = 0 and  Abp
−(x) ∨ Bbp

−(x) = 0, for every x ∈ X 

implies Abp
+(x) = 0 or Bbp

+(x) = 0 and 

             Abp
−(x) = 0 or Bbp

−(x) = 0, for every x ∈ X 

implies  Abp
+(x) ∧ 1bp

+(y) = 0 or Bbp
+(x) ∧ 1bp

+(y) = 0  and 

Abp
−(x) ∨  1bp

−(y) = 0 or Bbp
−(x) ∨ 1bp

−(y) = 0, for every x ∈ X and for every y ∈ Y 

implies (Abp
+ × 1bp

+)(x, y) = 0 or (Bbp
+ × 1bp

+)(x, y) = 0 and 

             ( Abp
− × 1bp

−)(x, y) = 0 or (Bbp
− × 1bp

−)(x, y) = 0, for every (x, y) ∈ X × Y 

 implies ((Abp
+ × 1bp

+) ∧ (Bbp
+ × 1bp

+))(x, y) = 0 and 

               (( Abp
− × 1bp

−) ∨ (Bbp
− × 1bp

−)) (x, y) = 0, for every (x, y) ∈ X × Y 

 implies (Abp × 1bp)  ∩ (Bbp × 1bp)  = 0bp. 

The proof in the other case is similar.  

Therefore product of two bipolar fuzzy W-Hausdorff spaces is a bipolar fuzzy W-Hausdorff 

space. 

Theorem:4.1.5 

      Arbitrary product of bipolar fuzzy W-Hausdorff spaces is bipolar fuzzy W-Hausdorff. 

Proof:   

      Let {(Xλ, τ𝔅λ) / λ ∈  Λ} be a collection of bipolar fuzzy W-Hausdorff spaces and                  

X = ∏ Xλλ ∈ Λ . Consider two distinct points  (xλ)λ∈ Λ, (yλ)λ ∈ Λ∈ ∏ Xλλ ∈ Λ . Assume xμ ≠ yμ 

for some μ ∈ Λ, there exist two bipolar fuzzy open sets, (Abp)μ
, (Bbp)μ

∈ τ𝔅μ such that 
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(Abp
+)

μ
(xμ) = 1, (Abp

−)
μ
(xμ) = −1, (Bbp

+)
μ
(yμ) = 1, (Bbp

−)
μ
(yμ) = −1 and  

(Abp)μ ∩
(Bbp)μ =

(0bp)μ. 

 Let Abp = ∏ (Abp)λλ ∈ Λ , where (Abp)λ =
(1bp)λ for 𝜆 ≠ μ 

and Bbp = ∏ (Bbp)λλ ∈ Λ , where (Bbp)λ =
(1bp)λ for 𝜆 ≠ μ.  

Then Abp, Bbp ∈ ∏ τ𝔅λλ ∈ Λ where Abp = ∏ (Abp)λλ ∈ Λ = (⋀ (Abp
+)

λλ ∈ Λ  , ⋁ (Abp
−)

λλ ∈ Λ )  

and Bbp = ∏ (Bbp)λλ ∈ Λ = (⋀ (Bbp
+)

λλ ∈ Λ , ⋁ (Bbp
−)

λλ ∈ Λ ). 

Consider ⋀ (Abp
+)

λλ ∈ Λ (xλ)λ ∈ Λ= min{(Abp)λ
+
(xλ)λ ∈ Λ}  

                                                     = (Abp)μ
+
(xμ) , for some μ ∈ Λ 

                                                     = 1 

               ⋁ (Abp
−)

λλ ∈ Λ (xλ)λ ∈ Λ= max{(Abp)λ
−
(xλ)λ ∈ Λ}  

                                                     = (Abp)μ
−
(xμ), for some μ ∈ Λ 

                                                     = −1.  

Similarly, ⋀ (Bbp
+)

λλ ∈ Λ (yλ)λ ∈Λ = 1 and  ⋁ (Bbp
−)

λλ ∈ Λ (yλ)λ ∈ Λ = −1.  

Consider Abp⋂ Bbp = ∏ (Abp)λλ ∈ Λ ∩∏ (Bbp)λλ ∈ Λ  

= ((⋀ (Abp
+)

λλ ∈ Λ ) ∧ (⋀ (Bbp
+)

λλ ∈ Λ ) , (⋁ (Abp
−)

λλ ∈ Λ )⋁ (⋁ (Bbp
−)

λλ ∈ Λ )). 

Then ((⋀ (Abp
+)

λλ ∈ Λ )⋀ (⋀ (Bbp
+)

λλ ∈ Λ ))(xλ)λ ∈ Λ 

         =(⋀ (Abp
+)

λλ ∈ Λ (xλ)λ ∈ Λ)⋀ (⋀ (Bbp
+)

λλ ∈ Λ (xλ)λ ∈ Λ) 

         = min{(Abp
+)

λ
(xλ)λ ∈ Λ}⋀ min{(Bbp

+)
λ
(xλ)λ ∈ Λ} 

         = (Abp
+)

μ
(xμ) ⋀ (Bbp

+)
μ
(xμ) 

         =((Abp
+)

μ
 ⋀  (Bbp

 +)
μ
) (xμ) 

         = 0.  

Similarly, ((⋁ (Abp
−)

λλ ∈ Λ )⋁(⋁ (Bbp
−)

λλ ∈ Λ )) (yλ)λ ∈ Λ 

                  =(⋁ (Abp
−)

λλ ∈ Λ (yλ)λ ∈ Λ)⋁(⋁ (Bbp
−)

λλ ∈ Λ (yλ)λ ∈ Λ) 

                  = max{(Abp
−)

λ
(yλ)λ ∈ Λ} ⋁ max{(Bbp

−)
λ
(yλ)λ ∈ Λ}  



  
 
 

    

 

 

 103 

 
 
 

 

 A Descriptive Study on Second Order Bipolar Fuzzy Structures 

 

Chapter 4 

                  = (Abp
−)

μ
(yμ) ∨ (Bbp

−)
μ
(yμ) 

                  =((Abp
−)

μ
⋁ (Bbp

−)
μ
) (yμ) 

                  = 0.  

Thus Abp ∩ Bbp = 0bp. 

Hence arbitrary product of bipolar fuzzy W-Hausdorff spaces is a bipolar fuzzy  

W-Hausdorff space. 

 

Definition:4.1.6 

  A bipolar fuzzy topological space (X , τ𝔅) is said to be bipolar fuzzy K-Hausdorff 

or bipolar fuzzy K-T2, if for any two distinct points x, y ∈ X, there exists two bipolar fuzzy 

open sets  Abp, Bbp ∈ τ𝔅 such that 

Abp
+(x) > 0, Abp

−(x) < 0 , Bbp
+(y) > 0, Bbp

−(y) < 0  and Abp ∩ Bbp= 0bp. 

Note:  

 From 4.1.2 and 4.1.6, it is clear that bipolar fuzzy W- hausdorff ⇒ bipolar fuzzy                 

K – Hausdorff. 

The following example shows that the converse of the above implication is not true. 

  

Example:4.1.7 

 Let X be a non-empty set, For any two distinct points x, y ∈ X, Abp, Bbp where 

Abp
+: X → I , Abp

−: X → [−1,0] and Bbp
+: X → I , Bbp

−: X → [−1,0] are defined as follows: 

Abp
+(x) = 0.2, Abp

−(x) = −0.3,Abp
+(y) = 0, Abp

−(y) = 0 and 

Bbp
+(x) = 0, Bbp

−(x) = 0, Bbp
+(y) = 0.5, Bbp

−(y) = −0.6. 

Then τ𝔅 = {0bp, 1bp, Abp, Bbp, Abp⋃ Bbp} is a first order bipolar fuzzy topology on X. 

Here x ≠ y, Abp
+(x) > 0, Abp

−(x) < 0 , Bbp
+(y) > 0, Bbp

−(y) < 0  and Abp ∩ Bbp= 0bp. 

Therefore (X , τ𝔅) is bipolar fuzzy K-Hausdorff. But it is not bipolar fuzzy W-Hausdorff as 

Abp
+(x) ≠ 1, Abp

−(x) ≠ −1, Bbp
+(y) ≠ 1, Bbp

−(y) ≠ −1.   

 

Theorem:4.1.8 

Subspace of a bipolar fuzzy K-Hausdorff space is bipolar fuzzy K-Hausdorff. 
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Proof:  

         Let (X , τ𝔅)  be a bipolar fuzzy K-Hausdorff space and Y be a non-empty subset of X. 

Then (Y, τ𝔅/Y) is a subspace of (X , τ𝔅). Consider y1 , y2  ∈ Y,  y1 ≠ y2. Then y1 , y2  ∈ X. 

Since (X , τ𝔅) is bipolar fuzzy K – Hausdorff, there exist two bipolar fuzzy open sets Abp, 

Bbp ∈ τ𝔅 such that Abp
+(y1 ) > 0, Abp

−(y1 ) < 0 , Bbp
+(y2) > 0, Bbp

−(y2) < 0 and      

Abp ∩ Bbp= 0bp.  

Since Y is a subset of X,  Abp/Y,  Bbp/Y ∈ τ𝔅/Y where 

Abp/Y = (Abp
+/Y, Abp

−/Y) and  Bbp/Y = (Bbp
+/Y,Bbp

−/Y). 

Therefore  (Abp
+/Y)(y1 ) =  Abp

+(y1 ) > 0 and (Abp
−/Y)(y1 ) = Abp

−(y1 ) < 0 

                  (Bbp
+/Y)(y2) =  Bbp

+(y2) > 0 and (Bbp
−/Y)(y2) = Bbp

−(y2) < 0. 

Consider  

(Abp/Y) ∩ (Bbp/Y) = ((Abp
+/Y) ∧ (Bbp

+/Y), (Abp
−/Y) ∨ (Bbp

−/Y)) 

((Abp
+/Y) ∧ (Bbp

+/Y))( y)   = (Abp
+/Y)( y) ∧ (Bbp

+/Y)(y), for every y ∈ Y ⊆ X 

                                                 = Abp
+(y) ∧ Bbp

+(y), for every y ∈ Y ⊆ X 

                                                 = (Abp
+∧ Bbp

+)(y), for every y ∈ Y ⊆ X 

                                                 = 0+(y), for every y ∈ Y ⊆ X. 

Then (Abp
+/Y) ∧ (Bbp

+/Y) =  0+ and 

((Abp
−/Y) ∨ (Bbp

−/Y))( y)  = (Abp
−/Y)( y) ∨ (Bbp

−/Y)(y), for every y ∈ Y ⊆ X 

                                                = Abp
−(y) ∨ Bbp

−(y), for every y ∈ Y ⊆ X 

                                     = (Abp
−∨ Bbp

−)(y), for every y ∈ Y ⊆ X 

                                                = 0−(y), for every y ∈ Y ⊆ X. 

Then (Abp
−/Y) ∧ (Bbp

−/Y) = 0−. 

Thus (Abp/Y) ∩ (Bbp/Y) = (0
+, 0−) = 0bp. 

Hence subspace of a bipolar fuzzy K-Hausdorff space is a bipolar fuzzy K-Hausdorff space. 

 

Theorem:4.1.9 

Product of two bipolar fuzzy K-Hausdorff spaces is a bipolar fuzzy K-Hausdorff 

space. 
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Proof:   

        Let (X, τ𝔅1)   and (Y, τ𝔅2)   be two bipolar fuzzy Hausdorff spaces.  

To prove: (X×Y, τ𝔅1 × τ𝔅2) is a bipolar fuzzy K-Hausdorff space 

Consider two distinct points  (x1, y1), (x2, y2) ∈ X × Y. Either x1 ≠ x2 or y1 ≠ y2. 

Assume x1 ≠ x2, there exist two bipolar fuzzy open sets Abp, Bbp ∈ τ𝔅 such that 

Abp
+(x1) > 0, Abp

−(x1) < 0 , Bbp
+(x2) > 0, Bbp

−(x2) < 0 and 

Abp ∩ Bbp= 0bp where 0bp is a bipolar fuzzy null set in X. 

Therefore Abp × 1bp , Bbp × 1bp ∈ τ𝔅1 × τ𝔅2 where Abp × 1bp = (Abp
+ × 1bp

+,  Abp
− × 1bp

−) 

and  Bbp × 1bp = (Bbp
+ × 1bp

+,  Bbp
− × 1bp

−). 

Consider (Abp
+ × 1bp

+)(x1, y1) = min{ Abp
+(x1), 1bp

+(y1)} = Abp
+(x1) > 0 

               (Abp
− × 1bp

−)(x1, y1) = max{ Abp
−(x1), 1bp

−(y1)} = Abp
−(x1) < 0. 

 Similarly (Bbp
+ × 1bp

+)(x2, y2) > 0 and (Bbp
− × 1bp

−)(x2, y2) < 0. 

Also, Abp ∩ Bbp= 0bp implies (Abp × 1bp) ∩ (Bbp × 1bp) = 0bp. 

The proof for the other case is similar. 

Hence product of two bipolar fuzzy K-Hausdorff spaces is a bipolar fuzzy K-Hausdorff space. 

 

Theorem:4.1.10 

      Arbitrary product of bipolar fuzzy K-Hausdorff spaces is a bipolar fuzzy K-Hausdorff 

space. 

Proof:   

      Let {(Xλ, τ𝔅λ)/λ ∈  Λ} be a collection of bipolar fuzzy K-Hausdorff spaces. Let                    

X = ∏ Xλλ ∈ Λ  and τ𝔅 = ∏ τ𝔅λλ ∈ Λ . Consider two distinct points (xλ)λ ∈ Λ, 

(yλ)λ ∈ Λ ∈ ∏ Xλλ ∈ Λ . 

Assume xμ ≠ yμ for some μ ∈ Λ, then there exist two bipolar fuzzy open sets, 

(Abp)μ ,
(Bbp)μ ∈  τ𝔅μ such that (Abp

+)
μ
(xμ) > 0,(Abp

−)
μ
(xμ) < 0, (Bbp

+)
μ
(yμ) > 0, 

(Bbp
−)

μ
(yμ) < 0 and (Abp)μ ∩

(Bbp)μ =
(0bp)μ. 

Let Abp = ∏ (Abp)λλ ∈ Λ , where (Abp)λ =
(1bp)λfor 𝜆 ≠ μ and 

      Bbp = ∏ (Bbp)λλ ∈ Λ , where (Bbp)λ =
(1bp)λ for 𝜆 ≠ μ.  

Then  Abp, Bbp ∈ ∏ τ𝔅λλ ∈ Λ , 
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where Abp = ∏ (Abp)λλ ∈ Λ = (⋀ (Abp
+)

λλ ∈ Λ  , ⋁ (Abp
−)

λλ ∈ Λ ) and  

           Bbp = ∏ (Bbp)λλ ∈ Λ = (⋀ (Bbp
+)

λλ ∈ Λ , ⋁ (Bbp
−)

λλ ∈ Λ ) 

⋀ (Abp
+)

λλ ∈ Λ (xλ)λ ∈ Λ= min{(Abp
+)

λ
(xλ)λ ∈ Λ} 

                                     = (Abp
+)

μ
(xμ) > 0, for some μ ∈ Λ 

 ⋀ (Abp
+)

λλ ∈ Λ (xλ)λ ∈ Λ > 0 

⋁ (Abp
−)

λλ ∈ Λ (xλ)λ ∈ Λ = max{(Abp
−)

λ
(xλ)λ ∈ Λ} 

                                      = (Abp
−)

μ
(xμ) < 0, for some μ ∈ Λ 

 ⋁ (Abp
−)

λλ ∈ Λ (xλ)λ ∈ Λ < 0. 

Similarly, ⋀ (Bbp
+)

λλ ∈ Λ (yλ)λ ∈ Λ > 0 and ⋁ (Bbp
−)

λλ ∈ Λ (yλ)λ ∈ Λ < 0.   

Also Abp ⋂ Bbp = 0bp. 

Hence arbitrary product of bipolar fuzzy K-Hausdorff spaces is a bipolar fuzzy K-Hausdorff 

space. 

 

Definition:4.1.11 

A bipolar fuzzy topological space (X , τ𝔅) is said to be bipolar fuzzy S-Hausdorff or 

bipolar fuzzy S-T2, if for any pair of distinct bipolar fuzzy points x(α,β), y(γ,δ) in X, there exist 

two bipolar fuzzy open sets  Abp, Bbp ∈ τ𝔅 such that x(α,β) ∈ Abp , y(γ,δ) ∈ Bbp that is, 

Abp
+(x) ≥ α, Abp

−(x) ≤ β , Bbp
+(y) ≥ γ, Bbp

−(y) ≤ δ  and Abp ∩ Bbp= 0bp. 

 

Theorem:4.1.12 

Subspace of a bipolar fuzzy S-Hausdorff space is bipolar fuzzy S-Hausdorff. 

Proof:  

         Let (X , τ𝔅)  be a bipolar fuzzy S-Hausdorff space and Y is a non-empty subset of X. 

Then (Y, τ𝔅/Y) be a subspace of (X , τ𝔅).    

For x, y ∈ Y, x ≠ y, consider a pair of distinct bipolar fuzzy points x(α,β), y(γ,δ) in Y  

Therefore x(α,β), y(γ,δ) are the distinct bipolar fuzzy points in X, then there exist two bipolar 

fuzzy open sets Abp, Bbp ∈ τ𝔅 such that Abp
+(x) ≥ α, Abp

−(x) ≤ β , Bbp
+(y) ≥ γ, 

Bbp
−(y) ≤ δ  and Abp ∩ Bbp= 0bp. 
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Since Y is a subset of X,  Abp/Y,  Bbp/Y ∈ τ𝔅/Y where Abp/Y = (Abp
+/Y, Abp

−/Y) and     

Bbp/Y = (Bbp
+/Y, Bbp

−/Y). 

Then  (Abp
+/Y)(x) =  Abp

+(x) ≥ α and (Abp
−/Y)(x) = Abp

−(x) ≤ β 

          (Bbp
+/Y)(y) =  Bbp

+(y) ≥ γ and (Bbp
−/Y)(y) = Bbp

−(y) ≤ δ. 

Also Abp ⋂  Bbp = 0bp implies (Abp/Y) ∩ (Bbp/Y) = (0
+, 0−) = 0bp. 

Hence subspace of a bipolar fuzzy S-Hausdorff space is a bipolar fuzzy S-Hausdorff space. 

Theorem: 4.1.13 

 Product of two bipolar fuzzy S-Hausdorff spaces is a bipolar fuzzy S-Hausdorff space. 

Proof:   

        Let (X, τ𝔅1) and (Y, τ𝔅2) be two bipolar fuzzy S-Hausdorff spaces.  

To prove : (X×Y, τ𝔅1 × τ𝔅2) is a bipolar fuzzy S-Hausdorff space 

Consider two distinct bipolar fuzzy points y(α,β), z(γ,δ) ∈ X × Y where y = (y1, y2) and 

 z = (z1, z2). Either y1 ≠ z1 or y2 ≠ z2. 

Assume y1 ≠ z1 implies (y1)(α,β) ≠ (z1)(γ,δ). 

Then there exists two bipolar fuzzy open sets  Abp, Bbp ∈ τ𝔅1  such that 

Abp
+(y1) ≥ α, Abp

−(y1) ≤ β, Bbp
+(z1) ≥ γ , Bbp

−(z1) ≤ δ.   

Therefore Abp × 1bp and Bbp × 1bp ∈ τ𝔅1 × τ𝔅2 where 

Abp × 1bp = (Abp
+ × 1bp

+,  Abp
− × 1bp

−) and Bbp × 1bp = (Bbp
+ × 1bp

+,  Bbp
− × 1bp

−) 

 (Abp
+ × 1bp

+)(y1, z1) = min{ Abp
+(y1), 1bp

+(z1)} ≥ α 

 (Abp
− × 1bp

−)(y1, z1) = max{ Abp
−(y1), 1bp

−(z1)} ≤ β 

 (Bbp
+ × 1bp

+)(y2, z2) = min{ Bbp
+(y2), 1bp

+(z2)} ≥ γ  

 (Bbp
− × 1bp

−)(y2, z2) = max{ Bbp
−(y2), 1bp

−(z2)} ≤ δ. 

Also Abp ∩ Bbp= 0bp 

The proof in the other case is similar. 

Hence product of two bipolar fuzzy S-Hausdorff spaces is a bipolar fuzzy S-Hausdorff space. 



  
 
 

    

 

 

 108 

 
 
 

 

 A Descriptive Study on Second Order Bipolar Fuzzy Structures 

 

Chapter 4 

Theorem:4.1.14 

      Arbitrary product of bipolar fuzzy S-Hausdorff spaces is a bipolar fuzzy S-Hausdorff 

space. 

Proof:   

      Let {(Xλ, τ𝔅λ) / λ ∈  Λ} be a collection of bipolar fuzzy S-Hausdorff spaces  

Let X = ∏ Xλλ ϵ Λ  and τ𝔅 = ∏ τ𝔅λλ ∈ Λ . Consider two distinct bipolar fuzzy points 

((xλ)λ ∈ Λ)(α,β), ((yλ)λ ∈ Λ)(γ,δ) ∈ ∏ Xλλ ∈ Λ . Then (xλ)λ ∈ Λ ≠ (yλ)λ ∈ Λ. Assume xμ ≠ yμ for 

some μ ∈ Λ, there exist two bipolar fuzzy open sets, (Abp)μ,
(Bbp)μ ∈  τ𝔅μ such that 

(Abp
+)

μ
(xμ) ≥ α, (Abp

−)
μ
(xμ) ≤ β, (Bbp

+)
μ
(yμ) ≥ γ, (Bbp

−)
μ
(yμ) ≤ δ and                   

(Abp)μ ∩
(Bbp)μ =

(0bp)μ. 

Let Abp = ∏ (Abp)λλ ∈ Λ , where (Abp)λ =
(1bp)λfor 𝜆 ≠ μ and 

      Bbp = ∏ (Bbp)λλ ∈ Λ , where (Bbp)λ =
(1bp)λ for 𝜆 ≠ μ.  

Then  Abp , Bbp ∈ ∏ τ𝔅λλ ∈ Λ  where Abp = ∏ (Abp)λλ ∈ Λ = (∏ (Abp
+)

λλ ∈ Λ  , ∏ (Abp
−)

λλ ∈ Λ )  

and Bbp = ∏ (Bbp)λλ ∈ Λ = (∏ (Bbp
+)

λλ ∈ Λ  , ∏ (Bbp
−)

λλ ∈ Λ ). 

∏ (Abp
+)

λλ ∈ Λ (xλ)λ ∈ Λ = min{(Abp
+)

λ
(xλ)λ ∈ Λ}  

                                       = (Abp
+)

μ
(xμ) ≥ α , for some μ ∈ Λ 

 ∏ (Abp
+)

λλ ∈ Λ (xλ)λ ∈ Λ ≥ α 

∏ (Abp
−)

λλ ∈ Λ (xλ)λ ∈ Λ = max{(Abp
−)

λ
(xλ)λ ∈ Λ}  

                                       = (Abp
−)

μ
(xμ) ≤ β, for some μ ∈ Λ 

 ∏ (Abp
−)

λλ ∈ Λ (xλ)λ ∈ Λ ≤ β. 

 Similarly, ∏ (Bbp
+)

λλ ∈ Λ  (yλ)λ ∈ Λ ≥ γ and ∏  (Bbp
−)

λλ ∈ Λ (yλ)λ ∈ Λ ≤ δ. 

Also Abp ⋂ Bbp = 0bp. 

Hence arbitrary product of bipolar fuzzy S-Hausdorff spaces is a bipolar fuzzy S-Hausdorff 

space. 
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SECTION 4.2 

W-HAUSDORFF, S-HAUSDORFF AND K-HAUSDORFF SEPARATION AXIOMS 

IN SECOND ORDER BIPOLAR FUZZY TOPOLOGICAL SPACES 

 

Definition:4.2.1 

Let (X , τ̂𝔅)  be a second order bipolar fuzzy topological space and Y ⊆ X. If              

Âbp ∈  τ̂𝔅  and Âbp/Y is the restriction function where (Âbp
+
/Y) (z)(α) =  Âbp

+
(z)(α) and 

(Âbp
−
/Y)(z)(α) = Âbp

−
(z)(α), for all z ∈ Y, for all α ∈ I, then (τ̂𝔅/Y) = {( Âbp/Y) such that 

Âbp ∈ τ̂𝔅} is called the second order bipolar fuzzy topology on 𝐘 and (Y, τ̂𝔅/Y) is called a 

second order bipolar fuzzy subspace of (X , τ̂𝔅). 

 

Definition:4.2.2 

A second order bipolar fuzzy topological space (X, τ̂𝔅) is said to be second order 

bipolar fuzzy W-Hausdorff space of type 1, denoted by (𝐒𝐁𝐏𝐅𝐖 −𝐇)𝟏,  if for every      

x, y ∈ X, x ≠ y, there exist two second order bipolar fuzzy open sets Âbp , B̂bp ∈ τ̂𝔅 where                                  

Âbp = (Âbp
+
 , Âbp

−
) and B̂bp = (B̂bp

+
 , B̂bp

−
) such that Âbp

+
(x) = 𝟏, Âbp

−
(x) = −𝟏, 

B̂bp
+
(y) = 𝟏, B̂bp

−
(y) = −𝟏 and Âbp ∩1 B̂bp = 0̂bp. 

Definition:4.2.3 

 A second order bipolar fuzzy topological space (X, τ̂𝔅) is said to be second order 

bipolar fuzzy W-Hausdorff space of type 2, denoted by (𝐒𝐁𝐏𝐅𝐖 −𝐇)𝟐, is defined by 

replacing the condition Âbp ∩1 B̂bp = 0̂bp in the above definition by Âbp ∩2 B̂bp = 0̂bp. 

Example:4.2.4 

  Let X be a non-empty set. For any two distinct points x, y ∈ X, x ≠ y, there 

exists two second order bipolar fuzzy open sets Âbp, B̂bp where Âbp
+
: X → [0,1][0,1],                         
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Âbp
−
: X → [−1,0][0,1] and B̂bp

+
: X → [0,1][0,1], B̂bp

−
: X → [−1,0][0,1] are defined as 

follows: 

Âbp
+
(x)(α) = 1, Âbp

−
(x)(α) = −1, Âbp

+
(y)(α) = 0, Âbp

−
(y)(α) = 0 

B̂bp
+
(x)(α) = 0, B̂bp

−
(x)(α) = 0, B̂bp

+
(y)(α) = 1, B̂bp

−
(y)(α) = −1 

Then τ̂𝔅 = {0̂bp, 1̂bp, Âbp, B̂bp, Âbp⋃B̂bp} is a second order bipolar fuzzy topology on X. 

For x ∈ X, since B̂bp
+
(x)(α) = 0, B̂bp

−
(x)(α) = 0, for every α ∈ I, 

Âbp
+
(x)(α) ∧ B̂bp

+
(x)(α) = 0 and Âbp

−
(x)(α) ∨ B̂bp

−
(x)(α) = 0. 

Similarly, for y ∈ X, since Âbp
+
(y)(α) = 0, Âbp

−
(y)(α) = 0, for every α ∈ I, 

Âbp
+
(y)(α) ∧ B̂bp

+
(y)(α) = 0 and Âbp

−
(y)(α) ∨ B̂bp

−
(y)(α) = 0.  

Hence Âbp ∩2 B̂bp = 0̂bp. 

Note:4.2.5 

 (X, τ̂𝔅) is (SBPFW− H)1 ⇒ (X, τ̂𝔅) is (SBPFW− H)2. Since                    

Âbp ∩1 B̂bp = 0̂bp⇒ Âbp ∩2 B̂bp = 0̂bp. The converse of the above implication is not true 

since Âbp ∩2 B̂bp = 0̂bp need not imply that Âbp ∩1 B̂bp = 0̂bp. 

Theorem: 4.2.6 

1. Second order bipolar fuzzy subspace of a (SBPFW −H)1 space is (SBPFW− H)1. 

2. Second order bipolar fuzzy subspace of a (SBPFW −H)2 space is (SBPFW− H)2. 

Proof 

1.  Let (X, τ̂𝔅) be a (SBPFW− H)1 space and Y ⊆ X. Then (Y, τ̂𝔅/Y) be a second order 

bipolar fuzzy subspace of (X , τ̂𝔅). Consider y1 , y2  ∈  Y, y1 ≠ y2. Then y1, y2  ∈  X. 

Since (X, τ̂𝔅) be a (SBPFW− H)1, there exist Âbp, B̂bp ∈ τ̂𝔅 such that  Âbp
+
(y1 ) = 𝟏, 

Âbp
−
(y1 ) = −𝟏, B̂bp

+
(y2) = 𝟏, B̂bp

−
(y2) = −𝟏 and Âbp ∩1 B̂bp= 0̂bp.  
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Therefore Âbp/Y,  B̂bp/Y ∈ τ̂𝔅/Y where Âbp/Y = (Âbp
+
/Y, Âbp

−
/Y) and                                       

B̂bp/Y = (B̂bp
+
/Y, B̂bp

−
/Y).  

Then (Âbp
+
/Y) (y1 ) =  Âbp

+
(y1 ) = 1 and (Âbp

−
/Y)(y1 ) = Âbp

−
(y1 ) = −𝟏,  

                     (B̂bp
+
/Y) (y2) =  B̂bp

+
(y2) = 1 and (B̂bp

−
/Y)(y2) = B̂bp

−
(y2) = −𝟏.  

             Consider (Âbp/Y) ∩1 (B̂bp/Y) = ((Âbp
+
/Y) ∧ (B̂bp

+
/Y) , (Âbp

−
/Y) ∨ (B̂bp

−
/Y)) 

             ((Âbp
+
/Y) ∧ (B̂bp

+
/Y)) ( y)   = (Âbp

+
/Y)( y) ∧ (B̂bp

+
/Y) (y), for every y ∈ Y ⊆ X 

                                         = Âbp
+
(y) ∧ B̂bp

+
(y), for every y ∈ Y ⊆ X 

                                                     = (Âbp
+
∧ B̂bp

+
) (y), for every y ∈ Y ⊆ X 

                                                                = 0̂bp
+
(y), for every y ∈ Y ⊆ X. 

              ((Âbp
−
/Y) ∨ (B̂bp

−
/Y))( y) = (Âbp

−
/Y)( y) ∨ (B̂bp

−
/Y)(y), for every y ∈ Y ⊆ X 

                                       = Âbp
−
(y)  ∨ B̂bp

−
(y), for every y ∈ Y ⊆ X 

                                                   = (Âbp
−
∨ B̂bp

−
)(y), for every y ∈ Y ⊆ X 

                                                              = 0̂bp
−
(y), for every y ∈ Y ⊆ X. 

              Thus (Âbp/Y) ∩1 (B̂bp/Y) = 0̂bp. 

              Hence second order bipolar fuzzy subspace of (SBPFW − H)1 is (SBPFW −H)1. 

               The proof of 2 is obvious. 

Theorem:4.2.7 

1. Product of two (SBPFW− H)1 spaces is (SBPFW− H)1. 

2. Product of two (SBPFW− H)2 spaces is (SBPFW− H)2. 

Proof: 

1. Let (X, τ̂𝔅1) and (Y, τ̂𝔅2) be two (SBPFW− H)1 spaces. 

Consider two points (x1, y1), (x2, y2)  ∈ X × Y. Either x1 ≠ x2 or y1 ≠ y2. Assume x1 ≠ x2. 

Since (X, τ̂𝔅1) is (SBPFW− H)1, there exist two second order bipolar fuzzy open sets  

Âbp, B̂bp ∈ τ̂𝔅1such that Âbp
+
(x1) = 𝟏, Âbp

−
(x1) = −𝟏, B̂bp

+
(x2) = 𝟏, B̂bp

−
(x2) = −𝟏  

and Âbp ∩1 B̂bp= 0̂bp . 
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Âbp × 1̂bp ∈ τ̂𝔅1 × τ̂𝔅2 and B̂bp × 1̂bp ∈ τ̂𝔅1 × τ̂𝔅2, where 

Âbp × 1̂bp = (Âbp
+
× 1̂bp

+
, Âbp

−
× 1̂bp

−
) and B̂bp × 1̂bp = (B̂bp

+
× 1̂bp

+
, B̂bp

−
× 1̂bp

−
) 

(Âbp
+
× 1̂bp

+
) (x1, y1)(α) = Âbp

+
(x1)(α) ∧ 1̂bp

+
(y1)(α), for every (x1, y1) ∈ X × Y 

 and for every α ∈ I 

                                            = 𝟏(α) ∧ 𝟏(α), for every α ∈ I 

                                            = 𝟏(α), for every α ∈ I 

(Âbp
−
× 1̂bp

−
)(x1, y1)(α) = Âbp

−
(x1)(α) ∨ 1̂bp

−
(y1)(α), for every (x1, y1) ∈ X × Y 

and for every α ∈ I 

                                            = −𝟏(α) ∧ −𝟏(α), for every α ∈ I 

                                            = −𝟏(α), for every α ∈ I. 

Similarly, (B̂bp
+
× 1̂bp

+
) (x2, y2) = 𝟏 and (B̂bp

−
× 1̂bp

−
)(x2, y2) = −𝟏. 

For any (x, y) ∈ X × Y, consider Âbp × 1̂bp ≠ 0̂bp 

implies (Âbp
+
× 1̂bp

+
) (x, y) ≠ 𝟎, (Âbp

−
× 1̂bp

−
)(x, y) ≠ 𝟎 

implies Âbp
+
(x)(α) ≠ 0 , Âbp

−
(x)(α) ≠ 0, for every x ∈ X and for some α ∈ I 

implies Âbp
+
(x) ≠ 𝟎 , Âbp

−
(x) ≠ 𝟎, for every x ∈ X 

implies B̂bp
+
(x) = 𝟎 , B̂bp

−
(x) = 𝟎, for every x ∈ X (since Âbp ∩1 B̂bp= 0̂bp) 

implies B̂bp
+
(x) ∧ 1̂bp

+
(y) = 𝟎, B̂bp

−
(x) ∨ 1̂bp

−
(y) = 𝟎 

implies (B̂bp
+
× 1̂bp

+
) (x, y) = 𝟎, (B̂bp

−
× 1̂bp

−
)(x, y) = 𝟎 

implies B̂bp × 1̂bp= 0 

Thus (Âbp × 1̂bp) ∩1 (B̂bp × 1̂bp) = 0̂bp. 

The proof in the other case is the same. 

Hence (X×Y,τ̂𝔅1 × τ̂𝔅2) is (SBPFW− H)1. 

Since Âbp ∩1 B̂bp = 0̂bp⇒ Âbp ∩2 B̂bp = 0̂bp, (X×Y, τ̂𝔅1 × τ̂𝔅2) is a (SBPFW − H)2. 

 

Theorem:4.2.8 

1. Arbitrary product of (SBPFW− H)1 spaces is (SBPFW− H)1. 

2. Arbitrary product of (SBPFW− H)2 spaces is (SBPFW− H)2. 
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Proof:   

      Let {(Xλ, τ̂𝔅λ) / λ ∈  Λ} be a collection of (SBPFW −H)1 spaces. Let X = ∏ Xλλ ∈ Λ  and 

τ̂𝔅 = ∏ τ̂𝔅λλ ∈ Λ . Consider two distinct points (xλ)λ ∈ Λ, (yλ)λ ∈ Λ ∈ ∏ Xλλ ∈ Λ . 

Assume xμ ≠ yμ for some μ ∈ Λ. Since (Xμ, τ̂𝔅μ) is (SBPFW −H)1, there  exist two second 

order bipolar fuzzy open sets, (Âbp)μ
= ((Âbp

+
)
μ
, (Âbp

−
)
μ
) and                                     

(B̂bp)μ = ((B̂bp
+
)
μ
, (B̂bp

−
)
μ
) ∈  τ̂𝔅μ such that (Âbp

+
)
μ
(xμ) = 𝟏, (Âbp

−
)
μ
(xμ) = −𝟏, 

(B̂bp
+
)
μ
(yμ) = 𝟏,(B̂bp

−
)
μ
(yμ) = −𝟏  and (Âbp)μ ∩1

(B̂bp)μ =
(0̂bp)μ. 

Let  Âbp = ∏ (Âbp)λλ ∈ Λ , where (Âbp)λ =
(1̂bp)λ for 𝜆 ≠ μ and 

       B̂bp = ∏ (B̂bp)λλ ∈ Λ , where (B̂bp)λ
= (1̂bp)λ

 for 𝜆 ≠ μ.  

Then  Âbp, B̂bp ∈ ∏ τ̂𝔅λλ ∈ Λ  

Âbp = ∏ (Âbp)λλ ∈ Λ = (⋀ (Âbp
+
)


λ ∈ Λ  , ⋁ (Âbp
−
)
λ ∈ Λ ) and 

 B̂bp = ∏ (B̂bp)λλ ∈ Λ = (⋀ (B̂bp
+
)


λ ∈ Λ  , ⋁ (B̂bp
−
)
λ ∈ Λ ). 

(⋀ (Âbp
+
)


λ ∈ Λ ) (xλ)λ ∈ Λ = ⋀ ((Âbp
+
)

(xλ)λ ∈ Λ) 

                                            = (Âbp
+
)
μ
(xμ) , for some μ ∈ Λ 

                                            = 𝟏 

(⋁ (Âbp
−
)
λ ∈ Λ ) (xλ)λ ∈ Λ = ∨ ((Âbp

−
)

(xλ)λ ∈ Λ)  

                                          = (Âbp
−
)
μ
(xμ) , for some μ ∈ Λ 

                                          = −𝟏. 

Similarly, (⋀ (B̂bp
+
)


λ ∈ Λ ) (yλ)λ ∈ Λ  = 1 and (⋁ (B̂bp
−
)
λ ∈ Λ ) (yλ)λ ∈ Λ  = −𝟏.                                                                                    

To prove Âbp ∩1 B̂bp = 0̂bp where  Âbp ∩1 B̂bp = (Âbp
+
⋀ B̂bp

+
, Âbp

−
⋁ B̂bp

−
) 

(Âbp
+
 ⋀  B̂bp

+
) (xλ)λ ∈ Λ= ((⋀ (Âbp

+
)


λ ∈ Λ )⋀ (⋀ (B̂bp
+
)


λ ∈ Λ )) (xλ)λ ∈ Λ 

                                      = ((⋀ (Âbp
+
)


λ ∈ Λ ) (xλ)λ ∈ Λ)⋀((⋀ (B̂bp
+
)


λ ∈ Λ ) (xλ)λ ∈ Λ) 
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                                      = (⋀ (Âbp
+
)

(xλ)λ ∈ Λ λ ∈ Λ )⋀(⋀ (B̂bp

+
)

(xλ)λ ∈ Λ λ ∈ Λ ) 

                                      = (Âbp
+
)
μ
(xμ) ⋀ (B̂bp

+
)
μ
(xμ), for some μ ∈  

                                      = ((Âbp
+
)
μ
⋀ (B̂bp

+
)
μ
) (xμ), for some μ ∈  

                                     = 𝟎 

(Âbp
−
∨ B̂bp

+
) (xλ)λ ∈ Λ= ((⋁ (Âbp

−
)
λ ∈ Λ )⋁(⋁ (B̂bp

−
)
λ ∈ Λ )) (xλ)λ ∈ Λ 

                                       = ((⋁ (Âbp
−
)
λ ∈ Λ ) (xλ)λ ∈ Λ) ∨ ((⋁ (B̂bp

−
)
λ ∈ Λ ) (xλ)λ ∈ Λ) 

                                       = (⋁ (Âbp
−
)

(xλ)λ ∈ Λ λ ∈ Λ ) ∨ (⋁ (B̂bp

−
)

(xλ)λ ∈ Λλ ∈ Λ ) 

                                       = (Âbp
−
)
μ
(xμ) ∨ (B̂bp

−
)
μ
(xμ), for some μ ∈  

                                       = ((Âbp
−
)
μ
∨ (B̂bp

−
)
μ
) (xμ), for some μ ∈  

                                       = 𝟎. 

Thus Âbp ∩1 B̂bp = 0̂bp. 

Hence (X, τ̂𝔅) is (SBPFW− H)1. 

(X, τ̂𝔅) is (SBPFW −H)2 as Âbp ∩1 B̂bp = 0̂bp implies Âbp ∩2 B̂bp = 0̂bp. 

Definition:4.2.9 

A second order bipolar fuzzy topological space (X, τ̂𝔅) is said to be second order 

bipolar fuzzy K-Hausdorff space of type 1, denoted by (𝐒𝐁𝐏𝐅𝐊 −𝐇)𝟏, if for every      

x, y ∈ X, x ≠ y, there exist two bipolar fuzzy open sets Âbp , B̂bp ∈ τ̂𝔅 such that                  

Âbp
+
(x) > 𝟎, Âbp

−
(x) < 𝟎 , B̂bp

+
(y) > 𝟎 ,B̂bp

−
(y) < 𝟎 and Âbp ∩1 B̂bp = 0̂bp. 

Definition:4.2.10 

 A second order bipolar fuzzy topological space (X, τ̂𝔅) is said to be second order 

bipolar fuzzy K-Hausdorff space of type 2, denoted by  (𝐒𝐁𝐏𝐅𝐊 − 𝐇)𝟐, is defined by 

replacing the condition Âbp ∩1 B̂bp = 0̂bp in the above definition by Âbp ∩2 B̂bp = 0̂bp. 
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Example:4.2.11 

  Let X be a non-empty set. For any two distinct points x, y ∈ X, x ≠ y, there 

exists two second order bipolar fuzzy open sets Âbp, B̂bp where Âbp
+
: X → [0,1][0,1],                          

Âbp
−
: X → [−1,0][0,1] and B̂bp

+
: X → [0,1][0,1], B̂bp

−
: X → [−1,0][0,1] are defined as 

follows: 

Âbp
+
(x)(α) = 0.5 > 0, Âbp

−
(x)(α) = −0.4 < 0,  

B̂bp
+
(y)(α) = 0.2 > 0, B̂bp

−
(y)(α) = −0.9 < 0 

Then τ̂𝔅 = {0̂bp, 1̂bp, Âbp, B̂bp, Âbp⋃B̂bp} is a second order bipolar fuzzy topology on X 

For x ∈ X, since B̂bp
+
(x)(α) = 0, B̂bp

−
(x)(α) = 0, for every α ∈ I, 

Âbp
+
(x)(α) ∧ B̂bp

+
(x)(α) = 0 and Âbp

−
(x)(α) ∨ B̂bp

−
(x)(α) = 0. 

Similarly, for y ∈ X, since Âbp
+
(y)(α) = 0, Âbp

−
(y)(α) = 0, for every α ∈ I, 

Âbp
+
(y)(α) ∧ B̂bp

+
(y)(α) = 0 and Âbp

−
(y)(α) ∨ B̂bp

−
(y)(α) = 0.  

Hence Âbp ∩2 B̂bp = 0̂bp. 

Note:4.2.12 

1.  (X, τ̂𝔅) is (SBPFK − H)1 ⇒ (X, τ̂𝔅) is (SBPFK − H)2. Since Âbp ∩1 B̂bp = 0̂bp                                              

implies  Âbp ∩2 B̂bp = 0̂bp. The converse of the above implication is not true since 

Âbp ∩2 B̂bp = 0̂bp need not imply that  Âbp ∩1 B̂bp = 0̂bp. 

 

2. Theorem 4.2.6, 4.2.7 and 4.2.8 proved for separation axioms (SBPFW− H)1 and 

(SBPFW −H)2 have exact parallels for the separation axioms (SBPFK − H)1 and 

(SBPFK − H)2 .  

Definition:4.2.13 

A second order bipolar fuzzy topological space (X, τ̂𝔅) is said to be second order 

bipolar fuzzy S-Hausdorff space of type 1, denoted by (𝐒𝐁𝐏𝐅𝐒 − 𝐇)𝟏, if for any pair of 
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distinct second order bipolar fuzzy points x̂(r,s), ŷ(m,n) in X, there exist two second order 

bipolar fuzzy open sets Âbp , B̂bp ∈ τ̂𝔅 such that x̂(r,s) ∈ Âbp, ŷ(m,n) ∈ B̂bp and                

Âbp ∩1 B̂bp = 0̂bp. 

Definition:4.2.14 

 A second order bipolar fuzzy topological space (X, τ̂𝔅) is said to be second order 

bipolar fuzzy S-Hausdorff space of type 2, denoted by (𝐒𝐁𝐏𝐅𝐒 − 𝐇)𝟐, is defined by 

replacing the condition Âbp ∩1 B̂bp = 0̂bp in the above definition by Âbp ∩2 B̂bp = 0̂bp. 

Note:4.2.15 

 (X, τ̂𝔅) is (SBPFS − H)1 ⇒ (X, τ̂𝔅) is (SBPFS − H)2 .                                                  

Theorem: 4.2.16 

1. Second order bipolar fuzzy subspace of a (SBPFS − H)1 space is (SBPFS − H)1. 

2. Second order bipolar fuzzy subspace of a (SBPFS − H)2 space is (SBPFS − H)2. 

Proof 

1. Let (X, τ̂𝔅) be (SBPFS − H)1 and Y be a nonempty subset of X. Consider a pair of 

distinct second order bipolar fuzzy points ŷ(r,s), ẑ(m,n)  in Y. Therefore ŷ(r,s), ẑ(m,n) 

are the distinct second order bipolar fuzzy points in X. Then there exist two second 

order bipolar fuzzy open sets Âbp, B̂bp ∈ τ̂𝔅 such that ŷ(r,s) ∈ Âbp, ẑ(m,n) ∈  B̂bp 

and Âbp ∩1 B̂bp = 0̂bp. Then Âbp/Y,  B̂bp/Y ∈ τ̂𝔅/Y where                              

Âbp/Y = (Âbp
+
/Y, Âbp

−
/Y) and  B̂bp/Y = (B̂bp

+
/Y, B̂bp

−
/Y). 

(Âbp
+
/Y)(y)(α) =  Âbp

+
(y)(α) ≥ r, for every α ∈ (0,1]    

(Âbp
−
/Y)(y)(α) = Âbp

−
(y)(α) ≤ s, for every α ∈ [−1,0)  

(B̂bp
+
/Y) (z)(α) =  B̂bp

+
(z)(α) ≥ m, for every α ∈ (0,1] 

            (B̂bp
−
/Y)(z)(α) = B̂bp

−
(z)(α) ≤ n, for every α ∈ [−1,0) 

             implies  ŷ(r,s) ∈ Âbp/Y, ẑ(m,n) ∈ B̂bp/Y. 

             Also Âbp ∩1 B̂bp = 0̂bp implies (Âbp/Y) ∩1 (B̂bp/Y) = 0̂bp. 

             Hence second order bipolar fuzzy subspace of a (SBPFS − H)1 is (SBPFS − H)1. 
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             Proof of (2) is obvious. 

Theorem:4.2.17 

1. Product of two (SBPFS − H)1 spaces is (SBPFS − H)1. 

2. Product of two (SBPFS − H)2 spaces is (SBPFS − H)2. 

Proof: 

1. Let (X, τ̂𝔅1)   and (Y, τ̂𝔅2) be two (SBPFS − H)1 spaces. 

Consider two distinct second order bipolar fuzzy points ẑ(r,s) , û(m,n)  ∈ X × Y, where 

z = (x, y) and u = (p, q). Either x ≠ p or y ≠ q. Assume x ≠ p, then x(r,s) ≠ p(m,n).  

Then there exist two second order bipolar fuzzy open sets Âbp , B̂bp ∈ τ̂𝔅 such that              

x̂(r,s) ∈ Âbp, p̂(m,n) ∈ B̂bp and Âbp ∩1 B̂bp = 0̂bp. Therefore Âbp × 1̂bp ∈ τ̂𝔅1 × τ̂𝔅2 and                               

B̂bp × 1̂bp ∈ τ̂𝔅1 × τ̂𝔅2, where Âbp × 1̂bp = (Âbp
+
× 1̂bp

+
,  Âbp

−
× 1̂bp

−
) and 

 B̂bp × 1̂bp = (B̂bp
+
× 1̂bp

+
, B̂bp

−
× 1̂bp

−
). 

(Âbp
+
× 1̂bp

+
) (x, y)(α) = Âbp

+
(x)(α) ∧ 1̂bp

+
(y)(α), for every (x, y) ∈ X × Y, 

                                                                                         for every  α ∈ I 

                                        = Âbp
+
(x)(α) ≥ r  (since  x̂(r,s) ∈ Âbp) 

(Âbp
−
× 1̂bp

−
)(x, y)(α) = Âbp

−
(x)(α) ∨ 1̂bp

−
(y)(α), for every (x, y) ∈ X × Y, 

     for every  α ∈ I 

                                        = Âbp
−
(x)(α) ≤ s  (since  x̂(r,s) ∈ Âbp). 

Therefore ẑ(r,s) ∈ Âbp × 1̂bp. 

Similarly, (B̂bp
+
× 1̂bp

+
) (p, q)(α) = B̂bp

+
(p)(α) ≥ m  (since p̂(m,n) ∈ B̂bp) 

                (B̂bp
−
× 1̂bp

−
)(p, q)(α)  = B̂bp

−
(p)(α) ≤ n    (since  p̂(m,n) ∈ B̂bp). 

Therefore û(m,n) ∈ B̂bp × 1̂bp. 

Also  Âbp ∩1 B̂bp = 0̂bp  implies (Âbp × 1̂bp) ∩1 (B̂bp × 1̂bp) = 0̂bp. 

Proof for y ≠ q is similar. 

Hence (X×Y, τ̂𝔅1 × τ̂𝔅2) is (SBPFS − H)1. 

2.  Since Âbp ∩1 B̂bp = 0̂bp ⇒Âbp ∩2 B̂bp = 0̂bp, (X×Y, τ̂𝔅1 × τ̂𝔅2) is (SBPFS − H)2. 
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Theorem:4.2.18 

1. An Arbitrary product of (SBPFS − H)1 spaces is (SBPFS − H)1. 

2. An Arbitrary product of (SBPFS − H)2 spaces is (SBPFS − H)2. 

Proof:   

1.   Let {(Xλ, τ̂𝔅λ)/λ ∈  Λ} be a collection of (SBPFS − H)1 spaces. 

Let X = ∏ Xλλ ∈ Λ  and τ̂𝔅 = ∏ τ̂𝔅λλ ∈ Λ . Consider two distinct second order bipolar fuzzy 

points ((xλ)λ ∈ Λ)(r,s), ((yλ)λ ∈ Λ)(m,n) ∈  ∏ Xλλ ∈ Λ . Then (x)λ ∈ Λ ≠ (y)λ ∈ Λ. 

Assume xμ ≠ yμ for some μ ∈ Λ. Since (Xμ, τ̂𝔅μ) is (SBPFS − H)1, there exist two second 

order bipolar fuzzy open sets, (Âbp)μ
= ((Âbp

+
)
μ
, (Âbp

−
)
μ
) and                                                        

(B̂bp)μ
= ((B̂bp

+
)
μ
, (B̂bp

−
)
μ
) ∈  τ̂𝔅μ such that (x̂μ)(α,β)

∈ (Âbp)μ
, (ŷμ)(γ,δ)

∈ (B̂bp)μ
and   

(Âbp)μ
∩1 (B̂bp)μ

= (0̂bp)μ
. 

Let Âbp = ∏ (Âbp)λλ ∈ Λ , where (Âbp)λ =
(1̂bp)λ for 𝜆 ≠ μ and 

B̂bp = ∏ (B̂bp)λλ ∈ Λ , where (B̂bp)λ =
(1̂bp)λ for 𝜆 ≠ μ.  

Then  Âbp, B̂bp ∈ ∏ τ̂𝔅λλ ∈ Λ . 

Âbp = ∏ (Âbp)λλ ∈ Λ = (⋀ (Âbp
+
)


λ ∈ Λ  , ⋁ (Âbp
−
)
λ ∈ Λ ) and 

 B̂bp = ∏ (B̂bp)λλ ∈ Λ = (⋀ (B̂bp
+
)


λ ∈ Λ  , ⋁ (B̂bp
−
)
λ ∈ Λ ). 

(Âbp
+
) ((xλ)λ ∈ Λ)(α) =(⋀ (Âbp

+
)


λ ∈ Λ ) ((xλ)λ ∈ Λ)(α) 

                                     = ⋀ ((Âbp
+
)

(xλ)λ ∈ Λ(α))λ ∈ Λ  

                                     = (Âbp
+
)
μ
(xμ)(α) ≥ r, for some μ ∈ Λ 

(Âbp
−
)((xλ)λ ∈ Λ)(α) = (⋁ (Âbp

−
)
λ ∈ Λ ) ((xλ)λ ∈ Λ)(α) 

                                   = ⋁ ((Âbp
−
)

(xλ)λ ∈ Λ(α))λ ∈ Λ  

                                   = (Âbp
−
)
μ
(xμ)(α) ≤ s, for some μ ∈ Λ. 

Therefore (x̂)(α,β) ∈ Âbp. 

Similarly,  (B̂bp
+
) ((yλ)λ ∈ Λ)(α) = (B̂bp

+
)
μ
(yμ)(α) ≥ m, for some μ ∈ Λ. 
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(B̂bp
−
)((yλ)λ ∈ Λ)(α) = (B̂bp

−
)
μ
(yμ)(α) ≤ n, for some μ ∈ Λ. 

Therefore (ŷ)(γ,δ) ∈ B̂bp. 

Hence (X, τ̂𝔅) is (SBPFS − H)1. 

Proof of (2) is similar as (1) since Âbp ∩1 B̂bp = 0̂bp implies  Âbp ∩2 B̂bp = 0̂bp. 
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SECTION - 4.3 

RELATIONS BETWEEN FIRST AND SECOND ORDER BIPOLAR FUZZY 

HAUSDORFF SEPARATION AXIOMS 

 

Theorem:4.3.1 

(X, τ𝔅) is (BPFW− H) if and only if (X, τ̂𝔅) is (SBPFW −H)1, where (X, τ̂𝔅) is 

from (X, τ𝔅) through the relation R1. 

Proof : 

Assume (X, τ𝔅) is (BPFW − H). Given τ𝔅 , τ̂𝔅 = {Âbp / Abp ∈ τ𝔅} where 

Âbp
+
(x)(α) = Abp

+(x), Âbp
−
(x)(α) = Abp

−(x), for every x ∈ X and for every α ∈ I. 

Consider x, y ∈ X, x ≠ y. Since (X, τ𝔅) is (BPFW−H), there exist two bipolar fuzzy open 

sets Abp, Bbp ∈ τ𝔅 such that Abp
+(x) = 1, Abp

−(x) = −1, Bbp
+(y) = 1, Bbp

−(y) = −1 

and Abp ∩ Bbp= 0bp. Then Âbp, B̂bp ∈ τ̂𝔅.                                                                                              

Âbp
+
(x)(α) = Abp

+(x) = 1  Âbp
+
(x) = 𝟏 and  

Âbp
−
(x)(α) = Abp

−(x) = −1   Âbp
−
(x) = −𝟏. 

B̂bp
+
(y)(α) = Bbp

+(y) = 1      B̂bp
+
(y) = 𝟏 and 

B̂bp
−
(y)(α) = Bbp

−(y) = −1   B̂bp
−
(y) = −𝟏. 

Claim: Abp ∩ Bbp= 0bp implies Âbp ∩1 B̂bp= 0̂bp. 

For z ∈ X, Âbp
+
(z) ≠ 𝟎, Âbp

−
(z) ≠ 𝟎 implies Âbp

+
(z)(α) ≠ 0, Âbp

−
(z)(α) ≠ 0, for some 

α ∈ I  implies Abp
+(z) ≠ 0, Abp

−(z) ≠ 0 

implies Bbp
+(z) = 0, Bbp

−(z) = 0 (since Abp ∩ Bbp= 0bp) implies B̂bp
+
(z)(α) = 0, 

B̂bp
−
(z)(α) = 0, for every  α ∈ I  implies B̂bp

+
(z) = 𝟎, B̂bp

−
(z) = 𝟎 

implies Âbp ∩1 B̂bp= 0̂bp. 

Hence (X, τ̂𝔅) is (SBPFW− H)1. 

To prove the converse, it is enough to observe that Âbp ∩1 B̂bp= 0̂bp implies Abp ∩ Bbp= 0bp.  
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Âbp ∩1 B̂bp= 0̂bp  implies Âbp
+
(x) = 𝟎 and Âbp

−
(x) = 𝟎 or B̂bp

+
(x) = 𝟎 and                   

B̂bp
−
(x) = 𝟎, for every  x ∈ X. Âbp

+
(x)(α) = 0 and Âbp

−
(x)(α) = 0 or B̂bp

+
(x)(α) = 0 and 

B̂bp
−
(x)(α) = 0, for every  x ∈ X and for every  α ∈ I. Abp

+(x) = 0 and Abp
−(x) = 0 or 

Bbp
+(x) = 0 and Bbp

−(x) = 0, for every  x ∈ X. 

Hence Abp ∩ Bbp= 0bp. 

Theorem:4.3.2 

If (X, τ̂𝔅) is (SBPFW −H)1 then for α ∈ I, (X, (τ̂𝔅)α) is bipolar fuzzy W-Hausdorff 

where (X, (τ̂𝔅)α) is from (X, τ̂𝔅) through the relation R3. 

Proof : 

 Assume (X, τ̂𝔅) is (SBPFW− H)1. Given τ̂𝔅, for  α ∈ I, (τ̂𝔅)α = {(Âbp)α
 / Âbp ∈ τ̂𝔅} 

where (Âbp)α = ((Âbp
+
)
α
, (Âbp

−
)
α
) such that (Âbp

+
)
α
(x) = Âbp

+
(x)(α), 

(Âbp
−
)
α
(x) = Âbp

−
(x)(α), for every x ∈ X. 

Consider x, y ∈ X, x ≠ y. Since (X, τ̂𝔅) is (SBPFW− H)1, there exist two second order 

bipolar fuzzy open sets Âbp, B̂bp ∈ τ̂𝔅 such that Âbp
+
(x) = 𝟏, Âbp

−
(x) = −𝟏,                 

B̂bp
+
(y) = 𝟏, B̂bp

−
(y) = −𝟏 and Âbp ∩1 B̂bp= 0̂bp. 

Then (Âbp)α,
(B̂bp)α  ∈

(τ̂𝔅)α. 

 (Âbp
+
)
α
(x) = Âbp

+
(x)(α) = 𝟏(α) = 1 and 

 (Âbp
−
)
α
(x) = Âbp

−
(x)(α) = −𝟏(α) = −1. 

 (B̂bp
+
)
α
(y) = B̂bp

+
(y)(α) = 𝟏(α) = 1 and 

 (B̂bp
−
)
α
(y) = B̂bp

−
(y)(α) = −𝟏(α) = −1. 

Let Âbp ∩1 B̂bp= 0̂bp. Then Âbp
+
(x) = 𝟎 and Âbp

−
(x) = 𝟎 or B̂bp

+
(x) = 𝟎 and       

B̂bp
−
(x) = 𝟎, for every  x ∈ X. Âbp

+
(x)(α) = 0 and Âbp

−
(x)(α) = 0 or B̂bp

+
(x)(α) = 0 

and B̂bp
−
(x)(α) = 0, for every  x ∈ X and for every  α ∈ I. (Âbp

+
)
α
(x) = 0 and 

(Âbp
−
)
α
(x) = 0 or (B̂bp

+
)
α
(x) = 0 and (B̂bp

−
)
α
(x) = 0, for every x ∈ X. 
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Thus (Âbp)α ∩
(B̂bp)α= (0̂bp)α. 

Hence (X, (τ̂𝔅)α)  is bipolar fuzzy W-Hausdorff. 

Theorem:4.3.3 

 If (X, τ̂𝔅) is (SBPFW− H)1 if and only if  (X, (τ̂𝔅)c)  is (SBPFW− H)1, where 

(X, (τ̂𝔅)c) is from (X, τ̂𝔅)  through the relation R5. 

Proof : 

Assume (X, τ̂𝔅) is (SBPFW −H)1. Given τ̂𝔅 , (τ̂𝔅)c = {(Âbp)c / Âbp ∈ τ̂𝔅
} where 

(Âbp)c = ((Âbp
+
)
c
, (Âbp

−
)
c
) such that (Âbp

+
)
c
(x)(α) = Âbp

+
(x)(1 − α), 

(Âbp
−
)
c
(x)(α) = Âbp

−
(x)(1 − α), for every x ∈ X and for every α ∈ I. 

Consider x, y ∈ X, x ≠ y. Since (X, τ̂𝔅) is (SBPFW− H)1, there exist two second order 

bipolar fuzzy open sets Âbp, B̂bp ∈ τ̂𝔅 such that Âbp
+
(x) = 𝟏, Âbp

−
(x) = −𝟏,                 

 B̂bp
+
(y) = 𝟏, B̂bp

−
(y) = −𝟏  and Âbp ∩1 B̂bp= 0̂bp. Then (Âbp)c,

(B̂bp)c  ∈
(τ̂𝔅)c.                                                                                                                      

(Âbp
+
)
c
(x)(α) = Âbp

+
(x)(1 − α), for every x ∈ X and for every α ∈ I                        

                          = 𝟏(1 − α), for every α ∈ I 

                          = 1 = 𝟏(α), for every α ∈ I. 

Then (Âbp
+
)
c
(x) = 𝟏. 

(Âbp
−
)
c
(x)(α) = Âbp

−
(x)(1 − α), for every x ∈ X and for every α ∈ I                              

                          = −𝟏(1 − α), for every α ∈ I 

                          = −1 = −𝟏(α), for every α ∈ I. 

Then (Âbp
−
)
c
(x) = −𝟏. 

Similarly, (B̂bp
+
)
c
(y) = 𝟏, (B̂bp

−
)
c
(y) = −𝟏. 

Also  Âbp ∩1 B̂bp= 0̂bp.  
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implies  Âbp
+
(x) = 𝟎 and Âbp

−
(x) = 𝟎 or B̂bp

+
(x) = 𝟎 and B̂bp

−
(x) = 𝟎, for every x ∈ X. 

implies  Âbp
+
(x)(α) = 0 and Âbp

−
(x)(α) = 0 or B̂bp

+
(x)(α) = 0 and B̂bp

−
(x)(α) = 0, for 

every x ∈ X and for every α ∈ I 

implies (Âbp
+
) (x)(1 − α) = 0 and (Âbp

−
)(x)(1 − α) = 0 or (B̂bp

+
) (x)(1 − α) = 0 and 

             (B̂bp
−
)(x)(1 − α) = 0, for every x ∈ X and for every α ∈ I 

implies (Âbp
+
)
c
(x)(α) = 0 and (Âbp

−
)
c
(x)(α) = 0 or (B̂bp

+
)
c
(x)(α) = 0 and 

             (B̂bp
−
)
c
(x)(α) = 0, for every x ∈ X and for every α ∈ I 

implies (Âbp
+
)
c
(x) = 𝟎 and (Âbp

−
)
c
(x) = 𝟎 or (B̂bp

+
)
c
(x) = 𝟎 and (B̂bp

−
)
c
(x) = 𝟎, for  

every x ∈ X 

Thus (Âbp)c ∩1
(B̂bp)c= 0̂bp. 

Hence (X, (τ̂𝔅)c)  is (SBPFW− H)1. 

To prove the converse part it is enough to observe that (Âbp)c ∩1
(B̂bp)c= 0̂bp implies 

Âbp ∩1 B̂bp= 0̂bp. 

(Âbp)c ∩1
(B̂bp)c= 0̂bp implies (Âbp

+
)
c
(x) = 𝟎 and (Âbp

−
)
c
(x) = 𝟎  or 

(B̂bp
+
)
c
(x) = 𝟎 and (B̂bp

−
)
c
(x) = 𝟎, for every x ∈ X. 

(Âbp
+
)
c
(x)(α) = 0 and (Âbp

−
)
c
(x)(α) = 0 or (B̂bp

+
)
c
(x)(α) = 0 and 

(B̂bp
−
)
c
(x)(α) = 0, for every x ∈ X and for every α ∈ I. 

(Âbp
+
) (x)(1 − α) = 0 and (Âbp

−
)(x)(1 − α) = 0 or (B̂bp

+
) (x)(1 − α) = 0 and 

(B̂bp
−
)(x)(1 − α) = 0, for every x ∈ X and for every α ∈ I. 

Âbp
+
(x) = 𝟎 and Âbp

−
(x) = 𝟎 or B̂bp

+
(x) = 𝟎 and B̂bp

−
(x) = 𝟎, for every x ∈ X.    

Thus Âbp ∩1 B̂bp= 0̂bp. 
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Theorem:4.3.4 

If (X, τ̂𝔅)  is (SBPFW− H)1 then 

(i) For ε ∈ (0,1), (X, iε(τ̂𝔅)) is Hausdorff. 

(ii) (X, i∗(τ̂𝔅)) is Hausdorff. 

(iii) (X, i(τ̂𝔅)) is Hausdorff. 

Proof: 

(i) Consider x, y ∈ X , x ≠ y, then there exist Âbp, B̂bp ∈ τ̂𝔅 such that Âbp
+
(x) = 𝟏, 

Âbp
−
(x) = −𝟏, B̂bp

+
(y) = 𝟏, B̂bp

−
(y) = −𝟏 and Âbp ∩1 B̂bp= 0̂bp. 

Âbp
+
(x) = 𝟏  (Âbp

+
(x))

−1

(ε, 1] = I and 

Âbp
−
(x) = −𝟏  (Âbp

−
(x))

−1

[−1,−ε) = I   implies x ∈ (LÂbp)ε
. 

Similarly, B̂bp
+
(y) = 𝟏  (B̂bp

+
(y))

−1

(ε, 1] = I and 

                 B̂bp
−
(y) = −𝟏  (B̂bp

−
(y))

−1

[−1, −ε) = I  

 implies y ∈ (LB̂bp)ε
. 

Therefore Âbp, B̂bp ∈ τ̂𝔅  (LÂbp)ε
, (LB̂bp)ε

∈ iε(τ̂𝔅). 

Let z ∈ (LÂbp)ε
∩ (LB̂bp)ε

implies((Âbp
+
(z))

−1

(ε, 1] = I, (Âbp
−
(z))

−1
[−1,−ε) = I) and                                 

             ((B̂bp
+
(z))

−1

(ε, 1] = I, (B̂bp
−
(z))

−1

[−1,−ε) = I). 

Âbp
+
(z) ≠ 𝟎, Âbp

−
(z) ≠ 𝟎 and B̂bp

+
(z) ≠ 𝟎, B̂bp

−
(z) ≠ 𝟎 which is a contradiction since 

Âbp ∩1 B̂bp= 0̂bp. 

Thus (LÂbp)ε
∩ (LB̂bp)ε

= ∅. 

Hence (X, iε(τ̂𝔅)) is Hausdorff. 

Proofs of (ii) and (iii) are similar. 
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Theorem:4.3.5 

 If (X, τ) is Hausdorff, then  

(i) For ε ∈ (0,1) , (X,ωε(τ)̂) is (SBPFW− H)1. 

(ii) (X, ω(τ)̂) is (SBPFW −  H)1. 

(iii)(X, ω∗(τ)̂) is (SBPFW −H)1. 

Proof: 

(i) For x, y ∈ X , x ≠ y , there exist A, B ∈ τ such that x ∈ A, y ∈ B and A ∩ B = ∅.  

Then (̂
bp
+)

A
(x) = 𝟏, (̂

bp
−)

A
(x) = −𝟏 and (̂

bp
+)

B
(y) = 𝟏, (̂

bp
−)

B
(y) = −𝟏. 

Now to prove (̂
bp
)
A
∩1 (̂bp)B

= 0bp. 

For z ∈ X, (̂
bp
+)

A
(z) ≠ 𝟎, (̂

bp
−)

A
(z) ≠ 𝟎 implies (̂

bp
+)

A
(z) = 𝟏, (̂

bp
−)

A
(z) = −𝟏 

implies z ∈ A. Then zB implies (̂
bp
+)

B
(z) = 𝟎, (̂

bp
−)

B
(z) = 𝟎. 

Therefore (̂
bp
)
A
∩1 (̂bp)B

= 0̂bp. 

Since (L
(̂bp)A

)
ε

= A ∈ τ , (̂
bp
)
A
∈ (K̂bp)ε which is a basis of ωε(τ)̂. 

Similarly, (L
(̂bp)B

)
ε

= B ∈ τ , (̂
bp
)
B
∈ (K̂bp)ε. 

Hence (X, ωε(τ)̂) is (SBPFW −H)1. 

Proofs of (ii) and (iii) are similar. 

Theorem:4.3.6 

 If (X, τ̂𝔅) is (SBPFW −H)1, then (X, S2(τ̂𝔅)) is Hausdorff. 

Proof:  

 Let (X, τ̂𝔅) is (SBPFW−H)1. 
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Consider x, y ∈ X, x ≠ y, then there exist two second order bipolar fuzzy open sets 

Âbp, B̂bp ∈ τ̂𝔅 such that Âbp
+
(x) = 𝟏, Âbp

−
(x) = −𝟏, B̂bp

+
(y) = 𝟏, B̂bp

−
(y) = −𝟏 and 

Âbp ∩1 B̂bp= 0̂bp. 

Âbp
+
(x) = 𝟏  Âbp

+
(x)(α) = 𝟏(α), for every x ∈ X and for every α ∈ I 

                                                = 1 

Âbp
−
(x) = 𝟏  Âbp

−
(x)(α) = −𝟏(α), for every x ∈ X and for every α ∈ I 

                                                = −1 

implies Âbp
+
(x)(α) > 0, Âbp

−
(x)(α) < 0, for every x ∈ X, for every α ∈ I                                   

implies x ∈ S2(Âbp). 

Similarly, B̂bp
+
(y) = 𝟏, B̂bp

−
(y) = −𝟏 implies B̂bp

+
(y)(α) > 0, B̂bp

−
(y)(α) < 0, for 

every x ∈ X and for every α ∈ I implies  y ∈ S2(B̂bp). 

Also, Âbp ∩1 B̂bp= 0̂bp                                                                                                                                   

implies  Âbp
+
(x) = 𝟎, Âbp

−
(x) = 𝟎 or B̂bp

+
(x) = 𝟎, B̂bp

−
(x) = 𝟎, for every x ∈ X                                         

implies  Âbp
+
(x)(α) = 0, Âbp

−
(x)(α) = 0 or B̂bp

+
(x)(α) = 0, B̂bp

−
(x)(α) = 0,               

for every x ∈ X and for every α ∈ I  implies  x  S2(Âbp) or x  S2(B̂bp).                                                                                                                                            

Therefore  S2(Âbp) ∩ S2(B̂bp) = ∅.                                                                                       

Hence (X, S2(τ̂𝔅)) is Hausdorff. 

Theorem:4.3.7 

(X, τ𝔅) is (BPFS − H) iff (X, τ̂𝔅) is (SBPFS − H)1, where (X, τ̂𝔅) is from (X, τ𝔅) 

through the relation R1. 

Proof : 

 Assume (X, τ𝔅) is (BPFS − H). Given τ𝔅 , τ̂𝔅 = {Âbp / Abp ∈ τ𝔅} where 

Âbp
+
(x)(α) = Abp

+(x), Âbp
−
(x)(α) = Abp

−(x), for every x ∈ X and for every α ∈ I. 

Consider two distinct bipolar fuzzy points x(r,s), y(m,n) in X. Since (X, τ𝔅) is (BPFS − H), 
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there exist two bipolar fuzzy open sets  Abp, Bbp ∈ τ𝔅 such that x(r,s) ∈ Abp, y(m,n) ∈ Bbp 

and Abp ∩ Bbp= 0bp. 

Then Âbp, B̂bp ∈ τ̂𝔅 

x(r,s) ∈ Abp implies  Abp
+(x) ≥ 𝐫, Abp

−(x) ≤ 𝐬  implies  Âbp
+
(x)(α) ≥ r, Âbp

−
(x)(α) ≤ s, 

for every α ∈ I  implies x̂(r,s) ∈ Âbp 

y(m,n) ∈ Bbp implies Bbp
+(y) ≥ 𝐦, Bbp

−(y) ≤ 𝐧 implies  B̂bp
+
(y)(α) ≥ m, B̂bp

−
(y)(α) ≤ n,   

for every α ∈ I  implies  ŷ(m,n) ∈ B̂bp. 

Claim: Abp ∩ Bbp= 0bp implies Âbp ∩1 B̂bp= 0̂bp. 

Consider, for z ∈ X, Âbp
+
(z) ≠ 𝟎, Âbp

−
(z) ≠ 𝟎 

implies Âbp
+
(z)(α) ≠ 0, Âbp

−
(z)(α) ≠ 0, for some α ∈ I 

implies Abp
+(z) ≠ 0, Abp

−(z) ≠ 0 

implies Bbp
+(z) = 0, Bbp

−(z) = 0 (since Abp ∩ Bbp= 0bp) 

implies B̂bp
+
(z)(α) = 0, B̂bp

−
(z)(α) = 0, for every  α ∈ I 

implies B̂bp
+
(z) = 𝟎, B̂bp

−
(z) = 𝟎 

implies Âbp ∩1 B̂bp= 0̂bp 

Hence (X, τ̂𝔅) is (SBPFS − H)1. 

To prove the converse, it is enough to observe that Âbp ∩1 B̂bp= 0̂bp implies  Abp ∩ Bbp= 0bp. 

Theorem:4.3.8 

 If (X, τ̂𝔅) is (SBPFS − H)1, then for α ∈ I, (X, (τ̂𝔅)α)  is (BPFS − H) where 

(X, (τ̂𝔅)α) is from (X, τ̂𝔅)  through the relation R3. 

Proof : 

Assume (X, τ̂𝔅) is (SBPFS − H)1. Given τ̂𝔅 , for α ∈ I,  

(τ̂𝔅)α = {(Âbp)α / Âbp ∈ τ̂𝔅
} where (Âbp)α = ((Âbp

+
)
α
, (Âbp

−
)
α
) such that  

(Âbp
+
)
α
(x) = Âbp

+
(x)(α), (Âbp

−
)
α
(x) = Âbp

−
(x)(α), for every x ∈ X. 
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Consider two distinct bipolar fuzzy points x(m,n), y(p,q) in X, then x̂(m,n), ŷ(p,q) are distinct. 

Since (X, τ̂𝔅) is (SBPFS − H)1, there exist two second order bipolar fuzzy open sets 

Âbp, B̂bp ∈ τ̂𝔅 such that x̂(m,n) ∈ Âbp, ŷ(p,q) ∈ B̂bp and Âbp ∩1 B̂bp= 0̂bp . 

Then (Âbp)α, (B̂bp)α ∈
(τ̂𝔅)α 

x̂(m,n) ∈ Âbp implies Âbp
+
(x)(α) ≥ m, Âbp

−
(x)(α) ≤ n, for every α ∈ I 

                      implies (Âbp
+
)
α
(x) ≥ m, (Âbp

−
)
α
(x) ≤ n 

                      implies x(m,n) ∈ (Âbp)α 

ŷ(p,q) ∈ B̂bp implies  B̂bp
+
(y)(α) ≥ p, B̂bp

−
(y)(α) ≤ q, for every α ∈ I 

                    implies  (B̂bp
+
)
α
(y) ≥ p, (B̂bp

−
)
α
(y) ≤ q  

                    implies  y(p,q) ∈ (B̂bp)α. 

Also Âbp ∩1 B̂bp= 0̂bp implies (Âbp)α ∩
(B̂bp)α= (0̂bp)α. 

Hence (X, τ̂𝔅α) is (BPFS − H). 

Theorem:4.3.9 

(X, τ̂𝔅) is (SBPFS − H)1 iff  (X, (τ̂𝔅)c)  is (SBPFS − H)1, where (X, (τ̂𝔅)c) is from 

(X, τ̂𝔅)  through the relation R5. 

Proof : 

Assume (X, τ̂𝔅) is (SBPFS − H)1. Given τ̂𝔅 , (τ̂𝔅)c = {(Âbp)c
 / Âbp ∈ τ̂𝔅} where 

(Âbp)c = ((Âbp
+
)
c
, (Âbp

−
)
c
) such that (Âbp

+
)
c
(x)(α) = Âbp

+
(x)(1 − α), 

(Âbp
−
)
c
(x)(α) = Âbp

−
(x)(1 − α), for every x ∈ X and for every α ∈ I.                                                                                                                                                                             

Consider two distinct second order bipolar fuzzy points  x̂(m,n), ŷ(p,q) in X. Since (X, τ̂𝔅)                            

is (SBPFS − H)1, there exist two second order bipolar fuzzy open sets  Âbp, B̂bp ∈ τ̂𝔅 such 

that  x̂(m,n) ∈ Âbp, ŷ(p,q) ∈ B̂bp and Âbp ∩1 B̂bp= 0̂bp . 

Then (Âbp)c ,
(B̂bp)c  ∈

(τ̂𝔅)c. 



  
 
 

    

 

 

 129 

 
 
 

 

 A Descriptive Study on Second Order Bipolar Fuzzy Structures 

 

Chapter 4 

x̂(m,n) ∈ Âbp implies Âbp
+
(x)(α) ≥ m, Âbp

−
(x)(α) ≤ n, for every α ∈ I 

                     implies  Âbp
+
(x)(1 − α) ≥ m, Âbp

−
(x)(1 − α) ≤ n, for every α ∈ I 

                     implies  (Âbp
+
)
c
(x)(α) ≥ m, (Âbp

−
)
c
(x)(α) ≤ n, for every α ∈ I 

                     implies  x̂(m,n) ∈ (Âbp)c. 

Similarly, ŷ(p,q) ∈ B̂bp  ŷ(p,q) ∈ (B̂bp)c.                                                                                       

Also Âbp ∩1 B̂bp= 0̂bp implies (Âbp)c ∩1
(B̂bp)c= 0̂bp.                                                                                                

Hence (X, (τ̂𝔅)c)  is (SBPFS − H)1.                                                                                                  

To prove the converse part, it is enough to observe that  (Âbp)c ∩1
(B̂bp)c= 0̂bp implies 

Âbp ∩1 B̂bp= 0̂bp.                                                                                                                                                                                 

Theorem : 4.3.10 

If (X, τ̂𝔅)  is (SBPFS − H)1 then 

(i) For ε ∈ (0,1),(X, iε(τ̂𝔅)) is Hausdorff. 

(ii) (X, i∗(τ̂𝔅)) is Hausdorff. 

(iii) (X, i(τ̂𝔅)) is Hausdorff. 

Proof: 

(i) Let x, y ∈ X , x ≠ y and (m. n) , (p, q) ∈ (0,1] × [−1,0) such that for m > ε,                                                                             

n < −ε , p > ε , q < −ε, there exist two distinct second order bipolar fuzzy points 

x̂(m,n), ŷ(p,q) in X. Since (X, τ̂𝔅) is (SBPFS − H)1, there exist Âbp, B̂bp ∈ τ̂𝔅 such that  

x̂(m,n) ∈ Âbp, ŷ(p,q) ∈ B̂bp and Âbp ∩1 B̂bp= 0̂bp .                                                                                                                                                               

              x̂(m,n) ∈ Âbp implies  Âbp
+
(x)(α) ≥ m, Âbp

−
(x)(α) ≤ n, for every α ∈ I 

                                   implies (Âbp
+
(x))

−1

(ε, 1] = I, (Âbp
−
(x))

−1

[−1,−ε) = I 

                                   implies  x ∈ (LÂbp)ε
. 

              ŷ(p,q) ∈ B̂bp implies B̂bp
+
(y)(α) ≥ p, B̂bp

−
(y)(α) ≤ q , for every α ∈ I 

                                  implies (B̂bp
+
(y))

−1

(ε, 1] = I, (B̂bp
−
(y))

−1

[−1,−ε) = I 

                                    implies  y ∈ (LÂbp)ε
. 
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               Then  Âbp, B̂bp ∈ τ̂𝔅 implies (LÂbp)ε
, (LB̂bp)ε

∈ iε(τ̂𝔅). 

               Also  Âbp ∩1 B̂bp= 0̂bp implies (LÂbp)ε
∩ (LB̂bp)ε

= ∅.        

               Hence (X, iε(τ̂𝔅)) is Hausdorff.                                                                                                                             

               Proofs of (ii) and (iii) are similar. 

Theorem:4.3.11 

 If (X, τ) is Hausdorff, then  

(i)  For ε ∈ (0,1) , (X, ωε(τ)̂) is (SBPFW −H)1. 

(ii)  (X,ω(τ)̂) is (SBPFW −H)1. 

(iii) (X, ω∗(τ)̂) is (SBPFW− H)1. 

Proof: 

(i) Consider two distinct second order bipolar fuzzy points x̂(m,n), ŷ(p,q)in X, where 

x ≠ y. Then there exists A, B ∈ τ such that x ∈ A, y ∈ B and A ∩ B = ∅. 

                 x ∈ A implies (̂
bp
+)

A
(x) = 𝟏, (̂

bp
−)

A
(x) = −𝟏 

                           implies  (̂
bp
+)

A
(x)(α) ≥ m, (̂

bp
−)

A
(x)(α) ≤ n, for every α ∈ I 

                           implies  x̂(m,n) ∈ (̂bp)A
. 

                  y ∈ B implies (̂
bp
+)

B
(y) = 𝟏, (̂

bp
−)

B
(y) = −𝟏 

                            implies (̂
bp
+)

B
(y)(α) ≥ p, (̂

bp
−)

B
(y)(α) ≤ q, for every α ∈ I 

                            implies  ŷ(p,q) ∈ (̂bp)B
.  

                 Also A ∩ B = ∅ implies (̂
bp
)
A
∩1 (̂bp)B

= 0̂bp. 

Since (L
(̂bp)A

)
ε

= A, (L
(̂bp)B

)
ε

= B belong to τ, (̂
bp
)
A

and (̂
bp
)
B

belong to 

(K̂bp)ε where (K̂bp)ε is a basis of ωε(τ)̂. 
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                 Hence (X,ωε(τ)̂) is (SBPFS − H)1. 

                 Proofs of (ii) and (iii) are similar. 

Theorem:4.3.12 

 If (X, τ̂𝔅) is (SBPFS − H)1 then (X, S2(τ̂𝔅)) is Hausdorff. 

Proof:  

 Let (X, τ̂𝔅) is (SBPFS − H)1. Given τ̂𝔅, a base for S2(τ̂𝔅) is the collection 

{S2(Âbp) /Âbp ∈ τ̂𝔅} 

Consider x, y ∈ X, x ≠ y and (m, n), (p, q) ∈ [−1,0) × (0,1], then  x̂(m,n), ŷ(p,q) in X are 

distinct. Since (X, τ̂𝔅)  is (SBPFS − H)1, there exist two second order bipolar fuzzy open 

sets Âbp, B̂bp ∈ τ̂𝔅 such that x̂(m,n) ∈ Âbp, ŷ(p,q) ∈ B̂bp and Âbp ∩1 B̂bp= 0̂bp . 

 x̂(m,n) ∈ Âbp implies Âbp
+
(x)(α) ≥ m, Âbp

−
(x)(α) ≤ n, for every x ∈ X and for every α ∈ I 

                     implies  Âbp
+
(x)(α) > 0, Âbp

−
(x)(α) < 0, for every x ∈ X and for every α ∈ I 

                     implies  x ∈ S2(Âbp). 

 ŷ(p,q) ∈ B̂bp implies B̂bp
+
(y)(α) ≥ p, B̂bp

−
(y)(α) ≤ q , for every x ∈ X and for every α ∈ I 

                      implies B̂bp
+
(y)(α) > 0, B̂bp

−
(y)(α) < 0, for every y ∈ X and for every α ∈ I 

                      implies y ∈ S2(B̂bp). 

Also, Âbp ∩1 B̂bp= 0̂bp implies S2(Âbp) ∩ S2(B̂bp) = ∅. 

Hence (X, S2(τ̂𝔅)) is Hausdorff. 

 


