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CHAPTER -4

DIFFERENT VERSIONS OF HAUSDORFF SEPARATION
AXIOM IN SECOND ORDER BIPOLAR FUZZY
TOPOLOGICAL SPACES

Different versions of Hausdorff separation axiom have been defined and studied in the case
of fuzzy topological spaces by many authors. Three different Hausdorff separation axioms in fuzzy
topological spaces introduced by Gantner et al. (1978), Katsaras (1981) and Srivastava et al. (1981)
were extended to second order fuzzy topological spaces by Kalaichelvi (2000, 2011b, 2013) and

were denoted as W — Hausdorff, K — Hausdorff and S — Hausdorff axioms respectively.

In the first section, W — Hausdorff, K — Hausdorff and S — Hausdorff separation axioms of

Warren, Katsaras and Srivastava are extended to first order bipolar fuzzy topological spaces.

In the second section, W — Hausdorff, K — Hausdorff and S — Hausdorff axioms are

extended to second order bipolar fuzzy topological spaces.

Third section is devoted to study the relations between the first order bipolar fuzzy and
second order bipolar fuzzy Hausdorff axioms with special reference to R,, R; and Rs. The
behaviour of these concepts with regard to i(Tg), i.(Tg), i*(Tg), w(T), w:(T), w.(T) are also

analysed.
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SECTION 4.1

W-HAUSDORFF, K-HAUSDORFF AND S-HAUSDORFF SEPARATION AXIOMS IN
FIRST ORDER BIPOLAR FUZZY TOPOLOGICAL SPACES

Definition:4.1.1

Let (X,tg) be abipolar fuzzy topological space. Let Y € X.
I1f App = (App ", Abp ") € Ty and Ay, /Y = (App /Y, App ™ /Y) s the restriction function where
(Abp+ /Y)(z) = Abp+(z) and (App, /Y)(z) = App (2), for every z €Y, then the collection
(t/Y) = {( App/Y) / Ayp € Ty } is called the bipolar fuzzy topology on Y and (Y, tg/Y) is

called a bipolar fuzzy subspace of (X, tg)

Definition:4.1.2

A bipolar fuzzy topological space (X,ty) is said to be a bipolar fuzzy
W-Hausdorff or bipolar fuzzy W-T>, if for any two distinct points x,y € X, there exist two
bipolar fuzzy open sets Ay, By, € Tg such that Ay, ™ (x) = 1, Ap,~ (x) = =1, By, " (y) = 1,
Bpp (y) = —1 and Ay, N Bpp= Opp,

Theorem:4.1.3

Subspace of a bipolar fuzzy W-Hausdorff space is bipolar fuzzy W-Hausdorff.
Proof:

Let (X, tg) be abipolar fuzzy W-Hausdorff space and Y be a non-empty subset of
X. Then (Y, t/Y) be a bipolar fuzzy subspace of (X, tg).
Consider y,,y, € Y, y; #y,. Therefore y,,y, € X since (X,tg) be a bipolar fuzzy

W-T>, there exist two bipolar fuzzy open sets Ay, By, € Tg such that Ap, ™ (y1) = 1,
Abp_(Y1) = -1, Bbp+(YZ) =1, Bbp_(YZ) =—1 and Abp n Bbp:Obp-

Since Y is a subset of X, Ap,/Y, By,/Y € Tg/Y where

(Aop /(1) = App” (1) =1, (App /Y)(¥1) = App (v1) = —1 and
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Bop /Y)(¥2) = Bop (v2) =1, Bop /Y)(¥2) = Byp (v2) = —1.
Consider
(App/Y) N (Byp/Y) = ((App ™ /Y) A (Bop ™ /Y), (App /Y) V (B /Y))
(App /M A B /M) = App /() A(Bop/Y)(y), foreveryy € Y € X
= App (A By, (y), foreveryy e Y € X
= (App A By )(y), foreveryy € Y € X
=0*(y), foreveryy e Y € X.
(App " /Y) A (Bppt/Y) = 0.
((op™ /M) V (Bop™/Y)) (1) = (Anp /Ny V (Bop /Y)(), foreveryy € Y € X
=App (y) VBpp (), foreveryy € Y € X
= (App VBpp )(y), foreveryy e Y c X
=0 (y), foreveryy e Y € X.
(App /Y) A (Bpp7/Y) =07
Thus (App/Y) N (Byp/Y) = (0*,07) = 0p.

Hence subspace of a bipolar fuzzy W-Hausdorff space is bipolar fuzzy W-Hausdorff.

Theorem:4.1.4

Product of two bipolar fuzzy W-Hausdorff spaces is a bipolar fuzzy W-Hausdorff
space.
Proof:

Let (X,tg,) and (Y,ts,) be two bipolar fuzzy W-Hausdorff spaces.
To prove : (XXY, g, X Tg,) is a bipolar fuzzy W-Hausdorff space
Consider two distinct points (x4,y;), (X5,y7,) € X X Y.

Either x; # x, Oor y; # y,. Assume x; # X,, Since (X ,r%l) be a bipolar fuzzy W-T», there
exist two bipolar fuzzy open sets A, = (App*, App~) and By, = (By,*, By, ™) such that
Abp+(X1) =1,App (x) =—1, Bbp+(X2) =1,Bpp (x2) =—1 and App N By=0pp
where 0y, is a bipolar fuzzy null set in X. Therefore Ay, X 1y, Bpp X 1pp € T, X Ty, Where

Abp X 1bp = (Abp+ X 1bp+: Abp_ X 1bp_) and Bbp X 1bp = (Bbp+ X 1bp+: Bbp_ X 1bp_)'
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Also (Abp+ X 1pp ") (x1,y1) = min{ App ™ (x1), 1pp* (1)}
= min{1,1}
= 1.
(App X 1pp )(Xq,y1) = max{App~ (x1), 1pp (y1)}
=max{—1,—1}
=-—1.
Similarly, (Bpp" X 1pp ) (x2,¥2) = 1and (Bp,~ X 1pp )(x5,y2) = —1.
S0, App N Bpp= 0y, implies (App ™ ABpp*, App™ VBpp ™) =0pp
implies (App ™ ABpp ") (x) = 0*(x) and (Ap,~ V Bpp )(x) = 07 (x), for every x € X
implies Ap, " (x) ABp, " (x) = 0and Ap,~ (X) V By, (x) =0, forevery x € X
implies Abp+(x) =0or Bbp+(x) = 0 and
App~ (x) = 0 or By, (x) = 0, for every x € X
implies Abp+(x) A 1bp+(y) =0or Bbp+(x) A 1bp+(y) =0 and
Apy (X V 1, (y) =00rBy, (x) V1, (y) =0, foreveryx € X and for everyy € Y
implies (Abp+ X 1y, ) (xy) = 0or (Bbp+ X 1pp ) (% y) = 0 and
(App X 1pp )(xy) =0o0r (Bp, X 1p, )(xy) =0, forevery (x,y) EXXY
implies ((App ™ X 1pp") A (Bpp© X 1pp ")) (x,y) = 0 and

(( App” X 1pp )V (Bpp ™ X 1bp‘)) (x,y) = 0, forevery (x,y) € XX Y
implies (App X 1p5) N (Bpp X 1pp) = Opp.
The proof in the other case is similar.
Therefore product of two bipolar fuzzy W-Hausdorff spaces is a bipolar fuzzy W-Hausdorff
space.
Theorem:4.1.5
Arbitrary product of bipolar fuzzy W-Hausdorff spaces is bipolar fuzzy W-Hausdorff.

Proof:
Let {(X;\, r%}\)/x € A} be a collection of bipolar fuzzy W-Hausdorff spaces and
X = [Ix e a Xy Consider two distinct points (x))ae o, (Ya)re o€ [Ire o Xy. Assume x, #y,

for some p € A, there exist two bipolar fuzzy open sets, (Abp)u‘(Bbp)u € Ty, Such that
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(App™) (x) =1, (A57) () =-1 (Bop") () =1 (Byp") () =-1 and
(Abp), N (Bbp), = (0bp)
Let App = [Taca(Anp),, Where (App), = (1pp), for 2% n
and Bpp = [Tac a(Bop),, where (Bup), = (1up), for 2+ p.
Then Ayp, By, € T e a TsyWhere Ay, = Thea(Anp), = (Area(Bng®), o Vaca(Any?),)
and Bpp = [Tiea(Bop), = (/\)\EA(Bbp+);\J VAEA(Bbp_);\)'
Consider Ay e a(App*), e a= min{(App), G)rca}
= (Abp)u+(xu) , for some L € A
=1
Vaea(Aop ), Gdaena= max{(App), Gdaeal
= (Avp), (). for some p € A
=-1.
similarly, Ay e A(Bop*), )aea =1and Vaea(Bop ), Gdren =—1.
Consider Apy N Bup = [Txe a(Anp), N ITaea(Bop),
= ((Mmealny®),) A (Mea®op®),)  (Vaealtng ), )V (Vaea(Bry),))
Then ( (A e a(Anp*), ) A (M e a(Bop*),) o0 e
=(Aea(Bnp™), Grea) A (Area(Bop®), Gdaca)
= min{(App ), Gadr e a}A Min{(Bpp ™), (x)ne a
= (A5p"), (%) A (Bop ™), (%)
:((Aprr)Ll A (Bop +)u) (x,)
=0.
similarly, ((Vea(Asp ), ) V (Vaea(Bop),)) Gdaca
=(Vaea(Bop™), Gnen) V (Vaea(Bop ), Gndaca)

=max{(Ap"), ¥aea} V max{(Buy "), (y\)a e}
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(Abp_) u(yu) v (Bbp_)u(yu)

(Abp_)uv (Bbp_)u) (yw)
0.
Thus Abp N Bbp = Obp'

Hence arbitrary product of bipolar fuzzy W-Hausdorff spaces is a bipolar fuzzy
W-Hausdorff space.

Definition:4.1.6
A bipolar fuzzy topological space (X, tg) is said to be bipolar fuzzy K-Hausdorff
or bipolar fuzzy K-To, if for any two distinct points x,y € X, there exists two bipolar fuzzy

open sets App,, By, € Ty such that

App (%) >0, App, () <0, By, (y) > 0,Bp,~ (y) <0 and App N Byp= Opp.
Note:

From 4.1.2 and 4.1.6, it is clear that bipolar fuzzy W- hausdorff = bipolar fuzzy
K — Hausdorff.

The following example shows that the converse of the above implication is not true.

Example:4.1.7

Let X be a non-empty set, For any two distinct points x,y € X, Ay, By, Where
App":X—>1,Ap, X — [-1,0] and By, ": X > I, By, : X - [—1,0] are defined as follows:
App,"(x) =02, Apy” (x) = —0.3,Ap," (y) = 0,Ap, (y) = 0 and
Bpp " (x) = 0,Bp,, (%) = 0, By, "(y) = 0.5,Bp, " (y) = —0.6.

Then 1ty = {Obp, 1pps Apps Bops AppU Bbp} is a first order bipolar fuzzy topology on X.

Here x # y, App " (x) > 0,Ap, (%) <0, By, (y) > 0,By,, (y) < 0 and Ay, N Byp= Opyp.
Therefore (X, tg) is bipolar fuzzy K-Hausdorff. But it is not bipolar fuzzy W-Hausdorff as
App"(X) # 1,Ap,~ (%) # —1, By, " (y) # 1, By, () # —1.

Theorem:4.1.8
Subspace of a bipolar fuzzy K-Hausdorff space is bipolar fuzzy K-Hausdorff.
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Proof:
Let (X, tg) be abipolar fuzzy K-Hausdorff space and Y be a non-empty subset of X.
Then (Y, t/Y) is a subspace of (X, tg). Consider y;,y, €Y, y; #y,. Theny;,y, €X.
Since (X, tg) is bipolar fuzzy K — Hausdorff, there exist two bipolar fuzzy open sets Ay,
Bpp € Ty such that Ap,"(y;) > 0,Ap, (y1) <0 , Bpy'(y2) > 0,Bp, (y2) <0 and
App N Byp= Opp.
Since Y is a subset of X, Ap,/Y, Byp/Y € T/Y Where
App/Y = (App* /Y, App~/Y) and Byy/Y = (Byp* /Y, By /Y).
Therefore (App™/Y)(v1) = App" (v2) > 0 and (App™/Y)(y1) = App (y1) < 0
(Bop"/Y)(y2) = Bup" (y2) > 0and (Bp,™/Y)(¥2) = Bup (v2) < 0.
Consider
(App/Y) N (Byp/Y) = ((App ™ /Y) A (Bop ™ /Y), (App /Y) V (B /Y))
(App /M A By /N)(Y) = Aop /(¥ A (Bop ™ /Y)(y), foreveryy e Y € X
= App " () ABy,t (), foreveryy e Y € X
= (App "ABpp")(y), foreveryy e Y € X
=0*(y), foreveryy e Y € X.
Then (App " /Y) A (Bpp*/Y) = 0F and
(Ao /Y V (Bop /N)(¥) = (Anp /() V (Byy /Y)(y), foreveryy € Y € X
=App () VBy, (y), foreveryy €Y € X
= (App VBpp )(y) foreveryyeycX
=07 (y), foreveryy e Y € X.
Then (App /Y) A (Bpp /Y) =07
Thus (App/Y) N (Bpp/Y) = (0%,07) = Oy

Hence subspace of a bipolar fuzzy K-Hausdorff space is a bipolar fuzzy K-Hausdorff space.

Theorem:4.1.9
Product of two bipolar fuzzy K-Hausdorff spaces is a bipolar fuzzy K-Hausdorff

space.
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Proof:
Let (X,t,) and (Y,Tg,) betwo bipolar fuzzy Hausdorff spaces.

To prove: (XXY, 1, X Ty, ) is a bipolar fuzzy K-Hausdorff space
Consider two distinct points (x4,y;), (X3,¥,) € X X Y. Either x; # X, ory,; # y,.
Assume x; # X,, there exist two bipolar fuzzy open sets Ay, By, € Ty such that
App T (x1) > 0,Ap, (1) <0, Bpp*(x5) > 0,Bp, (x2) < 0and
App N Bpp= 0pp Where 0y, is a bipolar fuzzy null set in X.
Therefore App X 1pp, Bpp X 1pp € Ty, X T, Where App X 1y, = (App ™ X 1pp ™, App ™ X 1pp7)
and By, X 1pp = (Bpp™ X 1pp™*, Bpp ™ X 1pp ).
Consider (Abp+ X 1bp+)(X1»Y1) = min{ Abp+(X1): 1bp+(Y1)} = Abp+(X1) >0

(App X 1pp )(xq,y1) = max{ App~ (x1), 1pp (1)} = App (x1) <O0.
Similarly (Bpp " X 1pp ") (x2,¥2) > 0and (Byp~ X 1pp ) (X2, y2) < 0.
Also, App N By,p= 0y, implies (App X 1pp) N (Bpp X 1pp) = Opp.
The proof for the other case is similar.

Hence product of two bipolar fuzzy K-Hausdorff spaces is a bipolar fuzzy K-Hausdorff space.

Theorem:4.1.10
Arbitrary product of bipolar fuzzy K-Hausdorff spaces is a bipolar fuzzy K-Hausdorff
space.

Proof:
Let {(Xp ts,)/A € A} be a collection of bipolar fuzzy K-Hausdorff spaces. Let

X=TlreaXs and 7ty =1IIreats,  Consider two distinct points (x))yea,

(Y )rea€IllxenXy
Assume x, #y, for some p € A, then there exist two bipolar fuzzy open sets,

(Abp)u,(Bbp)u € Tg, such that (Abp+)u(xu) > 0,(Abp_)u(xu) <0, (Bbp"')u(yu) > 0,
(Bop ™), (yu) < 0and (Ayp) N (Byp), = (0p)
Let App = [Tac a(Anp),, where (Apy), = (1pp), for 2# pand

Bpp = [Taca(Bop),, Where (Byp), = (1yp), for 1% .

Then Ayp, Byp € [TreaTs,,
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where Abp = HXEA(Abp)}\ = (/\}\eA(Abp-i—)}\ ) V}\EA(Abp_)A) and
Bop = [Taea(Bop), = (/\}\EA(Bbp+)}\; V}\EA(Bbp_)A)

Me A(Abp+)}\ (X\)ren= min{(Abp+)}\(X}\)}\ ent

= (Abp+)u(xu) > 0, for some p € A
/\?\EA(Abp+)}L (XA )aea >0

Vae A(Abp_)x (X\nen = max{(Abp‘)}\(x;\);\ cnl

= (Abp_)u(xu) < 0, for some u € A
VAEA(Abp_);\ (x3)aen <0.
similarly, Ay e s(Bop*), (F)aea > 0 and Vae a(Bop ™), aea < 0.
Also Abp n Bbp = Obp'

Hence arbitrary product of bipolar fuzzy K-Hausdorff spaces is a bipolar fuzzy K-Hausdorff

space.

Definition:4.1.11
A bipolar fuzzy topological space (X, tg) is said to be bipolar fuzzy S-Hausdorff or

bipolar fuzzy S-T, if for any pair of distinct bipolar fuzzy points x4 g), ¥(y,5) in X, there exist
two bipolar fuzzy open sets App, Byp € Tg such that x(qpy € App,¥(y,s) € Byp that is,

Abp+(X) = qQ, Abp_(X) < B ) Bbp+(Y) =Y, Bbp—(Y) <6 and Abp N Bbp: Obp-

Theorem:4.1.12
Subspace of a bipolar fuzzy S-Hausdorff space is bipolar fuzzy S-Hausdorff.
Proof:

Let (X, ty) be abipolar fuzzy S-Hausdorff space and Y is a non-empty subset of X.
Then (Y, t/Y) be a subspace of (X, tg).
Forx,y €Y, x #y, consider a pair of distinct bipolar fuzzy points xg), y(y,5) in Y
Therefore x48), ¥(y,5) are the distinct bipolar fuzzy points in X, then there exist two bipolar

fuzzy open sets Ay, By, € Tg such that Abp+(x) > a,App, (X) <P, Bbp+(y) >,

Bbp_(y) <6 and Abp N Bbp: Obp-
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Since Y is a subset of X, App/Y, Bpp/Y € te/Y where Ap,/Y = (App* /Y, App~/Y) and
Bbp/Y = (Bup " /Y, Bpp /Y).
Then (App" /Y)(X) = App (%) = aand (App /Y)(X) = App () < B

(Bop /Y)(¥) = Bop  (¥) = vand (Byp, /Y)(¥) = By (¥) < &.
Also Ay, N By, = Oy implies (Ay,/Y) N (Bpp/Y) =(0%,07) = Oy,
Hence subspace of a bipolar fuzzy S-Hausdorff space is a bipolar fuzzy S-Hausdorff space.
Theorem: 4.1.13

Product of two bipolar fuzzy S-Hausdorff spaces is a bipolar fuzzy S-Hausdorff space.

Proof:

Let (X, Ts,) and (Y, T, ) be two bipolar fuzzy S-Hausdorff spaces.
To prove : (XXY, tg, X Tg,) is a bipolar fuzzy S-Hausdorff space
Consider two distinct bipolar fuzzy points y(q gy, Z¢y,5) € X X Y where y = (y,,y,) and
z = (z,,2,). Either y, # z, ory, # z,.
Assume y; # z; implies (y1) gy # (1) (y.5)-
Then there exists two bipolar fuzzy open sets Ay, By, € Ty, Such that
Abp+(Y1) = q, Abp_(Y1) <B, Bbp+(Z1) = Y:Bbp_(Z1) <.
Therefore App X 1y,, and By X 1y, € Ty, X Ty, Where
App X 1pp = (App* X 1pp*, App” X 1pp7) aNd Byp X 1pp = (Bupt X 1pp ™, Bpp ™ X 1pp~)
(App* X 1pp ") (y1,21) = min{ App " (1), 1pp " (21)} = @
(App X 1y )(y1,21) = max{ Ay, (y1), 1pp (z)} < B
(Bop " X 1pp ) (¥2,22) = min{ By " (v2), 1pp  (22)} = v
(Bop™ X Tpp ) (¥222) = max{ By, ™ (v2), oy (22)} < 6.
Also Ay, N Bpp= 0y
The proof in the other case is similar.

Hence product of two bipolar fuzzy S-Hausdorff spaces is a bipolar fuzzy S-Hausdorff space.
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Theorem:4.1.14

Arbitrary product of bipolar fuzzy S-Hausdorff spaces is a bipolar fuzzy S-Hausdorff
space.

Proof:
Let {(X», t3,) /A € A} be acollection of bipolar fuzzy S-Hausdorff spaces
Let X=[IreaXy and tg =Ilrcats,. Consider two distinct bipolar fuzzy points

()rea) @y (WIrea) g5 € [IneaXa Then (x)aea # (YA)rea- Assume x, #y, for

some | € A, there exist two bipolar fuzzy open sets, (Abp)u’ (Bbp)lLl € 1y, such that
(), ()20 () () <6 Br) ()27 (B ), () < banc
(Abp)u n (Bbp)u = (Obp)u'
Let App = [Trea(Anp),, Where (App), = (1pp),for 2# pand

Bup = [Taea(Bop),, Where (Byp), = (1np), for 2+ .
Then App, By € [Thea oy Where Ap, = [T e a(Abp), = (]'[;\e,\(Abp““)A , HAeA(Abp‘)x)
and By, = HAEA(Bbp);\ = (H;\eA(Bbp+);\ ) HAEA(Bbp_)A)'
Mhea(Bp®), Gdaea = min{(Ap, "), e al

= (Abp"), (%) = @, for some p € A

Maea(hng), Gsnen 2

e a(Bop7), Gdaea = max{(Ap, "), (xada e a}

(Abp_)u(xu) < B, forsome p € A
e a(Ap7), Gdaen < B

Similarly, T e A(Bop™), )aea = vand [laea (Bop ), Ga)rea < 8.
Also Abp N Bbp = Obp-

Hence arbitrary product of bipolar fuzzy S-Hausdorff spaces is a bipolar fuzzy S-Hausdorff

space.
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SECTION 4.2

W-HAUSDORFF, S-HAUSDORFF AND K-HAUSDORFF SEPARATION AXIOMS
IN SECOND ORDER BIPOLAR FUZZY TOPOLOGICAL SPACES

Definition:4.2.1

Let (X,Tg) be a second order bipolar fuzzy topological space andY < X. If
Ay, € g and Ay, /Y is the restriction function where (Kbp+ /Y) (2)(a) = Kbp+(z) (o) and
(App /Y)@)(0) = Ay, (z)(), forallz €Y, forall a € I, then (2g/Y) = {( Ap,/Y) such that

Kbp € Ty} is called the second order bipolar fuzzy topology on Y and (Y, Tg/Y) is called a

second order bipolar fuzzy subspace of (X,%g).

Definition:4.2.2

A second order bipolar fuzzy topological space (X,%g) is said to be second order
bipolar fuzzy W-Hausdorff space of type 1, denoted by (SBPFW — H),, if for every

X,y € X, x #y, there exist two second order bipolar fuzzy open sets Kbp ,Ebp € Ty Where
App = (Abp Abp ) and By, = (Bup By ) such that Ap,"(x) =1, Ay, (0 = -1,
Ebp+(y) =1, By, (y) = —1and Ay, Ny By, = Opp.

Definition:4.2.3

A second order bipolar fuzzy topological space (X, Tg) is said to be second order
bipolar fuzzy W-Hausdorff space of type 2, denoted by (SBPFW — H),, is defined by

replacing the condition Ay, N; By, = 0y, in the above definition by Ay, N, By, = Opyp.
Example:4.2.4

Let X be a non-empty set. For any two distinct points x,y € X, x # y, there

exists two second order bipolar fuzzy open sets Ay, By, Where Z\bp+: X - [0,1](01],
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Ay, :X > [-1,0]°% and Ebp+: X - [0,1](%1, B, : X - [—1,0](% are defined as

follows:
App (@ =1, A, (0(@) = —1, A, (() = 0,Ap, (¥)(@) =0

Byp (0)(0) =0, By, ()(c) =0, By, () (@) =1, By, () (@) = —1

Then 2y = {Obp, Top) Abp, Bop, AppUBpp} is a second order bipolar fuzzy topology on X.
For x € X, since Ebp+(x)(a) =0, By, ®(a) =0, foreverya €1,

App ()(0) A By ()(e) = 0 and Ap,~ (x)(e) V By, ()(e) = 0.

Similarly, for y € X, since Kbp+(y)(a) =0,Ap, (¥)(a) =0, foreveryael,

App (@ ABp, () (@) = 0and Ay, (1) () V Byp (¥)(a) = 0.
Hence A, Ny Byp = Opp.

Note:4.2.5
(X, %) is (SBPFW — H); = (X, %) is (SBPFW — H),. Since
App Ny Byp = 0pp= App N, By, = Op,p. The converse of the above implication is not true

since Ay, N, By = Opy, Need not imply that Ay, Ny By, = Opp.

Theorem: 4.2.6
1. Second order bipolar fuzzy subspace of a (SBPFW — H); space is (SBPFW — H);.
2. Second order bipolar fuzzy subspace of a (SBPFW — H), space is (SBPFW — H),.

Proof

1. Let (X,Tg) be a (SBPFW — H); space and Y < X. Then (Y, Tg/Y) be a second order
bipolar fuzzy subspace of (X,%g). Consider y;,y, € Y,y; #y,. Theny,,y, € X.

Since (X, %g) be a (SBPFW — H),, there exist Ay, By, € Ty such that Kbp+(y1) =1,

~

- - + ~ - ~ =
Abp (y1) = -1, Bbp (YZ) =1, Bbp (YZ) = —1 and Abp Ny Bbp: 0bp-
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Therefore Ay,/Y, Bpp/Y € %y/Y where A,,/Y = (T&bp+/Y,T&bp_/Y) and
P - + ~ =
Bop/Y = (Bop /Y. Bop /Y).

Then (Abp"'/Y) (Y1) = Zl:bp"'(yl) =1and (;‘:bp_/Y)(yl) = A\bp_(yl) =-1,

(Bop"/Y) (72) = Bup " (72) = Land (B /Y)(v2) = B (v2) = 1.
Consider (Ryy/Y) 0y (Bop/Y) = ((Beo " /Y) A (B /¥). (B /¥) v (B /Y))
((Kbrﬁ /Y)A(Byy” /Y)) (v) =(Rop /Y)(3) A (Bop /Y) (), foreveryy e Y € X

= Kbp+(y) A Ebp+(y), foreveryy € Y € X
= (Kbp+ A §bp+) (y), foreveryy € Y € X

=0p, (y), foreveryy €Y C X,

((Bop V)V (Bop /) (9) = (Bop /Y)(3) V (Byp /Y)(), foreveryy € Y € X

App () V By, (), foreveryy € YS X

=(Ap, V By, )(y), foreveryy eYSX
=0pp (v), foreveryyeyYcx
Thus (Abp/Y) Ny (Ebp/Y) = Gbp'
Hence second order bipolar fuzzy subspace of (SBPFW — H), is (SBPFW — H);,.

The proof of 2 is obvious.

Theorem:4.2.7
1. Product of two (SBPFW — H), spaces is (SBPFW — H),.
2. Product of two (SBPFW — H), spaces is (SBPFW — H),.

Proof:
1. Let (X, %g,)and (Y,%y,) be two (SBPFW — H), spaces.
Consider two points (x1,y1), (X5,y¥,) € XX Y. Either x; # x, ory; # y,. Assume x; # X,.
Since (X, %531) is (SBPFW — H),, there exist two second order bipolar fuzzy open sets
—~ PN ~ ~ + - ~ + P
Abp' Bbp € TgBlsUCh that Abp (Xl) =1, Abp (Xl) = —1, Bbp (XZ) =1, Bbp (XZ) =-1

and :&bp Ny ﬁbp: Gbp .
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App x 1pp € Ty, X g, and By, X 1y, € T, X T, Where
App X Top = (Bop” X 1oy, Abp X Tbp ) and Bop X Tpp = (B X 1pp ', Bop X Tpp )
(Ab; X ibp+) (%1, ¥ (@) = Rpp " (x)(@) A Ty (y1) (), for every (x;,y;) € XX Y
and for every a € 1
= 1(a) A 1(a), forevery a € 1

= 1(a), forevery a € 1
(App X Tpp )&y y)(@ =ARpy (@ V Iy, (y1)(@), forevery (xq,y,) €X XY
and for every a € |
= —1(a) A —1(a), forevery a € I
= —1(a), forevery a € I.
.. ~ 4+ A~ + - - A =
similarly, (Bp," % Tp,") (x2,y2) = 1and (Bpp” x Tp, ) (py2) = —1.
For any (x,y) € X x Y, consider Ay, x 1p,, # Oy,
. . —~ + ~ + - - ~ —
implies (Abp x 1y, )(x,y) #0,(App, xIp, Jxy)#0
implies Kbp+(x)(oc) #0,Ap, (x)(a) # 0, for every x € X and for some « € 1
implies Kbp+(x) # 0,4, (x)#0,foreveryx €X
implies Ebp+(x) =0,B,, (x) =0, for every x € X (since Ay, Ny Byp= 0pp)
. . o=+ ~ 4+ - - -
implies By, (x) Alpp, (v) =0,By, V1, (y)=0
. . = + ~ + - — ~ _
implies (Bbp x Iy, )(x, y) =0, (B, x1p, )xy) =0
implies By, X 1,,,= 0
Thus (Rbp X ibp) Ny (’B\bp X ibp) = Obp'
The proof in the other case is the same.
Hence (XXY,Tg, X 1g,) is (SBPFW — H);.

Since :&bp Ny Ebp = Gbp:> Abp N, Ebp = ﬁbpl (XXY, %%1 X %%2) is a (SBPFW — H)Z

Theorem:4.2.8
1. Arbitrary product of (SBPFW — H), spaces is (SBPFW — H),.
2. Arbitrary product of (SBPFW — H), spaces is (SBPFW — H),.
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Proof:

Let {(X», %3,) /A € A} be acollection of (SBPFW — H), spaces. Let X = [Ty ¢ o X, and
Ty =[x e a T, Consider two distinct points (3)x e, (V)rea € [TaeaXa-

Assume x,, # y,, for some p € A. Since (Xu, %%) is (SBPFW — H),, there exist two second
order bipolar fuzzy open sets, (T&bp)u = ((Kprr)u, (Abp_)u) and
(Bop), = ((Bon") - (Brp ), ) € 7, such that (Bop”) () =1 (Bop ), () = ~1,
(’Bprr)u (V) = 1.(Bop ) (vi) = =1 and (App) 01 (Bop), = (Onp)
Let App = [Taea(App),, where (Apy), = (Typ), for 2# pand

Bop = [Thea(Bop),, where (Byy), = (Tup), for 2+ 1.
Then App, Byp € [heats,
Ayp = HAEA(A\bp);\ = (/\AEA (Z\prr)K Vaea(Bpp ) ) and
Bpp = HAEA(Ebp);\ = (/\Ae (Ebp-’-)x Vaea(Bop ) )
(/\AeA (Kprr)x) X)aea =A (( ) (XA)AEA)

= (A ) (x,) , for some p € A

=1
(VAEA(Abp ) (x)rea =V ((Abp_)x(x}\)?\EA)
= (Abp )u(X”) , for some p € A
= —1.

Similarly, (/\AEA (P;prr)x) (ya)rea =1land (VAEA(Ebp—)X) (YA )rea =—1.

To prove A, Ny By, = Opp Where Ay, Ny By = (Z\bp+/\ Bop s App V ﬁbp_)
(Kbp+ A Ebp+) (X)rea= ((/\x €A (Abp-‘-)x) A (/\x €A (/B\bp+)k)> )aea

= ((Mea(@”),) G0nen ) A (Mea(Bur”) ) Gdnca)
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Aren (Abp ) (X e A) A (/\;\e A (’Bbp-l—)k X)ae A)

(
( bp ) (Xu)/\(Bbp )u(X”)’ for some p € A
(
=0

( Bbp+)u) (x,), for some p € A

A p_ B € € 2 € B N €

(Ab v Bbp (X)rea= ((Vx A(Bop ) )V(Vx A(Bop ))) X )aen
((VxeA(Abp ) (XA)AeA) v ((V}\EA(gbp_)k) (XA)AGA)
( ren(Bop ) (XA)AeA) (V}\EA(Ebp_)X(XA)AEA)
(A
((
= 0.

. )u(x”) vV (Bpp )u(X”)’ for some p € A

App ) V (Bpp ) )(xu), for some p € A

Thus Abp Ny Ebp = @bp.
Hence (X, Tg) is (SBPFW — H);.
(X, "f%) is (SBPFW - H)Z as Abp Ny Ebp = Obp lmplles Abp N, Ebp = ﬁbp'
Definition:4.2.9
A second order bipolar fuzzy topological space (X,%g) is said to be second order

bipolar fuzzy K-Hausdorff space of type 1, denoted by (SBPFK — H),, if for every

X,y €EX, x#y, there exist two bipolar fuzzy open sets Kbp,ﬁbpe%% such that

~ o+ ~ - ~ 4+ - - ~ = ~
Abp (X) > 0, Abp (X) <0, Bbp (y) >0 lep (Y) < 0and Abp Ny Bbp = Obp'
Definition:4.2.10

A second order bipolar fuzzy topological space (X,Tg) is said to be second order
bipolar fuzzy K-Hausdorff space of type 2, denoted by (SBPFK — H),, is defined by

replacing the condition Ay, N; By, = 0y, in the above definition by Ay, N, By, = Opyp.
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Example:4.2.11

Let X be a non-empty set. For any two distinct points x,y € X, x # y, there
exists two second order bipolar fuzzy open sets Ay, By,, where Kbp+: X - [0,1](01],

App :X - [-1,0]% and Ebp+: X - [0,1]%, By, : X - [—1,0]!>Y are defined as

follows:

App ()(@) = 0.5> 0,4, (0)(«) = —0.4 <0,

Byp ()(c) = 0.2>0,Bp, (y)(@) =—0.9<0

Then 2y = {Obp, Tops Abp, Bop, AppUBpp } is a second order bipolar fuzzy topology on X
For x € X, since Ebp+(x)(oc) =0, By, () =0, foreverya €1,

App ()(0) A By ()(e) = 0 and Ap,~ (x)(e) V By, ()(c) = 0

Similarly, for y € X, since Kbp+(y)(cx) =0,Ap, () (a)=0,foreverya€l,

Apy ¥)(0) AByy ()(0) = 0 and A, (1) () V By, (¢)(@) = 0.
Hence A, Ny Byp = Opp.
Note:4.2.12
1. (X,%g)is (SBPFK—H); = (X,%g) is (SBPFK—H),. Since Ay, N; By, = Opp

implies A, N, By, = Opp. The converse of the above implication is not true since

Ay, Ny By, = 0y, need not imply that A, Ny Byp = Opp.

2. Theorem 4.2.6, 4.2.7 and 4.2.8 proved for separation axioms (SBPFW — H); and
(SBPFW — H), have exact parallels for the separation axioms (SBPFK — H), and
(SBPFK — H), .

Definition:4.2.13
A second order bipolar fuzzy topological space (X,%g) is said to be second order

bipolar fuzzy S-Hausdorff space of type 1, denoted by (SBPFS — H),, if for any pair of
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distinct second order bipolar fuzzy points X(.s), ¥(mn) in X, there exist two second order
bipolar fuzzy open sets Ayp,,Bp, € Ty such that K5 € App,  F(nn) € Bpp and

—~

Abp nl Bbp == Obp'

Definition:4.2.14
A second order bipolar fuzzy topological space (X, Tg) is said to be second order
bipolar fuzzy S-Hausdorff space of type 2, denoted by (SBPFS — H),, is defined by

replacing the condition Ay, Ny By, = Oy, in the above definition by Ay, N, Byp = Opyp.
Note:4.2.15

(X, %) is (SBPFS — H); = (X,%g) is (SBPFS — H), .
Theorem: 4.2.16

1. Second order bipolar fuzzy subspace of a (SBPFS — H); space is (SBPFS — H),.
2. Second order bipolar fuzzy subspace of a (SBPFS — H), space is (SBPFS — H),.

Proof

1. Let (X,7g) be (SBPFS — H),; and Y be a nonempty subset of X. Consider a pair of
distinct second order bipolar fuzzy points ;. <), Z(mn) in Y. Therefore 9, ), Zimn)
are the distinct second order bipolar fuzzy points in X. Then there exist two second
order bipolar fuzzy open sets Ay, By, € Ty such that $.s) € App, Zimn) € Bup
and A,, N; By, = Opp. Then Ay, /Y, Byy/Y € 25/Y where
—~ —~ + —~ — —~ —~ + —~ —
App/Y = (Bpp" /Y, Byp /Y)and Byy/Y = By, /Y, Byp /Y).
—~ + —~ +
(Abp /Y) () = Ay, (y)(a) =, forevery a € (0,1]
(App /Y)W (@) =Ry, (y)() <s, for every a € [—1,0)

(Ebp+/Y) (z)(a) = Ebp+(z)(cx) > m, for every a € (0,1]

(Bpp /Y)@)(a) =By, (2)(a) < n, for every a € [-1,0)

implieS S\’(r,s) € Abp/Yl z(m,n) € Ebp/Y'

Also :&bp Ny ﬁbp = ﬁbp |mp||eS (Kbp/Y) Ny (Ebp/Y) = ﬁbp'

Hence second order bipolar fuzzy subspace of a (SBPFS — H), is (SBPFS — H);.
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Proof of (2) is obvious.

Theorem:4.2.17
1. Product of two (SBPFS — H), spaces is (SBPFS — H);.
2. Product of two (SBPFS — H), spaces is (SBPFS — H),.
Proof:

1. Let(X,%g,) and(Y,%g,) betwo (SBPFS — H), spaces.
Consider two distinct second order bipolar fuzzy points Z sy, liimn) € X X Y, Where
z = (x,y) and u = (p,q). Either x # p ory # q. Assume x # p, then Xy # P(mn)-
Then there exist two second order bipolar fuzzy open sets Kbp,ﬁbp € Ty such that
R(rs) € App, Pemn) € Bpp and Ay, Ny By, = Opp. Therefore Ay, x 1, € £y, X T, and

+

-~ ~ A A X I A + 1T A - 1 -
Bbp X 1bp (= ‘[231 X T%Z, where Abp X 1bp = (Abp X 1bp , Abp X 1bp )and

+

~

Ebp X 1bp = (Ebp+ X ibp , Ebp_ X ibp_)'
~ 4+ A~ o+ -~ 4+ ~ +
(Bop" x Tup") (3 (@) = Ay, " () () A Ty, (1) (@), for every (xy) €X XY,
forevery a €1
—~ + . ~ ~
= Ay, ((@) =1 (since Xy € App)
(App x1pp )& =24y, @@V Iy, ()(),forevery (x,y) € XxY,
forevery a €1
= Abp_(X)(CX) <s (Since )?(r's) € Abp)'
Therefore 2.5y € App X 1pp.
.. ~ + -~ + - + ) N =~
Similarly, (Bbp X 1pp )(p, q)(a) = Bpp (p)(a) = m (since Pmn) € Byp)
(Ebp_ X ibp_)(pl Q)((X) = Ebp_(p)(a) <n (Since ﬁ(m,n) € Ebp)'
Therefore Oy n) € Byp X Tpp.
Also Abp Ny Ebp = Gbp Implles (Abp X ibp) Ny (ﬁbp X ibp) = Obp'
Proof for y # q is similar.
Hence (XXY, Tg, X Tg,) is (SBPFS — H);.

2. Since Kbp ﬂl Ebp = Gbp =>Abp ﬂz Ebp = Gbpv (XXY, %%1 X fSBZ) is (SBPFS - H)Z
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Theorem:4.2.18
1. An Arbitrary product of (SBPFS — H); spaces is (SBPFS — H);.
2. An Arbitrary product of (SBPFS — H), spaces is (SBPFS — H)s,.

Proof:
1. Let{(X\%s,)/A € A} bea collection of (SBPFS — H), spaces.

Let X =[IxecaXa and g = [Irc 2T, Consider two distinct second order bipolar fuzzy
points () e a)rs)y (P e A ) mn) € [IneaXa- Then (x)xen # (rea.

Assume x,, # y, for some u € A. Since (Xu, %qu) is (SBPFS — H),, there exist two second

order  bipolar  fuzzy  open  sets,  (Ay) = ((Kpr“) ,(Kbp_)u> and
M

(Bop), = ((Eb;)u, (Bop ), ) € Tw, such that (,) ., €(Buy) . (9),,, € (Brp) and
(Z\bp)u Ny (Ebp)u = (Obp)u'

Let Ay, = ]'[;\E,\(Rbp)x, where (Z\bp)}\ = (ibp)}\ for A # p and

By, = ]'[;\E,\('Bbp)x, where (’B\bp)}\ = (ibp)}\ for 1 # .

Then App, Byp € [Theats,-

App = HAEA(Abp)A = (/\AEA (Abp-’-) ) VAEA(Kbp_)k) and

A

Byp = H}\eA(’Bbp)l = (/\>\ezx(§1)p+)x ) VAEA(Ebp—)k)'

(Abp+) (x)ren) (@ :(/\AEA Abp+)x) (x)ren)(@)
=M ea Abp+)x (XA)AEA((X))

= (Abp-'-)u (x,)(a) >, for some p € A

(Bop )G e )@ = (Vaea@sp ), ) (e a) (@)

=Vaea ((Abp—)x(x)\))\ € A(O‘))
= (Abp_)u(xu)(a) <'s, for some p € A.

Therefore (%) q,p) € App-

Similarly, (ﬁbp+) (Y re) (@) = (Eprr)u (yu)(a) > m, for some p € A.
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(Ebp_)((}’A)AeA) () = (Ebp_)u(yu) (a) < n, for some p € A.
Therefore (§,)(y.5) € Bop-
Hence (X, Tg) is (SBPFS — H);.

Proof of (2) is similar as (1) since Ay, Ny By, = Oy, implies Ay, N, By = Opp.
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SECTION -4.3

RELATIONS BETWEEN FIRST AND SECOND ORDER BIPOLAR FUZZY
HAUSDORFF SEPARATION AXIOMS

Theorem:4.3.1

(X, 1) is (BPFW — H) if and only if (X, Tg) is (SBPFW — H),, where (X, Tg) is
from (X, ty) through the relation R;.

Proof :

Assume (X, Tg) is (BPFW — H). Given tg , Ty = {App / App € T} Where

Kbp+(x) () = App ' (), App () () = Ap,, (), for every x € X and for every a € L.
Consider x,y € X, x # y. Since (X, tg) is (BPFW — H), there exist two bipolar fuzzy open
sets App, Bpp € Tg such that Ap, " (x) = 1,App~ (x) = =1, By (y) = 1, By, (y) = —1
and Ay, N By,= Opp. Then Ay, By, € Tg.

App ()(@) = App" () = 1 =4, () = 1 and
Abp_(x)(a) = Abp_(X) =-1 jgbp_(x) = -1

Ebp+(y)(0() =Bpp, =1 = Ebp+(y) =1 and

Bpy (1)(0) =By, () = -1 =By, (y) =-1.

Claim: Ay, N By,,= 0y, implies Ay, Ny Bypp= 0pp.

For z € X, Rbp+(z) # 0, Ap, (2) # 0 implies Z\bp+(z)(a) # 0, Ay, (2)() # 0, for some
a €1 implies Ay, *(2) # 0, Ay, (2) # 0

implies By, "(z) = 0, By, (z) =0 (since Ay, NBy,= 0p,) implies Ebp+(z)(a) =0,
By, (@)(a) =0, forevery a €1 implies Ebp+(z) =0,B,, (=0

implies Ay, Ny Bpp= Opp-

Hence (X, Tg) is (SBPFW — H);.

To prove the converse, it is enough to observe that Ay, N, By,,= 0y, implies Ay, N By,p=Opp.
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App Ny Bpp= 0p, implies Z\bp+(x) =0 and A,, ) =0 or Ebp+(x) =0 and
By, (x) =0, forevery x € X. Z\bp+(x) () =0andA,, (x)(a)=0o0r Ebp+(x) (o) = 0and
By, (x)(a) =0, for every x € X and for every a € 1. A,,"(x) = 0 and A, (x) = 0 or
Bpp ' (x) = 0 and By, (x) = 0, for every x € X.

Hence App N Bpp= Opp.

Theorem:4.3.2

If (X,Tg) is (SBPFW — H), then for a € I, (X, (Tg),) is bipolar fuzzy W-Hausdorff

where (X, (Tg),) is from (X, Tg) through the relation R;.

Proof :
Assume (X, Tg) is (SBPFW — H),. Given &g, for a € 1, (g), = {(Kbp)a / Byp € %%}
~ ~ + ~ - ~ 4 ~ 4+

where (Abp)a = ((Abp )a, (Abp )O() such that (Abp )a (X) = Abp (X) ((X),

(Kbp_)a(x) =App () (a), for every x € X.

Consider x,y € X, x #y. Since (X,Tg) is (SBPFW — H),, there exist two second order

bipolar fuzzy open sets Ay, By, €Ty such that Kbp+(x)=1, Ay ) =-1,

~

~ + -~ - —~ =
Bbp (Y) =1, Bbp (Y) =—1and Abp Ny Bbp: Obp'

Then (Bup) ., (Bup). € (En)e
(Ab;)a ®) = Rpp ®)(0) = 1(a) = 1 and
(Bop ) (0 =By (@) = —1(a) = —1.
(Bop') ) =Bop 3)(e) = 1(c0) = 1 and
(Bop ), ) =Bpp (@ = -1(c) = 1.
Let Aup Ny Bpp= Opp. Then Ap,"(x)=0 and A, (x)=0 or By,"(x) =0 and
Byp (X) =0, for every x € X. Ap, (x)(@) = 0 and Ap, (x)(a) = 0 or By, ()(c) = 0

and By, (x)(a) =0, for every xeX and for every a€l (Kbp+) (x) =0 and

(App ) ) =00r (ﬁb;)a (x) =0and (By, ) (x) =0, for every x € X.
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Thus (Buy), 1 (Bup), = (Bop),.

Hence (X, (1)) is bipolar fuzzy W-Hausdorff.
Theorem:4.3.3

If (X,Tg) is (SBPFW — H), ifand only if (X, (fg).) is (SBPFW — H),, where
(X, (Bg).) is from (X,Tg) through the relation Rs.

Proof :
Assume (X, %) is (SBPFW — H),. Given g , (Tg). = {(Z\bp)c / Byp € %%} where

(Aop), = ((Abp+)c ,(Rpp ), ) such that (Z‘bp+)c () = Apy ()1 — ),

(Ebp_)c(x)(a) =App (x)(1— ), for every x € X and for every a € 1.

Consider x,y € X, x #y. Since (X,Tg) is (SBPFW — H),, there exist two second order
bipolar fuzzy open sets A, By, €1y such that Kbp+(x) =14, ) =-1,

Ebp+(y) =1, Ebp_(y) = —1 and Abp Ny Ebp: Obp' Then (Abp)c, (Ebp)c € (fgg)c.
(ﬁbp+) x)(a) = Kbp+(x)(1 — a), for every x € X and for every o € 1
C

=1(1 —a), foreverya € 1
=1=1(a), foreverya € 1.

Then (&, =1.

en( bp )c (X)

(Kbp_)c(x)(a) =App (X)(1— ), forevery x € X and for every o € I
=—1(1—a), foreverya €1
=—1=—-1(a), foreverya € L.

Then (A, ) () = -1.

.. ~ + - -
Similarly, (Bbp )C ) =1, (B, )C(y) =—1.

Also :&bp Ny ﬁbp: Gbp'
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implies F&bp+(x) =0andA,, (x)=0o0r Ebp+(x) = 0and By, (x) =0, foreveryx € X.
implies Kbp+(x)(a) =0and Ay, (x)(a) =0or Ebp+(x)(a) =0 and By, (x)(a) =0, for
every x € X and for every a € |
implies (Ap,") () (1 — o) = 0 and (Ap, )®)(1 — o) = 0 or (By, ") x)(1 — ) = 0 and
(Bpp )()(1 — ) = 0, for every x € X and for every a € I
implies (Au, ") GO(@) =0 and (By, ) (@ = 00r (By, ") (@) = 0and

(Ebp_)c(x)(a) = 0, for every x € X and for every a € I

implies (Kbp+) (x) = 0 and (Z\bp_)c(x) =0or (Ebp+) (x) =0and (’Bbp_)c(x) = 0, for
C (o}
every x € X
Thus (Abp)c nl (Ebp)c: @bp.

Hence (X, (Tg).) is (SBPFW — H);.

To prove the converse part it is enough to observe that (Kbp)c Ny (Ebp)c= Opp implies
App N1 Bpp=Opp.

(fﬁbp)c N, (Ebp)cz 0pp implies (Z\bp+)c (x) = 0 and (Kbp_)c(x) =0 or

(Ebp+)c (x) = 0 and (By, ) (x) = 0, for every x € X.

(Ab;)c (x)(e) = 0 and (Ap, ) _(x)(e) = O or (Ebp+)c (x)(«) = 0 and
(Ebp')c(x)(a) = 0, for every x € X and for every a € I.

(Bop") (1 - @) = 0and (Ap, )L — ) = 00r (By,") (x)(1— ) = 0 and
(Bpp )®)(1 —a) = 0, for every x € X and for every a € I.

Kbp+(x) =0andA,, (x) =0o0r Ebp+(x) =0and By, (x) =0, foreveryx €X.

Thus :&bp Ny Ebp: Gbp'
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Theorem:4.3.4
If (X,Tg) is (SBPFW — H), then
(i) Fore€e (0,1), (X i.(Rg)) is Hausdorff.
(ii) (X,i*(Rg)) is Hausdorff.
(iii) (X,i(*g)) is Hausdorff.
Proof:

(i) Consider x,y € X,x # y, then there exist Ay, By, € T such that Kbp+(x) =1,

- -~ + - - -~ -~ ~
Abp (X) = -1, Bbp (Y) =1, Bbp (Y) = —1and Abp Ny Bbp: Obp'
~ o+ ~ 4 -1

Ry (9 =1 (By,"(9) (211 =12nd

Ay X =-1= (I’Xbp_(x))_1 [-1,—e) =1 impliesx € (Lgbp) :

€

-1
Similarly, By, " (y) = 1= (Ebp+(y)) (¢,1] = I and
— = - -1
By 0 =-1=(Byy @) [-1-8) =1
impliesy € (Lgbp) .
€

Therefore Ay, By € T = (Lgbp) (Lgbp)s €i.(Tg).

)
€

Letz € (LAbp)s N (Lgbp)simplies<(z\bp+(Z)>—1 (1] =1, (Z\bp‘(z))‘l [-1,—¢) = 1) and

((Ebp+(z)>_l (g,1] =1, (Ebp_(z))_1 [—1,—¢) = I>.

Kbp+(z) # 0, Ay, (2) # 0 and Ebp+(z) # 0, By, (z) # 0 which is a contradiction since
Abp nl Ebp: abp.
Thus (Lgbp)s N (Lgbp)>3 = Q.

Hence (X, i¢(%g)) is Hausdorff.

Proofs of (ii) and (iii) are similar.
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Theorem:4.3.5

If (X, 1) is Hausdorff, then

(i) Fore € (0,1), (X, we(1)) is (SBPFW — H);.
(i) (X, w(v)) is (SBPFW — H);.

(i) (X, w, (1)) is (SBPFW — H),.

Proof:

(1 Forx,y € X,x #y,thereexist A,B € tsuchthatx € A,ye Band AnB = 0.
s F _ A - _ o _ A - _
Then (2,,%), (9 =1, (%,,7), 0 = —1and (,,") ) =1(%, ) & =-1.

Now to prove (;sz)A N, (;sz) = Opy.

=
Forz € X, (;sz+)A (z) # 0, (;sz-)A (z) # 0 implies (sz+)A (2) =1, (;sz-)A (2) = -1

implies z € A. Then z¢B implies (f(bp*)B (z) =0, (ﬁbp')B (z) = 0.
Therefore (f(bp)A N, (ﬁbp)B = Opp.

Since (L(A

Xbp)A

) =A€ET, (f(bp)A € (Rbp)s which is a basis of w, (7).

€
Similarly, (L(fcbp)3> =Be r,(f(bp)B € (Kbp)s'
€

Hence (X, we (1)) is (SBPFW — H);.
Proofs of (ii) and (iii) are similar.

Theorem:4.3.6
If (X, %) is (SBPFW — H),, then (X, S, (%)) is Hausdorff.
Proof:

Let (X, %) is (SBPFW — H),.
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Consider x,y € X, x # y, then there exist two second order bipolar fuzzy open sets

App, Byp € T such that Ay, " (x) = 1,Ap, (x) = —1, By, (¥) = 1, By, () = —1and

Abp nl Bbp: Obp'

Kbp+(x) =1= Z\bp+(x)(a) = 1(a), for every x € X and for every a € 1
=1
Appy ) =1=A4,, X)(a) =—-1(a), for every x € X and for every a € I

=-1

implies Kbp+(x)(oc)>0, App (@) <0, for every xeX, for every ae€l

implies x € S,(App).

Similarly, By, (¥) =1, By, (y) = —1 implies By, (y)(@) >0, By, (y)(w) <0, for
every x € X and for every a € I implies y € S,(Byp)-

Also, Ay, Ny Byp= Oy

implies Kbp+(x) =04, X=0 orﬁbp+(x) =0,B,, (x) =0, foreveryx € X

implies Ay, () () = 0, Ap, (x)(@) = 0 0r By, () () = 0, By, ()() = 0,

for every x € X and for every a € I implies x & S,(Ap,) or x & S,(Bpp)-

Therefore S,(App) N S2(Byp) = 9.

Hence (X, S,(Rg)) is Hausdorff.

Theorem:4.3.7
(X, 1) is (BPFS — H) iff (X,Tg) is (SBPFS — H),, where (X, Tg) is from (X, ty)
through the relation R;.

Proof :
Assume (X,tg) is (BPFS—H). Given 1ty , %y ={Ap,/App € Ty} Where

Kbp+(x)(a) = App (%), App (@) = Ay, (x), for every x € X and for every a €L

Consider two distinct bipolar fuzzy points X, Ymn in X. Since (X,1g) is (BPFS — H),
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there exist two bipolar fuzzy open sets Ay, By, € Ty such that X,y € App, Y(mn) € Bop
and App N Bpp= Opp.

Then Ay, By € T

X(rs) € App implies Ay ™ (X) =1, Ay~ (X) < s implies Ay,  ()(0) = 1,4y, () <5,
for every o € I implies &) € Ay,

Y(mn) € Bpp implies By, (y) = m, By, ™ (y) < n implies Ebp+(y)(a) >m, By, (¥)() <n,
for every a € I implies § ) € Bpp.

Claim: Ay, N By,= 0y, implies Ay, Ny Byp= 0pp.

Consider, for z € X, Kbp+(z) #0,Ap, (z2) %0

implies Abp+(z)(oc) #0,Ap, (2)(a) # 0, forsome a € 1

implies Ap, ™ (2z) # 0, App (2) # 0

implies By, (z) = 0, By, ™ (z) = 0 (since App N Bpp= 0pp)

implies Ebp+(z)(oc) =0,Bpp, (@) (@) =0, forevery a€l

implies Ebp+(z) =0,B,, (=0

implies Ay, Ny Bpp= 0pp

Hence (X, Tg) is (SBPFS — H),.

To prove the converse, it is enough to observe that A, Ny By,,= 0y, implies Ay, N By,p=0pp.
Theorem:4.3.8

If (X,Tg) is (SBPFS — H)4, then for a € I, (X, (Tg)o) is (BPFS — H) where
(X, (Tg)q) is from (X, Tg) through the relation R;.

Proof :

Assume (X, Tg) is (SBPFS — H),. Given Ty , fora €1,
Rg)a = {(Kbp)a / Ay € %%} where (Z\bp)a = ((Z\bp+)a, (Z\bp_)a) such that

(Aop") ) =Rop (@), (Bop )00 = Ao (0(a), for every x € X,
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Consider two distinct bipolar fuzzy points X(m n), ¥(p,q) in X, then X m ny, Yp,q) are distinct.
Since (X,Tg) is (SBPFS — H),, there exist two second order bipolar fuzzy open sets

:&bpv Ebp € ',fgg such that ﬁ(m,n) € Abp! y(p‘q) € Ebp and Kbp Ny gbp: ﬁbp .

Then (Ayp) o (Bop), € (iw)a
R(mn) € App implies Z\bp+(x)(a) >m, Ay, (X)(a) <n,foreveryael
implies (Z\bp+)a (x) > m, (Z\bp_)a(x) <n
implies Xy ) € (Z\bp)a
9(pq) € Bop implies Ebp+(y)(a) >p, By, (M(@) <q, foreverya el
implies (’Bbp+)a (y) = p, (Ebp_)a(y) <q
implies y,q) € (Ebp)a'
Also App, Ny Byp= Opp, implies (App) N (Bop) = (0bp) -
Hence (X, %g,) is (BPFS — H).
Theorem:4.3.9

(X, 1) is (SBPFS — H), iff (X, (g).) is (SBPFS — H),, where (X, (Tg).) is from
(X,2g) through the relation Rs.

Proof :
Assume (X, Tg) is (SBPFS — H),. Given Ty , (ig). = {(Kbp)c / App € %%} where

— ~ + -~ - —~ 4+ —~ +
(Bop), = ((Bop") +(Bop"), ) such that (Apy ") () = Aoy (A ~ a0,
(Kbp_)c(x)(a) =App (¥)(1— ), forevery x € X and for every o € I.
Consider two distinct second order bipolar fuzzy points X(mny, ¥(p.q) in X. Since (X, Tg)
is (SBPFS — H),, there exist two second order bipolar fuzzy open sets Kbp, §bp € Ty Such

that f((m,n) € Abpv y(p,q) € Ebp and Abp Ny Ebp: ﬁbp .

Then (:&bp)c , (Ebp)c € (fﬁB)C'
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R(mn) € Apyp implies T\bp+(x)(a) >m, Ay, (x)(a)<n, forevery a €1
implies 'Abp+(x)(1 — o) = m, Kbp_(x)(l —a) <n, foreverya €l

implies (Z\bp+) (x)(a) = m, (Kbp_)c(x)(a) <n, forevery a € I

implies X(mn) € (App)._.
Similarly, 9(p,q) € Ebp = y(p‘q) € (Ebp)cl
Also Abp Ny Ebp: ﬁbp |mp||eS (Abp)c N4 (Ebp)C: ﬁbp'
Hence (X, (Tg).) is (SBPFS — H);.
To prove the converse part, it is enough to observe that (Z\bp)c o (ﬁbp)cz Opp implies
Ebp ﬂl Ebp: ﬁbp.
Theorem : 4.3.10
If (X,%g) is (SBPFS — H); then
(i) Fore€ (0,1),(X,i.(Rg)) is Hausdorff.
(ii) (X,i*(Rg)) is Hausdorff.
(iii) (X, i(%g)) is Hausdorff,
Proof:
(i) Letx,y€eX,x=#yand (m.n),(p,q) € (0,1] x [—1,0) such that for m > &,
n<—g,p>c¢,q< —¢, there exist two distinct second order bipolar fuzzy points
Rmny I (p, I X. Since (X, £g) is (SBPFS — H), , there exist Ay, By, € Ty such that
)’Z(m,n) € Abp’ y(p,q) € Ebp and Abp Ny Ebp: ﬁbp .
R(mn) € App implies Z\bp+(x)(a) >m,A,, (x)(a)<n, foreverya €l
. . ~ o+ -1 - - -1
implies (Abp (x)) (s,1] =1, (Abp (x)) [-1,—¢) =1
implies x € (L‘,‘ibp)s.
~ = . . o=+ - -
Yp.q) € Bopimplies By, (y)(«) = p, Byp (y)(a) < q, forevery a € 1

implies (Eb;(y))_l (1] =1, (’Bbp‘(y))_1 [-1,—¢) = |

implies y € (Lgbp)

€
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Then Ay, By, € Ty implies (Lgbp)s, (Lgbp)s € i.(Rg).
Also Ay, Ny Byp= 0y, implies (Lgbp)s N (Lﬁbp)s = Q.
Hence (X, i¢(g)) is Hausdorff.

Proofs of (ii) and (iii) are similar.
Theorem:4.3.11
If (X, 1) is Hausdorff, then

(i) Fore€ (0,1), (X, w.(v)) is (SBPFW — H);.
(i) (X, o(1)) is (SBPFW — H);.
(iii) (X, @.(1)) is (SBPFW — H);.

Proof:

(i) Consider two distinct second order bipolar fuzzy points Xm ny, ¥p.qin X, Where

X #y. Then there exists A,B € tsuchthatx e A,y e Band AnB = 0.
X € A implies (fgbp*)A x) =1, (pr‘)A x) = -1
. . A~ + A -
implies (Xbp )A x)(a) = m, (Xbp )A x)(a) < n, forevery a €1

implies X n) € (f(bp)A.

y € B implies (ﬁpr“)B (y) =1, (f(bp_)B (y) = -1

implies (ﬁpr“)B (y)(a) = p, (;pr_)B (y)(a) < q, forevery a € 1
implies §pq) € (f(bp)B.

Also A N B = @ implies (f(bp)A N, (;pr)B = Opp-

Since (L(pr)A> = A, (L(fﬁbp)]) = B belong to T, (Xbp)Aand (Xbp)Bb9|Ong to

€ €

(Kpp)_ where (Kyp) _is a basis of w,(1).
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Hence (X, w.(1)) is (SBPFS — H);.
Proofs of (ii) and (iii) are similar.
Theorem:4.3.12
If (X, %) is (SBPFS — H), then (X, S,(%g)) is Hausdorff.
Proof:

Let (X,Tg) is (SBPFS—H);. Given Ty, a base for S,(Tg) is the collection

{S2(Bpp) /Abp € T3}

Consider x,y € X, x # y and (m, n), (p,q) € [—1,0) X (0,1], then Ky n), I(p.q) IN X are
distinct. Since (X,Tg) is (SBPFS — H),, there exist two second order bipolar fuzzy open
sets Abp! Ebp € %‘B such that )’Z(m,n) € Kbpl g’(p’q) € Ebp and Abp Ny ’Bbp: ﬁbp .
R(mn) € App implies Kbp+(x) () =m, A, (x)(a) < n, forevery x € X and for every a € I

implies Kbp+(x)(a) > 0,A,, (¥)(a)<0,foreveryx e Xand for every a € 1

implies x € S,(App).

9 (p.q) € Bbp implies Ebp+(y) () = p, By, ((a) <q, for every x € X and for every o € I
implies Ebp+(y) () > 0,By, ((a) <0, foreveryy e Xand for every a € I

implies y € S,(Byp).
Also, Ay, Ny Byp= 0y, implies S (A,,) N S, (Byp) = 0.
Hence (X, S,(fg)) is Hausdorff.
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