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Preface

as the title  indicates, this book is meant to be a text which can be used 
for a first course in ordinary differential equations. The student is assumed 
to have a knowledge of calculus but not what is usually called advanced 
calculus. During the last four years, I have presented most of this material 
in a one-semester course.

M y aim has been to give an elementary, thorough, systematic introduc­
tion to the subject. All significant results are stated as theorems, and careful 
proofs are given. I have tried to emphasize general properties of equations 
and their solutions.

The preliminary Chapter 0 contains results from calculus and algebra 
which are required in the later chapters. Complex numbers and complex­
valued functions are introduced here and are used throughout the book. 
Chapters 1-4 contain material on linear equations. The short Chapter 1 
concerns linear equations of the first order. Chapter 2 contains a rather 
complete discussion of linear equations with constant coefficients, including 
a uniqueness theorem which is derived from an elementary inequality. 
In Chapter 3 linear equations with variable coefficients are treated. The 
early part of this chapter can be covered quite rapidly, since it really 
amounts to a review of some of the material in Chapter 2. Equations with 
analytic coefficients, with the Legendre equation as a prime example, are 
introduced here. Chapter 4 contains a detailed treatment of second order 
equations with regular singular points; the Bessel equation receives special 
emphasis. Chapter 5 is concerned with initial value problems for a single—  
in general nonlinear— equation. Existence and uniqueness of solutions are 
established. The successive approximation method is used for the existence 
proof, and general results on uniform convergence (a topic usually taught 
in advanced calculus) are not used. The required convergence proofs are 
dealt with by means of explicit inequalities. Both local and non-local 
existence results are given. In Chapter 6 it is shown how most of the 
results in Chapter 5 remain valid for systems of equations. Here complex 
n-dimensional vectors are introduced, and systems are treated as vector 
equations, with solutions being vector-valued functions.

oil



viii P refa ce

Several sections are starred. I have usually not devoted any classroom 
time to these.

Included in the book are many exercises. There are exercises which 
serve to develop the student’s technique in solving equations, and there 
are many problems which are intended to help sharpen the student’s 
understanding of the mathematical structure of the subject. I have also 
used the exercises to introduce the student to a variety of topics not treated 
in the text: for example, stability, equations with periodic coefficients, 
boundary value problems.

I wish to record here my gratitude to Professor Norman Levinson, 
from whom I learned so much during the period of our collaboration in 
writing an earlier advanced work on this subject. Also, I wish to thank Mr 
George Biriuk for reading portions of the manuscript, and Professor 
Richard C. Gilbert, to whom T am particularly indebted for reading all the 
manuscript and suggesting many interesting exercises. Finally, I would 
like to express my appreciation to Mr. Richard Hansen, of Prentice-Hall, 
for his patient understanding.

Earl A. Coddington
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CHAPTER 0

Preliminaries

1. Introduction

In this preliminary chapter we consider briefly some important concepts 
from calculus and algebra which we shall require for our study of differen­
tial equations. Many of these concepts may be familiar to the student, in 
which case this chapter can serve as a review. First the elementary proper­
ties of complex numbers are outlined. This is followed by a discussion of 
functions which assume complex values, in particular polynomials and 
power series. Some consequences of the Fundamental Theorem of Algebra 
are given. The exponential function is defined using power series; it is of 
central importance for linear differential equations with constant coeffi­
cients. The role that determinants play in the solution of systems of linear 
equations is discussed. Lastly we make a few remarks concerning principles 
of discovery, and methods of proof, of mathematical results.

2. Complex numbers

It is a fundamental fact about real numbers that the square of any such 
number is never negative. Thus there is no real x which satisfies the equa­
tion

x1 +  1 =  0.

We shall use the real numbers to define new numbers which include numbers 
which satisfy such equations.

A  complex number z is an ordered pair of real numbers (x, y ) , and we 
write

If
z =*= (x, y ) .

zi = (xi, yi), 22 = (xs, j/j),
1
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are two such numbers, we define Zi to be equal to z2, and write Zi =  z2, 
if x\ =  x2 and 2/1 *  y2. The sum z\ +  z2 is defined to be the complex number 
given by

«i +  z2 = (xi +  Xi, 2/1 +  2/2).

If z =  (x, y ) , the negative of z, denoted by —z, is defined to be the number

- z  = ( - x ,  -2 /) .

The zero complex number, also denoted by 0, is defined by

0 =  (0, 0) .

It is clear from these definitions that

(i) zi +  z2 =  z2 -r zi

(ii) (21 +  22) +  z3 ** zi +  (z2 +  z3)

(iii) z +  0 =  2

(iv) z +  ( —z) =  0

for all complex numbers 2, Zi, z2, z3.
The difference Z\ — z2 is defined by

and we have
Zi — z2 =  zx +  ( — z2),

Zi — z2 =  (xi -  Xt, 2/1 -  2/2).

The product Z\Z2 is defined by

ziz2 =  (xix2 — y\yi, xiy2 +  x2yY) .

This definition appears curious at first, but we shall soon see a justification 
for it. It is easy to check that multiplication satisfies

(V) ZiZ2 =  Z2Zi 

(v i)  (ZiZ2) Z3 =  2l(Z223) 

for all complex numbers Zi, z2, z%.
The unit complex number, with respect to multiplication, is the number 

(1, 0) for we see that if z =  (x, y) is any complex number

z (I ,0 )  =  (x, y) (1 ,0 ) =  (x, y) =  z.

For this reason we denote the number (1 ,0 ) by just 1. Then we have

for all complex z.
(vii) zl =  z
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If z =  (x , y) ^  (0 , 0) there is a unique complex number w such that 
zw *  1 ( =  (1 ,0 ) ) .  Indeed, if w =  (u, v), where u, v are real, the equation 
zw — 1 says that

xu — yv =  1 

yu +  xv =  0.

These equations have the unique solution

x —y
x- y2 ’

v =
x2 +  y‘2 ’

provided x2 +  y2 ^  0, which is equivalent to the assumption we made that 
z 9̂  0. The number w, such that zw -= 1, is called the reciprocal of z, and 
we denote it by z-1 or 1/z. Thus

z - ' =  |( X. - y
\x2 -+• y2' x2 +  y*

Then
(viii) zz-1 =  1, if 

The quotient Zi/z2 is defined when z2 ^  0 by

_ i

if z 5̂  0.

z ^  0.

22
= ZiZ2 if z2 ^  0.

The interaction between addition and multiplication is given by the
rule

(ix) Zi(z2 +  Z3) = Zl22 +  ZiZ3.

The complex numbers of the form (x, 0) are such that the negative and 
reciprocal of any such number have the same form, for

- (a : ,0 )  =  ( - x ,  0 ),

(x, 0 )—1 — (x_1, 0 ), if x  0.

Moreover, the sum and product of two such numbers have the same form, 
since

(xi, 0) +  (x2, 0) =  (xi +  x2, 0 ),

(xi, 0 ) (x 2, 0) =  (xjX2, 0).

u

The real numbers are in a one-to-one correspondence with the complex 
numbers of this form, the real number x corresponding to the complex 
number z =  (x, 0 ). Further, as we have just seen, the numbers corre­
sponding to —x, x_1, xi +  x2, Xjx2 are just — z, z_1, zi +  z2, ZiZ2, if Z\ =  (xj, 0 ), 
22 =  (x2, 0 ). For this reason it is usual to identify the complex number 
(x, 0) with the real number x, and we write x =  (x, 0 ). [Notice that this
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agrees with our earlier identifications 0 =  (0, 0 ), 1 =  (1, 0 ) . ]  In this 
sense, the complex numbers contain the real numbers. The prbperties
( i ) - ( i x ) ,  which hold for complex numbers, are also valid for real numbers, 
and thus we see that we have succeeded in enlarging the set of real numbers 
without losing any of these algebraic properties. W e have gained something 
also, since there are complex numbers z which satisfy the equation

z2 +  1 =  0.

One such number is the imaginary unit i  = (0 ,1 ), as can be easily checked, 
and this provides one justification for our definition of multiplication.

If z =  (x, y ) is a complex number, the real number x is called the real 
part of z, and we write Re z =  x; whereas y  is called the imaginary part 
o f z, and we write Im z =  y. Thus

z (x, y) = x (1, 0) +  y {0, 1) =  x +  iy =  Re z +  i(Im  z).

Hereafter it will be convenient to denote a complex number (x, y) as 
x +  iy.

It is clear that the complex numbers are in a one-to-one correspondence 
with the points of the (x, y) -plane, the complex number z =  x +  iy corre­
sponding to the point with coordinates (x, y ) . Then thought of in this way 
the x-axis is often called the real axis, the y-axis is called the imaginary axis, 
and the plane is called the complex plane.

If z =  x +  iy, its mirror image in the real axis is the point x — iy. This 
number is called the complex conjugate of z, and is denoted by z. Thus 
z =  x — iy if z =  x +  iy. We see immediately that

Z =  Z, Zi T  Z2 =  l\ +  2a, ZiZ2 =  ZiZ2, z-1 =  (z)_1,

for any complex numbers z, Zi, z2.
Introducing polar coordinates (r, 8) in the complex plane via

x — r cos 8, y =  r sin 8, ( r ^ 0 , 0 < K  2 it),

we see that we may write

z =  x +  iy  =  r(cos 8 +  i sin 8).

The magnitude of z =  x +  iy, denoted by | z |, is defined to be r. -Thus 

|z| =  (x2 +  y2) 1/2 =  (zz)1/2,

where the positive square root is understood. Clearly | z | =  | z |. Suppose 
z is real (that is, Im z =  0 ). Then z =  x +  rO, for some real x, and

\z\ =  (x2) 1'2,
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which is the magnitude of x considered as a real number. In addition the 
magnitude of a complex number obeys the same rules as the magnitude of a 
real number, namely:

M ^ o,
| z | =  0 if and only if z =  0,

I = 1*1,

I I = I Z1 ! +  I 22 I >

! Z,Z2 I =  I 2 l | | Z2 | .

We show that \zx +  z2| ^  |zi| +  |z2|, for example. First we note that

R ez i  12 |

for any complex number z. Then

| Z\ +  z2 |2 =  (zj +  z2) (Z\ +  z2) =  | Zi |2 +  | z? |' +  zxSo ■+■ hz2 

=  | Zi |2 +  | z212 +  2 Re (ziz2)

Si | Z] |2 +  | z212 +  2 1 ZjZj j 

= | 2l 12 +  IZ212 +  2 | Z] I I z21

=  ( i 2l | +  M ) 2,

from which it follows that \zx +  z21 ^  |zi| +  |z2|.
From the above rules one can deduce further that

Zl _  iI Z2 1| 5= ! Zl 4 -  Z2 | ^  | Z| I +  | Z2 1,

— !z2 I
I 2l I
i z2 1

Geometrically we see that |zi — z2] represents the distance between the 
two points Zi and z2 in the complex plane.

E X E R C I S E S

1. Compute the following complex numbers, and express in the form x +  iy, 
where x, y are real:

(a) (2 -  i3) +  ( - 1  +  16) (b) (4 +  »2) -  (6 -  i3)
1 h  i

(c) (6 -  i\f2 ){2 +  i4) ( d ) -------
1 — i

(e) | 4 -  i5 1 (f) Re (4 -  ib)
(g) Im (6 -f- f2)
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2. Express the following complex numbers in the form r (cos 9 +  i sin 6) with 
r ^  0 and 0 <  9 <  2t :

(a) 1 +  fVJ (b) (1 +  i f

1 +  i
(c) 1 -  i (d) 0  +  0(1 -  0

3. Indicate graphically the set of all complex numbers z satisfying:

(a) 11  -  2 | =  1
(c) | Re 2 | ^  3
(e) | 2 — 1 | +  | 2 +  2 | =  8.

4, Prove that:
(a) 2 +  2 =  2 Re 2 
(c) | Re 2 | ^  I 2 |

(b) | 2 +  2 | <  2 
(d) | Im 2 | >  1

(b) 2 — a =  2i Im z
(d) [ 2 [ < | Re 2 | +  | Im 2 |

5. If r is a real number, and z complex, show that

Re (rz) =  r (Re 2), Im (tz) =  r (Im z).

6. Prove that
II Zl | -  I 22 l| ^  I Zl +  Z2 |.

(Hint: 21 =  z\ +  zi +  (—22), and 22 =  z\ +  22 +  (—21)-)

7. Prove that

I 2l +  22 I2 +  I zl -  22 |2 = 2 | 2! I2 +  2 I 22 I2,

for all complex zi, 22.

, , | 2 — a |8. If | a | <  1, what complex 2 satisfv ------------ - 1?
' | 1 — az |

9. If n is any positive integer, prove that

rn (cos nd +  i sin n9) =  [r (cos 6 +  i sin 9)]n. 

(Hint: Use induction.)

10. Use the result of Ex. 9 to find
(a) two complex numbers satisfying 22 =  2,
(b) three complex numbers satisfying 23 =  1.

3. Functions

Suppose D is a set whose elements are denoted by P, Q, • - •, which are 
called the points of the set. Let R be another set. A  function on D to R is a 
law f  which associates with each point P  in D exactly one point in R, which 
we denote by f ( P ) .  The set D is called the domain of / .  The point f ( P )  
is called the value of /  at P. We can visualize the concept of a function as
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in Fig. 1, where each P  in D  is connected to a unique f { P )  in R by a string 
according to some rule. This rule, or what amounts to the same thing, the 
collection of all these strings, is the fun ction /on  D to R.

We say that two functions /  and g are equal, f  =  g, if they have the 
same domain D, and f ( P )  =  g(P)  for all P  in D.

The idea of a function is very general, and is a fundamental one in 
mathematics. We shall consider some examples which are of importance 
for our study of differential equations.

(a) Complex-valued functions. If the set R which contains the values of 
/  is the set of all complex numbers, we say that /  is a complex-valued func­
tion. If /  and g are two complex-valued functions with the same domain D, 
we can define their sum f  +  g and product fg  by

( f  +  g) (P)  = f i P )  +  g(P),
(fg) (P)  -  f ( P ) g ( P ) ,

for each P  in D Thus f  -\- g and fg  are also functions with domain D. If a 
is any complex number the function which assigns to each P  in a domain D 
the number a is called a constant function, and is also denoted by a. Thus 
if /  is any complex-valued function on D we have

( a / ) ( P )  =  af (P)
for all P  in D.

A real-valued function f  defined on D is one whose values are real num­
bers. Such a function is a special case of a complex-valued function. Clearly 
the sum and product of two real-valued functions on D  are real-valued 
functions. Real-valued functions are usually the principal object of study 
in first courses in calculus.

Every complex-valued function /  defined on a domain D  gives rise to 
two real-valued functions Re / ,  Im /  defined by

( R e / ) ( P )  =  R e [ / i P ) ] ,

dm  f ) ( P )  =  1m i f ( P ) l
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for all P  in i). Re /  and Im /  are called the real and imaginary parts of /  
respectively and we have

/  =  Re /  +  i Im / .

Thus the study of complex-valued functions can be reduced to the study of 
pairs of real-valued functions. To obtain examples of complex-valued func­
tions we must specify their domains.

(b) Complex-valued junctions with real domains. Many of the functions 
we consider in this book have a domain D  which is an interval I  of the real 
axis. Recall that an interval is a set of real x satisfying one of the nine 
inequalities

a ^ x ^  b, a ^  x <  b a <  x <  6, a <  x <  6,

a ^  x <  oo, — =o < .r < ;6 ,  a <  x <  <*>, — <& <  x <  b,

-  CO <  x <  X ,

where a, b are distinct real numbers. The calculus of complex-valued func­
tions defined on real intervals is entirely analogous to the calculus of real­
valued functions defined on intervals. Wo sketch the main ideas.

Suppose /  is a complex-valued function defined on a real interval I.
Then /  is said to have the complex number L as a limit at x0 in / ,  and we
write

8 P relim in a ries Chap. 0

lim /(z )  =  L, or f (x )  —> L, [x —»Xq),

if
|/(.r) — L | —> 0, as 0 <  \x — xn\ —> 0.

This means that given any e >  0 there is a 5 >  0 such that

|/(:r) — L  | <  e, whenever 0 <  \x — Xo| < 5 ,  x  in I.

Note that here wc are using the magnitude of complex numbers. Formally 
our definition is the same as that for real limits of real-valued functions. 
Because of this the usual rules for limits, and their proofs, are valid. In 
particular, if /  and g are complex-valued functions defined on /  such that 
for some x0 in I

f , x )  —i- L, g(x) —*M,  ( x —*xo),
then

i f  +  g) l.r) —> L +  M, tfg) (x) —>• LM,  (x —> x0) .
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Suppose /  has a limit, L = L, +  iLi at x0, where L h L- are real. Then 
since

I (R e /)  (x) -  Li| =  | R e [ / (x )  -  L]| ^  \f(x) -  L\,
and

I (Im /)  (x) -  U\ =  | Im [/(x )  -  L]| S |} { x )  -  L|,

it follows that

(Re / ) (x) L , , (Im f ) ( x )  — Lt , { x —>x0).

Conversely, if Re /  and Im /  have limits L\, L? respectively at x0, then /  
will have the limit L =  Lx +  iL-> at x().

We say that a complex-valued function /  defined on an interval I is 
continuous at x0 in /  if /  has the lim it/(so) at z0, that is,

|/(*) -  f ( x  o) ! —>0. as 0 <  \x — Xo | —* 0.

Equivalently, /  is continuous at r 0 if both Re /  and Im /  are continuous at 
x0. We say /  is continuous on I  if it is continuous at each point of 1. The 
sum and product of two functions which arc continuous at a0 are continuous 
there.

The complex-valued function /  defined on an interval I  is said to be 
differentiable at x0 in 7 if the ratio

f i x )  -  / (.r0) 
x — x0 (x ^  Xo),

has a limit at ro. If /  is differentiable at x0 we define its derivative at Xo, 
f i x  o), to be this limit. Thus, i f / ' ( x 0) exists,

I f i x )  -  /(.To) ,
I ----------------------- f  ixo)

X -  To
0. as 0 <  | x — To I 0.

An equivalent definition is: /  is differentiable at r 0 if both R e /a n d  I m / 
are differentiable at To. The derivative of /  at To is given by

/'(To) =  ( R e / ) ' ( x 0) - K ( I m /  ) ' ( x 0).

Using these definitions one can show that the usual rules for differentiating 
real-valued functions are valid for complex-valued functions. For example, 
ii f ,  g are differentiable at x0 in 7, then so a re / +  g and fg, and

( f  +  ff)'(xo) -  f i x o )  + g ' ( x 0),

i fg)' ix o) = /'(x0)<7(xo) + /(x 0)ff'(x0).
If /  is differentiable at every x in an interval 7, then /  gives rise to a new 
function /' on 7 whose value at each x  on 7 i s / '( x ) .
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A complex-valued function f  with domain the interval a x ^  b is 
said to be iniegrable there if both R e /a n d  Im /are , and in this case we define 
its integral by

j  f i x )  dx =  f  (Re / )  (x ) dx +  i j  (Im / )  (x) dx.

Every function /  which is continuous on a IS x ^  b is integrable there. 
This definition implies the usual integration rules. In particular, if /  and 
g are integrable on a ^  x ^  b, and a, j3 are two complex numbers,

J.
f  (af  +  &g){x) dx =  a j  } { x )  dx +  P I  g(x) dx.

An important inequality connected with the integral of a continuous 
complex-valued function /  defined on a 5= x S b is

f  f { x )  dx ^  f  | f ( x )  | dx.*
! J n J n

This inequality is valid if /  is real-valued, and the proof for the case when 
/  is complex-valued can be based on this fact. Let

F = f  f ix ) dx.

If F = 0 the inequality is obvious. If F ^  0, let

F =  | F | u, u =  cos 9 +  i sin 6, (0 < 6 <  2ir).

Then «ii =  l , and we have

I f  f ix )  dx =  u f  f ix )  dx =  lie |?7 f  f ix )  dx 

=  f  Re [_uf(x)']dx ^  f  | f ix )  |dx,
•1 n J n

*By
/  I !(x)\dx

is merint the integral of the function I /  given by I /  | (x) = j  (x) | for a £  x ^  ft. Thus 
a more appropriate notation would be

/ I /  ! (x)dx.

We shall use the former notation since it. is commonly used, and them will be no chance 
of confusion.
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since
R e [ w / ( x ) ] g  \uf(x)\ =  |/(x)|.

As particular examples of complex-valued functions let 

f\x) =  x +  (1 — i)x\  

g(x) =  (1 +  i )x2,

for nil real x. Then

(Re / )  (x) = x +  x2, (Im / )  (x) = — x2, 

(/ +  9) (x) = x +  2x2,

( fg ) (x) =  ( f  +  i )x3 +  2x4,

f f(x) = 1 +  (2 -  2i)x,

f  t «*l /
I f (x )  dx = / x dx +  (1 — i) I

•'n •'n *' n 6 3

(c) Complex-valued functions with complex domains. We shall need io 
know a little about complex-valued functions whose domains consist of 
complex numbers. An example is the function /  given by

/(z ) =  z",

for all complex z, where n is a positive integer.
Let / b e  a complex-valued function which is defined on some disk

D: \z — a\ <  r

with center at the complex number a and radius r >  0. Much of the calculus 
for such functions can be patterned directly after the calculus of complex­
valued functions defined on a real interval I. We say th a t /  has the com­
plex number L as a limit at 20 in D if

|f (z )  — L \ — >0, as 0 <  \z — 0,

and we write

lim /(z ) = L, or f (z )  —> L, ( z —*z0).

If /  and g are two complex-valued functions defined on D such that for some 
z0 in D

/(z) —’ L. </U) -* -R, (z — ~a),
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then

12

( /  +  g) (z) - *  L +  M, (fg) (z) —> LM,  ( z - - » z 0).

The proofs are identical to those for functions denned on real intervals.
The function / ,  defined on the disk D, is said to be continuous at z0 

in D if
| f (z )  -  f ( z o) | —* 0, as 0 <  | 2 — zo | —> 0.

It is said to be continuous on D if it is continuous at each point of D. The 
sum and product of two functions which are continuous at z0 are continuous 
there. Examples of continuous functions on the whole complex plane are

/( « )  =  I 2 I, .9(2) =  23.

Let g be defined on some disk D 1 containing z0, and let its values be in 
some disk Z>2, where a function /  is defined. If g is continuous at z0, and /  
is continuous at 9(20), then “ the function of a function”  F given by

F(z)  =  f (g (z )) ,  (2 in £>1), (3.1)

is continuous at z0. The proof follows the same lines as in calculus for real­
valued functions defined for real x.

If /  is defined on a disk D containing z0 we say that /  is differentiable 
at z0 if

f (z )  -  / ( z 0)
-------------------. (z 7* Zo),

has a limit at Zo- If /  is differentiable at zo its derivative at z0, / '(z o ) , is defined 
to be this limit. Thus

f (z )  -  /(Zo)
2 — Zl

/'(Zo) 0, as 0 <  | z — Zo I —* 0.

Formally our definition is the same as that for the derivative of a complex­
valued function defined on a real interval. For this reason if /  and g are 
functions which have derivatives at zo in D then /  +  g, fg have derivatives 
there, and

( /  +  g)'(zo) = / '( z o )  +  fir'(zo),
(3-2)

0) = f ' ( z 0)g(zo) +  f(zo)g'(zo).

Also, suppose /  and g are two functions as given in (3.1), and that g is 
differentiable at z0, whereas /  is differentiable at 9(20)- Then F is differen­
tiable at Zo, with

F'(zo) = / ' ( 9 ( z 0))9 '(zo).
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It is clear from the definition of a derivative that the function q defined 
by q(z) — c, where c is a complex constant, has a derivative which is zero 
everywhere, that is, q'(z') = 0. Also, if pi(z) =  2 for all z, then p[{z) = 1. 
Combining these results with the rules (3.2) we obtain the fact that every 
polynomial has a derivative for all z. A ■polynomial is a function p whose 
domain is the set of all complex numbers and which has the form

p(z) =  n0zn +  a iz "-1 +  a„_i2 +  a„,

where a0, «i, • ■ •, a„ are complex constants. The rules (3.2) imply that for 
such a p

p'(z) =  annz"-' +  <7i(?i -  1 )2"-'- +  ••• +  on- j.

Thus p' is also a polynomial.
It is a rather strong restriction on a function defined on a disk D  to 

demand that it be differentiable at a point 20 in D. To illustrate this we note 
that the real-valued function /  given by ■

f { x )  = \x\,

for all real x, is differentiable at all x ^  0. Indeed f i x )  is + 1  or — 1 accord­
ing as x is positive or negative. However the continuous complex-valued 
function q given by

g(z) =  M ,

for all complex z, is not differentiable for any z. Suppose Zo — .To +  y<>i ^  0, 
for example, and let z — x +  yi. Then for z / z i

1 2 I ~  | 20 j _  (X2 +  i f ) 112 ~  (xjj +  Uo)V"
2 — 2o (x — Xa) +  i(y — 7/o)

__________________ (x- +  y2) -  jxl  +  !Jo)______________

[ ( x  — .To) +  i(y -  ? /«)][(.T2 +  y2) m +  (x\ +  r/|) 1/21

If we let j 2 — 2q j 
we see that

2d | —>0 using 2 of the form z — x  +  yoi (that is

z — z„ ‘ (.rji +  ifn) 1;: '

whereas if we let \z — 
x  — > x0) we obtain

• 0 using 2 of the form z =  x0 +  yi  (that is y —* y0)

| 2 I -  ! 20 |
2 — 2 o

y o
i i x l  +  y l Y n ’

(3.3)
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The two limits (3.3) and (3.4) are different. However, in order that g be 
differentiable at z0 we must obtain the same limit no matter how 
| z — zo | —> 0. This shows that g is not differentiable at z0.

(d) Other functions. Other types of functions which are important for 
our study of differential equations are usually combinations of the types 
discussed in (b), (c) above. Typical is a complex-valued fu n ction / which 
is defined for real x  on some interval | x — x01 ^  a (z0 real, a >  0 ), and for 
complex z on some disk \z — z0| 5? b (e0 complex, b >  0 ). Thus the do­
main D of /  is given by

D : j x -  x01 | z -  Zo I ^  b,

and the value of /  at (x, z) is denoted by f (x ,  z ) . Such a function /  is said to 
be continuous at (£, ij) in D if

l /(s , z) H O , as 0 <  \ x - $ \  +  \ z - n \  -> 0 .

There are two important facts which we shall heed in Chap. 5 concern­
ing such continuous functions. The first is that a continuous /  on the D 
given above (urith the equality signs included) is bounded, that is, there is a 
positive constant M  such that

1/(3, z) H  M,

for all (x , z) in D. This result is usually proved in advanced calculus 
courses. The second result relates to “ plugging in”  a complex-valued func­
tion <f> into / .  Suppose <j> is a complex-valued function defined on

\x — z0| g  a,

which is continuous there, and has values in | z — z01 ^  b. Then if /  is 
continuous on D, the function F given by

F{x)  =  f (x ,  <{>(x)),

for all x such that | x — x01 a, is continuous for such x.
A slightly more complicated type of complex-valued function /  is one 

which is defined for real x and complex zi, • • •, z„ on a domain

D : \x -  X(S H a ,  I Zl — ZlO I +  ■ * • +  I 2n — Zno H  h.

a

Here x0 is real, zw, ■ • •, z„c are complex, and a, b are positive. The value of 
/ a t  x, zh • • •, z„ is denoted by f (x ,  z i, • • •, zn) ■ Continuity o f / i s  defined just
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as in the case of one z. Thus/  is continuous at (, 771, • ■ •, tj„ in D if

S ec. 3 P relim inaries

\f(x, 2i, • • •, Z„) -  /(£ , 771, • • •, r,n) | -> 0, 
as

0 <  I X — 1; | +  I Zi —• *ll I +  • • • +  I Zn — 5J,> I —■> 0.

Such an /  is bounded on D, and if </>i, • • <t>n are n continuous complex­
valued functions defined on | x — x<j \ a, having the property that

|«|(x) — ZlO ! +  • • • +  I 4>n(x) — Z„o| ^  b

for all such x, then the function F given by

F(x )  = f i x ,  « iU ) .  • • •, « „ (x ) )

for | x — 2.01 5= a is continuous there.

E X E R C I S E S

1. Let a 2 z‘3, 6 = 1  — i. If for all real x

/(x) =  ax +  {bxf,
compute:

(a) (Re/)(x) (b) (Im f)(x)

(c) /'(x ) (d) f /(x) dx
•'o

2. If for all real x
'3?

f(x) = X +  fx2, g(x) = —,

compute.
(a) The function F given by F(x) =  f[g{x)) (b) F'(x)

3. If a is a real-valued function defined on an interval I, and /  is a complex­
valued function defined there, show that

Re (af) = a(Re /) ,  lm (rif) - a(Im /) .

4. Let f{z) =  z2 for all complex z, and let

u{x, y) =  (Re f){x +  iy), v(x, y) =  (Im f)(x +  iy).

(a) Compute w(x, y) and v{x, y).

dv dt1 du Ov
(b) Show that — = . , 7 =  — 7- .

dx Oij <)y Ox
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(c) Show that
dji d-u _  
dx2 dy" '

d2r <T-v
o r  --t =  O’dx- dy-

5. L et/be  a complex-valued function defined on a disk 

D: | z | <  r (r >  0), 

which is differentiable there. Let

u(x, y) =  (Re f)(x +  iy), v(x, y ) =  (Im f)(x +  iy). 

Show that
du dv du
dx d y ’ dy

dv 
dx ' (*)

for all z — x +  iy in D. (Hint: If ?n = xu +  iyo is it) D, let 0 <  | z — zo | —> 0, 
in the definition of f'(zo), through 3 of the form z =  x +  iyo, and then of the 
form z =  xo +  iy, to obtain

du dv
/ '(?o) =  — (zo, yo) +  i ~ (x0, y0) 

dx dx

dv . du
— t (*r’o, i/oI — i — (xo, yo). 

dy dy

The equations (*) are called the Cauchy-liiemann equations.)

6. Let /  be the complex-valued function defined on 

D: \x \ g  1, jz j ^  2,

(x real, z complex) by

f(x, z) =  3x2 +  xz +  z2, 

and let <t> be the function defined on [ x | 1 by

4>(x) =  x +  i.

(a) Compute the function F given by

F(x) =  f(x, 4>(x)), (| x | g  1).

(b) Compute F’ (x).
(c) Compute

f  F{x) dx.
'a
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7. If r is a complex number, and

p(z) =  (« — r)n,

where n is a positive integer, show that

p(r) — p'(r) — ••• =  =  0, pM(r) =  nl.

4. Polynomials

We have defined a polynomial as a complex-valued function p whose 
domain is the set of all complex numbers and which has the form

p(z)  = acz" +  a,: - ' + • •  • +  a„_iz -f .

where ft is a non-negative integer, and ao, «i • ■ •, a„ are complex constants. 
The highest power of z with non-zero coefficient which appears in the 
expression defining a polynomial p is called the degree of p, and written 
deg p. A root of a polynomial p is a complex number r such that p(r)  =  0. 
A  root of p is sometimes called a zero of p. We shall require, and assume, the 
following important result.*

Fundamental theorem of algebra. If  p is a polynomial such that 
deg p S  1, then p has at least one root.

This is a rather remarkable result, and justifies our introduction of the 
complex numbers. We have seen that not every polynomial with real 
coefficients (for example z- +  1) has a real root, but polynomials of degree 
greater than zero with complex coefficients always have a complex root. 
The remarkable fact is that we do not need to invent new numbers, which 
include the complex numbers, to guarantee a complex root.

We derive some consequences of this fundamental theorem.

Corollary 1. Let p he a polynomial of degree n S: I, with leading coeffi­
cient 1 (the coefficient of z " ) , and let r be a root of p. Then

p(z)  = (z -  r)q(z)

where q is a polynomial of degree n — I, with leading coefficient 1.

Proof. Let p{z)  have the form

p(z) =  s" \- a,: ■ +  • • - +  a„_i2 -I- an,

* A proof can be found in G. Biikholl and S. .Mac Bane, .4 nonvy of modern algebra, 
New York, rev. ed., 1953, p. 107, and also in K. knopp, Theory of function.-!, New York, 
1945, p. 114.
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and let c be any complex number. Then

p(z)  — p(c) =  (z" — c") +  ai(zn_1 — c"_1) -+•••■+ a„_i(z — c) 

=  (z -  c)q(z),

where q is the polynomial given by 

q(z) =  z"_1 +  cz"~2 +  c2z"-3 +  • • • +  cn~l

+  ai(z"~2 +  cz"~3 +  • • ■ +  c"-2) + +  a„

Clearly deg q =  n — 1 and g has leading coefficient 1. In particular if 
c — r, a. root of p, then we have

p(z)  =  (z -  r)q(z),  ,
as desired.

If ra — 1 =i 1, the polynomial q has a root, and this root is also a root of 
p by Corollary 1. Thus applying the Fundamental Theorem of Algebra 
n times, together with Corollary 1, we obtain

Corollary 2. I f  p is a polynomial, deg p = n 3: 1, with leading coeffi­
cient ao 5̂  0, then p has exactly n roots. I f  ri, r«, • • •, r„ are these roots, then

p(z)  =  a0(z -  n ) (z -  r2) • • • (z -  r„). (4.1)

Note that a^p  is a polynomial which has leading coefficient 1. W e re­
mark that the roots need not all be distinct. If r is a root of p, the number 
of times z — r appears as a factor in (4.1) is called the multiplicity of r.

then

and

Theorem 1. I f  r is a root of multiplicity m of a polynomial p, deg p Si 1' 

p(r)  *  p'(r) =  •■• =  p(m-1,(r) =  0,

p{m)(r) 5̂  0.

Proof. Let p have leading coefficient ao ^  0, and degree n Si m. It 
follows from Corollary 2 that

p{z)  =  Oq( z -  r )mq(z) , (4.2)

where q is a polynomial of degree n — m, and q(r) ^  0. Clearly p(r) =  0 
by the definition of a root. Also

p '(z ) •=* aorn(z — r )m~lq{z) +  av(z — r )mq'(z),
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and this implies that, i  m — 1 >  0, p'(r)  =  0. If m — 1 we have 

p '(z ) =  aog(z) +  ao(z -  r)q’ (z), 

and thus p'(r) =  aeq{r) 0.
The general argument can be based on (4.2) and the formula

Jr ( 1r — 1 )
( fg) {k) = f (k)g ■+ ‘ f {k~vg" +  ••■ +  /<?<*> (4.3)

for the k-th derivative of the product fg  of two functions having k deriva­
tives. Formula (4.3) can be established by induction. Applying (4.3) to 
the functions/(z) =  (z — r )m, g{z) =  q(z) in (4.2), we obtain

pih)(z) =  a0[wi(m — 1) • • • (m — k +  1) (z — r )m~kq(z)

+  (terms with higher powers of (z — r) as a factor)].

It is now clear that

p{r) — p’ (r) =  ••■ = p(m_1)(r) — 0,
and

p(,n)(r) = a 0mlq(r)  ^ 0 ,  

which is the desired result.

E X E R C I S E S

1. Compute the roots, with multiplicities, of the following polynomials:
(a) z2 +  z -  6 (b) z2 +  z +  1
(c) z3 -  3z2 +  4 (d) z3 -  (2 +  ifz2 +  (1 +  i2)z -  i
(e) z4 -  3

2. If r is such that r3 =  1, and r ^  1, prove that 1 +  r +  r2 =  0.

3. Let p be the polynomial given by

p(z) = aozn +  uizn_1 +  • • • +  a„, 

with do, ai, • ■ •, dn all real. Show that

p(z) =  p(z).

As a consequence show that if r is a-root of p, then so is r.

4. Prove that every polynomial of degree 3 with real coefficients has at least 
one real root.



20 P relim in aries C hap. 0

5. Prove that if p is a polynomials deg p 2: 1, and r is a complex number such 
that

p(r) =  p'(r) =  ••• =  p{,n_1)(r) =  0. p<m)(r) ^  0,

then r is a root of p with multiplicity m. This is the converse of Theorem 1.

6. (a) Use the result of Ex. 5 to show that i is a root of the polynomial p 
given by

p(z) =  z5+  (2 — 3i')24-r (—1 — 6i)z3+  (—6 — fn')z2 +  (—6 +  2i)z +  2i,

and compute the multiplicity of i.
(b) Find the other roots of the polynomial p in (a).

7. Prove the formula (4.31. This can be written in the form

(fg)ik) =  f(k,g +  Q p - i y  +  Q f k~2Y

where

+

k\

+  ( +

d!

is a binomial coefficient. Hint: Use induction, and show that

f t ' K - . K )

4- /?<»

5. Complex series asul the exponential function

If x is a real number, and e is the base for the natural logarithms, the 
number r- exists, and

e =. T -l—i 1.1 ’ (O' ■ 11,

where the series converges for all real x. Indeed, tnis series may be taken 
as the definition of ez. We shall need to know what e‘ is for complex z. One 
way is to define ez by

^  z*
6 ~ h  fc!'

(5.1)

Now we have to prove that this series converges for all complex z, and in 
fact there is the problem of defining what we mean by a convergent series 
with complex terms. The method is the same as that used to define con­
vergent series with real terms.
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A series
E  Ck, (5.2)

where all ck are complex numbers, is said to be convergent if the sequence of 
partial sums

71

Sn =  E ck, (n  =  0 , 1, 2 , • • •),
*=0

tends to a limit s, as n —> *  . That is, s is a complex number such that 

| s „ - s | - > 0, (n —> ° ° ),

where the magnitude is the magnitude for complex numbers. If the series
(5.2) is convergent, and s„ —> s, we call s the sum of the series, and v’rite

= E Ck-

If the series is not convergent we say that it is divergent.
The series (5.2) with complex terms c* gives rise to two series with 

real terms, namely

E Ke ck, Ck, (5.3)

and it is not difficult to see that the series (5.2) is convergent with sum 
s =  Re s +  i Im s if, and only if, the two real series in (5.3) are con­
vergent with sums Re s and Im s respectively. In principle, therefore, the 
study of series with complex terms is the study of pairs of real series.

The series (5.2) is said to be absolutely convergent if the series

El ck\ (5.4)

is convergent. It can be shown that every absolutely convergent series is 
convergent. Since the series (5.4) has terms which are real and non-negative, 
any condition which implies the convergence of such series can be applied 
to guarantee the convergence of the series (5.2). One of the most important 
tests for convergence is the ratio test. One version of this is the following.

E M ,

6

Ratio test. Consider the series
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where the ck are complex. I f  | ck | > 0  for all k beyond a certain positive 
integer, and

I Cn-i I r (k >),
I ck | ’

then the series is convergent if  L <  1, and divergent for L >  1.

Thus the series (5.2) is convergent if (5.5) is valid for an L <  1. 
An immediate application of this result is to the series

(5.5)

£ - .
£ tk \

Here ck =  zk/k\ and 

I ck+1 |
I c* I

zk+1 k\ 
(k +  l ) l " ?

I 2 I
k d- 1

0, (A; —> co).

Thus this series converges for every z such that \z\ <  <», that is, for all 
complex z. Hence our definition (5.1) of ez as the sum of this series makes 
sense. The function which associates with each z the complex number ez 
is called the exponential function.

The series defining ez is an example of a power series

£  ak{z -  Zo)h (5.6)

about some point z0, the ak being complex. Many of the properties of a 
power series of the type

co
£  ak(x -  x0) k,
jfc-0

where the ak, x, Xo are real, remain true for series of the form (5.6), and 
the proofs are identical. In particular, if a series (5.6) is convergent on a 
disk D:\z — z0| <  r [r >  0 ), then the function / defined by

/(z )  =  £  ak{z -  z0)*, (z in Z )) ,

has all derivatives in D, and these may be computed by differentiating term 
by term. Thus

CO on
f ( z )  = £  kak(z -  Zo)*-1 =  £  kak(z -  Zo)*"1,
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where the last series converges in D. Applying this result to (5.1) we find 
that

A=1 k\ *=1 (ft — 1)! k̂ Q k-

Another important property of the exponential function is that
eu+*2 =  ec>e‘ * (5.7)

for every complex Z\, z2. This can be proved by justifying the following 
steps

2* - « V  **£  n  =  e‘ -

Here
- - C § s ) ( S r ; ) - S Ct.

Ck = E
k—n

Zl
_o (k — n)\ n\

k\1 k= -  E7.1k\ „-.o (k — n)l n\
t—n n

z 1 Z 1

= (ft +  ft)*.

Thus formally we have the product of the series defining e‘ > and ez- is the 
series defining ezi+z*, and these steps can be justified to give a proof of the 
equality (5.7). A consequence of (5.7) is that

(ez) n =  enz

for every integer n. In particular l /e z =  e~z.
Another property of the exponential function is that for all real 0,

ev =  cos 9 +  i sin 9, (5.8)

and the proof results from adding the series involved. Indeed, i2 =  — 1, 
i3 =  —i, i* =  1, etc., and thus

92 04
cos 0 =  1 -  — +  — --------

(f0)2 (f0)4
1 +  +  V f -  +2 ! 4!

03 0s
sin 0 = 0 - -  +  — ~  3! o!

i sin 0 =  i9 H— —— h
3! 5!

e
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Hence

24

. . (id)- (id)3
cos 8 i sin 8 =  l id ——— -|-

2 !

^  (id)11 .
= 2 -  -T T  =  e"/fc=0 h* •

A consequence of (5.8) is that

er * = cos 6 — i sin 6,

3!

(5.9)

since cos ( — 6) =  cos 8, and sin ( —8) =  — sin 8. Using (5.8) and (5.9) 
we can solve for cos 8 and sin 8, obtaining

e .e +  e-i» 
cos 8 = -------------,

sin 8 —
o 16 _ ( — id

If z is a complex number with polar coordinates (r, 8), then 

z =  r( cos 8 +  i sin 8), (r ^  0, 0 ^  8 <  2ir) , 

and we have, using (5.8),

r  — (5.10)

Note that \z\ =  r, |e'9| = 1  for every real 6. The relation (5.10) can be 
employed to find the roots of polynomials p of the form

v(z) =  Z" — c, (5.11)

where c is a complex constant. Suppose c = | c | c ‘“ , where a is real, 0 S a <  
2ir, and re‘e is a root. Then

rnt,in« =  | (• |

and taking magnitudes of both sides we see that

rn = |c|, or r = le i1'", 

where the positive n-th root is understood. Further

-g gta qj> gi(nd—a) =  <
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There are exactly n distinct values of 6 satisfying this relation and 0 S  8 <  
2tt, namely, those for which

nd — a =  2 irk, 
or

a +  2tt k
g = (k =  0, l, • • n — 1).

Thus the roots zh • • •, zn of the polynomial p in (5.11) are given by

Zk+1 = | C |l/»ei<«+2r<0/„

= | C |" fa  +  2ick\ . fa  +  2irk\
cos I ------------J +  i sin ( ------------- !

n / V n )
, (/.' =  0, l, • • ;i — 1).

Geometrically we can describe the roots of p as follows. All roots lie on a 
circle about the origin with radius | c | u". One root has an angle a/n with 
thb real axis, if c has angle a with the real axis. The remainder of the roots 
are located by cutting the circle into n even parts, with the first cut being 
at the root at angle a/n.

As a particular example let us find the three cube roots of 4i. Thus we 
want the roots of z5 — 4i. Here c =  4i, and hence the cube roots will all 
have a magnitude of |4f|1/3 =  41/:'. If we write c =  |c|e'“ , we see that 
a =  ir/2 in this case. Thus the three cube roots of 4z are given by

Zi =  4 li3eirl6, Zi =  41/3e’5T/6, 23 =  41/3e,9’r/6,

Imaginary 
axis

Figure 2. Three cube roots of 1 i
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or since ir/6 represents 30°,

«■ -  4,,,( l + !)• 22 =  4*«

23 =  -  4mi.

These roots are sketched in Fig. 2.

E X E R C I S E S

1. Find the three cube roots of 1.

2. Find the two square roots of i.

3. Find all roots of the polynomials:
(a) 23 +  24 (b) z4 +  i64
(c) z4 +  4z2 +  4 (d) 2lro -  1

4. If z =  x +  iy, where x, y are real, show that \ e* \ =  e*. As a consequence 
show that there is no complex z such that ez »* 0.

5. If a, b, x are real show that:
(a) Re [e<-a+ib̂ x] =  eax cos bx (b) Im [e(o+ l4)l] =  eax sin bx

6. (a) If r =  a +  ib ^  0, where a, b are real, show that (erx)' =  re,z.
(b) Using (a) compute:

7. (a) If (j>(x) = erx, where r is a complex constant, and x is real, show that 
— r<t>(x) =  0.

(b) If <j>(x) =  e“ x, where a is a real constant, show that:
(i) 4>'(x) — ia4(x) =  0

(ii) 4>"{x) +  a2<t>(x) =  0

8. For what values of the constant r will the function 4> given by ${x =  erx 
satisfy

<t>"(x) +  34>'(x) -  24>(x) =  0
for all real x?
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9. Let aje =  k\ +  (i/kl). For what real x are the following series convergent?

(a) ^  (Re ak)xk
k—Q

(c) a^ k
k—o

10. Consider the series

(b) o*)**
Jt—0

0
(*)

where z is complex.
(a) Show that the partial sum

Sn(z) =  £  z* =
1 -  zn+1 

1 -  z ’
if Z 5̂  1.
(b) Show that the series (*) converges absolutely for | z | <  1.
(c) Compute the sum s(z) of the series (*) for | z | <  1.

6. Determinants

We shall need to know the connection between determinants and the 
solution of systems of linear equations. Suppose we have such a system of n 
equations

Oil \Z\ +  dl2Z2 +  • • • +  di„z„ = Cl
dz\Z\ -f- a22z2 +  

0-niZi +  an2z2 +

+  a2nz„ — c2 

S- dnnZn Cn,

( 6.1)

where the a a n d  ct- are given complex constants. The problem is to find 
complex numbers Zi, • • ■, z„ satisfying these equations. Such a set of n 
numbers is called a solution of (6.1). We say that two solutions Zi, • • •, z„ 
and z[, • • z'n of (6.1) are equal if Zi =  z[, • • •, z„ =  z'n. If Ci =  c2 =  • • • =  
c„ =  0 we say that the system is a homogeneous system of n linear equations, 
otherwise we say (6.1) is a non-homogeneous system. The determinant A 
of the coefficients in (6.1) is denoted by

A =

dll ® 1 2 *  *  *  d\n

a2i dm • • "  d2„

U n l d n1 *  • *  U f i n

fc-0
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and is shorthand for the number A given by

A ^ ( ( -b ) (l\ j'&2 it, ••• fl„,n,

where the sum is over all indices z'i, • • •, i„ such that z'i, ■ • •, i„ is a permuta­
tion of 1, • • •, n and each term occurs with a +  or — sign according as 
t'i, • • •, in is an even or odd permutation of 1. • • •, n. Thus

28 I'rptirninaries Ch<tp. (f

IO11 012

021 022
— ail022 — 012021,

and

On 012 On

02i 022 023

a 31 032 Q33

— 0 1 1 0 2 2 0 3 3  —  O llO 23032  +  012023031

— O12O21O33 -f - o 13021032 — o  13̂ 22jrr31.

The principal results we require concerning determinants are contained in 
the following theorems. They are usually proved in elementary texts on 
linear algebra.

Theorem 2. I f  the determinant A of the coefficients in (6.1) is not zero 
there is a unique solution of the system for Z\ , • • •, z„. It is given by

Zk =  (A- =  1, • ••,«.),
A

where A/, is the determinant obtained from  A by replacing its kth column 
au, • • •, a„* by ei, ■ • •, c„.

Proof for the case n — 2. In this case suppose Z\, z2 satisfy

O nZ, O12Z2 — Ci 

O21Z1 -|- 022̂ 2 ~ C2.
( 6.2)

Multiply the first equation by a22, the second equation by — Oi2, and add. 
There results

ZiA — Q00C1 — ai2c2 —
C2 CL22

= Ai.
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Multiply the first equation by —a-n, and the second by an, and add, ob­
taining

an Ci |
z* A =  — a2iCi +  aiic2 =  | =  A".

;a21 c2i

Thus it A ^  0, zk must be A*/A (k =  1, 2), and it is readily verified that 
these values satisfy (0.2).

We note that for a homogeneous system (ci = c2 = • • ■ = c„ = 0 in
(6.1)) there is always the solution

3, =  2, = . . .  = z„ =  0.

This solution is called the tririal solution.

Theorem 3. / /  Ci =  c2 = • • • =  c„ = 0 in (6.1), and the determinant 
of the coefficients A =  0, there is a solution of (6.1) such that not all the zk arc 0.

Proof for the case n — 2. We are dealing with the case

iin-i -e a 12̂ -2 ~ 6

a2lZl +  0.22Z-2 =  0,
where 

If aii 7̂  0,
'Uia-ii — a îan =  0.

— a,,
Zi — • ,

a„

is a solution. If an = 0, and a2i ^  0.

— a22
a2i

Zl — 1

22 =  1,

is a solution. If an =  0, and a2] = 0,

2l =  1, 0,
is a solution.

Combining Theorem 3 with Theorem 2 we obtain

Theorem 4. The system of equations (6.1) has a unique solution if, and 
only if, the determinant A of the coefficients is not zero.

Proof. If A ^  0 Theorem 2 says that there is a unique solution. Con­
versely, suppose there is a unique solution Z\, • • •, z„ of (6.1). If A =  0, by
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Theorem 3 there is a solution fj, • • •, of the corresponding homogeneous 
system, which is not the trivial solution. Then it is easy to check that 
zi +  fn • • •, Zn +  fn is a solution of (6.1) distinct from zh • • •, zn, and 
forces us to conclude that A ^  0.

E X E R C I S E S

1. Consider the system of equations

121 +  22 =  1 d- i

2z\ ~h (2 — f)z2 =  1.

(a) Compute the determinant of the coefficients.
(b) Solve the system for z\ and z2.

2. Solve the following system for z\, z2 and z3:

3zi +  z2 — Z3 =  0 

2zi — z3 =  1 

z2 +  2z3 =  2

3. Does the following system of equations have any solution other than 
zi =  z2 = z3 =  0? If so find one.

4zi +  2z2 +  223 =  0

3zi +  7 z2 +  223 =  0

2zi 4- z2 +  z3 =  0

4. Consider the homogeneous system corresponding to (6.1) (the case ci = 
c2 =  . . .  =  c„ =  0). Show that if the determinant of the coefficients A =  0, 
there are an infinite number of solutions. (Hint: If zi, •••, zn is a non-trivial 
solution, show that azi, • • •, az„ is also a solution for any complex number a.)

5. Prove that if the determinant A of the coefficients in (6.1) is zero then 
either there is no solution of (6.1), or there are an infinite number of solutions. 
(Hint: Use Ex. 4.)

7. Remarks on methods of discovery and proof

Often a student studying mathematics lias difficulty in understanding 
why or how a particular result, or method of proof, was ever conceived in 
the first place. Sometimes ideas seem to appear from nowhere. Now it is 
true that mathematical geniuses do invent radically new results, and meth­
ods for proving old results, which often appear quite strange. The most 
That ordinary people can do is to accept these brilliant ideas for what
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they are, try to understand their consequences, and build on them to 
obtain further information. However, there are a few general principles 
which, if followed, can lead to a better understanding of mathematical dis­
covery and proof.

Concerning discovery, we mention two principles:

(a) use simple examples as a basis for conjecturing general results,
(b) argue in reverse.

Both of these principles are illustrated in the proof we gave of Theorem 2 
for the case n =  2. We were faced with trying to find out whether the 
system (6.1) of n linear equations has a solution or not, and what condition, 
or conditions, would guarantee a unique solution. We looked at the simplest 
example, which occurs for n =  2 (using (a )). Then we assumed that we 
had a solution (principle (b) ) ,  and found out what must be true for a 
solution, namely, that

2iA =  Ax, 22A =  A2.

We immediately saw that if A ^  0, then

(7.1)

Note that at this point we have not yet shown that there is a solution. All 
we have shown is that i f  zi, z2 is a solution, and A 0, it must be given by
(7 .1 ) . We can now guess that if A 5̂  0, then Zi, z2 given by (7.1) is a solu­
tion. This can be readily verified by substituting (7.1) into the given 
equations. An alternate procedure is to check that the steps leading to
(7.1) can be reversed, if A ^  0. Once we have discovered the right condi­
tion for the case n =  2, it is natural to conjecture that a similar condition 
will work for a general n.

Three important methods of proving mathematical results are

(i) a constructive method,
(ii) method of contradiction,

(iii) method of induction.

A typical example of a constructive method appears in the proof of Theorem 3 
for the case n = 2. We wanted to show that nontrivial solutions of the 
two homogeneous equations exist if A =  0. To do this we constructed 
solutions explicitly. An example of the method of contradiction appears in 
the proof of Theorem 4. We supposed that the system (6.1) had a unique 
solution. We assumed that A =  0, and, using logical arguments, we arrived 
at the fact that (6.1) does not have a unique solution. This is a contradic­
tion, and the only thing that can be wrong is our assumption that A =  0.
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The only other alternative is that A 5̂  0 , which is the conclusion we de­
sired.

The method of induction is concerned with proving an infinite number 
of statements Si, s2, • • •, one for each positive integer n. If Si is true, and 
if for any positive integer k the statement s4 implies the statement St+i, 
then all the statements Si, s2, • • - , are true. An example of a result which 
can be proved using induction is the formula

for the k-th derivative of the product of two complex-valued functions 
/ ,  g which have k derivatives; see (4.3). The proof is the same as the induc­
tion used to prove the binomial formula

(a +  6)* =  X
l“ U

ak- ‘b‘ . (k 1. 2, ■),

for the powers of the sum of two complex numbers a, b. The method of 
induction is equivalent to a property of the positive integers, and conse­
quently we assume that this method is a valid method of proof.

The principles of discovery (a), (b ) , and the methods of proof (i), 
(ii), (iii), will be used many times throughout this book. It will be instruc­
tive for the student to identify which principles and methods are being 
used in any particular situation.



CHAPTER 1

Introduction— Linear Equations of the 
First Order

1. Introduction

In Sec. 2 we discuss what is meant by an ordinary differential equation 
and its solutions. Various problems which arise in connection with differ­
ential equations are considered in Sec. 3, notably initial value problems, 
boundary value problems, and the qualitative behavior of solutions. In a 
succession of easy steps we solve the linear equation of the first order in 
Secs. 4-7.

2. Differential equations

Suppose /  is a complex-valued function defined for all real x  in an 
interval 7, and for complex y in some set S. The value of /  at (x , y) is 
denoted by f (x , y ). An important problem associated with /  is to find a 
(complex-valued) function <}> on 7, which is differentiable there, such that 
for all x  on 7,

(i) 4>(x) is in S,

(ii) = f ix , <t>(x)).

This problem is called an ordinary differential equation of the first order, 
and is denoted by

y' = f { x , y ) .  (2.1)

The ordinary refers to the fact that only ordinary derivatives enter into 
the problem, and not partial derivatives. If such a function <t> exists on 7 
satisfying (i) and (ii) there, then <p is called a solution of (2.1) on 7.
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As an example consider the case when /  is independent of y, that is, we 
have the equation

y ' = f ( x ) ,  (2.2)

w'here /  is defined on some interval I. The problem is to find a function 
0 on I  such that 0 ' exists there, and 0 '(x ) = f ( x ) . This is one of the most 
important problems considered in the study of calculus. Indeed, if /  is 
continuous on 7, we know that the indefinite integral function 0O defined by

<t> o(x) = r m  dt,

where xo is some fixed point in 7, is a solution of (2.2). Moreover, if 4> is any 
solution of (2.2), then there is a constant c such that

<t>(x) =  <t> o(x) +  c

for all x in 7; and every constant c gives rise to a solution in this way. Thus 
all solutions of (2.2) are known in case /  is continuous on 7, and the study 
of (2.2) reduces to the study of integration.

For a second example, suppose that 0 (x ) denotes the amount of a cer­
tain substance at time x, and we know that the substance increases at a 
rate proportional to the amount present at any time x. Then we must 
have

<p’ (x) =  k<(>(x),

where k is some constant. Thus 0 is a solution of the differential equation

y' =  ky. (2.3)

Conventional examples of processes described by this equation are popula­
tion growth (k >  0) and radioactive decay (k <  0 ). A  solution of (2.3) 
is given by

4>{x) =  ekx,
which exists for all real x.

The problem posed by the equation y' =  f {x , y) has a simple geometri­
cal interpretation in case /  is real-valued, and y is defined on a set S of real 
numbers. Then for each x in 7 and y in S we are given a num ber/(x , y ) , 
which may be thought of as the slope of a straight line through the point 
(x, y ). A solution of y' =  / (x ,  y) on 7 is a function 0 whose graph (the set 
of points (x, 0 (x )) , x in 7) is a curve whose tangent at (x, 0 (x ))  has the 
slope 0 '(x ) , which is the same as the given s lop e /(x , 0 (x ))  at this point. 
Thus, geometrically we are given a set of directions, and the differential 
equation is the problem of finding curves having these directions as tan­
gents. The set of directions { /(x , y ) ) is called a direction field. Fig. 3 show’s 
such a field for / (x ,  y) = — xy, and the curve sketched is the solution 
0 (x ) = 2c~(x"m of the equation y ' =  — xy.
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F ig u r e  3 . T h e  d irect ion  field g iv e n  b y / ( x ,  s ) =  —xy (y >  0 )

Sometimes a differential equation occurs in a slightly more general 
form, where the derivative y' is not by itself on one side of the equation. 
Thus it might be necessary to consider an equation of the form

F (x , y, y') =  0. (2.4)

Here F is some function defined for real x in an interval 7, and complex 
y i, 1/2 in sets Si, S2 respectively. Then (2.4) is the problem of finding a 
(complex-valued) function <f> on 7, which is differentiable there, such that 
for all x on 1,

(i) <t>(x) is in Si, <t>'(x) is in S2,

(so that F (x, </>(£), is defined),

(ii) F(x, 4>(x), 4>’ (x ))  =  0.

This problem is also called an ordinary differential equation of the first 
order. The equation (2.1) is the special case when

F(x, y, y') =  y' -  / ( * ,  y)-

Usually we shall consider equations in the form (2.1), since it can be shown 
that (2.4) can be reduced to the form (2.1) under rather general conditions 
on F.

More general differential equations involve higher order derivatives. 
Let F now be a function defined for real x in an interval 7, and for complex 
Vh 2/2, • • •, 2/n+i in sets <Si, S2, • ■ S„+i respectively. The problem of find­
ing a function 4> on 7, having n derivatives there, and such that for all x 
in 7,

(i) *<*“ » (* )  is in S* (k =  1, 2, . . . , n  +  1),

=  « (x ) ) ,

(ii) F(x, <p(x), •••, <t>M (x ))  =  0,
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is called an ordinary differential equation of the nth order, and is denoted by

F ( x ,  y, y \  • - - , y M ) =  0. (2.5)

A function 0 on 7, with n derivatives, satisfying (i) and (ii) is called a 
solution of (2.5) on /. Again it will be the usual situation to consider those 
equations of the form

yw  = y> y ’ t .

An example of a second order equation is

y "  +  y =  0, (2 .6 )

which arises naturally in the study of electrical and mechanical oscillations. 
Two solutions 0,, 0L> which exist for all real x are given by

0 i(.x) = cos x, 02(x ) = sin x.

3. Problems associated with differential equations

When presented with a differential equation our first impulse might be 
to try to find all solutions of it. Ideally we would like to write down these 
solutions in terms of well-known functions. This can be done for a large 
number of very important equations. For example, we indicated in Sec. 2 
that all solutions of

y' = f ( x ) ,  (/continuous), (3.1)
are given by

0(x) = f f it )  dt +  c, (3.2)
hg

where x0 is some point in the interval where /  is defined, and c is any con­
stant. All solutions of

y' = ky (3.3)
are of the form

0(z) = cekz. (3.4)

and c can be any constant. We shall prove this elementary fact in Sec. 5. 
Also every solution of

y"  +  y = 0 (3.5)
has the form

4>(x) =  Ci cos x +  Ci sin x, (3.6)

where Ci, C2 may be arbitrary constants. The proof of this will occur in 
Chap. 2.
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Frequently we are not interested in all solutions of an equation, but 
only those satisfying certain other conditions. These conditions may take 
many forms, but two of the most important types are initial conditions 
and boundary conditions. An initial condition is a condition on the solution 
at one point. For example, the solution of (3.3) having the property that 
0(0) = 2 (the initial condition) is readily seen from (3.4) to be given by

<j>(x) =  2et*.

Such an initial value problem, would be denoted by

V' =  k y , y {  0) =  2.

Similarly, the solution <#> of (3.5) satisfying

0(0) = 1, 0'(O) = 2,
is given by

0(x) = cos x  -f- 2 sin x.

This problem would be denoted by

y "  +  y  — 0, y ( 0 )  =  1, y ' {  0 ) = 2 .

A boundary condition is a condition on the solution at two or more points. 
For example, the solution 0 of (3.5) satisfying

Sec. 3 Introduction— Linear Equations of the First Order 37

is given by
0 (0 ) =  1, 0 '(2 t ) =  - 1 ,

0(x) = cos x  — sin x.

There are many equations for which it is not obvious that solutions 
exist at all; and if they do, it might not be possible to write down “nice” 
formulas for them. For example, consider the equation

v "  +  y '  +  sin y = 0, (3.7)
which is encountered in the study of the motion of a pendulum. It can be 
shown that (3.7) has solutions, satisfying any given real initial condition, 
which exist for all real x, although we can not express them in terms of 
functions we meet in calculus. How do we solve equations such as (3.7), 
that is, find the solutions? One method is to develop mathematical pro­
cedures which would allow us to compute the value of a solution at any 
given x  to any desired degree of accuracy. This method should be suffi­
ciently general to cover a large number of equations. Such a procedure is 
developed in Chap. 5, where a general method for computing solutions to 
initial value problems is given.

Even though it is impossible to express solutions of some equations in 
nice formulas, it is often the case that we can say a good deal about the 
properties of the solutions. In many situations it is just some property of
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the solutions which we wish to investigate. For example, without solving
(3.7) we can show that any solution 0 for which

— ir <  <#>(0) <  tt, <t>'(0) =  0,

will tend to zero as x  —» w . This corresponds to the fact that the oscilla­
tions of the pendulum are damped, and eventually the pendulum will stay 
arbitrarily close to its equilibrium position y = 0.

E X E R C I S E S

1. Find all solutions of the following equations on — oo <  x <  « :
(a) y' =  e3* +  sin x (b) y" =  2 +  x
(c) yw  =  0, (k a positive integer) (d) y'" =  x2

2. Verify that the following are solutions of the differential equations given:
(a) 0(x) =  e~’ in *, for y' +  (cos x)y =  0
(b) 0(x) =  sin x — 1, for y' +  (cos x)y =  sin x cos x
(c) 0(x) =  1, for y" — y’ =  0
(d) 0(x) e*, for y"  — y' =  0
(e) 0(x) = ci +  C2C1, for y" — y' = 0, (ci, C2 any constants)
(f) 4>{x) =  sin 2x, for y"  +  Ay =  0
(g) 4>(x) = e2*1, for y"  +  4y = 0
(h) <f>(x) =  Ci cos kx +  C2 sin kx, for y" +  k?y =  0, (k a positive constant, 

and Ci, C2 any constants)

3. Consider the equation y' +  5y =  2.
(a) Show that the function <j> given by

«(x) =  5 +  ce-®1

is a solution, where c is any constant.
(b) Assuming every solution has this form, find that solution satisfying
0 (1) =  2.

(c) Find that solution satisfying 0(1) =  30(0).

4. Consider the equation y" =  3x +  1.
(a) Find all solutions on the interval 0 g x S 1.
(b) Find that solution <t> which satisfies 0(0) = 1, 0 '(0) =  2.
(c) Find that solution <p which satisfies 0(0) =  0, 0(1) =  3.

5. Consider the equation y' =  ky on — °o <  x <  °° , where k is some constant.
(a) Show that if 0 is any solution, and 0(x) =  <p(x)e~kx, then 0(x) =  c,
where c is a constant. {Hint: Show that 0'(x) =  0 for all x.)
(b) Prove that if Re k <  0 then every solution tends to zero as x —> «>.
(c) Prove that if Re k >  0 then the magnitude of every non-trivial (not 
identically zero) solution tends to <* as x —> °o .
(d) What can you say about the magnitudes of the solutions if Re k = 0?



4. Linear equations of the first order

We initiate our study of differential equations by considering the simple 
case of a linear equation of the first order. This is an equation of the form

y' +  a(x )y  =  b(x) ,  (4.1)

where a, b are certain functions defined on an interval I. Writing this in 
the form y' =  f (x ,  y) we see that

f ( x , y )  = - a ( x ) y  +  b(x) .  (4.2)

If b(x)  = 0  for all x in I, the corresponding equation

y' +  a (x )y  =  0

is called a homogeneous equation, whereas if b is not identically zero on 7,
(4.1) is called a nan-homogeneous equation.

We note that if b(x) = 0  for all x  in 7, then the /  of (4.2) is linear in y, 
that is,

f ix ,  2/i +  2/2) = f ix ,  2/1) + / (x ,  yf), 

and homogeneous in y, that is,

f ix ,  cy) =  cfix, y) ,

where c is any constant.
We first solve the simple case of (4.1) when a is a constant, and then 

treat the more general case.
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5. The equation y' +  ay =  0

If a is a constant and <f> is a solution of

y' +  ay = 0,

then <(>' +  a<t> =  0, and this implies that

e“ (4>' +  0 4) = 0 , 
or

(e“ 0 ) ' =  0.

Therefore there is a constant c such that e““ 0(x) = c, or

(5.1)

4 i x )  -  ce~“ . (5.2)
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We have shown that any solution 0 of (5.1) must have the form (5.2), 
where c is some constant. Conversely, if c is any constant, the function 0 
defined by (5.2) is a solution of (5.1), for

0'(x) +  a0(x) = —ace~<u +  ace~“  = 0.
We have proved a small theorem.

Theorem 1. Consider the equation

y' +  ay =  0,
where a is a complex constant. I f  c is any complex number, the function 0 
defined by

0( x) = ce~“ ■
is a solution o f this equation, and moreover every solution has this form.

Notice that all solutions exist for all real x, that is, for — °° <  x <  oo. 
Also note that the constant c is the value of <j> at 0, that is, c =  0(0).

6. The equation y ' +  ay =  b(x)

Let o be a constant and let b be a continuous function on some interval
I. We consider the equation

y ’ +  ay = b(x) ,  (6.1)
and try to solve it using the same method as in Sec. 5. If 0 is a solution of
(6.1), then

e“ (0' +  a0) = e“ 6, 
or

(e“ 0 ) ' =  e^b.

Let B be a function such that B’ {x) = e“ 5(x), for example.

B(x)  =  f e?‘b{t) dt,
J*o

where xo is some fixed point in I. Since e“ 0 is another function whose 
derivative is e“ 6, it follows that

eaI0(x) = B(x)  +  c
for some constant c. Therefore

0(x) = e~“I5(x) +  ce~az. (6.2)
It is easy to see that our steps can be retraced to prove that if 0 is defined 
by (6.2), where c is any constant, then 0 is a solution of (6.1).
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We observe from (6.2) that the function ip defined by p(x)  = e~“ B(x)  
is a particular solution of (6.1), since it is the solution corresponding to 
c = 0. We summarize our result.

Theorem 2. Consider the equation

y' +  ay = b(x) ,

where a is a constant, and b is a continuous function on an interval I. I f  x0 
is a point in I and c is any constant, the function <t> defined by

<t>(x) = e~ r ea‘b(t) dt +  ce-

ts a solution of this equation. Every solution has this form.

E X E R C I S E S

1. Find all solutions of the following equations:
(a) y' -  2y = 1 (b) y' +  y = e*
(c) y' — 2y =  3?  +  x (d) 3y' +  y =  2e~z
(e) y' +  3y = eix

2. Let 0 be the solution of y' +  iy = x such that 0(0) = 2. Find 0(t).
3. Consider the equation

Ly' +  Ry =  E,

where L, R, E are positive constants.
(a) Solve this equation.
(b) Find the solution <p satisfying 0(0) = Io, where Io is a given positive 
constant.
(c) Sketch a graph of the solution given in (b) for the case / o > E/R.
(d) Show that every solution tends to E/R as x —► °°.

4. Consider the equation
Ly’ +  Ry = E sin ux,

where L, R, E, u are positive constants.
(a) Compute the solution tf> satisfying 0(0) = 0.
(b) Show that this solution may be written in the form

EuL . E
0 ( l )  =  ;------—  e~ iS IL )s  _j-------- _ _ _ _ _ _  s j n ({#£ _

R* +  orl2 Vft* +
where a is the angle satisfying

R . toLoos a —
y/R1 +  urL8 ’ ‘ \/R2+  u2T-

(c) Sketch the graph of the solution given in (b).
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5. Consider the equation

W  +  Ry =  Eeiax,

where L, R, E, o> are positive constants.
(a) Compute the solution 0 which satisfies 4>{0) =  0.
(b) Using the differential equation show that 0i =  Re 0 satisfies

Ly' +  Ry =  E cos tax.
Compute 0 i.
(c) Using the differential equation show that 02 =  Im 0 satisfies

Ly' +  Ry =  E sin wx.
Compute 02.

6. Let <j> satisfy the equation

y' +  ay =  bi(x), 
and let \p satisfy the equation

y' +  ay =  b2(x),

where bi, b2 are defined on the same interval I, and a is a constant.
(a) Show that x =  0 +  ^ satisfies

y' +  ay =  &i(x) +  b2(x)

on I.
(b) Apply the result of (a) to find the solution of

y' +  y =  sin x +  3 cos 2x 

whose graph passes through the origin.

7. Consider the equation

y' +  ay =  6(x),

where a is a constant, and b is a continuous function on 0 ^  x <  °o, satis­
fying there [ b(x) | ^  k, where k is some positive number.

(a) Find the solution 0 satisfying 0(0) =  0.
(b) If Re a ^  0, show that this solution satisfies

k
| 0(x) ( ^  3 —  [1 -  e_<R® “>*].

Ke a

(c) Show that the right side of the inequality in (b) is the solution of

y' -|- (Re a)y — k, (Re a ^  0), 

whose graph passes through the origin.

8. Let o be a constant, and let iq, b2 be two continuous functions on 0 ^  x <  »  
such that

In tro d u ctio n — L in ear E qua tions o f  th e  F irst O rder C hap. I

I bi(x) -  b2{x) | g k, ( 0 ^ x < ° ° ) ,  (*)
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for some constant k >  0. Let 0 be a solution of y’ +  ay =  bi(x), and 0 a solu­
tion of y' +  ay — bi(x). Assume that 0(0) =  0(0). Show that

| 0(z) -  0(x) | £  —  [ l - e-(R*^] 
Re a ( " )

for 0 ^  x <  <*>.

(Note: If &2 approximates 6i with an error at most k, in the sense of (*), then 
(**) gives an estimate for the difference between the solutions. If k is small 0 
will be close to 0.)

9. Consider the equation y' +  ay =  b(x), where a is a constant such that 
Re a >  0, and 6 is a continuous function on 0 < x <  °o which tends to the 
constant /S as x —► °o. Prove that every solution of this equation tends to 
0/a as x —> oo.

7. The general linear equation of the first order

We now consider the equation

y' +  a (x )y  =  b(x) ,  (7.1)

where a and b are continuous functions on some interval 7. If we are given 
an equation

a(x)y'  +  /3(x)t/ = y (x )

and a(x)  /  0 on /, we may divide by a(x)  to obtain an equation of the 
form (7.1). The points where a(x)  — 0, called singular points, are fre­
quently troublesome. We postpone a discussion of these difficulties until 
later; see Chap. 4.

We try to solve (7.1) in the same way we solved the case when a was 
constant. Suppose 0 is a solution of (7.1). We try to find a function u such 
that

u (0 ' +  O0) =  (U0)'.

If A is a function whose derivative is a, for example

A (x )  =  j  a(t) dt,
^*0

where xc is a fixed point in I, then such a function u is given by u = e* 
since

(e^0)/ = eA<f>' +  aeA<j> = eA(<f>' +  a0).
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Therefore <t>' +  a4> =  b if and only if

(***)' -  eAb,

and this is valid if and only if
eA4> =  B -(- c, (7-2)

where c is a constant, and B is a function whose derivative is eAb. For ex­
ample we can choose B to be given by

B(x)  = fV ^ b U ) dt.
"0

Now (7.2) holds if and only if
i 4>(x) = e~A{z)B (x )  +  ce~A<x>. (7.3)

We have thus shown that every solution of (7.1) has the form (7.3), and 
conversely, if c is any constant, the function <f> defined by (7.3) is a solu­
tion of (7.1).

We remark that the function ^ = e~AB  is a particular solution of (7.1) 
(the case c = 0), and that fa =  e~A is a solution of the homogeneous 
equation y' +  a ( x ) y  — 0.

Theorem 3. Suppose a and b are continuous functions on an interval I. 
Let A be a function such that A' = a. Then the function ip given by

ifr(x) =  e~AM f  eAit)b(t) dt,

where Xo is in I, is a solution of the equation

y' +  a(x )y  =  b(x) (7.1)
on I. The function fa given by

fa(x) = e~Aix)

is a solution of the homogeneous equation

y' +  a (x )y  =  0.

I f  c is any constant, <p =  ip +  cfa is a solution of (7.1), and every solution of
(7.1) has this form.

In solving a particular linear equation a person with a good memory 
could remember (7.3), but it is probably easier to remember that multipli­
cation of <j> +  a<f> = b by eA yields (eA<f>)' = eAb, which can be immediately 
integrated to give (7.3). As an example consider the equation

y' +  (cos x)y  = sin x  cos x.
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Here a ( x ) =  cos x , b ( x )  =  sin x  cos x , and a choice for A  is A ( x )  =  sin x .  
Thus, if 0 is any solution,

(c*in *<t>)' =  e"in * sin x  cos x ,  

and an integration gives

e‘ ia *<t>{x) =  (sin x  — l)e*ln 1 +  c, 
or

4>(x) =  (sin x  — 1) +  ce~*m *, 

where c  is an arbitrary constant.

E X E R C I S E S

1. Find all solutions of the following equations:
(a) y’ + 2 xy =  x
(b) xy' +  y =  3Z3 — 1 (for x > 0)
(c) y’ +  e*y = 3e*
(d) y' — (tan x)y = e,i0 1 (for 0 < x < t/2)
(e) y' +  2xy *  xe-1 2 3 4

2. Consider the equation y' +  (cos x)y = e“ *in 1
(a) Find the solution <p which satisfies = ir.
(b) Show tliat any solution tj> has the property that

tj>(irk) — <t>(0) =• irk,

where k is any integer.

3. Consider the equation x2y' +  2 xy = l o n 0 < x <  oo.
(a) Show that every solution tends to zero as x —> « .
(b) Find that solution <f> which satisfies 4>(2 ) = 20(1).

4. Consider the homogeneous equation

y' +  a(x)y =  0, (*)

where a is continuous on an interval I.
(a) Show that the function <fi given by 4>(x) = 0 for all x in /  (the identically 
zero function) satisfies this equation. This solution is called the trivial 
solution.
(b) If 0 is any solution of (*), and 0(xo) = 0 for some x0 in 7, show that 0 is 
the trivial solution.
(c) If 0, 0 are two solutions of (*) satisfying 0(xo) = 0(xo) for some xo in 7, 
show that 0(x) = 0(x) for all x m l .
(d) If 0 is not the trivial solution, and 0 is any other solution, show that 
there is a constant c such that 0 = c0, that is, 0(x) = c0(x) for all x in 7.
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5. The equation
y' +  a{x)y =  fi{x)yk, (k constant),

is called Bernoulli’s equation.
(a) Show that the formal substitution z — yl~k transforms this into the 
linear equation

z' +  (1 -  k)a(x)z =  (1 -  W (x).

(b) Find all solutions of y' — 2xy =  xy2.

6. Consider the homogeneous equation y' +  a{x)y =  0, where a is a continu­
ous function on — «> <  x <  °° which is periodic with period £ >  0, that 
is, a(x +  £) =  a(x) for all x.

(a) Let 4> be a non-trivial solution, and let \p{x) =  <f>{x +  £). Show that \[r is 
a solution.
(b) Show that there is a constant c such that 4>(x +  £) =  c<j>{x) for all x. 
{Hint : Ex. 4 (d)). Show that

c =  exp j  o(<) dtj.

{Note: exp u is an alternate notation for eu.)
(c) What condition must a satisfy in order that there exist a non-trivial 
solution of period £; of period 2£? If a is real-valued, what is the condition?
(d) If a is a constant, what must this constant be in order that a non­
trivial solution of period 2£ exist?

7. Consider the non-homogeneous equation y' +  a{x)y =  b(x), where o, b are 
continuous real-valued functions on — oo <  x <  °o which are of period £ >  0, 
and b is not identically zero.

(a) Show that a solution </> is periodic of period £ if, and only if, <f>{0) =  <#>(£).
(b) Show that there exists a unique solution of period £ if there is no non­
trivial solution of the homogeneous equation of period £.
(c) Suppose there is a non-trivial periodic solution of the homogeneous 
equation of period £. Show that there are periodic solutions of period £ of 
the non-homogeneous equation if, and only if,

where A{t) ==  j  a
J n

reÂ b («) dt =  0,

(s) ds.

(d) Find solutions of period 2tr for the equations:
(i) y' +  3y =  cos x

(ii) y' +  (cos x)y =  sin 2x

8. Find all solutions of the equation

y' +  2y =  b{x), {— <a <  x <  °°),

where b{x) =  1 — | x | for | x | S 1, and b{x) =  0 for | x | >  1.
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9. The formula

Sec. 7

iZ'(i) = e A(j:) I eA<-%{t) dt

for a solution \p of the equation

y' +  a{x)y =  b(x)

makes sense for some functions b which are not continuous. It is sometimes 
convenient to consider such 6, and this \p is called a solution even in this case. 
Of course \p satisfies the differential equation at the continuity points of b. 
Find a solution of the equation

y' +  ay = b(x), (a constant),

where b(x) =  1 for 0 g x g  £, and b(x) =  0 for x >  £. Here £ is some positive 
constant.

10. Suppose 0 is a function with a continuous derr ;e on 0 ^ i  S 1 satis­
fying there<j>'(x) — 2<j>(x) g  l,and</>(0) =  l.Show „

<j,(x) g  \<?x -  i

11. Let <t>, be solutions of y‘ +  a(x)y =  b(x) on an interval I containing xo. 
Show that for x in /,

vKx) — 4>(x) =  H(x0) — 0(xo)] exp -  / a(t) dt
I *o

and consequently that

| \p(x) — <t>(x) | =  | i (̂xo) -  4>{x0) | exp j -  / Re a(2)f  — / Re o(0 d/1.
L ■'iq J

12. Consider the boundary value problem

iy’ ly, 2/(1) =  e” 2/( 0),
where a is a fixed real number, and l is a complex number.

(a) Show that this problem has a non-trivial solution if, and only if,

l =  \ k  =  2 trk  — a ,  

where A; =  0, ± 1 , ± 2 , •••.
(b) Compute a solution <j>k of the problem for l =  \k which satisfies

f  14>k(x)J n
dx =  1.

(c) If </),-, 4>k are the solutions determined in (b) for l =  X/, l =  X* respec­
tively, show that

[  <t>j(x)<t>k(x) dx =  0 
J n

if \j ^ \k.
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(d) If /  is a function having the form

/  =  Alfa +  • • • +  An<f>„,
where the <£* are as in (f>), and the At are constants, show that

A k =  f dx.
Jc

(Hint: Use (£>) and (c).)

13. Let / be any continuous function onO S r  S 1, and consider the problem

iy' -  ly =  f(x), y(l) =  e"j/(0),

where a is real, and l is a complex number not equal to any of the \* in Ex. 
12, (a). Find a solution of this problem, and show that it can be expressed 
in the form

Introduction— Linear Equations of the First Order Chap. 1

tix )  =  [  g(x, y)f(y) dy,

where g has a discontinuity at y =  x.

14. (a) Find the solution <j> of the linear equation

y' =  1 +  2/
satisfying <j>{0) =  0. Observe that this solution exists for all real x.
(b) Find the real-valued solution \p of the nonlinear equation

y' = l +  y2

satisfying i (̂0) =  0. Observe that this solution exists only for — (ir/2) <  
x <  (ir/2). (Hint: For any t for which such a \p exists we must have

V (t )

i +  m m 2
=  (tan-1 ^)'(<) =  1.

Integrating from 0 to a; we obtain tan-1 \p(x) »  x, or \p(x) =  tan x. Check 
that this \p is the solution desired.)

iNote: This illustrates one of the differences between linear and non­
linear equations. General techniques for solving equations such as in (b) 
will be considered in Chap. 5.)



CHAPTER 2

Linear Equations with 

Constant Coefficients

1. Introduction

A linear differential equation of order n with constant coefficients is an 
equation of the form

ao yM +  ai2/(n_1) +  <hy(n~v +  • ■ • +  any  = b(x) ,

where ao 9̂  0 , aiy • • • ,a n are complex constants, and b is some complex­
valued function on an interval I. By dividing by a0 we can arrive at an 
equation of the same form with a0 replaced by 1. Therefore we can always 
assume ao =  1, and our equation becomes

y (n) +  +  aiyln- i) +  • • • +  any  =  b (x ). ( 1.1)

It will be convenient to denote the differential expression on the left 
of the equality ( 1.1) by L (y ). Thus

L (y) =  2/<n> +  oit/(”- l) +  a2?/("_2) +  • • ■ +  any,

and the equation (1.1) becomes simply L (y ) =  b (x ). If b(x) =  0 for all 
x m l  the corresponding equation L (y )  =  0 is called a homogeneous equa­
tion, whereas if b(x) 9̂  0 for some x  in / ,  L (y) =  b(x) is called a non­
homogeneous equation.

We give a meaning to L itself as a differential operator which operates on 
functions which have n derivatives on 7, and transforms such a function 4> 
into a function L(<j>) whose value at x  is given by

L(((>)(x) = </.(n)(:r) +  ai0(,‘_1)(x) +  • • • + a n<j>{x).
Thus

L (0 ) =  <i>m  +  a10 (”- 1) -1-------+  a„0 .
49



A solution of L (y ) =  b(x) is therefore a function <f> having n derivatives on 
I  such that L(<t>) =  b.

From a theoretical standpoint, if 6 is continuous on I, it is possible to 
find all solutions of L (y ) =  b (x). We have done this for the case n =  1 
in Chap. 1, Sec. 6. In this chapter we first consider the simple case of the 
second order equation (n =  2 ). All solutions of the homogeneous equation 
can be found by a simple device which reduces the problem to the algebraic 
one of locating roots of a polynomial. The solutions of the non-homogeneous 
equation can be generated by using the solutions of the corresponding 
homogeneous equation, together with an integration involving the function 
b. Secondly we show how the methods which work for the second order case 
can be extended to solve the n-th order equation. Finally we indicate a 
method of solving the non-homogeneous equation that works for a large 
class of b, and which is often quicker than the general method to apply.
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2. The second order homogeneous equation

Here we are concerned with the equation

L(y)  =  y "  +  aiy' +  a #  =  0, (2.1)

where Oi and a2 are constants. We recall that the first order equation with 
constant coefficients y' +  ay — 0 has a solution e~ax. The constant —a 
in this solution is the solution of the equation r +  a =  0. Since differentiat­
ing an exponential erx any number of times, where r is a constant, always 
yields a constant times eTX, it is reasonable to expect that for some ap­
propriate constant r, erx will be a solution of the equation (2.1). We have 
seen that this works for equations of the first order. Let us try it for (2.1). 
We find

L (erz) =  (r2 +  air +  a2)erl,

and eTZ will be a solution of L {y)  =  0, i.e. L (erx) =  0, if r satisfies r2 +  
air +  a2 =  0. We let

p (r) =  r2 +  air +  ch,

and call p the characteristic polynomial of L, or of the equation (2.1). 
Note that p(r) can be obtained from L (y )  by replacing y<k) everywhere by 
r*, where we use the conventions that the zero-th derivative of y, y (0), is 
y  itself, and that r° =  1. From the Fundamental Theorem of Algebra we 
know that the polynomial p always has two complex roots n, r2 (which 
may be real). If n  ^  r2, we see that e'lx and eT,x are two distinct solutions 
of L (y) =  0.

It is possible to find two distinct solutions in the case n  =  r2 also. We 
have

L(erx) = p{r)eTX (2.2)
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for all r and x. We recall that if rx is a repeated root of p, then not only 
p (n ) =  0, but p '(r i) =  0. This suggests differentiating the equation (2.2) 
with respect to r. In doing this we observe that, since L involves only 
differentiation with respect to x,

d
dr

and therefore

L (erx) =  =  L (xerx),

L {xerx) =  [p '(r )  +  xp{r)~]eTX.

Now setting r =  rj in this equation we see that L(xertx) =  0, thus showing 
that xeTlz is another solution in case n  =  r2. We formulate our results so 
far as a theorem.

Theorem 1. Let ai, a2 be constants, and consider the equation 

L (y) =  y "  +  any' +  cay =  0.

/ /  ri, r2 are distinct roots of the characteristic polynomial p, where

p(r) =  r2 +  air - f  a2,

then the functions fa, fa defined by

fa(x) =  ex‘x, fa(x) =  (2.3)

are solutions of L (y ) =  0. If  ri is a repeated root of p, then the functions 
fa, fa defined by

fa(x) =  er'x, fa{x) =  xeT'x (2.4)

are solutions of L (y ) = 0 .

We now turn to the problem of finding all solutions of L (y ) =  0. It is 
a remarkable fact that every solution of this equation is a linear combina­
tion, with constant coefficients, of the two functions fa, fa given by (2.3) 
in case n  ^  r2, and by (2.4) in case rx — r2. This will be shown in Sec. 3 
(Theorem 5).

First we verify the interesting fact that if <£i, fa are any two solutions of 
L (y )  =  0, and ci, c2 are any two constants, then the function <f> =  cxfa +  
Czfa is also a solution of L (y )  = 0 .  Indeed

L(<j>) =  (cxfii +  Ctfa)" +  aficifa +  Czfaf)' +  a2(ci0i 4- c?fa)

=  Cjfi”  +  c20 ”  +  cxaxfi i +  c2ax<j> 2 +  cxa2fii +  c2a2fa

= CiL(fa) +  c2L(fa) =  0.

The function 4> which is zero for all x is also a solution, the trivial solu­
tion of L (y) =  0.
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The result of Theorem 1, together with Theorem 5, allows us to solve

linear combinations cx4n +  of these two, where cx, c2 are any constants. 
As an example consider the equation

where cx, c> are constants. Moreover, if Ci, c2 are any two constants the 4> 
given by (2.6) is a solution.

As a second example consider

where w is a positive constant. The characteristic polynomial is

p{r) =  r2 +  to2,

whose roots are iu and —iu>. Consequently all solutions of (2.7) are of the 
form

where Cj, c2 may be any two constants. Taking ct =  2, <h =  h, we see that 
cos cjx Ls a solution; and letting ct =  1 /2 i, c2 =  —1 /2 i, we find that sin cox 
is a solution. The equation (2.7) is important in the study o f oscillatory 
behavior in many physical situations, and is called the harmonic oscillator 
equation.

tg; y" b (3i — 1 )y' — 3iy =  0
2. Consider the equation y"  +  y' — Qy = 0.

(a) Compute the solution 4> satisfying <£(0) =  1, <£'(()) =  0.
(b) Compute the solution satisfying ^(0) =  0, i/'/O) =  1.
(c) Compute </>(!) and i^(l).

all homogeneous linear equations of the second order with constant coeffi­
cients. We have only to compute the two solutions <j> 1, 4>2 and then form all

y "  +  y' -  2y =  0.

The characteristic polynomial is

p(r) =  r2 +  r — 2,

whose roots are — 2 and 1. Therefore every solution q> has the form

</>(x) = cxe~2x +  c-.cx, ( 2.6)

(2.5)

y "  +  ary  =  0, (2.7)

E X E R C I S E S

1. Find all solutions of the following equations:
(a) y" — 4y =  0 
(c) y" +  16?/ =  0 
fe) y"  +  2iy' +  y =  0

(b) 3y" + 2 y '  =  0 
(d) y" =  0
(f) y" — 4y' +  5y =  0
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3. Find all solutions 0 of yn +  y =  0 satisfying;
(a) 0(0) =  J,0(ir/2) =  ■_> (bj 0(0) = 0, 0(x) =  0
(c) 0(0) =  0, 0 '(x/2) =  0 (d) 0(0) =  0, 0 (»/2) =  0

4. Consider the equation

y "  +  aiy'  +  <*27/ — o,

where the constants ai, a2 are real. Suppose a -f- i/i is a complex root of the 
characteristic polynomial, where a, /3 are real, (3 y1- 0.

(a) Show that a — i/3 is also a root.
(b) Show that any solution 0 may be written in the form

0(.r) =  eal(d1 cos fix +  d2 sin fix),
where di, d2 are constants.
(c) Show that a =  —ni/2, i32 =  a* — (cq/4).
(d) Show that every solution tends to zero as x —> +  m if a! >  0.
(e) Show that the magnitude of every non-trivial solution assumes arbi­
trarily large values as j —* +  ^ if ai <  0.

5. Consider the equation
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Ly" +  Hy' +  ~y =  0,

where L, R, and C are positive constants. (Note: L is not a differential operator 
here.)

(a) Compute all solutions for the three cases:

(i)
R2 1
L2 ~  LC >  °

(ii)
R  4_ _  
L ?~  L C ~  °

(hi)
R _4_

LG
<  0

(b) Show that ail solutions tend to zero as x —» ® for each of the cases (i), 
(ii), (iii) of (a).
(c) Sketch the solution 0 satisfying 0(0) =  1, 0'(O) =  0 in the case (iii).
(d) Show that any solution 0 in case (iii) may be written in the form

0(x) =  Aeax cos (fix — w), 
where A, a, /3, w are constants. Determine a, (3.

6. Show that every solution of the constant coefficient equation 

y"  +  aiy' +  a2y =  0

tends to zero as x —> <*> if, and only if, the real parts of the roots of the char­
acteristic polynomial are negative. (Rote. In this case the solutions are often 
called transients.)
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7. Show that every solution of the constant coefficient equation

y" +  ai ’/  +  a2y =  0

is bounded on 0 < x <  ™ if, and only if, the real parts of the roots of the 
characteristic polynomial are non-positive and the roots with zero real part 
have multiplicity one.

8. Consider the equation y" +  khj =  0, where k is a non-negative constant.
(a) For what values of k wiii there exist non-trivial solutions 0 satisfying

(i) 0( 0) =  O.tf'Ti =  0,
(ii) 0 '(0) = 0, 0 »  = 0,

(iii) 4>( 0) = 0 M ,0 ' (  0) =  r),
(iv) 0(0) — — 0(ir), 0'(O) = — 0'(ir)?

(b) Find the non-trivial solutions for each of the cases (i)-(iv) in (a).

9. Let 0 be a solution of the equation

y" +  a\V’ +  any =  0,

where ai, a2 are constants. If

0(x) =  e(<“ ,2):r0(x), .

show that 0 satisfies an equation y" +  ky — 0. where k is some constant. Com­
pute k.

3. Initial value problems for second order equations

The demonstration that every solution of the equation 

L (y ) =  y "  +  aiy' +  a2y =  0

is a linear combination of the solutions (2.3) or (2.4) will depend on show­
ing that the initial value problems for this equation have unique solutions. 
An initial value problem for L (y) =  0 is a problem of finding a solution 0 
satisfying

4>(x o) =  A, 0 '(x  0) =  13, (3.1)

where Xq is some real number, and a, 0 are two given constants. Thus we 
specify 0 and its first derivative at some initial point z0- This problem is 
denoted by

L {y) =  0, y (x c) =  a, y '(x  0) =  0. (3.2)

Theorem 2. ( Existence Theorem) For any real x0, and constants a, 0, 
there exists a solution 0 of the initial value problem (3.2) on — ao <  x <  °° .
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Proof. We show that there are unique constants Ci, c2 such that 0 =  
Ci0i +  c-!<t>2 satisfies (3.1), where 0 1, & are the solutions given by (2.3), 
or (2.4). In order to satisfy the relations (3.1) we must have

(3-3)
C l0 i(X o )  +  C202 (x o )  =  a  

Cl4*\(x (;) “f~ 2̂̂ *2 (Xq) d 

and these equations will have a unique solution ch c? if the determinant 

0 1  (.To) 0 l ( X o )

A =
<t>'i{x 0) 4>'t (xo)

In case n  ^  r2,

=  0l(Xu)05(Xo) -  0 l'(Xo)02(Xo) 5* 0.

0 , ( x ) = e r>*, 02(x) =  er’*,
and

A =  _  ^gnzogrszo =  (>. — ri)e (rl+r!)I°,

which is not zero, since e(' l+r,JI° 5̂  0. If n  r->,

0i (x) =  erix, 02 (x) =  xer«,
and

A _  gnio(erno _p xorieri:C|>) — riXoeriI0er e2r1I0 0.

Therefore the determinant condition is satisfied in either case. Thus, if 
Ci, c2 arc the unique constants satisfying (3.3), the function

0  =  C l 0 1  +  C 2 0  2

will be the desired solution satisfying (3.1).
We have shown that there is a unique linear combination of 0i and 0; 

which is a solution of (3.2). Although it is not quite obvious, it turns out 
that this solution is the only one. Before proving this we give an estimate 
for the rate of growth of any solution 0 of L {y) — 0, and its first derivative 
0 ', in terms of the coefficients 1, cq, o2 appearing in L (y ). As a measure of 
the “ size”  of 0 and 0 ' we take*

ii0 (x )n  =  [ i 0 ( x ) p +  i 0 ' ( x ) m

where the positive square root is understood. The “ size”  of L  will be meas­
ured by

k — 1 +  | ai | -j- | a21.

* N o t e  th a t  || <j>(x) || is ju s t  th e  m a g n itu d e , o r  len g th , o f  th e  v e c to r  w ith  co m p o n e n ts  
* (x ), <p'(x).



In the course of the proof we shall require the elementary fact that if b 
and c are any two constants, then

2 16 j | c | % I & 12 4 - M 2. (3 .4 )

This inequality results by noticing that

0 i£ ( 16 1 — jc| )= =  |5|2 +  |c|* -  2 16 1 |c|.

Theorem 3. Let cj> be any solution of

L (y )  =  y "  +  a,?/' +  «??/ =  0

on an interval I containing a point xo. Then for all x in I

II 0 (3 -o )l| e - * 1— g  ^  ||<f>C.To)||ct | I - I “ i (3 .5 )
where

II <t>(%) II =  [  101 ) |- +  | <t>'{x) |2] 1/2, k =  1 +  |ai | +  |a?|.

Remark. Geometrical^ the inequality (3.5) says that || <t>(x) || always 
remains between the two curves

y — || 4>{x0) || e1(;c-I0) and y =  || <f>(x0) ]| e-*'1-' 0’ ;

the shaded area in Fig. 4.

J6 L i n e a r  L q u a t i n n s  u i t h  C o n s t a n t  C o e f f i c i e n t s  C h a p .  2

Proof of Theorem 3. Wo let n(x) — || <t>(x) || -. Thus

u =  4><f> +

where $ (x )  =  4>(x), <t> (x) =  <t>'(xj. Then

o' =  +  <p<t>' +  4>"<h’ +  g><t>‘

Figure 1
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and therefore*

Iu'(x) | g2|*(a:)j| <t>'(x) | +  2|0'(*)|| * " ( * )  |.

Since <t> satisfies L(<£) = 0  wc have

<t>" — — </>’ —
and hence

I I  ^  |oi II <*>'{x) I +  |a2 II <t>{x) |.

Using (3.7) in (3.6) we obtain

\u'(xf | g 2 ( l  +  |a,|) i « ( * ) | |  <t>'(x) | +  2|a, || <j>'(x) |2. 

N owt applying (3 .4  ̂ to 6 =  <t>(x), c =  <j>'(x), this gives

| m'(.t) ] ^  (1 +  | a.21) 14>(x) | - +  (1 +  2 1 oi | +  | a21) | <f>'(x) |2 

g  2( 1 + 1 ai | +  | aL. |) CI <t>(x) i2 +  | <t>'(x) |2],

I u'(x)  | ^  2k u (x ) .

(3.6)

(3.7)

or-

This is equivalent to
— 2ku(x) S u '( x )  <  2ku(x) (3.8)

and these inequalities lead directly to (3.5). Indeed, consider the right 
inequality which can be written as

u' — 2ku S  0.

If this were an equality, it would be a linear differential equation for m of 
the first order. We “ integrate”  this inequality using the same procedure we 
used in Chap. 1. It is equivalent to

c~2kx{u' —2ku) =  (c~‘2k:xu)' ^  0.

I f  x  >  .To we integrate from xq to x obtaining

c~2krv (x )  — c,—-*TOn ( . T o )  5; 0,
or

yieldingf
v {x )  ;g u (x0)e-lu~xo>,

|| * ( j )  || ^  || <f>(x0) || (x >  xo).

The left inequality in (3.8) similarly implies

II <t>(Xo) || C-*'*-'"’ ^  || y (x) II, (x > Xo),

and therefore

|| 0 ( x o)  || g  || 0 ( x )  || g  || <t>{xo) || ek<™°>, ( x  >  x 0) ,

* From the definition of a derivative it follows that — <#>'. Also | ^ (x)i = | <5(x)\.  
t If 0 ^ b < r then 0 ^ M S r*. where the positive square root, is understood.



58 Linear E qu a tion s w ith  C on sta n t C o e ffic ien ts C hap. 2

which is just (3.5) for x  >  x0. A consideration of (3.8) for x  <  Xo, together 
with an integration from x to x0, yields

|| 4>(x0) || -S || </>(*' || ^  || <t>(xo) || e~k̂ x°\ (X < Xo),
which is (3.5) for x <  x<,.

Theorem 4. (Uniqueness Theorem) Let a, 0 be any two constants, and 
let Xo be any real number. On any interval I containing x0 there exists at most 
one solution <t> of the initial value problem

L (y) =  0, y(xo) =  a, y '(x0) =  0.

Proof. Suppose 4>, f  were two solutions. Let x =  <t> — f'. Then

L (x ) =  L(<j>) -  L(\p) = 0 ,  and x(*o) - 0 ,  x'(zo) = 0 .

Thus || x(zo) II =  0, and applying the inequalities (3.5) to x we see that

I! X(x) | l= 0  for all x  in 7.

This implies x (x ) = 0  for all x in / ,  or <t> =  y, proving our result.
Theorems 2 and 4 now imply the result we promised in Sec. 2.

Theorem 5. Let <j>i, 4>i be the two solutions of L (y ) =  0. given by (2.3) 
in case ri ^  it, and by (2.4) in case ri =  r2. I f  Ci, c2 are any tvjo constants the 
function <t> =  Ci4n +  c2<f>2 is a solution of

L (y )  =  0 on — °o <  x <  «>.

Conversely, i f  4> is any solution of

L (y )  =  0 on — «  <  x  <  <»,

there are unique constants ci, c2 such that

<t> “  c-\4>i +  ci<jn.

Proof. The first part of the theorem follows, as we have seen, from the 
fact that

L(<f>) =  CiL(4n) -\-CiL(f>2).

If 0 is a solution and x0 is real, let <j>(x0) = a, <p'(xf) =  0. In the proof of 
Theorem 2 we showed that there is a solution 1p of L (y ) — 0, satisfying 
^(xo) =  a, ^'(xo) =  0, of the form

\p -= Ci<p\ +  c20 2,

where C\, c2 are uniquely determined by a, 0. By uniqueness (Theorem 4) 
<t> = \f/.
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E X E R C I S E S

1. Find the solutions of the following initial value problems:
(a) y" -  2y' -  3y =  0, y(0) =  0, y'{0) =  1
(b) y" +  (4?; +  1)2/' +  y =  0,2/(0) =  0, y'(0) =  0
(c) y"  +  (3i -  1 )y' — 3iy =  0, 2/(0) =  2, y ’(0) =  0
(d) y" +  10y =  0, ?/(0) = ir, v'(0) =  r 2

2. Suppose 0 is a function having a continuous derivative on 0 S i  <  <o, such 
that 0'(z) +  20(x) g  1 for all such z, and 0(0) =  0. Show that 0(x) <  for 
z g 0.

3. Find a function 0 which has a continuous derivative on 0 g z £ 2 which 
satisfies

0(0) = 0, 0'(O) =  1,
and

y" — y =  0, for 0 g  x g  1,
and

y" — 9y = 0, for 1 < i  i  2.

4. Suppose 0, 0 are two solutions of the constant coefficient equation

L(y) =* y"  +  aiy' +  =  0

on a finite interval I including a point zn. Let

0(zo) =  «i, 0'(zo) =  ft,

0(Zo) =  ffl2, 0'(xo) =  ft,

(«i -  «2)2 +  (ft -  ft)2 =  c2.
(a) If x =  0 — 0 show that x satisfies L(y) =  0, and

x ( x ' o )  =  a i — a 2, x ' ( x o )  =  f t  —  f t .

(b) Show that
| 0(z) — 0(x) | g  eet|71,

for all x in I, where k =  1 +  | ai | +  | «21, and | /  | is the length of I. (Note: 
This result implies that if a2 —> «i, ft  Pi, then e —> 0, and hence 0(x) —> 
0(z) on I.)

5. Consider the constant coefficient equation

L(?/) =  2/" +  ai?/' +  a2j/ =  0.

Let 0i be the solution satisfying

0i(xo) =  1. 0i(xc) =  0, 

and let 0 2 be the solution satisfying

02(xo) =  0, 0 2(xo) =  1.

and suppose



60 Linear E qu a tion s w ith  C onstan  t. C o e ffic ien ts Chap. 2

If 0 is a solution satisfying 

0(zo)
show that

a, <j)’ {x o) =  /3,

0(x) =  «0i(x) +  P<i>i{x)

for all x. {Note: This shows that every solution 0 is a linear combination of 
0i and 02, and that 0 is a linear function of its initial conditions a, /3.)

6. Let I be the interval 0 <  x <  1. Find a function 0 which has a continuous 
derivative on — <  x <  which satisfies

)/' = 0 in 1,

y" +  = 0 outside /, (k >  0),

and which has the form

0(x) =  e,kl +  .-tc 'kx, (x S 0),
and

00x) = BeikT, (x i  1).

Determine 0 by computing the constants A and B, and its values in I.

4. Linear dependence and independence

Two functions 0i, 02 defined on an interval I  are said to be linearly 
dependent on I  if there exist two constants Ci, C2, not both zero, such that

Cl0l(z) +  C202(.t) =  0

for all x in I. The functions 0i, 0? are said to be linearly independent on 1 
if they are not linearly dependent there. Thus 0 1; 02 are linearly independent 
on I  if the only constants ci, c2 such that Ci4n(x) +  c24>i{x) =  0 for all x 
in I are the constants Ci = 0, c2 = 0.

The functions defined by (2.3) are linearly independent on any interval 
I. For suppose

cieTiX ■+- cieTlZ = 0 (4.1)

for all x in I. Then, multiplying by c r,J, we obtain

ci +  c2c(r*~T‘>x =  0,

and differentiating there results

c2(r2 -  ri)e(ri_r‘)i =  o.

Since n  ^  r2, and is never zero, this implies c> =  0. But if C 2 =  0,
the relation (4.1) gives CiC11 =  0, or Ci =  0 also.
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Similarly the functions <j>t, fa defined by (2.4) are linearly independent 
on any interval I. The proof is the same. If

c\eT'r- +  &2xer,x =  0

on I, by multiplying by e~rtx we get

ci +  c2x — 0,

and differentiating we obtain c2 0, and this implies Ci =  0.
There is a simple test which enables us to tell whether two solutions 

<pi, tf>2 of L (y )  =  0 are linearly independent or not. It involves the deter­
minant

0  1 02
W (fa, fa) =

01 02
=  0102 —  0102,

which is called the Wronskian of 0i, 0; . It is a function, and its value at x 
is denoted by W(<l>i, fa) ( x ) .

Theorem 6. Two solutions fa, fa of L (y ) = 0  are linearly independent 
on an interval I if, and only if,

IT (01, 02) (x) ^  0
for all x in I.

Proof. First suppose IF(0i, fa-) (x) ^  0 for all x  in I, and let Ci, c2 be 
constants such that

Ci0i (x ) -f- c2fa(x) 251 0 (4.2)
for all x in I. Then also

CJ0J (:r) +  c.,4>'„(x) =  0 (4.3)

for all x in I. For a fixed x the equations (4.2), (4.3) are linear homogeneous, 
equations satisfied by Ci, c2. The determinant of the coefficients is just 
1F(0i, fa-) (x) which is not zero. Therefore (Theorem 2, Chap. 0) Ci =  c< =  0 
is the only solution of (4.2), f4.3). This proves that fai, fa are linearly 
independent on I.

Conversely, assume fa, fa2 arc linearly independent on 7. Suppose that 
there is an xa in I  such that W (fa, fa) (zo) =  0. This implies that the system 
of two equations

Cifa(x0) +  c2fa(x0) =  0,
, , (4-4)

Ci0,(ro) +  C202 (.Co) 0,

has a solution Ci, c2, where at least one of these numbers is not zero (Theorem 
3, Chap. 0 ). Let ci, c2 be such a solution and consider the function fa = 
Cifa +  c-:fa. Now 7.(0) = 0, and from (4.4) we see that

0(.r„) =  0, fa'(Xu) — 0.
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From the uniqueness theorem (Theorem 4) we infer that 0 (x ) =  0 for 
all x in I, and thus

Ci<t>i(x) +  c2fa (x) =  0

for all x in I. But this contradicts the fact that 0 i, 02 are linearly inde­
pendent on I . Thus the supposition that there was a point xn in I  such that

W(<j>i, 02) (zo) = 0

must be false. We have consequently proved that

I F 0 2) (x) ^  0
for all x in I.

It is easy to see that we need compute W (fa, fa) at only one convenient 
point to test the linear independence of the solutions fa, fa.

Theorem 7. Let fa, fa be two solutions of L (y ) =  0 on an interval I, and 
let Xo be any point in I. Then fa, fa are linearly independent on I i f  and only
if

IF(0i, fa) (so) 0.

Proof. If 0i, 02 are linearly independent on I then 

IF(0i, fa) (x) 0

for all x in I, by Theorem 6. In particular

W  (0i, fa) (x0) 9̂  0.

Conversely, suppose W (fa, fa) (x^) ^  0, and suppose cj, c-, are constants 
such that

Cifa(x) 4- c2fa(x) =  0 
for all x in I. Then we see that

Ci0i(so) +  c2fa(xo) =  0,

Ci0,(xo) -j- c202(xo) =  0,

and since the determinant of the coefficients is IF (fa, fa) (x0) ^  0, we 
obtain Ci =  c2 =  0. Thus fa, fa are linearly independent on I.

Using the concept of linear independence we can show any two linearly 
independent solutions of L (y)  = 0  determine all solutions, in the sense of 
the.following theorem.

Theorem 8. Let fa, fa be any two linearly independent solutions of 
L (y ) = 0 on an interval I. Every solution 0 of L (y ) =  0 can be written 
uniquely as

0  —  Ci<t>i +  Clfai,

where Ci, c-< are constants.
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Proof. Let x0 be a point in I. Since 0i, fa are linearly independent on I 
we know that W(<j>u fa) (x0) ^  0. Let 0 (x0J — a, fa (x(i) =  /S, and consider 
the two equations

C ifa (xo)  +  Cifa(xci)  =  a  

Ci<t>i{x0) "h c202(xo) —

for the constants c\, c2. Since the determinant of the coefficients of ci, c2 
is just

W (fa, fa) (xo) ^  0,

there is a unique pair of constants Ci, c2 satisfying these equations. Choose 
Ci, Ci to be these constants. Then the function 0 =  C\fa +  c?fa is such that

4>(x o) = <t>(z:<>), 0 '(x o) =  0 '(x o), and L (0 ) = 0 .

From the uniqueness theorem (Theorem 4) it follows that 0 = 0  on I, 
that is,

4> =  cifa  +  Cifa.

The importance of Theorem 8 is that we need only to find any two 
linearly independent solutions of L(y)  =  0 (not necessarily the ones we 
found in Sec. 2) in order to obtain all solutions of L(y)  =  0. For example, 
the equation

y" +  y =  0

has the two solutions eix, e~ix, which are linearly independent, but it also 
has the two linearly independent solutions cos x, sin x. Sometimes it is more 
convenient to express a solution in terms of the latter set of functions, 
especially when we want to observe the oscillatory character of a real-valued 
solution.

E X E R C I S E S

1. The functions fa, fa defined below exist for — co <  x <  c°. Determine 
whether they are linearly dependent or independent there.

(a) fa (x) x, fa (x) =  erx, r is a complex constant
(b) 4>i(x) =  cos x, fa(x) =  sin x
(c) fa{x) =  x2, fa>(x) =  ox2
(d) 0 i(x) =  sin x, fa(x) =  e,x
(e) 0i(x) =  cos x, fa(x) =  3(eix +  e~ix)
(f) 01 ( X )  =  X ,  02(x) =  | x |

2. Are the following statements true or false? If the statement is true, prove 
it; if it is false, give a counterexample showing it is false.

(a) “ If 0i, 02 are linearly independent functions on an interval I, they are 
linearly independent on any interval J contained inside I.”
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(b) “ If 0 i, <f>2 are linearly dependent on an interval 7, they are linearly 
dependent on any interval J contained inside 7.”
(c) “ If 0i, 02 arc linearly independent solutions of L{y) =  0 on an interval 
7, they are linearly independent on any interval J contained inside I.”
(d) “ If 0i, 02 are linearly dependent solutions of L{y) =  0 on an interval 
I, they are linearly dependent on any interval J contained inside I.”

3. (a) Show that the functions 0 1, 0 2 defined by

<t>l(x) =  x\ 02 (x) =  x | x | ,
are linearly independent for — <o <  x <
(b) Compute the Wronskian of these functions.
(c) Do the results of parts (a) and (b) contradict Theorem 6? Explain your 
answer.

4. Consider the equation
y" +  apf +  a2y = 0,

where ai, a2 are real constants such that 4o2 — af >  0. Let 

a +  7/3, ot — ij3 (a, (3 real)

be the roots of the characteristic polynomial.
(a) Show that 0i, 02 defined by

0 i(x) =  e"1 cos /3x, 0 i(x) — e"z sin /3x

are solutions of the equation.
(b) Compute W'"(0i, 02), and show that 0i, 0 2 are linearly independent on 
an\r interval 7. {Hint-. See Ex. 4, Sec. 2.)

5. (a) Let 0„ be any function satisfying the boundary value problem 

y”  +  n'y =  0, 7/(0) =  y{2ir), y'(0) =  ?/'(27r),

where n =  0, 1, 2 • • •. Show that
rl*

(*)

/J n 0n(x)0m(x) d,X = 0

if n m. {Hint: —<j>”  =  n20„, and —0”  -  m2(j>m. Thus

(w2 —• ?n2)0„0,„ = 0 , 1 0 — 0.7.0”  = [0n0m — 0m0n]/.
Integrate this equality from 0 to 2a-, and use the boundary conditions 
satisfied by 0„ and 0m.)
(b) Show that cos nx and sin nx are functions satisfying the boundary 
value problem (*). The result of (a) then implies that

fJ 0
I cos nx sin mx dx =  0, 

J n
sin nx sin rnx dx =  0, (n ^ m).

cos nx cos mx dx — 0

r
Jo
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6. (a) Show that 0„(x) =  sin nx satisfies the boundary value problem

y" +  n2y =  0, ?/(0) =  0, y(ir) =  0,

where n =  1, 2, • • •.
(b) Using (a) show that

rsin nx sin mx dx — 0

if n m. (Hint: See Ex. 5 (a).)
(c) Prove that for any positive integer n, <p\, 
pendent on 0 S i  S ?r. (Hint: Suppose ai0i +  
both sides of this equality by tpk (k fixed between 1 and n) and integrate 
from 0 to it. Use (b).)

, <t>„ are linearly inde- 
+  a„0„ =  0. Multiply

7. Determine all complex numbers l for which the problem

— =  ly, 2/(0) =  0, 2/(1) =  0,

has a non-trivial solution, and compute such a solution for each of these l.

8. Suppose <£i, 02 are linearly independent solutions of the constant coefficient 
equation

y”  +  axy' +  a2y =  0,

and let ir(0i, <j>>) be abbreviated to !!’ . Show that IF is a constant if and only 
if a i =  0. (Hint : Compute W .)

9. Let 0i, 02 be two differentiable functions on an interval /,  which are not 
necessarily solutions of an equation L(y) =  0. Prove the following:

(a) If 0i, 02 are linearly dependent on 7, then IF(0i, 0>)(x) — 0 for all x in 7.
(b) If IF(0i, 02) (xo) 5̂  0 for some xq in 7, then 0 1,02 are linearly independent 
on 7.
(c) IF(0i, 02)(x) 0 for all x in 7 does not imply that 0i, 02 are linearly
dependent on 7. (Hint: Ex. 8.)
(d) 1F(0i,0 2)(x) =  0 for all x in 7, and02(r| ^ 0 on 7, imply that 0i, 0 2 are 
linearly dependent on 7. (Hint: Compute (0i/0-j)'.)

5. A formula for the Wronskian

There is a convenient formula for the Wronskian of two solutions of 
L(y )  =  0, which results from the fact that 1F(0i, 0») satisfies a first order 
linear equation.

Theorem 9. I f  0i, 02 are two solutions of L (y ) =  0 on an interval I 
containing a 'point x0, then

JF(0i, 0.) (.r) = c - ‘,1(r_I°)Tr(0i, 0a) (a-o). (5-1)



Proof. W e have
01 +  4" <3201 “  0,

02 4- Cll02 4" a202 — 0,

and multiplying the first equation by —02, the second by 01, and adding we 
obtain

(0102 ̂  — 0l” 02) 4- ai(0102 — 0102) = 0.

We notice that if IF =  1F(0i, 4n),

IF — 0i02 — 0102, and IF* =  0i02 — 0i 02.

Thus IF satisfies the first order equation

IF' 4- aJV =  0.
Hence

IF (x) =  or-*1,

where c is some constant. Setting x =  xo we see that

IF(x-o) =  ce~°1X0,
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or

and thus

which was to be proved.

c =  eaix°W(xo),

W(x )  =  e~aî Z9)W  {xf ) ,

6. The non-homogeneous equation of order two

We turn now to the problem of finding all solutions of the equation 

L(y)  =  y "  4- aty' 4- a2y =  b(x) ,

where b is some continuous function on an interval I. Suppose we know 
that 0P is a particular solution of this equation, and that 0 is any other 
solution. Then

L (0  — 0P) =  L (0 ) — L(0p) = 6 — 6 = 0

on I. This shows that 0 — 0 P is a solution of the homogeneous equation 
L{y)  =  0. Therefore if 0i, 02 are linearly independent solutions of L(y)  =  
0, there are unique constants ci, C2 such that

0  —  0 p  =  C l 0 1  +  C 2 0 2 -

In other words every solution 0 of L ( y ) =  b(x)  can be written in the 
form

0  —  0 ? )  4 "  C j 0 l  4 "  C 2 0 2 ,
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and we see that the problem of finding all solutions of L(y)  -  b(x)  reduces 
to finding a particular one \f/p, and two linearly independent solutions 
(/>!, 02 of L { y ) =  0. Note that if

L (0 P) =  b, and L (0 i) =  L(<fo) =  0,

and Ci, c2 are any constants, then

0  “  0 p  +  C l 0 ,  - ( -  6 * 2 0 2

satisfies L (0 ) = 6 .
To find a particular solution of L(y)  =  b(x)  we reason in the following 

way. Every solution of L(y)  =  0 is of the form Ci0i +  c202 where Ci, c2 
are constants, and 0i, 02 are linearly independent solutions. Such a function 
Ci0i +  c202 can not be a solution of L (y) =  6(x) unless h(x) =  0 on 7. 
However, suppose we allow Ci, c2 to become functions u\, u2 (not necessarily 
constants) on 7, and then ask whether there is a solution of L{y )  — b(x) 
of the form «i0i +  n202 on 7. This procedure is known as the variation of 
constants. The remarkable thing is that it works. We argue in reverse. 
Suppose we have a solution of L(y)  - b(x) of the form ux4>\ +  
where Ui, u2 are functions. Then

(ui0i +  i*202)" +  ai(ui0i ■+ u202)' +  a2(u<0i +  n202)

— W]L(01 ) +  u^Lifa) +  (0iMi +  02w2 ) +  2(0,u, +  02m2)

+  «1 (01^! “h 02W2)

— (0,u, +  <p2iu ) +  2(0 ,n , +  0,w2) +  ai(<f>lu1 +  02m2) =  b, 

and we notice that if
0,Ui +  02u2 -  0 ( 6 .1)

then
0 (0iU, T  02n2) — (0j'Wj “h 02n2) d- (0iU2 -h 02m2 ),

and we must have
0]«I +  02u2 =  5. (6.2)

Looking at this reasoning in reverse we see that if we can find two func­
tions Mi, m2 satisfying (6.1), (6.2), then indeed Mi0i +  m202 will satisfy 
L { y ) = b { x ) .  ' '

The equations (6.1), (6.2) are two linear equations for m„  m2, with a 
determinant which is just the Wronskian 02). Since we assumed
0i, 02 to be linearly independent this determinant is never zero on 7, and 
there exist unique solutions u[, w2. Indeed, a little calculation shows that

— 02 b , _  0 lt>
IF (01, 02) ’ 2 IF (01, 02)
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In order to obtain iq, u2 ail vve have to do is integrate. For example, if 2o 
is in J vve may take for U\, u 2

vi(x') = _  f x
-b-0 IF

dt. Ui(x) =  J
*  Tn

Pi(t)b(t)
* ) « ) ” ’ W(4>u <h) (t)

dt.

The solution pp =  Mi0i +  u24>2 then takes the form

_ i {t)4>2{x) -  4 > i W M l ) p U )  

' m

We summarize our results.

, , r L 0 . („(x) =  j  —
IF(0i, 02) (0

dt. (6.3)

Theorem 10. L el b be continuous on an interval I. Every solution p of 
L (y ) = b (x ; on I can be written as

P — Pp +  Cl01 +  C20J,

where p,, is a particular solution, 0i, 4>i are two linearly independent solutions 
of I.(y ) =  0, and Ci, c2 are constants. A particular solution pp is given by
(6.3). Conversely every such p is a solution of L (v ) =  b (x ) .

As an example let us solve L{y)  =  b(x)  in the case p{r)  =  r2 +  agr +  
a * has two distinct roots r,, r->. Wo may take

and then 

Also

0i U ) =  e '" , =  crtx.

IF(0i, 02) (x) =  (r2 -  rI)e(r'+rj)l. 

<Pi(t)<fc(x) -  0 i(x )02it) =  eriteri* -  er'zerlt.

Thus every solution p of L(y)  =  b{x)  in this case has the form

1 f x
p(x)  =  H------------- [cri<1- "  - er2(I- ()> (< ) dt,

r 1 “  n  j l0
where x0 is a real number, and Ci, e2 are constants.

For a more concrete illustration of this method of solving a non-homo- 
genoous equation consider the equation

y — y' — 2 u = e~x.y

The characteristic polynomial is

r2 -  r -  2 =  (r -r 1) (?• -  2),

and therefore two linearly independent solutions 0i, 02 of the homogeneous 
equation are

0i(-f) = c_I 0 ;(x ) =  e2x.



A particular solution \pp of the non-homogeneous equation is of the form 

^ p(x) =  Ui{x)e~z +  u t[x )eu , 

where iq, uj satisfy the equations (6.1), (6.2), that is,

u[{x)e~x +  Mjfxje2* = 0,

— Uj(x)e_I +  2wj(x)e21 =■ e~x.

Solving these for u[, v't we find that

w,'(x) = - i  iu(x) = ier*1, 

and for U\, u2 we can take

X
«i(x) =  — tt*(x) -= — ie- **.

O
Thus \pp is given by

X
^p(x) = ~ ^ _I ~

We note that — (e_I/9) is a solution of the homogeneous equation, so that 
we may take — (xe- V3) as a simpler particular solution of the non-homo­
geneous equation. The most general solution \p of the non-homogeneous 
equation then has the form

t ( x )  = — ê-1 +  c:e~x +  cie21, 

where ci, c2 are any two constants.

E X E R C I S E S

1. Find all solutions of the following equations:
(a) y"  +  Ay =  cos x
(b) y" + 9 y =  sin 3x
(c) y" +  y =  tan x, (—ir/2 <  x <  ir/2)
(d) y"  +  2iy’ +  y =  x
(e) y" — Ay' +  5v =  3e-1 +  2X2
(f) y"  — 7y' +  6y =  sin x
(g) y"  +  y =  2 sin x sin 2x
(h) y"  +  y — sec x, (— ir/2 <  x <  t/2 )
(i) Ay" -  y =  ex
(j) 6y"  +  5j/' — 6y =  x

Sec. 6 Lintiar Equation* with Constant Coefficients 69
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2 . Let L(y) =  y"  +  a\y’ +  aty, where oi, 32 are constants, and let p be the 
characteristic polynomial p(r) =  r2 +  air +  02.

(a) If A, a are constants, and p(ct) ^  0 , show that there is a solution 0 of 
L(y) =  A(fz of the form 0(x) =  Be"1, where B is a constant. (Hint: Compute 
L(B(Az).)
(b) Compute a particular solution of L(y) — Ae°z in case p(a) =■ 0 . (Hint: 
If B, r are constants compute L(Bxerz), and then let r =  a.)
(c) If 0, 0  are solutions of

L(y) = bx(x), L(y) =  b2(x),
respectively, on some interval I, show that x =  0 +  0 is a solution of 

L(y) =  hi(x) +  62(1) on I.

(d) Suppose .4.1, Ai, on, c*2 are constants, and p(a 1) ^  0, p(a2) ^ 0 . Find a 
solution of

L(y) = Ai(*iz +  A ^ z

3 . Consider

L(y) =  y" +  «iv' +  02 y,

where aq, are real constants. Let A, co be real constants such that p(ico) -A 0 , 
where p is the characteristic polynomial.

(a) Show that the equation L(y) =  Ae'“z has a solution 0 given by

A , ,
<p(x) = rr~ne ■I pM  I

where p(ico) =  | p(ico) \ e "  (Hint: Ex. 2 (a).)
(b) If 0 is any solution of L(y) =  /4e’ " T, show that 0! =  Re 0, 02 =  Im 0, 
are solutions of

L(y) — A cos cox, L(y) =  A sin cox,

respectively.
(c) Using (a), (b) show' that there is a particular solution 0 of

1 ,
By" +  Ry' +  ~y =  E cos cox,

where L, R, C, E. co are positive constants, which has the form 0(x) =  
B cos (cox — a). (Note: L is a constant here, and not a differential operator.)
(d) Suppose that li-C <  2L in (c). For what value of co is B a maximum? 
(Note: This co is often referred to as the resonance co.)

4. Consider the equation

y"  +  why — A cos coz,

where A, co are positive constants.
(a) Find all solutions on 0 S x <  «°.
(b) Show that every solution 0 is such that | 0(x) | assumes arbitrarily 
large values as x —» <«.
(c) Sketch the graph of that solution 0 satisfying 0 (0) =  0 , 0 '(O) =  1.
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5 . Consider the equation

L(y) =  y"  +  aiy' +  a2y =  b{ x),

where oi, a2 are constants, and b is a continuous function on 0 g x <  00. 
Suppose that the roots rt, r2 of the characteristic polynomial

are distinct, and Re n <  0, Re r2 <  0 .
(a) Suppose b is bounded on 0 g x <  °°, that is, there is a constant k >  0 
such that

Show that every solution of L(y) = b(x) is bounded on 0 g x <  00. (Hint: 
Use the formula for a solution ̂  which was developed just after Theorem 10.) 
(b) If 6(x) —> 0 , as x —> CD, show that every solution of L(y) =  b(x) tends 
to zero asz-> ®.

7. The homogeneous equation of order n

Everything we have done for the second order equation can be carried 
over to the case of the equation of order n. Now let L(y)  be given by

where at, a2, • •• , a n are constants. We try to solve L(y) =  0  as before by 
trying an exponential e,x. We see that

We call p the characteristic polynomial of L. If r, is a root 01 p, then clearly 
L(ertx) =  0 , and we have a solution enx. If n  is a root of multiplicity mi of 
p, then

p(r) =  r2 +  air +  a2

| b(x) | g k, (0 g x <  cd ).

L(y)  =  y <»> +  +  a2y ,n~2) +  • • • +  any,

L (erx) =  p (r )eTX, (7.1)
where

p(r) =  rn -(- atrn_1 +  a2rn~2 +  —  +  a„.

p(ri) =  0, p'(r 1) = 0, • • •, p '” i - » (r 1) -■= 0.

If we differentiate the equation (7 .1) k times with respect to r, we obtain*

|p(*)(r) -j- kp(k~l)(r)x  + —p{k~v (r)x 2 +  ••• +  p(r)x*jer’ .

* If /, g are two functions having k derivatives, then

/'* V '  +  • • ■ i- fg,k>.‘2!
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Thus for k =  0, 1, — 1, we see that xkerix is a solution of L(y)  =  0.
Repeating this process for each root of p we arrive at the following result.

Theorem 11. Let n, • • •, r, be the distinct roots of the characteristic
polynomial p, and suppose n has multiplicity inj (thus mi +  mi H-------+
m. =  n). Then the n functions

erix, xer‘x, * ' * >Xmi~l6rix J

er3X x e rix • ■ * rm:*-'er’x; ••

cT‘ x, x e ’ 4t, Xm*

are solutions of L (y ) -  0.
The n functions <t>i, •••,<#>» on :m interval 7 are said to be linearly

dependent on 7 if there arc constants Ol, • • •, c„ not iall zero, such that

C ifa (x )  +  • •• + Cntf>n ( X) 0

for all x in 7. The functions fa, •••,<£„ are said to be linearly independent on 
I  if they are not linearly dependent on 7.

Theorem 12. The n solutions of L (y ) = 0  given in Theorem 11 are 
linearly independent on any interval I.

Proof. Suppose we have n constants

c,j (i =  1, • • •, s ; j  =  0, •••,?«< -  1)
such that

E  E  W e ' *  =  0 (7.2)
i-1 j—

on 7. Summing o v er ; for fixed i, we let
i

p<(x)  = E  c<’x *

be the polynomial coefficient of sT<x in (7.2). Thus we have

P i(x )er,x +  P 2(x) evlz +  • • ■ +  P  j (x) eTiX =  0 (7.3)

on 7. Assume that not all the constants c,-, are 0. Then there will be at 
least one of the polynomials Pi which is not identically zero on 7. By re­
labeling the roots r, if necessary we can assume that P, is not identically 
zero on 7. Now (7.3) implies that

P\{x) +  7J2(z )e (rf- ri)l +  ••• +  P,(a:)e(r*_Tl)* =  0 (7.4)

on 7. Upon differentiating (7.4) sufficiently many times (at most mi times) 
we can reduce F\(x) to 0. In this process the degrees of the polynomials
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multiplying e('~ r,)x remain unchanged, as well as the non-identically 
vanishing character of any of these polynomials. We obtain an expressior 
of the form

or
Qt(x) elTt~ri)x +  ••• +  Q ,(x )e(r,~Tl)x =  0, 

Qt(x)er»  +  • • • +  Q .(x)e'-X =  0

on 7, where the Q, are polynomials, deg Q, =  deg 7\, and Q, does not vanish 
identically. Continuing this process we finally arrive at a situation where

R.{x)er’ z =  0 (7.5)

on 7, and R,  is a polynomial, deg Rt = deg P,, which docs not vanish 
identically on 7. But (7.5) implies that R,(x)  =  0 for all x on 7. This con­
tradiction forces us to abandon the supposition that P,  is not identically 
zero. Thus P,(x)  =  0 for all x  in 7, and we have shown that all the con­
stants cn  = 0, proving that the n solutions given in Theorem 11 are linearly 
independent on any interval 7.

If 0i, • • •, 0m are any m solutions of L(y )  =  0 on an interval 7, and 
Ci, • • •, cm are any m constants, then

0  =  C l01 +

is also a solution since

7<(0) = ct7/(0i) +  ■

i Cm0r*

+  cmL (0 m) =  0.

As in the case n =  2 every solution of L(y)  =  0 is a linear combination of 
n linearly independent solutions. The proof of this fact depends on the 
uniqueness of solutions to initial value problems, which we shall establish 
in Sec. 8, Theorem 17.

As an example consider the equation

y "  -  3y' + 2 y  = 0 .

The characteristic polynomial is

p(r) =  r3 — 3r +  2

and its roots are 1, 1, —2. Thus three linearly independent solutions are 
given by

ez, xex, e~u , 

and any solution 0 has the form

0 (z ) = (ci +  c2x )ex +  C3C-21, 

where Ci, c2, c3 are any constants.



74 L in ear E qu a tion *  w ith  C on sta n t C o e ffic ien ts Chap. 2

E X E R C I S E S

1. Are the following sets of functions defined on — oo <  x <  linearly inde­
pendent or dependent there? Why?

(a) 0 i(x) =  l ,0 2(x) =  x,4>3(x) =  x3
(b) 4>i(x) =  e'z, 02(x) =  sin x, 4>i(x) =  2 cos x
(c) <#>i(x) =  x, 02(x) =  <?*, 03(x) =  | x |

2. Prove that if pi, p2, p3, pi are polynomials of degree two, they are 
linearly dependent on — oo <  x <  »■.

3. Are the following statements true or false? If the statement is true, prove it; 
otherwise give a counterexample.

(a) “ If 0i, •••, 0„ are linearly independent functions on an interval I, 
then any subset of them forms a linearly independent set of functions on / . ”
(b) “ If 0i, • • •, <f>„ are linearly dependent functions on an interval I, then 
any subset of them forms a linearly dependent set of functions on I .”

4. Find all solutions of the following equations:
(a) y " ’ — Sy =  0 (b) y'4) +  16p =  0
(c) y’"  — by" -f  Cry' 0 (d) y'" — iy "  +  4y' — 4iy — 0
(e) 7/<100) +  100?/ =  0 (f) v"’ +  5y"  +  4y =  0
(g) yw -  16y = 0 (h) y'" -  'iy' — 2y =  0
(i) y'" — 3iy" — 3y' +  iy =  0

5. (a) Compute the Wronskian of four linearly independent solutions of the 
equation yw +  16y =  0.
(b) Compute that solution 0 of this equation which satisfies

0(0) =  1, 0'(O) =  0, 0"(O) =  0, 0"'(O) =  0.

6. Find four linearly independent solutions of the equation

V<4) +  \y  =  0,
in case:

(a) X =  0 (b) X >  0 (c) X <  0

7. Suppose the constants ai, • • •, a„ in

L{y) =  y{n) +  uiiy(n_1) +
are all real.

(a) Show that if 0 is a solution of L{y) =

+  nny

0 then so are 

0i =  Re 0 and 02 =  Im 0.

(b) If a +  if} (a, /3 real) is a root of the characteristic polynomial of L show 
that the functions

tf* cos 0x, t** sin /3x

are solutions of L(y) =  0.
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8. Suppose all roots of the characteristic polynomial for the equation

y<n) +  ai7/(" -1> +  • • • +  any =  0

have negative real parts. Show that every solution tends to zero asx—» -+- a>.

9. Suppose all roots of the characteristic polynomial for the equation

y(n) +  aii/(n-1) +  • • • +  any — 0

have non-positive real parts, and those roots with zero real parts have multi­
plicity one. Show that all solutions are bounded on 0 g x <  ®. (Note: A 
solution <f> is bounded on 0 £ x <  a> if there is a constant k >  0 such that

| <t>(x) | S k for 0 S x <  a>.)
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8. Initial value problems for n-th order equations

An initial value problem for L(y)  =  0 is a problem of finding a solution 
<t> which has prescribed values for it, and its first re — 1 derivatives, at some 
point x0 (the initial point). If on, • • •, a„ are given constants, and x0 is some 
real number, the problem of finding a solution <t> of L(y)  =  0 satisfying

<t>(xo) =  oi, <(>'(:Eo) =  on, •••, <f>(n-1) (xo) =  a„,

is denoted by

L(y)  = 0 ,  y ( x  0) =  on, y'(xo) =  an, •••, (x0) =  a„.

There is only one solution to such an initial value problem, and the demon­
stration of this will depend on an estimate for the rate of growth of a solu­
tion <j> of L(y )  =  0, together with its derivatives <j>', • • W e define
II 0(z) II by

II * {* )  II =  [ U ( * ) ! 2 +  ••• +  U ‘" - ,> ( : r ) m

the positive square root being understood, and give the analogue of 
Theorem 3.

Theorem 13. Let <j> be any solution of

L(y)  =  ?/(n) +  (hyln~I> +  • • • +  a„y =  0 

ore ore interval I containing a point x0. Then for all x in I

II <t>(xo) II ^  II <t>(x) II g  II 4>(xo) II ( • * '* - « ',  ( 8 .1)

where
k =  1 +  | ai | -r • • • +  I a„ |.
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Proof. Letting u(x) =  || 0(x) ||2 we have 
u = 00 +  00 +  • • • +

Hence
0*0 “f“ 0**0' -f“ • • ■ -f- 0*'l)0^n O

- f  00' +  <p'<t>" +
and therefore

|u'(x) | g 2 | 0 (x )| | 0 '(x )|  +  2 | 0 '(x ) || 0 " (x )  | +  . . .

_ + 2| 0«"-»(* )| | 0«-)(* )| . (8.2) 
Since 0 satisfies L(<j>) = 0  we have

0 (n) =  _  r a i</,("-» +  . . . +  a „0 ] ,

and
U ("’ (z) I ^  |ai||0‘ - '» ( x )  | +  .■ . + | a ,| | « (r )  |. (8.3)

Using (8.3) in (8.2) there results 

I u'{x) | S2|0(x)||0'(x)| +2|0'(x)||0"(*)| +  . . .

+  2 ! 0<"-2>(z)|| « (" - u (x)| +  2 | o t || 0 < "-» (* )l:

+  2 | aj | | 0 (’,_2) (x)|| 0<n-1)(x)| +  ••• +  2 | a B||*(x)||0<-»(x)|- 

W e now apply the elementary inequality

2 I 6 II c | ^  |6|2 +  | c l2
to obtain

| tt'(x) | g  (1  +  I o „  I) I 0 ( x )  i2 +  (2  +  I I)  I 0 ' ( x )  I2 

+  . . .  4- (2 +  | a,|) | «(" -2)(x) |2 

+  (1 +  2 | aj | +  | a-i | +  • • • +  | a„ |) | 0 (n~1,(x) |2.
Therefore

| u'{x) | ^2ku {x ),
and the remainder of the proof is the same as the steps follow'ing (3.8) in 
the proof of Theorem 3.

Theorem 14. ( Uniqueness Theorem) Let ai, • • *, a„ be any n constants, 
and let xo be any real number. On any interval I containing xo there exists at 
most one solution 0 of L(y) = 0 satisfying

4>(x0) =  ai, 0 '(x  o) =  a-i, •••, <j>ln~l)(x0) =  a„.

Proof. The proof is the same as that of Theorem 4. Suppose 0, 0 were 
two solutions of L (y ) =  0 on I satisfying the above conditions at x0. Then 
X =  0 — 0 satisfies L (x ) = 0  and

x ( x o )  =  x '(*o) =  . . .  =  x ' - 0 ^ )  =  0.
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Thus || x(zo) II = 0, and applying (8.1) to x we obtain || x (z ) || =  0 for 
all x  in I. This implies x (x) = 0 for all x  in I, or tf> =

The Wronskian W  (fa, • • •, fa). o f n functions fa, •••,<£„ having n — 1 
derivatives on an interval /  is defined to be the determinant function

W(<t>i, • • •, <M =

fa • • • 4>n

0l • . . K

its value at any x in 7 being W(<j>i, ■, fa) (x).

Theorem 15. If  fa, ■ • ■, fa are n solutions of L (y ) =  0 on an interval I, 
they are linearly independent there if, and only if, W (fa , •••,</>„)(£) ^  0 
for all x m l .

The proof is entirely similar to the proof of Theorem 6 (the case n =  2 ), 
and so will be omitted. The result and the proof do not depend on the fact 
that L has constant coefficients. Sec the proof for a more general case in 
Chap. 3, Theorem 6.

Theorem 16. ( Existence Theorem) Let on, •••,«„ be any n constants, 
and let Xo be any real number. There exists a solution $ of L (y ) =  0 on 
— oo <  x  <  oo satisfying

<t>( To) = 1*1, <(>' (X-o) = <*2» • 0<"_ ,,(xo) = «»• (8.4)

Proof. Let <#>i, • • •, 4>„ be any set of n linearly independent solutions of 
L(y)  =  0 on — oo <  x <  <*>, for example these could be the solutions 
obtained in Theorem 11. It will be shown that there exist unique constants 
Ci, • • •, c„ such that

0 =  Cl<t>l +  • ■ • +  c*<t>n

is a solution of L(y )  =  0 satisfying (8.4). Such constants would have 
to satisfy

C lfa(Xo)  +  • • ■  +  J „ < £ „ ( X o )  =  « !

Cnh'iixn) +  ••• +  c„0*(xo) =  at

; (8.5)

Ci*i(n_1)(^ )  +  ••■ +  c„</>„(n- l>(£o) =  a„,

which is a sjrstem of n linear equations for ct, • • •, c„. The determinant of 
the coefficients is just H '(0i, • • •, fa) (xo) which is not zero, by Theorem 15.
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Therefore there is a unique set of constants Ci, 
For this choice of ci,

satisfying (8.5).
■, cn the function

4> = c ,fa  +

will be the desired solution.

i Cnff>n

The results of Theorems 14 and 16 allow us to describe all solutions of 
the homogeneous w-th order equation with constant coefficients L(y)  =  0.

Theorem 17. Let fa, •■•,</>„ be n linearly independent solutions of 
L (y ) =  0 on an interval I. / /  Ci, — , cn are any constants

<t> — C\fa +  • ■ • +  en4>n (8.6)

is a solution, and every solution may be represented in this form.

Proof. We have already seen that

L(<t>) =  C\L(4>i) +  • • • +  c„L (0 n) =  0.

Now, let 4> be any solution of L(y)  =  0, and let be in I. Suppose

<t>(xo) =  a h <t>'(x o )  =  « > ,  ■ ■ ■ ,  fan~ l)(x  o )  =  a n.

In the proof of Theorem 16 we showed that there exist unique constants 
ci, • • •, cn such that ip = Ci î +  • • • +  c„<̂ „ is a solution of L(y )  =  0 on I  
satisfying

t ^ ( l o )  =  oth =  a 2,  (Xo) =  a„.

The uniqueness theorem (Theorem 14) implies that <j> =  \p, proving that 
<t> may be represented as in (8.6).

A simple formula exists for the Wronskian, as in the case •. =  2.

Theorem 18. Let 4n, he n solutions of L(y) =  0 on an interval I
containing a point x0. Then

W(<h, (x) = e-“'<r- I»)lF(01, •••, 4>r,)(xo). (8.7)

This result is a corollary of a more general result concerning the 
Wronskian of n solutions of a linear homogeneous equation with variable 
coefficients; see Theorem 8, Cnap. 3. W e therefore omit the proof here.

Corollary to Theorem 18. Let fa,•■•,</>„ be n solutions of L (y ) = 0  
on an interval I containing Xo. Then they are linearly independent on I i f  
and only i f  W (fa, • • •, <j>n) (x0) ^  0.

Proof. The proof is an immediate consequence of Theorem 15 and the 
formula (8.7).
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As a simple illustration of the use of (8.7) consider a homogeneous 
equation of order 3 which has a root n  with multiplicity 3. Its characteristic 
polynomial is

p(r)  =  (r — ri)3 =  r3 — 3 nr2 +  3 r\r — r\.
Hence

L(y)  =  y '"  -  3rlV"  +Zr\y' -  r\y, 

and we have m =  — 3ri. We take

0 l ( x )  = eriT, 02 ( z )  =  z c n i , 0 3  (x) =  z V 1 1 ,

and then obtain
eni x e r i x i V “

W ( 0 i ,  02,  03 )  ( z )  = neriZ ( 1  4 -  r i x ) e ri1 ( 2 z  +  / • i z 2) e r i x

r\er'x ( 2 r j  +  r\x)er'x (2  +  4 n z  +  r3x2)e

This becomes a little involved to evaluate directly, but using (8.7) with 
x0 =  0 we obtain

1 0  0

and hence

W  (01, 02, 03) (0) -  f] 1 0

' r\ 2r, 2

W  (0i, 02, 0,i) (x)  =  2e3rix.

=  9

E X E R C I S E S

1. Consider the equation

!/"' ~  4j/' =  0.

(a) Compute three linearly independent solutions.
(b) Compute the Wronskian of the solutions found in (a).
(c) Find that solution 0 satisfying

0(0) =  0, 0'(O) =  1 0 "( 0) =  U.

2. Consider the equation
yd) _  yW — y' +  y =  0.

(a) Compute five linearly independent solutions.
(b) Compute the Wronskian of the solutions found in (a), using Theorem 18.
(c) Find that solution 0 satisfying

0(0) =  1, 0'(O) =  0"(O) = 0 " '(  0) =  0 (4)( 0) =  0.
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3. Suppose 0 is a solution of

yM +  aiV(n_l) +  • • • 4- <v/ =  0,

and \[f{x) =  <t>(x) exp (aix/n). Show that ^ satisfies a linear homogeneous 
equation with constant coefficients

yiu) +  fciy(n_l) +  • • • +  b„y =  0,

with bi =  0. (Note: The Wronskian of any n linearly independent solutions of 
the latter equation is a constant; see (8.7).)

4. Consider the constant coefficient equation

yM +  aly(n~l) +■•••+ a„y -  0, 

and suppose 4>\, ■ ••, 0„ are solutions satisfying for some real x0 

<t>,u~l)(xo) = < 5 , (i, j  =  !,•••, n ),

where S,j =  1 if i =  j, and 5,-,- =  0 if i j.
(a) Show that <pi, • • •, 0 n are linearly independent.
(b) If <t> is a solution satisfying

show that
♦(^ ;)(x0) =  a,-, ( j  =  1, nj,

<f> = ai<f>i +  or202 +  •' • +  OU0*.
(Note: This shows that 0 is a linear function of its initial conditions oq,
* " * i OTn .)

9. Equations with real constants

Suppose that the constants cp, ■ • - , an in
L ( y ) = »/<"> +  aly {n~l) +  • • • -f- a„y 

are all real numbers. The characteristic polynomial

p(r)  = r" +  air”-1 +  • • • 4- a„

then has all real coefficients. This implies that 

for all r, since
p(r)  = p(f ) (9-1)

p ( r ) = rn +  air"-1 +  • • • + a ,

= r" +  air”-1 +  • ■ • +  an

= f n +  dif"~' 4- • • • 4* On

= f  +  ap" "-1 +  • • • +  a*

= p(r).
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From (9.1) it follows that if n  is a root of p, then so is ri. Thus the roots of 
p whose imaginary parts do not vanish occur in conjugate pairs. A slight 
extension of this argument shows that if ri is a root of multiplicity mi then 
n  is a root with the same multiplicity m,. If there are s distinct roots of p, 
let us enumerate them as follows:

where

and t 2i+ij 
have

n, rh Tz, r2, • • •, Tj, Tj, r2,+J, — , r„

n  =  at +  i n ,  (k  = 1, ‘ , j ;  ak, r k real; r* ^  0 ),

” ,r, are real. Suppose that rk has multiplicity mt. Then we

2 (mi +  • • • +  m,) +  m»>M +  ■ • • +  m, =  n.

Corresponding to these roots we have the n linearly independent solu­
tions

eriz, xer,z, • • •, xmi~!cr,z; cr>z, xe~,z. • • •, x'"l~'eTlz] • • •; eT‘z, xeTkZ, • • •,

(9.2)

of L(y)  = 0. Every solution is a linear combination, with constant coeffi­
cients, of these. We now note that if 1 5s k ^  j, 0 ^  h £  m* — I,

xV*1 =  xhc(ak+iTk)z =  xkc,lz(cos Tkx  +  i sin rkx ) , 

xV*1 — A 1' 1" " 1’1 =  xkc°kz (cos Tkx — i  sin t, x ) .
(9.3)

Thus every solution is a linear combination, with constant coefficients, of 
the n functions

e«n cos TlX| xer,r (.os T)Tj ,

e°'z sin n r, xe°'z sin m ,

e’ "1, xc~  , •

•, x”"~'c’ iz cos T]x; 

•, xmi~le’ iZ sin n i ;

(9.4)

Each of the functions in (9.4) is a solution of L(y)  =  0 since, from (9.3),

xhc°kz cos n-.r - x k(eTkZ +  e'kz) ,

(9.5)

sin Tkx — — x*(rrw — c’kz). 
2 i

The solutions in (9.4) arc all real-valued, and they are linearly independent. 
For suppose we have a linear combination of these functions equal to
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zero. Let us denote the terms in this sum which involve 

i V “  cos TkX, x V 11 sin rkx

cxhe’ kx cos Tkx  +  dxhe"kz sin rkx,
by

where c and d are constants. Using (9.5) we find that we have a linear com­
bination of the functions (9.2) equal to zero, and the terms involving 
xkeTkx, xhenx will be

(c — id) , (c +  id) -
-------------xhe"kx -\---------------- xheTkT.

Since the functions (9.2) are linearly independent we must have all the 
coefficients in this sum equal to zero. In particular

c +  id =  0, c — id =  0,

from which it follows that c = 0, d =  0. Thus the solutions (9.4) are 
linearly independent.

If <f> is any real-valued solution of L(y)  = 0, then 0 is a linear combina­
tion of the real solutions (9.4) with real coefficients. Indeed, if we denote 
the solutions in (9.4) by fa, • • •, <j>„, we have

<t> =  Ci<t>i +  • ■ • +  c„<£„,

for some constants Ci, ■ • c„. Since <f>, <t>i, • ■ </>„ are all real-valued, we
have

0 =  Im <f> =  (Im ci)<fn +  • • • (Im c„)0„,

and since 4>i, • ■ •, <f>„ are linearly independent we must have

Ira Ci =  Im Cj =  ■ • • = Im c„ =  0.

This shows that ci, • • •, c„ are all real numbers.
We remark that if <#> is a solution of L(y )  =  0 which is such that

4>(x 0) =  o'i, d' (x0) = a%, •••, </>(n_I)(x0) = ctn, (9.6;

where m, • • •, a„ are real constants, then <j> is real-valued. One way to see 
this is to note that since

’ L ( f )  =  L i t )  -  0,

t  is also a solution, and hence so is

=  (1 /2 1) ( t  — t )  =  Im 4>.

But, from (9.6) we see that

^(xe) =  0, ^'{xq) =  0, • • •, ^(xo) =  0.
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The uniqueness theorem implies that ^ (x ) = 0 for all x, or Im <t> =  0, show­
ing that 4> is real-valued.

We summarize in the following theorem.

Theorem 19. Suppose the constants ai, • • •, a„ in the equation

L(y) =  y ln) +  ai2/("_,) +  • ■ • +  a„y =  0

are all real. There exists a set of n linearly independent real-valued solutions
(9.4), and every real-valued solution is a linear combination of these with real 
coefficients. I f  a solution satisfies real initial conditions, it is real-valued.

The importance of Theorem 19 is that in many practical problems differ­
ential equations are encountered with real coefficients, and the real solutions 
are the ones sought. For example, the equation

yW +  y = 0 (9.7)

arises in the study of the deflection of beams. The characteristic polynomial 
is given by

p{r)  =  r4 +  1,
and its roots are

> + • > ■

Thus every real solution <j> of (9.7) has the form

0(x ) =  eI//2[ci cos (x/V2) +  c2 sin (x /v2 )J  

+  e_l/v5[c3 cos (x/\2) +  c4 sin(x/V2) ], 

where Ci, • • •, c4 are real constants.

E X E R C I S E S

1. Find all real-valued solutions of the following equations:
(a) y"  +  y =  0 (b) y" — y =  0
(c) yw — y =  0 (d) y(5) +  2y =  0
(e) i/(4) — 5y" +  4y =  0

2. Find the solution <f> of the initial-value problem

y"' +  y =  o, 2/(0) =  0, y'(0) =  1, y"( 0) =  0.

3. Determine all real-valued solutions of the equations:
(a) i/" — iy" +  y’ — iy =  0 (b) y" -  2iy' — y =  0
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4. Show that if there exists a non-trivial solution of the problem

y(n) - f  oiv‘ " " ’ +  ••• +  any =  0, (<*i, ■ ■, o , real),

n ) ,y(i~l)(0) =  (k =  1, •

then there exists a non-trivial real-valued solution.

5. Consider the equation

Vw -  *\v = 0,
where k is a real constant.

(a) Show that cos k x , sin kx, cosh k x , sinh k x  are solutions if k  ^ 0. (Note: 
cosh w *  (e“ - f  e~“)/2, sinh u =  (rJ — <rv)/2.)
(b) Show that there are non-trivial solutions 0 satisfying

0(0) =  0, 0'(O) =  0, 0(1) =  0, 0'(1) =  0, 

if and only if cos k  cosh k  = 1 and k  0.
(c) Compute all non-trivial solutions satisfying the conditions in (b).
(d) For what values of k  will there exist non-trivial solutions satisfying

0<»(O) -  0<*(1), ( j  =  0, 1 ,2,3)?

(e) Compute all non-trivial solutions satisfying the conditions in (d).

6. Suppose the characteristic polynomial p of

Hy) =  2/(n) +  Oi2/(n_I) +  ••• +  any =  0
has a real root r with multiplicity m, and — r is also a root of multiplicity m. 
Show that

cosh t x , x  cosh r x , • • •, xm_1 cosh r x ,  

sinh rx, x  sinh rx, • ■ •, x”1-1 sinh rx 
are ‘lm linearly independent solutions which can be used to replace 

c " ,  X C r x , •••, x m~ 1c rz 

c~rx, x«~ " ,  •••, Xm~'e~'x

in a set of n linearly independent solutions of L(y) =  0.

10. The non-homogeneous equation of order n

Let 6 be a continuous function on an interval I, and consider the equa­
tion

L(y)  =  +  aiJ/(n_1) +  chy(n- 2) - f  • • • +  a„y =  6 (x ),

where ah a2, ■ a„ are constants. If 0 P is a particular solution of L(y )  =  
6 (x ) , and 0 is any other solution, then

L(0 — 0 P) = L (0 ) — L (0 P) = 6 — 6 = 0 .
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Thus \p — is a solution of the homogeneous equation L(y)  =« 0, and 
this implies that any solution 4* of L ( y ) =  biz) can be written in the form

'l' “  tp +  Cl</>! +  C?4>2 +  • • • +  C„0n,

where is a particular solution of L(y)  =  b(x) ,  the functions <j>i, pj, ■ •
<pn are n linearly independent solutions of L(y)  =  0, and ci, • • • , c u are 
constants.

To find a particular solution <Pp we proceed just as in the case n — 2, 
that is, we use the variation of constants method. We try to find n functions 
Mi, •••,«„ so that

\j/p — Mi0i ■+■••• +  n„<j>„

is a solution. Waking our cue from Sec 6 we see that if

Wifo +  • • • +  Un<t>n *  0,

4‘v — " i4>i +  • • • +  u„<t>n,
then 

and if 

we have
T +  K<$>n =  o,

— Ml0, - (-• • • +  Ur.<j}„ .

Thus, if u[, • • •, u'n satisfy

Mj î +  • • • +  u'n<t>„ =  0 

v i$i + • • • -!-  =  0

( 10. 1)

we see that

tti*Sn-® - +  =  0 

+  u«$ln~u ~  b

IPp  ~  +

+

T~ u„<t>„

+  Un<t>„
( 10.2)

Hence

= utf'S-v +  • • ■ +  un<t>ln”- »

^pn) = Ui<t>\r° +  • • • +  un<t>pn) +  b-

Li&r) ~ ?'i/)($ i) +  *b h»lA-$n) +  b =  /),
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and indeed f,. is a solution of L (y)  =  b(x). The whole problem is now re­
duced to solving the linear system (10.1) for u[, ■ ■ •, u'n. The determinant 
of the coefficients is just W (fa, ■ ■ •, fa,), which is never zero when fa, • • •, 
fa, are linearly independent solutions of L (y) =  0. Therefore there are 
unique functions u[, • • •, « '  satisfying (10.1). It is an easy exercise to see 
that solutions are given bv

u'k{x)
Wk(x )b (x )

' • 0u) (x )
(k =  1, - ,n ) ,

where W k is the determinant obtained from W (fa, •••,fa) by replacing 
the Asth column (that is, fa, fa, • • •. ^J"-1’ ) by 0, 0, • • •, 0, 1.

If xc is any point in 7, we may take for uk the function given by

U k ( X{X) J !(' dt. (k — 1,
W(fa, fa) (0

The particular solution \pp now takes the form

W A t)b(t)

•, n ) .

4>p{x) =  ^2 fa(x) fJ . , . 4>n) (l)
dt. (10.3)

Theorem 20. Let b be continuous on an interval I, and let fa, <j>„ 
be n linearly independent solutions of L (y ) — 0 on 1. Every solution if of 
L (y ) -- b (x ) can be written as

where is a particular solution of L (y ) =  b (x ) , and Cj, •••, cu are con­
stants. Every such f  is a solution of L (v ) =  b (x ) . A particular solution ^  is 
given by (10.3).

It is left as an exercise for the student to show that the particular 
solution given by (10.3) satisfies

,̂.1 'o) =  >7'(Zo) =  ■'• = ^pn~ °(xf) = 0 .

As an example let us compute the solution f  of

y'" + y " + y '  +  y -  1
which satisfies

* (0 ) =  0, tf'(0) =  1, f " ( 0 )  = 0.

The homogeneous equation is

y + y" +  v' +  y = o,
and the characteristic polynomial corresponding to it is

(10.4)

(10.5)

( 1 0 .6 )

(10.7)

V  ~  Y p - r  Clfa  T  • • • +  Cr.4>n,

p (r ) — r3 -I- r2 +  r +  1.
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The loots of p are i, —i, and —1. Since we are interested in a solution 
satisfying real initial conditions we take for independent solutions of (10.7)

4>\{x) =  cos x, <h(x) — sin x, ^>a(x)

To obtain a particular solution oi (10.5) of the form Ui0i +  «202 +  u303 
we must solve the following equations for u[, u'2, v ’,:

m(0 i +  m,0 j +  m303 -- 0 

Ml 01 +  U2<t>'i +  W30 3 =  0 

«101 T  u2(j>2 +  M303 =  1, 

which in this case reduce to

(cos x)u[ -f- (sin x )u ,  T  e~xu \ — 0

( — sin x)Uj +  (cos x )u 2 — e~xu[ =  0

( — cos x)u [ — (sin x)u [ +  e~xu~ -= 1.

The determinant of the coefficients is

IF (01, 02, 03) (x)

Using (8.7) we have

1F(01, 02, 03) (X) = e~ZW(<t>l, 02, 03) (0), 

since «i =  1 in this case. Now

COS X sm x a~x

— sin x COS X — e~~~

— COS X — sin x e~x

1 0 1

IF  (01, 02, 03) (0 )  — 0 1 - 1 =  2 ,

- 1 0 ]

and thus
W ( 0 i ,  0 j ,  03)  (x)  =  2e~x. 

Solving (10.8) for Mi we find that

Ui(x) = \t?

( 1 0 .8 )

0 sin x e~x

0 cos X - e r * —  —  2 ( C O S  X +  s i n x ) . (10.9)

3 — sin x r '

e



Similarly we obtain
u[(x) =  5(cos x — s inx), (10.10)

u[(x) =  \ex. (10.11)

Integrating (10.9)—(10.11), we obtain as choices for uu u2, u3:

Ui(x) = £(cosx — sinx), 

u2(x) = j(sin x +  cos x), 

mi(x ) =  hex-

Therefore a particular solution of (10.5) is given by 

Ui(x)<t>i(x) +  U?(x)<t>2(x) +  « j(x) 0.i(x )

=■ 5 (cos x — sinx) cos x +  5(sin x T- cos x) sin x +

=  1.

(Note: There are simpler ways of discovering such a particular solution; 
see Sec. 11. We are interested in illustrating the general method here.) 
The most general solution \p of (10.5) is of the form

4>(x) =  1 +  Ci cos x +  c-> sin x +  c3e~x,

where Ci, c2, c3 are constants. We must choose these constants so that the 
conditions (10.6) are valid. This leads to the following equations for 
Cl, C2, C3.

Ci T  c3 = — 1, c2 — c3 =  l, Ci c3 =  0, 

which have the unique solution

Ci — h> c2 — hi e3 == 2*

Therefore the solution of our problem is given by

1p(x) =  1 +  -jfsin x — cos x — e~x).
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The solution corresponding to that given in (10.3), with Xo =  0, is 
easily seen to be

1pp(x) =  1 —5(cos x +  sin x +  r x),

and this satisfies

* ,(0 )  =  0, ^ (0 )  =  0, ^  (0) =  0.
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E X E R C I S E S

1. Find all solutions of the following equations:
(a) y'" -  y’ =  x
(b) y'" -  Sy =  e“
(c) yw +  Myy =  cos x
(d) yw — 4?/3) +  6?y" — 4y' +  y =  cx
(e) j/ (4> — y =  cos x
(f) y" — 2iy' — y =  exz — 2e~ix

2. Let
L(y) =  2/(,!) +  ait/""1’ -f- • • • 4- any, 

and let p be the characteristic polynomial

p(r) = rn +  oir"-1 +  • • • +  o„.

(a) If A and a are constat s, and p(a) ^ 0, show that there is a solution of 
L{y) — Aeax of the form Beax, where B is a constant. What is B1
(b) Compute a solution of L(y) =  A if’1 in case a is a simple root of p (that 
is, a root of multiplicity one). (Hint'. If B and r are any constants show that

BL(xeTX) =  B[p'(r) +  xp(r)\eTX.
Let r = a.)
(c) Compute a solution of L(y) — Aeaz in case a is a root of p of multi­
plicity k.

3. Prove that the solution 4/p given by (10.3) satisfies the initial conditions
(10.4). (Hint: Use (10.2).)

-4. Let g(x. t) be defined by
^  <j>k(x)Wk(i) 

q(x, t =  y .  -------------- •
t ,  W(t)

where 1 V(t) =  IF(<f>i, 4>n)(t) is the Wronskian of n linearly independent 
solutions of L(y) =  0. For any continuous function b on any interval /  con­
taining xo, let G(b) be the function given by

G(b)(x) g(x, t)b(t) dt.

Thus G(b) is just the \pp of (10.3), and hence L(G(b)) =  b.
(a) Show that g, as a function of x for each fixed t, is a solution of L(y) =  0 
which satisfies

dy
g(t, t) =  0, — (t, t) =  0,

dx
d '-zg
dxn~:

(t, t) =  0,
dn V 
dxn (t, l) =  1.

X

r0

(Note: This shows that g(x, t) is independent of the functions <t>i, •••,$. 
used to define it.) (Hint'. The functions uk =  Wk/W, k =  1, • • •, n, satisfy 
(10.1) with b(x) = 1 for all x in I.)
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(b) Prove that g(x, t) =  g(x — t, 0). Thus g is a function of x — t alone, 
and if h(x) ~  g{x, 0), g(x, t) = h(x — t). (Hint: Let for fixed t, <pt(x) =  g(x, t), 
pt(x) — g(% — t, 0) = <po(x — t). Prove that L(<bt) — L(ipt) =  0, and that. 
<j>t, \pt satisfy the same initial conditions at x =  l.)
(c) Show that g(x, l) — sin (x — t) for the case y"  +  y — 0.
(d) Compute h(x) for the case

L(y) =  1/"  +  2 ky' +  u?y, 

where k and oi are positive constants.

5. The formula (10.3) for a particular solution \pp of L(y) =  b(x) makes sense 
for some discontinuous functions b. Then \pp will be a solution of L(y) =  b(x) 
at the continuity points of b. Find a particular solution of the equation

where
y" +  y = b{x),

b(x) =  - 1 ,  (-7T < x <  0),

=  1,

=  0,

(0 s  x < t), 
(I x | >  t ) .

6. Consider the equation L(y) =  6(x), where b is continuous on an interval I. 
If ay, •••, tt, are any n constants, and xo is a point in / ,  show that there is 
exactly one solution ip of L(y) =  b(x) on I satisfying

ip(x0) =  «j, ^'(x0) =  at, ^ '"" (x o ) =  Otn-

(Hint: Let <p be the solution of L(y) =  0 satisfying the same initial conditions. 
Let ip =  <j> +  ipp, where \pp is given by (10.3). Show that ip is unique.)

7. Consider the equation
y" nryf" 11 +  • • • +  any =  b(x),

where a 1; •••,«„ are real constants and 6 is a real-valued continuous function 
on some interval 1. Show that any solution which satisfies real initial conditions 
is real-valued.

11. A special method for solving the non-homogeneous equation

Although the variation of constants method yields a solution of the 
non-homogeneous equation it sometimes requires more labor than necessary. 
We now give a method, which is often faster, of solving the non-homogene­
ous equation L (y) »* b(x) when b is a solution of some homogeneous equa­
tion M (y ) =  0 with constant coefficients. Thus b(x) must be a sum of terms 
of the type P (x )eax, where P  is a polynomial and a is a constant.

Sunpose L and M  have constant coefficients, and have orders n and m. 
respectively, if  p is a solution of L (y) =  b(x), and M (b) =  0, then 
clearlv

M ( L (.P)) =  M (b) =  0.
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This shows that p is a solution of a homogeneous equation M {L  (y ))  — 0 
with constant coefficients of order m +  n. Thus tf> can be written as a linear 
combination with constant coefficients of m T  n iinearly independent 
solutions of M (L  ( y ) ) =  0. Not every linear combination wall be a solution 
of L (y) - b(x) however. Thus, to find out what conditions must be satis­
fied by the constants, we substitute back into L (y) =  b (x ). This always 
leads to a determination of a set of coefficients; see Sec. 12, Theorem 22, for 
a justification.

We give an example to show the usefulness of this method. Suppose 
we consider

L(y)  = y"  -  3y' +  2y = a:2.

Since x2 is a solution of M (y ) =  y '"  =  0, we see that every soiution ip of 
L {y) =  x2 is a solution of

M (L  (y )) =  y™ -  'Ayw -j- 2y™ =  0.

The characteristic polynomial of this equation is r3(r- -  3r +  2), just the 
product of the characteristic polynomials for L and M. The roots are 0, 0, 
0, 1,2, and hence \p must have the form

<p(x) =  C 0  +  CiX +  C 2X 2 +  C a C *  +  c 4e 21

We notice immediately that ĉ e1 +  c4e21 is just a solution of L(y)  = 0. Since 
we are interested only in a particular soiution \pv of L(y)  = x2, we can as­
sume 1pp has the form

P p(x) =  Co +  CiX +  C2X2.

The problem is to determine the constants Co, Ci, c2 so that L ( p P) — x2. 
Computing we find

and

Thus

or

or

Therefore

p'p(x) =  ci +  2c2a;, Pp (x) =  2c2,

L (p  p) =  (2c2 — 3ci +  2 co) +  ( —6c2 +  2ct)x +  2c-2x2 =  x\ 

2c2 =  1, or c2 =  1, and —6c2 +  2ci =  0, 

ci =  f , and 2c2 — 3ci +  2co = 0,

Co =  T-

P P(x) =  1 ( 7  +  6 a :  +  2 a : 2 )

is a particular solution of L (y) =  x2.
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We call this method the annihilator method, since to solve L {y) =  b (x ) , 
we find an M  which makes M  (b) =  0, that is, annihilates b. Once M  has 
been found the problem becomes algebraic in nature, no integrations being 
necessary. Actually, as we have seen from the example, all we require is the 
characteristic polynomial q of M. The following is a table of some functions 
together with characteristic polynomials of annihilators. In this table a is 
constant, and k is a non-negative integer.

Function
(a) eax
( b) xkeaz
(c ) sin ax, cos ax (a real)
(d) xk sin ax, xk cos ax (areal)

Characteristic Polynomial of an 
Annihilator 
r — a 
( r  —  

r2 H- a2 
(r- +  a-)k+l

The validity of this table is a consequence of Theorem 11.
I.et us consider another example of the annihilator method. Consider 

the equation

L (y) = Ae°z, (11.1)

where L has characteristic polynomial p, and .4, a are constants. We as­
sume that a is not a root of p. The operator M  given bv .1/(y) =  y' — ay, 
with characteristic polynomial r — a, annihilates Ac"1. The characteristic 
polynomial of M L  is (r — a )p (r ), and a is a simple root (multiplicity 1) 
of this. Thus any solution of (11.1) has the form

4> =  Beaz +  <f>,

where L(ct>) = 0 .  and B is a constant. Placing ^ back into (1 l . l )  we obtain

L(tp) =  BL(eax) +  = B p{a)caz = Aeuz.

Since p(a ) ^  0 we see that B — A /p{a). Therefore we have shown that, 
if a is not a root of the characteristic polynomial of L, there is a solution 
^ of (11.1) of the form

<P(x) =

The example
y»> +  y "  +  /  +  y =  1

considered in Sec. 10 illustrates this situation. The right side is of the form 
Aeaz with A =  1. a = 0. The characteristic polynomial is p{r) =  r3 +
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r2 +  r +  1, with roots i, —i, —l. Therefore a solution of this equation is 
given by

\!/(x) =
1

p (0 )
1,

a result which we found with considerably more effort using the variation 
of constants method.

Lest the reader feel, after this example, that the variation of constants 
method is of little importance, we stress that the annihilator method de­
pends very much on the fact that b is a solution of a homogeneous equation 
with constant coefficients. If b(x) =  tan x, for example, the method does 
not work, and we must use something like the variation of constants 
method. Moreover, as we shall see in Chap. 3, the variation of constants 
method is valid for linear equations with variable coefficients.

E X E R C I S E S

1. Using the annihilator method find a particular solution of each of the 
following equations:

(a) y" +  4y — cos x
(b) y" + 4 y =  sin 2x
(c) y"  — 4y =  3e2x +  4s-1
(d) y"  — y' — 2y =  x2 +  cos x
(e) y"  +  9y =  x-e3x
(f) y"  +  y =  xex cos 2x
(g) y" +  iy' +  2y =  2 cosh 2x +  e~21 (Note, cosh u = (e“ +  e- " ) /2.)
(h) y’"  =  x2 +  e~x sin x
(i) </" +  32/" +  3y' +  y = x2t- x

2. Let L be a constant coefficient operator, and suppose is a solution of

L(y) = bk(x), k = 1, m,

v/here the bk are continuous functions on some interval I. Show that 4' =  +
• • • +  'Pm is a solution of

L{y) =  b(x), b = t>i +  • • • +  bm.

3. Suppose 6 — fci +  • • • +  bm, where &*, is annihilated by the constant 
coefficient operator M.. Show that b is annihilated by M — Mi M2 • • • Mm.

4. Consider the constant coefficient operator L with characteristic polynomial 
p. Consider the equation L(y) — e"1, where a is a constant. If a is a root of p 
with multiplicity k, show by the annihilator method that a solution is given by

r V r



5. (a) If cosh u -■ (e“ +  e-u) /2 and sink u =  (c“ — e~“)/2, show that if a is 
a real constant cosh ax and sink ax satisfy y "  — a?y = 0 
(b) Show that the constant coefficient operator M with characteristic 
polynomial q(r) =  (r2 — a2)1̂ 1 annihilates both xk sink ax and xk cosh ax.
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12. Algebra of constant coefficient operators

In order to justify the annihilator method we study the algebra of 
constant coefficient operators a little more carefully. For the type of equa­
tion we have in mind

a0y M +  «i y 'n~1) +  • • • +  any =  b(x),

where a0 ^  0. a.l} • • •, a„ are constants, and b is a sum of products of poly­
nomials and exponentials, every solution 0 has all derivatives on -- °o <  
x <  . This follows from the fact that 0 has n derivatives there, and

0<»> = b ~  -0<"-n — . . .  — —\pt
an o,n ’

where b has all derivatives on — °c <  x <  ° ° . '
All the operators we now define will be assumed to be defined on the set 

of all functions 0 on — oo <  x < <=° which have all derivatives there. Let 
L and M  denote the operators given by

L(<t>) =  a.Q<f>(n) +  aj0c,1_1) +  • • • +  a,i0,

M  (0) =  6c0(m) +  bi<j>lm~v +  • • • +  b„<fi,

where a0, a x, • • •, o„, bo, bx, • • •, bm are constants, with a0 ^  0, bo ^  0. 
It will be convenient in what follows to consider a0, bo which are not neces­
sarily 1. The characteristic polynomials of L and Af are thus

p (r ) =  a0rn +  axr'~l +  • • • ♦- i t . .

and
q(r) =  b0rm +  bp’"1- '  +  ■ • • +  bm.

respectively.
We define the sum L +  M  to be the operator given bv 

(L  +  M ) (<f>) = L (0 ) +  A /(0 ), 

and the product M L  to be the operator given by

(M L ) (0) = M  ( L(4>)).

If a is a constant we define aL  by

(a L ) ( 0) =  « (  L  ( 0 ) ) .
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We note that L -j- M. M L  and ah  are all linear differential operators with 
constant coefficients.

Two operators L and M  are said to be equal if

L{tt>) — M{<t>)

for aM 4> which have an infinite number of derivatives on — oo <  x <  oo. 

Suppose L, M have characteristic polynomials p, q respectively. Since 
eTX, for any constant r, has an infinite number of derivatives on — oo <  
x <  co, we see that if L =  M  then

L(erl) =  p (r)erx =  M {erx) =  q(r)erx,

and hence p(r) =  g(r) for all r. This implies that m =  n, and ak bk, 
k = 0, 1, • • •, n. Thus L =  M  if and only if L and M  have the same order 
and the same coefficients, or, what is the same, if and only if p =  q.

If D  is the differentiation operator

D U )  =  <t>',

we define D2 =  DD, and successively

Dk =  DDk~\ (k =  2 ,3 ,

For completeness we define Z)° by = <f>, but do not usually write it
explicitly. If a is a constant we understand by a operating on a function 4> 
just multiplication by a. Thus

oc(<j>) =  (ctZ)°)($) =  aft.

Now, using our definitions, it is clear that

L  =  Clo-D" -f -  f p / ) " ' 1 +  • • • +  On,

and
M  =  b0Dm +  hjD” - 1 - f  • ■ • +  bm.
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Theorem 21. The correspondence which associates with each 

L — a$Dn -p aiDn~' • • • d- an 

its characteristic polynomial p given by

p (r ) ■= a r̂n +  ap-"-1 +  • • • + « „

is a one-to-one correspondence between all linear differential operators with 
constant coefficients and all polynomials. I f  L, M are associated with p, q 
respectively, then L +  M is associated with p -+* q, M L is associated with 
pq, and aL is associated with op (a a constant).
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Proof. We have already seen that the correspondence is one-to-one since 
L = HI if and only if p — q. The remainder of the theorem can be shown 
directly, or by noting that

(L +  M )(c rx) - -L ( cSx) +  M (erx) =  [p (r)  +  g ( r )> rl,

(M L )(e rx) — H I (L (e fz))  =  M {p {r )cTX) =  p (r )M (crx) =  p (r )q (r )eTX, 

(aL)  (c™) =  a (L (erx))  =  ap(r)erx.

This result implies that the algebraic properties of the constant coeffi­
cient operators are the same as those of the polynomials. For example, since 
LM  and M L  both have the characteristic polynomial pq, we have LM  =  
M L  * If the loots of p are , r„, then

p(r) = aB(r — rf) • • ■ (r -  r„),

and since the operator

a0(D — ri) • ■ ■ (D  — r „) 

has p as characteristic polynomial, we must have

L =  ao(D — ri) ••• (D — rn).

This gives a factorization of L into a product of constant coefficient opera­
tors of the first order.

We apply Theorem 21 to give a justification of the annihilator method.

Theorem 22. Consider the equation with constant coefficients

L(y) = P (x )eax, (12.1)

where P is the polynomial given by

P (x )  = box™ +  h x " -'  +  • • • +  bm, (ho ^  0). (12.2)

Suppose a is a root of the characteristic polynomial p of L of multiplicity j. 
Then there is a unique solution f  of (12.1) of the form

f ( x )  =  x i(cBx m +  C\Xm~l +  • • • +  cm)eax,

where c0, c,, • • •, cm are constants determined by the annihilator method.

* We remark that if L and M  are not constant coefficient operators, then it may not 
be true that LM  — ML. For example,

if L(<t>)(x) = i>'y. r), M(<j>){x) — x<j>(x), then (LM  — M  L) (<t>) (x) = OU).
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Proof. The proof makes use of the formula

[
U(]c _  i)

p (r )x k +  kp '(r)xk~l -|---- -—- j ----- p” {r )x k~2

+  —  +  kpik~x) (r )x  +  pM (r)
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(12.3)

which we proved in Sec. 7. The coefficient of pw (r)xk 1 in the bracket is the 
binomial coefficient

0 -

lz\
1/ [k -  i)\l\'

Thus we may write

L {x kerx) = ^  fk\ i)il> (r )x k~ erx,

where we understand 0! — 1.
An annihilator of the right side of (12.1) is

M  =  (D — a )m+l,

with characteristic polynomial given by

q{r)  =  (r — o ) m + l .

Since a is a root of p with multiplicity j , it is a root of pq with multiplicity 
j  +  m +  1. Thus solutions of M L (y)  =  0 are of the form

f/(x) =  (c0x }+m +  Ci;r'+M~‘ +  ••• +  cjJrm)eax +  <t>(x),

where H<j>) =« 0, and 0 involves exponentials of the form e’x, with s a root 
of p, s a. Since a is a root of p with multiplicity j , we have that

( C m + lXJ *  “ b  C j n + 2* r J ~ T "  • • • +  cm+f)oax

is also a solution of L (y)  =  0. Consequently we see that there is a solution 
0  of (12.1) having the form

0 (x ) =  x ’ (coXm +  CiXm~l +  • • • +  cm)eax (12.4)

where c0, clt • • •, cM are constants.
We now show that these constants are uniquely determined by the 

requirement that 0 satisfy (12.1). Substituting (12.4) into L we obtain

L (0 ) =  c0L {x i+meax) +  CiL{xi+m~leax) +  ••■ +  cmL (x ’eax) . (12.5)

The terms in this sum can be computed using (12.3). W e note that

p{a) =  p'(a) =  ••• =  pCr~v (a) =  0, p(j)(a) ^  0,
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since a is a root of p with multiplicity j. Thus, if k 5* j,

7 k- \ ............../ kLfxV**) = r*—/-l(/c -  J■)p0)(a)xfr“ , +  ^  -  j  -

+  * *• +  pw (a)

We then have

L ( x ^ mtAZ) =  I +  m\pu)(a)xm +  ( J T >n\p 
I \ m /  \m — 1 /

W rhl)(a )xm-*

+ • • • -f p(,+,'!-'(a) Je“ ,

f '7 (a.) xm_1 -j- • • • -f- !eal,
,\ w - l  / J

L {x ’eax) -■ \pU)(a)eax — pu> (a) eal.
\  0/  '

Using these computations in (12.5), and noting (12.2), we see that ip satis­
fies (12.1) if and only if

(a) +  cip{’+m~i) (a) +  • • •  +  cmp'-1)(a) =  bm.

This is a set of m 1 linear equations for the constants Cu, ch •••, c,„. 
They have a unique solution, which can be obtained by solving the equa­
tions in succession since pu)(a ) ^  0. Alternately, we see that the deter­
minant of the coefficients is just.

/ j  +  tn^l j  -f- m -  
\ m A  m — 1

i\
1['P •''(«) ]",+1 ^  0.

This completes the proof of Theorem 22.
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The justification of the annihilator method when the right side of

L {y) =  b(x)

is a sum of terms of the form P (x )eaz can be reduced to Theorem 22, by 
noting that if \pi, fa satisfy

=  &i> idiW  =  f>2, 

respectively, then ipi +  fa satisfies

+  fa) = b\ +  62-

E X E R C I S E S

1. (a) Show that if /, g are two functions with k derivatives then

k\
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Dk(fg) =  E , p l(f)Dk~l(g),

where

\l/ (k -

(b) Show that if g has k derivatives, and r is a constant,

Dk(eTXg) = erx{D +  r)k(g).

2. Let L be a linear differential operator with constant coefficients with 
characteristic polynomial far) =  (?■ — a)k, that is L — (D — a)k. Using the 
result of Ex. 1 (b) show that any solution <f> of L(y) =  0 has the form

fax) =  r),

where P is a polynomial such that deg P -  1, Also show that any such cj> 
is a solution of L(y) — 0.

3. Let b be a continuous function on an interval /, and let xo be a fixed point 
in I. Show that the <j> given by

j"x (x -  t)k~{
fax) — ea

(k — 1)!
e atb{i) dt

satisfies

and
CD -  a)*(«) =  h,

faxo) =  fa(x 0) =•••== 4>(k~l)(x 0) =  0. 

Here a is a constant. (Hint: From Ex. 1 (b),

(D -  a)k(fa) =  eaxn k(e~a:r4>).
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To differentiate a function F of the form

F(x) = j }(x, t) dl.
J a(r)

where a, 8, f  are ‘ ‘nice” functions, use the formula

F'(x) =  f(x, 8(x))@'(x) — f(x, a(x))a'(x) +  -f(x , t) dt.
Ja(t) ox

A proof of this formula for appropriate a, 8, j may be found in most texts on 
advanced calculus.)

4. Let b be a continuous function on some interval 7, and let xP be a fixed point 
in 1. Define (D — a)~k(b) to be the function <j> given in Ex. 3, that is

f x (x — l)k"~'
(D — a) k(b){x) =  c°1 / —-------— c atb(t) dt

(k — D!

for x in 7. Thus (D — a)~k is an operator which is defined for continuous func­
tions b on-7. Show that

(D -  a)k[(D -  a)-k(b)J =  b, (*)
and

(D -  a)-k[(D -  a)k(<p)] =  <P, (•*)

for any continuous b on 7, and function <i> on 7 which has k continuous deriva­
tives there, and satisfies

4>(xo) — 4>'(x o) =  ••• =  <f>(t_1,(xo) =  0.

(Hint: The relation (*) follows from Ex. 3. For (**) let

b = (D — a)k(<p), and -ft — (D — a)~kb.

Then from (*) (7) — a)k{ip) =  (D — a)k(<p). Thus (D — a)*(^ — 0) =  0. 
Show that =  0.) {Note: Let 6 denote the set of all continuous functions on 7, 
and let Gk denote the set of all functions on 7 which have k continuous deriva­
tives there and satisfy

<p(x0) =  <t>’ (.x0) =  ••• =  <pll~u(xo) =  0.

Then (7) — a)h takes each </> in Qk into a function in G, and (D — a)~k takes 
each b in C into a function in C*. The relations (*) and (**) show that (D — a)~k 
is both a right and a left reciprocal of (D — a)k, and therefore the corre­
spondence between Qk and 6  given by (7> — a)k is one-to-one.)
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5. (a) Let p be a polynomial with leading coefficient one with n distinct roots 
ri, • • •, r„. Show that

1 1 1 1 1
p(r) p'(ri) r — n ‘ p'(r„) r

if r is not any of the roots of p. This is the partial fraction decomposition of
\/p.
(b) Let p be as in part (a), and let

L — (D — ri)(D -  r,) ••• (D — r„).

If b is a continuous function on an interval I, show that a solution 0 of

L(y) =  b
is given by

0 = Z  ^7-T (£  -  r , r l(b),
k=i p (n)

where (D — r*)"1 is defined as in Ex. 4.
6. For any polynomial p with leading coefficient one, let n, 
distinct roots, with rk having multiplicity mk. Then

r, be the

p(r) =  (r — ri)mi(r — r2)’"i • 

and there is a partial fraction decomposition

(r -  r .) "* ,

Cjtj- = y y
P(r) u  ( r -  rk)’ ’

where the ckj are certain constants. Let

L =  (D — ri)mi(D — r2)"*! • • ■ (D — rs)m>,

and let b be a continuous function on an interval I. Corresponding to the 
partial fraction decomposition for 1/p show that a solution of L(y) =  6 is 
given by

a mk
<t> =  23  2Z C k i(D  —  r k ) ~ j { b ) .

k— 1 j-1

7. Let Li, Li be two constant coefficient differential operators with char­
acteristic polynomials pi, pi respectively. Assume that pi and pi have no 
common roots. Let L be the operator with characteristic polynomial p =  piPi, 
that is L ** L\Li. Trove that every solution 4> of L(y) =  0 can be written 
uniquely as a sum

<t> — <t> 1 +  02,

where Li(0i)= 0, L2(</>2) =  0.



CHAPTER 3

Linear Equations with 

Variable Coefficients

1. Introduction

A linear differential equation of order n with variable coefficients is an 
equation of the form

«o (x )y (n> +  C i(x )y (n-1) +  • • • +  an(x )y  =  b (x ),

where a0, ai, • • •, a„, 6 are complex-valued functions on some real interval
7. Points where a0(x) =  0 are called singular 'points, and often the equation 
requires special consideration at such points. Therefore in this chapter we 
assume that ao(x) ^  0 on 7. By dividing by ao we can obtain an equation of 
thesarqe form, but with a0 replaced by the constant 1. Thus we consider the 
equation

y (n> +  a1(x )y (n~1) +  • • • +  a „(x )y  =  b{x ). (1.1)

As in the case when au • • •, an are constants we designate the left side of 
(1.1) by L {y ). Thus

L {y) =  yM  +  ai (x )y (n~l'> +  • • ■ +  a„{x )y , (1.2)

and (1.1) becomes simply L (y) =  b (x ). If b{x) =  0 for all z on 7 wre say 
L {y ) =  0 is a homogeneous equation, whereas if b(x) ^  0 for some x in 7, 
the equation L (y ) =  b(x) is called a non-homogeneous equation.

We give a meaning to L itself as an operator which takes each function 
4>, which has n derivatives on 7, into the function L(<j>) on 7 whose value 
at a; is given by

L(<p)(x) =  <pM (x) +  ai(z)<#>("- ; , (x) +  •■• +  an(x)4>(x).

Thus a solution of (1.1) on 7 is a function <p on 7 which has n derivatives 
there, and which satisfies = b.

1 0 3



In this chapter we assume that the complex-valued functions 
a,\, • • •, a„, b are continuotis on some real interval I, and L (y )  will always 
denote the expression (1.2).

Most of the results we developed in Chap. 2 for the case when ah • • • ,a n 
are constants continue to be valid in the more general case we are now 
considering. Sections 2, 3, 4, and 6 of this chapter are devoted to showing 
this, and can thus be considered as a review. The major difficulty with 
linear equations with variable coefficients, from a practical point of view, is 
that it is rare that we can solve the equations in terms of elementary func­
tions, such as the exponential anti trigonometric functions. Thus there is 
no analogue of the rather powerful Theorem II of Chap. 2. However, in 
case «i, ■•■,a„,b have convergent power series expansions the solutions 
will have this property also, and these series solutions can be obtained by a 
simple formal process.

104 L in ear E qu a tion s w ith  Variable C o e ffic ien ts  C hap. 3

2. Initial value problems for the homogeneous equation

Although in many cases it is not possible to express a solution of (1.1) 
in terms of elementary functions, it can be proved that solutions always 
exist. In fact we assume for now the following result, which includes 
Theorem 16 of Chap. 2 as a special case. A proof is given in Chap. 
6, Theorem 8.

Theorem 1. ( Existence Theorem) Let a]; • • •, an be continuous functions 
on an interval I containing the point x0. I f  ai, • • •. a arc any n constants, 
there exists a solution <j> of

L (y) -  y inl +  al(x )y (-n~1) -i- ■ +  an(x )y  =  0

on I satisfying

4>(xa) =  ai, 4>'(xt>) — a.i, •••, <('i("_ l,(a‘o) =  otn.

We stress two things about this theorem: (i) the solution exists on the 
entire interval I  w’hcre a,, • • •, an are continuous, and (ii) every initial value 
problem has a solution. Neither of these results may be true if the cocflicicnt 
of y M vanishes somewhere in I. For example, consider the equation

xy’ +  y = 0,

whose coefficients are continuous for all real x. This equation and the initial 
condition y (  1) =  1 has the solution <f>i, where

<t> i(z ) =  -■ x

It



But this solution exists only for 0 <  x <  <x>. Also, if is any solution, then

x<t>(x) =  c,

where c is some constant. Thus only the trivial solution (c =  0) exists at the 
origin, which implies that the only initial value problem

xy' +  y =  0, 2/(0) =  <*i,

which has a solution is the one for which ai =  0.
Just as in the case where the coefficients a, ( j  =  1, are con­

stants, the uniqueness of the solution <t> given in Theorem 1 is demon­
strated with the aid of an estimate for

|| 4>(x) || =  [  | 4>(x) I 2 +  | 4>'(x) | * + ■ ■ • +  | * < - » (* )  I 2] 1/2.
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Theorem 2. Let bi, • • •, bn be non-negative constants such that for all x 
in  I

I ctj(x) | g  bi: ( j  =  1,
and define k by

k =  1 +  6j +  • ■ • +  b„.

I f  Xo is a point in I, and <f> is a solution of L (y ) = 0 on I, then

|| 4>(x0) || e ~ k ,I ~ I oi ^  || 4>(x) || ^  || <t>(xo) || e ^ - ’ d (2.1)

for all x in I.

Proof. Since L(<p) =  0 we have

<hM (x) = — ai{x) <t>in~X) (x) — - -- — an(x)4>(x), 

and therefore

I <t>in)(x) | ^  | ai(x) | | +  • • ■ + |  an(x) | | 4>(x)\

^ bi I 0 '" -11 (x) | +  • • • +  bn | <t>(x) |

The proof of Theorem 13, Chap. 2, now applies if we substitute bj every­
where in place of | a} |.

We remark that if I  is a closed bounded interval, that is, of the form 
a 5= x g  b with a, b real, and if the aj are continuous on I, then there 
always exist finite constants bj such that | aj(x) \ <  b, on I.

Theorem 3. ( Uniqueness Theorem) Let Xo be in I, and let ai, ■ ■ ■, an be 
any n constants. There is at most one solution <j> of L (y ) =  0 on I satisfying

<t>(x o) =  ai, <h'(xo) =  <*2, 0 <n_1>(-To) =  #». (2.2)
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Proof. Let <j>, \p be two solutions of L (y ) — 0 on 7 satisfying the condi­
tions (2.2) at To, and consider x =  4> ~  4>- We wish to prove x (a;) = 0  
for all x on 7. Even though the functions a, are continuous on 7 they need 
not be bounded there.* Therefore we can not apply Theorem 2 directly. 
However, let x be any point on 7 other than Xo, and let J be any closed 
bounded interval in 7 which contains xo and x. On this interval the func­
tions dj are bounded, that is,

I «> (* ) | ^  by, O '=  1,

on J for some constants by, which may depend on ,7. Now we apply Theorem 
2 to x defined on ,7. We have L (x) =  0 on J, and || x(zo) || =  0. There­
fore (2.1) implies that || x (z ) II =  0, and hence <f>(x) — f ( x ) .  Since x was 
chosen to be any point in 7 other than Xo, we have proved 4>{x) =  >7(x) 
for all x on 7.

3. Solutions of the homogeneous equation

If <>i, • • •, 4>m are any m solutions of the n-th order equation L (y ) =  0 
on an interval 7, and Ci, • • •, cm are any m constants, then

L (ci4>i +  • • • +  cm0OT) =  CiL(<j> i) +  • • • +  cmL(<f>m),

which implies that Cj</>i +  • • • r„,<fim is also a solution. In words, any linear 
combination of solutions is again a solution. The trivial solution is the func­
tion which is identically zero on 7.

As in the case of an L with constant coefficients, every solution of 
L (y ) =  0 is a linear combination of any n linearly independent solutions. 
Recall that n functions 4>i, •••,<*„ defined on an interval 7 are said to be 
linearly independent if the only constants ci, ■ • •, c„ such that

Ci<t>i(i) +  ••• +  cn<pn{x) = 0

for all x in J are the constants

Ci =  c2 =  • • • =  c„ =  0.

Using Theorem 1 vve construct n linearly independent solutions, and show 
that every solution is a linear combination of these. In Sec. 4 we show that 
every solution is a linear combination of any n linearly independent solu­
tions.

Theorem 4. There exist n linearly independent solutions of L (y ) =  0 
on I.

* For example, a,(x) = x is not bounded on 0 S x <  <= ; and a i(i)  =  1/x is not 
bounded on 0 <  x ^ 1.
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Proof. Let xo be a point in I. According to Theorem 1 there is a solution 
0i of L (y ) = 0  satisfying

01 (Zc) =  1, =  0, 0 <n-l) ( z o )  =  0 .

In general for each i = 1,2, • • •, n there is a solution 0i satisfying

0 <ii_1)(.To) =  1, 0 <l,- l ’ (zo) = 0 ,  j  ^  i. (3.1)

The solutions 01, • • •, 0„ are linearly independent on I, for suppose there are 
constants C i ,  c2, • • •, c„ such that

ci0i(z) +  Ci4n{x) +  ••• +  c„0„(x) 0 (3.2)

for all x in I. Differentiating we see that

C i0 ' ( x )  +  c 20 2' ( x )  +  • • ■  +  c„0^(x) =  0 

Ci0i''(z) +  c20j'(a:) +  ••• +c„<t>'n'(x )  =  0

i (3.3)

#;,0i"-'>(a:) +  c20(jn- 1)(:r) +  ••• +  c„0,(,’‘~ "(z) =  0

for all x in I. In particular, the equations (3.2), (3.3) must hold at x0. 
Putting x =  Xo in (3.2) we find, using (3.1), that Ci 1 +  0 +  ■ • • +  0 =  0, 
or Ci =  0. Putting x =  x0 in the equations (3.3) we obtain c2 =  c3 = • • • = 
c„ =  0, and thus the solutions 0i, •••,<*„ arc linearly independent.

Theorem 5, Let 01, •••,*„ be the n solutions of L (y ) =  0 on I satisfying 
(3.1). 7 /0  is any solution of L (y ) — 0 on I, there are n constants c,, • • •, c„ 
suck that

0  =  Cl01 +  • • • +  C „0 „ .

Proof. Let

0 (z  o) =  0t\, <t>'{x o) =  a3, • • • ,  0 ,n_,,(Z(i) =  a„,

and consider the function

0 = <*101 +  c*202 +  • • • +

It is a solution of L (y)  =  0, and clearly

0(zo) x  ai<f>i(xo) +  a202(zo) +  ••• +  an0a(xo) =  a 1,
since

0l(zo) =  1, 02 (z0) = 0 ,  0 „(z  0) = 0 .

Using the other relations in (3.1) we see that

0(.A|) =  O'l, 0 '(zo) = <*2, •••, 0 ,’, - ' , (Zo) =  a„.



Thus p is a solution of L (y) = 0  having the same initial conditions at xo 
as <t>. By Theorem 3, we must have <p =  \p, that is

4> =  ai<pi +  «202 +  • • • +  an4> 7i.

We have proved the theorem with the constants

Ci =  «i, c 2 =  a 2, • • •, c„ =  cLn.

A set of functions which has the property that, if <pi, <f>2 belong to the 
set, and C\, c2 are any two constants, then Ci0i +  c2<p2 belongs to the set also, 
is called a linear space of functions. We have just seen that the set of all 
solutions of L {y )  =  0 on an interval I  is a linear space of functions. If a 
linear space of functions contains n functions <f>i, • • ■, <p„ which are linearly 
independent and such that every function in the space can be represented 
as a linear combination of these, then fa, • ■ •, <pn is called a basis for the 
linear space*, and the dimension of the linear space is the integer n. The 
content of Theorem 5 is that the functions 0 ;, • • -, <pn satisfying the initial 
conditions (3.1) form a basis for the solutions of L (y)  =  0 on / ,  and this 
linear space of functions has dimension n.

E X E R C I S E S

1. Consider the equation
1 1

y" +  -2/' -  = 0x xl
for x > 0.

(a) Show that there is a solution of the form xr, where r is a constant.
(b) Find two linearly independent solutions for x > 0, and prove that they
are linearly independent.
(c) Find the two solutions <pi, <p2 satisfying

<*>i(l) = 1. M l)  = 0.
01(1) = 0, 02(1) = 1.

2. Find two linearly independent solutions of the equation

(3x -  1 f y "  +  (9z -  3)y’ -  by = 0

for x >  f. (Hint'. See Ex. 1(a), with x replaced by 3x — 1.)

3. Consider the equation

b(y) = y" +  adx)y' +  a2{x)y = 0,

* A basis is sometimes called a fundamental set, and a linear space is often called a 
vector space. The dimension of a linear space does not depend on a choice of basis.
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where ai, a2 are continuous on some interval I, and a 1 has a continuous deriva­
tive there.'

(a) If <f> is a solution of L(y) *= 0 let <f> = u\p, and determine a differential 
equation for u which will make ip the solution of an equation in which the 
first derivative term is absent.
(b) Solve this differential equation for u.
(c) Show that ip will then satisfy the equation

where
y" +  a(x)y = 0,

-  ----------------.
4 2

4. The equation y' +  a{x)y = 0 has for a solution

4>(x) = exp — / a(t) dt

(Here let a be continuous on an interval I containing Xq.) This suggests trying 
to find a solution of

L(y) = y"  +  ai{x)y' +  a2(x)y = 0
of the form

<p(x) = exp

where p is a function to lie determined. Show that <j> is a solution of L(y) 0 
if, and only if, p satisfies the first order non-linear equation

y' = -? /2 -  ni(x)y -  a2(x).

(Remark: This last equation is called a Riccali equation.)

Sv Let
'  L(y) = ?/<n) +  ai(x)?/(n-1) +  ••• +  a„(x)y,

where 01, • • •, a„ are continuous real-valued functions on an interval I.
(a) Show that if <f> is a solution of L(y) = 0, then so are Re <f> and Im <j>.
(b) Let 4> be a solution of L(y) = 0 satisfying

<P(x 0) = QU, <i>'(x 0) = a2, (x 0) = a„,

where xo is some point in 7, and ati, • • *, an are real constants. Prove that rp 
is real-valued.
(c) Show that there is a basis for the solutions of L{y) = 0 consisting of 
real-valued functions. (Hint: Consider the basis <j> 1, •••,</>„ satisfying

0) = 5ih (i, j  = 1, •••• n),
where

5i;- = 1 if i = j , = 0 if i ^ j.)
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G, Consider the equation
y"  +  01(3)2/' +  02(3)1/ = 0,

where cq, a2 are continuous functions on — co < x < oo of period £ > 0, 
that is,

ai(x +  £) = ai(x), a2(x +  £) = a2(x),
for all x.

(a) Let 0 be a non-trivial solution, and let 0(x) = 0(z +  £)■ Prove that 0 
is also a solution.
(b) Show that 0 is a periodic solution of period £ if, and only if,

«(0) = 0(£), 0'(O) = 0'(£).

(c) Let 0i, 02 be the two solutions satisfying

0l(O) = 1, 02(0) = 0,

0i (0) -  0, 02(0) = 1.

Show that there are constants a, b, c, d such that 

01 (x +  £) = G01 (x) +  fc02(x),

02(3 +  £) = c0i(x) +  d02(x), 

for all x. {Hint-. See (a).)
(d) Compute the constants a, b, c, d in (b) by considering the point x = 0.

7. Let 0i, • • •, 0„ be n continuous functions on the interval a s; x g b. Let

an = f  <t>i(x) <t>,(x) dx, (i, j  = 1, •••, n),J a
and let A denote the determinant
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an ai2 • • • ain

<*21 a22 • • • Oi2r.
* •
• *

CLn 1 «n2 * * ’ &nn

Prove that 0i, • ■ •, 0„ are linearly independent on a g  x g  b if, and only if, 
A ^  0. {Hint-. Suppose

A ?^0, and C]0i +  ■ • ■ +  c„0„ = 0.
Multiply this equation in turn by 0i, 02, • • •, 0„ and integrate to obtain

C lttn  +  C 2 a i2 +  • • • +  c na  i n =  0 ,

(*)

C ia „ i  +  Ci(xni  +  • • • +  C t,a„ n -  0.
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The only solution of these is Ci = C2 = • • • = c„ = 0. Conversely, if <t>i. • • •, 
are linearly independent and A = 0, then there are ci, • • •, c„ satisfying (*) not 
all zero. Multiply the first equation by ci, the second by C2, etc., to obtain

7; n fb ! n
0 = ^ ^ > c% otijCj — / ^

7 -1  <—l • 'o I t—1
(*) da:.

Show that this implies C]$i +  • * • +  c„0„ = 0.
The determinant A is called the Gramian of 4>i, • • •, 4>n- Note that or,,- =

a/.)

4. The Wronskian and linear independence

In order to show that any set of n linearly independent solutions of 
L (y )  = 0  can serve as a basis for the solutions of L (y ) — 0, we consider 
the Wronskian W(tf>i, •••,</>„) of any n solutions 4> 1, •••, </>n. Recall that 
this is defined to be the determinant

W (</u, •••,</>„) =

<t>\ <fo

<t> 2 <t>'n

U-l)

Theorem 6. / /  <f>l, • • •, 4>n are n solutions of L (y ) =  0 on an interval I, 
they are linearly independent there if, and only if,

W(<j> 1, • • •, 4>n) (x) 9?- 0 for all x in 1.

Proof. First suppose II'(d>i, • • •, <j>n) (x) 9*= 0 for all x in I. If there are 
constants ch ■ • •, c„ such that

c,4> i(x) +  ••• +  cn<t>n(x) =  0 (4.1)

for all x hi I, then clearly

crfA x)  +  • • • +  cn<t>„(x) =  0

(x) +  ••• +  cn<^"-1)(z) =  0

(4.2)

for all x in I. For a fixed x  in /  the equations (4.1), (4.2) are n linear homo­
geneous equations satisfied by Ci, • ■ •, c„. The determinant of the coefficients



is just W(4>i, • ••, 4>n) (x ), which is not zero. Hence there is only one solu­
tion to this system, namely

Ci — C2 =  • • • =  c„ =  0.

Therefore 0i, • • •, 0„ are linearly independent on 7.
Conversely, suppose 0 i, • • •, 0„ are linearly independent on 7. Suppose 

there is an x0 in 7 such that

17(0i, ■ • •, <t>,■) (x0) =  0.

Then this implies that the system of n linear equations

C i 0 i ( . T o )  +  • • • +  cn<t>„(x o )  =  0  

c ,^ ( x 0) +  ••• + c n<fi'(x0) =  0

• (4.3)
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c10$"-1)(xo) +  ••• + f X " " " ( ^ 0) =  0

has a solution ci, • • •, c„, where not all the constants • • •, c„ are zero. Let 
Ci, • • •, c„ be such a solution, and consider the function

0  =  C l01  +  • • • +  C „0 „ .

Now L(\p) =  0, and from (4.3) we see that

0 (x o) = 0 ,  tp’ {x0) = 0 ,  •••, 0 ("_1>(xo) = 0 .

From Theorem 3 it follows that =  0 for all x  in 7, and thus

C l 0 l ( x )  +  • • '  +  Cn<f>n(x) =  0

for all x in 7. Hut this contradicts the fact that <f>h ■ • 0„ are linearly in­
dependent on 7. Thus the supposition that there was a point To in 7 such 
that

IV (01, • • •, 0 n) (.To) =  0

must be false. We have consequently proved that

W (0i, ■ • •, 0„) (x) ^  0 for all x in 7.

Theorem 7. Let 01, — , 0 n be n linearly independent solutions of 
L (y ) =  0 on an interval I. I f  0 is any solution of L (y ) = 0  on I, it can be 
represented in the form

0  =  C l01 +  • • • +  C „0 n,

where Ci, • • •, cn are constants. Thus any set of n linearly independent solutions 
of L (y) = 0 on I is a basis for the solutions of L (y) =  0 on I.
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Proof. Let Xc be a point in I, and suppose

4>{xo) =  aj, = an, •••, 0 (n~u (xo) =  a„.

W e show that there exist unique constants c\, • • ■, c„ such that

if =  Cl<j>l +  * • * +  Cn<f>n

is a solution of L (y) =  0 satisfying

if(xo) = ah \f'(Xo) = a2, •••, ^<'*~I)(x0) =  a,.

By the uniqueness result Theorem 3 we then have <£ = if, or

<f =  +  • • • +  C „0 „ .

The initial conditions for if  are equivalent to the following equations for
Cl, ’  '  * ) Cn ■

Cltfl(Xo) +  • • •  +  Cn4>n(x  o )  =  a i  

Ci0i(xo) “f~ ■ “ ’ ~f~ cn̂>n(x0) =  a2

* (4.4)

C i< ^ ” _1) ( * o )  +  • • ■  +  =  < V

This is a set of n linear equations for ci, • • •, c„. The determinant of the 
coefficients is W{<pi, •••,</>„) (x0), which is not zero since <fn, •••,(/>„ are 
linearly independent (Theorem 6). Therefore there is a unique solution 
Ci, • • *, cn of the equations (4.4), and this completes the proof.

The analogue of Theorem 18, Chap. 2, is the following result.

Theorem 8. Let <f>lt • • ■, <f>n be n solvtions of L (y ) =  0 on an interval I, 
and let x0 be any point in I. Then

W(4> i, ■, <fn) (x) =  exp -  f  ai(t)
L ' XQ

dt W(<t>i, ■ • 0„) (Xo). (4-5)

Proof. We first prove this result for the simple case n =  2, and then give 
a proof which is valid for general n. The latter proof makes use of some gen­
era! properties of determinants.

Proof for the case n =  2. In this case

IT(^l, </)2) =  0^2 —

W'((j>i, 02) =  4- — <t>[ <t>2 — 4>i4>i
n n— 0,02 ~  0, 02.

and therefore



114 Linear E qua tions ivith Variable C o e ffic ien ts Chap. 3

Since 0i, fa satisfy y"  +  ai(x)y' +  at(x)y  =  0, we obtain
H  t

01 ®i0i 2̂0.0

02 ^102 2̂02-
Thus

I T ' ( 0 1 ,  0 2 )  =  0 1  (  U ] 0 2  —  CLifa) ~  ( — U i 0 !  —  C b 0 l ) 0 2

-  —ai (0 102 — 0102) =  — a jr (0 1 , 02) . 

We see that TF(0i, 02) satisfies the linear first order equation

y' +  a i(x )y  =  0,
and hence

W (fa, fa) (x ) =  c exp [ ~  /  aAO dt
1 J*u

where c is a constant. By putting x =  x0, we obtain

c =  W (0i, fa) (x0), 

thus proving (4.5) in case n — 2.

Proof for a general n. We let W  — TF(0i, • • •, 0„) for brevity. From the 
definition of W  as a determinant it follows that its derivative W' is a sum 
of n determinants

W  =  Fi +  • • • +  7»,

where Vk differs from W  only in its /c-th row, and the fc-th row of Vk is 
obtained by differentiating the A;-th row of W. Thus

W  =

/
01 • ' • 0' 01 • • • 0n

/ / // n

01 ' • • 4>n 01 • - * <t>n

01 • * * 0»" +
i p

01 • * ' 4 > "

0j"-» • • • 0 i - . ) 0'"-') • • • 0(n-l)

H-------+

0 1  • '  • 0 n

/ >
01 - *  • 0 n

0 l '  • • • 0,5

05" )  . . .
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The first n — 1 determinants Vh • • •, F„_i are all zero, since they each have 
two identical rows. Since 0 i, • • •, <£„ are solutions of L (y) — 0 we have

</,<») =  _ ai0<.«-o _  _  ari0 i; ({ =  i ; .. . ,7 1 ) ,

and therefore

W' =

01 ’  * * 071

01 * * * 0n

0<” - 2) • • • 0n"_2)

h - 1
— X I •••

n—1

r-=0 ;=o

The value of this determinant is unchanged if we multiply any row by a 
number and add to the last row. We multiply the first row by a„, the second 
by on_i, •••, the (n — l)-s t  row by a>., and add these to the last row, 
obtaining

W  =

01

0i

071

0 n

<"-» • • • q>in~2)

- « 10 ,
(n—J)

=  — ciiW.

Therefore W  satisfies the linear first order equation y' +  a i(x )y  — 0, and 
thus

W {x )  =  exp ( t) dt W (x0).

Corollary. I f  the coefficients ak of L are constants, then

TF(0i, • • •, 0„) (x0).

Note that this corollary is just Theorem 18, Chap. 2.
A consequence of Theorem 8 is that n solutions 0i, • • 0(i of

L (y )  =  0
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on an interval /  are linearly independent there if and only if

W(<t>i, • • •, fa) {za) A  0

for any particular x0 in I.

E X E R C I S E S

1. Consider the equation

Uv) = V" +  ai(x)y' +  a2(x)y = 0,

where Oi, a2 are continuous on some interval I. Let 4>i, fa and 0i, fa be two 
bases for the solutions of L(y) = 0. Show that there is a non-zero constant k 
such that

w (fa ,fa m  = kw (fa ,fa )(X).

2. Consider the same equation as in Ex. 1. Show that a\ and a2 are uniquely 
determined by any basis fa, fa for the solutions of L(y) = 0. (Hint: Try solving 
for au a2 from the equations

U f a )  =  0,

Show that

1 4>i fa

A," A,"_ \ 01 0 ->
1 W(<j>h fa ) '

3. Consider the equation

y" +  fax)y = 0,

where a is a continuous function on — <= < x < °° which is of period £ > 0. 
Let fa, fa be the basis for the solutions satisfying

fa(0) = 1, faM  = 0,

<*q(0) = 0, <t>[{ 0) = 1.

(a) Show that JT(<#>i, fa)(x) = 1 for all x.
(b) Show that there is at least one non-trivial solution <p of period £ if, 
and only if,

0i(£) +  * & )  = 2.
(Hint : Ex. 6, Sec. 3.)
(c) Show that there exists a non-trivial solution <f> satisfying

fax +  £) = -  fax)
if, and only if,

0i(£) + 02(£) — 2.

U fa) = 0.

01 02

<Pi 0 ?
W(.fa, fa)
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{Hint: Show that such a 0 exists if, and only if,

0(f) = -0 (0 ) and 0'(£) = - 0 '(  0).

See Ex. 6, Sec. 3.)
(d) If 0](£) +  0o(£) = —2 show that there exists a non-trivia] solution of 
period 2£. {Hint: Use (c). Alternately, use (b) with £ replaced by 2£.)

4. (a) Let 0 be a real-valued non-trivial solution of

?/" +  ot{x)y = 0

on a < x < b, and let 0 be a real-valued non-trivial solution of

y" +  /3(x)z/ = 0
on a < x < b. Here ex, j8 are real-valued continuous functions. Suppose that 

f3(x) > a(x), {a < x < b).

Show that if x\ and x2 are successive zeros of 0 on a < x < b, then 0 
must vanish at some point £, X\ < | < x2. (Hint: Suppose 0(x) > 0 for 
X\ < x < x2, and assume <j>(x) > 0  for x\ < x < x2. Then

(00' -  00')' = 00" -  00" = (/3 -  a)00,

and an integration yields

0(x2)0'(x2) -  0(ri)0'(xi) > 0,

since 0(xi) = 0(x2) = 0. Show that0'(x2) < 0 and 0'(xi) > 0.)
(b) Show that any solution 0 of

?/" +  xy = 0

on 0 < x < °° has an infinity of zeros there. (Hint: Consider the equation 
y" +  y = 0, and use (a) with

a(x) = 1, 0(x) — x, 0(x) = cos x.)

5. Let 0 and 0 be two real-valued linearly independent solutions of

y" +  ct(x)y = 0

on a < x < b, where a is real-valued. Show that between any two successive 
zeros of 0 there is a zero of 0. (Hint: Use the method of Ex. 4(a). Alternately, 
suppose

0(xj) = 0(x2) = 0, and 0(x) > 0  for i i  i  i  S x2.

Let x — 0/0i and show that

X' =
-JU(0, 0)

02 ( l l  S  1  s  x 2 ) .

Apply Rolle’s theorem to x on i j  g  x g  x2. Note that 0 and 0 cannot vanish 
simultaneously for W(<j>, 0)(x) ^ 0.)
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6. One solution of
L(y) = v "  +  —z y =  o

for x > 0  is q>(x) -  xxn. Show that there is another solution \p of the form 
\p = iuj>, where u is some function. {Hint: Try to find u so that L(n<f>) — 0. 
This is a variation of the variation of constants idea.)

7. Consider the equation

y "  +  a(x)y = 0,

where a is a real-valued continuous function on 0 < x < <*>.
(a) If a(x) g  t for 0 < x < °°, where e is a positive constant, show that 
every solution has an infinity of zeros on 0 < .c < <*>. (Hint: Ex. 4.)
(b) Show that this conclusion is not valid if a just satisfies a(x) a 0 for 
0 < x < m. (Hint: Ex. (j.)

8. Consider the equation

y "  + a(x)y = 0,

where a is a real-valued continuous function for a < x < b.
(a) If 0 is a non-trivial solution which has a zero at Xo, show that <j>'(x0) ^ 0. 
(Remark: Such a zero is called a simple zero.)
(b) Show that the zeros of a non-trivial solution <f> are isolated, that is, if 
4>(xo) = 0, there is no sequence of distinct x„ —* xo, (n —> <*>), such that 
<j>(x„) = 0. (Hint: If <f>(xn) = 0, x„ -» xo, show that <f>'(xo) = 0.)

5. Reduction of the order of a homogeneous equation

Suppose we have found by some means one solution 4n of the equation

L (y)  = y^> +  al (x )y l~n- 1) +  • • • +  an(x )y  = 0.

It is then possible to take advantage of this information to reduce the order 
of the equation to be solved by one. The idea is the same one employed in 
the variation of constants method. We try to find solutions <t> of L (y )  — 0 
of the form <j> =  where u is some function. If <f> =  u<j>i is to be a solution 
we must have

0 =  (u4>\)(n) +  <2i (u<t>\)l”-l) +  • • ■ +  u0i»' ■+■ a„(u<t>i)

= ux,‘>4n +  • • • +  -)- +  • • • +  a j 1!

+  • • •

+  T- an__1u<t>1

+  (lnlUbl..
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The coefficient of u in this equation is just L(<t>\) — 0. Therefore, if v =  u', 
this is a linear equation of order n — 1 in v,

^ ,; (n-D + -------|_ +  (n -  1) 0i"-« H-------+  a„-,0J v =  0. (5.1)

The coefficient of v(”~1) is 0 i, and hence if 4>\{x) ^  0 on an interval I  this 
equation has n — 1 linearly independent solutions v2, • • •, vn on I. If x0 is 
some point in I, and

rt
Uk(x)  =  J vk(t) dt, (fc =  2, •••,«),

then we have uk = vk, and the functions

01, W201, • • * , Wt»0 1 (5.2)

are solutions of L (y) =  0. Moreover these functions form a basis for the 
solutions of L (y )  = 0  on 1. For suppose we have constants Ci, — ,c» 
such that

C i0 i +  C2U2<t>i +  • • • +  C „W „01 =  0 .

Since 0 i(x) ^  0 on I  this implies

Cl +  C2U 2 +  • ■ • +  CnU n =  0, 

and differentiating we obtain

c2ul +  ■ • ■ +  cnu’n =  0,

(5-3)

or

Since v-2,

C2V2 +  • • • +  Cnl’n =  0.

•, v„ are linearly independent on I  we have 

c2 =  c3 =  • • • =  c„ =  0,

and from (5.3) we obtain Ci =  0 also. Thus the functions in (5.2) form a 
basis for the solutions of L (y)  =  0 on / .

Theorem 9. Let <f>i be a solution of L (y ) =  0 on an interval I, and sup­
pose 0 i(x) 0 on I. I f  v-2, • • vr, is any basis on I for the solutions of the
linear equation (5.1) of order n — 1, and if

vk =  uk , (k =  2, • ■ •, n),

then 01; u20i, • • •, un0i is a basis for the solutions of L (y ) = 0  on I.

The case n =  2 of Theorem 9 merits further discussion, since in this case 
the equation for v is linear of the first order, and therefore can be solved 
explicitly (Chap. 1). Here we have

L (y ) =  y "  +  ai(x)y ' +  a2(x )y  =  0,
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and if <fii is a solution on I  we have

L { v4 i ) =  ( u 4 i) "  +  Chiiufn)' +  ao(iutn)

~  d- 2u/0i d- u<p2 d~ (iiu'&i d- fXi?/02 d~ â utpi

=  u"4n  d- u ’ ( ‘2<t>[ d- ffli0i).

Thus, if v =  u', and u is such that L(u4n) =  0,

<$)\V d- (202 d- ^i0i)^ =  0* (5*4)

But (,5.4) is a linear equation of order one, and can always be solved ex­
plicitly provided 0i(.r) ^  0 on / .  Indeed v satisfies

4>y +  (20,01 d- <7-10?)y =  o, 

which is just (5.4) multiplied by 0i. Thus

(<t>W)' +  ai(0;y) =  0,
which implies that

(5.5)

0 { (x )v (x )  =  c exp \ - f ai(t) dt

where x0 is a point in 7, and c is a constant. Since any constant multiple of a 
solution of (5.5) is again a solution, we sec that

v{x) =  - 1 exp j -  [  ai(t) dt
Irfhirr) - K.[0 i(a :)?  ' '  L

is a solution of (5.5), and also of (5.4). Therefore two independent solutions 
of

L (y) =  y "  +  a1(x)y ' +  a-i(x)y =  0 (5.6)

on I  are 01 and 0>, where

{ '  14>i(x) =  0 i (.t ) , exp
[<M«) T

r ai(t) dt ds. (5.7)

*0

J

Theorem 10. I f  0i is a solution of (5.G) on an interval I, and 0 i(x ) r- 0 
on I, a second solution 4>> of (5.6) on I is given by (5.7). The functions 0i, 02 
form a basis for the solutions of (5.6) on I.

As a simple example consider the equation 
2

y " ------ i ;  = 0, (0 <  x <  *>).
x- '

It is easy to verify that the 0i given by 0i(.r) = r- is a solution on 0 <  ;r <  
oo, and since this function docs not vanish on this interval there is another
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independent solution <j>-> of the form 0., =  u<p\. 
satisfies

x V  +  4xi' =  0, or

A solution for this is given by 

v(x) =  X-4,

and therefore a choice for u is

This leads t,o

If v =  u' we find that v 

xv' 4- 4a =  0.

( 0  <  a ; <  o o ) ,

(0 <  x <  oo).

(0 <  x  <  oo),M x )  =  - -
■>x

but since any constant times a solution is a solution, we may as well choose 
for a second solution 02(x) =  x~l. Thus x2, x_1 form a basis for the solutions 
on 0 <  x <  oo .

E X E R C I S E S

1. A differential equation and a function 0i are given in each of the following. 
Verify that the function 0] satisfies the equation, and find a second independent 
solution.

(a) x2y" -  7xy' 4  15y = 0, = ,r3, (x > 0).
(b) x2y" -  xy' 4  y = 0, <jn(x) = x, (x > 0).
(c) y" -  4xy' 4  (4x2 -  2)y = 0, 4>i{x) = c1'
(d) xy" -  (x 4  1)?/ 4  y = 0,<t>i(x) = e ,  (x > 0).
(e) (I -  x2)y" -  2xy' 4  2y = 0, <j>i(x) = x, (0 < x < 1).
(f) y" -  2xt/' 4  2y = 0, <j>i(x) = x, (x > 0).

2. One solution of
x3?/'" -  3x2y" +  6xj/' -  6y = 0 

for x > 0 is 4>i(x) = x. Find a basis for the solutions for x > 0.

3. Consider the equation
L(y) = 7/"' 4  ui(x)t/" 4  a2{x)y' +  ch(x)y = 0.

Suppose 0i, 02 are given linearly independent solutions of IAy) = 0.
(a) Let 0 = 7/0i, and compute the equation of order two satisfied by u' in 
order that L(0) = 0. Show that (02/0i)' is a solution of this equation of 
order two.
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(b) Use the fact that (<t>?/4>i)' satisfies the equation of order two to reduce 
the order of this equation by one.

4. Two solutions of
x3y'" — 3xy' +  3y = 0, (x >  0),

are 4n(x) = x, <f>2{x) -  x3. Use this information to find a third independent 
solution. (Hint: See Ex. 3.)

5. Consider the equation

y" +  ai(x)y' +  a2{x)y = 0,

where a\, aj are continuous on some interval I containing x0. Suppose <fn is a 
solution such that <f>i(x) ^  0 for all x in I.

(a) Show that there is a second solution <j>2 on I such that

W(<t>i,<p2)(x 0) = 1.

(b) Compute such a <j>2 in terms of <j> 1, by solving the first order equation

<t>i(x)<p'2(x) -  0((z)<f>2(x) = exp K ai(t) dt

for (/>■!.

6. The non-homogeneous equation

Let ai, ■ • an, b be continuous functions on an interval I, and consider 
the equation

L (y )  =  yM  -|_ a1(x)2/(" - 1) +  • • • +  an(x )y  = b(x). ( 6 . 1)

We have already seen that, in the case where the au are all constants, this 
equation may be solved using the variation of constants method (Sec. 
10, Chap. 2 .). The method does not depend on the fact that the ak are con­
stants, and is therefore valid for the equation (6.1). We outline briefly the 
results.

If is a particular solution of (6.1), any other solution $ has the form 

lA =  'f'p +  Citfu +  —  +  Cn<bn,

where ci, • • *, c„ are constants, and 4> 1, • • •, <f>r. is a basis for the solutions of 
L (y) =  0. Every such ^ is a solution of L (y) =  b (x ) . A particular solution 

can be found which has the form

1PP = ic<t> 1 +  • • ■ +  un<t>„,



S ec. 6 Linear Effitations tvith Variable C oeffic ien ts 12.1

where U\, • ■ ■, un are functions satisfying

u\4>\ +  —  +  m„<£„ =  0

M1«>1 +  ' * • +  =  0

S ec. 6 Linear E qnfitions  tvith Variable C oeffic ien ts

H-------+  u X (- a =  0

? / +  • • • +  — b.

If Xo is any point of 7 we may take for ?/< the function given by

uk(X) =  I• r.
Wk(l)b(l)

W{4n, *n)U)
dt, (k =  !, • • •, n ),

and then has the form

W k(t)b(t)
#,(*) = E  M x )  I ^  -*=1 -'x, (01, • • <t>n0 ( 0

r/h (6.2)

Here P H •••,<£„) is the Wronskian of the basis <j>i, and W k is
the determinant obtained from W (<fo, • • ■, <£„) by replacing the &-th column 
(<t>k, <t>’k, • • •, <t>kK~y)) by (0, 0, • • •, 0, 1).

Theorem 11. Let b be continuous on an interval I, and let <t>\, ■ • ■, 4>n be a 
basis for the solutions of L (y ) =  0 on I. Every solution \p of L (y) =  b (x ) 
can be written as

ft — 'f'p +  Ci0i +  • • • +  c*<t>.,

where \pP is a particular solution of L (y ) =  b (x ), and Ci, • • •, cn are con­
stants. Every such \p is a solution of L (y ) =  b (x ). A particular solution \pp 
is given by (6.2).

As an illustration let us find all solutions of the equation

y — ; yx- X, (0 <  X <  oo ) . (6.3)

We have already seen in Sec. 5 that a basis for the solutions of the homo­
geneous equation is given by

0i (z) = -r, <f>..(.r) =  x~v.
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A solution ipp of the non-homogcncous equation has the form

l/'p =  U i X -  +  W2X_ 1 ,

where u[, v'„ satisfy
x2u[ +  x~'u[ =  0 

2 tu[ — = x.

Now <t>i) (x) = —3, and we find that

v[(x)  =

For Mi, m2 we may take

u i(x) =

and from (G.4) we see that
x : x3

“  1  -  72 ’
Every solution 4> of (6.3) then has the form
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1 X 3

3 ’
w2(x) = —

3 '

X
Unix) =

x4
3 ’ _ l 2 ’

(6.4)

4>{x) =  — +  cix2 +  c&~\
4

where ci, c2 are constants.
Since we can always solve the non-homogcncous equation L (y)  =  b(x) 

by using algebraic methods and an integration, we now concentrate our 
attention on methods for solving the homogeneous equation.

E X E R C I S E S

1. One solution of
xry" — 2y = 0

on 0 < x < co is 0i(x) = x~. Find all solutions of 

x-y"  -  2y = 2x -  1
on 0 < x < co.

2. One solution of

xhj" — xy' 4- y = 0, (x > 0), 

is 4n(x) = x. Find the solution \{/ of

x-y" — xy' +  y = x2 

satisfying i^(l) = 1, i^'fl) = 0.
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3. (a) Show that there is a basis <j>i, 4>« for the solutions of 

x2y" +  4xy' +  (2 +  x2)y = 0 , (x > 0),

of the form

, , x MX) , fa(x)
<t>l(x ) = — 7 -  , <t>2(X) ■= --- —  •

(Hint: If <j> is a solution, let $ = v/x2.) 
(b) Find all solutions of

x*-y" +  ixy' +  (2 4- x2)y = x2
for x > 0.

4. (a) Consider the equation

L(y) = V" +  th(x)y' +  a2(x)y = b(x),

where cq, 02, b are continuous on some interval I. Suppose </>i is a solution of 
L(y) ■= 0 such that <fai(x) ^  0 for all x in I. Show that there is a particular 
solution of L(y) = b(x) of the form 1pp = û f> 1, where = u'p is a par­
ticular solution of the first order equation

<j>i(x)v' +  [2 4>[(x) +  ai(z)0i(x)]t> = b(x).

(b) Use the idea in (a) to find all solutions of

xry — xy +  y = x~

for x > 0. (Hint: From Ex. 2 one solution of x2y" — xy' +  y = 0 is given by 
4>i(x) = x.)

5. Show that the function 1pp given by (6.2) satisfies

M x  0) = lAp(xo) = •■• = P̂pn~l)(x 0) = 0.

6. Let g(x, l) be defined by
<i>k(x)W k(t)

g(.x, t) = Zv
h (0

where W = W(4>i, •••, <t>n) is the Wronskian of n linearly independent solu­
tions of L(y) = 0. Then the of (6.2) can be written as

(a) Prove that

*Pp(x) = [  ?(+ 06(0 dt.
*9

rj(x, t) k(x,J)
W(t) ’
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where

k(x, t)

<#>1(0 <#>2(0 • • • 0»«)

<£2(0 0„'(O

{" -» « ) <t>in~2Ht) ••• 0i"-«(<)

<t> l(0 02(0 • • •

-  0,
0n~2g

•••, —  it, t)Ox" 2
dn-

= 0, —
dx‘

(b) Show that 

Off
0(1. 0 = 0, -• 0

O x

7. Consider the equation

y" +  V = 6(0.

where 6 is a continuous function on 1 < x < <*> satisfying 

j ! ft(t) i dt <
■'i

(a) Show that a particular solution i / i s  given by

((.0  -  l.

0„(x) = /  sin (x — <)&(0 dt. 
J\

(b) Show that any solution is bounded on 1 §  x < a>.

7. Homogeneous equations with analytic coefficients

If g is a function defined on an interval I  containing a point xo, we say 
that g is analytic at x0 if g can be expanded in a power series about x0 which 
has a positive radius of convergence. Thus g is analytic at x0 if it can be 
represented in the form

9 (x) =  £  c*(x -  xo)*, (7.1)

where the Ct are constants, and the series converges for | x — Xo | <  r0, 
r0 >  0. Recall (Sec. 5, ( 'hup. 0) that one of the important properties of a 
function g which has the form (7.1), where the series converges for
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| x — Xo | <  r0, is that all of its derivatives exist on | x — Xo | <  r0, and they 
may be computed by differentiating the series term by term. Thus, for 
example
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g'(x) =  X  kck(x  -  xo)*
*•1

and

g "(x )  =  X  k(k — 1 )c*(x — xo)*^2,

and the differentiated series converge on | x — x0 | <  r0 also.
If the coefficients ah • ■ •, a„ of L are analytic at x0 it turns out that the 

solutions are also. In fact solutions can be computed by a formal algebraic 
process. We illustrate by considering the example

L (y) =  y "  -  xy =  0.

Here ai(x) =  0, a2(x) =  — x, and hence at, n2 are analytic for all real x0. 
W e try for a solution the series

Then

Also

</>(x) =  C0 +  CiX +  C2X2 +  • • *.

=  ‘2 c2 +  3  • 2 c i X  +  4  • 3 c4x 2 +  

=  2  (k +  2) (k +  1 )ck+2Xk.
A-0

X0(x) =  CoX +  CiX2 +  C2X3 +  • • • = £  Cit-iX*, 
»-I

</)"(x) — X<t>(x) = 2 c2 +  £  C(fc +  2)(fc +  l ) c 4+2 — Ct_i]x*.
*-i

In order for <j> to be a solution of L (y )  =  Owe must have

<t>"(x) — x<p(x) =  0,
or

2c2 +  X ) L(fc +  2) (k +  l ) c i+j -  c*_i]x* =  0,
i= l

and this is true only if all the coefficients of the powers of x are zero. Thus

2c2 =  0, (k +  2 ){k  +  l)c*+2 -  c*_i =  0, (k =  1,2, • • •) ■

This gives an infinite set of equations, which can be solved for the ck. Thus, 
for k =  1, we have

Co
3-2c3 =  Co, or c3 =
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C4 =
C l

4 -3 '
Continuing in this way we see that 

c5
c 2 „  C 3 Co

----- =  0, C6 =  ----- =  -----------  .
5-4 (5-o 6 • 5 • 3 ■ 2

C l  =
C lC i

7-6 7-G-4-3
It can be shown by induction that

Cn
Czrr.

C3n»+1

2 -3 -0 -6  ••• (3m — l)3m. ’

Cl
3 .4 .1 i • 7 • • • 377! (3 m +  1) ’ 

c 3m+2 — 0,

(m =  1, 2, •••),

(m =  1 ,2 , • • •), 

(m =  0, 1, 2, —

Thus all the constants are determined in terms of Co and Ci. Collecting to­
gether terms with Co and ci as a factor we have

0 0 )  =  CoCo 1 +  — - + +  • • • +  C i3-2 G-5-3-2
x  + +4-3 7-G-4-3

Let 0i, 02 represent the two series in the brackets. Thus
cn̂

0 :0 )  =  1 +  £  " 77, ,'wj j„=i 2 -o -0 '6  ••• (3m — l)3m

+
■ }

(7.2)

0 2  ( . T ) +  E-,-i 3-4-G-7 • • • 3m (3m +  1)
We have shown, in a formal way, that 0 satisfies y "  — xy =  0 for any two 
constants Co, Ci. In particular the choice c0 =  1, Ci =  0 shows that 0i satis­
fies this equation, and the choice c0 =  0, Ci =  1 implies 02 also satisfies the 
equation.

The only question that remains concerns the convergence of the series 
defining 0i(x) and fc (x ). It is readily checked by the ratio test that both 
series converge for all finite x. For example, let us consider the series for 
0i ( x ) . Writing it as

0lO )  =  1 +  E  O O ) ,

we see that
<0+10 )  
dm (x) 2 -3 '5 'fi  • • • (3m — 1) (3m) (3m -)- 2) (3m +  3) 

2-3-5 'G  ••• (3m — l)(3m)
X
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and therefore
dm-Y\{x) 
dm (x )

I X |3
(3m +  2) (3m +  3) ’

which tends to zero, as m —> «>, provided only that | x \ <  =c.
Summarizing, wre have found in a purely formal way two series, which 

are convergent for all finite x, and thus represent two functions fa, fa, and 
from the way we obtained <f>i, fa it is apparent that they are solutions of the 
equation y "  — x y = 0 on — =o <  x <  oo . They are linearly independent 
solutions for it Ls clear from the scries (7.2) defining fa and fa that

0l(O) = 1, 02(0) =  0,

4>[( 0) =  0, 02(0) =  1,
and therefore

^(<h,0o)(O ) =  1 * 0 .

The method illustrated by this example works in general when the 
coefficients are analytic, and always yields a convergent power series solu­
tion for any initial value problem. We state this result formally, and 
devote Section 9 to its justification.

Theorem 12. ( Existence Theorem for Analytic Coefficients) Let xo be a 
real number, and suppose that the coefficients aj, • • a„ in

L(y) =  y ° ‘) +  0 (̂.x)?y(',“ ' , +  ••• + a ,,(x )y

have convergent power series expansions in powers of x — x<j on an interval

| X  — X 0 | <  ?u, To >  0 .

I f  cei, • • •, a„ are any n constant•, there exists a solution <p of the problem 

L (y)  = 0 , y(:r0) =  on, •••, y Ui~l)(x  0) = a„, 

ivith a power series expansion
co

<f>(x) = c*(z -  xo)* (7.3)

convergent for | x — x0 | <  r0. We have

k ! ck -  ak+!, (k -  0, 1, • • •, n — 1),

and ok for k ^  n may be computed in terms of c0, Ci, • • •, c„_i by substituting 
the series (7.3) into L ( y )  = 0.

It follows from Theorem 12, and the Uniqueness Theorem 3, that any 
'olution <f> of L (y) =  0 on | x — x0 | <  ro has a convergent power series 
lApansion there of the form (7.3).
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E X E R C I S E S

1. Find two linearly independent power series solutions (in powers of x) of the 
following equations:

(a) y"  -  xy' +  y = 0 (b) y" +  3xh/ -  xy = 0
(c) y"  -  xhj = 0 (d) y" +  x?y' +  x2y = 0
(e) y" +  y = 0

For what values of x do the series converge?

2. Find the solution 0 of

y"  +  (x -  1)V  -  (x -  l)j/ = 0
in the form

4>(x) = X  ck(x -  1)*,
yfc-0

which satisfies 0 fl) = 1,0'(1) = 0. (Hint: Let x — 1 = ?.)

3. Find the solution 0 of

of the form
(1 +  x2)?/" +  y = 0

0(x) = X )
*-u

which satisfies qS(0) = 0. 0 '(0) = 1. (Note: When the equation is written in the 
form

y +  , +  ^

it is one with analytic coefficients at x = 0 , since

-------- - - 1 — x2 +  x4 — x6 • • • =  X  ( — 1 )k3?k,
1 +  X2 i—o

which converges for | x | < 1. However to compute 0 it is best to substitute 
the series for 0 directly into the given equation.) What is the largest r > 0 
such that the series for 0 converges for | x | < r?

4. The equation
y"  +  exy = 0

has a solution 0 of the form
OP

0(z) = X  CkXk
4—0

which satisfies 0(0) = 1. 0 '(0) = 0. Compute Co, ci, C2, C3, d, c&. (Flint: ck = 
4>lM(0)/k\ and 0"(x) = — </0(.c).)
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5. Compute the solution <j> of
y"' -  xy = 0

which satisfies 0(0) = 1, 0'(O) = 0, 0"(O) = 0.

6. The equation
(1 -  x2)y" -  2xy' +  a(a +  l)y  = 0, (*)

where a is a constant, is called the Legendre equation.
(a) Show that if it is written in the form

y "  +  a.\{x)y' +  a2(x)y = 0,

then oi, 02 have convergent power series expansions (in powers of x) on

the equation in the form (*).)
(c) Show that if a is a non-negative integer n there is a polynomial solution 
of degree n.

7. The equation

where a is a constant, is called the Chebyshev equation.
(a) Compute two linearly independent series solutions for | x | < 1 .
(b) Show that for every non-negative integer a = n there is a polynomial 
solution of degree n. When appropriately normalized these are called the 
Chebyshev polynomials.

8. The equation

where a is a constant, is called the Hermite equation.
(a) Find two linearly independent solutions on — °° < x  < <*>.
(b) Show that there is a polynomial solution of degree n, in case a = n is a 
non-negative integer.
(c) Show that the polynomial H„ defined by

is a solution of the Hermite equation in case a = n is a non-negative integer. 
This solution H„ is called the n-th Hermite polynomial. (Hint: If u(x) = e~x

for n a 0. Use (*) and (**) to show Hn is a solution of the Hermite equa­
tion )
(d) Compute Ho, Hi, H2, Hi.

\x\ < 1 .
(b) Compute two linearly independent solutions for | as | < 1 . (Hint: Leave

(1 -  x?)y”  -  xy' +  a2y = 0,

y" -  2xy' +  2ay = 0,

Hn(x) = ( - l ) - e -
dxn

show that u'(x) +  2xu(x) = 0. Differentiate this equation n times to obtain
Hn+i(x) -  2xHm(x) +  2nlln-i(x) = 0 

for n g  1. Differentiate H„ to obtain
K (x )  = 2xH„(x) -  Hn+i(x)

(*)

(**)
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8. The Legendre equation

Some of the important differential equations met in physical problems 
are second order linear equations with analytic coefficients. One of these is
the Legendre equation

L (y ) =  (1 — x -)y "  -  2xy1 +  a (a  +  1 )y  =  0, 

where a is a constant. If we write this equation as

2x a(a  -f 1)

( 8 . 1)

U ~ - , y  +
I — X 2 i — X*

we see that the functions a,, a-i given by

tr- y =  0.

<h(x) 1 -  x: '

are analytic at x =  0. Indeed,

I

an(x) =
a (a  4- 1 ) 

1 — x 2

1 -  x*
7  =  I +  X -  +  X'1 +  • • • =  x 2 k >

and this series converges for | x j <  1. Thus ai and a2 have the series ex­
pansions

(x) =  £  ( —2)x2*+1, a*(x) -  £  « ( «  +  l )x 2*,ai(-j

which converge for | x | <  1. From Theorem 12 it follows that the solutions 
of L (y) = 0 on | x | <  1 have convergent power series expansions there. 
We proceed to find a'basis for these solutions.

Let 4> be any solution of the Legendre equation on | x | <  1, and sup­
pose

4>(x) =  Co +  CiX +  c2x2 +  ••• =  X) ckxk■ (8-2)

4>'{x) =  ci +  2c->x +  3csx2 +  —  =  X  kekxk~l,

— 2 xcp'(x) = X  —2kckxk, (8.3)
.(•= 0

<*>"(x) =  2 c 2 +  3• 2c,ix +  ••• =  X  -  OctX^-2,

We have

- . t W '  =  £  -  /.'I/,- -  l)r .: (8.4)

(=0

k =  0

••=0



Note that <t>"(x) may also be written as

<*>"(*) =  £  (AH- 2) (k +  1 )ck+2xK (8.5)
i-0

From (8 .2 )-(8 .5 ) we obtain

L(<t>)(x) = (1 — Xi)<j>"(x) — 2 X<j>'{x) +  a(a +  l)^(x)

=  £  [(& +  2) (A: +  l)c*+2 -  Ac (A; -  l)c* -  2kck - f  a (a  +  l ) c t> *

=  £  Z(k +  2) (A: +  l ) c t+2 +  ( «  +  Ac +  1) (a  — Ac)c*]ac*
t-o

For ii> to satisfy L(4>) = 0  we must have all the coefficients of the powers 
of x  equal to zero. Hence
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(A; +  2) (Ac +  l)c*+i +  (a  +  A; +  1) (a — k)ck — 0, 

(* = 0 , 1 , 2 , - . . ) .
(8.6)

This is the recursion relation which gives ci+2 in terms of ck. For A =  0 we 
obtain

d =  —
(a +  1) a

-Co,

and for Ac =  1 we get
(a +  2) (a — 1)

C3 = ------------- --------- ;-----Cl.
■ 3-2 '

Similarly, letting Ac =  2, 3 in (8.6) we obtain

(or +  3) (a  — 2) (a  +  3) (a  +  l)a(ar — 2)
C4 =  - Cl = Co,

Ct — —

4•3 4-3-2

(a +  4) (a — 3) (a +  4) (a +  2) (a — 1) (a — 3)
5-4

c 3 = 5-4-3-2
Ci.

The pattern now becomes clear, and it follows by induction that for m =
1, 2, • • - ,

(a+2m — 1) (a +  2ffl — 3) • • • (a + l )a (a  — 2) ■ • • (a — 2m+2)
c~ - ------------------------------------------ ( S ) l ----------------------------------
Cjm+l

(a+2m) (a+2?n—2) • • • (a-f-2) (a —1) (a —3) • • • (a — 2m+l)
=  ( ~  1),n-------------------------------------- /rt'- 77.---------------------------------------- Ci.(2 m + l) !
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All coefficients are determined in terms of Co and ch and we must have 

<t>(x) =  Co0i(x) + C i<p2{x),
where

<fo(x) -  1 -
(a +  l)or (a +  3) (a +  l ) a ( a  — 2)
-------------- X2 + ----------------------------------------- '*

2 ! 4!
or

M x )  =  1 +  E  ( - D " 1

, (a +  2m — 1) (a -4-2m — 3) • • • (a +  l )a (a  —2) • • • (a — 2m+ 2 )
(2m ) !

and

<h(x)

(8.7)

(a  - f  2) (a  — 1) (a  +  4) (a  +  2) (a  — 1) (a  — 3)
X ---------------------------— ------------------- x 3 H ------------------------------------------------ — ------------------------------------------I s —

3! 5!
or

<h(x) — x +  E  ( —' ) ’

^  (a+2m ) (a+2m  —2) • • ■ (a+2) (a —1) (a —3) • • • ^  ^
(2m. +  1)!

Both 0, and <tn are solutions of the Legendre equation, those corresponding 
to the choices

f f l = l

Co =  1, ci =  0, and Co — 0, ci =  1, 

respectively. They form a basis for the solutions, since

*i(0 ) =  1, « .(0 ) = 0 ,

*i'(0) =  0, ^ (0 )  -  1.

We notice that if a is a non-negative even integer 

n *  2m, (m =  0, 1, 2, • • •),

then <j>i has only a finite number of non-zero terms. Indeed, in this case <fn 
is a polynomial of degree n containing only even powers of x. For example,

<t> i(x) = 1 ,  (a  =  0 ),

<t>\(x) — 1 — 3z2, (a = 2 ) ,

<t>i(x) = 1 -  10z2 +  l 5 X4, (a =  4).
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The solution 02 is not a polynomial in this case since none of the coefficients 
in the series (8.8) vanish.

A similar situation occurs when a is a positive odd integer n. Then <£2 
is a polynomial of degree n having only odd powers of x, and <t> 1 is not a 
polynomial. For example,

<h{x) =  x,

<fo(x) =  X — § X3,

<h(x) =  x r 3 4 -  —3 \ 5 x  )

(a  =  1), 

(a =  3), 

( «  =  5).

We consider in more detail these polynomial solutions when a =  n, 
a non-negative integer. The polynomial solution P n of degree n of

(1 — x2)y ”  -  2xy' +  n{n  +  1 )y  =  u, (8.9)

satisfying P„ (1) =  1 is called the n-th Legendre 'polynomial. In order to 
justify this definition we must show that there is just one such solution 
for each non-negative integer n. This will be established by way of a slight 
detour, which is of interest in itself.

Let 0 be the polynomial of degree n defined by

<t>(x ) =  (x2 -

This if satisfies the Legendre equation (8.9). Indeed, let

u(x) =  (x2 — I ) n.

Then we obtain by differentiating

(x2 — 1)m' — 2 nxu = 0.

Differentiating this expression n +  1 times yields 

(x2 — 1) m("+2) +  2 x(n  +  1) +  (n -f- l)n u (n)

— 2 nxu(n+1) — 2 n(n +  l )u (n) =  0.
Since 0 =  uM we obtain

(1 -- x2)0 " (x )  — 2x<f'(x) + n ( n  +  l )0 (x )  — 0,

and we have shown that 0 satisfies (8.9).
This polynomial 0 satisfies

0 (1 ) =  2"n !.
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This can be seen by noting that

<j>(x) =  [ ( x 2 — l ) " ] (n) =  [ (x  — l ) n(x +  1 )”] ( n )

= [ (x  — ) ) n] (n)(x +  l ) n +  terms with (x  — 1) as a factor

=  n ! (a: +  l ) n +  terms with (x — 1) as a factor.

Hence 0(1) =  n ! 2n, as stated.
It is now clear that the function P n given by

1 dn
P-(x) z'n ' ax"

( 8 . 10)

is the n-th Legendre polynomial, provided we can show that there is no 
other polynomial solution of (8.9) which is 1 at x =  1.

Suppose 0 is any polynomial solution of (8.9). Then for some constant 
c we must have 0 =  c0i or 0 =  c02, according as n is even or odd. Here 
0i, 02 are the solutions (8.7), (8.8). Suppose n is even, for example. Then, 
for | x  | <  1,

0 C01 +  (f02

for some constants c, d, since 0i, 02 form a basis for the solutions on |x| <  1. 
But then 0 — c<j>i is a polynomial, whereas d<p2 is not a polynomial in case 
d 0. Hence d =  0. In particular the function P„ given by (8.10) satisfies 
P n =  c0i for some constant c, if n is even. Since

1 = P»(l )  = C0,(1),
we see that 0 i ( l )  ^  0. A similar result is valid if n is odd. Thus no non­
trivial polynomial solution of the Legendre equation can be zero at x  =  1. 
From this it follows that there is only one polynomial P n satisfying (8.9) 
and P n (1) =  1, for if Pn was another, then P„ — Pn would be a polynomial 
solution, and

Pn( 1) -  Pn( 1) =  0.

The first few Legendre polynomials are

P a{x) - 1, P i{x) =  x, Pt (x) =  § X2 —

Pz(x) =  5 x* -  !  z, P*(.x) = -s* X4 -  ¥  x* +  i  ’

E X E R C I S E S

1. Show that the series defining the functions 0i, 02 in (8.7), (8.8) converge for 
| x | < 1 . (Hint: Use the ratio test.)

2. Show that Pn( —x) = ( — l )nPn(x), and hence that Pn( — 1) = ( — 1)".
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3. Show that the coefficient of xn in P„ (x) is

(2n)l
2"(n!)2'

(Hint: Use (8.10).)

4. Show that there are constants oro, ai, • ■ •, an such that
xn = ciqP  o(x )  +  ct\P i(x) +  ■ • • +  a„P„(x).

(Hint: For n =  0, 1 «■ Po(x). For n = 1, x = Pj(x). Use induction.)

5. Show that any polynomial of degree n is a linear combination of Po, Pi, 
• • *i Pn- (Hint: Ex. 4.)

6. Show that

f P„(x)P„(x) dx = 0, (n ^  m).
■'-l

(Hint: Note that
[(1 -  x2)Pn']' = —n(n +  1)P„, 
[(1 -  x2)P™l' = -m (m  +  l)Pm.

Hence
P„[(l -  M Y  -  P„[(l -  2?)PLY = {(1 -  ^)[PmPn -  P'mPn]V

= [m(m +  1) -  n(n +  1)]P„P„.
Integrate from —1 to 1.)

7. Show that

f  Pl(x) dx =
2n 4- 1

(Hint: Let u(x) ■= (x2 — l)n. Then from (8.10)

Pn(x) = ^  u‘ »(x).
2"nl

Show that 7/|t*)( l ) = u(k\ — 1) — 0 if 0 g  k < n'. Then, integrating by parts,
i nj  uM(x)uM (x) dx = w"(x)u(n 11 (x) — [  U(n+1)(x)M(n !)(x) dx
- 1  J - l

»  — f  1i(n+l-l(x)li(n u(x) dx 
•'-1

= ••• = ( —l)n f  u(2n)(x)u(x) dx. 
d-l

= (2n)I j  (1 — x2)" dx.
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To compute the latter integral let x — sin 6. and obtain

It
J
r1 nv  2(2nniy ,
• (1 — x2)" dx = 2 j cos2ri+10 d.8 = —— ;—— .)

Jn - . f-l Ja (2rj +  1)1

8. Let P  be any polynomial of degree n, and let

P = CoP 0  +  Cl P l +  • • • +  c„P 

where Co, Ci, • c„ are constants. (Such constants exist by Ex. 5.) Show that

2k +  1 p
ck = — -—

(*)

P(x)Pk(x) dx, (A: = 0 ,1 , - - - ,  n).

(Hint: Multiply (*) by Pk and integrate from -1  to 1. Use the results of Exs. 
6 and 7.)

9. Using the fact that Po(z) = 1 is a solution of

(1 -  x2)y" -  2xy' = 0,

find a second independent solution by the method of Sec. 5.

10. (a) Verify that the function Qi defined by

Qi(x) = -  log G4 -;) - *. (I * i < l),

is a solution of the Legendre equation when a — 1.
(b) Express Q\ as a linear combination of the solutions fa, fa given by
(8.7), (8.8) with a = 1. (Hint: Compute Qi(0) and Qi(0).)

H<9. Justification of the power series method

We now consider the proof of Theorem 12. In order not to complicate 
matters too much we shall give a proof for the case when n =  2 and z0 =  0. 
All the essential ideas appear in this case. We shall make use of two results 
concerning power series. The first is that if we have two power series

co oo
E  ckxk, E
i=G k~0

and we know that

\ck \ ^ C k, Ck >  0, (*  =  0 , 1 , 2 , - . . ) ,

and that the series

E C &



converges for | x  | <  r, for some r >  0, then the series

£ c kxk

also converges for | x  | <  r. This is usually called the comparison test for 
convergence. The second result we require is that if a series

E  «*x* (9.1)
0

is convergent for | x \ <  r0, then for any x,\x\  =  r <  ra, there is a constant 
M  >  0 such that

rk \*k \ ^ M ,  (* = 0 ,1 ,2 ,  ■••). (9.2)

This is not difficult to show. Since the series (9.1) is convergent for | x  | = r 
its terms must tend to zero,

| akxk | =  | ak | rk —> 0, (& —»<*).

In particular there is an integer N >  0 such that

| ak I rk ^  1, (k >  N ).

Let M  be the largest number among

I «o | , | \r, • • •, I aN | rN, 1.

Then clearly (9.2) is valid for this M.
We now consider the equation

L (y)  = y "  +  a (x )y ' +  b (z )y  = 0, (9.3)

where a, b are functions having expansions
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a(x) =  E  b(x ) =  E (9.4)

which converge for | x \ <  r0 for some r0 >  0. Given any constants ai, a2 
we want to produce a solution </> of (9.3) satisfying

jt-=G

0(0) =  ah <p'{ 0) =  a-i,
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and which can be written in the form

<#>(*) ~ (9-5)

where the series converges for | x | <  r0. If this series is convergent we 
must have

Co =  fli, Ci =  CL“if

and the constants ck(k >  2) must satisfy a recursion relation, which we now 
compute. We have

=  Z (fc +  l)ct+ixk,

and

4>"(x) =  Z (k +  2 )(k  +  1 )ck+3xk
k- 0

Now from (9.4) we obtain

a(x)<f>'(x) =  (k +  l ) c t+iz^

= £  (Z <**->( i + i)c,+iV,

(9.6)

(9.7)

and

b(x)<t>{x) =  ( Z & x * ) ( Z  CkXk̂ j

-  t C L / h - n V\y-o /
(9.8)

Adding (9.6), (9.7), and (9.8) we get

£(*)(*) = Z {k +  2) (k +  l)c*+i +  Z  “ t-i;( j  +  l)c*-i
3—0

+ Z
r-0

xk =  0.

Thus the c* must satisfy

(fc +  2) (/e +  l)c i+ 2 =  — Z  [«*->■( J +  l)c#fi +  (9.9)
1-0

(k  =  0 , 1 , 2 , •••)•



Sec. 9 Linear E quatiim s w ith  I (triable C oc ffic ien ls  141

Our job nOw is to show that if  the ck, for k Sr 2, are defined by (9.9), 
then the series

£  ckxk (9.10)
k-0

is convergent for | x  | <  r0. To do this we make use of the two results con­
cerning power series we mentioned earlier. Let r be any number satisfying 
0 <  r <  rB. Since the series in (9.4) are convergent for | x \ =  r we have a 
constant M  >  0 such that

I <xj | r> S? M, | 07 I r} <t M, ( j  =  0, i, 2, • • •).

Using this in (9.9) we find that

M k
(k +  2 ){k  +  1) | c*+, | ^  n i E  [ ( J  +  ] ) I c,-+i I +  |e,|>*T

M k
^  —  £  C( J +  1) I c,+i I +  | Cj |>> +  M  I ct+1 I r. (9.11) 

r* i-e

Now let us define

Co =  | Co |, Ci =  | Ci |,

and Ck for k >  2 by

M k
(k +  2) (k +  l)C *+2 =  — Z  [ ( 3  +  1 )C j+i +  C ,> -‘ +  M Ck+1r, (9.12)

rk o

(k =  0, 1 ,2 , . . . )•

Comparing (9.12) with (9.11) we see that an induction yields

I c t l^ C * .  c * 2 :0 ,  (fc = 0 ,1 ,2 ,  •••)• (9.13)

We now investigate for what x the series

£  Ckxk (9.14)

is convergent. From (9.12) we find that

(k +  l )k C k+i =  —  £  [ ( j  +  l)C ,+i +  C<>' +  MC kr,
rk~l ~o

M *-2
fc(/c -  i ) c *  =  —  £  [ ( j  +  1)0*1 +  c ,- y  +  m c K-ir, 

r~ '  /-o

and
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for large k. From these expressions we obtain 

M *~2
r(k  +  l)k C M  =  - Z I U  +  1) C ,+, +  C ,y i  

r  «=o
+  M[_kCk +  CH >  +  M Ckr2

=  k(k — \ )C k -  M C k-ir
+  M kCkr +  M C V t  +  M C kr2 

=  [k {k  -  1) +  Mkr +  Mr2lC k.
Hence

[ Cn-ist+1 
Ckxh

[_k(k -  1) +  Mkr +  Mr2] 
r(k  +  1 )k *  |.

which tends to | x | /r  as k —> *>. Thus, by the ratio test, the series (9.14) 
converges for | x \ <  r. ThLs implies that the series (9.10) converges for 
| a: | <  r, and since r was any number satisfying 0 <  r <  r0, we have shown 
at last that the series (9.10) converges for j x | <  r0.

This completes our justification of Theorem 12.



CHAPTER 4

Linear Equations with Regular 

Singular Points

1. Introduction

In thus chapter we continue our investigation of linear equations with 
variable coefficients

a,o(x)y{n) +  a i(x )y ln~l) +  • • • +  an(x )y  =  0. (1.1)

We shall assume that the coefficients cto, cti, • • •, a„ are analytic at some point 
Xo, and we shall be interested in an important case when a0(xo) =  0. A 
point Xo such that ao(xo) =  0 is called a singular -point of the equation (1.1). 
In this case we can not apply directly the existence result Theorem 1, 
Chap. 3, concerning initial value problems at x0. Indeed, it Is usually rather 
difficult to determine the nature of the solutions in the vicinity of such 
singular points. However there is a large class of equations for which the 
singularity is rather “ weak,”  in the sense that slight modifications of the 
methods used for solving equations with analytic coefficients in Chap. 3 
serve to yield solutions near the singularities.

We say that Xo is a regular singular point for (1.1) if the equation can be 
written in the form

(x — x0) nyM +  bi(x) (x — x0) n_V * -1) +  • * * +  bn(x )y  =  0 (1.2)

near Xo, where the functions bi, — , bn are analytic at xo. If the functions 
bi, • • •, f>„ can be written in the fonn

bk(x) =  (x  — x0)*/3*(x), (fc =  l, •••,«),

where di, • • •, are analytic at xo, we see that (1.2) becomes

y (n> +  ft (x )y 0‘- l) +  ••• +  Pn(x)y =  0 (1.3)
143
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upon dividing out (x — xo)". Thus (1.2) is a generalization of the equation 
with analytic coefficients considered in Chap. 3, Secs. 7-9.

An equation of the form

c0(z) (x  -  Xo) V n) +  ci(z) (x — xo)H~,j/r"_n +  • • ’ 4- Cn(x)y =  0

has a regular singular point at xo if Co, cx, ■ • •, c„ are analytic at x0, and 
Co(zp) ^  0. This is because we may divide by c0(x ) , for x near x0, to obtain 
an equation of the form (1.2) with 6*(x) =  c*(x) /co (x ), and it can be shown 
that these ht are analytic at xo.

We first consider the simplest case of an equation, not of the type (1.3), 
having a regular singular point. This is the Euler equation, which is the case 
of (1.2) with fei, • • • ,b „  all constants. Next we investigate Ihe general equa­
tion of the second order with a regular singular point, and indicate how 
solutions may be obtained near the singular point. For x >  x0 such solutions 
0 turn out to be of the form

0(x) =  (x -  Xo)r<r(x) +  (x — Xo)*p(x) log (x — Xo),

where r, s are constants, and a, p are analytic at Xo. As an example the solu­
tions of the important Bessel equation are computed in detail. Regular 
singular points at infinity are briefly discussed.

The method used is to show that the coefficients of the series for the 
analytic functions a, p can be computed in a recursive fashion, and then to 
indicate that the series obtained actually converge near the singular point. 
Fortunately many of the equations with singular points which arise in 
physical problems have regular singular points.

To indicate how lucky we are in this situation consider the equation

xV' -  y' i  y = o. (1.4)

The origin x0 =  0 is a singular point, but not a regular singular point since 
the coefficient — 1 of y' is not of the form x &i(z), where &i is analytic at 0. 
Nevertheless we may formally solve this equation by a series

c*x‘ , (1-5)

where the coefficients c* satisfy the recursion formula

(k +  l)c*+i =  (fc2 -  k -  i)c*, (k =  0, 1, 2, 

If Co y* 0, the ratio test applied to (1.5), (1.6), shows that

( 1.6)

Ct+iX1

, CkXk

k+l
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as k —> « ,  provided ] x | ^  0. Thus the series (1.5) will only converge for 
x  =  0, and therefore does not represent a function near x — 0, much less a 
solution of (1.4).

2. The Euler eqaalion

The simplest example of a second order equation, not of the type con­
sidered in Chap. 3, having a regular singular point at the origin is the Euler 
equation

L (y )  =  xhj" +  axy' +  by =  0, (2.1)

where a, b are constants. We first consider this equation for x  >  0, and ob­
serve that the coefficient of y m in L (y )  is a constant times xk. If r is any con­
stant, xr has the property that its k-th derivative times xk is a constant times 
xr. For example

x (xr) '  =  rxT, x2(xr) ,/ =  r(r — l )x r.

This suggests trying for a solution of L (y )  =  0 a power of x. We find that 

L (x r) =  [r (r  — 1) +  ar -f b]xr.

If q is the polynomial defined by

( 2 .2 )

Thus the function 4>\ given by 4>i(x) =  xTl is a solution of (2.1) for x >  0. 
If r2 is the other root of q, and r2 ^  n, we obtain another solution <f>2 given by 
0 i ( x )  =  xrL

In case the roots n, r2 of q are equal we know that 

q(ri) =  0, q'(rx) =  0,

and this suggests differentiating (2.2) with respect to r. Indeed

d t  <3 \
— L (x r) =  L \J^T) =  L {x r log x)

=  [«'(»•) +  q(r) log x ]xr,

and if r =  rt we see that

L (xn log x) =  0.
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Therefore (x) =  x~' log x is a second solution associated with the root n 
in this case.

In either case the solutions </u, 4n are linearly independent for x  >  0. 
The proof is easy. If n ^  r2 and ci, e2 are constants such that

c,ixn c2xrs =  0, (a; >  0 ),
then

(2.3)C l  +  c2xrf~rl =  0, (x >  0).

Differentiating we see that

C 2 ( > 2 —  Ti) xr*~ri~̂  =  0 ,

which implies e2 =  0, and from (2.3) we obtain Ci =  0 also. In case r\ =  r2, 
and Ci, Ci are constants such that

CiXn +  C i X r i  log x =  0,
then

ci +  Ci log x =  0, 

and differentiating we obtain

S - o ,x

(X >  0) ,  

(x >  0),

(x >  0) ,

(2.4)

or Ci =  0. From (2.4) we see that Ci =  0.
We have glossed over one point in the above calculations, and that is 

the definition of xr in case r is complex. This possibility must be taken into 
account since the roots of q could be complex. We define xr for r complex by

Then we have
xr =  eT log x, (x >  0).

(xr) ' =  r ( lo g x )V  1oe 1 =  r x _1xr =  r x T~l,
ana

d 3
— (xr) = —(erlogI) =  (log x )er log 1 =  xr log x, 
dr dr

which are the formulas we used in the calculations.
Solutions for (2.1) can be found for x <  0 also. In this case consider 

( — x ) r, where r is a constant. Then we have for x <  0

[ ( - x ) rJ  =  - r ( - x ) " - 1, [ ( - x ) ' ] "  =  r(r  -  l ) ( - x ) r~2,

and hence

x [ ( - x ) r] '  =-■ r ( — x ) r, x4£ ( —x )r] "  =  r(r  — 1 ) ( — x ) T.

Thus
L ( ( - x ) r) =  q(r) ( —x )r, (x <  0).
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Also

dr [ ( - z ) r]  =  ( - x ) T log ( -a t ) ,  (x <  0 ),

as can be easily checked. Therefore we see that if the roots T\, r2 of q are 
distinct two independent solutions fa, fa of (2.1) for x <  0 are given by

fa(x) =  ( - z ) r‘, fa(x) =  ( x < 0 ) ,

and if r\ r2 two solutions are given by

fa(x)  - ( — x )T1, fa(x) *  ( —x )T1 log ( — x ), ( z < 0 ) .

These are just the formulas for the solutions obtained for x >  0, with x 
replaced by — x everywhere. Since | x  | — x  for x >  0, and | x \ =  —a; for 
x  <  0, we can write the solutions for any x ^  0 in the following way:

fa(x) =  | x  | ri, 

in case r\ ^  r2, and

fa(x) =  | x | ri, 

in case =  r2.

fa(x) =  I X I ri, V (x  5̂  0 ),

fa(x) I x I r> log I X I , (x ^  0 ),

Theorem 1. Consider the second order Euler equation

x2y "  +  axy' +  by =  0, (a, b constants) ,

and the polynomial q given by

q(r) -  r(r  — 1) +  ar +  b.

A basis for the solutions of the Euler equation on any interval not containing 
x =  0 is given by

fa(x) =  I X I n, fa(x) =  I X I rs, ' 

in case ri, r2 are distinct roots of q, and by

fa{x) =  | x | ri, fa(x) =  | x | r‘ log | x | , 

i f  ri is a root of q of multiplicity two.

As an example let us consider the equation 

x2y "  +  xy' +  y *  0 

for i ^ O .  The polynomial q is given by

q(r) =- r(r -  1) +  r +  1 -  r: +  1,
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and its roots are t\ =  i, r2 =  —i. Thus a basis for the solutions is furnished 
by

<h(x) = | x  | S th(x) = | x  | { z ? ±  0),
where we have

| x  | ■' =  e*log i*i.

Note that in this case another basis \pi, 'Pi is given by

<pi(x) =  cos (log | x | ), i i { x )  =  sin (log | x | ), (x ^  0).

The extension of the result of Theorem 1 to the Euler equation of the 
n-th order

L ( y ) =  xny M +  aiXn-V n-1) +  ••• +  any =  0, (2.5)

where cti, are constants, is straightforward. We have for any con­
stant r

x*[ | x  | r] (4) = r(r — 1) • • • (r — k +  1) | x  \ r, (x  ^  0 ), 

and hence
L(  I x | r) =  q(r) | x |r, (2.6)

where q is now the polynomial of degree n

q(r) =  r(r — 1) • • • (r — n +  1) +  a^r(r — 1) • • • (r — n +  2)

-f- • • • -t- an.

This polynomial is called the indicial -polynomial foi the Euler equation
(2.5). Differentiating (2.6) k times with respect to r we obtain

U \ x  |0 =  l ( £ .  | x |') =  L {| x |' log* | x |)

q{k) (r) -)- fcg(4-1)(r) log | x |
k(k  -  1) 

2 !
q(k~2)(r) log2 | x | (2.7)

+  ••• +  q(r) log4 | x |j | x |r.

If ri is a root of q of multiplicity mi then

g(n ) = 0 ,  q’ {ri) = 0 ,  •••, 9(mi-l,(ri) = 0 ,

and we see from (2.7) that

| x I r‘ , | x | ri log | x | , • • •, ] x | ri log"11-11 x |

are solutions of L(y)  =  0. Repeating this process for each root of q we ob­
tain the following result.
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Theorem 2. Let ri, • • •, r8 be the distinct roots of the indicial polynomial 
q for  (2.5), and suppose ri has multiplicity m;. Then the n functions

| x | ri, | x  |ri log | x  | , • • •, | x  |ri log”11- 11 x | ; | x | r>, | x |ra log | x | ,

• • •, | x |ra log” *-1 1 x | ; • • •; | x | '•, | x | r* log | x | , • • •, | x |r* log"'"- 1 1 x |

form a basis for the solutions of the n-th order Euler equation (2.5) on any 
interval not containing x =  0.

A  proof of the linear independence of the above solutions can be given 
along the lines of the proof of Theorem 12 of Chap. 2, and hence will be 
omitted. Note the similarity between Theorem 2 above and Theorem 11, 
Chap. 2.

E X E R C I S E S

1. Find all solutions of the following equations for x > 0 :
(a) x2y" +  2xy’ -  Qy = 0 (b) 2xJt/" +  xy' -  y = 0
(c) x2y”  +  xy' — 4y = x (d) x*y" — 5xy' +  9y = x*
(e) z V "  +  M y " - x y '  +  y = 0

2. Find all solutions of the following equations for | x | > 0 :
(a) xdy" +  xy' +  4y = 1 (b) xhj" -  3xy' +  5y =- 0
(c) x2y" — (2 +  i)xy' +  3iy =■ 0 (d) x2y"  +  xy' — 4wy = x

3. Let <f> be a solution for x >  0 of the Euler equation

x2y" +  axy' +  by = 0,

where a, b are constants. Let <p{t) =■
(a) Show that \p satisfies the equation

Y'(t) +  (a -  1 W{t)  +  W{t) -  0.

(b) Compute the characteristic polynomial of the equation satisfied by 
and compare it with the indicial polynomial of the given Euler equation.
(c) Show that<f>(x) = ^(log x).
(d) Using (a), (b), (c), and similar facts for x < 0, prove Theorem 1.

4. Suppose the constants a, b in the Euler equation

xhj" +  axy’ +  by -  0

are real. Let ri, r2 denote the roots of the indicial polynomial q.
(a) If ri = a +  ir with r ^ 0, show that r2 = ri = x — ir.
(b) If ri = a +  ir with r ^ 0, show that the functions ipi, fa given by

fa(x) = | x |» cos (r log | x |),

fa(x) -  | x |* sin (r log | x |),
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form a basis for the solutions of the Euler equation on any interval not 
containing x = 0.

5. The logarithm of a negative number can be defined in the following way. 
If x < 0 , then — x > 0, and we have

x = ( — x)( — 1) = ( — x)eiT.
We define

log x = log [ (—x)e,v] = log ( — x) +  log eiT 

= log ( — x) +  iir, {x < 0).

Thus log x, for x < 0, is a complex number. Using this definition, let

xr = eT log x,
for x > 0 and for x < 0.

(a) Show that
xr = eiTT | x |r, (x < 0).

(b) Let ri, ra be the roots of the indicial polynomial for the Euler equation

xhj" +  axy' +  by = 0 .

Show that two independent solutions for | x J > 0  are given by

xrl, xn
if ri ^ r2, and by

xrl, xTl log x
if n  = r2.
(c) Obtain the linearly independent solutions of Theorem 1 from the 
linearly independent solutions of (b).

6. Let
L(y) = x?y" +  axy' +  by

where a, b are constants, and let q be the indicial polynomial 

q(r) = r{r — 1) +  ar +  b.

(a) Show that the equation L(y) = xk has a solution \(/ of the form \p(x) = 
cxk if q(k) 7̂  0. Compute c. (Hint: L(cxk) -  cL(xk) = cq(k)xk.)
(b) Suppose k is a root of q of multiplicity one. Show that there is a solution 
rp of L(y) = xk of the form

1p(x) -  cxk log X.
Compute c.
(c) Find a solution of L(y) = xk in case k is a double root of q.
(d) Do Exercises 1(c), 1(d), 2(a), 2(d), using the results of (a), (b), (c) 
above.
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3. Second order equations with regular singular points— an example
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A second order equation with a regular singular point at Xo has the form 

(x — x0) 2y "  +  a(x)  (x -  x0)y' +  b (x)y  =  0, (3.1)

where a, b are analytic at Xo. Thus a, b have power series expansions
CO CD

< z ( z )  =  X  r t » ( x  _  x ° ) k. 6(x) =  X  Pk ( x  -  x a) k,

which are convergent on some interval | x — Xo \ <  r0, for some r0 >  0. 
We shall be interested in finding solutions of (3.1) near Xo. In order to 
simplify our notation we shall assume x0 =  0.

If Xo ^  0 it is easy to change (3.1) into an equivalent equation with a 
regular singular point at the origin. We let t =  x — xo, and

&(i) =  a {xo +  <) =  S 6(0 =  6(x0 +  0  =  H  M k.

The power series for a, 6 converge on the interval | t \ <  r0 about t, =  0. 
Let 0 be any solution of (3.1), and define 4> by

0 (0  =  $ (%o +  0  •
Then

r/0 d0
-^ (0  =  +  0 ,at ax

d2<f> d20
- £ { t )  =  7 7  x« +  0 ,  at2 tlx-

and we see that 0 satisfies

t2u"  +  a(t)tu' +  b(t)u =  0, (3.2)

where now u' =  du/dt. This is an equation with a regular singular point at 
t =  0. Conversely, if 0 satisfies (3.2) the function 0 given by

0(x) =  0(x -  Xo)

satisfies (3.1). In this sense (3.2) is equivalent to (3.1).
With Xo =  0 in (3.1) we may write (3.1) as

L(y)  = x2y"  +  a(x)xy' +  b {x )y  = 0 ,  

where a, b are analytic at the origin, and have power series expansions

(3.3)

a(x) =  akxk, b(x) =  £  &kxk, (3.4)
lr=0 k —0

which are convergent on an interval | x | <  r0, r0 >  0. The Euler equation 
is the special case of (3.3) with a, b constant. The effect of the higher order 
terms (terms with x as a factor) in the series (3.4) is to introduce series 
into the solutions of (3.3). We illustrate by an example.



Consider the equation

L(y)  =  xhj" +  | xy' +  xy =  0, (3.5)

which has a regular singular point at the origin. Let us restrict our attention 
to x  >  0. Since it is not an Euler equation we can not expect it to have a 
solution of the form xT there. However we try for a solution

<t>{x) -  xr £  ckxk = coxr +  cixr+l +  •••, (co ^  0), (3.6)
*-o

that is, xr times a power series. This simple idea works. We operate formally 
and see what conditions must be satisfied by r and c0, Ci, c2, • • • in order 
that this 0 be a solution of (3.5). Computing we find that

<t>'(x) = <wxr~l +  Ci(r +  l)x r +  Cj(r +  2)xr+1 +  • • •,

<t>"(x) =  Cor(r — +  Ci(r +  l)rx r_1 +  c2(r +  2) (r +  l )x r +  • • •,

and hence

x20 "(x ) = Cor(r — l)xr +  Ci(r +  l)rxr+1 +  c2(r +  2) (r +  l)xr+2 +  • • •, 

$x<f>'(x) =  fcorxr +  §ci(r +  l)xr+l +  fc2(r +  2)xr+2 +  • • •,

X<t>(x) = CoXr+1 +  CjXr+2 +  ••*.

Adding we obtain

L{4>) (x ) = [r(r -  1) +  §r]coXr +  ([(r +  l)r +  f (r +  l)]c L +  c0)xr+l

+  {[O ' + 2 ) ( r  +  1) +  §(r +  2 )]c2 +  Cl|x'+2 +  ••• .
If we let

q(r) = r(r — 1) +  §r = r(r +  §), 

this may be written as

L (0 )(x )  =  q(r)coXr +  [g (r +  l)ci +  co]xr+1 +  [? (r  +  2)c2 +  c{\xT+‘l

+  • • •
CO

=  g(r)coXr +  xr [ q(r +  k)ck +  c*_i]x*.
i-1

If 0 is to satisfy L(<f>) (x) =  0 all coefficients of the powers of x must vanish. 
Since we assumed Co 0 this implies
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q(r) =  0,

q(r +  k)ck +  ct_i =  0, (k =  1, 2, • • •).
(3.7)

The polynomial q is called the indicial polynomial for (3.5). It is the coeffi­
cient of the lowest power of x appearing in L{<j>) (x ), and from (3.7) we see
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that its roots are the only permissible values of r for which there are solu­
tions of the form (3.6). In our example these roots are

n  =  0, r2 =  — a-

The second set of equations in (3.7) delimits Ci, ĉ , • • • in terms of Co 
and r. If q(r +  k) +  0 for k =  1, 2, • • ■, then

Ck =  —
C k -l

Thus

Ck =

q(r +  k ) ’ 

( - l ) * c „

(k =  1 ,2 , •••).

q(r +  1 ) ’
(k =  1,2, •••).

q{r +  k)q(r  +  k — 1)

If n  =  0,
<?(ri +  k) =  q(k) ^ 0  for k =  1, 2, • • •,

since the other root of q is n  =  — Similarly if r2 =  —

q{n  +  k) =  q( — \ +  k) ^  0 for k =  1, 2, • • •.

Letting c0 =  I and r =  rx =  0 we obtain, at least formally, a solution 
<t>i given by

{ - \ ) k xk
<t> i(x)  = 1  +  22 

1 and r

w  <l(k)q(k -  1) ••• g ( l)  ’ 

r2 — —5 we obtain another solution 

{ —l ) kxk

and letting Co

Mx)  +  l i t  -  iM k  -  i)  . . .  , ( S )

These functions <j>\, <tn will be solutions provided the series converge on some 
interval containing x  =  0. Let us write the series for 4n in the form

<t> i(x ) =  J^dk(x).

Using the ratio test we obtain

dk+i(x)
dk(x)

1*1 1*1
| q(k +  1)| (k 1) (k +  §)

0

as k — > 00, provided | x | <  » .  Thus the series defining is convergent for 
all finite x. The same can be shown to hold for the series multiplying x-1/2 
in the expression for fa. Thus fa, fa are solutions of (3.5) for all x >  0.

To obtain solutions for x <  0 we note that all the above computations go 
through if xT is replaced everywhere by | x \ \ where

| x  | >■ =  e r log !*l. (3.8)
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Thus two solutions of (3.5) which are valid for all x ^  0 are given by

( —l ) kxk
1

fa (x )  =  1 +  H

and

fa(x)  =  I x I"1'* 1 +  Z

q(k)q(k -  i) • • • q W  ’

( - l ) kxk
kt t q ( k  -  i)5(fc -  l)  • • • ?(!).

Note that the definition (3.8) implies that [ x \ 1/2 is the 'positive square root 
of j a; I .I t  is left as an exercise for the student to show that fa, fa are linearly 
independent on any interval not containing x =  0.

The above example illustrates the general fact that an equation (3.3) 
with a regular singular point at the origin always has a solution <j> of the 
form

fax)  =  I X \T £  ckXk, ( 3 . 9 )

where r is a constant, and the series converges on the interval | x \ <  r0. 
Moreover r, and the constants ck, may be computed by substituting (3.9) 
into the differential equation.

E X E R C I S E S

1. Find the singular points of the following equations, and determine those 
which are regular singular points:

(a) x2y" + (x + x")y' -  y = 0
(b) 3x2y"  +  x6y’ + 2xy = 0
(c) x2y" — 5y' + 3x2y — 0
(d) xy" + iy  = 0
(e) (1 -  x*)y" -  2xy' + 2y = 0
(f) (x2 +  x — 2f y "  +  3(x + 2)j/' +  (x -  \)y = 0
(g) x~y" +  (sin x)y' + (cos x)y = 0

2. Compute the indicia! polynomials, and their roots, for the following equa­
tions :

(a) x2y"  + (x + x2)y' -  y = 0
(b) x2y"  + xy' + (x2 -  \)y = 0
(c) \x2y"  + (4x3 4 * — 5x)i/' + (x2 +  2)y = 0
(d) x2y"  + (x — 3x2)y' + exy = 0 '
(e) x2y" +  (sin x)y' +  (cos x)y = 0

3. (a) Show that — 1 and 1 are regular singular points for the Legendre equa­
tion

(1 — x2)y" — 2 xy' +  a(a +  l)y = 0 .
(b) Find the indicial polynomial, and its roots, corresponding to the point
x  ^  I
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4. Find a solution <f> of the form

<j}(x) = xT £  ckxk, (x > 0),
fczxQ

for the following equations:

(a) 2x2y" +  (x2 — x)y' +  y = 0 (b) x2?/" +  (x -  x2)?/' +  y = 0

4. Second order equations with regular singular points— the general case

Let us verify the last statement in Sec. 3 for x >  0. Suppose we have a 
solution <t> of the form

. »o
<f>(x) =  x/ ^  ckxk, (c0 ^  0)

.o
(4.1)

for the equation
x2y "  +  a{x)xy'  +  b {x)y  =  0, (4.2)

where
a(x) =  22 akxk, b{x) =  22 ^ x k (4.3)

for | x \ <  r0. Then

<t>'(x) =  xT~l 222 ( fc +  r)ckXk,

</>"(x) =  xr_2 22 (fc +  r)(fc + r —-r—2

and hence

b{x)4>{x)

=  xr 2>2 ^ x k,

=  xr 22QD

x24>"(x) =  xr ^  (fc +  r) (A: +  r — l ) c tx*.

L(<*>) (x) =  xr J 2 l ( k  +  r ) (k  +  r -  l)c* +  5* +  & > *,

Thus
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and we must have

[  ] i  =  E(/“ "b r )(fc -| -r  — l)c* +  &it +  /3it] =  0, (fc =  0, 1, 2, •••)•

Using the definitions of <**, /9* we can write the bracket [  as

k k

[  ]t =  (fc +  r) (fc +  r -  1 )ck +  X  (3  +  r )c ;at_, +  X  cA - j
o J-O

=  +  r)(fc +  r — 1) +  (fc +  r)ao +  /SoJck

k—1
+  X [ (  i  +  r ) a k - j  +  0 k - i ] C j .

j*=Q
For fc =  0 we must have

r(r  — 1) +  rota +  /S0 =  0, (4.4)

since Co 0. The second degree polynomial q given by 

q(r) =  r(r  — 1) +  ra0 +  Po

is called the indicial polynomial for (4.2), and the only admissible values of 
r are the roots of q. We see that
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where
[  ]t =  q(r +  fc)c* +  dk =  0, (fc =  1, 2,

dk = X [( 3 + r)“t-» +  P k - , ~ \ C j ,  (fc =1, 2,
>“0

(4.5)

(4.6)

Note that d* is a linear combination of Co, C \ ,  • • •, c*_i with coefficients 
involving the known functions a, b, and r. Leaving r and Co indeterminant 
for the moment we solve the equations (4.5), (4.6) successively in terms 
of Co and r. The solutions we denote by C*(r), and the corresponding dk by 
Dk(r). Thus

/M r)
Di(r) =  (ron +  0i)co, Ci(r) =  -

q(r +  1)
and in general

Dk(r) = X CO' + r)«t_, + Pk-ilCAr),

Ck(r) = - Dk(r)
q(r + fc) ’ (fc = 1 , 2 , *  • •)•

(4.7)

(4.8)

The Ck thus determined are rational functions of r (quotients of poly­
nomials) , and the only points where they cease to exist are the points r



for which q(r +  k) =  0 for some k =  1, 2, • • •. Only two such possible 
points exist. Let us define $  by

3C
$ (x , r) =  cox7 +  xr 51 Ck(r)xk. (4.9)

Jt—1

If the series in (4.9) converges for 0 <  x <  r0> then clearly

L ($ )(x , r) =  c0q(r)xT. (4.10)

We have now arrived at the following situation. If the <t> given by (4.1) 
is a solution of (4.2) then r must be a root of the indicial polynomial q, and 
the ck (k ^  1) are determined uniquely in terms of r and c0 to be the Ck{r) 
of (4.8), provided q(r +  k) ^  0 , k =  1,2, • • •. Conversely, if r is a root of 
q, and if the Ck(r) can be determined (that is, q(r +  k) ^  0 for 
k =  1, 2, — ) then the function <f> given by <j>(x) =  4>(x, r) is a solution of
(4.2) for any choice of Co, provided the series in (4.9) can be shown to be 
convergent.

Let n, r2 be the two roots of q, and suppose we have labeled them so that 
Re n  S  Re r2. Then q(rk +  k) for any k =  1,2, •••. Thus Ck(rt) 
exists for all A =  1 ,2, - , and letting Co =  Ctin)  =  1 we see that the
function 4>i given by

<Pi(x) =  xT1 52 Ck(ri)xk, (C0(ri) =  1), (4.11)
*-o

is a solution of (4.2), provided the series is convergent. This will be proved 
in Sec. 5.

If r2 is a root of q distinct from n, and g(r2 +  k) ^  0 for k =  1, 2, • ■ •, 
then clearly Ck(r2) is defined for k =  1, 2, • • •, and the function given by
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M x )  =  x '’  £  Ck(r2)xk, (C 0(r2) = 1), (4.12)
M

is another solution of (4.2), provided the series is convergent. The condition 

<?(r2 +  k) t* 0 for k =  1, 2, • • •
is the same as

Ti ^  n  +  k for k =  1, 2, • • *,

or ri — r2 is not a positive integer.
Notice that since a0 =  a (0 ), /So 

written as
6(0), the indicial polynomial q can be

q(r) =  r{r  — 1) +  a (0 )r +  6(0).
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Theorem 3. Consider the equation

x*y" +  a (x )xy ’ +  b (x)y  ^ 0, 

where a, b have convergent power series expansions for

| x ! <  7-0, r0 >  0.

Let ri, r2 (Re n > Re r2) be the roots of the indicial polynomial 

q(r) =  r(r — 1) +  o (0 )r  +  6(0).

For 0 <  | x | <  ?'o there is a solution 0 l of the form
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co
0 \(x) =  I X |rl ckxk, (c0 =  1),

where the series converges for \ x \ <  r0. I f  ri — r2 is not zero or a positive in­
teger, there is a second solution for 0 <  | x | <  ra of the form

<h(x) =  \x\r*J^  Ckxk, (Co =  1),
k=G

where the series converges for | x \ <  r0.
The coefficients Ck, Ck can be obtained by substitution of the solutions into the 

differential equation.

As we have seen in (4.11), (4.12), the coefficients ck, c.k appearing in the 
solutions 0i, 02 of Theorem 3 are given by

ck = Ck(r1), Sk = Ck(ri), (k -  0, 1,2, •••),

where the Ck(r), (k =  1, 2, • • •), are the solutions of the equations (4.7),
(4.8), with Co Or) =  1.

It is easy to check, as in the case of the Euler equation, that the calcula­
tions made for x >  0 remain valid for x <  0 provided xT is replaced every­
where by | x \ r. Thus all that remains to be proved in Theorem 3 is the 
convergence of the series involved in 0i and 02. This will be done in Sec. 5.

If r\ — r2 is either zero or a positive integer we shall say that we have an 
exceptional case. The Euler equation shows that if rx =  r2 we must expect 
solutions involving log x. It turns out that even in the case when rx — r2 
is a positive integer log x may appear. In Sec. 6 we show how to obtain a 
solution associated with r2 in the exceptional cases.



Sft*. 4 L in ear E qu a tion s w ith  R egu la r S ingular P o in ts 159S e e .  4

E X E R C I S E S

1. Find all solutions 4> of the form

<j)(x) = I X [r CkXk, (| x | > 0),
fe=0

for the following equations:
(a) 3xLy" +  5xy' +  3xy = 0  (b) x2y" +  xy' +  x?y »■ 0
(c) x2y”  +  xy' +  (x2 -  \)y = 0 

Test each of the series involved for convergence.

2. Consider the equation

x2y”  +  xexy' +  y = 0.

(a) Compute the indieial polynomial, and show that its roots are — i and i.
(b) Compute the coefficients cj, C2, cz in the solution

co
<t>(x) = x l ckxk, (Co = 1).

-fc= 0

3. (a) Find a solution <£ of the form

<t>(x) = I x -  1 |r Ct(x -  !)*
k=0

for the Legendre equation

(1 — x2)y”  — 2 xy' +  a(a +  \)y = 0.

For what values of x does the series converge? (Hint: Do not divide by x +  1 
and multiply by x — 1, but note that x = (x — 1) +  1. Express the co­
efficients in terms of powers of x — 1.)
(b) Show that there is a polynomial solution if a is a non-negative integer.

4. The equation

xy”  +  (1 -  x)y' +  ay = 0,

where a is a constant, is called the Laguerre equation.
(a) Show that this equation has a regular singular point at x = 0 .
(b) Compute the indieial polynomial and its roots.
(c) Find a solution </> of the form

4>(x) = xr £  ckxk.
0

(d) Show that if a = n, a non-negative integer, there is a polynomial solu­
tion of degree n.
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5. (a) Let L„ denote the polynomial
d"

L„(x) = ex —  (xne~x).nTndx'1

Show that L„ satisfies the Lagnerre equation if a = n. This polynomial is
called the n-th Laguerre polynomial, (flint: See the treatment of the Legendre 
polynomials on p. 135.)
(b) Compute Lo, L\, Li.

*5 . A convergence proof

The proof that the series involved in Theorem 3 converge for | x | <  r0 
is similar to the proof of Theorem 12, Chap. 3 (Sec. 9, Chap. 3 ). Under 
consideration is the equation

see (4.7), (4.8). We must prove that the series (5.3) converges for | x \ <  r0 
if r =  ti, and if r =  r2, provided n  — r2 is not a positive integer.

We note that

x2y "  +  a(x)xy ' +  b (x )y  =  0,
with

CO 00
a{x)  =  X  “ ***. b(x)  =  5Z PkXk, (5.1)

where these series converge for | x  | <  r0 for some r0 >  0. The indicial 
polynomial q is given by

q(r) =  r(r  — 1) +  a0r +  ft,

and its two roots are n, r2 with Re n  ^  Re r2.
The series we must show to be convergent are determined from

(5.2)

E  Ck(r)x\ (5.3)
Jfc-0

where the Ck(r) are given recursively by

Co(r) =  1,

q(r +  k)Ck(r) =  -  E  [ ( 3  +  +  ftt-,]C ,(r), (5.4)
>-0

(fc =  1 ,2 , •■•);

q{r) =  (r -  n ) (r -  r2),
and hence that

q(n  +  k) =  k(k  +  n — r2), 

q(ri +  k) =  k(k  +  r2 -  n ).
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Therefore
I q{n  +  k) | ^  k(k -  | ri -  r2 \ ) ,  

I g(r2 +  k) | ^  k(k  — | r2 -  n  | ).
(5.5)

Now let p be any number satisfying 0 <  p <  r0. Since the series in (5.1) 
are convergent for | x  | =  p there is a constant M  >  0 such that

I a i I p’ =  M, 1/3; I P ^ M ,  ( j  =  0, 1,2, •••)• (3-6)

Using (5.5) and (5.6) in (5.4) we obtain

k(k  -  | n  -  r, |) | C*(r.) | M  £  ( j  +  1 +  I n|)p^* | C ,(n ) |, (5.7)
J-0

(fc =  1 ,2 , •••)•

Let iV be that integer satisfying

N — 1 ^  | rx — r21 <  iV, 

and let us define 70, 71, • • • by

70 =  Co(n) =  1, 7* =  |C*(r1)| ,  (A =  1 ,2, -  1),

and

k(k -  I n  -  r2 1)7* =  M  E  O ’ +  1 +  | n  |)p>-*7i, (5.8)
;—o

(k =  N , N  +  1, •••).

Then comparing the definition of the 7* with (5.7) we see that 

I C*Crx) | ^  7*, (k = 0 ,1 ,2 ,  - . . ) . (5.9)

We show’ that the series

E  7*®* (5-10)
Jfc-0

is convergent for | x \ <  p. Replacing fc by k +  1 in (5.8) we obtain 

p(k  +  1) (k +  1 — | n  — r2 1 )7t+i =  lk (k  — | n  — r2 1 )

+  M (k  +  1 +  I n i  ) > *
for k ^  N. Thus

7k+ixk+1 = [fc(fc -  | n  — n  |) +  M (k  +  1 +  | n  |] , ,
7*x* P(k +  1) (fc +  1 — | n  — rs |) 1 *

which tends to | x \ /p as k —> 00. Thus, by the ratio test, the series (5.10) 
converges for | x \ <  p.
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Using (5.9) and the comparison test we see that the series

(Coin) =  1),
k=0

converges for | x | <  p. But since p is any number satisfying 0 <  p <  r0 we 
have shown that this series converges for | x | <  r0.

The same computations with ri replaced by r2 everywhere show that

Z C k ( r a)x*, (Co(r2) =  1),
k=0

converges for | x | <  r0, provided r2 — r2 is not a positive integer.

6. The exceptional cases

We divide the exceptional cases into two groups according as the roots 
r\, r2 (Re n  >  Re r2) of the indicial polynomial satisfy

(i) n  =  r2,

(ii) r2 — r2 is a positive integer.

We try to find solutions for 0 <  x <  r0. We are going to work in a purely 
formal way in order to discover the form that the solutions should take. 
For such x we have from (4.9), (4.10)

L(4>)(a-, r) = c0q(r)xr, (6.1)
where <t> is given by

4>(x, r) =  caxr +  xT Z  Ck(r)xk. (6.2)
k- 1

The Ck{r) are determined recursively by the formulas

C0(r) =  Co 5̂  0,

q(r +  k)Ck(r) =  - D k{r), (6.3)

Dk(r) =  Z  [ (  j  +  r)ak- ,  +  , ( r ) , (k =  1, 2, • • •);
;-0

see (4.7), (4.8).
In case (i) we have

q(ri) =  0, q'{n)  = 0,

and this suggests formally differentiating (6.1) with respect to r. We 
obtain

d  f 0 < l \
-  L ($ ) {x, r) =  L(̂ — J(x, r)

= Cn\j[ (?') +  (log x)q{rY]xr,



and we see that if r =  rx =  r2, Co =  1, then

fa(x) =  —  (x, n ) dr
will yield a solution of our equation, provided the series involved converge. 
Computing formally from (6.2) we find

co cn
fa{x)  =  xrl C'k{ri)xk +  (log x ) x TI Ck(r1)x k

fe=0 k=0
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=  Xn v  Ck(ri)xk +  (log x )0 i(x ),
Ar*»U

where fa is the solution already obtained:
oo

fa(x) =  xTl Ck{ri)xk, (C'o(n) =  1).
♦*»0

Note that C'k{rx) exists for all k = 0 ,1 ,2 .  ■ • •, since Ck is a rational function 
of r whose denominator is not zero at r =  ri. Also Co(r) = 1 implies that 
Co(ri) =  0, and thus the series multiplying xr‘ in fa starts with the first 
power of x.

Let us now turn to the case (ii), and suppose that rx =  r2 +  m, where 
m is a positive integer. If c0 is given,

C i(7*2), •••, Cm-\{ri)

all exist as finite numbers, but since

q(r +  m )Cm{r) =  - D n(r), (6.4)

we run into trouble in trying to compute Cm(r2). Now

q(r) = {r -  n ) (r -  r2),
and hence

q(r +  to) =  (r — r2) (r +  to — r2).

If Dm(r) also has r — r2 as a factor (i.e., Dm(r2) =  0) this would cancel the 
same factor in q(r +  to), and (6.4) would give Cm(r2) as a finite number. 
Then

Cm+l (r2) , Cm+2 (r2) j * * *

all exist. In this rather special situation we will have a solution fa of the 
form

fa(x) =  £  Ck(r2)x k, (C0(r2) =  1).

We can always arrange it so that Dm(r2) =  0 by choosing

Co(r) =  r — r2.
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From (6.3) we see that Dk(r) is linear homogeneous in

C0(r) (r),

and hence Dk(r) has Co(r) =  r — r2 as a factor. Thus Cm(r2) will exist as a 
finite number. Letting

* ( x ,  r) =  xr X  Cic{r)xk, (C 0(r) =  r — r2) ,  (6.5)
*-0

we find formally that

L ( ^ ) ( x , r )  =  (r — r2)q (r )xr. (6.6)

Putting r = r2 we obtain formally a solution p given by

p{x )  =  'Ffx, r2).

However C0(r2) =  Ci(r2) =  ••• =  Cm_i(r2) = 0 .  Thus the series for ip 
actually starts with the m-th power of x, and hence p has the form

ip{x) =  XTtHna(x) = xna(x),

where a is some power series. It is not difficult to see that p is just a constant 
multiple of the solution </>i already obtained.

To get a solution really associated with r2 we differentiate (6.6) with re­
spect to r, obtaining

d /d'LN
— L ( V ) ( x , r )  =  Ly— Y x <r)

=  .q {r )xT +  (r -  r2) [g '(r )  +  (log x)q(r)  ]xr.

Now letting r — r2 we find that the pi given by

d'f
<h(x) = —  (x < r*)dr

is a solution, provided the series involved are convergent. It has the form
qp co

<h(x) =  xrt Ck(r2)x k +  (log x) xr2 ^  Ck(r2)xk,
k- 0 k~0

where Co(r) =  r — r2. Since

C0(r2) =  ••• =  Cm-\{r2) =  0,

we may write this as
oo

<h{x) =  xrt ^2 C'k(r2)x k +  c (log x) 4n(x),

where c is some constant.
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The method used in this section to obtain solutions is called the 
Frobenius method. All the series obtained converge for | x | <  r0, and the 
<j>2 computed formally will be a solution in both the cases (i) and ( i i ) . This 
requires justifying the differentiating of the various series term by term 
with respect to r, and this can be done.

Another approach which leads to a justification of the results is the 
following. Once we have discovered what form a second solution fa should 
take, we can substitute this back into the equation and compute the coeffi­
cients of the various series involved. Then a proof of the convergence of 
these series can be patterned after the convergence proof in Sec. 5. We omit 
this proof.

Solutions for x <  0 can be obtained by replacing

xT', xri, log x
everywhere by

I Z I", | x \r*, log I X  I

respectively. We summarize our results in the following theorem.

Theorem 4. Consider the equation

xh)" +  a{x)xy'  +  b(x)y  =  0,

where a, b have power series expansions which are convergent for | x | < r0, 
ro >  0. Let ri, r? (Re ri g; Re r2) be the roots of the indicial polynomial

q(r) = r(r — 1) + a(0)r + ?>(0).
I f  ri = r2 there are two linearly independent solutions fa, fa for 0 < | x | < ro 
of the form

fa(x) = | X \Tltri(x) , fa {x) =  | X |rl+1(T2(x) +  (log | X | ) fa(x ) ,

where cu, <r2 have power series expansions which are convergent for | x | < r a, 
and £Ti(0) 7̂  0.

I f  ri — r2 is a positive integer there are two linearly independent solutions 
fa, fa for 0 <  | x | <  To of the form

4*i(x) = | x |ri<7l(x),

fa(x) =  I X |r,<72(x) +  c(log I x I )fa(x) ,  

where vj, a2 have power series expansions which are convergent for 

| x | <  r0, <7i(0) 0, o2(0) 5* 0,

and c is a constant. It may happen that c = 0.



The proof of the linear independence of <t> 1, fa will be left as an exercise 
for the student.

In our reasoning before the statement of Theorem 4 we have shown how 
the coefficients in the power series <n, <r2 may be computed in each of the 
exceptional cases. In trying to solve a particular equation, an alternate 
procedure is to determine the appropriate form of the solutions (by analys­
ing the roots of the indicial equation), and then to substitute these back 
into the equation to determine the required constants. We illustrate this 
methocf with an important equation in the next two sections.
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E X E R C I S E S

1. Consider the following three equations near x = 0:
(i) 2x2y”  +  (5x +  x2)y' +  (x2 -  2)y =■ 0

(ii) 4x2y"  — 4xexy' +  3(cos x)y = 0
(iii) (1 -  x2)x2y"  +  3(x +  x2)y' +  y = 0
(a) Compute the roots n, r2 of the indicial equation for each relative to 
x = 0.
(b) Describe (do not compute) the nature of two linearly independent 
solutions of each equation near x = 0. Using the notation of Theorem 4, de­
termine the first non-zero coefficient in tr2(x) if n *= r2, and determine 
whether c = 0 in case r2 — r2 is a positive integer.

2. Consider the equation
x V ' +  xy' +  (x? — c?)y = 0,

where a is a non-negative constant.
(a) Compute the indicial polynomial and its two roots.
(b) Discuss the nature of the solutions near the origin. Consider all cases 
carefully. Do not compute the solutions.

3. Obtain two linearly independent solutions of the following equations which 
are valid near x = 0:

(a) i V '  +  3xi/' +  (1 +  x)y = 0
(b) x2y" +  2x2y' -  2y = 0
(c) x2y" +  5xi/' +  (3 -  Xs)!/ = 0
(d) x2y" -  2x(x +  l)i/' +  2(x +  l)j/ = 0
(e) x2y" +  xy' +  (x2 -  l)y =■ 0
(f) x2y" -  2x2y' +  (4x -  2)y = 0

4. Show that the solutions <j>i, <#>2 in Theorem 4 are linearly independent for
0 < x < r0.

5. Show that ^(x, r2), where 4̂  is given by (6.5), is a constant times <£i(x), 
where 4>i is given by

4>i(x) = *rl £  Ck(ri)xk, (Co(r0 -  1).



6. Consider the equation

xy‘ + a(x)y = 0,
where

op
a(x) -  £  a*z*,
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and the series converges for | x | < ro, ro > 0.
(a) Show formally that there is a solution 0 of the form

<t>(x) = xr 22 ckxk, (c0 = 1),
fc-0

where r +  ato = 0, and x > 0.
(b) Prove that the series obtained converges for \ x \ < Tq. (Hint: Use the 
method of Sec. 5.)

7. Consider the equation

x2y"  +  a(x)xy' +  b(x)y = 0, (*)

where a. b have power series expansions which are convergent for | x | < r0, 
ro > 0. Let ri, r2 be the roots of the indicial polynomial, Re n  g  Re r2. Let <f>i 
be a solution for z > 0  corresponding to ri:

0i(x) = xrkri(x), (o-i(O) = 1),

where a\ has a power series expansion valid for I x \ < ro.
(a) Let 0 be any other solution of (*), and suppose 0 = u0i. Show that 
v = u' satisfies the equation

v' + 2 n  +  a(x) +
2xa[ (x) 
ai(x) _

v = 0. (**)

(b) Since <r'Ja\ has a power series expansion on some interval \ x\ < fo, 
f 0 > 0, show that the v satisfying (**) has the form

CP
V(l) = z-2r!-o0 ^  dkXk,

where the power series converges for | x | < po, where pa is the smaller of 
the two numbers, ro, fo- (.Hint: Ex. 6.)
(c) Using the results of (a), (b) show that a second solution 0 2 of (*) exists 
of the form

05(x) = c (log x)0i(z) +  Xr*<T}(x), (x > 0),

where c is a constant, and a2 has a power series expansion which converges 
for | x | < po.
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7. The Bessel equation

If a is a constant, Re a 5  0, the Bessel equation of order a is the equation

JM L in ea r E qu a tion s w ith  R egu la r S ingular P o in ts  Clwqt. 4

This has the form 

with

xhf' +  xy' ~r (x2 — a2)y  = 0 .  

x V ' +  xa(x)y' +  b (x)y  =  0, 

o (x ) =  1, 6(x) =  x2 — a2.

Since a, b are analytic at x = 0 ,  the Bessel equation has the origin as a regu­
lar singular point. The indicial polynomial q is given by

q{r) =  r(r — 1) +  r — a2 =  r2 — a2,

whose two roots n, r2 are

f i  =  a ,  r 2 =  —  a .

We shall construct solutions for x >  0.

Let us consider the case a =  0 first. Since the roots are both equal to 
zero in this case it follows from Theorem 4 that there are two solutions <j>i, 
of the form

4>i(x) =  a i(x ), <f>2(x) =  x<n(x) +  ( lo g x )0 i(z ),

where at> a2 have power series expansions which converge for all finite x. 
Let us compute <x\, a-„. Let for the moment

and suppose

We find

and hence

L{y) =  x ly "  +  x y '  +  xzy,

OP
eri(x) = £  C*x*, (co 7* 0). 

.~0

° [ {x )  =  £  fcctx*"1,
k=~ 1

<q"(x) =  i k { k  -  l)c*x*-2,
*-2

x2<rl'(x) =  J 2 k (k  -  1 )ckxk,
fc-2

xa[(x)  =  £  kckxk =  Cix -f  £  kctJ*.
4-1 * - ?

xV ,(x ) =  £  ckxM  =  £  Cjt_2x*.
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Thus

L (a i) (x )  =  cix +  YL !Cfc( fc — 1) +  fc]ci +  c*—*}a:* 0.
fc**2

W e see that
ci =  0,

£k(k — 1) +  AQc* +  Ct_2 — 0, (k =  2, 3, • • •)• 

The second set of equations is the same as

C k = " CJ¥ '  ~  2>3>

The choice Co =  1 implies

1 Cj 1
Cj =  c« =  - -  =42 22-42’

and in genera!

C2rs = ( - 1 ) ' ( — I )"
22.42 (2W)2 22m(m !)2 ’

Since q  =  0 we have

C3 — Ct =  * • • ~  0.

Thus <ti contains only even powers of x, and we obtain

( - l ) mi 2”‘

(m =  1, 2, •••)•

<r 1(x) =  YL 22m(jn !)2 ’

where as usual 0! =  1, and 2° = 1. The function defined by this series is 
called the Bessel function of zero order of the first kind and is denoted by Jo- 
Thus

03 ( —

a

It is easily checked by the ratio test that this series indeed converges for all 
finite x.

We now determine a second solution & for the Bessel equation of order 
zero. Letting 4n =  J 0 this solution has the form

<h{x) =  c*xk +  (log x)<t>i{x), (co =  0).
k-0
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We obtain

170

*»(* ) =  kckxk~ ' +
<t> i ( i )

+  (log x)<t>[(x),

<t>"(x) =  £  k(k  -  l ) ^ - 2 -  — ~  +  -<*>i'(x) +  (log x)4>['(x).
x! x

Thus

L(<fo) (xi =  x2<f>f'(x) - f  x<t>'2(x)  +  x2<#> i(x)

=  cTx +  22C2X: +  £  (fc2c* ck- i )x k
A—3

+  2x<h'(x) +  (log x)L(<t>0(x),
ana since L(4>i) (x) =  0 we have

“  »  f — ] ) m2m.r2m
c,x +  22c-x2 +  g  (fc2c* +  C w )^  =  - 2  X j — ‘

Hence
ci =  0, 22c2 =  1, 32c, +  Ci =  0, • • •,

and we see that since the series on the right has only even powers of x,

ci = Ci = c5 = • • • =0.
The recursion relation for the other coefficients is

( —  l ) m41rn

We have

(2m )!cJm +  c ^ - j  =

1

22m- 2(7r,!)2
( m  = 2, 3,

= -  = i / _ I  _ J_\ = _ J . /, l\
22 ’ C4 = 42l  22 2 ■ 22/  2242\ 2 /’

c, =  1 ] _ L Y i  +  I U  J _ ( i Y  =  _ L _ / i  + 1 + 1 )  . . .6*| 2M2'\ 2/ 22-42\3/J 224 262\ 2 3/ ’ ’
and it can be shown by induction that

( _ n m - i /  i i\C, = ^-7- , J l + + -  + 1- (m = 1,2, •••)•22"‘(wi!)2\ 2 w/
The solution thus determined is called a Bessel function of zero order of the 
second kind, and is denoted by K q. Hence

(-1)"/, , 1 , , 1\/*Y"
(ml

Using the ratio test it is easy to check that the series on the right is con­
vergent for all finite x.

K 9(x) • t4 {' + 5 + -  + © © ’" +
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EXERCISES
1. Prove that the series defining Jo and Ko converge for | x | <  a>.

2. Suppose 4> is any solution of

rfy" +  xy' +  1*2/ = 0

for x > 0, and let i (x )  = x1/2$(x). Show that it satisfies the equation

xV' + (z2 + \)V -  0
for x > 0.

3. Show that Jo has an infinity of positive zeros. (Hint: If i>o(x) — xinJo(x), 
then ipo satisfies

The function x given by x(x) = sin x satisfies y”  + y = 0. Apply Ex. 4 of 
Sec. 4, Chap. 3, to show that there is a zero of Jo between any two positive 
zeros of x )

4. (a) If X > 0 and <fo(x) = xmJ0(kx), show that

y"  +  1 + — ?/•= 0. (x > °)-

(*)

(Hint: X1,2<K(x) = ^o(Xx), where \po is defined in Ex. 3.) 
(b) If X, u are positive constants, show that

(X2 -  y?) I <t>\(x)<t>„(x) dx =* <t>\(l)4>l(l) — <t>nW4>xW-
J(\ ‘0

(Hint : Multiply (*) by and multiply

4>l' +  — <t>* -4x*

by <t>\, and subtract to obtain

(<t>\K -  -  ( * 2 -  M2)<*>X<*V- (**)

Integrate from 0 to 1.)
(c) If X x  y and Jo(X) = 0, J o(m ) = 0, show that

r i
4>\(x)<f>„(x) dx ■= j xJ0(Xx)yo(mx) dx -r 0.

5. Using the notation of Ex. 4 show that if Jo(X) =■ 0 then

4
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(Hint: Relation (**) in Ex. 4, (b), is valid for any positive X and p. Differentiate 
this with respect to X, and then set p = X to obtain

= 2X<̂ .

Integrate from 0 to I.)

6. If X > 0 is such that Jo(X) = 0, prove that J'0(\) ^ 0. (H in t : If ,7o(X) — 
J'o(K) =  0 the uniqueness theorem would imply J q(x ) =  0 for x  >  0. Alter­
nately, use Ex. 5.) (R em a rk : The result of this exercise can be used to show 
that the positive zeros of Jo are denumerable, that is, they may be put into 
a one-to-one correspondence with the positive integers.)

7. Show that J'a satisfies the Bessel equation of order one

x 2y "  +  x y '  +  (x2 — 1)?/ =  0.

8. Since Jo(0) = 1, and Jo is continuous, Jo(x) ^ 0 in some interval 0 < 
x  < a, for some a > 0. Let 0 < x0 < a.

(a) Show that there i3 a second solution </»2 of the Bessel equation of order 
zero which has the form

(0 <  x  <  a).

(b) Show that Jo and <f>2 are linearly independent on 0 < x < a.

8. The Bessel equation (continued)

Now we compute solutions for the Bessel equation of order a, where 
a y- 0, and Re a i  0:

L{y)  =  x2y "  +  xy' +  (x2 -  a2)y  =  0.

As before we restrict attention to the case x  >  0. The roots of the indicial 
equation are

ri =  a, r2 =  — a.

First we determine a solution corresponding to the root ri =  a. From 
Theorem 3 such a solution 4>i has the form

4>i(z) = x“ S  (c° ^  0)-
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We find, aftci' a little calculation, that 

L(<t>\)(x) =  0'CoZ0 +  [ (a  +  l ) 2 — aJ]CiX"+I
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+  Xa X) ( [(a +  k) 2 -  aJ]cifc +  ck-.z\xk = 0. 
*-2

Thus we have
ci =  0,

[.(a  +  k) 2 — a2]Cjt +  Cit_2 ~  0, (k — 2 ,3, •••).
Since

(a +  Ar)2 — or =  k(2a  +  k) ^  0 for k =  2, 3, 

and Ci =  0, it follows that

C] =  cj =  c» =  • ■ ■ = 0 .
We find

c2 =  -
Co Co

C 4 =

2(2a +  2) 22(a +  1)

C2 Co

Co =  -

and, in general,

4 (2or +  4) 242!(a +  l)(a  +  2) '

Ci Cq

6(2a +  6) 263!(a +  1)(« 4- 2) (a +  3)

2̂tn
(  —  1 )  mCo

2imm\(a +  !)(<> +  2) (a 4- m) 
Oar solution thus becomes

( -  1) mx2"'
<t>l ( x )  =  CnXa +  CoXa X

"J 22"‘/?l!(a +  1) ••• (a +  m)

For a =  0, c0 =  1, this reduces to J0( x ) . 
It is usual to choose

Co =
I

2“ r ( a  +  1) ’

where T is the gamma function defined by

r(z) = f  e~Ix‘~1 dx, (Re 2 > 0).
•'o

It is readilv seen that
r(z +  1) = zT(z).

( 8 .1 )

(8.2)

(8.3)
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Indeed, integrating by parts, we have

r(z +  1) = lim flim / e~zx ‘ dx
T-& '0

T rT
— x ’e~z -4- z 1 €~zx*~l dx

. 0 *'o
=  lim

[ f
— z lim t e~zx‘~l dx =  zV(z), 

r-3> •'o

since T’e~T —► u as T —> » .  Also, since

r(l) = j e~z dx =  1,

if z is a positive integer n,
r(n +  1) =  nl.

Thus the gamma function is an extension of the factorial function to num­
bers which are not integers.

The relation (8.3) can be used to define r (z ) for z such that Re z < 0 ,  
provided z is not a negative integer. To see this suppose N  is the positive 
integer such that

— N  <  Re z g  — IV +  1.

Then Re (z +  N) >  0, and we can define r (z )  in terms of T(z +  N)  by

r(z +  N)
r(z) = (Re z <  0 ),

z(z +  1) ••• (z 4- N -  1 ) ’ 

provided z —N  +  l. The gamma function is not defined at 0, —1, —2,

Returning to (8.1), if we use the c0 given by (8.2) we obtain a solution 
of the Bessel equation of order a which is denoted by J„, and is called the 
Bessel f  unction of order a of the first kind:

J, ■M = g)‘ t
( - 1)" (R e a  ^  0). (8.4)i m!r(m +  a +  1) \2)

Notice that this formula for ./„ reduces to Jo when a =  0, since 
T(m +  1) =  ml.

There are now two cases according as n  — r̂  =  2a is a positive integer 
or not. If 2a is not a positive integer, by Theorem 4 there is another solution 

of the form

<h(x) =  x— c*x*. 
*•0

*
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We find that our calculations for the root rx = a carry over provided only 
that we replace a by —a everywhere. Thus

= . m !r(m
- 1 ) -  Ary1
-  a + T j W

gives a second solution in case 2a is not a positive integer.
Since r (m  — a +  1) exists for rn = 0, 1, 2, • • provided a is not a 

positive integer, we see that J exists in this case, even if r< — r2 =  2a 
is a positive integer. This is the rather special case we mentioned in the 
proof of Theorem 4. Thus, if a is not zero or a positive integer, J* and 
J_a form a basis for the solutions of the Bessel equation of order a for 
x  >  0.

The only remaining case is that for which a is a positive integer, say 
a =  n. According to Theorem 4 there is a solution <t>2 of the form

V5'<t>l(x) =  x~“ Y  +  c 0 °g  x ) j n{x).
k -  0

We find that

L{4n){x)  =  x2<j>2 (x) +  x<f>'2(x) +  (x2 -  n2)<*>2(x)

= O'Cox- " +  [(1 — n )2 — n2]cjx1_"
cn

4- X~n Y  l [ ( *  — n )2 — « 2]e* 4- c*..2}x*
Jt-2

+  2 cxJ'%{x)  4- c (log x )L (J „ )  (x) =  0, 

and since L (J „ )  (x) =  0 we have, on multiplying by xn,
oo

(1 — 2n)cix +  Y  l k (k — 2n)c* 4- c*_2]x*
t-2

=  —2c Y  (2m +  n)d2mx 2m+2n. (8.5)

Here we have put

and hence

Jn(x) =  Y  d2mx%m+n,
771 “ 0

( - 1 ) “d2m — ( 8 .6 )
2lm+nm\(m 4- n) 1

The series on the right side of (8.5) begins with x2n, and since n is a positive 
integer we have Ci = 0. Further, if n >  1,

k(k  — 2n)ck 4- c*_2 =  0, (k =  2, 3, • • •, 2n — 1),



176 L inear E qu a tion s w ith  R egu la r S ingular P o in ts C hap. 41 7 6

and this implies

Ci C3 Ct * * * C'jn—1 — 0[
whereas

c2 =
Co

and in general 

Cl i =

2 Hn -  1) ’

Co

c 4 =
Co

2iij\{n -  l ) . . .  (n -  ’

Comparing the coefficients of x2,1 in (8.5) we obtain

<•
ĉ n—1 =  —2cado —

242!(n  -  \)(n  -  2) *

( i  = 1,2, •••,« -  1). (8.7)

2n~l (n -  1 ) ! '

On the other hand from (8.7) it follows that

_______________ Co_______________

22"-2(n -  l ) ! (n  -  1)1’
C2n-2 —

and therefore

c =  —
Co

2"~1(n -  1)! ( 8.8)

Since the series on the right side of (8.5) contains only even powers of x 
the same must be true of the series on the left side of (8.5), and this implies

Con +  l _  Con + } =  • • ■ = 0 .

The coefficient c2„ is undetermined, but the remaining coefficients

C2n+1, Ĉ n-Mi • '  *

are obtained from the equations

2m(2n +  2m)c2„+5„  +  c2„+2m_2 =  -  2c(n +  2m)d2m, (m -  1.2, ■ • •)■

For m =  1 we have

-  1 \ ___ c ,̂
C2n+2 ~ 2 V  - n +  1/ 4(n +  1)

We now choose c2„ so that 

lln  4- I )
cdJ 1 IN

= + 2 + - "  + - )
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Since 4 (n +  l)^r =  — do,

Ci

With this choice of c:„ we have

cdi/

ttffl/ 1 1\=  _ _ ( 1 + _ + . . . + _)

C2n+2 =

For m =  2 we obtain
2 VJ + 1 + $ +

c d j  1 1 \
C2n-M — — ~ " H------------* —

+ - h vn +  1/

Cjn+2
2 \2 n +  2 / 22-2 - ( ti +  2)

Since 22- 2 - (n +  2)d« =  —tin,

* f ( ‘ + ' + 5 + +
1

7 1 + 1 /

and therefore

+
1 -V

77 +  2 /
c d j  1 1

c2„+4 =  2~\ +  2 +  +  2 +

It can be shown by induction that

cdjJV 1 IN / I 1 V
***** =  — ^  i  + -  +  • • • + -  +  ] + - + • • • +  — — !

2  l \  2  771 /  \ 2  71 +  777/

(777 =  1 , 2 ,  • ■ •)•

Finally, we obtain for our solution <t>? the function given by

02 ( l )  =  CoZ“r‘ +  CuX~n
x2j

*-i 22(?'!(7i -  1) • • • (77 -  j)

Cdn/ 1 IN
- 2 \ l +  2 +  -  +  » r

-  5 £ d h .  ( l  +  \ + • • ■  +  - )  +  ( l  +  l-  +  ••• +  )2 ^ i  +  2 777/  \ 2 77 +  771/

+  c (log x) J „ (x ) ,

where Co and c are constants related by (8.8), and dim is given by (8.6). 
When c =  1 the resulting function 0« is often denoted by K„. In this case

Co =  — 2n~l(n -  1 ) ! ,
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and therefore we mav write

>—0

( - 1 ) "_  V f Y  V
2\2/ m_ i  m\{m +  n ) !,

+  ( i  + 1 +  . . .  +  _ L _ )
\ 2 m +  n/.

+  U o g x )7 » (x ) .

This formula reduces to the one for Ko(x) when n =  0, provided we inter­
pret the first two sums on the right as zero in this case. The function K„  
is called a Bessel Junction of order n of the second kind.

E X E R C I S E S

1. (a) Prove that the series defining J „ and J_a converge for | x | <
(b) Prove that the infinite series involved in the definition of K„ converges
for | x | < » .

2. Let <f> be any solution for x > 0 of the Bessel equation of order o

x Y ' +  XT/' +  (x2 -  aPly  =  0, 

and put t{/(z) — xui<t>(x). Show that J/ satisfies the equation

for x > 0.

y "  + 1 + = 0

3. (a) Show that

(b) Show that

XmJll2(x) -=
y/2 .

— — sin x. 
1* ( 2 )

v2
xwJ-in{x) — —— cos x.

r(i)
(Hint '. From Ex. 2, r(/(x) = x lnJ\n(x) satisfies p" +  p = 0 for x > 0, and 
hence \p(x) = ci cos x +  d  sin x, where ci, C2 are constants. Show that 
ci = 0 and C2 — v5/T($).) (Note: It can be shown that T(i) = y/it.)

4. (a) Show that Jo(x) = —J i(x).
(b) Show that K ’a(x) ~ —Ki(x).
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5. Prove that between any two positive zeros of Jo there is a zero of Ji. (Hint: 
Use Ex. 4(a), and Rolle’s theorem.)

6. Show that if a > 0 then Ja has an infinity of positive zeros. (Hint: If 
ip(x) -  xll2Ja(x) then \p satisfies

where
y"  +  >J(z)v = 0, 

i  -  a2
m  = 1 +  5— 7 -  ;

(*)

see Ex. 2. For all large enough x, say x > x0, /3(x) > j  Compare (*) with the 
equation

y "  +  \ y  =  o

satisfied by x(x) = sin (z/2). Apply the result of Ex. 4 of Sec. 4, Chap. 3.)

7. Fora fixed, a > 0, and X > 0, letd>x(x) ■= z1/2J a(Xx). Show that

+ 4>\ = — Xfyx.

(*)

(Hint: X1,2d>x(x) = ^(Xz), where ^ is defined in Ex. 6.)

8. If X, /x are positive, show that

(X2 - m2) f  MxM>„(x) dz =<MDtfCU) -4>,0)^(1).
Jo

(Hint : Use Ex. 7 to show that

</■><*>y  -  *  (0»<P* ~ 4,m4'x) / = (X2 -  /x2)d>xd>M,

and then integrate from 0 to 1.)

9. If a > 0, and X, *x are positive zeros of show that
Cl Cl
I <f>x(x)<f>„(x) dx = / xJa(\x)Ja(jix) dx = 0,

■/o ■'o
if X ^ /x. (Hint : Ex. 8.)

10. If a > 0, X > 0 , and ,/„(X) = 0 show that

f  </>x2(x) dx = [ '  x j 2a(\r) dx = [̂J'„(X)12.
*'o

(Hint: Differentiate (*), in Ex. 8, with respect to X and then put ft = X to 
obtain

d0x , /dd>xy
2Xd>xS

Integrate from 0 to 1.)
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11. Define i/T(fc), when A; is a non-positive integer, to be zero. Show that if 
n is & positive integer the formula foi J~n(x) gives

• /- . ( * )  = ( - l ) V . ( x ) .

12, (a) Use the formula for Ja{x) to show that

(X "y a) '( l )  =  XaJa- i(x ).
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(b) Prove that

13. Show that

(i ̂ V„)'(x) = — x~aJ a+i(x).

.V , ( j )  -  Jâ (x)  = 2 j:(x),
and

Ja-l(x) f  Ja+l(x) = 2aX~‘Ja(x).

{Hint: Use the results of Ex. 12.)

14. (a) Show that between any two positive zeros of Ja there is a zero of 
Ja+i- (Hinl: Use Ex. 12(b), and Rolle’s theorem.)
(b) Show that between any two positive zeros of Ja+l there is a zero of 
J„. {Hint: Use Ex. 12 (a), and Rolle’s theorem.)

9. Regular singular points at infinity

Often it is of interest to investigate solutions of an equation

L(y) =  y "  +  a-Jx) y' +  an(x )y  =  0 (9.1)

for large values of | x | . A simple way of doing this is to make the substitu­
tion i  =  l / / ,  and study the solutions of the resulting equation near i =  0. 
Then, for example, the results on analytic equations and equations with a 
regular singular point at / =  0 can be applied.

If <i> is a solution of (9.1) for | x  I >  r0, for some r0 >  0, let

'IN '|\ /1\
<f(0 =  di (() =  Oj(0 =

These functions will exist for | 11 <  1/ro, and

dx\t) dt K ’

d?4>/1\ d*$ dtf>-r| -  = t* -X  (<) +  2P -p-
dx2\f / dP dt (/).
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Since from (9.1)

we have
+  [2£3 -  P & d Q  ]<?'(<) +  ds( 0 * ( 0  =  0 ,

where now the prime denotes differentiation with respect to t. Thus 4> 
satisfies the equation

L(y) =  Vy" +  [2£3 -  rtiitOJy' +  ck(t)y =  0. (9.2)

Conversely, if 4> satisfies L{y) =  0 the function <f> will satisfy L(y)  =  0. 
The equation (9.2) is called the induced equation associated with L(y) = 0 
and the substitution x =  1 /t.

We say that infinity is a regular singular point for (9.1) if the induced 
equation (9.2) has the origin i =  0 as a regular singular point. Writing
(9.2) as

Py +  ( 2 -------—  Jty +  y = 0

we see that L{y) = 0  has t = 0 as a regular singular point if and only if 
ai/t and d2/1'2 are analytic at t = 0 .  This means that

co zr
dl (f) =  t X )  <Xktk, f i j ( < )  =  f  2 3  f tA

k=C

where the series converge for ] t \ <  i/ro, r0 >  0. Translated into a condi­
tion involving a,\, a2 this means that

afx) = -  23x x
Ok
,k 1

( \  ̂ V ' ^kM x )  =  -- V  -  ,
X2

where these series converge for | x  | >  r0. Thus infinity is a regular singular 
point for (9.1) if and only if (9.1) can be written in the form

x2y "  +  a(x)xy' +  b( x) y  =  0,

where a, b have convergent power series expansions in powers of 1 /x  for 
| x | >  r0 for some r0 >  0.

The simplest example of an equation with a regular singular point at 
infinity is

xfy" +  a x y ' + b y  =  0,

where a, b are constants; namely, the Euler equation. Thus this equation 
has the origin and infinity as regular singular points, and it is clear that there 
are no other possible singular points.
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An example of an equation with three regular singular points (and no 
others) is the hypergeometric equation

(x -  x2)y "  +  [7  -  (a- +  0 +  1 )x]y ' -  a(3y =  0,

where a, 13, 7 are constants. It is readily checked that 0, 1, and infinity are 
regular singular points.

E X E R C I S E S

1. Show that infinity is not a regular singular point for the equation

y" +  ay' +  by = 0, 

where a, b are constants, not both zero.

2. Show that infinity is not a regular singular point for the Bessel equation

x2y" +  xy' +  (x2 — a:)y = 0.

3. (a) Show that infinitj' is a regular singular point for the Legendre equation

(1 — x2)y’' — 2 xy' +  a(a +  1 )y = 0.

(b) Compute the induced equation associated with the Legendre equation 
and the substitution x = 1/t.
(c) Compute the indicial polynomial, and its roots, of the induced equation.

4. Find two linearly independent solutions of the equation

(1 -  x2)y" -  2xy' +  2y = 0
of the form

XT' 23 c*x~k 
k=> 0

valid for | 1 1 > 1 . (Hint: Use E::. 3 with a = 1.)

5. (a) Suppose <f> is a solution of the Legendre equation of order p

(1 -  x?)y" -  2xi/' +  p(p +  l)z/ = 0, 

and let ^(f) = <f>(2t -  1). Show that ^ satisfies the equation

01 ~ t2)y" +  (1 -  2i)y' +  p(p +  1 )y = 0. (*)

(b) Verify that the equation (*) is a hypergeometric equation with

o- = p +  1, B = - p ,  7 = 1-



6. (a) Compute the indicial polynomial relative to the origin for the hyper­
geometric equation.
(b) Obtain a solution 0 of the hypergeometric equation of the form

CO
<t>(x) = xr £

*-0
if y  is not zero or a negative integer.

7. Consider the equation

x2y"  +  2xy' -  n(n +  1 )y = 0,

where n is a non-negative integer.
(a) Show that infinity is a regular singular point.
(b) Compute a solution <f> of the form

oo
<t>{x) =  x ~ r X) ckx~k.
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CHAPTER 5

Existence and Uniqueness 

of Solutions to First 

Order Equations

1. Introduction

In this chapter we consider the general first order equation

y ' = f ( x , y ) ,  ( l . l )

where/is some continuous function. Only in rather special cases is it possible 
to find explicit analytic expressions for the solutions of (1.1). We have al­
ready considered one such special case; namely, the linear equation

y' =  g (x )y  +  h(x), (1 .2 )

where g, h are continuous on some interval /. Any solution <t> of (1.2) can 
be written in the form

<b{x) =  e^*> f  e~QWh(t)dt +  ceQ(x\ (1.3)
* *0

where ^
Q(x) = g {0  dt,

JXQ

Xo is in I, and c is a constant (see Chap. 1). In Secs. 2 and 3 we indicate 
procedures which can be used to solve other important special cases of
(1.1).*

* A n  e x ce lle n t  c o m p e n d iu m  o f  sp ec ia l e q u a t io n s  an d  th e ir  s o lu tio n s  a p p ea rs  in  th e  
b o o k  b y  E . K a m k e , “ Differentialgleichnngen— Ij6su.ngsmethod.en und Los ungen, v o l . I , 
rep r in ted  b y  J. W . E d w a rd s , A nn  A rb o r , M ich . (1 9 4 5 ) .

1 8 5
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Our main purpose is to prove that a wide class of equations of the form 
(1.1) have solutions, and that solutions to initial value problems are unique. 
If /  is not a linear equation there are certain limitations which must be ex­
pected concerning any general existence theorem. To illustrate this consider 
the equation

y' =  V2.

H ere/(x , y) =  y2, and we see /h as  derivatives of all orders with respect to 
x and y at every point in the (x , y)-plane. A solution <f> of this equation 
satisfying the initial condition

<#>(1) =  - 1

is given by

4>(x) =  —

as can be readily checked. However this solution ceases to exist at x =  0, 
even th ou gh /is  a nice function there. This example shows that any general 
existence theorem for (1.1) can only assert the existence of a solution on 
some interval near-by the initial point.

The above phenomenon does not occur in the case of the linear equation
(1.2), for it is clear from (1.3) that any solution <f> exists on all of the interval
I. This points up one of the fundamental difficulties we encounter when we 
consider nonlinear equations. The equation often gives no clue as to how 
far a solution will exist.

We prove that initial value problems for equation (1.1) have unique 
solutions which can be obtained by an approximation process, provided /  
satisfies an additional condition, the Lipschitz condition. We first concen­
trate our attention on the case when /  is real-valued, and later show how 
the results carry over to the situation when /  is complex-valued.

2. Equations with variables separated

A first order equation

y' = f i x ,  y)

is said to have the variables separated if /  can be written in the form

f i x ,  y)
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where g, h are functions of a single argument. In this case we may write our 
equation as

or

d v
h(y) 7 - = g{x),  ax

h(y)dy = g(x)dx,

(2 .1)

and we readily see the origin of the term “ variables separated” .
For simplicity let us discuss the equation (2.1) in the case g and h are 

continuous real-valued functions defined for real x and y, respectively. If 
4> is a real-valued solution of (2.1) on some interval 7 containing a point 
x0, then

h(4>(x))<t>'{x) = g(x)

for all x in I, and therefore

f  h((t>(l))<p'(t) dt = f  g(t) dt ( 2.2 )

for all x in 7. Letting u = <j>(t) in the integral on the left in (2.2), we see 
that (2.2) may be written as

r<t>W
H u)

* /h( r

pt>W rx
du =  J g(t) dt.

' <t>(x0) " *0

Conversely, suppose x and y are related bv the formula

J  h(u) du =  j  g(t) dt, (2.3)

and that this defines implicitly a differentiable function 4> for x in I.*  Then 
this function satisfies

r<fi Cx) /•x
J h(u) du = J g(t) dt

for all x in 7, and differentiating we obtain

h{4,{x))4>'{x) = g(x),

which shows that 4> is a solution of (2.1) on 7.
In practice the usual way of dealing with (2.1) is to write it as

h(y)dy = g{x)dx

* W e  eay  th a t  a  re la tion  F(x, y) =  0  d e fin es a  fu n c tio n  <t> im p lic it ly  fo r  x in  som e  
in te rva l I, if  fo r  each  x in I there  is a  y su ch  th a t  F(x,  y) = 0 ;  th is  y b e in g  d e n o te d  b y  
* U ) .  '
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(thus separating the variables), and then integrate to obtain 

j  h(y) dy =  j  g(x) dx +  c,

where c is a constant, and the integrals are anti-derivatives. Thus 

H (y)  =  J h(y) dy, G (x) =  J g(x) dx,

represent any two functions H, G such that

H> =  h, G' = g.

Then any differentiable function 4> which is defined implicitly by the rela­
tion

H (y ) =  G (x) +  c (2.4)

will be a solution of (2.1). Therefore it is usual to identify any solution 
thus obtained with the relation (2.4). We summarize in the following 
theorem.

188 S olu tion s to  First O rder E qua tions Chap. 5

Theorem 1. Let g, h be continuous real-valued functions for a ^  x ^  b, 
c Si y ^  d respectively, and consider the equation

h { y ) y '= g { x ) .  (2.1)

I f  G, H are any functions such that G ' =  g, II' =  h, and c is any constant 
such that the relation

H (y) = -G (x ) +  c

defines a real-valued differentiable function <t>for x in some interval I contained 
in a ^  x ^  b, then <f> mil be a solution of (2.1) on I. Conversely, i f  4> is a 
solution of (2.1) on I, it satisfies the relation

H (y) =  G (x) +  c
on I , for some constant c.*

The simplest example is that case in which h(y) =  1. Then y' =  g {x ) , 
and every solution $ has the form

<t>(x) =  G (x) +  c, (2.5)

where G is any function on a ;£ x  i£ b such that G' =  g, and c is a constant. 
Moreover, if c is any constant, (2.5) defines a solution of y' =  g (x ). Thus 
we have found all solutions of y' — g{x) on a :£ x ^  b.

* The function <f> will be a solution of ?/' = g{x)/h(y)  on I, provided h(<j>(*)} ^  0 
for all x in 7.
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Another simple case occurs when g(x) =  1, for then we have
1

y' =
Hy)

( 2.6)

or
h(y)dy  =  dx.

Thus, if H' =  h, any differentiable function denned implicitly by the re­
lation

H (y) =  x  +  c, (2.7)

where c is a constant, will be a solution of (2.6). As an example, let us con­
sider the equation

( 2.8)y' = y2-

Here h(y) =  1 /y2, which we note is not continuous at y = 0 .  We have
dy—  — dx,
y2

and thus the relation (2.7) becomes
1 - 1  

—  =  x 4  c, or y =  — ■— . 
y x 4  c

Thus, if c is any constant, the function <j> given by
- 1

<t>(x) = (2.9)
x 4  c

is a solution of (2.8), provided x ^  —c.
It is important to remark that the separation of variables method of 

finding solutions may not yield all solutions of an equation. For example, 
it is clear from (2.8) that the function \f/ which is identically zero for all x 
is a solution of (2.8). However, for no constant c will the </> of (2.9) yield 
this solution. Careful attention to the possibilities of dividing by zero will 
often alert the student to missing solutions.

Let us consider one more example:

y' =  3 y™ (2.10)
This leads to

4 1 - 3 *2,2/3

if y ^  0, and hence to

yiit — x  4  c, or y  = (x +  c )3, 

where c is a constant. Thus the function 0 given by

(9 1 1 1<#>(x) = (x  4  c )3 ( 2. 11)



190 S o lu tion s to  F irst O rder E qu a tion s C hap. 5

will be a solution of (2.10) for any constant c. Again we note that the 
identically zero function is a solution of (2.10) which can not be obtained 
from (2.11).

The example (2.10) illustrates one more difficulty we encounter when 
we deal with nonlinear equations; namely, there may be several solutions 
satisfying a given initial condition. Thus the two functions <j> and \p given by

4>(z) =  X3, Ip(x) =  0, ( — 00 <  X <  oo),

are solutions of (2.10) which pass through the origin. Actually the situation 
is much worse than appears, for there are infinitely many functions which 
are solutions of (2.10) passing through the origin. To see this let k be any 
positive number, and define 4>k by

<t>k(x) =  0,

4>k{x) =  (x -  k )3,

( — *  <  x  ^  k) , 

(k <  x <  <x>).

Then it is not difficult to see that <f>k is a solution of (2.10) for all real x. 
and clearly 4>k(0) =  0. It might be instructive for the student to make a 
sketch of these solutions.

E X E R C I S E S

(c) y' =

1. Find all real-valued solutions of the following equations:

(a) if = x2y (b) y f  = x

x  +  x 3 c*~v
-  (d) f  = — -

y -  T  1 +  e*

(e) f  = -  42“

2. (a) Show that the solution 4> of

y' -  v2
which passes through the point (xo, yo) is given by

yn
= 7--------;--------- ;] -  y0(x -  x0)

(Note: The identically zero solution can be obtained from this formula bv 
letting yo «* 0.)
(b) For which x is </> a well-defined function?
(c) For which x is <j> a solution of the problem

>J = <r, y(x o) = yf-
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3. (a) Find the solution of y' = 2yw  passing through the point (xo, yo), where 
I/O > 0.
(b) Find all solutions of this equation passing through (xo, 0).

4. A function f  defined for real x,'y is said to be homogeneous of degree k if

}{tx, ty) = tkf(x, y)

for all t, x, y. In case /  is homogeneous of degree zero we have 

f(lx, ty) = f(x, y),

and then we say the equation y' = f(x, y) is homogeneous. (Unfortunately this 
terminology, which is rather standard, conflicts with the use of the word 
homogeneous in connection with linear equations.) Such equations can be 
reduced to ones with variables separated. To see this, let y = ux in y' = /(x, y). 
Then we obtain

and hence
xu' +  u = /(x, ux) = /(1, u), 

/ ( l ,  u) -  u

which is an equation for u with variables separated.
Find all real-valued solutions of the following equations:

(a) y' =

(c) y'  =

x +  y 
x -  y

x2 +  xy +  y2

5. The equation

(b) y' = 

( d )  ? /' =

atx +  biy +  Ci 
a-zx +  b2y +  c2 ’

if
xy +  x2 

y +  xe~2y!x

n

where ai,fci,ci,o2, 62, c2 are constants (ci, c2 not both 0)can be reduced to a homo­
geneous equation. Assume we do not have the simple equation y' = ci/c2, 
and let x = £ +  h, y = y +  k, where h, k are constants. Then (*) becomes

dy +  bvg +  (dih +  b]k +  c i)
dl\ (12% biy -|- (â h. -p 62A: -1- c2)

If h, k satisfy
a\h -j- b\k -j- Ci = 0, dih -j- b?k -(- c2 = 0, (**)

the equation becomes homogeneous. If the equations (**) have no solution, then 
ai62 — a2hi = 0, and in this case either the substitution

u — aix +  b\y +  ci or u — a2x +  biy +  c2,

leads to a separation of variables.

V
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Solve the following equations: 

x -  y +  2
(a) y' -

(c) y" =

x +  y -  1

x +  y +  1 
2x +  2y -  1

(b) y' =
2x +  3y +  1 
x — 2y 1

6. (a) Show that the method of Ex. 5 can be used to reduce an equation of the 
form

, ( a\x +  hy  +  Cî  
y  ̂\atx +  biy + c j

to a homogeneous equation, 
(b) Solve the equation

2 \ x +  2 /

7. Suppose there is a family F of curves in a region S in the plane with the 
property that through each point (z, y) of S there passes one, and only one, 
curve C of F, and that the slope of the tangent of C at (x, y) is given by f(x, y), 
where /  is continuous. If a curve in F can be written as (z, <f>(x)), where x runs 
over some interval I, then 0 is a solution of y' ■= /(x, y). If ip is any solution of 
the equation y' = — l//(x , y), then the curve C-1 given by the points (x, ^(x)) 
will have a tangent at each of its points (x, y) which is perpendicular to the 
curve in F passing through (x, y). The set G of all curves C-1- is called the set 
of orthogonal trajectories to the family F.

The following relations determine a family of curves, one curve for each 
value of the constant c. Find the orthogonal trajectories of these families.

(a) t?  +  y2 = c, (c > 0)

(c) y = cx2 

(e) x2 -  y2 = c

(b) y = cx 

x2 v2
(d) -  +  -  c, (e > 0)

A O

(f) y = ce*1

3. Exact equations

Suppose the first order equation y' =  f (x ,  y)  is written in the form

, —M(x ,  y)
y =

or equivalently
N (x ,  y)  ’

M (x, y)  +  N ( x , y ) y '  =  0, (3.1)
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where M, N  are real-valued functions defined for real x, y on some rectangle 
R. The equation (3.1) is said to be exact in R if there exists a function F 
having continuous first partial derivatives there such that

dF TUT dF AT—  =  M , —  =  N,
dx dy

(3.2)

in R.
If (3.1) is exact in R, and F is a function satisfying (3.2), then (3.1) 

becomes
dF dF .
—  (x, y) +  —  (x, y )y  =  0. 
dx dy

If <t> is any solution on some interval 7, then

dF dF
—  ( X ,  4- —  (x, $(x))*'(x) = 0dx dy

(3.3)

for all x in 7. If 4>(x) =  F(x,<f>(x)), then equation (3.3) just says that 
4>' (x) =  0, and hence

F(x,  0 (x ))  =  c,

where c is some constant. Thus the solution <p must be a function which is 
given implicitly by the relation

F ( x , y )  =  c. (3.4)

Looking at this argument in reverse we see that if 4, is a differentiable 
function on some interval 7 defined implicitly by the relation (3.4) then

F (x, 0 (x ) )  =  c

for all x in 7, and a differentiation yields (3.3). Thus <j> is a solution of (3 .1 ).

Theorem 2. Suppose the equation

M (x ,  y)  +  N(x,  y )y ' =  0 (3.1)

is exact in a rectangle R, and F is a real-valued function such that

~  -  M , d- f  =  N  (3.2)
dx dy

in  R . Every differentiable function <f> defined implicitly by a relation 

F(x, y)  =  c, (c =  constant),

is a solution o f  (3.1), and every solution of (3.1) whose graph lies in R  arises 
this way.
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The problem of solving an exact equation is now reduced to the problem 
of determining a function F satisfying (3.2). If (3.1) is exact and we write it 
as

dF dF
M (x ,  y) dx +  N{x,  y) dy =  —  (x, y) dx +  —  (z, y) dy =  0,

dx dy

we recognize that the left side of this equation is the differential dF of F. 
This is the explanation of the term “ exact” ; the left side is an exact differen­
tial of a function F.

Sometimes an F can be determined by inspection. For example, if the 
equation

V = (3-5)

is written in the form
r d x + y d y  =  0,

it is clear that the left side is the differential of (z2 +  y2) /2. Thus any 
differentiable function which is defined by the relation

x2 +  y2 =  c, (c =  constant),

is a solution of (3.5). Note that the equation (3.5) does not make sense 
when y =  0.

The above example is also a special case of an equation with variables 
separated. Indeed any such equation is a special case of an exact equation, 
for if we write the equation as

g(x)dx  =  h{y)dy,

it is clear that an F is given by

F(x, y)  =  G(x) -  H ( y ) ,

where G' =  g, H' = h.
How do we recognize when an equation is exact? To see how, suppose 

M{x ,  y)dx  +  N(x,  y)dy  = 0

is exact, and F  is a function which has continuous second derivatives such
that

dF dF
N.- M,

dx dy
Then

d2F dM d'-F dN
dydx dy ’ dxdy ~  d x ’



and, since for such a function
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&F d2F
dydx dxdy ’

we must have
dM _  dN 
dy dx *

This is the condition we are looking for, since it is true that if this equality 
is valid, the equation is exact.

Theorem 3. Let M, N be two real-valued functions which have continuous 
first 'partial derivatives on some rectangle

R - | x -  xv | ^  a, \ y - y 0 \ £ b .
Then the equation

M(x ,  y) +  N(x ,  y)y'  =  0 

is exact in R  if, and only if,

dM dN
dy dx

in R.

(3.6)

Proof. We have already seen that if the equation is exact, then (3.6) 
is satisfied.

Now suppose (3.6) is satisfied in R. We need to find a function F satis­
fying

”  - M .  -  V
dx dy

T o see how to do this, we note that if we had such a function then 

F(x,  y) -  F (xo, y0) =  F(x,  y) -  F (x0, y)  +  F(x 0, y) -  F ( x 0, y0)

- f
dF , s , P  dF
—  (s, y ) d s +  —-
dx JVo dy

P  dF , x
L  {x" l) dt

=  f  M ( s , y ) d s +  f  N(xa,t )  dt.

Similarly we would have

F(x,  y) -  F ( x o, z/o) =  F(x,  y) -  F(x,  y0) +  F(x, y0) -  F (x0, yf)

r» dF r  dF x
=  — (X. t) dt +  —  (s, yt)

K.  du Jr, dx
ds

■n dy

=  f  N(x ,  t) dt +  f  j/ o) ds.
J i/A J Xn'Vo

(3.7)
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are those satisfying
— ̂ o +  2?/o =  0,

and these are precisely the points where the given equation (3.10) is not 
defined. Thus, if (x0,2/o) is a point for which (3x2 — 2xy)/ (x2 — 2y) is 
defined, there will be a unique solution of (3.10) whose graph passes through 
(zo, ?/o) •

E X E R C I S E S

1. The equations below are written in the form M(x, y) dx +  N{x, y) dy = 0, 
where M, N exist on the whole plane. Determine which equations are exact 
there, and solve these.

(a) 2xy dx +  {xr +  3y2) dy = 0
(b) (x2 +  xy) dx +  xy dy = 0
(c) dx +  (ey(y -(- 1)) dy = 0
(d) cos x cos2 y dx — sin x sin 2y dy = 0
(e) x2yz dx — xhy2 dy — 0
(f) (x + y) dx +  (x -  y) dy = 0
(g) (i2ye?x +  2x cos y) dx +- (e2x — x2 sin y) dy — 0
(h) (3x2 log | x | +  x2 4- y) dx +  x dy = 0

2. Even though an equation M (x, y) dx +  A'(x, y) dy = 0  may not be exact, 
sometimes it is not too difficult to find a function u, nowhere zero, such that

u(x, y)M(x, y) dx +  u(x, y)N(x, y) dy = 0

is exact. Such a function is called an integrating factor. For example,

y dx — x dy = 0

is not exact, but multiplying the equation by u(x, y) = 1/y2, makes it exact 
for y & 0. Solutions are then given by y = cx.

Find an integrating factor for each of the following equations, and solve 
them.

(a) (2j/3 +  2) dx +  oxy2 dy = 0
(b) cos x cos y dx — 2 sin x sin y dy = 0
(c) (5xV + 2 y) dx +  (3x*y +  2x) dy 0
(d) (ev 4- xey) dx +  xey dy = 0
{Note: If you have trouble discovering integrating factors, do Exs. 3-5 
first.)

3. Consider the equation

M(x, y) dx 4- N(x, y) dy = 0,

where M, N have continuous first partial derivatives on some rectangle R.



Prove that a function u on R, having continuous first partial derivatives, is an 
integrating factor if and only if,

fdM dN\ du du
u { —  -  —  I = N — -  M —

\ dy Ox/ dx dy

on R. (Hint: Theorem 3.)

4. (a) Under the same conditions as in Ex. 3, show that if the equation

M(x, y) dx +  N(x, y) dy = 0

has an integrating factor u, which is a function of x alone, then

1 fdM dN\
^ N \dy dx)

is a continuous function of x alone.
(b) If p is continuous and independent of y, show that an integrating factor 
is given by

u(x) = ePf-z),

where P is any function satisfying P' p.

5. (a) Under the same conditions as in Ex. 3, show' that if

M(x, y) dx +  N(x, y) dy = 0

has an integrating factor u, which is a function of y alone, then

_ _1 (dN dM\
 ̂ M \ dx dy J

is a continuous function of y alone.
(b) If q is continuous, and independent of x, show that an integrating factor 
is given by

*  u(y) = cg(“\

where Q is any function such that Q' = q.

6. Consider the linear equation of the first order

y' +  a(x)y = b(x),

where a, b are continuous on some interval I.
(a) Show that there is an integrating factor which is a function of x alone. 
(Hint: Ex. 4.)
(b) Solve this equation, using an integrating factor. (Compare this pro­
cedure with that followed in Chap. 1, Sec. 7.)
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4. The method o f successive approximations
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We now face up to the general problem of finding solutions of the 
equation

y ' = f ( * , y ) ,  (4.1)

w here/is any continuous real-valued, function defined on some rectangle

R-. | x — x0 | ^  a, \ y - y o \ ^ b ,  ( a , b >  0),

in the real (x , y)-plane. Our object is to show that on some interval I  con­
taining Xo there is a solution 0 of (4.1) satisfying

4>(xo) =  2/o. (4.2)

By this we mean there is a real-valued differentiable function 0 satisfying 
(4.2/ such that the points (x, 0 (x ) ) are in R for x in 7, and

4>'{x) =  f ix ,  0 (x ))

for all x in / .  Such a function 0 is called a solution to the initial value 
problem

y ’ =  f ix ,  y) ,  yixo) =  2/0, (4.3)
on /.

Our first step will be to show that the initial value problem is equivalent 
to an integral equation, namely

V =  2/o +  /  / ( b  y) dt (4.4)

on 7. By a solution of this equation on I is meant a real-valued continuous 
function 0 on /  such that (x, 0 (x ) ) is in R for all x in I, and

0 (z) =  2/o +  j  fit, 0 (0 ) dt (4.5)

for all x on 1.

Theorem 4. A function 0 is a solution of the initial value problem (4.3) 
on an interval I if and only if it is a solution of the integral equation (4.4) on I.

Proof. Suppose 0 is a solution of the initial value problem on I. Then

0 '( O = / ( b 0 ( O )  (4.6)

on I. Since 0 is continuous on I, and /  is continuous on R, the function F 
defined by

Fit) = fit, <p(t))



is continuous on 1. Integrating (4.C) from x0 to x  we obtain

<t>(x) =  4>{xo) +  I  f it ,  0 (0 )  dt,
C0

and since <j>(x0) =  yo we see that 0 is a solution of (4.4).
Conversely, suppose 0 satisfies (4.5) on I. Differentiating we find, using 

the fundamental theorem of integral calculus, that

0 '(x ) =  f {x ,  4>{x))

for all x on I. Moreover from (4.5) it is clear that 4>(xo) =  yo, and thus <j> 
is a solution of the initial value problem (4.3).

We nowr turn our attention to solving (4.4). As a first approximation to 
a solution we consider the function 0O defined by

0o(z) =  yo-

This function satisfies the initial condition 0o(z0) =  yo, but docs not in 
general satisfy (4.4). However, if wc compute
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0 i(x) =  yo +  f  f (t ,  foi l ) )  dt 
•Co
ft

=  2/o +  j fit ,  yo) dt,
* ■‘O

we might expect that 0i is a closer approximation to a solution than 0o. 
In fact, if we continue the process and define successively

0 oix) =  yo,
(4.7)

<t>k+iix) =  y0 +  /  fit,  <j>k(t))dt, ik — 0, 1 ,2, •••),
■C0

we might expect, on taking the limit as k —> oo, that we would obta i^

0*(x) —> 0 (z ) ,
where 0 would satisfy

0(2) = yo +  f f it ,  0(0) dt.
■Co

Thus 0 would be our desired solution. _
We call the functions 0O, 01, • • • defined by (4.7) successive app*tvwt& 

tions to a solution of the integral equation (4.4), or the initial value problem
(4.3). One way to picture the successive approximations is to think of a
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machine S (for solving) which converts functions <j> into new functions S(<b) 
defined by

S(4>) (x) — yo + / ’* /(« , 0 (0 ) dt.

A solution of the initial value problem (4.3) would then be a function 0 
which moves through the machine untouched, that is, a function satisfying 
S(4>) =  0. Starting with 0o(z) =  y0, we see that 6' converts 0o into fa, and 
then fa into fa. In general S(fa) =  f a + i ,  and ultimately we end up with a 
0 such that 5 (0 ) = 0 ;  see Fig. 5.

Of course we need to show that the fa merit the name, that is, we need to 
show that all the fa exist on some interval I containing x0, and that they 
converge there to a solution of (4.4), or of (4.3). Before doing this let us 
consider an example:

■ y' =  xy, 7/(0) =  l. (4.8)

The integral equation corresponding to this problem is

y =  1 +  f ty dt.
Jo

and the successive approximations are given by

fa(x)  =  1,

Thus

fa+i(x) =  1 + f  tfa(t) dt, (k -  0, 1 ,2 , •••)• 
■'o

fa(x)  -  1 +  f  i dt -  1 +  £  , 
*'0 *
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and it may be established by induction that
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i p y .
fc!\2 /

We recognize fa(x)  as a partial sum for the series expansion of the function

<p(x) =  e*2'2.

We know that this series converges for all real x, and this just means that 

fa(x)  —><£(x), (fc—>oo),

for all real x. The function <j> is the solution of the problem (4.8).
Let us now show that there is an interval I  containing xo where all the 

functions fa, k =  0, 1,2, — , defined by (4.7) exist. Since /  is continuous 
on R, it is bounded there, that is, there exists a constant M  >  0 such that

I f ( x , y )  | g  M

for all (x, y) in R*. Let a be the smaller of the two numbers a, b/M. Then 
we prove that the fa are all defined on | x — x0 1 ^  a.

Theorem 5. The successive approximations fa, defined by (4.7), exist as 
continuous functions on

I :  | x — Xo | ^  a =  minimum \a, b/M),

and (x, </>k(x)) is in R  for x in I. Indeed, the fa satisfy

I fa (x )  -  2/o | ^  M  | x — Xo | (4.9)
for all x in I .

Note: Since for x in 1, \ x — To [ 5= b/M, the inequality (4.9) implies 
that

I fa(x) -  2/o I ^  b

for x in 7, which shows that the points (x, fa {x ) ) are in R for x in I. The 
precise geometric interpretation of the inequality (4.9) is that the graph of 
each fa lies in the region T in R bounded by the two lines

y — 2/0 =  M  (x -  x0) ,

and the lines 

see Figs. 6 and 7.
X — Xo — a ,

■y — 2/o =  —M { x  -  X o ) ,  

X — Xo =  — a ;

* This result is usually proved in advanced calculus texts. The student may assume 
th a t / satisfies the additional condition |/(x, y) \ $  M if he wishes.
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yo+b

T ■ -i'"

y -y 0=M(x-t-x0)

/  (x° y o J \  . '\  T , .

y -y 0= —M(x-x0)

x0+a

y0-b

Figure 6. The region T{a = a)

Proof of Theorem 5. Clearly 4>o exists on I  as a continuous function, and 
satisfies (4.9) with k =  0. Now

<h (z ) =  yo +  f  f i t , yo) dt,

and hence

I 4>i(x) -  yo I = I f  f i t ,  yo) dt ^  f  \fit ,  yo) |
I -Co

^  M  | 2 — x0 1,

y0+b
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which shows that <pi satisfies the inequality (4.9). Since/  is continuous on R 
the function F0 defined by

Fo(t) =  f it,  Z/o) 

is continuous on 7. Thus <*>\, which is given by

=  z/o +  f  Fo(t) dt,
J*o

is continuous on 1.
Now assume the theorem has been proved for the functions <p0, </>i, 

• • ■, <bk. We prove it is valid for 4>k+i- Indeed the proof is just a repetition of 
the above. We know that (t, 4>k(t))  is in R for t in 7. Thus the function Fk 
given by

Fk(t) =  f(t,4>k(t))

exists for t in 7. It is continuous on 7 since /  is continuous on R, and </>* is 
continuous on 7. Therefore <f>k+i, which is given by

4>k+i(x) =  y0 +  f  Fk(t) dt,
J*o

exists as a continuous function on 7. Moreover

I <t>k+i(x) .Vo I =  /" I Fk(t) | dt
I " r0

^  M  | x — Xo |,

which shows that t&m satisfies (4.9). The theorem is thus proved by 
induction.

Our next step is to show that the successive approximations converge on 
7 to a solution of our initial value problem. In order to do this we must im­
pose a further restriction on / .  W e discuss such a restriction in the next 
section.

E X E R C I S E S

1. Consider the initial value problem

y' = 3y +  1. 2/(0) = 2 .

(a) Show that all the successive approximations <f>0, <j>i, ••• exist for all 
real x.
(b) Compute the first four approximations <jbo, <t>\, 4> 1, 03 to the solution.
(c) Compute the solution by using the method of Chap. 1.
(d) Compare the results of (b) and (c).
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2. For each of the following problems compute the first four successive approxi­
mations <j>0, 4> 1, <f>2, (f>3'

(a) if = x2 +  y2, y(0) = 0  (b) y' = 1 +  xy, y(0) = 1

(c) y' = y1, 1/(0) = 0 (d) y’ = if, i/(0) = 1

3. (a) Show that all the successive approximations for the problem

y' = if, 2/(0) = 1,
exist for all real x.
(b) Find a solution of the initial value problem in (a). On what interval 
does it exist?

(c) Assuming there is just one solution of the problem in (a), indicate why 
the successive approximations found in (a) can not converge to a solution 
for all real x.

4. Consider the problem

y' = x2 +  y2, 2/(0) = 0,
on

R: | x | g 1, | y | g 1.

(a) Compute an upper bound M for the function f(x, y) = x2 +  y2 on R.
(b) On what interval containing x = 0 will all the successive approximations 
exist, and be such that their graphs are in R?

5. Let /  be a real-valued continuous function defined on the rectangle

R : | i  — Xo | S a, \ y — yo | g b, (a, b > 0).

Let 4> be a real-valued function defined on an interval 7 containing xo.

(a) Define carefully what it would mean to say that </> is a solution on 7 of 
the initial value problem

y"  =  f(x, y), y(xo) = yo, y'(xo) = yi. (*)

(b) Define carefully what it would mean to say that 0 is a solution on 1 of
the integral equation

y = yo +  (x -  x0)yi +  [  (x -  t)f(t, y) dt. (**)

(c) Show that 0 is a solution of the initial value problem (*) on 7 if and
only if 0 is a solution of the integral equation (**) on 7. (Hint: In proving 
the statement one way it is useful to use the rule that

d f 1 n d F
— F(t, x) dt = Fix, x) +  — (2, x) dt,
CLX •’ a OX

S olu tion s to  First O rder E qua tions Chap. 5



if F and dF/dx are continuous. In proving the statement the other way, let 
F(x) = f ( x , <}>(x)), and solve

y" = F(x), y(jo) = 2/0, y'(x0) yh

by the variation of constants method.)

6. Let /  be the same as in Ex. 5.
(a) Define a sequence of successive approximations fa, <j>i, fa, • • • for (*), 
or (**), in Ex. 5. (Hint'. Let fa,(x) = yo.)
(b) Prove Theorem 5 for the sequence {$*) of (a), where now a = minimum 
(a, b/M\\, with M-\ — \ yi | +  (Ma/2).

7. (a) Find a sequence of successive approximations for the problem

y "  — x  — V , 2/(0) == 1, 2 /( 0 )  =  0 ,

and show that the sequence tends to a limit for all real x. (Hint: Ex. 6.)
(b) Compare the limit obtained in (a) with the solution of this problem 
obtained by the methods of Chapter 2.

8. Let /  be a real-valued continuous function defined on the strip

5 : j x | g  a, | y | < (a > 0),

and let 7 denote the interval | x I < a. Suppose 4> is a real-valued function on 7.
(a) Define what it would mean to say that <f> is a solution on I of the initial 
value problem

y" +  \2y = f(x, y), ?/(0) = 0, y'(0) = 1 , (X > 0). (*)
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(b) Show that 4> is a solution of (*) on I if and only if 4> is a solution of the 
integral equation

sin Xi
y = —7—  + /

sin X(x — t)
fit, y ) dt (**>

on 7. (Hint: See the Hjnt in Ex. 5, (c).)
(c) Define a sequence of successive approximations fa, fa, fa, ••• for the 
initial value problem (*), or the integral equation (**), and show that each 
fa is defined as a continuous function on 7. (Hint: Let fa(x) = 0. It is a 
result in advanced calculus that if a function g is continuous in (t, x), then

s : g(t, x) dt

is continuous in x.)
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5. The Lipschitz condition

Let /  be a function defined for (x, y) in a set S. We say /  satisfies a 
Lipschitz condition on S if there exists a constant K  >  0 such that

I f ix ,  yi) -  f ix ,  yz) | ^  K  | y, -  y2 \

for all (x , y i) , (x, y2) in S. The constant K  is called a Lipschitz constant.
If /  is continuous and satisfies a Lipschitz condition on the rectangle 

It, then the successive approximations converge to a solution of the initial 
value problem on | x — xo ^  a. Before we prove this, let us remark that a 
Lipschitz condition is a rather mild restriction on /.

Theorem 6. Suppose S is either a rectangle

| x -  xo | ^  a, | y -  2/01 ^  b, {a, b >  0 ),
or a strip

I x — xo | ^  a, | y | <  » , (a >  0),

and that f is a real-valued function defined on S such that df/3y exists, is 
continuous on S, and

j - ( x ,  y)\ ^  K,
dy

( {x,  y) in S),

for some K >  0. Then f satisfies a Lipschitz condition on S with Lipschitz 
constant K.

Proof. We have

dt.

and hence

for all (x, yi), (x, y2) in S.
An example of a function satisfying a Lipschitz condition is

f ix ,  y) =  xy2
on

R:  M s g l ,  I 2/ I =  L
Here
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for (x , y) on R. This function does not satisfy a Lipschitz condition on the 
strip
_ S: I V I <

since

f i x ,  in)  -  f i x , 0 )

7/1 —  o
I X  II 7/1 |,

which tends to infinity as | ?/i | —» °o, if | x | ^  0.
An example of a continuous function not satisfying a Lipschitz condi­

tion on a rectangle is
f i x ,  y)  =  ym  

o n

R:  | x  | £  1, I y  | ^  1.
Indeed, if y\ >  0,

1 f i x ,  yi )  -  f i x ,  0 )  1 =  y T  ^  1

I 2/i -  0 | y\ y\13

which is unbounded as y, —> 0.

E X E R C I S E S

1. By computing appropriate Lipschitz constants, show that the following 
functions satisfy Lipschitz conditions on the sets S indicated:

(a) fix, y) = 4 x ?  +  y2, on S : | x | g 1, | y \ S 1
(b) / ( x, y) = x2 cos2 y +  y sin2 x, on S : | x | g 1, | y \ < a>
(c) f(x, y) - x3e~xv‘l, on S : 0 g x ^ a, I y \ < co, (a > 0)
(d) fix, y) = a(x)y2 +  b(x)y +  c(x), on S : \ x | g 1, | y \ £ 2, (a, b, c are
continuous functions on | x | £ 1)
(e) fix, y) = a(x)y +  b(x), on S : I x | £ 1, | y \ < m, (o, b are continuous 
functions on | x | £ 1)

2. (a) Show that the function /  given by

fix, y) = ym

does not satisfy a Lipschitz condition on

R : | x | 1, 0 £ t/ £ 1.

(b) Show that this /  satisfies a Lipschitz condition on any rectangle R of 
the form

R : | x | £ a, 6 £  y £ c, (a, 6, c > 0).

3. (a) Show that the function /  given by

fix, y) = x21 y |
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satisfies a Lipschitz condition on

R :  1 1  | £  1, I V I £  1.

(b) Show that df/dy does not exist at (x, 0) if x *  0.

4. Show that the assumption that df/dy be continuous on S is superfluous in 
Theorem 6. (Hint: For each fixed x the mean value theorem implies that

df
f(x, yi) -  fix, y2) = — (x, v)(Vi ~ Vi), 

dy
where y (which may depend on x. j/j, yf) is between yi and y2.)

6. Convergence of the successive approximations

We now prove the main existence theorem.

Theorem 7. (Existence Theorem). Let f be a continuous real-valued func­
tion on the rectangle

R : | x -  Xo | ^  a, \y — y o \ ^ b ,  (a,b >  0),
and let

I f ix ,  y) \ f* M

for all (x, y) in R. Further suppose that f satisfies a Lipschitz condition with 
constant K  in R. Then the successive approximations

M x )  =  2/o, <j>k+i(x) =  2/0 +  /  f i t ,  M l ) )  dt, (k =  0, 1, 2, •••),

converge on the interval

I: | x — x, | ^  a =  min {a, h/M\

to a solution <t> of the initial value problem

2/' =  f ix ,  y) ,  y(xo) =  ?/0
on I.

Note: If /  is just continuous on R it is possible to show that there is a 
solution of the initial value problem on I. Since more sophisticated methods 
from advanced calculus are required for the proof of this, we shall forego 
such a proof. However, in order to show that the successive approximations 
converge to a solution, something more than the continuity of f  must be 
assumed; see Ex. 3.

Proof of Theorem 7. (a) Convergence of \<j>k(x)\. The key to the proof is 
the observation that <f>k may be written as

4>k — 4>0 +  (</>l — M  +  (</>2 ~  M  +  • • ' T  (4>k ~  4>k-1),
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and hence fa (x )  is a partial sum for the series

fa (x) +  [</>P(x) -  f a - i (x ) ] .
P =  1

Sec. 6 S olu tion s to  F irst O rder E qu a tion s

( 6 . 1)

Therefore to show that the sequence \fa(x) \ converges is equivalent to 
showing that the series (6.1) converges. To prove the latter we must 
estimate the terms fa(x)  — 4>p-\(x) of this series.

By Theorem 5 the functions cj>p all exist as continuous functions on 7, 
and (x, 4>p{x ))  is in R for x in 7. Moreover, as shown in Theorem 5,

| <t>i{x) -  00(x) I ^  M  I x — x0 1 ( 6.2)

for x in 7. Writing down the relations defining fa and fa, and subtracting, 
we obtain

fa {x) -  fa(x) =  f  l f { t , f a ( t ) )  -  f (t ,  0 o (O )] dt.

Therefore

I fa{x) -  fa(x)  | ^  \ f  | f (t ,  fa(t))  -  f(t,  fa(t))  |
' JTQ

and since /  satisfies the Lipschitz condition

I f ix ,  yx) -  f (x ,  y2) | ^  K \ yx -  y2 1,
we have

| fa{x) — fa(x)  | ^  K  I f  | fa(t) — fa(t) | dt 
I J*0

Using (6.2) we obtain

dt

| fa(x) — fa(x)  | ^  K M f | t -  Xo |dt

Thus, if x S: x0,

I fat(x) — fa(x) I ^  K M  x°) =  K M
(X — Xo)2

The same result is valid in case x g  x0. 
We shall prove by induction that

| fa(x) -  <*>p_i(x) | g MK^' | x -  xo |”
pi

(6.3)

for x  in 7. We have seen that this is true for p =  1 and p = 2. Let us assume 
x Si x0; the proof is similar for x 5= xo. Assume (6.3) for p =  in. Using the
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definition of 0m+i and we obtain

<fwi(z) — 4>m(x) =  I i f ( l ,  ~  f(t ,  0 „_ i(O )]  dt,

and thus

I 4>m+l(x) ~  4>m{x) | ^  l  \ f{t,4>m(t)) ~  fit,  \ dt.

Using the Lipschitz condition we get

| <l>m + l(x)  -  4>,n(x) | =  K [  I 4>m(t) ~~ <t>m-l(t)  \ dt.

Since we have assumed (6.3) for p =  m this yields

MK": r
(/>,„+ i(x) — <t>m(x) I ^  ----- — | / — Xo |m dt

ml
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MK": r  . . M K m | .r — Xo |m+1
m +  1)~!

This is just (6.3) for p = m +  1, and hence (6.3) is valid for all p = 1, 2, 
• • ■, by induction.

It follows from (6.3) that the infinite series

$ 0 ( 2 )  +  . { j P p i x )  0 p—i ( » t ) J (6 .1 )

is absolutely convergent on I , that is, the series

I <t>o(x) | +  £  | 4>P(x) -  4>„-i(x) | (6.4)
p = l

is convergent on / .  Indeed, from (6.3) we see that

, , , . , M K * \ x  -  jt„ I*-
I 4>p(x) -  <t>p-\(x) | ^  — ----------- :-------- ,

A  p !

which shows that the p-th term of the series in (6.4) is less than or equal to 
M/K  times the p-th term of the power series for eKlx~x°l. Since the power 
series for eA'|x~101 is convergent, the series (6.4) is convergent for x in /. 
This implies that the series (6.1) is convergent on I. Therefore the A:-th 
partial sum of (6.1), which is just 4>k(x), tends to a limit <f>(x) as k —> ■», 
for each x in I.

(b) Properties of the limit <t>. This limit function 0 is a solution to our 
problem on 1. First, let us show that <p is continuous on I. This may be 
seen in the following way. If xh x2 are in I

I 4>k+i(zi) -  4h:+i (x2) 1 =  1 /  / ( b  <t>k(t))dt | ^  M  | .n -  x2 1,
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which implies, by letting k —><x>,

| 4f(xt) -  4>{x2) | ^  M  | xi — x2 |.
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(6.5)

This shows that as x2 —» Xi, <f>(x2) —> <j>(xi), that is, </> is continuous on 7. 
Also, letting X\ =  x, x2 =  x0 in (6.5) we obtain

| 0 (x ) -  yo | ^  M | x — x0 1, (x in / ) ,

which implies that the points (x, 4>(x) ) are in R for all x m l .
(c) Estimate for | $ (x ) — 4>k(x) |. We now estimate | 4>(x) — <j>k(x) |. 

W e have

<t>(x) =  <Mx) +  £  [> „(* ) -
p—1

and

<t>kix) <t>0(x) +  2_' l<t>p{x) — 4>p-l(x)].
P —1

Therefore, using (8.3), we find that

| <l>(x) -  <t>k(x) | = £  l4>r(x) ~  <t>r-l{x)~\
p—k + l

^  X  I 4>p(x) ~  4>p-i(x)
n-t+l

i\l J2. (Koc)r
$  1? LK  p!

M  ( K a ) k oo
E

(K a ) '
K ( f c + 1 ) ! ^  p! 

A/ (7 fa )i+1—.... - p.̂ a
K  (k +  1)! ' '

( 6.6 )

Letting e* =  ( K a ) k+1/(k +  1)!, we see that tk —* 0 as k — *■ °°, since 
is a general term for the series for eKa. In terms of tk (6.6) may be written as

M
| <f>(x) -  <pk(x) | S — (!*“£*, (e* - »  0, /c —* « ) .  (6.7)

(d) The limit <f> is a solutioii. To complete the proof we must show tha'

♦(*) = vi +  f  /(i,0(«)) dt (6.8)

for all x in 7. The right side of (6.8) makes sense for 4> is continuous on 7, /



214 S o lu tion s to  F irst O rder E qu a tion s C hap. 5

is continuous on R, and thus the function F given by

F{t)  =  f (t ,  <t>(t))
is continuous on I. Now

r*
<t>k+i(z ) = yo +  I f it ,  4>k(t) ) dt,

«>. Thus to prove (6.8) we must show that
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and <t>k+i(x) —*4>(x), as k 
for each x  in /

/  f{i,<t>k{t))dt—> f  f{t,4>{t))
* * Xn

dt, ( k >)■ (6.9)

We have

f ‘  f it ,  0 (0 )  dt -  / ’ f (l ,  «*(<)) dt

[  I f(t,  4>{t)) -  f (t ,  <i>k(t)) | dt

< K f  | <j>(t) — <t>k(l) |
•  In

dt ( 6 . 10)

using the fact that/satisfies a Lipschitz condition. The estimate (6.7) can 
now be used in (6.10) to obtain

r nt, * ( o> dt - r m, Mi))
* T f. J Tr.

dt ^  MeKa tk | x — .To I

which tends to zero as k —* «>, for each x in I. This proves (6.9), and hence 
that 4> satisfies (6.8). Thus our proof of Theorem 7 is now complete.

The estimate (6.6) of how well the fc-th approximation 4>k -approximates 
the solution 0 is worthy of special attention.

Theorem 8. The k-lh successive approximation 0k to the solution <j> of 
the initial value problem of Theorem 7 satisfies

M iKa *+1 „
<t>ix) -  falx) ^ ----- ------ -----1 9 V ;  <Pk\ )  | _  K  +  i ) !

for all x in I.

E X E R C I S E S

1. Consider the problem
y' = 1 -  2xy, ?/(0) = 0.

(a) Since the differential equation is linear, an expression can be found 
for the solution. Find it.
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(b) Consider the above problem on

R ■ I v I S 1.
If fix, y) -  1 — 2xy, show that

I fix, y) | £ 2 ,  ((x, y) in R),

and that all the successive approximations to the solution exist on | x | g  \, 
and their graphs remain in R.
(c) Show that f  satisfies a Lipschitz condition on R with Lipschitz constant 
K = 1. and therefore by Theorem 7 the successive approximations converge 
to a solution <j> of the initial value problem on | x | g  $.
(d) Show that the approximation fa satisfies

I <t>ix) -  faix) I < .01
for | x | g
(e) Compute fa.

*\ Consider fho nroblem

y' = 1 +  t/2, y{ 0) = 0.

(a) Using separation of variables, find the solution <f> of this problem. (It is 
not difficult to convince oneself that the separation of variables technique 
gives the only solution of the problem.) On what interval does 4> exist?
(b) Show that all the successive approximations <j>o, <fn, fa, • • • exist for all 
real x.
(c) Show that fa(x) —» fax) for each x satisfying [ x | g  5, (Hint: Consider 
fix, y) = 1 +  y2 on

R  ■ I v  I ^  1.

Show that a = |.)

3. On the square
R :

let /  be defined by
1x \ g  1, 1 y 1 ^ 1.

fix, y) = 0, if x = 0, \y 1 ^ 1,

= 2x, if 0 < 1 x 1 ^ 1, -1

o'Vvu

.  2 , _  fit,
X

if 0 < | x | g i, 0 £ y i  x?,

= -2x , if 0 < | x | g  1, X2 £ y £ 1.

(a) Show that th is/is continuous on R, and | f{x, y) | g  2 on R. (It might 
help to make a sketch.)
(b) Show that this /  does not satisfy a Lipschitz condition on R.
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(c) Show that the successive approximations <f>o, <f>i, <t>2, • • ■ for the problem

y' = fix, y), i/(0) = 0,
satisfy

<£o(x) = 0, 4>2m-l(x) = X2, <f>2m(x) = -X 2, (ttl = 1,2, •••)■

(d) Prove that neither of the convergent subsequences in (c) converge to a 
solution of the initial value problem. (Note: This problem has a solution, 
but the above shows that it can not be obtained by using successive ap­
proximations.)

4. Consider f, R as in Theorem 7. Let <f>o be any continuous function on 
| x — Xo | S a such that the points (x, <po(x)) are in R for | x -  x0 i S a. Let
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and

<Mx) = yo +  j J(t, <t>0(t)) dt,
‘ ‘ It

4>k+ l(x) = yo +  j fit, 4>k(t)) dt,

(a) Show that all the functions 4n, fc, 
| x — xo | S u , and satisfy

(k = 1,2, •••)•

• exist and are continuous for

| <t>k(x) -  y0 | g M | x -  xo |, (fc = 1,2, - - ■).

(b) Show that 4>k(x) —* <t>(x) on | x — xo | S a, where 0 is a solution to the 
initial value problem

y' = Six, y), y(xo) = y0.

(Hint: Show that the proof is a repetition of most of the proof of Theorem 7.) 
(Note: This shows that we may start our successive approximation pro­
cedure with any function <j>0 writh the above properties, instead of with ihe 
particular one </>o(x) = y0.)
(c) Show that an estimate like that in Theorem 8 is valid, namely

, 2M (Kot)k „
I </>(x) -  4>k(x) I £ —-----—— t''a

K k\

5. Î et /  satisfy the conditions of Theorem 7. Show that the successive ap­
proximations

4> o(x) = yo,

<t>k+\(x) = yo +  (x -  x0)yi +  f  (x -  t)f(t, «#>*(<)) dt, (k = 0, 1, 2,

converge on the interval

I : | x — xo | S a = minimum {a, b/M\\,
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where Mi = | j/i | +  (Ma/2), to a solution of the initial value problem 

y" = fix, y), y(x0) = yo, y'(x0) = yi-
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{Note. From Exs. 5, fi of Sec. 4 it follows that each <t>k exists, is continuous on I, 
and that (x, <f>k(x)) is in R for all x in I.)

7. Non-local existence of solutions

Theorem 7 is called a local existence theorem since it guarantees a solu­
tion only for x  near the initial point x0. There are many cases when a solu­
tion to the initial value problem exists on the entire interval | x  — xo | ^  a, 
and in such cases we say that a solution exists non-locally.

As seen in Sec. 1, an example of non-local existence is furnished by the 
linear equation

y' +  g{x)y  =  h { x ) . (7.1)

The solutions exist on every interval where g and h are continuous. Suppose 
g and h are continuous on | x — Xo | a, and that K  is a positive con­
stant such that

I g(x)  | ^  K,  ( | x -  x0 1 S  a).

Then if we write (7.1) as

V' =  f i x ,  y) =  —g{x)y  +  h(x) ,
we see that

\f(x, yO -  f i x ,  j/u) | =  | - g i x )  (j/1 -  yi) ! ^  K  I y x — yt |,

for all ix, y\), (x, y2) in the strip

S: | x — x0 1 SS a, I 2/1 <  00 -

By looking carefully at the proof of Theorem 7 we can show that if /  
satisfies a Lipschitz condition in a strip S, instead of in a rectangle R, then 
solutions will exist on the entire interval.

Theorem 9. Let f be a real-valued continuous function on the strip

S: | x — Xo | ^  a, (a >  0 ),

and suppose that f satisfies on S a Lipschitz condition with constant K  >  0. 
The successive approximations {<£t j for the problem

y'  =  / ( * ,  y) ,  y i xo)  =  yo, (7 .2 )

exist on the entire interval | x — Xo | 2= a, and converge there to a solution <j> of 
(7.2).
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Proof. The successive approximations are given by

<t> o(x) = 2/0,

</>*+!(x) =  yo +  f  f it , fa it))  dt, (k =  0, 1 ,2 ,
J XQ

An induction argument establishes the existence of each fa for

\x -  xQ \ ^  a;
see the proof of Theorem 5.

Since /  is continuous on S, the function Fo given by

Fo(x) =  f {x ,  2/0)

is continuous for | x — x0 1 ^  a, and hence bounded there. Let M  be any 
positive constant such that

I f ix ,  j/o) | ^  M , i | x -  x0 | ^  a) . (7.3)

The proof of the convergence of \faix) J now follows that of part (a) of the 
proof of Theorem 7, once we note that

| <t>i(x) -  <#>o(x) I =  /  f (t , yo) dt
I • r.nV

 ̂ j j  I f it , yo) I dt ^  M  | x — x0 1,

due to (7.3).
The limit function </> need no longer satisfy the inequality (6.5) for the 

M  given in (7.3). However, we note that (6.3) is valid, and this implies 
that

| fa ix ) -  2/0 1 = Z  IfaW  ~ </>p-i(-s)]
*

IP—1
^  Z  I f a i x )  -  <t>p~ i (x ) |

^  M  ^  K ” [ x — x0 |p ^ M  g
A

M
A

Pi

(t*“ -  1),

A p—1

K* | x -  xp |p
p!

for | x — x0 1 ^  a. If we let

b =  (eKa “  1),

we see that the approximations satisfy

I fa ix) -  yo I ^  ( | x -  x0 1 ^  a),
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and taking the limit as k —* »  we obtain

| 4>(x) — y0 1 ^  b, ( | x — x0 1 g  a ).

Now since /  is continuous on

R : | x  -  x0 1 ^  a, IJ/ -  ?/o | ^  h,

it is bounded there, that is, there is a positive constant N  such that

\f(x, y) | ^  N

for (x, y) in R. The continuity of <j> may now be exhibited just as in part (b) 
of the proof of Theorem 7. Indeed, fo r /i ,  x2 in our interval | x  — Zo | ^  a,

I <t>k+i(xi) — <f>k+i(x2) | — I J  f (t , 4>k(t) dt S N  | xi — x2 1,

which implies, on letting k —> °o,

| <{>(xi) -  <t>(xt) I s; N  I X i  -  x2 1.

The remainder of the proof is a repetition of parts (c) and (d) of the proof 
of Theorem 7, with a replaced by a everywhere.

Corollary. Suppose ( is a real-valued continuous function on the plane 

| X I < oo, I y I < oo, 

which satisfies a Lipschitz condition on each strip

Sa: | x | g  a, | y  | < «>,
where a is any positive number. * Then every initial value problem 

y' = f ix ,  y ) , y (x 0) = y0,

has a solution ivhich exists for all real x.

Proof. If x is any real num ber there is an a >  0 such th at x is contained  
inside an interval | x — x0 1 ^  a. For this a the fu n ction /satisfies  the condi­
tions of Theorem  9 on the strip

| x -  x0 1 ^ a, | y | < * ,

since this strip is contained in the strip

| x | ^ | xo | +  a, | y | <  «>.

Th u s {</>t(x) j tends to <t>(x), where <t> is a solution to the initial-value prob­
lem.

* The Lipschitz constant Ka for /  in Sa may depend on a.
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An example of a nonlinear equation satisfying the conditions of this 
corollary is

y*ex
y +  x2 cos y. (7-4)

l +  y2
If we le t /(x , y) denote the right side of (7.4) we sec th a t / is continuous on 
the plane. Since

-df, , ( /  +  37/) t , .
T -(z, y) = ~T, ;— e ~  sin y, dy (I +  ?/2) 2

we have

for all (x, y) in the strip 

S.:

d f
— (.x, y)dy

< 3e° +  a1

x | g o , i y | <  .

Hence, by Theorem 6 , /  satisfies a Lipschitz condition on Sa with Lipschitz 
constant K a — 3e“ +  a'-. Therefore equation (7.4), together with any initial 
condition y (xo) =  yo, is a problem which has a solution existing for all real x. 

Note that the function /  given by

f (x , y) =  /

does not s a t i s f y  a Lipschitz condition on any strip Sa, although i t  satisfies 
one on any rectangle R. As we have seen in Sec. 1 the problem

>/ =  V~, .v(D = - L

has a solution 4> which exists only for x >  0.

E X E R C I S E S

1. Consider the equation

= (3x2 +  1) cos2 y +  (x3 — 2x) sin 2y

on the strip Sa: | x \ < n (a > 0). If f{x, y) denotes the right side of this
equation, show that/satisfies a Lipschitz condition on the strip Sa, and hence 
every initial value problem

y’ = Six, y), y(x„) = y0,

has a solution which exists for all real x.

2. Let
cos y , ,

f{x, y) = -------- (| x | < 1).
1 -  x-
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(a) Show that f  satisfies a Lipschitz condition on every strip Sa: \ x | g a, 
where 0 < a < 1.
(b) Show that every initial value problem

y' =f(.x,y), y(0) = 2/0, (| 2/o I < “),
has a solution which exists for 1x1 < 1 .

3. Consider the equation

y' = /(i)p(cos y) +  (/(x)g(sin y),
where f, g are continuous for all real x, and p, q are polynomials. Show that 
every initial value problem for this equation has a solution which exists 
for all real x.

4. Let /  be a real-valued continuous function on the strip

S : | x — Xo | g a, 12/1 < ” , (a > 0),

and suppose that /  satisfies on S a Lipschitz condition with constant K > 0. 
Show that the successive approximations

<f> o(z) = J/o,

4>k+i(x) = 2/o +  (x -  x0)yi +  f  (x -  *)/(/, 4>k{t)) dt, (k = 0, 1, 2, •••),
*'*0

exist as continuous functions on the whole interval 1 : | x — xo | g o, and 
converge on 7 to a solution <f> of the initial value problem

y" = /(*, y), yfro) = 2/0, y’M  = 2/1-
5. Prove the Corollary to Theorem 9 for the initial value problem

y" = f(x, y), v(xo) = 2/0, v'(x0) = 2/1
6. Let /  be a real-valued continuous function on the strip

S : | x | g a, | 1/ | < cd, (a > 0),

and suppose f  satisfies a Lipschitz condition on S with constant K > 0. Show 
that the successive approximations

sin Xx
<t>lr+ l(x) - ; +

A -'llr -•'n

M x)  = 0,

sin X(x — t)
f(t, 4>k(t)) dt, (X > 0),

(k -  0, 1,2, •••),

exist as continuous functions on I : | x | g a, and converge there to a solution 
<t> of the initial value problem

V" +  XV = fix, y), i/(0) = 0, y'iO) = 1.
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(Hint: See Ex. 8, Sec. 4.) (Note: The existence of a solution to the initial value 
problem can also be demonstrated by applying Ex. 4 to the problem

V" = /(*, y) ~ X2t/, i/(0) = 0, 2/(0) = 1.)

7. Prove the Corollary to Theorem 9 for the initial value problem

y" + X 2y = f(x, y), y(0) = 0, y'(0) = 1.

8. Let q be a real-valued continuous function on I: | x | S a, where a > 0. 
Consider the initial value problem

y"  +  \2y = q(x)y, (X £ 0), y(0) = 0, y'(0) -  1. (*)

(a) Show that there is a solution </> of (*) on / ,  and give an integral equation 
which <(> also satisfies.
(b) If q is continuous for all real x, show that there is a solution of (*) for 
all real x. (Hint: See Exs. 4, 5, 6, 7.)

8. Approximations to, and uniqueness of, solutions

Under the same assumptions as in Theorem 7 we can show that the 
solution obtained there is the only one satisfying the initial value problem 
on I. The method of proof can be adapted to yield other important informa­
tion concerning approximations to solutions. Suppose we have two initial 
value problems

y' = /0> y), y ( x  o) = 2/ 1 , (8.1)

y’ = g(x, v), y(xc)  =  2/ 2 , (8.2)

where / ,  g are both continuous real-valued functions on

R: | x -  x0 1 g  a, \ y ~ y o \ ^ b ,  {a ,b  >  0 ),

and (x0, 2/1), (xo, 2/2) are points in R . We shall show that if g is close to /,  and 
?/2 close to 2A, then any solution \p of (8.2) on an interval I  containing xo 
is close to a solution 4> of (8.1) on / .  Suppose there exist non-negative con­
stants e, 5 such that

l / ( * ,  y) — g(x, y) | ^  «, ( ( x ,y )  in R ), (8.3)
and

I 2/i -  2/j | ^  S. (8.4)

Then we have the following result.

Theorem 10. Let f, g be continuous on R , and suppose f satisfies a 
Lipschitz condition there with Lipschitz constant K. Let </>, i/ be solutions of
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(8.1), (8.2) respectively on an interval I containing xo, with graphs contained 
in R. I f  the inequalities (8.3), (8.4) are valid, then

| 4>(x) — 0 (x ) | ^  +  — (e*1* - " 1 — 1)
K

(8.5)

for all x in I.

Before proving Theorem 10 let us note some consequences of this in­
equality (8.5). If we take g =  /  and j/o =  y\ =  2/2 we see that we may 
choose e =  0, 5 =  0, and we have

Corollary 1. ( Uniqueness theorem) Let f be continuous and satisfy a 
IApschitz condition on R. I f  <j> and 0 are two solutions of

y ' = f ( x , y ) ,  y (x 0) =  ?/o,

on an interval I containing xo, then <f>(x) = 0 (x ) for all x in I.

We remark that some restriction o n / ,  in addition to continuity, is re­
quired in order to guarantee uniqueness. The initial value problem

2/' =  3?/2,s, 2/(0) =  0,

considered in Sec. 2, illustrates this. Here f (x ,  y) =  3j/2/3, and thus /  is 
continuous for all (x, y ) . The two functions <t>, 0 given by

<t>(x) =  X5, 0 (x ) = 0 ,  ( — 00 <  X <  00),

are both solutions of this problem. Of course, as we have seen in Sec. 5, 
this /  does not satisfy a Lipschitz condition on any rectangle containing 
the origin.

Intuitively, if we have a sequence of functions g k ~ * f  on R, and a se­
quence 2/t —► 2/0) we would expect that the solutions of

y '= g k ( x ,y ) ,  y(xo) =  2/t, (8.6)

would tend to the solution 0 of

y' =  f ix ,  2/), y{xo) =  2/o. (8.7)

This is a direct consequence of (8.5). Suppose the gk are continuous on R 
and there are constants such that

\ f(x ,y )  -  gk{x, y) \ ^  tk, (all (x ,y )  in R ), (8.8)
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and constants 5* such that

! Vk -  ya | ^  &k,

where et and 5 tend to 0 as k —* °o. Applying (8.5) we obtain

Corollary 2. Let f be continuous and satisfy a Lipschitz condition on R. 
Let the gk (k = 1,2, •••) be continuous on R and satisfy (8.8) for some 
constants

tk —* 0 (&—♦«>), and let yk —*y» (A;—><»).

If+k is a solution of (8.6) on an interval I containing x0, and $ is the solution 

of (8.7) on I, then i^ (x) —» 4>{x) on I.

Proof of Theorem 10. From (8.1), (8.2) we see that

<M x) =  ih + f  f { t ,  4>(t)) dt,

f*+II git, iPit)) dt.

and hence

6(x) -  *p(x) =  yi -  yi +  f  l  f i t ,  <f>(t)) -  g(t, ^ (0 )  ] di
A .

=  !/l -  2/2 +  (  [ /(< . <M0) ~  f(t ,'P (t)) ']d t

+ f [ fit, *(t)) - g(l, *(<))]
 ̂rrj

dt.

Using (8.3), (8.4), and the fact that /  satisfies a Lipschitz condition with 
constant K, we obtain for x 3: xa

| — \f{x) | <  6 +  K f  | </>(/) -  \p(i) | dt +  e(x — .To). (8.9)
■Uo

If

e (x ) =  r  i 0 « )  -  * « )  i *
■'*0

we see that (8.9) may be written as

E '(x) — K E (x )  ^  5 +  e’ (x  — t 0) .  (8.10")

This is a first order differential inequality which we may “ solve”  in the 
same way we solve first order lineoj- differential equations. Multiplying



S ec. 8 S olu tion s to  F irst O rder E qua tions 225

(8 .10) by e~KU~x<l) we get, after changing x to I,

£e~K(‘~ z° ’ A ] ' ( f )  ^  bc~K ' " V  - f -  t (t. — Xo)e~K<l~xo'>

An integration from x 0 to x yields

p —K  (x— xo) E (x)  ^  ~ [1  —

+  —  l ~ K ( x  -  x0) l ] e - K +  —

Multiplying both sides of this inequality by eK(-I~xa> we find

E (x) ^ f; [rA',*~'w -  1]  -  —  [K (x  -  Xo) +  1]  +  -pr <?*<*-*•>, 
K h.x t\x

and using this in (8.9) we obtain finally

| 4>{x) -  i { x )  | ^  SeK'z~xt,) +  ~  [<•*>*-«> -  J],
A

This is just (8.5) lor x x0. A similar proof holds in case x ^  x<>.

E X E R C I S E S

1. Consider the initial value problem

y' = xy + y10, y(0) = TV  (*)

(a) Show that a solution 0 of this problem exists for | x | 5 (Hint: Con­
sider this problem on

f t  ' I x  1 S 2, I V — rV I S TB

If g(x, y) = xy +  t/10, show that

I £H*, !/) I <  i

for (x, y) in R, and hence that the a of Theorem 7 may be taken to be 7.)
(b) For small | y | the problem (*) can be approximated by the problem

V' = xy, v(0) = tV-

Compute a solution 0 of this problem, and show that its graph is in R for
U l  s  i

* Recall that if c is a constant (c ^ 0)

/ te“  dt =*= -(c< -  l)e“ .J c*

We have also used the fact that E(x 0 ) = 0.
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| y — y0 | b is now a circular disk with center y0 and radius 6, and there­
fore R is no longer a rectangle. A solution of the initial value problem

y' =  f ix , y ), y {x 0) =  7/o,

on an interval I containing Xo is now a complex-valued differentiable func­
tion <j> on /' for which (x, 4>(x) ) is in R for x in / ,  and such that

4>'(x) =  f (x , 4>(x)), 

4 > ( x q ) — Vo-

(x  in / )

With these interpretations for R, f, and <p, all the results of Secs. 4-8, and 
their proofs, remain valid in case /  is complex-valued.

The proof of Theorem 6 requires an integration
m  df

f*  Un dy
(x , t) dl,

where t, y i, y2 are now complex. This can be given a meaning, but it Is easy 
to modify the proof of Theorem 6 so as to avoid this issue. For fixed x, 
Vi, 2/2, let

F (s) =  f ix ,  7/2 +  s(2/i -  2/2) ) ,  (0 g  s g  1).

Then if df/dy exists the function F will be differentiable, and
d  f

F'is) =  (2/1 -  2/2) (x, 2/2 +  siyi -  2/2) ) .
ty

If | df/dy g  K, as in Theorem 6, then 

I F'is) | ^  K  17/! -  7/21 ,
Thus

f ix ,  j/i)

(0 ^  s ^  1) 

f ix ,  </2) =  Fi 1) -  F i0) =  f  F 'is) ds,
J  n

and hence
! f ix ,  7/1) -  f ix ,  7/2) I ^  K  | yi -  7/2 I .

We shall henceforward assume that the results of Secs. 4 -8  are valid for 
com plex-valued/defined for real x and complex y. The student is urged to 
check that the proofs do carry over to this case.



CHAPTER 6

Existence and Uniqueness of 

Solutions to Systems and 

n-th Order Equations

1. Introduction

In this chapter we shall see how most of the general results of Chap. 5 
remain valid for a wide class of systems of equations and ?i-th order equa­
tions. The type of system we have in mind has the form

y[ =  f i(x , Vu

y'l =  f i (x. yu • • •, .Vn),

• ( 1. 1)

2u = f n { x ,y h ■■■,yn).

This is a system of n ordinary differential equations of the first order where 
the derivatives y[, • • •, y'n appear explicitly. It is the analogue of the single 
equation

V' =  f ix ,  y)

which was studied in Chap. 5. In (1.1) fi, •••,/„ are given complex-valued 
functions defined in some set R in the ( x ,y i, •••, y n) space, where x  is 
real and yi, • • •, yn are complex. The equations (1.1) are just shorthand for

2 2 9



230 E x is ten ce  and U n iqu en ess o f  S o lu tion s to  S ystem s Chap. 6

the problem of finding n differentiable functions 4>i, 
val I  such that

Chap. 6 

•, 4>n on some inter-

(a) {x, • • •, </>„(£)) is in R, for x in I,

(b) (a:) =M x,<t>i(x),---,<l>tl(x ) ) ,

=  jn{x, <t>i(x), (x ) ) ,  for all x in / .

If n such functions exist we say (4n, • ■ •, 4>n) is a solution of ( l . l )  on I. Thus 
a solution is a set of n functions.

One of the most famous systems of the type (1.1) results from Newton's 
second law of motion for a particle of mass m. Using rectangular coordinates 
(x, y ,z )  this law is usually written as

m x" =  X , m y" =  Y, mz" =  Z. (1.2)

Here differentiation is with respect to the time t, and x " , y " , z"  represent 
the acceleration of the particle in the x, y, z directions respectively, whereas 
X , Y , Z  represent the forces acting on the particle in these directions. In 
general X , Y , Z  are functions of t, x, y, z, x', y ', z'. To see how (1.2) can be 
viewed as a system of the type (1.1), let us make the following substitu­
tions in (1 .2 ):

t~ * x , x -•> y u 2/ —> 2/2, z~*  2/3, 

x' —> Vt, y' — 2/6, z' -»2/e- 
Then (1.2) is equivalent to the system of six equations

y'\ =  Vi,

2/2 =  2/6,

2 /3  =  2 /6 j

v\  =  - X ( x ,  2 / 1 ,  • • • ,  2 / e ) ,m

y'f, =  — Y{ X,  2/1, 2/«):m

2/6 =  — Z{x,  2 / 1 ,  • • • ,  2 / 6 ) ,m

which is of the type (1.1),



An equation of the w-th order

=  y y '' . . . > ^""D ) (1.3)

may also be treated as a system of the type (1.1). To see this let in (1.3)

2 /i= 2 /, 2/2=2/', • • •, 2/» =  2/<B-I)-

Then (1.3) is equivalent to the system

y'i =  2/2,

2 /2  =  2 /3 ,
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2/n—i — 2A»

y'n =  f ix ,  2/1, 2/2, •••■2/»), 

which is of the type (1.1).
In Sec. 2 we discuss an interesting example of a system of equations 

which has historical interest. This is the system which gives a model for 
the motion of the planets about the sun. Sec. 3 is devoted to some special 
equations which are either solvable, or can be easily reduced to first order 
equations. The remainder of the chapter is devoted to showing how the 
arguments used in Chap. 5 can be adapted to prove existence and unique­
ness of solutions to initial value problems for systems of the type (1.1), 
and for.n-th order equations of the type (1.3). It is just a matter of intro­
ducing a convenient notation in order to see that this is possible.

2. An example —  central forces and planetary motion

In this section we give an example of a system, of equations which arise 
in the study of dynamics. Suppose a particle of mass m moves in a plane, 
and is subjected to a force which is directed along the line joining the par­
ticle to the origin, and which has a magnitude depending only on the distance 
between the particle and the origin. We then say we have a central force. 
The functions x, y (of the time l) which describe the path the particle 
takes satisfy, according to Newton’s second law,

m x" -F (r ) ,  
r

m y" =  ’-F (r ) ,  
r

( 2 .1 )
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where r =  \/x- +  y2, and | F{r) | represents the magnitude of the force on 
the particle when it is at the distance r from the origin.

The system (2.1) is equivalent to a system of four first order equations 
in x, y, x ', i/. However, since F is a function of r alone, it is advantageous 
to introduce polar coordinates

x =  r cos 0, y =  r sin 0.

It is shown in calculus texts that the components of acceleration in the radial 
and angular directions are given by

r”  -  r{0')\  2r'O' +  rd"

respectively. Since the components of the force in these directions are 
F(r) and 0, equations (2.1) are replaced by

m [r”  — r (0 ')2]  =  F (r), 

m[2r'0' +  r0"] =  0.
( 2.2 )

Upon multiplying the second equation in (2.2) by r/m, this equation 
becomes

(r20') ' =  0,
and hence

rW =  h, (2.3)

where h is a constant. (For some reason or other this constant is almost 
always denoted by h !) The equation (2.3) has an interesting geometrical 
meaning. The area H(f) traversed by the line segment from the origin to 
(r (s ) , 0(s)) as s goes from t0 to t is given by

.4 (0  = f
' *0

since the element of area in polar co­
ord mates is

dA =  ^r2 d0;

see Fig. 8. Since r-d' =  h we see that

A (t) =  $h(t -  to). (2.4)

Thus, if h 0, the line segment from 
the origin to the particle sweeps out 
equal areas in equal times.

/’(s)d'(s) ds,

Figure 8
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Now, supposing that h >  0, let us analyse the first equation in (2.2). 
We introduce a function v defined for 6 of the form 6{t) by*

v(B(t)) =  - y - .r(t) (2.5)

Then

and

r’ (t) =  -
1

v2(B(t))
(0{t)) 9'(t) =  - h ~  (0 (f)), 

dO

d ’v dh)
r" (t) = - h —  (8(t) )B'(t) = - h 2v2(B(t)) —  (0 (f)), 

cid- ad-

where we have used (2.3). Thus the first equation in (2.2) becomes the 
following equation for v:

d~v F( 1/v)
dO2 m/iV

(2.G)

Now let us assume that F (r) is inversely proportional to r2, and that the 
force is directed toward the origin (the inverse square law of Newton). 
Thus let k be a positive constant such that

F (r) = -----— , or F( 1/v) =  —kmv2.

Then (2.6) becomes
dh k
-------(- v =  — .
dO2 Id

(2.7)

All solutions of this linear equation may be written in the form

k
v(B) =  — +  B  cos (B — a>), 

h2

w'here D, co are constants. Returning to the definition of v in (2.5) we see 
that r is related to 8 in the following way:

(h2/k)
1 +  e cos (0 — to)’

(2.8)

where e =  Bh2/k. For h2/k >  0 and e ^  0 the equation (2.8) is the equa­
tion of a conic with the focus at the origin and with eccentricity e. The 
conic is an ellipse, parabola, or hyperbola according as 0 5  c <  1, e =  1, 
or e >  1 respectively.

*  T h e  e q u a t io n  (2 .3 )  im p lies  th a t  9 is an  in crea sin g  fu n c tio n , if  r ^  0 , a n d  th is  in  turn 
im p lies  th a t  v exists.
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Let us analyse further the case when the conic is an ellipse having major 
and minor semi-axes a and 6; see Fig. 9. Then 2a must be the sum of the 
largest and smallest values that r can assume, namely,

1 1 \ 2h2„  h- /
2a =  —

k Vl — e ' 1 +  ei 
The eccentricity is related to a, b via

and hence

fc(l -  e2)

J'l -’.in

Kepler, on the basis of observations of Tycho Brahe on the motions of 
the planet about the sun, deduced his famous three laws of planetary 
m otion:

(1) the line segment from the sun to a planet sweeps out equal areas in 
equal times,

(2) the planets move along ellipses with the sun as a focus,
(3) the squares of the periods are proportional to the cubes of the major 

axes of the ellipses.

If we idealize the motion of a planet about the sun as a plane motion, with 
the sun fixed at the origin and exerting an attractive central force on the 
planet (thought of as a particle of mass m ), then we see that Newton’s 
second law implies that the motion of the planet is governed by the system 
of equations (2.2). Kepler’s first law is a consequence of the central force 
assumption. His second and third laws then result from the assumption 
that the central force is proportional to 1/r2.

Newton discovered that Kepler’s first two laws imply the inverse square 
law. Indeed, it was this that led Newton to the formulation of his famous 
lawr of universal gravitation. The first law

rW  =  h
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implies that there is no force acting perpendicular to the line segment 
from the origin to the particle, i.e., the second equation of (2.2) is valid. 
Hence the particle is acted on by a force which acts in the radial direction 
only. If F(r, 8) is the radial component of this force at (r, 8), we have the 
equation

m[r" -  r(8')2] =  F(r, 8) (2.11)

as the analogue of the first equation in (2.2). Introducing v as in (2.5), 
we see that (2.11) implies the following equation for v:

dhj F(\/v, 8)
dd2 mh2v2 "

( 2. 12)

Now Kepler’s second law implies that r is related to 8 via an equation of the 
form (2.8) with 0 i£ e <  1, and then v will satisfy the equation (2.7). 
A  comparison of equations (2.7) and (2.12) then shows that

or that
F{l/v, 8) =  — kmv2,

„ , , km
F(r, 8) = ----- r .

r2

Thus F depends only on r according to Newton’s inverse square law.

E X E R C I S E S

1. A particle of mass m moves in a plane, and is attracted to the origin with a 
force proportional to its distance r from the origin. Thus if

F(r) *  —k2rnr, (k > 0),

in (2.1) the equations (2.1) become

x”  = -k?x, y"  = —k2y.

(a) Show that the path of the particle is an ellipse, if it satisfies the initial 
conditions x(0) = a, x'(0) = 0,7/(0) = 0, y'{0) -  b, (a, b > 0).
(b) Compute the period of the motion.

2. A particle of mass m moves in a vertical plane near the surface of the earth, 
and is acted on by the force of gravity alone. The equations for the motion 
assume the form

mx" = 0, my" = — mg,
where g is a constant.

(a) Find the solution of these equations satisfying

x(0) = 0, ?/(0) = 0, x'(0) = Vo cos a, y'(0) «= v0 sin a,

where Vo > 0 and a are constants, 0 < a < 7t/2.
(b) Show that the particle path is a parabola.
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(c) Compute the vertex of this parabola, and the time required to reach 
this vertex.
(d) Compute x(T) for that T > 0 for which y(T) = 0. (This is called the 
horizontal range.) For what a is this range a maximum?

3. Suppose a particle moves on a circle through the origin, and is acted on by a 
central force F(r). Show that F(r) is proportional to r~5.

4. (a) Determine the equations of motion of the particle in Ex. 2, given that 
the resistance of the air is proportional to the velocity of the particle. For 
simplicity express the constant of proportionality as era.
(b) Find the solutions of these equations satisfying

x(0) = 0, y(0) = 0, x'(0) = Do cos a, y'{0) = Do sin a,

where Vo > 0 and a are constants.
(c) Show that for each fixed t the solutions of (b) approach the solutions 
of Ex. 2(a) as e —► 0.

5. What initial conditions are sufficient to completely determine the solutions 
of the equations (2.2)? Give a reason for your answer.

3. Some special equations

There are a number of problems which lead to rather special types of 
second order equations, or systems of such equations. We consider two of 
these types in this section.

(a) The equation y "  =  /(.r, ? /) . This second order equation has an /  
which is independent of y, and is hence really a first order equation in y' 
Indeed this equation is equivalent to the system of two equations of the 
first order

y' =  z, z ' = f { x , z ) ,  (3.1)

in that 4> will be a solution of y "  — f (x ,  y') on an interval I  if, and only if, 
the functions <t>, <t>' satisfy the system (3.1) on I. Now the system (3.1) 
can be solved by first solving the first order equation

z' =  f (x ,  z)

for </>', and then integrating to obtain 4>
As a simple example consider the equation

x y "  — y' =  0, Or >  0).

Letting y' — z we obtain the first order linear equation



which has as solutions

<t>'(x) — cx, {x  >  0),

where c may be any constant. Thus
cx~

<t>(x) = —  +  d, (x >  0 ),

where c, d are constants. Note that for x >  0 the equation is equivalent to

x'!y "  — xy' — 0,
which is an Euler equation.

(b ) The equation y "  = ^ f{y ,y '). Here J is independent of x, and the 
strategy is somewhat different than in (a ). Suppose we have a solution 0 
of y”  — f (y , y ') , and there is a differentiable function 0, defined for all y 
of the form y  =  <t>(x), such that

4>'(x) =  \p(<t>(x)).

Then 0 would be a solution of the first order equation
dy
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dx =  'Hy)- (3.2)

Also

0 "(x )  =  <t>'(x) d-j- (<t>(x)) =  0 (0 (:r )) (0 (.r )),
dy dy

and moreover

<f"(x) =  f(4>(x), 4>'{x)) =  J(<t>(x), >p(4>(x))

Thus 0 must satisfy the equation

d\p0(2/] — (y ) =  f(y , 0(y))dy

for all y =  4>(x), and hence must be a solution of

dz
z — = f (y ,  z). (3.3)

dy

The argument can be reversed. If 0 is a solution of (3.3), then any solu­
tion 0 of (3.2) will be a solution of the given equation y"  =  f {y , y ' ) . Thus 
solutions to the original equation'can be found by first solving (3.3) to 
obtain 0, and then solving (3.2).

As an example consider the equation

yy" =  (y'V .
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and suppose we seek a solution 0 satisfying

0(0) = 1. 0'(O) =  2.

The equation (3.3) becomes in this case
dz z2

z =  “ , 
ay y

which has for solutions functions 0 given by

H y ) =  ay,

where c may be any constant. The equation (3.2) then becomes

which has for solutions

dy
Tx =  cy

4>{x) =  de“

where d may be any constant. The solution satisfying the given initial
conditions is given by

<f>(x) =  e2z.

E X E R C I S E S

1. Solve the following equations:

(a) y" +  y' = 1 (b) y" +  ezy' = ex

(c) yy"  + 4( y ' f  = 0 (d) y "  + k2y = 0, (k >  0)

(e) y "  = yy'

(g) tfy" = y'

2. Find the solution <f> of

(f) xy" -  2y' =■■ x8

y" = 1 +  (y 'f

which satisfies 0(0) = 0, 0 '(0) = 0.

3. Find a solution 0 of

1
y"  = ------2jf

satisfying 0(0) = 1,0'(O) == - l .

4. Suppose that /  is a continuous function on an interval

| X -  Xo | S o .



Show that the solution 0 of the initial value problem

y"  = fix), y(x o) = a, y'(xa) = 0,

can be written as

tf>(x) = a + 0(x -  Xq) + f (x -  0/(0 iit.

5. (a) Let /  be a continuous function for | y — yo | < b, (b > 0), and consider 
the equation

y" = fiy)-

Show that the equation (3.3) has a solution 0, in this case, given by

* % ) = n y o )  +  2 f  m  dt.
Jvtt

(b) Consider the special case

y" +  sin y = 0,

which is an equation associated with the oscillations of a pendulum. If 0 is 
a solution satisfying

0(0) = 0, 0 '(0) = 0 > 0,

show that 0 satisfies the equation

y' = 0\ / 1 -  fc2 sin2(y/2), (*)

where k = 2/0.
(c) Solve the equation (*) in the case k = 1.
(d) Can you solve this equation if A; ^ 1?

4. Complex n-dimensional space

It is clear that one of the main differences between the one equation

y' =  f ix ,  y ),
and the system of n equations

y[ =  /i (* , 2/i, •■•,?/»),
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y'n = fn(x, 2/n •",2/n),

is that instead of one complex number y we have now to deal with n such
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(or tends) to a limit vector y, and write

ym ->  y, (to -*  «>), 
if

1 y™ -  y 1 ->  o,
if

(m —> co). (4.2)

ym =  (l/lm, ' ’ ■ , y-nm) ,
and

(to = 1, 2, •••),

y =  (2/i, ••
then (4.2) says that

" 12/») >

I 2/lm — 2/1 I +  I 2/2™ — yz I +  • • • + 1  Dnm -  Vn\—> 0, (TO —> 00 ) 

But this is true if, and only if,

I ihm -  y i  | 0, ( to —» «>),

| Unm Ifn \ * 0, ( to —» 00 ) .

Thus we see that a sequence of vectors {ymj tends to a limit vector y if, 
and only if, for each k =  1, the sequence of complex numbers
\ykm 1, (to =  1,2, •••) tends to the complex number yk. It is this fact which 
allows us to take over all results concerning limits of sequences of complex 
numbers. Thus if

ym ->  y, 2m -> z,
then

(to —><»),

ym +  z», —> y +  z, (to — * CO ) .

An example of a convergent sequence of vectors in C 2 is furnished by

/ to +  1 1  \
y«. =  l > 2 ■ i i\ m ?nz } (to =  1, 2, •••)•

Clearly
y ™ ^ y  =  (i , - i ) , (TO — > oo ) .

Now let us consider a function which is defined on some real interval 
I  and has values in C „. Thus to each x in 1 there is associated just one vec­
tor <j>(:r) in C„ which we may write as
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Such functions are called vector-valued, functions. For each such <|> there are 
associated n complex-valued functions <j>i, •••, 0„ on I, the function <t>k 
is the one which associates with each x in I  the &-th component of tp(x). 
The functions 0 1, • • •, 0„ are called the components of <j>, and we write

<i> =  (01, ' • •, 0i>).

An example in C2 is given by

<J»(x) =  (x2, x — 2'x3), ( O i i i  1), (4.3)
Here

4n(x) = x2, (0 ^  x ^  1), and 02(x) = x — ix3, ( 0 ^ x 5  1).

If <J> is a vector-valued function defined on an interval 7, we say that «j> 
is continuous, or differentiable, on 7 if each of its components is. If <j> is 
differentiable on 7 we define its derivative <}>' by

<>' =

Thus the <J> given by (4.3) is differentiable on 0 S  x $  1, and

<[>'(x) =  (2x, 1 -  3fx2), (0 iS x :£ 1).

We define the integral of a continuous vector function «j> which is de­
fined on an interval c ^  x ^  d to be a vector

j '  <!>(x) dx =  0 i(x) dx, •••, j  0 „(x ) dxj,

i.e., the fc-th component of the integral of <j> is the integral of the k-th com ­
ponent of A. The important inequality satisfied by the integral is

j  »!>(x) dx ^  J  \ <]>(x) | dx.

The proof is easy since

f <j>(x) dx =  | (  0i (x) dx
! J c

+ +

^  f  I 0 i (x) I ax +
“ c

=  r □ * . ( * )  i +  •■
J c

=  f  I <)>(x) I dx.
c.

f  4>n(x)
J c

• +  /  I <Mx) I
"  e.

H- I <t>n(x) |] dx

dx

dx
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As an example in C? the function <}> in (4.3) has the integral

1. Suppose y, z, w are the following vectors in C:?:

y = (S + :?!, -2 ) . z - (i, —i, 2), w = (2 +  r, 0, 1).

(a) Compute y +  z.
(b) Compute y — z.
(c) Show, for some number s, that w = z +  s(y — Z).

2. If y, z, w are any vectors in C„ show that the following rules are valid:
(a) y +  z = z +  y (b) (y +  z) +  w = y +  (z +  w)

(Hint: These rules are valid for Ci.)

3. For each k, 1 g k g n, let e* be the vector with 1 as its k-th component and 
0 for its other components. Thus

=  l X-  1 _ )N1
V3 ' 2 4 / ’

and
r1
/ if(x) dx 

J n

E X E R C I S E S

(c) y +  0 = y (d) y +  ( —y) = 0

ei = (1, 0, •••, 0), e.> = (0, 1, 0, ••■,()), •••, e„ = (0, •••, 0, 1). 

(a) If y = (y<, •••,!/„) show that.

y = ihei 4- • • ■ + y„e„
(b) Show that

e* I = 1. (k = 1. • • •, n).

4. Let be the vector-valued function defined for all real x by

<j>(x) =  (x, X2, 2X4).

Compute the following:
(a) <>(1)
(b) 4>'(x), <1, (2)

(d)
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5. If «j> is a continuously differentiable vector-valued function defined for real 
x in an interval a £  x £ 6, and the values of <j> are in R„, show that:

(a) <J»' has values in R„
n

(b) / <{>(£) dt is in R„ for each x, a £  x £  6

6. For each y = (yi, • • ■, i/„) in C„ let

II y 1! = (yi?/i +  ••• +  yny„)w ,

the positive square root being; understood. This is the Euclidean length of y.
(a) Show that

I I y  II £  l y l  £  v « l l y l l -
(Hint: Show that

II y II2 £  |y I2 £ W II y IIs.
Use the inequality 2 | a |[ 6 | £ | a |2 +  | 6 |2.)
(b) Show that a sequence jy,„}, (m = 1, 2, •••), of vectors in C„ is such 
that

I y« -  y I
if and only if

II ym -  y II - o ,

o, (m -+ » ) ,

o, (m —> c°).

7. For any two vectors y = (yi, • • •, yn) and z = (zi, 
inner product y-Z to be the number given b}-

, z„) in C„ define the

y-z = yih + T  ynZn<

(a) Show that z-y = (y-z).
(b) Show that (yx +  y2)-z = (yrz) +  (y2-z).
(c) Show that if c is a complex number

(cy)-z = c(y-z) = y-(cz).

(d) Show that || y ||2 = y-y.
(el Prove that

I y-z | s  || y || ||z||.

This is called the Schwarz inequality. (Hint: If z = 0 the result is obvious. 
If z 7̂  0 let u = z/| | z 11. Then || u || = 1. Use the fact that

II y -  (y-u)u ||2 & o.)

8. Show that the Euclidean length satisfies the same rules as the magnitude, 
namely:

(i) II y II £ 0, and || y || = 0 if and only if y = 0,
(ii) || cy || — | c | 11 y ||, for any complex number c,
(iii) || y + z | |  £ ||y|| + l|z||.

(Hint: In terms of the inner product || y ||2 = y-y. Use the Schwarz in­
equality of Ex. 7 (e).)
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5. Systems as vector equations

We return now to the first order system of equations

y\ = / i '-t. yi, • • ■, y»), 

v'z =  h ( x ,  2/1, • • ■, y n),

( 5 . 1)

y'„ = fn(x, z/i, • ••,?/»)•
We assume th a t/i, •••,/„ are given complex-valued functions defined for 

2/i, • • •, yn in some set li, where x is real and y i, • • •, y n are complex. Using 
the notations of Sec. 4 it is clear that we can consider ]\ as a function of x 
and the vector

y =  (2/i, • • *, 2/») in C„.
Therefore we write

/i(x, y) = /i(x, i/i, • • •, 2/») •

Also in (5.1) we have n functions/i, •••,/„ which may be considered as a 
vector-valued function

f = (/.,
the value of f at (x, y) being given by

f (x , y)  = ( /i( i ,y )r -,/.(i ,y )) .
If we let

y' = (y ’ > •••,y'n)

we see that the system (5.1) may now be written as

y' =  f (x ,y ) .  (5.2)

This vector differential equation has the same form as the equation y' =  
f(x, y) considered in Chap. 5.

As an example let us consider the system of two equations

Vi =  x2 +  y\ +  i/j,

2/2 =  2/i +  Vi ~  2/i2d-
Here y =  {y h 2/2),

fi(x, y) = /i(x, yh 2/2) = x2 + 2/1 + 2/2,
/ j ( x ,  y )  =  / 2 ( X ,  2 /1 ,  2 /2 )  =  2 /1  +  2 /5  -  2 /1 2 /2 ,

and thus
f (x, y) = (x2 + j/i + 2/2,2/i + 2/ -  2/12/2).
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A solution of the system (5.2) may be described as a vector-valued func­
tion

<i> =  (0i. • • •. <M

which is differentiable on a real interval I  and such that

(a) (x , «J>(x)) is in R, for x in / ,

(b) <|>'(x) =  f(x , <j>(x)), for all x  in 1.

Thus, for example, the system

y[ = 2/2. vl = ~2/p 
has the vector-valued function <|> given by

<j>(x) = (sin x, cos x ), ( — °o < x <  «>),

as a solution.
A vector-valued function f defined for (x, y) in some set S (x  real, 

y in C„) is said to be continuous on S if each of its components is con­
tinuous on S.* The definition of a Lipschitz condition is formally the same 
as before. We say that f satisfies a Lipschitz condition on S if there exists 
a constant K >  0 such that

| f(x , y) -  f(x , z) | ^  K  | y -  z |

for all (x, y), (x, z) in S. The constant K  is called a Lipschitz constant 
for f on For example, if

f(x , y) =  (3x +  2yh yx -  y2) (5.3)
for

jS: I x | < =°, ! y | <

then f satisfies a Lipschitz condition on $  with Lipschitz constant K  =  3, 
since

I i(x , y) -  f (x, z) | =  | 2 (2/, -  z,), (th -  20 -  ( 2 / 2  -  z2) |

=  2  | y ,  -  z ,  | +  | ( / / ,  -  2 , )  -  ( 2/2 -  22)  |

^  2 | 2/1 — z, | +  12/1 — z, | +  12/2 -  z2 1 

^  3 | y -  z | .

The analogue of Theorem G, Chap. 5 is the following result.

* See Sec. 3, Chap. 0, for the definition of continuity of complex-valued functions 
defined on 5.
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Theorem 1. Suppose f is a vector-valued function defined for (x, y) on a 
set S of the form

I x -  .r0 1 g  a, | y -  y0 1 ^  b, (a, b >  0 ),

or of the form

| x — x0 1 ^  a, | y | <  » ,  (a >  0).

I f  df/dyk (k =  1, • • n) exists, is continuous on S, and there is a constant 
K  >  0 such that

df
—  (*> y)dyk

^  K, (k = 1, • • n), (5.4)

for all (x, y) in S, then f satisfies a Lipschitz condition on S urith Lipschitz 
constant K.

Proof. The proof is a direct copy of the proof outlined in Sec. 9 of Chap. 
5. Let {x, y ), (x ,z )  be fixed points in S, and define the vector-valued 
function F for real s, 0 ^  s ^  1, by

F (s) =  f ( x ,z  +  s(y -  z )), (0 ^  s ^  1).

This is a well-defined function since the points (x, z +  s(y  — z ))  are in <S 
for 0 <  s S  1. Clearlv

and if

then

I x — x0 1 a,

1 y -  yo | ^  b. I z -  yo | ^  b,

| z +  s(y -  z) -  y01 = |(1 — s) (z — y0) +  s(y -  y0) | 

g (1 -  s) | z -  y01 +  s | y -  y01 

^  (1 — s)b +  sb = b.

i f  I y I <  oo, | z | <  oc, then

I z +  s(y  — z) | ^ (1 — s) | z | +  s | y | ^ |z| +  |y| <  » .

We now have

dt
F '(s) =  (2/1 -  zi) — - (x, z +  s {y -  z)) +

dy\

at
+  (l/» ~  Zn) —  (x ,z  +  s(y  -  z)),

d y  n
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where y =  (yh •••,»/„), z =  (zh Using (5.4) we see that

I F '(s) | s; K  | y -  z |, (0 ^  s ^  1).
Thus, since

f (z ,y )  -  f ( z ,z )  =  F( 1) -  F(0) = fX F '(s) da,
J0

we have
I Hx, y) -  f(x , z) | ^  K  | y -  z | ,

which was to be proved.
In the example given in (5.3) we find that

df df
—  (x, y) = (2, 1), —  (x, y) = (0, - 1 ) ,
dyi dy.

and
df

—  (x, y)
dy i

=  3, y -  (x, y) = 1.

Thus, as we have seen directly, f satisfies a Lipschitz condition on S with a 
Lipschitz constant K  =  3.

E X E R C I S E S

1. Let f be the vector-valued function defined on

R ■■ ! X | S i ,  | y I g i, (y in C2),
by

f(x, y) = {y\ +  l,  x +  y [ )

(a) Find an upper bound M for | f(x, y) | for (x, y) in R.
(b) Compute n Lipschitz constant K for f on li.

2. Consider the system of two equations

y'i = a y i  +  byi,

y[ = cyi +  dyt,
where a, b, c, d are constants.

(a) If this system is written in the form

y' = H*. y),
what is f ?
(b) Show that thef of (a) satisfies a Lipschitz condition for all (x, y) where 
x is real and y is in C>.
(c) Show that the f  of (a) is linear in y, that is,

ff.r, « y  + az) = aiU' .y)  +  j3f(x.z).  

for all real x, complex numbers a, H. and all y, z in C>.



3. Find a solution «}> of the system

y[ = 2/i,
2/2 = 2/i +  Vi,

which satisfies <{>(0) = (1, 2).

4. Find a solution A of the system

2/i = ?/2,

2/2 = 62/1 +  2/2,
satisfying <{>(0) = (1, —1).
5. Find a solution <j> of the system

2/i' = 2/1 +  2/2,
2 / 2  =  2/i +  2 / 2  +  e31,

satisfying <f»(0) = (0, 0). (Hint-. Let z = j/i +  2/2-)

6. Let f be a vector-valued function defined for (x, y) in a set S, with x real, 
y in C„.

(a) Show that f is continuous at a point (xo, yo) in <S if, and only if,
| f(x, y) -  f(x0, yo) I -  0, 

as
0 < | x -  xo | +  I y -  yo I -* 0.

(b) Show that f satisfies a Lipschitz condition in S if, and only if, each 
component of f satisfies a Lipschitz condition in S.

250 Existence and Uniqueness of Solutions to Systems Chap. 6

6. Existence and uniqueness of solutions of systems

Let f be a continuous vector-valued function defined on
R : \ x - x 0 \ ^  a, | y -  y0 1 ^  6, ( a , b >  0 ).

An initial value problem

y' =  f(x , y ), y (x0) = yo, (6.1)
is the problem of finding a solution <j> of y' = f (x, y) on an interval 7 con­
taining Xo such that <J>(x0) =  yo. If

yo =  («i, ■••,<*»),
the problem (6.1) written out becomes

y'\ = / i ( z ,  2/i, 2/n),

2/n = /n ( z ,  2/1, •••,?/»),
? / i ( X o )  =  a u  • • •, iJ h ( x o ) =  a n .



Sec. 6 E xisten ce  anil t riiq 11en ess  o f  S o lu tion s to  S ys tem s 251

If f is continuous on 72 the problem (G.l) always has a solution on some 
interval containing x0. If, in addition, f satisfies a Lipschitz condition on R, 
this fact may be demonstrated exactly as in Chap. 5 by introducing the 
successive approximations <f>0, <jn, • • •, where

<i>o(̂ ) =  yo,
«  ( 6.2) 

<J)A:4.i(x) =  y 0 + /  f ( < ,  $*(<)) dt, (k =  0 ,  1, 2 ,  • • •).

As an example, let us consider the problem

Vi =  ?/2,

Vi =  ~V\,

y (0) =  (0, 1).

Here fix,  y) =  (y2, —yi),  and 

<j>o(x) = (0, 1),

<.,(x) =  (0, 1) +  f  ( ] , 0) dt =  (x, 1),
•'ll

f r ( x)  =  (0, 1) +  /  (1, - l )  dt 
■'(1

- ra' ■>+ (- - f) - (*■1 - !)■
= (0, 1) +  f B ( l  -  -< )  dt = (x  -  1 -

It is not too difficult to show that all the exist for all real x, and that

<>*(2 ) ~ > «j>(:c) =  (sin x, cos x),

where <j> is the solution of the problem.
We summarize the main results for systems.

Theorem 2. ( Local existence) Let f be a continuous vector-valued function 
defined on

R : x — Xo | g a, | y -  y0 | ^  b, (a, h >  0 ),

and suppose f satisfies a Lipschitz condition on R. I f  M is a constant such 
that

| f(x,  y) | g  M

for all (x, y) in R, the successive approximations |<>k|, (k =  0, 1,2, •••),

r



given by (6.2) converge on the interval

I :  | x — .to | S <* = minimum Ja, b/M\,

to a solution <j> of the initial value -problem

f  = f (*> y), y(z<>) = yo,
on I.

The proof is the same as that of Theorems 5 and 7 of Chap. 5, with y, 
f , <j> replaced everywhere by y, f,
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Theorem 3. I f  f satisfies the same conditions us in Theorem 2, and K is a 
Lipschitz constant for f in  R, then

M (A .a ) * 1
| -  <j>*(.r) I ^

K (k. +  l ) !
eR"

for all x in I

This is the analogue of Theorem 8 of Chap. 5, and the proof is the same. 
The analogues of Theorem 9, Chap. 5, and its corollary are the following 
results.

Theorem 4. (Non-local existence) Let f be a continuous vector-valued 
function defined on

S: | x — | S a, I y | <  x  ; (o >  0),

and satisfy there a Lipschitz condition. Then the successive approximations 
| «J>|() for the problem

y' — f(x,y),  y(xn) = yo, < ' ! yo|<*) ,  
exist on | x — >:0 I ^  a, and converge there to a solution <j> of this problem.

Corollary. Suppose f is a continuous vector-valued function defined on

\ X  | <  =c , | y  | <  a> ,

and satisfies a. Lipschitz condition on each “ strip”

I * I ^ a, ! y | < 00,
where a is any positive number. Then every initial value problem 

y' = i(x,  y ), y(.To) =  yo, 

has a solution which exists for all real x.

The proofs carry over directly from those for Theorem 9 and its corol­
lary' in Chap. 5.

>
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Theorem 5. (Approximation and uniqueness) Let f, g be two continuous 
vector-valued functions defined on

R : | x — zo | ^  a, ■ | y — y0 1 ^  6, (a,b >  0 ),

and suppose f satisfies a Lipschitz condition on R  with Lipschilz constant K. 
Suppose <j>, i!r are solutions of the problems

y' = t(x, y), y(x0) = yi,
y' = gte. y'i. y(x0) = y2,

respectively, on some interval I containing \i,. I f  for f, 5 ^  (I

|f(r, y) — g(.r, y) I ^  t. (alt ( x , y )  in R ),
and

I y. -  y21  ̂6,
then

I «]>(.rl -  t!;(a.) | ^  SeK 'r ^  +  — (eAi»-*oi -  l )
K

for all x m l .  In particular, the problem

y ’ =  f(x,  y ), yUo) =  y„, 

has at most one solution on any interval containing xn.

This is the analogue of Theorem 10, ( 'hap. 5, and the Corollary 1 to this 
result. The proof carries over directly.

E X E R C I S E S

1. Consider the initial value problem

2/i = 2/2 +  1.

y 2 =  2 / h

t/i (0) = 0, ;/2(0! = 0.

(a) If this problem is denoted by

y ' = f ( x ,  y). y(0) = y„.

what are f and yB?
(b) Show that the f of (a) satisfies the conditions of Theorem 2 on

E : \x\ S 1, | y | g 1.
Compute a bound M, a Lipschitz constant K, and an a.
(c) Compute the first three successive approximations <J>n, <j>i, <J>j.
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2. Consider the system

2/1 =* 3?/i +  xy3,

Vi = Vi +  x3y3,

2/3  =  2xi/i -  2/2 +  e *2 /» -

Show that every initial value problem for this system has a unique solution 
which exists for all real x.

3. Suppose y0 is a vector in R„, and the function f considered in Theorem 2 has 
values in R„ for (x, y) such that y is in R„. Show that each o' the successive 
approximations <}>* has values in Rn, and hencd that the solution <j> of

y '= f ( * ,y ) ,  y(zo)\=yo,

on I has values in R„.Thus, if cj> = (</n, • • ■ ,<£„), the functions4>\, • ■ ■ , 0 „ arc real­
valued. (Note: If the above conditions hold it is sufficient, in Theorem 2, to 
consider f defined on that part of R with y in R„, and to require f to be con­
tinuous, satisfy |f(x, y) | g ill, and satisfy a Lipschitz condition on that 
part of R. Similar statements are valid for the other theorems and corollaries 
in this and the preceding section.)

4. Consider the system

2/1 = 2/i +  £J/2,

?/2 =  t i l l  +  Vs.
where e is a positive constant.

(a) Show that every solution exists for all real x.
(b) Let <i> be the solution satisfying <j>(0) = (1, -1 ) , and let i(r be the solu­
tion of

2/i = 2/i, 2/i = 2/2,

satisfying ifc(0) = (1, -1 ) . Without solving the original system show that 

| <j>(x) -  tl-(i) | —* 0 , (e —► 0),

for each real x.
(c) Find all solutions of the original system. (Hint: If <{> is a solution show 
that x(x) — c_I<t>(x) satisfies

z[ = ez2, 4  = «i-)
(d) Find the solutions <j> and ^ of (b), and verify the conclusions in (b).

5. Show that all solutions with values in R2 of the following system exist for 
all real x:

2/i = a(x) cos yj +  b(x) sin 2/2, 

y'i = c(x) sin y\ +  d(x) cos ?/2,

where u, b, c, d are polynomials with real coefficients. (Hint: See the Note in 
Exercise 3.)



S ec. 7 E xisten ce  a n d  U n iqu en ess o f  S o lu tion s to  S ys tem s 255

6. Prove Theorem 2.

7. Prove Theorem 4.

8 . Show that the following modification of Theorem 4 is valid: Let f be a 
continuous vector-valued function defined on

S ' | x -  xa | S a, | y | <  =>, (a > 0),

and satisfy there a Lipschitz condition. The initial value problem

y' = f(x, y), y(ii) = y0,
where | xi — x0 I ^ a, | y01 < has a solution <j> on | x — xo | 5 a, which 
can be obtained as the limit of-the successive approximations {Hint:
Consider the two intervals i 0 — a g x S x\ and x\ §  x <: xo +  a separately.)

9. Show that the solution <j> of Ex. 8 is unique.

7. Existence and uniqueness for linear systems

As an important application of the results of Sec. 5 we consider the case 
of a linear system. This is a system

y' = fU, y),
where the components f u •••,/„ of f have the form

fi(x , y) =  an (x )y l +  a12(x )y 2 +  ■ • • +  aln{x )y n +  bi(x),

• (7.1)

fn (x ,y )  = dni(x)yi +  a„2(x )y 2 +  • ■ ■ +  a „J x )y „  +  b j x ) .

Here the an, • • •, ann, bi, are complex-valued functions defined lor
real x in some interval I. If all the a „  are continuous on an interval 
\ x — x0 \ ^  a, where a >  0, then the corresponding vector-valued func­
tion f satisfies a Lipschitz condition on the “ strip”

S: | x — x0 | 2= a, I y | <  00 •

This can be seen directly, or we can invoke Theorem 1. Let K  be any posi­
tive constant such that

X  I ajk{x) | ^  K, [k =  1, n ),
j- i

for all x satisfying | x — z0 | ^  a. Then from (7.1) we see that 

df

dyi
U-, y) = I (au (x ), ■ • ank(x) )’ | =  X  I dJk{x) | g  K.

j- i
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Hence, by Theorem 1 , f satisfies a Lipschitz condition on S with a Lip- 
schitz constant K. Theorems 4 and 5 are thus applicable to a linear system, 
and we have the following result.

Theorem 6. Consider a linear system

Y = fO, y),
where the components of f are given by

fi(x , y) =  X a]k(x )y k +  bj(x), ( j  =  1, • • •, n ) ,
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and the functions ajk, bj arc continuous on an interval l containing x0. I f  yo 
is any vector in Cn there exists one, and only one, solution «J> of the problem

f  =  f(x, y), y(z0) = yo,
on I.

Actually the existence Theorem 4 only applies in case I  consists of all 
x  satisfying | x — x0 | ^  a for some a >  0. However the proof of Theorem 4 
applies in case this interval is replaced there by any interval 7 of the form 
a ^  x ^  0 containing x0. On such an interval the successive approximations 
will converge to a solution of the initial value problem, which is unique by 
Theorem 5. We can then apply this modification of Theorem 4 to prove 
Theorem C in case 7 is any interval, containing a;0, on which the a,*, b, are 
continuous. In particular, the interval 7 may be infinite in length.

E X E R C I S E S

1. Show that if the functions alk anil b, in Theorem (j are real-valued on 7, 
and the initial vector yo is in R„, then the solution <j> has values in R„.

2. The linear system
n_

y'i = X) aik(x)yk, ( j  = 1, •••, n), (*)
k- 1

with ajk continuous on some interval 7, is called a homogeneous linear system.
(a) Show that the function i]r, defined by ^(x) = 0 for all x in 7, is a solu­
tion of the system (*). This is called the trivial sululion.
(b) Let K be a positive constant such that

n
X  I «,*Cr) ! ^ A'. {k = 1, — , n),
7=1
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i

for all x in I. If <j> is any solution of (*), and x0 is any point in 1, show that

I <t>(z) I S I <>(xo) I e*'1-10'.
for all x in I. (Hint : Use Theorem 5.)
(c) Let t];i, t!_-2 he two solutions of the system

e x is te n c e  and L n iq u en ess  oj evolutions to  s y s t e m s  Zbi

y'i =  X )  I* +  6 j ( x ) .  U =
fc=l

on I. Show that ([> = 4p — tjrj is a solution of (*) on I.

3. Consider the linear system

y[ = ayi +  by 2, 

y't = cyi +  dy2, 
where a, b, c, d are constants.

(a) Show that this system always has a solution <J> of the form

<»(x) = erxa,

where a = (o:i, a2) ^ (0, 0) is a constant vector, and r is a constant.
(b) Show that the r of (a) must satisfy

a — r b
= 0.

c d — r

(c) Compute a solution of the system

y'i = 3?/i +  4j/2, 

y'2 =  5yi +  6 3 / 2 .

4. Consider the system
Vi = aVi +  by*.

2/2 = —byi +  ay 2, 

where a, b are real constants.
(a) If (J) = (<£], <p2) is any solution with values in R2 show that

where
ll«Kx) l| = ||4»(0) ||e- 

|U,(x) || = [4>i(x) +  02(x)]1/2.

(b) Verify that the solution satisfying 4>(0) = (1, 0) is given by

4>(x) = e“x (cos bx, — sin bx).

(c) For the case a = —1, 6 = 1, plot the curve in the (y\, i/2)-plane given 
by the solution in (b), namely the curve

yi = e~x cos x, y2 = — e_I sin x, ( — 00 < x < “>).
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Also plot the curves corresponding to the cases a = 0, 6 = 1, and a = —1, 
h = 0 in (b).

5. Consider the system

y [  = a yi +  by2, 

y ’t = cyi +  dyi,
(*)

where a, b, c, d are constants.
(a) If »j> = (<j>1, </>2) is any solution show that <pi and satisfy the second- 
order equation

y"  — (a +  d)y' +  (ad — bc)y — 0. (**)
(b) Compute the characteristic polynomial p of the equation (**). Compare 
this with Ex. 3 (b).
(c) Find all solutions of (**). Consider separately the cases when p has 
unequal, or equal, roots.
(d) Find all solutions of (*), by using (a), (b), (c).
(e) Find all solutions of

y\ = 4jq -  3y2,

2/2 = 2pi -  y2.

6. Suppose «J>, ij; are two solutions of the system (*) in Ex. 5. Show that 
2C = o<j> +  Pty is also a solution, for any two complex numbers a, /S.

8. Equations of order n

An n-th order equation
yin) =  y^yl' . . .  y (n~ 1))  ̂ (8.1)

may be viewed as a system of n equations of the first order. Indeed, if

2 /i= 2 /, 2/2=2/', 2/n =  2/("_1),

we may associate with the equation (8.1) the first order system

2/i =  2/2,

V i  =  2/3,

• k
• ( 8.2)

2/n-l =  2/n, ^

2/n =  / ( * ,  2/1, • • •, 2 / n ) .
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This has the form y' =  f(x , y) provided we let y =  (j/i, 

f i(x , 2/i, • • •, 2/») =  3/i,

M x ,  2/i, ■ • 2/») =  2/3,

2/-) and

(8.3)

2/i, * * *t 2/«) 2/«,

fn (x ,y h •••,2/») = /(a -, 2/i, ••■,2/n).

M oreover if 0  is a solution of (8 .1 )  then the vector

0 =  (0 ,0 ',

is a solution of (8.2). Conversely if

4* =  (01, • • • , <t>n)

is a solution of (8.2) the first component <tn is a solution of (8.1), since we 
have

01 =  02, 01 =  02 =  03, *••, 0*1" — 0,.,

<t>\n)(x) =  0 ,'(x ) =  / ( x ,  0 i ( z ) ,  0 , '(x ) ,  ■ • 05n“ l , ( x ) ) .

It is thus clear that all results proved for first order systems may be applied 
to give results for n-th order equations of the type (8.1). In particular we 
have the following existence arid uniqueness result.

Theorem 7. Let f be a compLex-valued continuous f  unction defined on 

It : | x — x0 ] ^  a, | y -  y0 | ^  b, (a, b >  0 ),

such that
I f (x , y) \ S N .

for all (x, y) in R. Suppose there exists a constant L >  0 such that 

I f ix ,  y) -  f (x , z) | ^  L | y -  z |

for all (x, y) and (x, z) in It. Then there exists one, and only one, solution 0 of

2/<n> = f ( x , y ,  y ' ,  • ■ 2/(n-1))
on the interval

/ :  I x — xa | min |a, b/M }, (M  =  N  +  6 +  | yo | ),

which satisfies

<p{Xo) — Oil, 0,(:C ()) = Ot-2, 01" ~ “ n,

(y» = («i,
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Proof. Consider the system y' = f (x, y) with the components of f given 
by (8.3). Then

I f (z, y) I =  12/21 +  12/31 H-------+  I 2/» | +  | f {x ,  y) |

^ I y I +  I f ix,  y) I ^ I y01 +  b +  n ,
since

I y I -  I y0 1 ^  | y -  y01 ^  6.

It is clear that f is continuous on R, and

| f ix, y) -  f (x, z) | =  | yt -  z2 1 +  • • • +  | yn -  z„ |

+ l/(z, y) -  f i x , z) |
=  |y — z| +  £/|y — z|

=  (1 +  L) | y -  z | .

Thus f satisfies a Lipschitz condition on R with Lipschitz constant K  = 
1 +  L. We can now apply Theorems 2 and 5 to this system, and the first 
component of the vector solution is the solution required.

For linear equations of order n we have non-local existence.

Theorem 8. Lei ai, ■••,a„,b be continuous complex-valued functions 
on an interval I containing a point Xo. I f  ai, — , an are any n constants, there 
exists one, and only one, solution 4> of the equation

y in> +  a i(x )y (n_u +  • • • +  an(x )y  = 6(x)

on I satisfying

<t>ixo) =  ai, <t>'ix o) = ct2, •••, </)(n_1)(x0) = a„.

Proof. Let yn =  (m, • • • • <*»), and consider the linear system

V\ = 2/2,

2 / j  =  2 /3 ,

2 / n - l  —  2 /n ,
y'n =  — a„ix)yi — a „_i(x)y2 — ••• -  a ^ x )y n +  b(x).

According to Theorem 6 there is a unique solution <j» =  i<h, "  ’ , 4>n) of 
this system on I  satisfying

(x o) =  a i ,  02 (xo) =  a 2, 0n(xo) =  a , .
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But since
02  — 0 l ,  03  — 0 2 ~  01  ) 0i» =  0 i" - l),

the function 0i is the required solution on I.
Note that Theorem 8 includes Theorem 1 of Chapter 3.

E X E R C I S E S

1. Consider the second order equation

y "  +  a i y '  +  a « y  =  0, (*)

where cq, a2 are constants.
(a) What system of the first order is equivalent to this equation?
(b) If the system in (a) is denoted by

y' = f(x, y), (**)

show that f satisfies a Lipschitz condition on the set

-S : M  <  » ,  l y  I <  “ ■

(c) Show that a Lipschitz constant for f on S can be chosen to be

K — 1 -f- I CZl 1 +  I 02 |.

(d) Let 0 be any solution of (*). Then 0  = (0,0 ') is a solution of (**). Show 
that if xo is any real number then

I 0 ( a : )  I S  I 0 ( x o )  | eK,x~x<>1.

(Compare this with Theorem 3, Chap. 2.)

2. Consider the linear equation

yM +  ai(x)yin~‘) +  ••• +  a„(x) y = 0,

where a\, • • •, an are continuous functions on some interval I. Suppose there 
are non-negative constants 61, such that

I dj(x) | S bj, ( j  = 1, •••, n),

for all x in 1. If 0 is any solution of this equation on I, and

0  = (0,0 ', •••,0(" -1>),

show that

| 0(x) | £ | 0(xo) I (all x in I),

where xo is a fixed point in / ,  and

K = 1 +  61 +  • • • +  bn.

(Compare this with Theorem 2, Chap. 3.)
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3. Show that nil real-valued solutions of the equation

y" sin y = b(x),

where b is continuous for — <® < x < m, exist for all real x.

4. Let e, g, v<,, a he positive constants. Consider the two systems

V" = -<=!/', 

z" = - g  -  tz',
and

V" -  0,

«" = ~Q,
each with initial conditions
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(*)

(**)

2/(0) = ^(0) = 0 , i/'(0) = Do cos a, z'(0) = ;;0 sin a.

(a) Determine first order systems (of four equations) which are equivalent 
to the problems (*) and (**). Show that each of these has a unique solution 
which exists for all real x.
(b) By solving the systems show that the respective solutions <J> and r|r 
satisfy

I • M r) -  »K-2) I 0 ,  t ->  0 .
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Answers to Exercises

c h a p t e r  o

Chap. 0, Sec. 2

1. (a) 1 +  i3
(c) (12_+ 4\5) +  i(24 -  2V2) 
(e) V41
(g) 2

2. (a) r = 2, 0 = ir/3 
(c) r = 1, 0 = 7r/2

(b) - 2  4  i5 
(d) i 
(f) 4

(b) r = 2, 0 = tt/ 2 
(d) r = 2, 0 = 0

3. (a) circle of radius 1, center at (2, 0)
(b) interior of the circle of radius 2, center at ( —2, 0)
(c) vertical strip consisting of all (x, y) such that — 3 J i  5 3, — °° < y < °°
(d) two half-planes:

(i) all (x, y) such that — <*> < x < <=, y > 1
(ii) all (x, y) such that —<= < x < ^ ,y  < —1

(e) ellipse with center £—1/2, 0), foci (l, 0) and ( —2, 0), major semi-axis 4, 
minor semi-axis \/55/2

8. all z such that | z I s  1

10. (a) v2, -V2 (b) 1,
v3 1 
2 ’  ~2

i — 
2

Chap. 0, Sec. 3

1. (a) 2x
(c) 2 +  f3 -  z'4x

x1 x4
2. (a) F{x) = — +  i -

4. (a) u(x, y) = x2 -  y\ v(x, y)

6. (a) F(x) — ox2 -  1 4- 3ix 
(c) ? + §{

(b) 3x -  2X2 
(d) 1 +  {(5/6)

(b) F’(x) = x +  fx3

2 xy

(b) F'{x) = U)x + 3t
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26 6 A nsw ers io  E xercises

1. (a) -3 , jnultiplicity 1; 2, multiplicity 1
1 . . .  1 .

( b )  ----- |-i — , multiplicity 1; —  -  i — ,
2 2 2 2

(c) 2, multiplicity 2; 1, multiplicity 1
(d) 1, multiplicity 2; i, multiplicity 1
(e) 3I/4, - 3 1/4, i31/4, — i31/4, all multiplicity

6. (a) i has multiplicity 3
(b) — 1 -hi, — 1 — i

Chap. 0, Sec. 5

Chap. 0, Sec. 4

1 . V3 1 . v3
1. 1, —  ~hi , —  — i

2 2 2 2

V2 V2
2.  ̂ (1 +  i), — (1 +  i)

). (a) (2 4 ) ' '^  +  i -  (24)l/3, (24)1/:l̂

. 3tt\
(b) 2V2! cos — +  i sin — 1.

V 8 8 /

/  3ir
8

2v'2^
/ 7T /7T\

cos — -hi sin — I.\ S X /

/ 117r 117r\
2V21 cos -- +  i  sin —  1\ 8 S /

, / lo i r 1 07T \
21 cos

8
-h  i sin

s )
(c) V2i, v2i, -V2i, -V2/

/'2-wk\
(d) cos ! ---- ) +  i sin { —  ,

VlOO/ V100/

6. (b) (i)

k = 0, 1, 2, 

er -  1

99

(ii)
ara cos fc +  hca sin I> — a

U: -\- lr

multiplicity 1
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8.

aca sin b — bca cos b 4  h
d ii)-------------r — ------------

a- +  o-

3 y/Vl  3 \Zl7

9. (a) x = 0
(c) x = 0

1 0 . (c) s(z) =

(b) all real x

Chap. 0, Sec. ft

1 . (a) - 1  +

2 _ 6  ̂ 8 7• 2l = 7, «2 = J. Z:t = T

3. Yes; z\ = 5, z2 = 1, z2 = —11

(b) zi = — i, z2 = i

•> o 9 9

CHAPTER 1

Chap. 1, Sec. 3

(.a»
1 . (a) </i(.c) = —  — cos x +  c, c any constant 

\ '

(b) 4>{x) = x- +  +  CiX +  r2, ci, r« am’ constants
6

(c) 4>(x) = CiXk~l + c%vk'~- +  +  c*, Ci, C2, •••,Cic any constants

(d) <f>(x)
r4

4  CiJ**- +  C2X 4  C3,
(10

ci, C2, cn any constants

3. (b) <t>(x) II
5T

T7̂ 1 +  4e5t‘- l)l

2
(c) 4>(x) - y 1 _  -----------, - s'

. 3 -  e"f

4. (a) 4>{x)
.TJ X1

— 4  4  C\X 4* C9, (C S x S 1), ci, any constants
2 2
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I 1 x2
(b) <(>(x) = — +  -  +  2x +  l

z1 x*
(c) <t>(x) = — +  -  4- 2x

5. (d) | <t>(x) | = | <f>(0) | for all x 

Chap. 1, Sec. 6

1. (a) 4>(x) = —J +  ce2x, c any constant
(b) <p(x) = \ex +  ce~x, c any constant
(c) 4>{x) = - '  (x- +  2x +  1) +  c(?x, c any constant
(d) <t>(x) = —e~' +  ce~xl3, c any constant

(e) <(>(x) ( n r } ‘:■' 4 - c e ~ * x,  c any constant

2. <t>(ir) — —nr

E „ „3. (a) 4>(x) =■ — +  ce~Rx'L‘, c any constant 

E
(6) <t>(x) = Ioe~RxlL +  -  (1 -  e~RxtL)

R

4. (a) <t>(x)

5. (a) <j>(x)

■ ( ,

- G

(a>Le~RzlL +  R sin cox — coL cos cox)

-Ve‘“•X _  g -R x lL 'j

KR +  uoL/

(b) <6i(x) = ( ---------— V  — Re~RxlL + R cos cox +  coL sin tox)
\R- +  co'L')

(  B \ .
(c) d>i{x) = —------—- \(coLe RxlL +  R sin cox — aiL cos cox)

\R2 +  co~ L~ /

G. (b) <p(x) = 5 sin x — 5 cos x +  § cos 2x +  $ sin 2x — \jst~x

7. (a) <i>{x) =  e~ax f  d“ b{t) dt 
Jo

9. Given any e >  0 there is an x0 >  0 such that | 6(x) — 0 \ < t for x ^  Xo. 
Write any solution <t> as

cj>(x) = e-a(x- " ”'0(xo) +  / v-aix~‘Mt) dt
'fXQ
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1. (a) 4>{x) = 5 +  ce~x2, c any constant
3 c

(b) 4>(x) = -x9 — 1 H—  , (x >  0), c any constant
4 x

(c) 4>(x) = 3 +  c exp (-cx)
(d) 0(x) = (sec x)esin 1 +  c sec x, c any constant

x2
(e) 4>{x) = — exp ( —x: ; +  c exp ( — x2), cany constant

Chap. 1, Sec. 7

2. (a) <f>(x) = xe Sln 1

] 0
3. (b) <£(x) = -  — —  , (x >  0)

x 7.i -

5. (b) <f>(x) = ( - v  +  ce-1,1)-1

6. (c) [  a(t) dt = 2ivik, (k = 0, ±1, ±2,
•'o

• I
I ti{t) dt — irik, {k = 0 , ±1) ±2, ■ 

J a ‘
•);

f o(<) dt = 0

(d) n = irik/k, (k = 0, ±1, ±2, •••) 

7. (d) (i) </>(x) = cos x sin x)
(ii) <p(x) = ce + 2(sin x — 1), c any constant

8. <t>{x) = ce '2x, ( — <x> < x g  — 1),
4>(x) — ce~lx +  |[1 +  2x +  e~2(j+1)], ( — 1 < x s  0),
4>{x) = ce~2x +  i[3 -  2x +  e-2(i+1) -  2e~2x], (0 < x g  1),
<t>(x) = ce~2x +  i(e2 +  e-2 -  2)e~21, (1 < x < <»), c any constant

9. If a = 0. iZ'(x) = x. (0 g  x g  £), and^(x) = (x >  £).
If a ^  0, iA(x) -  (1 /a )(1 -  e~ax), (0 g  x, g  £), and

<A(X) = (e~ax/o)(ea ~  £), (x >  f)

12. (b) 4>k(x) = exp [ — x(27tA: — a)x\
fe i ia + l)  g-\l(,x—v)

13. q{x, y) =

g(x , 1J) =

] _ e *(«+» , (0 g y g  x),

1 - eUa+l)
, (x < y g 1)

14. (a) </>(x) = e1 -  1
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CHAPTER 2

Chap, 2, Sec. 2

1 . ci, c2 lire any constants
(a) 4>(x) = f 1c!-c +  c2c~u
(h) 0 (.f) = (’! +  c2c
(c) <j>{.r) = cic4'* 4- c2c~4'x, or <p(x) = a  cos 4.c +  c-> sin 4x
(d) 4>{.r) «  Ci +  ('•>.!■
(e) 4>(x) = cie'i-'-~l)-r +  C2C_,(v5+1'-r
(f) 4>(x) = e2r(c\ cos x +  c2 sin x)
(S) 0U'i = <V’X +  c2e~,Ux

2. (a) <j>(x) = 5 c~J +  ic  -u
(b) ip(x) = {e-x -  J<r3j
(c) 0(1) = fe3 +  | c-3, 0(1) = ' e’ -  J f »

3. (a) <p(x) = cos .c 4 - 2 sin x
(l>) 0 (.c) = c sin x, c any constant
(c) <f>(x) = r sin .r, c any constant
(d) 4>(x) = 0 , all x

(ii) 4>(x) =  (ci +  r2x) exp { —Rx/2L), ch c2 any constants

8. (a) (i) A = 1,2,3,
(ii) k = 0, I, 2, • • •

(iii) k = 2/i, n -  0, 1, 2, • • •
(iv) k -  2« -  1, ?i = 1, 2, 3, < ■ ■

(b) (i) 4>{x) = c sin nx, c ^  0, n = 1, 2, 3, • • •
(ii) 4>{x) = c cos nx, c 0, n = 0, 1, 2, • • •

(iii) 0(z) = ci cos 2nx +  C2 sin 2?iz, | Ci |2 +  I c2 p ̂  0, ?! = 0, 1, 2/ • • •
(iv) 0(.r) = ci cos (2n — l).r .+ c2 sin (2n — l):r, | Ci |- + | c-< |- ^  0,

Rx
J. (a) (i) 4>{x) = Ci exp —

+  c2 exp
Rx 1 ( I f  _4
2L ~ 2\L2 ~  L C j

. ci, c2 any constants

(iii) 4>{x) = ci exp —•

•f c2 exp c1( (■> any constants

9. /,; = //■: — (//';■ 1)
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Chap. 2, Sec. 3

1. (a) 4>(x) = }e3x -  \e~
(h) 4>(x) = 0 . all x

(c) <t>(x) =

(d) 4>(x) =  tt cos \ / T 0x +  — j —  s in \ /7 f) x
V/ l<1

3. 4i(x) =  j f e 1 -  e~z), (0 S i  S  1),

<t>(x) =  U ‘2r3l~2 -  c3*-* +  r r 3x+4 -  2c_:lr+-')

6 . .1 -
k(L -  2{) 

k- +  4

(A ik  -  2k-\

R =
2(2 +  ik)

(Aik -  2A;-\ /
^  T >  + (

k2 +  4

4 +  2fc2 -  2i

(1 S ,r g 2)

fc2 +  4
for x in I

Chap. 2, Sec. 4

1. (a) independent
(c) dependent
(e) dependent

2 . (a) false
(c) true

3. (b) Il'iVo, <t><)(x) ~̂4), all x

(b) independent 
(d) independent 
(f) independent

(b) true 
(d) true

4. (b) !!'(<*>,, <f>2)(x) = (SeZaz
7. I = n V , n = 1, 2, 3, •••; 4>n(x) = sin wrx

8. I r  = —ailF

Chap. 2, Sec. 6

1. ci, c2 may be any constants
(a) <f>(x) = ci cos 2x +  c2 sin 2x +  5 cos x
(b) 0(x) = ti cos 3x +  c2 sin 3x — g-x cos 3x
(c) 4>{x) = Ci cos x +  t'2 sin x — cos x log (sec x +  tan x)
(d) </>(.r) -  Ci exp [—t(v2 +  l)x] 4- c2 exp [i(v2 -  l)x] +  x -  2i
(e) <f>(x) = e2l(ci cos x +  c2 sin x) +  1V - '* 4- TVx +  J v ' 4- fx2
(f) 0(x) = cie61 4- c2ex 4- yT(7 cos x +  5 sin x)

x . sin x sin 2x
(g) </>(x) = ci cos x 4- c2 sin x 4- -  sin x — ---------------

(h) </>(x) = (cos x)(log cos x) 4- x sin x 4- Ci cos 1 4- c2 sin x
(i) 4>(x) = C\exl2 4-  C2n~zl2 4- 5c1
(j) 0(x) = cie2x/3 4- c2e~3x'2 -  i-x -
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2. (a) B
A

p(a)

Axeax
(b) ^(x) = -----—, if a has multiplicity one;

p'(a)

\l/(x) = - r e " ' ,  if a has multiplicity two

J l  1 A. O
(d) V '(z )---------- ea,T + -------e“2J

p(a,l ;>(<**)

—  ( W r A

4. (a) 4>{x) = Ci cos wx +  cj sin cox +  —x sin cox, cj, c« anv constants
2co '

Chap. 2, Sec. 7

1. (a) independent (b) dependent
(c) independent

3. (a) true (b) false

4. (a) 4>(x) = cie21 +  c2ex p [(-l +  iV3)x] +  c3 exp [ ( - 1  -  zv^xl,
Ci, c2, c3 any constants

(b) 4>{x) = c‘?x(ci cos \/2x + c2 sin V2x) + c~'/2x(c2 c o s  V2x +  d sin V2x), 
ci, c2, Cs, ci any constants

(c) 4>{x) = Ci +  c2c2z +  C3C31, ci, C2, C3 any constants
(d) 4>(x) — c4e’x +  c2e2,z +  C3e_2,r, c;, c2, c3 any constants

100

(e) <t>(x) = ^  cker*x, rk = (100)1,10° exp
fc-i

ci, • ■ cm any constants
(f) 4>(x) = c4e,x +  C2e-1’3 +  c3e2iz +  c4e~2ix, ci, c4 any constants
(g) <f>(x) -  cie2z +  i2e~2x +  C3C2'1  + cte~2,x, c 1, •••, c4 any constants
(h) <j>(x) -  (c 1 +  c2x)e~z +  C3e21, ci, c2, C3 any constants
(i) 4>(x) = (ci +  c2i  +  C3X2)e11, Ci, c2, C3 any constants

5. (b) $(x) = cos v2x cosh VZx

('2k — 1)7T 
100

k = 1. 2, 100;
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6. (a) <(>i(x) = 1, 02(x) = x, 03(x) = x’~, <t>i(x) = x8
(b) <t>i(x) — cosh kx cos kx,

0i{x) = cosh kx sin kx,
4>i(x) = sinli kx cos kx,
0i(x) «  sinh kx sin kx, where X = 4k*

(c) 4>}(x) cosh kx, 02(;r) = sinh kx,
0s(x) = cos kx, 04(1) = sin kx, where X = —/c4

(c) 4>(x) -  ■— —

2. (a) 9i(x) = r', 02(.r) = xex, 0,i(x) = c- *, 0i(x) = cos x, 4>i(x) — sin x
(b) ll’ (0), 02, 03, 04, 0a)(x) = 32e*
(c) 0(x) = jc* +  jxex +  -  j  cos x -  J sin x

Chap. 2, Sec. 9

1. (a) 0(x) = Ci cos x +  c2 sin x, ci, c2 any real constants
(b) 0(x) = cie* -f c->.e~z, ci, c2 any real constants
(c) 0(x) = eicr +  c2e_- +  C3 cos x +  ci sin x, Ci, c-i, c-j, c4 any real constants

0»(x) = exp ( — 21/5x)
(e) 0(x) = cic2* +  c2e~2x +  C3CX +  C4e~x, ci, c2, C3, ci any real constants

Chap. 2, Sec. 8

1. (a) 0i(x) = 1, 02(x) = e2x, 0j(x) = e_jl
O') H’ (0i, 02, 0a)(x) = 1G

sinh 2x

(cl) 0(x) = 2  r-ic<Pk(x), wliere ci, • ■ •, cs are any real constants, and

02(x) = exp [(21,s cos (7r/o))xj sin K n\
"in-

5/

4>*{x)

0 4  ( X )

2. 0(x) = — -  c x +  -  eI/2 cos — x 4- ezn sin — x
Q ‘3 O fi •>

1 1 V3 V3 . V3

3. (a) 0(x) = Ci cos x + cj sin x, a, r. any real constants 
(b) 0(x) = 0, all x



5. (c) 4>(x) -  c[(cosh A — cos A)(sinh kx — sin kx)
— (sinh k — sin A) (cosh kx — cos Ax)J, c. anv constant

(d) k = 2mr, n = 0, 1, 2, • • •
(e) 4>{x) = ci fos 2nirx +  c2 sin 2nirx, ci, c2 any constants, n -*■ 0 , 1,2 

Chap. 2, Sec. 10

_ X2
1. (a) <p{x) = c i t -  c2ei +  C3fi 1 -  ~ , ci, c2, c3 any constants

274 .-itisu-ers to  E xercises

(h) <i>(x) = ci«2j +  e J'(c2 cos \3x +  c3 sin v3x) i ( ------- ^
V (So /

ci, c2, c3 any constants
(c) 4>(x) = cie'u cos x +  ae'ix sin x +  cvT'** cos x +  cw~'ls ; 

ci, • • •, C4 anv constants

t i l l  <*>(x) = (ci +  Cox +  C3X2 c4XJ)c-r +  — ex, Cl, c4 any constants

(el — c\ex + c2c x f  Cs cos x +  c4 sin x — -  sin x,4
Ci, • • •, c4 any constants

(f) 4>(x) = (ci +  C2x)e ‘x +  %x2e ,x +  i e~ ‘x, ci, c2 any constants

2 . (a) B = —  •
p(a)

O') = ——  xc,,rp'(n)

(<■) 'P(x) =
/> i ,(or)

1. // (x ) -• Xu kr, if /.■ = a;,
//(x) = (A-2 -  o/J)-l ,V--*.r sinli |(A2 -  ur)i;-x|. it A > tx
k (x) = (ws -  k-)-'r:< 1 sin I (or — A2)l,-x|, if A < ix

5. ^(x) = -  2 cos x, t -• ^ A k A =1

*(x) = cos x — 1, ( - •7r §  X < 0),
Hx) = 1 — cos X, (0 < X S 7T),
'Kx) = - 2  cos x. Or < X < co )

Chap. 2, Sec. 11

1. (a) \p{x) = g cos X

O’) 4/(x) = (•"'

1 7 cots .c,

O') H r) =
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3x
(c) = -

(d) Ip(x) = -%X- +  %x -  -  T% cos x -  r*T sin x
(e) \p(x) =  ^ ( 1  -  0.1 +  9z2)e,x
(f) \p{x) = T-J-y[(22 — 15.r)ex cos 2x +  (■)+■ 20x)ex sin 2x| 

(K) H r) =

(h) ip(x) = — + -  r x sin x — ~ c 1 cos's 
(ill 4 4

(i) H r) = <"ti()

Chap. 2, Sec. 12

1. (a) use induction

CHAPTER 3

Chap. 3, Sec. 3

1. (a) r = 1, - 1
(I)) <pi(x) = x, <t>2(x) = \/x 
(c) 0i(.r) = *(x +  aT1),

0->O) = 3(s -  x~')
2. 0 1(.f) = 3s -  1, 0:>(x) = (3a: -  I T 1

3. (a) 2u' +  a\u = 0 

(b) ii(x) = c exp . c constant, .To, x in Iy  oi (<) d/

6 . (d) a = 0 !(£), 6  = 0 ,'(£), c = 0 2(£), d = 0 j(£)

Chap. 3, Sec. 4 

6 . 0 (.r) = x1/- log x 

Chap. 3, Sec. 5

1 .  (a) 0 2f.i') =  .i'5
(b) 0 i>(.c) = log x
(c) 0 '.(.f) = x ex|> (,r)
(d) 0 2 (.r) = - x  -  1
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(e) 0 2(x) = ^ log f ^ ~ y )  ~ 1

(f) <fo(x) = X f  rV2 dt

2. 0 i(x) = x, 0 ->(x) = x-, 0 3(x) = x3

3. (a) t’ = u' satisfies

4n(x)v" +  [30 [(x) +  oi(x)0i(x)]y' +  [30," (x) 4- 2a,(x)0l(x) +  a20i(x)]y = 0

4. 03(x) =  x_1

5. (a) let 0i(xo) = 0, 0 2(xo) = l/'0i(xol

(b) 0 2(x) = 0 ,(x) [  (C dl, where A(t) -  exp <ii(s) ds

Chap. 3, Sec. 6

1. 0 (x) = c,x2 +  c2x_1 +  5 -  x, ci, c2 any constants

2. 0 (x) = —2x log x +  x2

3. (a) 0i(x) = x-2 cos x, 0o(x) = x~2 sin x
(h) 0 (x) = Cix-5 cos x +  cjx-2  sin x +  1 — 2x~2, c,, c2 any constants

4. (b) 0(x) = c,x +  cjx log x +  x- ci, co any constants

Chap. 3, Sec. 7

1. (a) 0 i(x) = x,

02 (x) = X
?/(!2n,(2/n — 1)

(b) 0 i(x) = 1 +  X
I

r  ( — 1 >’"( — n 17 (9m -  10)
~ 1 2-3-5-0 ••• (3m — J)(3m)

02 (x) = x +  X !
( —l)m2 -ll -20 ••• (9m -  7) 
3-4-0-7 ••• (3m)(3m +  1)

(c) 01 (x) = 1 +  £
t , S 'lnvS  ••• (4a? — l)(4?n) ’

02 (x) = X + X]
4-o-S>9 ••• (4m)(4m + 1)m=I
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^  ( — l)ml -5-9 ••• (4m -  3)
(d) 4>i{x) = 1 +  ------------------------------------- x ,m,

“ ! 3*4-7*8 ••• (4m -  l)(4m)

»  ( —l)m2*6*10 ••• (4m -  2)
<h(x) = x +  £  4-----1------------------ i---------—  x4"*+I

4*5*8*9 ••• (4m)(4m +  1)

^  ( - l ) mx2"
(e) 4>i(x) = 2^ = cos x,

m -o ( 2 m ) !

M z) = L .  — — r." -  s*n x
m™*0 "T 1) !

All series converge for all real x.
^  (_l)m+l(x _  1)3m

2. <£(x) = > , --------------------
,„_o 3mm!(3m — 1)

„  ̂ , K- ( —1)"“[2*3 +  1][4*5 +  1] ••• f(2m -  2)(2m -  1) +  1] ,
3. 0(x) = x +  2 _ ------------------------------- --------------------------------------------x-"

(2m +  D!
r = 1

4. Co = 1, Ci = 0, c2 = —1/2, = —1/6, ca = 0 , C6 =» 1/40

5. <t>(x) = 1 + X )
5.9 . . .  (4m -  3) 

(4m)!

6. (b) see Sec. 8
(c) see Sec. 8

( - “ ’ )(2 2 -  « 2)  ••• [(2m -  2)2 -  a 2]
7. (a) </>i(x) = 1 + 2 , --------------------- 77—;---------------------- **"

—1 (2m)!

. , , v>  (1* -  « s)(3 ! -  a 2) • • • [(2m -  l ) 2 -  a 2]tf>2(x) = x +  2 ^ ---------------------7--------—---------------------
(2 m +  1)!

jim+l

(b) 4>i is a polynomial if a is an even integer, <j>2 is a poiynomial if a is an odd 
integer.

^  2m( —a)(2 _  a ) . . .  (2m -  2 -  a)
8. (a) <Mx) = 1 + 2 3  - ----------------- 7TT;-------------------- * >— 1 t2m)l

, , , ^  2 -0  -  «)(3 - « ) ■ • ■  (2m -  1 -  a) ,_A1
(2m +  1)!

(b) 4>i is a polynomial if a is an even integer, </>2 is a polynomial if a is an odd 
integer

(d) H0(x) = 1, Hi(x) = 2x, i / 2(x) = 4x2 -  2, Ht(x) = 8xs -  12x
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Chap. 3, Sec. 8

9. <j>(x) = l log ^  ^

10. Q ,(x)  = -(f> i(x)

27 H

CHAPTER 4

Chap. 4, Sec. 2

1. (a) <t>(.v) = CiX~* f  cox-, fi, r2 any constants
(b) <p(.r) = r +  c»x, fi, C-, any constants

(c) <j>(x) = C].r +  CoX~2 — -  , Ci, a  any constants

(cl) <p(.c) = i\x3 +  ax* log x 4- J.r* log- x, Ci, a  any constants
(e) ri>(.r) -  ax  +  ax  log x +  ax ■. ci, a, Cj any constants

2. Ci, co are any constants but may be different for x > 0  and for x < 0
(a) 4>{x) = ci | x |2’ +  a  | x |-2i +  \
(b) <p(x) = x2(a  I x d +  a  ! x I- ')
(e) <f>(x) = ci | x I1 +  a  | x | 3

(d )  <j>(x) =  c i  | x |2 ' T -+• a  \ x  !~ 2 'VT +  — -
1 -  4t

6. (a) c = 1/<7(A-)
(b) c = \/q (k)

xk
(c) ip(x) = — log2 x

Chap. 4, Sec. 3

1 . (a) X = 0 , regular
(b) j: = 0 , regular
(c) x  = 0 , not regular
(>D X = 0 , regular
(e) X = 1 , regular; X  = - 1 , regular
( 0 X = — 2  regular; r = 1 , not regular
fe) x  = 0 , regular

2 . (a) q{r) = r- -  1 ; r l = 1 , To -  — 1

(b) q(n = r-’  -  1 ; ri = 12 j r, -
(c) q(r) = r  -  > +  5; ?’I = 2 , a  =
(c» q{r) = r: +  1 ; n  = i , r2 = — i

(e ) .q(r) = r2 +  1 ; ft = i , r2 = — i

14
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3. (b) q(r) «  r2; ri =  0. r2 =  0

^2, { - l ) kX k
4. (a) 0i(x) = x 2 3  _------- , , , .a=o 1 • J *5 ■ / ••• (2k 4- lj

^  ( -1  )4r*
02(s) = xl/2 23 ■ = *1,2e x'2t-o 2 «!

(b) 0 i(x ) = x ‘ 23
t(l +  0  • • • (A -  1 +  0

*„o A!(l +  - i ) ( -  +  - t )  ••• (k +  2i)

„  ( — i)(l -  0  ••• (A -  1 -  0
02(x) = X "‘ y , -----------------------------------------------X*
v v £S A!(l -  20(2 -  20 ■ ■ ■  (k -  2i)

Chap. 4, Sec. 4

1. (al any constant times 0j or 0 2. where 

(-l)*3*x*
= 13S  AI5-8-11 (3k + 2)

( -  l>*3*x*
0 2 (x) =  | x I-2 ' 3 23

t=o A!1 *4- / * • ■ (3A — 2)

(b) any constant times 0i, where 0i(x) = 2-, ------- T 1' )' (to!)2 \2/

(c) 0(.r) = | x |-1/2(c] cos x +  a  sin x), c\, c« any constants

2.  (a) t/(r) =  r- +  i

(b) ci = (1 + 2i)

2 - (I +  20 - 2 • (2 +  2 i)

C3 m i
(1 +  2i) *2 • (2 +  2t)-3- (3 +  20

3. (a) 0 (x) = 1 + 2 3  ct(x ~  ! ) “> where

Ck
{a + k)(a + k — !)•••(« -+- l)a(a — 1) - • • (ot — k

2k(k\y

I t - 1

+  2 )(a — k +  1)

converges for | x — 1 | < 2



280 A n sicers to  E xercises

4. (b) q(r) = r2; n  = 0, r2 = 0

(0 -  a )(l -  a) ••• (k -  1 -  a)
(c) 0(x) = 1 +  X ------------------— r------------------- - **(c) 0(x) = 1 +  ^

(i:is

5. (b) Lo(x) -  i, L i(x) = 1 — x, L2(x) = 2 — 4x +  x2 

Chap. 4, Sec, 6

1 -  ( t )  (i) n  =  1/2, 7-2 =  - 2
(ii) t-! = 3/2, 7-2 = 1/2

(iii) 7-j = -1 ,  r2 = -1

(b) (i) <j>i(x) = | x |1,2ai(x), 0 2(x) -  | x |~2<72(x), ai, 02 power series conver­
gent for | x | < CO

(ii) 0i(x) = I X |3/Vj(x), (7i(0) = 1, 02(x) = I X i1,2cr2(x) +  c(log I x |)0i(x), 
c 1. (72 power series convergent for | x | < a>,c^ 0

(iii) 0v(x) = I X |_1(7i(x), <7i(0) = 1, 02(x) = U2(x) +  (log I X |)0l(x),
(71, (j2 power series convergent for | x | < 1, 0-2(0) = 3

2. (a) q(r) = r- — a2; ri = a, ?'2 = - a

(b) if a = 0 there are two solutions of the form 0+x) = oi(x), falx) = xc72(x) +  
(log | x |)0 i(x), where o-j, o-2 are power series convergent for | x | < ® ; if
a > 0, 2a not a positive integer, two solutions are of the form 0 +x) =
| x |a(7i(x), q>i(x) = | x |~“<72(x), where 01, U2 are two power series convergent 
for | x | < 00; if 2a is a positive integer two solutions have the form 0i(x) =
| x |a(71 (x), 02(x) = | x |~a(72(x) + c (log ! x l)0 i(x), where <j\, <72 are power 
series convergent for | x | <

(b) 0i(x) = ] x | ‘ (1 -  x),

02 (x) = X2 X !
(-l)*2*(fc +  1) 
* (A +3)1

02 (x)

(d) 0! (x) = x, 02 (x) = x(r2i -  1)
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f z \ A  ( - l ) m /x V ”
w * w -U)£-srTu!fc /

i /xYH
U x) ■ ~i\u  i1 + u

+  ( ^ )  2  i j  ; ( l  +  I  + • ■ • + - )  + ( l  + - |  +  ••• f  — - .w  m\(m +  1). \ m/ \ tn + V
+  (log | x \)4>i(x); see Sec. 8

(f) 4>i(x) = x2,

fafx) -  x" 1 +  3x +  6X2 — 3 2
2kxk

(k - 3 )k\_
— Ax? log | x |

5. ^(x, r2) = Cm{n)^{x, ri)

6. (a) Cjt = ~dk/k, where dk = X ] * = 1,2,
j-o

Chap. 4, Sec. 9

3. (b) thj" +
a (a +  1)

H----- :-------- y = 0(2 -  1
(c) 5(r) = r2 — r — a2 — a; rj = a +  1, r» = —a

CO
4. <f>\(x) = x, 02(x) = Z"2 X ) - -

*.=o 2 m  +  3

6. (a) ?(r) = r2 +  (7 -  l)r
co

(b) 0 (x) = 1 + 2  °i‘xk, (I x | < 1),
*=1

a(a +  1 )••• (a +  k — 1)003 +  1) • • • (0 +  k — 1) 
where ck = --------------------------------------------------------------------------

*!7 ( 7  +  1) • • • (7  +  k -  1 )

7. (b) #i(x) = x", <j>i{x) = x~(n+I)

CHAPTER 5

Chap. 5, Sec. 2

1. any real-valued differentiable function defined implicitly by the relation:
(a) y = c exp (x3/3)
(b) y2 = x2 +  c
(c) 3y2 — 2y’ = 3x2 +  2x3 +  c



282 Answ ers to  Exercises

(d) e'J =  log | 1 +  ex \ +  c

(e) lop; V ~ ?
V +  2

4x2
3

c (c is a real constant)

(l/2/o)
2. (b) if ?/o =  0, all real x;

if 7/ 0 5̂  0, all real x t6 x a
(c) if ?/o =  0, all x)

if 2 / 0  >  0, -  co <  x <  x0 +  (l/j/n );
if yn < 0 ,  xa +  ( I / 2/ 0 ) <  x <  °

3. (a) $ (x) =  (x -  x0 +  V  7 / 0 )/_ (x xo -  \/iJo)L
</>(x) = -  (x -  x0 +  \/yo)2, (x < xo -  \ /i/o)

4. any real-valued differentiable function defined by the relation:
(a) 2 tan~‘ (?//x) = lop (x2 +  1/)  +  c
(h) x log y +  y = cx
(c) tan- I (?y/x) = log x +  c
(d) exp (2y/x) =  2 log x +  c (c is a real constant)

5. any real-valued differentiable function defined bv the relation:
(a) (y -  §)2 +  2(7/ -  f ) (x  +  §) -  (x +  i ) 2 = c

14y +  7x — 5
(b) 4 tan~

V3( 7x -  1)

=  V3 log [ (x  -  l ) 2 +  (x -  + )(t/ +  t ) +  (y +  P)2]  +  c
(c) log I x - f  y | +  x — 2y = c (c is a real constant)

(b) any real-valued differentiable function defined by the relation 

_ f y  -  3\
2  tan = log [ x +  2  | 4 - c, c any real constant

6

7. (a) y = cx, c any real constant
(b) x2 +  7/  = c, c >  0
(c) 27/-' +  x2 = c, c >  0
(d) y3 = cx2, c any real constant
(e) X?/ = c, c any real constant
(f) x = c exp ( — t/2), c any real constant

Chap. 5, Sec. 3
1. solutions are any real-valued differentiable functions satisfying the relations 

given
(a) exact, r-y +  y3 = c
(b) not exact
(c) exact, ex +  yev =  c
(d) exact, sin x cos2 y = c
(e) not exact
(f) exact, x2 +  2x7/ — y1 = c
(g) exact, y(2x +  x2 cos y — c
(h) exact, xy +  x3 log | x | = c (c is a real constant)
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2. any real-valued differentiable function defined by the relation:
(a) x~(y3 -j- I) = c (b) sin x cos2 // = c
(c) i 'V  4- x-y- = c (d) i' exp (x + y) = c

6. (a) v(x) — exp / a(l) (It .To in I

(b) 4>(x) = c<r-'Hx> +  e -1<c; I e*wb(t) dt, where .1' = a
J Tc

Chap. 5, Sec. 4

1. (a) use induction
(b) rf>o(x) = 2, 0i(x) = 2 +  7x, 02(x) =■ 2 +  7t +  =̂ -x2, 

4>:d x) =  2 +  7x +  - -̂t2 +  ^ x 3
(c) 0(x) = 5(7e3x -  1)
(d) use the series for e,x

> x:' .1"
2. (ji) <p.j(.ri = 0, 4>i(x) = - . <p-2(x) = + — ,

- 3 (>3

<t>iU) = .. +

o

r7 2xn
—

03 11-189

x2
-  J +  * +

X2 r1 af

1 4- 3 + 8 ’

V 1 X3 X'
■ + ■■ 4 -  42 3 S

x"

fe) 0oU) = 0, 0i(.r) = 0, 02(.r) = (>. 0:i(t ) -  (I
(dl 0n(j-i = 1, 0 i(t ) = 1 + x,

x '
<h (x) = I +  T +  T2 +

.1 J ’
03(x) = 1 + x i 2 4- xJ 4— —■ 4- 4" " 4- ~9 63

3. (a) all 0* are polynomials
(b) 0(.r) = 1/(1 —  x), exists for —  co  < x < 1
(c) solution docs not exist for x > 1

4. (a) M  -  2 00 U  | < 1/2
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6. (a) <j>0(x) = yo.

284

<t>k+ l(x) = V o + (x - xa)yi + r  (x -  w .  **w)
J XQ

dt, (k = 0, 1, 2,

X2 X3 X4 x5 xG X2*+>
<t>k{x) = 1 — — + — +  7" — -1) *+l

2! 3! 4! 5! 6! (2* + D! ‘
(fe = 1, 2, 3, • ••)
4>{x) - COS X - sin x +  x

8. (c) <t>o(x) = 0,
sin Xx f T sin X(x — 0

<j>k+i(x) = ——  + / ------- ;--------f(i,4>k(0) dt, (k = 0, 1, 2, •••)
A  •'0 A

Chap. 5, Sec. 5

1. (a) K  = 2
(b) K = 3
(c) 7C = maximum {2a3, 2a4{
(d) K — AMa +  Mb, where

Ma = max | a(x) |, Mb = max | b(x) \
UlSl |z|gl

(e) K  = max | a(x) |
MSi

3. (a) K = 1

Chap. 5, Sec. 6

1. (a) <Hx) = ’ * J  ,>'dt

(d) use Theorem 8
2x3 4x5

(e) <f>d(x) = x -  —  +  —
3 15

2. (a) 0(x) = tan x, exists on —7t/ 2 < x
(b) all <t>t are polynomials
(c) K = 2

r/2

Chap. 5, Sec. 7

1. K = 2a3 +  3a2 +  4a +  1
2. (a) K = 1/(1 -  a2)

8. (a) if X = 0 , 4>{x) = x +  [  (x -  t)q(t)<p{t) dt;

if X > 0, 0(x)
sin X(x -  f)8in Xx f z sin X(x

= ~ ~  + L \ q(t)cj>(t) dt
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Chap. 5, Sec. 6

1. (h) 4>(x) = A  exp (x*/2)

4. (b) <t>x{x) = ya exp -X 2(x -  s0) +  j  q(t) dt

CHAPTER 6
Chap. 6, Sec. 2

1. (a) path of particle is the ellipse

(b) period 2n/k

x2 AV
-  +  TT -  1a* fr

2. (a) x(t) = (vo cos a)t, y(t) -  — — +  (vo sin a)f

(b) particle path is the parabola
g x2

y = — -   --------- — +  (tan a)s

(c) vertex: x ■=
f>n sin 2a

2 9
. */

time required to reach vertex:

2 (t’o cos a)2
2 ■ 2 V5 snr a

_ * T ~ :

v0 sin a
g

vj sin 2a .
(d) x(T) — --------- ; maximum x(T) when a = x/4

g
4. (a) x" -- -ex', j/" = - g  -  e?/

Vo cos a
(b) x(t) = ----------(1 -  <-*),

{/(«) -  sin a +  ^  ^

5. r(to), r'(<o), 6(to), 6'(to), for some to 

Chap. 6, Sec. 3

1. (a) <p(x) = Ci +  cjc-1 4- x, Ci, Cj any constants

(b) = X +  Cl +  C2 r exp ( —e*) da, Ci, C2 any constants
■'ll

285
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(e) 4>(.c) = (c-ix +  c2)I/5, Cj, c-2 any constants
(d) <j>(x) =  ci cos kx 4- c2 sin kx, c i, c2 any constants
(c) <j>(x) = r, any constant;

<A(.r) = 2a tan [n(.r +  ft)] a > 0, ft constant:

<t>(x) =
x +  r

r an v constant:

4>{x) = —2a coth [n(.r +  ft)] a > 0, ft constant

. z'1(f) <$>(x) =  ci 4- r2.r:i +  ci. c2 any constants

(y) 4>(.v) r, any constant; any twice differentiable function <j> defined im­
plicitly by

T
y +  a loy \ x — a | = -  +  ft, n, ft constants, a t6 0;
' a

4>(x) = \'2(n — x)1;2, n constant

2. 4>{x) = — loy (cos x), ( —7r/2 < x < ir/2)

, IkrV'3
3. 4>{z) = U -  

\ 2 )

5. (c) 4>(x) = 1 tail 1 (ax) -  ir
(d) look up the subject of elliptic integrals

Chap. 6, Sec. 4

1. (a) y +  z = (8 +  2-1, 2i, 0)
(b) y -  z = (8, 4i, -41
(c) s =  1/4

4. (a) *;,(1) =  (1, 1, t)
(b) 4>'(x) = (1, 2x, 4ix*), <I>,(2) = (1,4, 32i)

(c) J  <J>Cr) dx = ^0, _ )

(d) | f fy(x) dx | =  —  , [  | <Xx) | dx =  
3̂1
15

Chap. 6, Sec. 5

1. (a) M  = 3 (b) A' = 2

2. (a ) f(.r, y) = (ayi +  ft?/2, ct/ l + dy2)
(hi A = ] a | 4- | ft | 4- | c | 4- I d \

3. «j>(.c) = (ez, (x 4- 2)ex)
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4. <j»(x) - -  ^(c3x +  4c u , 3e3x — He ix)

!c 'x e'2x 1 2e3x <rx 1\
5. <j>(x) = ( —  - — T

V 3 2 0 3 2 6/

Chap. 6, Sec. 6

1. (a) f(x, y) = {y\ +  1, y\), y0 = (0, 0)
(b) M = 2, K  = 2, a -  1/2

(c) <{>0 (1 ) = (0, 0), <j>i(x) = (;x, 0), <J>2(x) = [x, — ̂

2. f is continuous and satisfies a Lipschitz condition on each strip | x | S n, ly| < 00 

with Lipschitz constant /v -  3 + 2a + a3 + e“
4. (a) f is continuous and satisfies a Lipschitz condition on | x \ < » ,  | y | < » 

with Lipschitz constant K = 1 +  « -
(c) <j>(x) '  ciP(1+<)I(l, 1) + c2e(1_<)l(l, —1), Ci, c2 any constants
(d) <|>(x) = c(I- * )*(l, - 1 ) ,  tfc(x) = ex(l, - 1 )

Chap. 6, Sec. 7

3. (c) 4»(x) = er,x(\/89 — 3, 10), wliere rj = — ; another solution is

ij/x) = er2x(\/89 +  3j -10), where r2 =
9 -  \/m

5. (b) p(r) = r2 — (a 4- d)r +  (ad — be)
(c) if r 1 , r2 are the roots of p, then if r 1 ^  r2, 4>(x) = cierix +  c2er2X, ci, c2 any 

constants; 4>(x) = (rj +  c2x)erix if ?'i = r2, <3 , c2 any constants
(d) (i) if r 1 ^  r2 all solutions have the form = er‘ ra +  er!X(J, where

a (oi,a2), 5 = 031, /S2) are such that
(a — rOai +  ba2 = 0, can 4- (d — ri)a2 = 0,
(a -  r2)/3i +  />/S2 = 0, eft +  (d -  r2)ft = 0

(ii) if r\ = r2 all solutions have the form <j>(x) = <?r'x(a +  x(3), where 
a = (an, a2), [3 = (ft, ft) satisfy

(a -  r i)ft +  6 f t  = 0 , eft +  (d -  n ) f t  = 0 ,
(a -  j-i)aj +  ba2 =  f t ,  can +  (d -  ri)a2 = /32

(e) cj>(x) = Ciex(l, 1) +  f2e2x(3, 2), ci, c, any constants

Chap. 6, Sec. 8

1- (a) y[ =  2/2, 2/2 =  - a ^ i / i  -  aij/a
(d) apply Theorem 5 to <|> and »}'(x) = 0, f = g

2. Apply Theorem 5 to the first order system associated with the equation

3. See Note to Ex. 3, See. 6, and corollary to Theorem 4
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4. (a) y
V

(b) «j)

I I  f  t t I ~ /i = Vi, Vi = - * 2/a, y3 = 2/4, y« = - y  -  tyf, yt »  y2, y2 = 0, y, «■ 1/4,
4 * both with initial conditions

2/i(0) = 0, y2(0) = v0 cos a, y3(0) = 0, y3(0) = v0 sin a 
• = (0i, 02, 03, 04), where

vo COS a
0 i(x) - ----------(1 -  e “ ),

<
02(x) -  (v0 cos a)e~'z,

, , , ( • , sV1 - e-,IN.03(x) *> v̂0 sm a +  ----------- J ------ .

. 904(x) = (r0 sill a)e “  +  -  (e “  -  1); ^ = (0i, 02, 03, 04), where

0i(x) = (v0 cos a)x,

0s(x) = (t'o sin a)x -  ~  ,

02(x) = Vo cos a,

04(x) = v0 sin a — gx



Index

A
Analytic coefficients, 126 
Analytic function, 126 
Annihilator method, 92 
Approximation to solution: 

of first order equation, 222 
of system, 253

B

Basis for linear space, 108 
Bernoulli’s equation, 46 (Ex. 5)
Bessel equation, 168, 172, 182 (Ex. 2) 
Bessel function: 

order a, first kind, 174 
order n, second kind, 178 
order zero: 

first kind, 169 
second kind, 170

zeros of, 171 (Ex. 3), 172 (Ex. 6), 
179 (Exs. 5, 6, 9,10), 180 (Ex. 14) 

Birkhoff, G., 17 
Boundary conditions, 37 
Brahe, T., 234

C
Cauchy-Riemann equations, 16 (Ex. 5) 
Central force, 231 
Characteristic polynomial. 50, 71 
Chebvshev equation, 131 (Ex. 7) 
Chebyshev polynomial, 131 (Ex. 7) 
Complex number: 

conjugate, 4 
definition, 1

difference, 2 
equality, 2 
imaginary part, 4 
magnitude, ‘t 
negative, 2 
product, 2 
quotient, 3 
real part, 4 
reciprocal, 3 
sum, 2 
unit, 2 
zero, 2

Complex n-dimensional space, 240
Complex plane, 4
Constant coefficient operator, 94

D
Derivative, 9, 12 
Determinant, 27 
Differential equation: 

first order, 33, 35 
nth order, 36 
solution of, 33, 36
with periodic coefficients, 46 (Exs.

6, 7)
Differential operator, 49 
Dimension of linear space, 108 
Direction field, 34

E
Euclidean length of vector, 245 (Ex. 6) 
Euler equation: 

nth order, 148 
second order, 145
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IOxftct e q u a t io n , 102 
E x is te n c e  t h e o r e m : 

first o r d e r  e q u a t io n ,  2 1 0  
first  o r d e r  s y s t e m , 251 
l in e a r  e q u a t io n ,  a n a ly t ic  c o e ff ic ie n ts , 

120
lin e a r  e q u a t io n , c o n s t a n t  c o e ff ic ie n ts , 

77
lin e a r  e q u a t io n , v a r ia b le  c o e ff ic ie n ts , 

lO t , 2 0 0
lin e a r  s y s t e m , 2 5 0  
n th  o r d e r  e q u a t io n ,  25 9  

E x p o n e n t ia l  fu n c t io n , 22

F

F ro b e n iu s  m e th o d , 105 
F u n c t i o n . 

a n a ly t ic ,  126 
c o m p le x - v a lu e d : 

c o n s t a n t , 7 
c o n t in u o u s , 9  
d e f in it io n , 7 
d i f fe r e n t ia b le ,  9 
im a g in a r y  p a r t ,  8 
in te g ra l o f ,  10 
p r o d u c t ,  7 
rea l p a r t , S 
s u m , 7
w ith  c o m p le x  d o m a in ,  11 
w ith  re a l d o m a in , 8 

c o n t in u o u s , 12 , 15 
d e fin it io n , 6 
d o m a in ,  0 
e q u a l i t y ,  7 
r e a l-v a lu e d , 7 
v a lu e , 6
v e c t o r -v a lu e d ,  2-13 

F u n d a m e n t a l  s e t , 108 
F u n d a m e n ta l  th e o r e m  o f  a lg e b r a , 17

G

G a m m a  fu n c t io n , 173 
G r a m ia n , 111 (E x . 7 )

H

H a r m o n ic  o s c i l la t o r ,  52  
H e r m ite  e q u a t io n ,  131 (E x .  8 )
H e r m ite  p o ly n o m ia l ,  J31 (E x . S ) 
H o m o g e n e o u s  e q u a t io n :  

a n a ly t ic  c o e f f ic ie n t s ,  126 
first  o r d e r , 3 9 , 191 (E x .  4 ) 
n th  o r d e r , c o n s t a n t  c o e f f ic ie n t s ,  4 9 , 71 
n th  o r d e r , v a r ia b le  c o e f f ic ie n t s ,  103 
s e c o n d  o r d e r , c o n s t a n t  c o e ff ic ie n ts , 5 0  
s y s te m , 2 5 6

H o m o g e n e o u s  s y s te m  o f  l in e a r  e q u a ­
t io n s , 27

H v p e r g e o m e tr ic  e q u a t io n ,  182 , 183
' (E x . 6 )

I

I m a g in a r y  a x is , 4 
I m a g in a r y  u n it , 4 
I n d ic ia ! p o ly n o m ia l ,  148, 152 
I n d u c t io n ,  31 
In it ia l  c o n d it io n s ,  37  
I n it ia l  v a lu e  p r o b le m , 37  

n th  o r d e r  e q u a t io n ,  75  
s e c o n d  o r d e r  e q u a t io n , 54  
s y s te m s , 2 5 0

In n e r  p r o d u c t ,  2 4 5  (E x . 7)
I n t e g r a t in g  fa c to r ,  11)8 (E x s . 2 , 3 ) ,  199 

(E x s . 4 , 5 , 6 )
I n t e r v a l ,  8

K

K a in k e , E .,  185 
K e p le r ,  J ., 23 4  
K e p le r ’ s la w s , 23 4  
K n o p p ,  K . , 17

L

L a g u e r r e  e q u a t io n , 159 (E x . 4 )
L a g u e r r e  p o ly n o m ia l ,  100 (E x . 5 ) 
L e g e n d re  e q u a t io n ,  131 (E x . 0 ) ,  132, 

154 (E x . 3 ) ,  182 (E x s . 3 . 51 
L e g e n d re  p o ly n o m ia l ,  135
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L im it ,  8
L in e a r  d e p e n d e n c e ,  GO, 72  
L in e a r  d i f fe r e n t ia l  e q u a t i o n : 

a n a ly t ic  c o e ff ic ie n ts ,  126 
c o n s t a n t  c o e f f ic ie n t s :  

h o m o g e n e o u s  e q u a t io n ,  4 !), 50 , 71 
n o n -h o m o g e n e o u s  e q u a t io n ,  4 9 , 06 , 

84
first o r d e r , 39  
o r d e r  n, 2G0
p e r io d ic  c o e ff ic ie n ts , 4 0  (E x s . 0 , 7 ) , 

110 (E x . 6 ) ,  110 (E x . 3 ) 
re a l c o n s t a n t  c o e ff ic ie n ts , 8 0  
v a r ia b le  c o e f f i c ie n t s :

h o m o g e n e o u s  e q u a t io n , 103 
l io n -h o m o g e n e o u s  e q u a t io n , 103, 

122
w ith  r e g u la r  s in g u la r  p o in t .  143 

L in e a r  in d e p e n d e n c e , 0 0 , 72  
L in e a r  s p a c e , 108 

basis, 10,8 
d im e n s io n , 108

L in e a r  s y s te m  o f  d iffe r e n t ia l  e q u a t io n s , 
25 5

e x is te n c e  t h e o r e m , 2 5 6  
h o m o g e n e o u s , 2 5 0  (E x . 2 ) 
u n iq u e n e s s  t h e o r e m , 2 5 6  

L in e a r  s y s te m  o f  e q u a t io n s , 27 
L ip s c h it z  c o m lit io n ,  2 0 8 , 24 7  
L ip s c h itz  c o n s t a n t , 2 0 8 , 24 7  
L o c a l  e x is te n c e , 21 7

M

M a c L a n e ,  S ., 17 
M a g n it u d e :

o f  c o m p le x  n u m b e r , 4  
o f  v e c t o r ,  241

N

N e w t o n ’ s s e c o n d  la w , 2 3 0 , 234 
N o n -h o m o g e n e o u s  e q u a t io n :  

first o r d e r , 39
o r d e r  » ,  c o n s t a n t  c o e ff ic ie n ts , 4 9 , 84  
o r d e r  n, v a r ia b le  c o e ff ic ie n ts ,  103 , 122 
s e c o n d  o r d e r , c o n s t a n t  c o e ff ic ie n ts , 6 6

N o n -h o m o g e n e o u s  s y s te m  o f  lin ea r  
e q u a t io n s , 27

N o n - lo c a l  e x is te n c e  t h e o r e m : 
first o r d e r  e q u a t io n , 217 
sy s te m s , 25 2

o

O p e r a to r , c o n s t a n t  c o e f f ic ie n t ,  94 
O r th o g o n a l  t r a je c to r ie s ,  192 (E x . 7 ) 
O s c i l la to r ,  h a r m o n ic ,  52

P

P la n e ta r y  m o t io n , 234 
P o ly n o m ia l ,  13, 17 

c h a r a c te r is t ic ,  50 . 71 
d e g re e  o f ,  17 
in d ic ia l , 148, 152 
r o o t  o f ,  17 

P o w e r  ser ies , 22

K

R a t io  te s t , 21 
R ea ] a x is , 4
R e a l ji-d irn e n s io n a l s p a c e , 2 4 0  
R e g u la r  s in g u la r  p o in t ,  143 

a t  in f in ity , ISO 
R e s o n a n c e , 7 0  (E x . 3 )
R ic c a t i  e q u a t io n , 109 (E x . 4 )
R o o t :

m u lt ip l ic i ty  o f , 18 
o f  p o ly n o m ia l ,  17

s
S c h w a r z  in e q u a lit y , 2 4 5  (E x . 7 )
S e r ie s , 20

a b s o lu t e ly  c o n v e r g e n t ,  21 
c o n v e r g e n t , 21 
d iv e r g e n t , 21 
p o w e r , 2 2  
r a t io  te s t  fo r ,  21 
su m  o f ,  21

S in g u la r  p o in t ,  4 3 , 103 
S in g u la r  p o in t ,  r e g u la r , 143
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Solution:
of first order equation, 33 
of nth order equation, 36 
of system, 247 
real-valued, 82 
trivial, 45 (Ex. 4), 51, 106 

Successive approximations: 
for first order equations, 201, 210, 214 
for systems, 251

System of differential equations, 229 
System of linear equations: 

homogeneous system, 27 
non-homogeneous system, 27

T

Trajectories, orthogonal, 192 
Trivial solution:

of nth order linear equation, 106 
of second order linear equation, 51 
of system of differential equations, 

256 (Ex. 2)
of system of linear equations, 29

U

Uniqueness theorem: 
for equation of order n, 259 
for first order equation, 223 
for linear equation of order n, 260

for linear system, 256 
for nth order linear equation, 76, 105 
for second order linear equation, 58 
for systems, 253

V

Variables separated, 186 
Variation of constants: 

for nth order equation, 85, 122 
for second order equation, 67 

Vector, 240
component of, 240 
magnitude of, 241 

Vector space, 108 
Vector-valued function, 243 

continuous, 243, 247 
derivative of, 243 
integral of, 243

W

Wronskian, 61, 77, 111

Z
Zero:

isolated, 118 (Ex. 8) 
of polynomial, 17 
of solution, 117 (Ex3. 4, 5) 
simple, 118 (Ex. 8)
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LINEAR ALGEBRA, 2nd Ed.
by Kenneth H offm an, MiT, and Ray Kunze,
University of California, irvine (UCi).
A comprehensive treatment of the subject. The first part of the 
book contains examples concerning linear equations and compu­
tations with matrices. In addition, there are problems of an 
elementary nature designed to clarify the basic computational 
aspects of the subject. The material on characteristic values, 
characteristic vectors, and diagonalization of matrices is reorga­
nized so thatfhe elementary and geometrically intuitive concepts 
are presented first. The more advanced student will benefit from 
an initial treatment of modules and the theory of the Smith 
canonical form.

ENGINEERING M ATHEM ATICS, Vols. One & Two,
by S .S . Sastry, Scientist, Vikram Sarabhai Space Centre, Trivandrum.
Primarily designed as a text for undergraduate students of 
engineering, this book can also be used as a reference book for 
postgraduate courses in engineering or physics. Volume One 
deals with Higher Algebra, Geometry, Vector Algebra and complex 
numbers, Differentiation and its applications, Integration Functions 
of several Variables and Multiple Integrals. The second volume 
deals with more advanced topics like Partial Differential Equa­
tions, Laplace Transforms, Fourier Series and Integrals, Vector 
and Tensor Analysis. It also includes a chapter on Modern 
Methods of Computation.
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Edited by H. L. M anocha Indian institute of Technology, Delhi.
Modern analysis comprising of fields like Topology, Functional 
Analysis, Operator Theory, Harmonic Analysis, Theory of Lie 
Groups, Fractional Calculus, Measure Theory etc. rapidly 
advanced over the last two decades and influenced not only 
mathematics but also extensively applied to various physical 
theories and problems. This book contains articles, ail of current 
interest, presented by experts in the field. These articles feature 
and highlight the latest trends in all the above mentioned fields 
and also their applications. The book aims at giving proper 
direction to researchers in modern analysis. It will prove highly 
useful to post-graduates for an advanced and in-depth study of 
the subject.
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