


CHAPTER VI 

REGULARITY PRESERVERS 

FOR MATRICES OVER SEMIRINGS 

Definition: 6.1 

A mapping T : Mmn(S) _> Mmn(S) is called a linear operator if 

T(aA + 13B) = aT(A) + T(B) for all A, BEMm,n(S) and for all a,I3ES. 

Definition: 6.2 

Let T be a linear operator Mm,n(S). We say that 

(*) I preserves regularity (or T preserves R(S)) if T(A)ER(S) whenever 

AER(S); 

(*) T strongly preserves regularity (or T strongly preserves R(S)) when 

T(A)E R(S) if and only if AE R(s) for all AEMm,n(S). 

(*) T is singular if T(X) = 0 for some nonzero X; otherwise T is 

nonsingular. 

Example: 6.3 

Let A be any nonzero regular matrix in Mmn(S), where S = B or C, 

where B is a Boolean algebra {0, 11 and Cis a chain semiring. Define a linear 

operator T on Mmn(S) by 

T(X) 
1=1 j=1 

for all XEMm,n(S). Then we can easily show that T is a nonsingular linear 

operator that preserves regularity. But T does not preserve nonregular 

matrices. Hence T does not strongly preserve regularity. 
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Lemma: 6.4 

Let min{m, n} :!~ 3. If T strongly preserves regularity on Mmn(S), then I 

is nonsingular. 

Proof: 

If T(X) = 0 for some nonzero XEMm,n(S), then T(E) = 0 for all cells EcX. 

For each E, there is a matrix A such that AE R(S) and E+A R(S) by Theorem 

2.11. Nevertheless, T(E-i-A) = T(A), a contradiction to the fact that T strongly 

preserves regularity. Hence T(X) #O for all nonzero X. Therefore T is 

nonsingular. 

Definition: 6.5 

Let A and B be matrices in Mm, n(S). Then the matrix Ao B denotes the 

Hadamard product (or schur product). That is the (i j)th  entry of Ao B is 

Lemma: 6.6 

Let min{m, n} ~! 3 and BEMmn(S). Suppose that T is a linear operator 

on Mm,n(S) defined by T(X) = XoB for all XEMmn(S). If T strongly preserves 

regularity, then all entries of B are nonzero and regular. In particular if 

fr(B) = 1, then there are diagonal matrices 0 and E such that T(X) = DXE for 

all XEMmn(S). 

Definition: 6.7 

For AEMmn(B) with fr(A) = k, A is said to be space decomposable if 

there are matrices BEMmk(B) and CEMkfl(B) such that A = BC, C(A) = C(B) 

and R(A) = R(B). 
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Theorem: 6.8 

Let A be a matrix in Mm,n(B). Then A is regular if and only if A is space 

decomposable. 

Lemma: 6.9 

Let A is a matrix in Mm,n(B) with fr(A) :!~ 2, then A is regular. 

Lemma: 6.10 

Let min{m, n} :!~ 2. If T is an operator (that need not be linear) on 

Mm,n(B), then T strongly preserves regularity. 

Definition: 6.11 

If T is a linear operator on Mm,n(5), let T*,  its pattern be the linear 

operator on Mm, n(B) defined by T*(E1, ) = [T(E,1)]* for all cells E,. 

Note: 6.12 

Since S is a semiring that is commutative, antinegative and free of zero- 

divisors, we have T*(A) = [T(A)]* for all AEMm,n(S). 

Theorem: 6.13 

Let AEMmn(S) be a sum of k cells with fr(A) = k, where min{m, n} ~! 3 

and 2 :!~ k :!~ min{m, n}. Then J\AER(S)*  if and only if k = 2. In particular, 

J\AR(s) fork ~ 3. 

Proof: 

Without loss of generality, we assume that min{m, n} = m ~! 3 and 

K 
x' J22  

A = If k = 2, consider a matrix X = EMmn(S), 

m-2,2 Jrn-2n-2 
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where X' = 
[ j. 

Then X(G12  + G2,1) X = X, where G1, are cells in Mm,n(S); 

that is, XEcR(S). Hencej \A (=X*)Ec(S)*. 

Let k ~! 3. Now we will show that Y = J \ A%cRjB). If not, there is a 

nonzero BEMmn(B) such thatY = YBY. Then the (t, t)th  entry of YBY becomes 

(*) 
i=I j=J 

for all t = 1......, k, where I = {1......, n} \ {t} and J = {1......, m} \ {t}. From 

Yi,i =0 and (*) we have bij  = 0 for all i = 2......, n ; j = 2......, M. (*) 

consider the 1st  row and the 1st  column of B. It follows from Y2, 2 = 0 and (*) 

that b,1  = 0 = bjj  for all i = 1,3,4....... , n; j = 1,3,4....... , M. (*) 

Also, from y3,3  = 0, we obtain b12  = b2,1  = 0, and hence B = 0 by (*i) and 

(*2), a contradiction. Thus J\AEcN.,(B),  equivalently ZccR(S) for all ZMm,n(S) 

with Z = J\A. Hence J\AEcR(S)*. 

Note: 6.14 

As shown in Example 6.3, if min{m, n} ~! 3, there is a linear operator on 

Mmn(B) such that T preserves regularity, while T does not strongly preserve 

regularity. 

Theorem: 6.15 

Assume that min{m, n} = m ~! 3 and T is a linear operator on M(S) 

that strongly preserves cR(S). Then T*  strongly preserves cN,(S)*.  

Let kmax = max{w(N): NEMmn(B) and Nck,(S)*}  and 

X = {NEMm,n(B): N E R(S)* with w(N) = kmax}. 

Since JEcR(S), kmax  < mn, and so by Theorem 6.13, mn —3 :!~ kmax :!~ mn - 1. 

73 



Theorem: 6.16 

For distinct cells, E and F, T*(E) T*(F). In particular if w(T*(E)) = 

w(T*(F)) = 1, then T*(E) # T*(F). 

Proof: 

Suppose T*(E) c T*(F) for some distinct cells E and F. Then there are 

cells E1  and E2  different from F such that fr(E+E1+E2) = 3. Since 

FcJ\(E+E1+E2), we have T*(E)  c T*(F)  c T*(J\(E+Ei+E2)). 

So that T*(J\(  E1-i-E2)) = T*(E)+ T*(J\(E+Ei+E2))  = T*(J\(E+El+E2))  

But this is impossible as J\(E+El+E2)EcR(S)*  while  J\(El+E2)EcR(S)*  by 

Theorem 6.13. 

Lemma: 6.17 

If kmax = mn —I, then T*(A/)  cX. 

Proof: 

If kmax = mn—i, then X = {J \EEMm, n(B) : E is a cell}. It suffices to show 

that w(T*(J\E)) = mn—i for all cells E. If w(T*(J\E)) = mn for some cell E, then 

T*(J\E) = J(Ecl(S)* which contradicts J\EcR(S)*. Next suppose 

w(T*(J\E)) < mn—I for some cell E. Then there is a matrix C with CcJ\E and 

w(C) < mn—I such that T*(C) = T*(J\E). Take a cell F different from E such 

that FC. If follows from (J\E) + (J\(C+F)) = J that 

T*(J) = T*(J\E) + T*(J \(C+F)) = T*(C) + T*(J \ (C+F)) 

= T*(J\F) 

But this is impossible as J\FcR,(S)*  while  JE cR(S)*.  
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Lemma: 6.18 

Ifm = n = 3and kmax=7, then T*(]V)cX. 

Proof: 

In this case, 'Y= {XEM3(B): NR(S)* and w(N) = 71. 

Let NEX be arbitary. It suffices to show w(T*(N)) = 7. It follows form kmax = 7 

7 9 
that w(T*(N)) :!~ 7. Suppose w(T*(N)) :!~ 6. Write N = LEj  and J =LEj  for cells 

E1  ........... E9. By Lemma 6.4 w(T*(Ej)) :!~ 1 for all i. w(T*(Ej)) = I for all 

= 1 ....... , 7, then by Theorem 6.16, T*(Ei),  T*(E7) are distinct cells. 

But then 7 = w(T*(Ei) . ......+ T*(E7)) = w(T*(Ei) + ......+ T*(E7)) = 

w(T*(N)) :!~ 6, a contradiction. Hence one of T*(E),  say  T*(Ei),  has at least two 

nonzero entries. Since w(T*(N)) :!~ 6, we can find four cells in {E2........., 

say E2........., E7  such that T*(Ei + ......+ E) = T*(N).  

Notice that by Theorem 6.13, fr(J\N) = 1. By Theorem 2.4, we have 

XeA/' for all XE M3(B) with w(X) = 7 and fr(J\X) = 1. If fr(E6+E7) = 1, then 

T*(J) = T*(N) + T*(E8+Eg) = T*(Ei  ++ E) + T*(E8+Eg) = T*(J\(E6+E7)),  

which is impossible as J\(E6'E7)R(S)*  while  JER(S)*.  Thus fr(E6+E7) = 2. 

Since m = n = 3, there is a cell in {E6+E7}, say E6, and a cell in {E3+E9}, say E8  

such that fr(E6-'-E8) = 1. Since T*(N) = T*(Ei + ......+ E5) c T*(Ei + ......+ E5+ 

E7) T*(N),  we have T*(N) = T*(Ei + ......+ E5+ E4. But then 

T*(J\E8) = T*(N)+T*(Eg) = T*(Ei + ......+ E5+ E7) +T*(E9) 

= T*(J\(E6+E8),  

which is impossible because J\E8ER(S)* while J\(E6+E8)EcN(S)*. Thus, 

w(T*(N)) = 7. 
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Lemma: 6.19 

If m = n =3and kmax =6,then T*(JV) c:X.  

Proof: 

In this case, X = {NEM3(B) : NcR,(S)* and w(N) = 6). Let NEX 

be arbitary. If suffices to show w(T*(N)) = 6. It follows from kmax  = 6 that 

w(T*(N)) :!~ 6. Suppose w(T*(N)) :!~ 5. Write N = E and J =I E for cells 

E1........, E. By Lemma 6.4, w(T*(E)) ~! 1 for all i. We will claim that there 

are distinct cells E1, E, Ek  in {E1........., E} such that 

T*(E) + T*(E) + T*(Ek) = T*(E + E + Ek) = T*(N).  

Clearly the claim holds if there is a cell Ei  in {E ........., E61 such that 

w(T*(E)) ~! 3. Suppose w(T*(E)) :!~ 2 for i = 1 ....., 6. Let Fi = T*(E) for 

= 1....... , 6. Without loss of generality, we may assume that 

w(F1) = .......= W(Fr) = 2 and W(Fr+i ) = .......= w(F6) = 1 for some r. 

If r = 0 or r = 1, the by Theorem 6.16, we see that F1........, F6  are all disjoint 

and hence 

w(T*(N)) = w(F1  + .......+ F6) = w(F1) + .........+ w(F6) ~! 6, 

which is impossible. Thus r > 2. Now suppose w(F-1-F) :!~ 3 for all 1 <i <j:!~ r. 

Then there is a cell G such that G c Fi  for all i = I ..........,r. It follows from 

Theorem 6.16 that the six cells F1JG ............ FrIG, Fr+i ................ F6  are 

distinct and so 

w(T*(N)) = w(F1  + .......+ F6) ~! w(F1IG) + .........+ W(FrIG) 

W(Fr+i) ........ +w(F6) =6 
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which is impossible. Thus there are two cells in { F1........, F1}, say F1  and F2, 

such that w(F1+F2) = 4. In this case, we can always find another cell FK in 

{F3.......... , F6} such that F1  + F2  + Fk = T*(N). So our claim holds. 

Without loss of generality, we may assume T*(Ei + E2  + E3) = T*(N).  

Since NcR(S)*,  we must have F1  + E2 + E3EcR(S)* and it can be easily 

checked that this is possible only if E1  + E2  + E3  = P(E11  + E12  + E21)Q for 

some permutation matrices P and Q. If PE22QE{E4, E5, E6}, then 

T*(N) = T*(P(Eii + E12  + E21)Q) c: T*(P(Eii + E12  + E21+ E22)Q) c T(N), 

and so T*(P(Eii + E12  + E21+ E22)Q) = T*(N) which is impossible as 

+ E12  + E21+ E22)QER(S)*.  Thus, PE22Q {E4, E5, E6}. Similarly, we can 

check PE23Q, PE32Q {E4, E5, E6}. 

Therefore, {E4, E5, E6} = { PE13Q, PE31Q, PE33Q}. In particular, we have 

T*(P(E11 + E12  + E21+ E13)Q) = T*(P(E11 + E12  + E21)Q). But then 

T*(P(J\E22 + E31)Q) = T*(P(E11 + E12  + E21+ E13)Q) + T*(P(E23 + E32  + E33)Q) 

= T*(P(Eii + E12  + E21)Q) + T*(P(E23 + E32  + E33)Q) 

= T*(P(J\(E13 + E22  + E31))Q), 

which is impossible by Theorem 6.13. Therefore w(T*(N)) = 6 and the result 

follows. 

Lemma: 6.20 

Suppose n ~! 4 and kmax  :!~ mn - 2. For any matrix A with w(A) :!~ mn - 2, 

w(T*(A)) ~! w(A). Consequently, we have T*(IY) cX. 

Proof: 

Let w(A) = p, we will prove the first part of the result by induction on p. 

By lemma 6.4 the result holds for p = 1. Assume that the result holds for all B 

with w(B) < p. Let A be an arbitary matrix with w(A) = p. 
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Suppose at least two rows and two colums of A contains zero entries. 

Since n ~! 4, there are cells E1, E2 g A and E3  c A such that fr(E1-1-E2+E3) = 3. 

If w(T*(A)) = w(T*(A\E3)), then  T*(A) = T*(A\E3) and so 

T*(J\(Ei+E2)) = T*(A) + T*(J\(A+Ei+E2)) 

= T*(A\E3) + T*(J\(A+E1+E2)) 

= T*(J\ (E1-t-E2+E3)), 

a contradiction by Theorem 6.13. Then by assumption, we have w(T*(A)) > 

w(T*(A\E3)) ~! w(A\E3) = p—i. Thus, the result follows. 

Now suppose A has zero entries in one row only. Since w(A) :!~ mn-2, 

without loss of generality we may assume that A has zero entries in the first 

row with zero (11)th  and (12)th  entries. 

By assumption, w(T*(A)) ~! w(T*(A\E21)) ~! w(A\E2 ) = p—i. 

Suppose w(T*(A)) = p—i. Take 

G1  = E21+E33, G2  = E21+E34, G3  = E22-'-E33  and G4  = E22-i-E34. We claim 

that there is an index i in {1, 2, 3, 4} such that T*(A\G) = T*(A).  

If the claim holds, we take F 
= 

1E12  ifiE{1,2}; 

 E1, if i E 13, 4}. 

Then fr(F+G) = 3 and 

Tt(J\F) = T*(A) + T*(J\(A+F)) = T*(A\G) + T*(J\A+F)) 

= 

a contradiction by Theorem 6.13. Thus, w(T*(A)) ~! p and the result follows. 

It remains to prove our claim. If the claim does not hold, then for each 

iE{i, 2, 3,4}. p—i = w(T*(A)) > w(T*(A\Gj)) ~! w(A\G) = p-2. 

That is, w(T*(A\G)) 
= p-2 and so T*(A\G) = T*(A)\H for some cell Hi  c T*(A). 

Notice that for any i#j, (A\G) + (A\G) equals either A or A\E for some 



EE{E21, E22, E33,  E34}. Since p—i = w(Tt(A)) ~ w(T*(A\E)) ~! p—i, we have 

T*(A\E) = T*(A) and so T*(A\G1)) + (A\G) = T*(A) in both cases. Then 

T*(A) = T*((A\G) + (A\G1)) = T*(A\G) + T*(A\G) 

= (T*(A)\H) + (T*(A)\H).  

Thus, we must have Hi  # H. Hence w(H1+H2-I-H3+H4) = 4. 

Now let B = A\(E21+E22+E33+E34). Since T*(B) c  T*(A\G) and Hi  T=  T*(B) 

for all i = i............ 4 and hence H1+H2+H3+H4 T*(B). Then T*(B) c: 

T*(A) \ (H1+H2+H3+H4) and hence by assumption. 

p-4 = w(B) :!~ w(T*(B)) :!~ 

= (p—l)-4=p-5. 

which is impossible. Therefore, our claim holds. 

Finally suppose A has zero entries in one column only. Without loss of 

generality we may assume that A has zero entries in the first column with zero 

(1, 1 )th  and (2, 1 )th  entries. Then the result follows by a similar argument with 

G1  = E12  + E33, G2  = E12-FE34, G3  = E22+E33  and G4  = E22+E34. 

Corollary: 6.21 

The map T*I  is bijective fromXontoX. 

Proof: 

Suppose T*(N) = T*(M) for some distinct N, MEJY. 

Then T*(N+M) = T*(N) + T*(M) = T*(N)cRS)*.  

But w(N+M) > w(N) = kmax which contradicts the definition of kmax. Thus, 

T* is injective in X. Also by Lemmas 6.17, 6.18, 6.19 and 6.20, 

T*(N) c X. Since V is finite T*(N) = X. Thus, the result follows. 
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Lemma: 6.22 

For any cell E, T*(E)  is a cell. Furthermore, T*  is bijective on the set 

of cells. 

Lemma: 6.23 

T* preserves all line matrices. 

Proof: 

By Lemma 6.22, T*  is bijective on the set of cells. If T*  does not map 

some line matrix into a line matrix, without loss of generality, we assume that 

T*(Ei,i) = E1,1  and T*(Ei,2) = E2,2. 

Case 1: 

E1,1+ E1,2+ E22cR(S)*:  consider a matrix X = E1,1+ E1,2+ E1,, where i ~! 2 

and j :!~ 2. Then XcR(S)*.  Since T*  strongly preserves cN(S)*, T*(X)E cS)* and 

hence T*(E) = E1,2  or E2,1  for all i ~! 2 and j :!~ 2. This contradicts Lemma 6.22. 

Case 2: 

E1,1+ E1,2+ E2,2EcRS)*:  consider a matrix X = E1,1+ E1,2+ E1 ,. Then we 

have fr(T(X)) = 2 or 3. By Theorem 2.19 there is a matrix B with w(B) = 2 such 

that (T(X)+B)*EcR(S)*.  Furthermore we can write B = T(C) for some matrix C 

with w(C) = 2 so that T(X)+B = T(X+C). But then (X+C)*EcR(S)*  by Theorem 

2.16, contradicting that 1*  strongly preserves cl?(S)*.  

Therefore T*  preserves all line matrices. 

Definition: 6.24 

An operator T on Mm,n(S) is called an (P, Q, B)-operator if there are 

permutation matrices P and Q, and a matrix B with B* = J such that 1(X) 

P(Xo B)Q for all XEMm,n(S), or m = n and T(X) = P(Xto B)Q for all XEM(S). 



Theorem: 6.25 

Let T be a linear operator on Mm,n(S) with min{m, n} ~! 3. If I strongly 

preserves regularity, then T is a (P, Q, B)-operator. 

Proof: 

Suppose that T strongly preserves regularity. Then T*  is bijective on the 

set of cells by Lemma 6.22 and T*  preserves all line matrices by 

Corollary 6.23. Since no combination of s row matrices and t column matrices 

can dominate Jm,n  where s+t = min{m, n} unless s = 0 or t = 0, we have that 

either 

the image of T*  of each row matrix is a row matrix and the image of T*  of 

each column matrix is a column matrix, or 

the image of T*  of each row matrix is a column matrix and the image of 

T* of each column matrix is a row matrix. 

If (i) holds, then there are permutations a and T of {1......, m} and 

{1........, n}, respectively such that T*(R) = R ()  and T*(Cj) = CTW for all 

= 1......, m and j = 1........, n. Let P and Q be permutation matrices 

corresponding to a and T, respectively. Then we have 

T(E,) = b 1E a(i),T(j) = P(b,E)Q, where b,1  # 0 for all cells E,1. By the 

action of T on the cells, we have T(X) = P(Xo B)Q. If (ii) holds, then m = n and 

a parallel argument show that there are permutation matrices P and Q, and a 

matrix B with B* = J such that T(X) = P(Xto  B)Q for all XEM(S). 



Corollary: 6.26 

The T be a linear operator on Mmn(B) with min{m,n} ~! 3. Then T 

strongly preserves regularity if and only if there are permutation matrices P 

and Q such that T(X) = PXQ for all XEMm,n(B), or m = n and T(X) = PXtQ for 

XE M(B). 

Proof: 

It follows from Theorems 6.25 and 6.24. 

CHARACTERIZATIONS OF LINEAR OPERATORS THAT STRONGLY 

PRESERVE REGULARITY OVER SEMIRINGS 

Notation: 6.27 

Let P+ be the nonnegative part of a subring P with identity of the reals. 

The nonnegative integers Z+, and the nonnegative reals R+ are good 

examples of P+. 

Theorem: 6.28 

Let a, b, c and d be units in P+. Then X = 

Ic
a b is regular over P+  if 

d] 

and only if ad = bc. 

Proof: 

lfad=bc,thenwehave I
c 

I 
- 

a b1 [a-i  O [a b]  - [a 

 dj 0 0 c d c d 

Conversely assume that X is regular. Then there is a nonzero matrix 

= H Yl say x #  0 such that XYX = X : that is 
LZW] 



ra(ax + by)+ b(az + cw) a(bx + dy)+ b(bz + dw)1 = ra b 
[c(ax + by)+ d(az +cw) c(bx + dy)+ d(bz + dw)] Lc d 

From (1, 2)th  and (2, 2)th  entries of XYX and X, we have ab 1(bx+dy) + 

(bz+dw) = I = cd 1(bx+dy) + (bz+dw), and hence ab 1(bx+dy) = cd 1(bx+dy). 

Since bx-'-dy # 0, it follows by the cancellation property that ab 1  = cd 1, 

equivalently ad = bc. 

Theorem: 6.29 

Let min{m, n} ~! 3 and T be a linear operator on Mmn(P+). Then T 

strongly preserves regularity if and only if there are invertible matrices U and V 

such that T(X) = UXV for all XEMmn(P+), or m = n and T(X) = UXtV for all 

XE M(P+). 

Proof: 

By Theorem 2.4, the sufficient is obvious. To prove the necessity 

assume that T strongly preserves regularity. By Theorem 6.25, there 

are permutation matrices P and Q, a matrix B with B* = J such that 

T(X) = P(Xo B)Q for all XEMm,n(P+) or m = n and T(X) = P(Xto  B)Q for all 

XEM(P+). For the case of T(X) = P(Xo B)Q, we define the operator L on 

Mmn(P+) by L(X) = ptT(X) Qt = Xo B. Since T strongly preserves regularity, so 

does L. By Lemma 6.6, all entries of B are regular and hence units because 

only units are nonzero regular elements over P+. 

If fr(B) ~ I, there is a 2x2 submatrix C of B such that fr(() = 2. Without 

1 
loss of generality, we assume that C= 

b 

b

',

b1,2

2 b22] 
Then b1,1b2,2  # bb2,1  and 

l21 

hence C is not regular by Theorem 6.28. Consider a matrix Y = E1,1  + E12  + 

*3 



Co 
+ E2,2. Then clearly Y is regular, while L(Y) = is not regular by 

00 

theorem 2.5, a contradiction. Hence fr(B) = 1. By Lemma 6.6, there are 

diagonal matrices D and E such that L(X) = DXE for all XEMmn(P+). Since all 

entries of B are units, all diagonal entries of D and E are units. Since 

L(X) = PtT(X) Qt = Xo B, we have T(X) = PDXEQ. If we let U = PD and 

V = EQ, then UEMm(P+) and VEM(P+) are invertible. Thus we have 

T(X) = UXV for all XEMm,n(P+). 

If m = n and T is of the form 1(X) = P(Xto  B)Q, then a parallel argument 

shows that there are invertible matrices U and V such that T(X) = UXtV for all 

XE M(P+). 

Corollary: 6.30 

Let min{m, n} ~ 3 and T be a linear operator on Mmn(Z+). Then T 

strongly preserves regularity if and only if there are permutation matrices P 

and Q such that T(X) = PXQ for all XEM(Z+), or m = n and 1(X) = PXtQ for all 

XEM(Z+). 

Theorem: 6.31 

Let S be only chain semiring. Let A = be a matrix in M2(S) with 
Iq Oj 

pq # 0. Then A is regular if and only if pq = p. 

Proof: 

If pq = p then Iq qio i p q p 
and hence A is regular. 

oj Li 0] Lq 0] = Lq oj 



Conversely, assume that A is regular and pq # b. Then p # q, pq = q 

q < p) and there is a nonzero G = rX 
1 EM2(S) such that AGA = A and 

LZW] 

1

px+q(y+z+w) q(x+z) 
= r i =A. hence AGA 

= q(x + y) qx ] L 0] 

From (2, 2)th  entries of AGA and A, x = 0 since q # 0. Again from (1 1)th 

entries of AGA and A, q(y+z+w) = p. But this is impossible because q < p. 

Therefore A is not regular for pq # p. 

Note: 6.32 

If A is a monomial matrix in Me(S), then A is invertible if and only if A is a 

permutation matrix because us the only unit element in S. 

Theorem: 6.33 

Let min{m, n} ~ 3 and T be a linear operator on Mm,n(S). Then T 

strongly preserves regularity if and only if there are permutation matrices P 

and Q such that T(X) = PXQ for all XEMm,n(S), or m = n and T(X) = PXtQ for 

all XEM(S). 

Proof: 

The sufficient follows Theorem 2.4. For the necessary, assume that T 

strongly preserves regularity. By Theorem 6.25 there are permutation 

matrices P, Q and a matrix B with B* = J, such that T(X) = P(Xo B)Q for all 

XEMm,n(S), or m = n and T(X) = P(Xto  B)Q for all XEM(S). 

Let T be of the form 1(X) = P(Xo B)Q. Without loss of generality, we 

assume that P = Tm and Q = In so that T(X) = Xo B and T(J) = B. Now we will 

show that B = J, equivalently bij  = 1 for all i and j. It is sufficient to consider 

b1,1 for bij  is any entry of T(J), let P' be the transposition matrix that 
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exchanges 1st  and ith  rows from identity matrix 'm  and 0' the transposition 

matrix that exchanges 1st  and jth  rows from identity matrix I. Define a linear 

operator L on Mm,n(S) by L(X) = P'T(X)Q' for all X. Since I strongly preserves 

regularity, so does L. Furthermore the (1, 1 )th  entry of L(J) is 

If b1,1  # 1, let a = min{b1,1, b1,2, b2,1}. Then a:# 0, 1. Consider a 

matrix A = E1,1  + a(Ei,2  + E2,1). By Theorem 6.31, A is not regular and hence 

T(A) = b11E1, 1  + a(E12  + E21) is not regular so that b1,1a = a and bi,1a # a. 

Thus a = b1,1  or b2,1. If a = b1,2, consider a matrix A1  = b11(E11  + E12) + aE2,1. 

Then A1  is regular A2[b1,1(G12-'-G2,1)] A1  = A1, where Gjj  are cells in Mn,m(S). 

But T(A1) = b1, 1E11  + a(Ei,2  + E2,1) is not regular by Theorem 6.31, a 

contradiction. For the case a = b21, if we consider a matrix A2  = b11(E11  + 

E21) + aE12, then A2  is regular while T(A2) is not regular, a contradiction. 

Therefore b1,1  = 1. Hence B = J. Therefore T(X) = PXQ for all XEMm,n(S). 

For the case of m = n and T(X) = P(Xt o  B)Q, a parallel argument shows 

that B = J so that T(X) = PXtQ for all XEM(S). 
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