


CHAPTER VI
REGULARITY PRESERVERS
FOR MATRICES OVER SEMIRINGS

Definition: 6.1
A mapping T : Mnn(S) = Mnn(S) is called a linear operator if
T(aA + BB) = aT(A) + BT(B) for all A, BeM,, 1(S) and for all ., S.

Definition: 6.2
Let T be a linear operator M, o(S). We say that

(*) T preserves regularity (or T preserves R(S)) if T(A)eR(S) whenever
AeR(S);

(*) T strongly preserves regularity (or T strongly preserves R(S)) when
T(A)eR(S) if and only if AeR(s) for all AeM, 1(S).

(*) T is singular if T(X) = 0 for some nonzero X; otherwise T is

nonsingular.

Example: 6.3

Let A be any nonzero regular matrix in M, (S), where S = B or C,
where B is a Boolean algebra {0, 1} and C is a chain semiring. Define a linear

operator T on My, »(S) by

T(X) = (i n xi_jjA

for all XeMnq(S). Then we can easily show that T is a nonsingular linear
operator that preserves regularity. But T does not preserve nonregular

matrices. Hence T does not strongly preserve regularity.
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Lemma: 6.4
Let min{m, n} < 3. If T strongly preserves regularity on My, o(S), then T

is nonsingular.
Proof:

If T(X) = O for some nonzero XeMp, (S), then T(E) = O for all cells EcX.
For each E, there is a matrix A such that Ae® (S) and E+A¢ ® (S) by Theorem
2.11. Nevertheless, T(E+A) = T(A), a contradiction to the fact that T strongly
preserves regularity. Hence T(X)#0 for all nonzero X. Therefore T is

nonsingular.

Definition: 6.5
Let A and B be matrices in M, ,(S). Then the matrix Ao B denotes the

Hadamard product (or schur product). That is the (i, )" entry of Ao B is a;bi;.

Lemma: 6.6

Let min{m, n} > 3 and BeM,,(S). Suppose that T is a linear operator
on My, ,(S) defined by T(X) = XoB for all XeM,q(S). If T strongly preserves
regularity, then all entries of B are nonzero and regular. In particular if
fr(B) = 1, then there are diagonal matrices D and E such that T(X) = DXE for
all XeMn n(S).

Definition: 6.7
For AeM,, »(B) with fr(A) = k, A is said to be space decomposable if

there are matrices BeM,«(B) and CeMy,(B) such that A = BC, C(A) = C(B)
and R(A) = R(B).
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Theorem: 6.8
Let A be a matrix in M, ,(B). Then A is regular if and only if A is space

decomposabile.

Lemma: 6.9

Let A is a matrix in M, ,(B) with fr(A) < 2, then A is regular.

Lemma: 6.10

Let min{m, n} < 2. If T is an operator (that need not be linear) on

Mn.n(B), then T strongly preserves regularity.

Definition: 6.11

If T is a linear operator on My, (s), let T", its pattern be the linear

operator on M, ,(B) defined by T*(E;;) = [T(E;;)]" for all cells E;;.

Note: 6.12

Since S is a semiring that is commutative, antinegative and free of zero-

divisors, we have T(A) = [T(A)]" for all AeM,, »(S).

Theorem: 6.13

Let AeM,, (S) be a sum of k cells with fr(A) = k, where min{m, n} > 3
and 2 < k < min{m, n}. Then J\MAeR(S)" if and only if k = 2. In particular,
JA¢R(s) for k > 3.
Proof:

Without loss of generality, we assume that min{m, n} =m > 3 and

X’ J2,n—2
E, . Ifk=2, consider a matrix X = eMmn(S),
-
J

A=

K
t=

m-2,2 2Jm—2,n-2
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0 1
where X' = [1 0}. Then X(Gq, + Gy 1) X = X, where G;; are cells in My, (S);

thatis , Xe R (S). Hence j\ A (=X"e R (S)".
Let k > 3. Now we will show that Y = J \ A¢® (B). If not, there is a

nonzero BeM,, ,(B) such that Y = YBY. Then the (t, t)" entry of YBY becomes

2. 2.by; (*)

=1 j=J
forallt=1, ..... , k, where I ={1, ..... ,M\{HandJ={1, ....., m}\ {t}. From
y11=0and (x) we have bjj=0foralli=2, ....,n;j=2, ..., m. (*)
consider the 1% row and the 1% column of B. It follows from y, , = 0 and (*)
thatb;,=0=b,  foralli=1,3,4,.... Jj=1.8 4. ... T (%)

Also, from y; 3 = 0, we obtain by, = by 1 = 0, and hence B = 0 by (*) and
(*,), a contradiction. Thus J\Ag R (B), equivalently Z¢ ® (S) for all ZeM, o(S)

with Z* = J\A. Hence J\A¢ R (S)".

Note: 6.14

As shown in Example 6.3, if min{m, n} > 3, there is a linear operator on
M n(B) such that T preserves regularity, while T does not strongly preserve

regularity.

Theorem: 6.15

Assume that min{m, n} = m > 3 and T is a linear operator on My, n(S)

that strongly preserves ® (S). Then T~ strongly preserves ® (S)".
Let Kmax = max{w(N) : NeM,, ,(B) and N¢ ® (S)’} and

N = {NeMp n(B) : Ne R (S)" with W(N) = Knard-

Since Je R(S), Kmax < mn, and so by Theorem 6.13, mn — 3 < Kpax <mn —1.
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Theorem: 6.16

For distinct cells, E and F, T(E) ¢ T'(F). In particular if w(T*(E)) =
w(T*(F)) = 1, then T*(E) = T"(F).

Proof:

Suppose T*(E) < T'(F) for some distinct cells E and F. Then there are
cells E; and E, different from F such that fr(E+E4+E,) = 3. Since
FcJ\(E+E4+E;), we have T'(E) < T'(F) < T (J(E+E4+E))).

So that T'(J\( E4+E,)) = T (E)+ T (J(E+E+E,)) = T (J(E+E+E,))
But this is impossible as J\(E+E+Ey)gR(S)" while J\(E;+E,)eR(S)" by

Theorem 6.13.

Lemma: 6.17

If Kmax = mn =1, then T"(N) c V.

Proof:

If Kmax = mn—=1, then /" = {J \EeM,,(B) : E is a cell}. It suffices to show

that w(T*(J\E)) = mn—1 for all cells E. If w(T*(J\E)) = mn for some cell E, then
T'JE) = Je®RS)" which contradicts J\Eg®R(S)". Next suppose
w(T*(J\E)) < mn-1 for some cell E. Then there is a matrix C with CcJ\E and

w(C) < mn—1 such that T*(C) = T'(J\E). Take a cell F different from E such
that F¢ C. If follows from (J\E) + (J\(C+F)) = J that

T'J) = T'(J\E) + T'(J \(C+F)) T(C)+ T°'(J \ (C+F))

T'(J\F)

But this is impossible as J\F ¢ R(S)" while Je R(S)".
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Lemma: 6.18

If m=n=3andknax =7, then T"(N)) cN.

Proof:

In this case, /' = {/'eM;(B) : Ne R(S)" and w(N) = 7}.

Let Ne /" be arbitary. It suffices to show w(T*(N)) = 7. It follows form kmax = 7

7 9
that w(T*(N)) < 7. Suppose w(T*(N)) <6. Write N= Y E,and J =) E, for cells

i=1 i=1

= T Eg. By Lemma 6.4 W(T'(E)) < 1 for all i. w(T(E;)) = 1 for all
i=1, ... , 7, then by Theorem 6.16, T*(Ey), ....... , T(E;) are distinct cells.
But then 7 = W(T*(Ey) + ...... + TE;) = W(T*(Eq) + ...... + T(E,) =

w(T"(N)) < 6, a contradiction. Hence one of T*(E;), say T"(E4), has at least two
nonzero entries. Since W(T"(N)) < 6, we can find four cells in {E,, ........ , E7},
say E,, ........ , E;such that T(Eq + ...... + E,) =T (N).

Notice that by Theorem 6.13, fr(J\N) = 1. By Theorem 2.4, we have
Xe N for all XeM;(B) with w(X) = 7 and fr(J\X) = 1. If fr(Eg+E7) = 1, then

T'(J) =T(N) + T (Eg+Eg) = T'(Eq + ...... + E,) + T (Eg+Eg) = T'(J\(Es+E7)),
which is impossible as J\(Eg*+E7)2R(S)" while JeR(S)". Thus fr(Es+E;) = 2.
Since m = n = 3, there is a cell in {Eg+E-}, say Eg, and a cell in {Eg+Eg}, say Eg
such that fr(Eg+Eg) = 1. Since T'(N) = T'(Eq + ...... o) T By # fovens + Est
E;) < T'(N), we have T'(N) =T (E4 + ...... + Es+ E;). Butthen

T*(J\Eg) = T (N)+T"(Eo)

1
=
m

+

...... + Es+ E7) +T"(Eo)

T'(J\(Es+Es),
which is impossible because J\EgeR(S)" while J\(Eg+Eg)zR(S)". Thus,

w(T*(N)) = 7.
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Lemma: 6.19

If m =n =3 and kyax = 6, then T'(}/) c N-

Proof:

In this case, N/ = {NeM3(B) : Ne¢®R(S)" and w(N) = 6}. Let NeX
be arbitary. If suffices to show w(T*(N)) = 6. It follows from kn.x = 6 that

6 9
w(T*(N)) < 6. Suppose W(T*(N)) <5. Write N = >'E, and J = Y E, for cells
i=1 i=1

ZP— , Eo. By Lemma 6.4, w(T"(E;)) > 1 for all i. We will claim that there
are distinct cells E;, Ej, Exin {E4, ........ , Ee} such that
TYE) + T(E) + T'(Ex) = T'(Ei + Ej + E¢) = T'(N).

Clearly the claim holds if there is a cell E; in {E4, ........, Eg} such that
w(T*(E)) > 3. Suppose W(T(Ej)) < 2 fori =1, ..., 6. Let F; = T'(E) for
i=1, ... , 6. Without loss of generality, we may assume that

W) =i =w(F,)=2and w(F+1) =....... =w(Fg¢) = 1 for somerr.
If r=0orr=1, the by Theorem 6.16, we see that F4, ....... , Fe are all disjoint
and hence

W(T*(N)) =w(F;+....... + Fe) =W(Fq) F .coonnsns + w(Fg) > 6,

which is impossible. Thus r >2. Now suppose w(Fi+F) <3 forall 1 <i<j<r.
Then there is a cell G such that G cF;foralli =1,.........,r. It follows from
Theorem 6.16 that the six cells F4|G,.......... ¢ P P e s anmends ,Fs are
distinct and so

w(T*(N)) = w(F; + ....... ¥ Fe) 2 WFIG) ¥ ceowss + w(F|G)+

W(Fq)t....... +w(Fg) =6
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which is impossible. Thus there are two cells in { Fq, ....... , Fi}, say Fq and F»,
such that w(F4+F;) = 4. In this case, we can always find another cell Fx in
| , Fe} such that F; + F, + F, = T°(N). So our claim holds.

Without loss of generality, we may assume T'(E; + E, + E3) = T*(N).
Since Ng¢®(S)", we must have E; + E, + E3¢®R(S)" and it can be easily
checked that this is possible only if E; + E; + E3 = P(E4y + Eq2 + E»)Q for
some permutation matrices P and Q. If PE;,Qe{E,, Es, Eg}, then

T'(N) = T'(P(Eq1 + Eq2 + E21)Q) < T'(P(Eq1 + Eqz + Exr+ Ex)Q) < T'(N),
and so T'(P(Eyy + Eq2 + Ex+ Ex)Q) = T'(N) which is impossible as
P(Eq1 + Eq2 + Ex1+ Ex)QeR(S)". Thus, PE,,Q¢ {E4, Es, Eg}. Similarly, we can
check PE,3Q, PE3,Q¢ {Eg4, Es, Eg}.

Therefore, {E4, Es, Eg} = { PE13Q, PE3;Q, PE33Q}. In particular, we have
T*(P(Eqys + Eq + Ezi+ E43)Q) = T'(P(Ey4 + Eqp + E24)Q). But then
T'(P(J\Ez, + E31)Q)

T'(P(Eq1 + Eq2 + Ex+ E43)Q) + T'(P(Ezs + Eaz + E33)Q)

T(P(Eq1 + Eq2 + E21)Q) + T'(P(E2s + Ex + E33)Q)

T(P(U\E13 + Ex + E3))Q),
which is impossible by Theorem 6.13. Therefore w(T*(N)) = 6 and the result

follows.

Lemma: 6.20

Suppose n > 4 and Knax < mn — 2. For any matrix A with w(A) < mn - 2,

w(T*(A)) > w(A). Consequently, we have T (/) c V.

Proof:
Let w(A) = p, we will prove the first part of the result by induction on p.
By lemma 6.4 the result holds for p = 1. Assume that the result holds for all B

with w(B) < p. Let A be an arbitary matrix with w(A) = p.
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Suppose at least two rows and two colums of A contains zero entries.
Since n > 4, there are cells E4, E; ¢ A and E;z c A such that fr(E{+E,+E3) = 3.
If w(T*(A)) = W(T (A\E3)), then T*(A) = T'(A\E3) and so

T'(NE+E2) = T'(A) + TUA+E+Ey))

T*(A\E3) + T'(J\A+E+E,))
T'(J\ (E1+E2+E3)),

a contradiction by Theorem 6.13. Then by assumption, we have w(T (A)) >
W(T*(A\E3)) > W(A\E3) = p—1. Thus, the result follows.

Now suppose A has zero entries in one row only. Since w(A) < mn-2,
without loss of generality we may assume that A has zero entries in the first
row with zero (1,1)" and (1,2)"" entries.

By assumption, w(T*(A)) = W(T*(A\E2/)) > W(A\Ey4) = p—1.

Suppose W(T*(A)) = p—1. Take

Gy = Ex1+Eas3, Gy = Ep+Ezs, G; = ExptEsz and G4 = Exp+Ejy. We claim

that there is an index i in {1, 2, 3, 4} such that T'(A\G)) = T"(A).

E, ITieil, 2
If the claim holds, we take F = § _" ' 'E{ 2

E,, ifie{3,4}
Then fr(F+G;) = 3 and

T'(J\F) = T*(A) + T'(J\(A+F)) T (A\G) + T'(J\A+F))

T'(\(F+G))),
a contradiction by Theorem 6.13. Thus, w(T*(A)) > p and the result follows.
It remains to prove our claim. [f the claim does not hold, then for each
ie{1, 2, 3,4}. p=1=wW(T(A)) >W(T(A\G)) = W(A\G)) = p-2.
That is, W(T"(A\G))) = p—2 and so T*(A\G;) = T*(A)\H; for some cell H; < T*(A).

Notice that for any i#, (A\G;) + (A\G)) equals either A or A\E for some
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Ee{Ezy, Ex, Eas, Eas}. Since p—-1 = w(T'(A)) > w(T"(A\E)) > p—1, we have
T*(A\E) = T*(A) and so T'(A\Gy)) + (A\G)) = T*(A) in both cases. Then

T'(A) = T((A\G) + (A\G)) T (A\G) + T'(A\G) =

(T"(ANH)) + (T (A\\H)).
Thus, we must have H; # H;. Hence w(H+Hy+H3+H,) = 4.

Now let B = A\(Ez+E2;+E33+E3s4). Since T'(B) < T(A\G;) and H; ¢ T*(B)
forali=1, ........ , 4 and hence H{+H,+H3s+H; ¢ T°(B). Then T°(B)
T*(A) \ (Hy+H,+H3+H,) and hence by assumption.

p—4 = w(B) < w(T"(B))

IA

W(T (AN\(H1+Hz+Hg+Ha))

(=14 =p=2

which is impossible. Therefore, our claim holds.

Finally suppose A has zero entries in one column only. Without loss of
generality we may assume that A has zero entries in the first column with zero
(1, 1) and (2, 1) entries. Then the result follows by a similar argument with

G1 = Eq2 + Es3, Gy = Eq2+Eas, G3 = ExotEsz and G4 = Exp+Eay.

Corollary: 6.21

The map T7| , is bijective from ./ onto V.

Proof:

Suppose T*(N) = T*(M) for some distinct N, Me.V.

Then T*(N+M) = T*(N) + T"(M) = T (N)g R(S)".
But w(N+M) > w(N) = knax Which contradicts the definition of k.. Thus,

T" is injective in /. Also by Lemmas 6.17, 6.18, 6.19 and 6.20,

T*(V) <N, Since N'is finite T*(/) = /. Thus, the result follows.
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Lemma: 6.22
For any cell E, T(E) is a cell. Furthermore, T" is bijective on the set

of cells.

Lemma: 6.23

T" preserves all line matrices.
Proof:

By Lemma 6.22, T is bijective on the set of cells. If T does not map
some line matrix into a line matrix, without loss of generality, we assume that
T*(E11) = Eqqand T'(Eq2) = Ezp.

Case 1:

Eq 4+ Eq12%+ Ezo2 R(S)™: consider a matrix X = Eq 1+ Eq+ Ejj, where i > 2
and j < 2. Then Xg®R(S)". Since T~ strongly preserves ®R(S)", T"(X)g R(S)" and
hence T"(E;) = E1 or Ep4 foralli>2and j<2. This contradicts Lemma 6.22.
Case 2:

E1 1+ Eqo+ Ez2e R(S)": consider a matrix X = Eq 1+ E4,+ Ejj,. Then we
have fr(T(X)) = 2 or 3. By Theorem 2.19 there is a matrix B with w(B) = 2 such
that (T(X)+B) "¢ R(S)*. Furthermore we can write B = T(C) for some matrix C
with w(C) = 2 so that T(X)+B = T(X+C). But then (X+C)"e ®(S)" by Theorem

*

2.16, contradicting that T* strongly preserves R(S)

Therefore T* preserves all line matrices.

Definition: 6.24
An operator T on M, »(S) is called an (P, Q, B)-operator if there are

permutation matrices P and Q, and a matrix B with B* = J such that T(X)

P(X0 B)Q for all XeMm n(S), or m =n and T(X) = P(X'> B)Q for all XeM,(S).

80



Theorem: 6.25

Let T be a linear operator on M, ,(S) with min{m, n} > 3. If T strongly
preserves regularity, then T is a (P, Q, B)-operator.
Proof:

Suppose that T strongly preserves regularity. Then T is bijective on the
set of cells by Lemma 6.22 and T  preserves all line matrices by
Corollary 6.23. Since no combination of s row matrices and t column matrices
can dominate J;,, where s+t = min{m, n} unless s = 0 or t = 0, we have that
either
i) the image of T" of each row matrix is a row matrix and the image of T* of

each column matrix is a column matrix, or
ii) the image of T* of each row matrix is a column matrix and the image of

T* of each column matrix is a row matrix.

If (i) holds, then there are permutations ¢ and T of {1, ..... , m} and
5 , n}, respectively such that T°(Ri) = Ry, and T°(C) = Crg for all
| = F v ,mandj=1, ....... , n. Let P and Q be permutation matrices

corresponding to ¢ and T, respectively. Then we have

T(Eij) = biE o)1) = P(bijEij)Q, where b;; # 0 for all cells E;;. By the
action of T on the cells, we have T(X) = P(X-B)Q. If (ii) holds, then m = n and
a parallel argument show that there are permutation matrices P and Q, and a

matrix B with B* = J such that T(X) = P(X'> B)Q for all XeM,(S).
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Corollary: 6.26

The T be a linear operator on My, ,(B) with min{m,n} > 3. Then T
strongly preserves regularity if and only if there are permutation matrices P
and Q such that T(X) = PXQ for all XeM, ,(B), or m = n and T(X) = PX'Q for
XeM,(B).
Proof:

It follows from Theorems 6.25 and 6.24.

CHARACTERIZATIONS OF LINEAR OPERATORS THAT STRONGLY
PRESERVE REGULARITY OVER SEMIRINGS
Notation: 6.27
Let P, be the nonnegative part of a subring P with identity of the reals.

The nonnegative integers Z., and the nonnegative reals R, are good

examples of P,.

Theorem: 6.28

b
Let a, b, ¢ and d be units in P,. Then X = E d} is regular over P, if

and only if ad = bc.

Proof:

-1
If ad = bc, then we have a4 pla B (@b = [ . )
c.d 0 0O||c d c d

Conversely assume that X is regular. Then there is a nonzero matrix

Y

{X y] say x # 0 such that XYX = X : that is
zZ w
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a(ax+by)+b(az+cw) a(bx+dy)+b(bz+dw)| fa b
c(ax +by)+d(az+cw) c(bx+dy)+d(bz+dw)} - [c d}

From (1, 2)" and (2, 2)" entries of XYX and X, we have ab™'(bx+dy) +
(bz+dw) = 1 = cd™'(bx+dy) + (bz+dw), and hence ab™'(bx+dy) = cd™(bx+dy).
Since bx+dy = 0, it follows by the cancellation property that ab” = cd”,

equivalently ad = bc.

Theorem: 6.29

Let min{m, n} > 3 and T be a linear operator on M, ,(P.). Then T
strongly preserves regularity if and only if there are invertible matrices U and V
such that T(X) = UXV for all XeMgyq(P+), or m = n and T(X) = UX'V for all
XeM,(Ps). |
Proof:

By Theorem 2.4, the sufficient is obvious. To prove the necessity
assume that T strongly preserves regularity. By Theorem 6.25, there
are permutation matrices P and Q, a matrix B with B* = J such that
T(X) = P(XoB)Q for all XeMnq(P+) or m = n and T(X) = P(X'B)Q for all
XeM,(P,). For the case of T(X) = P(X-B)Q, we define the operator L on
M a(Ps) by L(X) = P'T(X) Q' = XoB. Since T strongly preserves regularity, o)
does L. By Lemma 6.6, all entries of B are regular and hence units because
only units are nonzero regular elements over P..

If fr(B) = 1, there is a 2x2 submatrix C of B such that fr(C) = 2. Without
. b11 b12
loss of generality, we assume that C=| - “|. Then by 4by 2 # by 2b, 1 and

b2,1 b2,2

hence (is not regular by Theorem 6.28. Consider a matrix Y = Eq4 + Eq2 +
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C O
Eoq + Ezo. Then clearly Y is regular, while L(Y) = { } is not regular by
O O

theorem 2.5, a contradiction. Hence fr(B) = 1. By Lemma 6.6, there are
diagonal matrices D and E such that L(X) = DXE for all XeM,,(P.). Since all
entries of B are units, all diagonal entries of D and E are units. Since
L(X) = P'T(X) Q' = XoB, we have T(X) = PDXEQ. If we let U = PD and
V = EQ, then UeM.,(P:) and VeM,(P,) are invertible. Thus we have
T(X) = UXV for all XeM, n(P-).

If m =n and T is of the form T(X) = P(X'e B)Q, then a parallel argument

shows that there are invertible matrices U and V such that T(X) = UX'V for all

XeM,(P,).

Corollary: 6.30
Let min{m, n} > 3 and T be a linear operator on M,,(Z:). Then T
strongly preserves regularity if and only if there are permutation matrices P

and Q such that T(X) = PXQ for all XeM,(Z,), or m = n and T(X) = PX'Q for all

XeM\(Z,).
Theorem: 6.31

Let S be only chain semiring. Let A = {p (q)} be a matrix in My(S) with
q

pq = 0. Then Ais regular if and only if pq = p.

Proof:

1
If pq = p, then ol P a)_|P 9 and hence A is regular.
q 0|1 O0||qg O q O
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Conversely, assume that A is regular and pg #b. Then p # q, pq = q

(i.,e., 9 < p) and there is a nonzero G = [)z( vﬂ eMy(S) such that AGA = A and

ek s {px+q<y+z+w) q(x+z>} _ [p q} -

a(x+y) ax q 0
From (2, 2)" entries of AGA and A, x = 0 since q = 0. Again from (1, 1)"
entries of AGA and A, q(y+z+w) = p. But this is impossible because q < p.

Therefore A is not regular for pq = p.

Note: 6.32
If A is @a monomial matrix in M,(S), then A is invertible if and only if Ais a

permutation matrix because 1 is the only unit element in S.

Theorem: 6.33

Let min{fm, n} > 3 and T be a linear operator on M,(S). Then T
strongly preserves regularity if and only if there are permutation matrices P
and Q such that T(X) = PXQ for all XeMp, o(S), or m = n and T(X) = PX'Q for
all XeM,(S).

Proof:

The sufficient follows Theorem 2.4. For the necessary, assume that T
strongly preserves regularity. By Theorem 6.25 there are permutation
matrices P, Q and a matrix B with B® = J, such that T(X) = P(X-B)Q for all
XeMmn(S), orm =nand T(X) = P(X'> B)Q for all XeM,(S).

Let T be of the form T(X) = P(XoB)Q. Without loss of generality, we
assume that P = [, and Q =I,, so that T(X) = XoB and T(J) = B. Now we will
show that B = J, equivalently b;; = 1 for all i and j. It is sufficient to consider

b4 : for bj; is any entry of T(J), let P' be the transposition matrix that
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exchanges 1%t and i rows from identity matrix I,,, and Q' the transposition
matrix that exchanges 1% and j" rows from identity matrix I,. Define a linear
operator L on Mp, o(S) by L(X) = P'T(X)Q' for all X. Since T strongly preserves
regularity, so does L. Furthermore the (1, 1)" entry of L(J) is bij.

If byq4 = 1, let a = min{by4, b2, bo4}. Then a= 0, 1. Consider a
matrix A = Eq1 + a(Eq2 + Ez1). By Theorem 6.31, A is not regular and hence
T(A) = by1Eq 1 + a(Eq2 + E24) is not regular so that by 1o = o and by ja # a.
Thus o =bqq0rby4. If o =bqy, consider a matrix Ay = by 1(E1 1 + Eq2) + 0Bz ;.
Then A4 is regular Agbs 1(G12+G21)] As = A4, where Gj; are cells in M, n(S).
But T(Aq) = by4E11 + a(E12 + Ep4) is not regular by Theorem 6.31, a
contradiction. For the case a = by 4, if we consider a matrix A, = by 4(E14 +
E.1) + oEq2, then A, is regular while T(A,) is not regular, a contradiction.
Therefore by 4 = 1. Hence B = J. Therefore T(X) = PXQ for all XeMp, o(S).

For the case of m = n and T(X) = P(X'- B)Q, a parallel argument shows

that B = J so that T(X) = PX'Q for all XeM,(S).
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