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CHAPTER IV
THE (m, N) POLICY FOR A REPAIRABLE BATCH ARRIVAL
QUEUE WITH A SECOND OPTIONAL SERVICE CHANNEL
UNDER DIFFERENT TYPES OF BERNOULLI SINGLE
VACATIONS

INTRODUCTION

In queueing theory context, temporary periods of unavailability of
service are referred to as server vacations. In addition to the arrival process,
service process and queue discipline, the vacation queueing models include a
vacation process governed by a vacation policy. One of the main aspects of
vacation policy is vacation startup rule, which determines the starting time of a
vacation. Exhaustive service discipline and non-exhaustive service discipline
are the two major types of vacation starting rules. With an exhaustive service
rule, the server cannot take a vacation until the system becomes empty. The

vacation policies considered in Chapters Il and Ill are of exhaustive service
type.

Vacation policies with non-exhaustive discipline allow the server to take
vacation when some customers are still in the system. The classical vacation
scheme with Bernoulli service discipline, initiated and developed significantly
by Keilson and Servi (1986), belongs to the non-exhaustive vacation policy.
According to this policy, as soon as the service of a customer is completed,
the server may go for a vacation with probability p (or) continue to stay in the

system to provide service to a next customer, if any with probability (1 — p).

Queueing models exist in literature do not consider both types
(exhaustive and non-exhaustive service discipline) of vacations in the same
queue. In the present chapter, it is assumed that, if the system is empty at the
end of a service, then the server takes a single vacation of length (VI) with
probability p’ and operates the bilevel threshold policy before starting a new

busy period.
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Since the purpose of taking vacations between services is manifold, it
is also assumed that, the server is provided with M-types of vacations
following different distributions VB(t) (1 <i<M) and the server, after
completing a service to a customer may select the i type vacation with
probability p; (i = 1 to M) or continue to serve the next customer with

probability (1 — >_ p;), during busy period.

M
i=1
41 MATHEMATICAL ANALYSIS OF THE SYSTEM
4.1.1 Model Description

The customers arrive in batches according to the time-homogeneous
Poisson process with group arrival rate A as mentioned in Chapter II.

Idle Period

The server is deactivated whenever the system becomes empty. The
deactivated server, may either takes a single vacation of random length (VI)
with probability p’ or stays idle in the system with probability (1 — p’). If the
server, either on returning from the single vacation (or) while staying idle in
the system, finds, atleast ‘m’ customers in the queue, then he starts a setup
operation. The time taken for the setup operation is a random variable D
whose distribution function and density function are D(t) and d(t) respectively.
At the end of the setup period, if the queue length is greater than or equal to
N, then the server begins to serve the customers exhaustively. Otherwise, the
server remains dormant in the system waiting for the queue length to reach
atleast N to start a service. Thus a busy period starts if the queue length
reaches N or exceeds, either at the end of a setup period or at the end of a

dormant period.
Busy Period

During busy period, the server provides two types of heterogeneous
services of which the first one is essential and the second service is optional.
The customers are served according to FCFS queue discipline. After the

completion of First Essential Services (FES), the customer may leave the
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system with probability (1 — r) or may opt for the Second Optional Service
(SOS) in an additional channel by the same server, with probability
r (0 <r<1). The service time random variables S;, i = 1, 2 of two channels are
assumed to be mutually independent of each other. The service times
Si follow general distributions and the distribution functions, density functions

and the first two moments of these service times are denoted by Si(x), si(x),

E(SK), i=1,2; k=1, 2 respectively.
Bernoulli Schedule Vacation Policy Between Services

The server may take a single vacation after completing each service to

a customer. M different types of vacation facilities, each of random length

VBi (1 <i< M) are available. Whenever a service is completed and if a

customer leaves the system, (either by completing the FES without opting

SOS or completing the SOS), the server may take i type of vacation of

random length VB, with probability p; (1 <i < M) or may continue to serve the
M

next customer, with probability 1— p, where p= > p;,. Each VB; (1<i< M)
i=1

follows general distribution VBi(t) with finite moments. This type of service

continues until the system becomes empty again.
Breakdown Period

The server may breakdown at any time while serving customers. It is
assumed that the server’'s life time follow exponential distribution with
parameter a; in the FES. In the second optional service, the service fails at an
exponential rate a,. Whenever breakdown occurs, the server is sent for repair
immediately and the customer just being served before server breaks down
waits for the server in the service facility to complete the remaining service.
The repair time distributions of both service phases (FES or SOS) Ry and R»
are arbitrarily distributed with probability distribution functions R(y) and

Ra(y) respectively with density functions ri(y) and rx(y) with finite moments
E(R),i=1,2;k=1,2. Immediately after the server is fixed, it starts to serve

the customer who is waiting to complete the remaining service. It is assumed
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that the service time for a customer is cumulative and after repair the server is

considered as good as new.

In the present model, the server takes optional single vacation (VI) at

the end of each cycle with probability p’ and may take any of the single
M

vacations VB; (1 <i < M) of type i with probability p;i, (z P, =pj soon after
i=1

completing a service to a customer.

A cycle begins, whenever the system becomes empty and the server
either takes vacation or stays idle in the system and then the server does a
setup operation when the queue length reaches atleast m. As the queue
length reaches atleast N, the server becomes busy and continues with FES
and SOS along with Bernoulli Schedule Vacations and Breakdowns. The
cycle ends when the system becomes empty again. Thus a cycle is made up
of server idle vacation, buildup period, setup period, busy period, breakdown

period and vacation period between services.

We denote the model by M(Xm,N)/GSOSM/BVBMQSM) /Single vacation/

Breakdown, where B, denotes Bernoulli Schedule Vacation having M types

of vacation. Various stochastic processes involved in the queueing system are
assumed to be independent of each other. The customers continue to arrive
and join the system independent of the system states following the compound

Poisson process.

The following notations are used to write the partial differential

equations using supplementary variable technique. The remaining times of

random variables namely service times (S?(t)), (i = 1, 2), setup time (D°(t)),
vacation time during idle period (VI°(t)), repair times (R/(t)),(i = 1, 2) and
vacation time during busy period (VB‘}(t)),(1 <j < M) are introduced as the

supplementary variables at time t. The notations Ns(t), , X, gk, g\’ (i > 1,

n > 1) X(z) are as same as Chapter Il (Table 2.0).
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The CDF, PDF and LST (the cumulative distribution function,

probability density function and Laplace Stieltjes transform) of various random

variables are listed here.

RV | CDF | PDF LST |k" momentsk=1,2
Vacation time during idle period VI | VI(x) | vI(x) | VI'(8) E(VI¥)
Vacation time during busy period VB; | VBi(x) | vBi(x) | VB, (6) E(VBik ),i=1toM
Setup time D | D(x) | d(x) | D*(8) E(DY)
FES time (i = 1) and SOS time (i = 2) Si | Si(x) | si(x) | S/(0) E(S{)i=1,2
Repair time in FES (i=1)and SOS (i=2) | Ri | R(y) | r(y) |R;"(0,) E(R),i=1,2

Attime t, let Y(t) =0, 1, 2, 3, 4, 5, 6, 7 and 8 respectively denote the

server is on vacation (idle), in buildup, setup, dormant states, busy with FES,

busy with SOS, under repair in FES, repair in SOS and on vacation between

services.

Then the state of the system at time t can be described by the Markov

process {N(t), 3(t)}, where 5(t) = (VI°(t), 0, D°(t), 0, S7(t), S5(t), R7(t), R3(t),

VBI(t)) according as Y(t) = 0, 1, 2, 3, 4, 5, 6, 7 and 8 respectively. The

transient system state probabilities are defined by

Qlu(x, t)dt = Pr {Ns(t) = n, x < VI°(t) < x + dt, Y(t) = 0}, n > 0 (during

idle-vacation period)

PI,(t)
SEn(x, t) dt
Un(t)
P1na(x, t) dt

(
Pr {Ns(
(

Pz‘n(X, t) dt

BR1 (X, y, t)dt

Pr {Ns(t) = n, Y(t) = 1}, 0 < n < m-1 (buildup period)

Pr {Ns(t) = n, x < D°(t) < x + dt, Y(t) =2}, n > m (setup period)
t) = n, Y(t) = 3}, m <n < N-1 (dormant period)
Pr{Ns(t) = n, x < S7(t) <x +dt, Y(t) = 4},n > 1 (FES service)
Pr {Ns(t) = n, x < S3(t) < x + dt, Y(t) = 5},n > 1 (SOS service)

Pr{Ns(t) = n, SS(t) = x, y < RO(t) <y + dt, Y(t) = 6}, n > 1

(server in repair facility due to breakdown in FES)

BRon(X, y, t)dt = Pr{Ns(t) =n, S5(t) =x,y<Ry(t)<y+dt Y{t)=7}, n>1

(server is in repair facility due to breakdown in SOS)
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QBin(x, t)dt = Pr{Ns(t) =n,x <VB(t)<x+dt, Y(t)=8,n>1;i=1to M
(i vacation during vacation between services)

The interpretation of the joint probability distribution corresponding to

different states are similar to Chapter II.
4.1.2 The Steady State System Size Equations

Following the arguments of Lee et al. (1994a) and observing the
changes of states during the interval (t, t + At) for any time t, the steady-state

system size equations are given by :

Vacation During Idle Period

- d—dXQIO(X) = — A Qlp(x) + p’ P2,1(0) vI(x) + p’ (1 —=r) P1,1(0) vI(x)
- LanM = ~2QuE*2 Y Ql,(X)genz 1
dx k=1

Buildup State

A Plo QIo(0) + (1= p') P21(0) + (1 —p’) (1 1) P14(0)

A PI,

n
QIL,(0) + & > PI,_, gk, 1<n<m-1
k=1

Setup State

- diSEn(x) = —ASEn(x)+% > PI, , gk d(x) + QIy(0) d(x)
X k=n-m+1
n-m
+(1—=38mn) A Y SE,(X)gk n>m

k=1
Dormant / Standby State

A Un = SEN0)+(1=8mm) % 3 U,y g m <n < N-1
k=1
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Busy States
Busy with FES

— d—ci(P1’n(X) — (A +a1) P1a(x) + (1 = p) P2n+1(0) 81 (x) + % QBi,n(O)S1(X)
i=1

F(1 =8 h 'S Prosc ()@ (1=p) (1= 1) Prosa(0) $1(x)
k=1

M
+ BRyn(x, 0) wherep=> p;, 1<n<N-1
i=1

kil = — (A +a1) Pia(x) + (1 =p) P2,n+1(0) s1(x) + % QB; ,(0)s1(x)
=

+ A nf Py nk(X) gk + (1 =p) (1 =r) P1r+1(0) s4(X)
k=1

|
U
=)
—~
X
N—
|

n—m
+BRyq(x,0) + SEn0)si(x)+A > U, gksi(x), n>N

k=n-N+1
Busy with SOS

_ d_dX Pon(X) = — (& +az)Paon(x) +rPqn(0) s2(x)

n-1
+ (1 - 61‘n) 7\/ Z szn_k(x)gk + BRZJ](X, O), n Z 1
k=1
Vacation During Busy Period
d
- &QBi,n(x) = — X QBin(x) + pi P2n+1(0) VBi(x) + pi (1 —r) P1n+1(0) VBi(x) +

n-1
+ (1=81n)% > QB (X)gk i=1t0 M n>1
k=1

Breakdown Period
Breakdown in FES

d
- a—yBRm(x, y) ==ABRin(X,y) + a1 P1n(x) ra(y)

n-1
+ (1 - 81’n) }\4 Z BR’l,n—k(X’ y)gk, n 2 1
k=1



Breakdown in SOS

0
— —BR2n(X, y)
oy
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=— A BRan(X, Y) + a2 P2n(X) ra(y)

n-1
+(1=81n) 2 X BRy (X, Y) Gk, n>1
k=1

Taking the LST of the steady-state equations, we have

where P(0) = P21(0) + (1 —r) P1,4(0)

0 QI (0) — QI (0)
% Pl

A PI,

0 SE’(0) — SEA(0)

0 QI5(6) — QIs(0) = A QI4(6)— p' P(0) VI*(6) 4.1)

A QI (0)- A zn: QI; . (0) gk, n>1 (4.2)
k=1

QIo(0) + (1 -p’) P(0) (4.3)

QI(0) + 2 3 PI, , g, 1<n<m-1 (4.4)

k=1

A SEL0) =4 Y PI,_, g D'(8) Qly(0) D*(6)
k=n-m+1

(1 =8mm kY SEL ((0)gk, n>m (4.5)
k=1

A Uy

6 Pra(0)— P1n(0)

0 Pr(0)— P1(0)

6 P;,(0)— P2,(0)

SEA0)+(1=8mm) % 3 U, g m<n<N-1(4.6)

0+ 21) Pia(0)- (1 = p) Panr(0) Si(0)

- i QB (0) §5(0)— (1 81.) 1 kz: Pr 1 (0) gk

—(1=p) (1 =) Pre(0) §;(0)- BRp(6,0)  (4.7)
1<n<N-1

(. + a1) P;,(6) — (1= p) P21(0) S5 (6)

-3 @B,,(0) Si(6)-2 é P (0) g

—(1=) (1 = 1) P1.01(0) S(6) - BR;(6,0)

~ SEq(0) S;(8)-A 3 U, gk S;(8), n>N (4.8)

k=n-N+1
(A +a2) P, (0)— 1 P1n(0) S3(0)

n-—1
— 2 (1=810) Y Psnic(0)gk — BR3,(6,0), n>1 (4.9)
k=1
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0 QB;,(0)— QBin(0)= A QB;,(0)- pi P2n+1(0) VB;(6)
= pi (1—1) P1n+1(0) VB;(0)
n-1
~(1=81,n) LY QB (0)gk, i=1toM,n>1 (4.10)
k=1

LST of equations due to breakdown (with respect to x)
0

"3y BR;,(6,y) = —X%BR;,(6,y)+ar P;,(8)ri(y)
n-1
+(1-81n) % Y BR} (6, Y)dk, n>1 (4.11)
k=1
o . . ;
~ 3y BR3,(0,y) = —ABR},(6,y)+az P;, (0)ra(y)

+(1-81n) A :Z: BR (6, ¥) gk, nx1 (4.12)
Taking the LST w.r. to y for equations (4.11) and (4.12), we get
61 BR} (6,6,)— BR},(6,0) = & BR{7(6,0,) — a1 P;,(6) Ry (6,)
—A(1=381n) 21 BRi.(6,6,)g, n>1 (4.13)
k=1
01 BR,(6,0,)— BR;,(0,0) = A BR}(0,0,) — a2 P, (0) R} (6;)
2 (1=351n) :Z: BR,.,(6,0,)g, n>1 (4.14)
4.1.3 Probability Generating Functions

By considering the following partial PGFs, steady-state distributions are

obtained.
m-1 N—1
Pl(z)= X PI, 2" Uiz)= ¥ U, z"
n=0 n=m
QI'(z,6) = 3 QI (6)2" Ql(z, 0)= ¥ QI (0)z"
n=0 n=0
QB;(z,0) = 3 QB;,(0)2" QB(z,0)= ¥ QB,,(0)z",i=1toM
n=1 n=0
SE'(2,0) = ¥ SE.(0)z" SE(z,0)= 3 SE,(0)z"
P’(z,0) = i P.(6)Z" P(z, 0) = i P,(0)2",i=1,2
n=1 n=1
BR™ (2,0,0,)= ¥ BR" (6,0,)2" BR!(2,0,0)= 3 BR’,(6,0)2",i=12
n=1 n=1
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Multiplying the transformed equations by suitable powers of z and adding the
corresponding equations the partial PGFs are obtained.

The partial PGFs of the system size, when the server is on vacation, during

idle period, is obtained by using equations (4.1) and (4.2).

Equations (4.1) and (4.2) imply

(6 —wx(2)) QI*(z,0) = QI(z, 0)—p’ P(0) VI'(0) (4.15)
At 6 = wx(z2),
QI(z, 0) = p’ P(0) VI"(wx(2)) (4.16)

Substituting the value of QI(z, 0) in equation (4.15), we get
(VI'(wx(z) - VI'(0))

QI*(z,0) = p’ P(0) (4.17)
(6 -wyx(2))
If al, denotes the probability that n customers arrive during the
vacation time (VI), then VI*(wy(z)) i (4.18)
n=0

(Gross and Harris, 1985)
Thus equations (4.18) and (4.16) imply,

S Q02" = p' P0) 3 al, 2"
=0 n=0

i.e., QI,(0) = p' P(0) aln, n >0 (4.19)

To calculate the generating function corresponding to the buildup state, the

following result is used.

Theorem : 4.1

n n
Let mo=1, =D m,_9kand yo=alo, yn= D al; 1, ; (1 <n<m-1)
k=1 i—0

(4.19.1)
then PI(z) = (p" yw(z) + (1 -p’) n(z)) P(0)
where y(z) = 1 mz1 v, 2" and n(z) = (l)m 17:,1 z"
X n=0 A n=0

Proof
Equations (4.3) and (4.4) recursively imply, for 0 <n < m-1
n
A PI, = ZQInk(O ) T, +(1-p') =, P(0)
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Substituting for QI,(0) from the equation (4.19),
n
APL, = P(0) (p’ > al, o m + (1 —p’)nn], 0<n<m-1
k=0

Adding the equation over n = 0 to m—1 and using the definitions of p,
m-1

% Pl(2)= (p' Sy 2 (1-p) Y 7, z”]P(O)
n=0

ie.,, Pl(z) = (P"w(z)+ (1-p")n(z)) PO) (4.20)
Corollary

ForO<n<m-1

0 Swo =3 an,, (4.20.1)
i=0 i=0
(i) alnt S vy g0 = v (4.20.2)

i=0
The proof of the corollary is analogues to corollary of Theorem 2.2 of

Chapter II, with J = 1.

Equation (4.5) is used to obtain the PGF of the system size corresponding to
the setup period. Multiplying equation (4.5) by appropriate powers of z and

summing over m to «, it is found that

(0 —wx(z)) SE*(z, 0) = SE(z, 0) - Z Z I, 9,D"(0)
i _(0)z" D*(6) (4.21)
Adding, equations (4.3) and (4.4) over n = 0 to m—1, we have
m-— 1 n m-1
API(z) = (1-p')P(0)+ A z" > Pl gt > QI,(0)Z" (4.22)
n=1 k=1 n=0

Multiplying the equation (4.22) by (-D*(0))and then adding with equation
(4.21), the following equation is obtained.
(0 —wx(z)) SE*(z, 0) = SE(z, 0) + AD*(0)PI(z) — A PI(z) X(z) D*(0)

— D*(0)QI(z, 0)— D*(8) (1-p’) P(0) (4.23)
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Substituting for P1(z) and QI(z, 0) (from equations (4.20), (4.16)) in (4.23) and

putting 6 = wx(z), we have
SE(z,0) = P(0) [p'(D*(wx(2)) (VI"(Wx(2)) - wx(z) w(2))
+(1-p") D' (wx(2)) (1 —wx(z) n(2))] (4.24)

Using equation (4.24) in equation (4.21) we have,

(D" (wx(z))-D"(6))
(6-wx(2))

SE"(z,06) = P(0) [p'(VI" (Wx(2)) — wx(z) w(2))

+(1-p) (1 -wx(2) n(2))]  (4.25)

The partial probability generating functions of the system size, when the
server is in vacation state (during busy period) is obtained by using
equation (4.10),

Equation (4.10) implies for 1 <i <M,

(0 —wx(2))QB;(z,0) = QBi(z, 0) -

M(Pz(z, 0) + (1-r) P1(z, 0))

+pi VB{(0)(P2,1(0) + (1 —r) P1,4(0)) (4.26)
At 6 = wx(z)

P,(z,0)+(1-r)P,(z,0)
z

QBi(z, 0) = pi VBT(Wx(Z))£ —P(O)j (4.27)

Substituting the value of QBi(z, 0) in equation (4.26), we get

QBi*(Z, e) = pi (PZ (Z, 0) + (1 B r) P1(Z’ O) - P(O)j (VBl*(WX(Z)) B VBl*(e)) (428)
z (6-wx(2))
Adding equations (4.27) and (4.28) over i = 1 to M, we have
QB(z,0) = VB (wx(2)) [PZ(Z’OH“Z‘ NP (2 0) —P(O)j (4.29)
QB (2.6) = (Pz(z,0)+(1—r) Pi(2,0) _P(O)j [vs*<wx<z)>—vs*<e)] (4.30)
z 0-wy(2)
where
QB(z,0) = % QB;(z,0), VB*(wx(z)) = % p, VB (Wy(z)) (4.31)
i=1 i=1
M

QB'(z,0)= > QB!(z6) and VB'(6)= 3" p, VB; (0)
i=1

i=1
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The equations (4.11) and (4.12) are used to calculate the generating
functions of the system size corresponding to the breakdown states in FES
and SOS at service completion epoch and at arbitrary epoch. The generating

functions are given by :

BR(z,0,0) ai R"(wx(2))P(z0) (4.32)

a; P (z2,0) (R (Wx(z))-R;"(8/))
0, —wy(2)

BR™ (z,0,0,) i=1,2  (4.33)

The equation (4.9) is used to calculate the generating functions of the system

size when the server is in SOS, at termination epoch and arbitrary epoch.
The equations (4.9) and (4.32) ati = 2, give,
(0 = h,, (Wx(2)))Pz(z,6) =P2(z, 0) —r S3(0)P1(z, 0) (4.34)
where h, (wy(z)) = wx(z) + az (1 - Ry (wx(2)))
At 6 =h,, (wy(2)),

Pa(z,0) = r S, (ha, (Wx(2))) P1(z, 0) (4.35)

Substituting the value of P»(z, 0) in equation (4.32), we get

rPy(z,0)(Sz(h,, (Wx(2)))—-S3(0))

P2(2.0) = (0-h,, (Wx(2))

(4.36)

Next to calculate the partial generating functions corresponding to the FES

state, the equations (4.7) and (4.8) are used.

Substituting for B} (z, 6,0)from (4.32), the equations (4.7) and (4.8) imply,
0, (@) P (2.0) = Pi(z,0) - TP 5. 0) 1 (1 -1y Pz, 0)
+(1-p) S5(0)P(0) - S;(6)QB(z, 0)

- S}(0)(X SB,(0)2" +4 X 2" Y Upy g)
n=N

where h, (Wy(z)) =wx(z) + a1 (1 - R{"(wy(2))
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Adding equation (4.6) over n = m to N-1,

N-1 n-m

rU@z) = ZSE 0"+ > > Uy 9 (4.38)

n=m+1 k=1
Multiplying the equation (4.38) by — S;(6) and adding with (4.37) we have
0y, (@) P 20) = Pitz,0)- PO e, 0) 1 (1 -1 Pz, 0)
+(1-p) S1(0)P(0) - S;(6)QB(z, 0)
— S1(0) (SE(z, 0) =2 U(z) + % X(z) U(z)) (4.39)
Substituting for P»(z, 0) and QB(z, 0) from equations (4.35) and (4.29),
equation (4.39) gives,
(6 - h,, (wx(2))) Py (z,0)

P‘i O 12— 81(0)(r S; (h,, (Wx(2)+ 1-1) (1= p + VB (wx(2)))]

+ S1(0)P(0) (1 —p + VB"(wx(2))) - S7(0)(SE(z, 0) - U(z) wx(z))  (4.40)
At 6 =h, (Wx(2))
P1(Z, O)

L i, (wy(oy (SEZO-UDWx(@)-PO)(1-p + VB (wy(2))
(z-Sgy(Wx(2)))
where Sgy (Wx(2)) = Sgos(h(Wy(2)))((1=p)+ VB (wy(2))) (4.41.1)

and Sgos(h(Wx(2))) = Si(h,, (Wx(2))(1—r+r1 Sy(h,, (Wx(2)))  (4.41.2)

(4.41)

Substituting the value of P4(z, 0) in (4.40) we have,

Py (z,0)

_2(Si(h,, (Wx(2)) = S3(0)) [SE(z,0) - U@) W (2)~P(0) (1-p+ VB" (W (2)))]
(6—hg, (Wx(2)))(z—Sgy (Wx(2)))

(4.42)
To obtain the PGF of the system size, when the server is in dormant period,
the equations in (4.6) are recursively used. Thus,

k=m

where SEy(0) = Coefficient of z* in SE(z, 0)

For further simplification, the following theorem is proved.
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Theorem : 4.2

(i) D™ (wy (2)) (VI (W (2)) - wx(z) y(z)) = én z é &i i (4.43.1)
(i) D'(Wy(2)(1 - wx(2) 7(z) = éﬁ 2" im S: hics (4.43.2)
where &, = oly + mz(: Vigns  Sn = m; T G

and wy’s are given by the equation (4.19.1).
al, and hg respectively denote the probability that n customers arrive in a

vacation time (VI) and setup period D.

Proof

(i) VI'(wx(2))-wx(z) w(2)

1l
N\
DM
Q
—
)
N
>
|
3
AN
<
)
N
>
N—

Through algebraic manipulations and using corollary (ii) of Theorem 4.1,

0 m-1 0
VI'(wy(2))-wx(z) w(z) = > z"(aly+ ;) Vigni) = D&, 2

n=m n=m

Thus

0 0 ) [
D*(wx(z»(W(wx(z»—wX<z)w(z))=[k_0 h zkj ( > & z”]= DEAPIELE
This proves (4.43.1)
To prove (ii) consider,

(1 —wx(z) n(2)) = [i o} zk) (mf T, z”j— f n, z"= i z" r_M T, On-i
. " " (u;ierg thelzgefinition of 7tp)
=y S, z"
Thus o
D* (W (2)) (1 — wx(2) 7(2)) = (i h z"j [i S, z”j = 3 23S he
k=0 n=m k=m i=m

This proves (4.43.2).
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Now to obtain U,’s, we use equations (4.43.1) and (4.43.2) in (4.24) and

collect the coefficients of z“ on both sides. Then,
k

SEk(0) = (p' Zk: & +(1- p')_Z Si hk—ijp(o)’ k>m

I=m

Therefore equation (4.43) implies

n K
AUn = (Z (p"& +(1- p’)Si)hk-iJnn—k P(0) (4.44)
k=m \i=m
= (901 P+ 0n2) (1-p)) P(O) (4.44.1)
where
n k n n—k
O(n,1) = 2 M 2 &he = X & 2 himy; (By rearranging the
k=m i=m k=m i=0
summations)
n k n n—k
d(n2) = 2 M 2 Sihe = XS, Z(; hi Tk
k=m i=m k=m i=
Summing equation (4.44) over n = mto N — 1 we have
Uz) = ¢(2)P(0) (4.45)
N-1 (I) Zn
where ¢(z) = > ”x and (4.45.1)
o = P oyt (1-P)dn2) (4.45.2)

Substituting for SE(z, 0) and U(z) from (4.24) and (4.45), one can find that,

SE(z, 0) - U(z) wx(z) - P(0) (1 —-P +VB* (wx(z))) = — wx(z) P(0) (4.46)
where
8 (2) = p L Wx@ND (Wx(@D) iy (2)) y()

wx(2)

1D @) | b o] + ey VB ()
wx(2) wx(2)
(4.47)

+(1-p) [

Using (4.46) in (4.41) and (4.42),

* _ BV
Py(z, 0) _ 2S4(h,, (Wi (2))) (= wx (2) P(0) Imn) (2)) (4.48)

z - Sgy (Wx(2))
* _Q* _ BV
P! (2, 0) _ z(S; (ha1 (foz))) S1(0)) (= wx (z)P(0) [ ny (2)) (4.49)
(z—-Sgv(Wx(2))) (6-h,, (Wx(z)))
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Thus the partial generating functions of the system size, corresponding to

different states obtained at arbitrary epoch are listed below :

QI*(z,0)
P1(z)
SE*(z,0)

U(z)

QB*(z,0)

Py (z,0)

P,(z0)

BR*(z,0,0)

P(0)p'(1- VI (wx(2)))

= (4.50)
Wx(2)
= P(0) (' w(2) + (1 - p') n(2)) (4.51.1)
= P(0) [p" (VI"(wx (2)) — wx(2) y(2))
+(1-p) (1 —wx(2) n(z2))] (4.51.2)
= P(0) ¢(2) (4.51.3)
- p(o)| S MW@ Wx (@)l @), {VB%wx(z))—p}
(z-Sgy (Wx(2)) wx(2)
(4.51.4)
_ 2(Si(h,, (Wx(2)) 1) P(0) wx (2) I (2) @515

ha, (Wx(2))(z - Sgy (Wx(2)))
P(0) zr wx (2) Iimn) (2) (S (h,, (Wx(2)) = 1) S (h,, (Wx(2)))
ha, (Wx(2))(z - Sgy (Wx(2)))

(4.51.6)
a, P’(z,0)(1-R{" (wx(2)))
Wy (2)

i=1,2 (4.51.7)

To derive the total PGF of the system size distribution the following generating

functions are considered.

Piaie(2)

where 12V

PComp(Z) =

Probability generating function of the system when the server

is idle (buildup + setup + dormant + vacation) state

PI(z) + SE*(z,0) + U(z) + (QI"(z,0) + QB*(z0))

P(0) (z — S5o0s (h(Wx(2)))) iy (2)
(z - Sgyv(Wx(2)))

(4.52)

mn)(Z) is given by equation (4.47)

Probability generating function of the system when the server

is busy or in breakdown state

2 2
> P*(z,0) + 3 BR™(z,0,0)

1 i—1
P(0)Z (Ssos (h(Wx(2))) = 1) Tony(2)
(z—Sgyv(Wx(2))

(4.53)
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Thus the total PGF of the system size distribution is given by

Pivn)(2) Piaie(z) + Pcomp(2)

_ P(0)Ign(2) (2= 1) S50s (h(Wx(2))) (4.54)

(z—Sgyv(Wx(2)))

where Sgy, (Wy(z))and Sgos (h(wy(z)))are given by equations (4.41.1) and
(4.41.2). The value of P(0) can be calculated by using the normalizing

condition P(m ny(1)=1. Thus P(0) = 15; Pav , Where
I(m,N)(‘I)

T (D) = P w(1) + (1 -p) n(1) + (p E(VI) - E(VB)) + E(D) + ¢(1) and
: m-1 v, _ m-— TE_ — q)_

w(1) = ZOT z . z 3 (4.54.1)

PBY = L E(X) (E(H) + E(VB)) (4.54.2)

pPsos = A E(X) E(H) (4543)

E(H) = E(S1) (1 +a1 E(R1)) +rE(S) (1 +a2E(Ry) (4.54.4)

(1-payv ) (2= 1) S5os (N(W (2))) Iy (2)
(2~ Say (W (2))) Ly (1

Using equation (4.52), equation (4.55) can be re-written as

(1-psos) (2= 1) Sgos (hW Az»)M Piae (2 )]
Z - Sgos(h(wx(2))) Piaie (1)

This proves the following decomposition property.

Hence, P(mN)(z) = (4.55)

P(EY,N)(Z) = [

4.1.4 Decomposition Property

The steady state condition pgy < 1, implies psos < 1. Under this
condition the PGF of the system size of the model under consideration is
decomposed into the product of two probability generating functions one of
which is the PGF of the classical M*/Ggos/1/Breakdown (without (m, N) —
policy and without vacation) and the other is Piqe(z)/Piqe(1) Which gives the

PGF of the conditional system size distribution during the server idle period.
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The total PGF of the queue size distribution for the model is given by

Pcomp (2) + Pua(2) = (1-pgv)(z-1) Il(arr\l/,N)(Z)

(4.55.1)
z (2 — Sy (Wx(2)) Ty (1)

BV _
PQ(m,N)(Z) =

415 Performance Measures

In this section, the steady-state system size probabilities and the mean

number of customers in the system at different states are calculated.
The Server in Idle State

Let Pset, Pouid, Pdor, Pvi @and Pyg denote the steady-state system size
probabilities and Lset, Lpuiid, Ldor, Lvi @and Lyg denote the mean number of
customers when the system is in setup, buildup, dormant states, vacation
during idle period and vacation during busy period respectively. Then using
equations (4.50) and (4.51.1) to (4.51.4), we have,

Pet = lim SE*(2,0) = P(0) E(D) (4.56)
_|d .
Leet = [ESE (z,O)L |
_ E(DZ) , :
= P(0) A E(X) { + E(D) [p’ (E(VI) + y(1)) + (1 =p') n(1)]}
Pouia = |Im Pl(z) = P(0 )(p’ y(1) +(1-p') n(1)) (4.57)
Louia = —PI } =P(0) (p' w'(1)+(1-p") n'(1))
Poor = I|m U(z) = P(0) &(1 (4.58)
Laor = iU(z)} = P(0) ¢'(1)
_dZ z=1
Py = lim Ql*(z,0) = P(0) p’ E(VI) (4.59)
L = {im*(z,m} - P p 2 E() EVD)
dz 721

where w(1), w(1), (1) are given by the equation (4.54.1),

m—1nnn I"I"I—']nw N—1n¢ 1 pBV
L w'(1) = L o'(1) = . and P(0) = ————
T = X () = Y ©= v 5

(1) =
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BV
Pve = lim QB*(z,0) = P(0) E(VB) [K ECO L (1) —1} (4.60)
z—>1 — Pgv
- |szeeeo)
Lvs = |—QB (Z, 0)
dz 721
= E(VB) Fay + (A E(X)Y [E(VZBZ )+ E(VB) E(H)] - P(0) % E(X) E(VZBZ)
_ MEX(X=1))+ (LE(X))® E(Sév) A ( )
where Fgy 2 (—re) = AE(X) (4.60.1)
E(S3,) = E(H)+ Z p; E(VB?)+ 2 E(H) Z p E(VB)
i=1
E(H?) = E(S}) (1+as E(R))* +rE(S3) (1 +az E(Rp))’ + a1 E(S1) E(R?)
+ra E(Sz) E(R% ) +2r (E(S1) E(Sz) (1 + a4 E(R1)) (1 + ar E(Rz)))
E(H) = E(S1) (1 + a4 E(R1)) +r E(Sz) (1 + as E(Rz))
E(Ssv) = E(H)+ % p, E(VB)) and
d
B (1) = { e I?rX,N)(z>L

2 2
- o Ih E<X>fE(g ) 20D E(vnE(D)} LE(X) E(D) w(1) + y'(1)]

2
+ (1-p) L E(X) E('; )+ 3 E(X) E(D) n(1) + w/(1)] + (1)

Y P AEX) E(VZB‘Z)
i=1

The Server in Busy State

The probability that the server is busy (Puusy) and the expected number
of customers in the system in busy state (Lousy) are calculated by using the
equations (4.51.6) and (4.51.7).

Pousy = lim (P{(2,0) + P;(z,0) = % E(X) [E(S1) +r E(S2)] = psos ~ (4.61)

d . .
Lousy = {E(H (Za0)+P2(Z,0))} = Lres + Lsos, where,

z=1
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2

Hres S {%(P{‘(z,o)} = Pees + (ME(X))? @(1 + a1 E(Ry)) + E(S1) Fev

z=1
where Fgy is given by the equation (4.60.1)
Pres = Zlim1 Pi(z,0) = A E(X) E(S)

2

Lsos = |:d—dZ (PZ*(Z, 0)j| = Pgos+r {(K E(X))2 [@(1 + as E(Rz))

z=1

+ E(S2) E(S41) (1 + a1 E(R1))] + E(S2) Fav}

Psos = Z||Ln1 P;(Z, 0) =TrA E(X) E(Sz)

The Server in Breakdown State

The probability that the server is in breakdown state (P,) and the
expected number of customers in the system (L) are calculated by using the

equations (4.51.7)

Por = Zlirﬁn1[BR;**1 (z,0,0) + BR;"(z,0,0)]

= L E(X) (a1 E(R1) E(S41) + r a2 E(R2) E(S2)) (4.62)
Lor = Ljiz(BR;"*1 (z,0,0) +BR}" (Z’O’O))L1

= a1 E(R) Lres + 32 E(Ry) Lsos + 1 E(X) (Pres S+ o %3))
Mean System Size

The expected system size L?qu,N) of the model is given by
BV

L) = {% Fﬂ%(z)L = ?(;3:) ((11)) +L13 (4.63)
where 12V = peos + (LEX)" ESay) + 2 EX(X 1)) E(Sey ) (4.64)

2(1-pgy)
gives the mean system size of the SOS queueing model
M*/Gsos/1/Sev(M)/Breakdown (without threshold policy).
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4.1.6 Other System Characteristics

Let E(Cycle), E(Busy), E(I) and E(ws) denote the expected length of
the cycle, busy period, idle period and expected waiting time of the system.
Then,

Tomny (1)

~—PBv

(i) E(Cycle) =

(i) E(Busy) = -2 18y (1)

~ Pv
BV
iy  E(I) = (1=1E(X) E(H))M
1-pay
iv)  E(ws) = Lo Using Little’s formul
(iv) (wsg) = F(X)( sing Little’s formula)

4.1.7 Queue Size Distribution at Departure Epoch

The PGF =*(z) of the queue size distribution {n'; n > 0} at departure

epoch is given by

n'(z) = > nyz" = Y Dy[(1 = 1) P1ne1(0) + P2ne1(0)] 2" where Dy is the
n=0 n=0

normalizing constant.

(ie.) %) = 2[(1-1) Py(z, 0) + Pofz, O]
z
Substituting for P4(z, 0) and Px(z, 0) from equations (4.48) and (4.35)

respectively and evaluating the constant D4 using normalizing condition,

(X(z)-1) pBv

"2 = E Xyt Hm

(2).

42 OPTIMAL MANAGEMENT POLICY

By following the procedure of Chapter Il, the optimal threshold values
(m*,N*) can be obtained. Recalling the cost structure as C, (startup cost per

cycle), Cset (setup cost), Cpuig (buildup cost), Cgor (standby cost), C
(breakdown cost), Cpusy (Operating cost), Cys (cost due to VB), Cy (holding
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cost per customer) and Cy; (reward cost) per unit time, the total average cost

per unit time of the system is given by

Te'(mN) =

+ Cset I:’set + Cdor I:’dor + Cbusy |:’busy + Cbuild I:’build + Cbr I:’br
cycle

+ Ch Limny* (Cug Pug = Cyi Pyp)-

By substituting the corresponding measures, the above equation can be

re-written as,

M = N O
o X S p’an )

1 - N-1
+ (I)Cdor (1-psv) (P’ Z, Oy t(1- Z din2))

TE(mN) = A +

where

A" = Cp+ L8 + Cousy psos + Cor Por + A E(X) E(VB) Cve
where L5V

AM = Chly + (1 - p|3v) (Cset E(D) -p' E(VI) Cui t Cy —Cvs E(VB))

is given by equation (4.64),

E(VI? E M E VBZ
b= e EY e v ey + B ( Z EVBO)
2%(m) = Cnt, L 1o0p k 2L (Cuia (' Z v+ (1- nn )) and
n=0
m—1 m— m-— m-1
b= p (LERED)S Yo+ S MVny 4 (1-p) E(X) ED) Z“— )
n:O A n=0 A n=0 A n=0 A
By calculation,
TV (mk+1)- T8V (m,k) = b HB®(m, k)
MGy k) (1) I (1)
where
BV _ S (k—n) M BV )
H®"(m, k) = Cagor (1 —pav) dav + Ch (kdav ™ D’ ¢n) — (A" + 27" (m)) ;
n=m
ok = P oK+ (1-p) k2 and
m-1 W m-1 T
dsv = p’' ), T”+ (1-p) >, T”Jf E(D) + (p" E(VI) - E(VB))
=0 n=0

]
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By proceeding as in Chapter I, it is found that the condition under which
TeV (m, k+1)— T2 (m,k) > 0 for the first value of k is given by

N*(m) = min {k / H*Y(m, k) > 0}.
The optimal threshold values (m*,N*(m))can be obtained by following the
algorithm given in Chapter II.

4.3 PARTICULAR CASES

With the selection of appropriate parameters, the results of various
queueing systems with or without (m, N) policy can be obtained. In this
section the total PGF P(z) of the system size for some queueing models are

mentioned as special cases.

Case 1l

PGF (P(z)) for Mfm,N)/GsosM/Breakdown model under single vacation

threshold policy can be obtained with the selection of parameters p’' = 1 ;

p; =0V j=1toMin the equation (4.55) and given by

(1- psos ) (Z=1) Sgos (N(Wx (2))) Limn)(2)

Pz =

z - S50s(Wx(2)) I(m,N)(1)
where Tmn(z) = 1‘VI*(W§v‘Zz’Z§’*(Wx(Z”+ D" (Wx (2) (@) * 6(2)
X

These results coincide with the special case (i) of Chapter Il with C = 1 (ref :
(2.75) and (2.76)).

Case 2

The results of Lee et al. (2003) for non vacation (system 1) and single
vacation (system IlI) queue can be deduced with the following substitutions in
equation (4.55)forj=1toM;i=1, 2,

(P, ppra) = 0 (System )
(P, 1, &) 0 and p' = 1 (System lll)

By taking m = N, the PGF of the system size of the corresponding N
policy models can be deduced and the results of classical 1-policy queueing
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models with or without setup or vacation can also be derived by taking
m=N=1.

For example, the results of N-policy M*/G/1 queueing model with single
vacation policy of Lee et al. (1995) can be deduced with the following
substitutions in (4.55) and (4.47).

Case 3
p'=1,(p,r,a)=0,j=1toM;i=1,2;J=1,
P, (D=0)=1and m= N give,
(1-p)(z-1)S"(wx(2)) Inn(2)
z-S'(wy(z))  Iun(1)
1-VI'(wy(2)) ,

Wx(z)

P(z) =

where Inn(Z) = y(z) (Lee etal. (1995))

Case 4
In addition if N =1,

1-VI'(w(2)) N al,
Wy (2)

I1,1(2) = gives the PGF of the conditional

system size distribution during vacation time for the classical M*/G/1 single

vacation mode.
4.4 NUMERICAL ANALYSIS

In order to study the effects of system parameters ; the probability (r)
with which the customers opt the SOS service, arrival rate (A) and Bernoulli
vacation probabilities (pi)) (i = 1, 2, 3), numerical values are presented in
Tables 4.1 to 4.5. Three types of (VB;) vacations following different
distributions are considered for the numerical computation. The distributions

assumed are presented in the following table.
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Second order moments

Random variables (Y) Distribution F(Y) Mean E(Y) E(Yz)
b, 1-b _
FES (S) Two-stage hyper- —+— 2 &+1 b,
L exponential He o K TR
0<bs<1
SOS (S,) Erlang-2 type 1/ s 3/2 p,
Setup (D) Erlang-3 type 11y 43
VB, |Deterministic T/ 1/ n}
Vacation during busy ) 3/n 2
period VB, |Gamma-3 type 2 12/ m;,
VB; |Exponential 1/ms 2/ n§
Vacation during idle period (VI) | Gamma-3 type 3/n 12/ 712
Repair in FES (R;) Erlang-2 type 1/rpy 3/ 2rp?
Repair in SOS (Ry) Deterministic 1/rp, 1/ o2
P
Batch size (X) Geometric (Geo(q)) 1/1-q (q+1)/(1-q)

The expected cost values of T¢(m, N) for different values of m and N

are listed in Table 4.1 and plotted in Figure 4.1 and the optimal threshold

values (m*,N*)and T¢c (m*,N"(m))are respectively observed at (8, 10) and

667.720. This satisfies the solution procedure in the theory. Table 4.1 gives

the data for the Figure 4.1.

The parametric values used to generate the Tables 4.1 to 4.5 are taken

from Table 4.1, except the parameters mentioned in the corresponding tables.




Table 4.1 The Expected Cost Tc(m, N) for Different Values m and N

(Ch, CdOI’! Cbusy1 Cset, Cy: CVII CVB1 Cbu"d! Cbr) = (201 301 101 1000! 18000’ 81 1151 81 20)
(@, A vy, 1,81, @, rpg, rp2) = (0.1,0.5,1,0.2, 5,6, 2, 3) M=3

(P’, M, M1, N2, M3, P1, P2, P3) = (0.3, 2, 5.4, 6.8, 7.0, 0.80, 0.05, 0.1)
(b1, pa, po, p21) = (0.1, 0.5, 5, 5)

N 1 4 6 9 10 14 17 21
m
1 814.013 758.073 697.126 672.291 671.298 683.001 700.503 729.386
2 744.432 693.014 669.939 669.190 681.387 699.046 728.037
5 689.601 669.057 668.400 680.776 698.490 727.518
7 668.444 667.867 680.341 698.086 727.130
8 668.224 680.173 697.924 726.969
9 673.849 667.799 680.037 697.787 726.828
12 680.051 697.534 726.530

1T
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Figure 4.1. The Total Expected Cost Tc(m, N) for Different Values of m and N

R

(8,10,667.720)

T

P
2t

The mean system size corresponding to different states of the server

are presented in Table 4.2. The values of m and N for Tables 4.2 to 4.5 are

respectively 5 and 16.

Table 4.2 Expected System Size at Different Stages Vs Arrival Rate A

A P Laor Lbu Lset Lor Lbusy Lut Lve
0.25 0.45 3.684 0.340 0.050 3.063 1.236 0.0011 0.460
0.30 0.54 3.061 0.283 0.051 3.988 1.607 0.0014 0.599
0.35 0.64 2.442 0.227 0.048 5.193 2.092 0.0016 0.785
0.40 0.73 1.826 0.171 0.041 6.957 2.804 0.0015 1.069
0.45 0.82 1.215 0.114 0.031 10.109 4.080 0.0013 1.598
0.50 0.91 0.608 0.057 0.018 18.755 7.596 0.0008 3.108

The system size probabilities corresponding to different states of the

server are presented in Table 4.3. The Table shows that the server is busy for

more percentage of time as the arrival rate A increases.




Table 4.3. System Size Probabilities with Respect to A
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A Pdor Pouila Pset Por Pousy Pvi Pve
0.215 0.408 0.190 0.009 0.246 0.100 0.004 0.042
0.253 0.360 0.168 0.009 0.290 0.118 0.004 0.050
0.304 0.297 0.139 0.009 0.348 0.142 0.004 0.061
0.353 0.237 0.111 0.009 0.404 0.165 0.004 0.071
0.404 0.174 0.082 0.008 0.462 0.189 0.003 0.081
0.452 0.117 0.055 0.006 0.517 0.211 0.003 0.092
0.503 0.056 0.027 0.003 0.576 0.235 0.001 0.103

The values of Table 4.4 and Figure 4.4 show that the waiting line

increases if the arrival A increases or more customers offer the SOS facility.

Table 4.4. Mean System Size as the SOS Probability r Changes

N ' 0 0.3 05 07 1.0
0.215 8.377 8. 504 8.596 8.695 8.858
0.253 8.740 8.941 9.091 9.261 9.555
0.304 9.421 9.804 10.117 10.492 11.234
0.353 10.404 11.167 11.864 12.814 15175
0.404 12.042 13.799 15.782 19.343 38.624

Figure 4.4 Mean System Size Vs. r for Different Values of A
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It is important to study the effects of Bernoulli schedule control
probabilities (during busy period) p; (i = 1, 2, 3) on the mean system size. This
is because if the server takes vacations often between services then the
expected system size will increase. The Table 4.5 confirms this. The optimal
system size for different values of pi(i= 1, 2, 3) and A are presented in

Table 4.5 and depicted graphically in Figure 4.5.

Table 4.5. Optimal System Size L(m",N")for Different Values of A and

pi(i=1,2,3)
A
(P1, P2, P3) ) 0.40 0.42 0.45 0.47 0.49
(0.5, 0.5, 0) 1 13.171 | 14.867 | 20.169 28.233 | 53.924
(0.3,0.1, 0.5) 0.9 12,518 | 13.284 | 15.424 17.933 | 22.317
(0.6, 0.1, 0.1) 0.8 12,502 | 13.261 | 15.380 17.860 | 22.182
(0.1,0.1,0.3) 0.5 12.487 | 13.018 | 14.690 16.324 18.738

Figure 4.5 Expected System Size Vs A for Different Values of p
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