Chapter 2

9.J and 7**-Closed Sets in Topological Spaces

§ 2.1. Introduction

In 1937, Stone introduced regular open sets and used it to define the semi-
regularization of a topological space. In 1968, Velicko proposed §-open sets which are
stronger than open sets. Levine has brought generalized closed sets in 1970. Dunham has
established a generalized closure using Levine’s generalized closed sets as Cl*.In 2016,
Annalakshmi has introduced regular*-open sets (r*-open sets) using CI*.In this Chapter, a
class of new sets namely n*-open sets,a union of r*-open sets, which is placed between
the classes of 6-open set and open set is introduced.lts basic properties are procured and
the concepts of n*-cluster point, n*-adherent point and a n*-derived set are introduced
and studied. In this Chapter, a new class of sets namely J-closed sets is initiated using
n*-open sets in topological spaces. This new concept is weaker than closedness and infact
it is weaker than g-closedness but stronger than gd-closedness which are essential to
characterize almost weakly Hausdorff spaces and thus the digital line. The properties and
relationships with other g-closed sets are analysed. The class of J-closed sets is placed
between that of generalized closed (g-closed) sets and generalized &-closed sets
(gd-closed). Changing the position of n*-Closure operator and n*-openness another two
concepts are introduced namely J*-closed sets and J**-closed sets and their status are
analysed and properties are obtained.Many interesting chararcterizations are
established.Finally in a semi-regular space,J,J* and J**-closed sets coincide which has to

be proved by Example.
8 2.2. n* -Open Sets

Definition 2.2.1. A subset D of a topological space (Y,0) is called n*-open set if it is a
union of regular*-open sets (r*-open sets).We denote the set of all n*-open sets in (Y,0)
by n*O(Y,0) or n*O(Y).
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Example 22.2. Let Y= {p,qr}, ={¢, Y. {p}.{a}.{p.q}}.Then r*O(Y) ={¢, Y,
{p}Aa}} n*O(Y) ={¢. Y, {p}{a}.{p.a}}

Theorem 2.2.3. Every 6-0open set is a n*-open set but not conversely.

Proof Let D be a d-open set.By definition of a 6-open set,D is a union of regular open
sets. Take xeD,then xeUBy,where By, is regular open. Since every regular open set is
regular*-open, [Theorem 3.12 (Annalakshmi,2016)] D is a union of regular*-open

sets. Thus D is a n*-open set. Hence every 6-0pen set is n*-open.

Counter Example 2.2.4. Let Y={p,q,r}, ={d, Y .{p}}. Then the subset {p} is a n*-open
set but it is not a 5-open set in(Y,Q).

Theorem 2.2.5. Every n*-open set is an open set but not conversely.

Proof Since every r*-open set is an open set [Theorem 3.15 (Annalakshmi,2016)],the
proof follows as in the proof of Theorem 2.2.3.

Counter Example 2.2.6. Let Y={p,q,r}, ¢={¢, Y, {p,q}}. Then the subset {p,q} is a

open set but it is not an*-open set in (Y,0).
Theorem 2.2.7. Every r*-open set is a n*-open set but not conversely.
Proof Follows from Definition 2.2.1.

Counter Example 2.2.8. Consider the Example 2.2.2.,the subset {p,q} is an*-open set

but it is not a r*-open set in (Y,2).

Note 2.2.9. From the above Theorems we get the following implication diagram.

semi-pre-open

f

semi -open

n-open — regularopen — §-open —> mn*-open —> Oopen —» a-Open

~ _— /l\

regular*-open g-open &-open pre-open
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Theorem 2.2.10. (a) In any topological space (Y,{), Y and ¢ are n*-open sets.
(b) Any arbitrary union of n*-open sets is a n*-open set.

(c)The finite intersection of n*-open sets is a n*-open set.

Result 2.2.11. n*O(Y, {) forms a topology which is finer than  and coarser than Ts.
n*-Interior Operator

Definition 2.2.12. For a subset D of a topological space (Y,{),n*-Interior of D is the
union of all n*-open sets of Y contained in D.We denote by the symbol n*-Int(D).

Result 2.2.13. (i) n*-Int(D) is n*-open.
(i1) n*-Int(D) is the maximum n*-open set contained in D.
Theorem 2.2.14. D is n*-open iff D =n*-Int(D).

Proof (=) Let D be n*-open. As n*-Int(D) is the maximum n*-open set contained in D,
n*-Int(D) = D.

(&) Let D = n*-Int(D).Since n*-Int(D) is the union of all n* -open sets of Y contained
in D.Then D is n*-open.

Properties 2.2.15. In any topological space (Y,), if D and E are subsets of Y then

we get the following :
a. n*-Int(¢) = ¢
b. n*-Int(Y)=Y
c. n*-Int(D) <€D
d. D E E = n*-Int(D) € n*-Int(E)
e. Int(n*-Int(D)) € Int(D)
f. aInt(D)<S n*-Int(D)< Int(D) €D

g- n*-Int(Ujce{ Di}) = Ujeen™ — Int({D;})
h. n*-Int(DNE) = n*-Int(D) N n*-Int(E).
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n*-Closed Sets

Definition 2.2.16. The complement of a n*-open set is called a n*-closed set. We
denote n*-closed sets in (Y,0) by n*C(Y,0) or n*C(Y).

Theorem 2.2.17. Every n*-closed set is closed but not conversely.

Proof Let D be a n*-closed set in (Y,),then Y—D is n*-open. By Theorem 2.2.5., Y—-D

is open and hence D is closed. Hence every n*-closed set is closed.

Counter Example 2.2.18. Let Y={p,q,r}, ={¢, Y.{p}.{p.q}}. Then the subset {r} is
closed but not n*-closed in (Y,0).

Theorem 2.2.19. Every 8-closed is n*-closed but not conversely.

Proof Let D be a 6-closed set in (Y,0),then X—D is &-open. By Theorem 2.2.3.,, Y-D is

n*-open and hence D is n*-closed. Hence every 6-closed is n*-closed.

Counter Example 2.2.20. Let Y={p,q,r}, ¢={¢, Y, {p}}.Then the subset {q,r} is a

n*-closed set but it is not a d-closed set.

Note 2.2.21. From the above Theorems we get the following diagrammatic

implications:

semi-closed — semi pre-closed

f

d-closed — n*-closed —» closed —» a-closed

'

pre-closed

Remark 2.2.22. The family of n*-closed sets is properly placed between the family

of &-closed sets and closed sets.
Lemma 2.2.23. In a T2 -space, n*-closed sets coincide with §-closed sets.

Proof In a Tip-space,g-closed sets coincide with closed sets. Therefore generalized
closure of a set coincides with closure of a set. Hence regular*-open sets are regular open

sets in Tip -spaces and n*-closed sets coincide with 5-closed sets.
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Example 2.2.24. Let Y={p,q.r},¢ ={¢, Y, {p}.{a}.{p.a}.{p.r}}.Here ¢° = gC(Y.{) = {¢,
Y, {a}.{r}.{a,r}.{p.r}} represents a Ti2-space and also n*C(Y,() = oC(Y,0) = {¢, Y,

{9Hp.r}}.

The converse of Lemma 2.2.23. is not true which is proved by the following Counter

Example.

Counter Example 2.2.25. Let Y={p,q,r},¢ ={d, Y, {p,q}}.Here n*C(Y,0) = 6C(Y,0)
={¢, Y} but it is not a T1.-space.

Lemma 2.2.26. If a space is a semi-regular space, then n*-closed sets coincide with

closed sets.

Proof By Note 2.2.21.,6 closed —» n*- closed — closed.In a semi-regular space,

d-closed sets coincide with closed sets.Hence n*-closed sets coincide with closed sets.

n*-Closure Operator

Definition 2.2.27. The intersection of all n*-closed sets of Y containing D is called as
the m*-Closure of D (n*-CI(D)).

Note 2.2.28. n*-CI(D) is n*-closed.

Properties 2.2.29. In any topological space (Y,{),we get the following result hold:

a. n*-Cl(@) =0

b. n*-Cl(Y)=Y

C. Dc n*-CI(D)

d. Dc E = n*-CI(D) < n*-CI(E),if D and E are subsets of Y

e. Dc CI(D) < n*-CI(D) < 6CI(D)

f. n*-ClI(D U E) = n* -CI(D) U n* -CI(E),if D and E are subsets of Y

g n*-Cl(Njee {D;}) = Niee M*-Cl ({D;})
h.  CI(D) < Cl(n*-CI(D)).

Remark 2.2.30. In any topological space (Y, Q) , (i) n*-(n*-CI(D)) = n*-CI(D)

(i) n*-CI(D) =D iff D is n*-closed.
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Definition 2.2.31. Let C Y. An element xeY is called a n*-adherent point of C if

every n*-open setin Y containing X intersects C.

Definition 2.2.32. Let C be a subset of the topological space (Y,0).A point XY is called
a n*-cluster point of C if for every n*-open set V containing X intersects C in a point

different from x.

Definition 2.2.33. We denote the set of all n*-cluster points of C by n*-D(C).

Definition 2.2.34. Let C be a subset of a topological space (Y,0).Then the subset M of
Cis n*-openin Cif C=MnN V where V is n*-openinY.

Definition 2.2.35. Let C be a subset of a topological space (Y,{).For a subset M of C,
n*-Closure of M in C denoted by n*-Clc(M) = n*-CI(M) n C.

Theorem 2.2.36.

) *-CI(D))" = n*-Int(D°)
(i) m*Int(D))* = n* -CI(D")

Proof (i) Let xe(n*-CI(D))° which implies xg n*-CI(D) iff there exists atleast one
n*-open set VV containing x such that DNV= @ and VED® such that xeVED° iff

X€ n*-Int(D°).

(ii) Let xen*-CI(D®) which implies every n*-open set V containing X intersects D¢
< V& Dthat is, union of n*-open sets containing X is not contained in D <

xg n*-Int(D),that is, x€( n*-Int(D))".

8 2.3. J-Closed Sets in Topological Spaces

In this section a new class of generalized closed sets, called J-closed sets are
introduced. The relations between J-closed sets and various existing closed sets are

analysed.
Definition 2.3.1. A subset D of a topological space (V) is said to be J-closed set if

CI(D) € M whenever D € M, where M is n*-open in (Y,{). The class of all J-closed sets

of (Y,0) is denoted by JC(Y,0).

Proposition 2.3.2. Every closed set is J-closed but not conversely.
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Proof Let D be a closed set and M be any m*-open set containing D. Since D is closed,
CI(D) =D. Therefore CI(D) =D Z M. Hence D is J-closed.

Counter Example 2.3.3. Let Y = {p,q,r}, ¢ = {,Y, {p}.{p.q}} n*O(Y,0) = {¢,Y .{p}}
and JC(Y,¢) = P(Y) —{p}. The subset {q} is J-closed but not closed.

Proposition 2.3.4. Every 6-closed set is J-closed but not conversely.

Proof Let D be a 8- closed set and M be any n*-open set containing D. Since D is
d-closed, 6CI(D)=D. Therefore 5CI(D) = D & M.As CI(D) < 3CI(D),D is J-closed.

Counter Example 2.3.5. Consider Counter Example 2.3.3.The subset {r} is J-closed

but not 5-closed.
Proposition 2.3.6. Every g -closed set is J-closed but not conversely.

Proof The proof follows from the facts that (i) n*-open set —» g-open set [ By Note
2.2.9.]. (ii) CI(D) < 6CI(D) and from the definitions of 5g"-closed sets and J-closed sets.

Counter Example 2.3.7. LetY ={p,q,r},¢ ={¢, Y, {p}, {p.a}, {p.r}}. Then the subset
{q} is J-closed but not g -closed in (Y,0).

Proposition 2.3.8. Every dg-closed set is J-closed but not conversely.

Proof The proof follows from the facts that (i) n*-open set —» open set [ By Theorem
2.2.5.]. (ii) CI(D) < 8CI(D) and from the definitions of 6g-closed sets and J-closed sets.

Counter Example 2.3.9. Let Y={p,q,r},;={¢, Y,{p}.{p.a}.{p.r}}. Then the subset {q}
is J-closed but not 6g-closed in (Y,).

Proposition 2.3.10. Every g-closed set is J-closed but not conversely.

Proof The proof follows from the fact that n*-open set —» open set [ By Theorem

2.2.5.] and from the definitions of g-closed sets and J-closed sets.

Counter Example 2.3.11. LetY ={p,q,r}, (= {0, Y, {p}.{p.a}}. The subset {q} is

J-closed but not g-closed.

Proposition 2.3.12. Every J-closed set is go-closed but not conversely.
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Proof The proof follows from the fact that n*-open set —» open set [ By Theorem

2.2.5.] and from the definitions of J-closed sets and gd-closed sets.

Counter Example 2.3.13. LetY ={p,q,r}, ¢={¢, Y.{p}, {p.q}}.Then the subset {p} is
gd-closed but not J-closed in (Y,2).

Proposition 2.3.14. Every g*-closed set is J-closed but not conversely.

Proof The proof follows from the fact that n*-open set —» g-open set [ By Note
2.2.9.] and from the definitions of g*-closed sets and J-closed sets.

Counter Example 2.3.15. LetY ={p,q,r}, ¢={d, Y, {p}.{p.q}}. The subset {q} is

J-closed but not g*-closed.
Proposition 2.3.16. Every g-closed set is J-closed but not conversely.

Proof The proof follows from the fact that n*-open set —» semi-open set [ By Note
2.2.9.] and from the definitions of g-closed sets and J-closed sets.

Counter Example 2.3.17. LetY = {p,a.r}, ¢= {4, Y, {p}.{p.a}}. The subset {q} is

J-closed but not g -closed.
Proposition 2.3.18. Every *g-closed set is J-closed but not conversely.

Proof The proof follows from the fact that n*-open set —» g-open set [ By Note

2.2.9.] and from the definitions of *g-closed sets and J-closed sets.

Counter Example 2.3.19. LetY = {p,a.r}, ¢= {4, Y, {p}.{p.a}}. The subset {q} is

J-closed but not *g-closed.

Remark 2.3.20.

g*-closed— *g-closed \ closed

d - closed —dg"- closed —» g - closed —» g -closed — J - closed —» gé -closed

7

Proposition 2.3.21. Every J-closed set is rg-closed but not conversely.

g-closed
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Proof The proof follows from the fact that regular open set — n*-open set [ By Note
2.2.9.] and from the definitions of J-closed sets and rg-closed sets.

Counter Example 2.3.22. Let Y={p,q,r},¢ ={¢, Y, {p}.{p.q}}. Then the subset {p} is
rg-closed but not J-closed in (Y,0).

Proposition 2.3.23. Every J-closed set is gpr-closed but not conversely.

Proof The proof follows from the facts that (i) regular open set —» n*-open set [ By
Note 2.2.9.] (ii) pCI(D) < CI(D) and from the definitions of J-closed sets and gpr-closed

sets.

Counter Example 2.3.24. Let Y={p,q.,r},¢ ={¢, Y.{p}.{a}.{p.q}} Then the subset
{p,q} is gpr-closed but not J-closed in (Y, ).

Proposition 2.3.25. Every J-closed set is rwg-closed but not conversely.

Proof Let D be J-closed and M be any regular open set containing D in Y. By Note
2.2.9., every regular open set is n*-open and D is J-closed, CI(D) Z M. As int(D) < D.
We have Cl(int(D)) € CI(D) € M and hence D is rwg-closed.

Counter Example 2.3.26. Let Y={p,q,r},¢ ={¢, Y.{p}.{a}.{p.a}}. Then the subset
{p,q} is rwg -closed but not J-closed in (Y,0).

Proposition 2.3.27. Every J-closed set is gspr-closed but not conversely.

Proof The proof follows from the facts that (i) regular open set —» n*-open set [ By
Note 2.2.9.] (ii) spCI(D)< CI(D) and from the definitions of J-closed sets and gspr-

closed sets.

Counter Example 2.3.28. LetY = {p,q,r}, ¢ = {¢, Y.{p}.{a}.{p.q}}. Then the subset
{q} is gspr-closed but not J-closed in (Y,0).

Proposition 2.3.29. Every J-closed set is ag-closed but not conversely.

Proof The proof follows from the fact that t-open set —» n*-open set [ By Note 2.2.9.]

and from the definitions of J-closed sets and mg-closed sets.

Counter Example 2.3.30. Let Y={p,q,r},¢ ={d, Y.{p}, {p.q}}. Then the subset {p} is
ng-closed but not J-closed in(Y,2).
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Proposition 2.3.31. Every J-closed set is mgp-closed but not conversely.

Proof The proof follows from the facts that (i) m-open set —» n*-open set [ By Note
2.2.9.] (it) pCI(D) < CI(D) and from the definitions of J-closed sets and mgp-closed sets.

Counter Example 2.3.32. Let Y={p,q,r},¢ ={¢, Y.{p}, {p.q}}Then the subset {p} is
ngp-closed but not J-closed in (Y,0).

Proposition 2.3.33. Every J-closed set is mgsp-closed but not conversely.

Proof The proof follows from the facts that (i) m-open set —» n*-open set [ By Note
2.2.9.] (i) spCI(D) c CI(D) and from the definitions of J-closed sets and ngsp-closed sets.

Counter Example 2.3.34. LetY ={p,q,r},{ ={¢, Y, {p}, {a}, {p.a}}. Then the subset
{p} is mgsp-closed but not J-closed in (Y,Q).

Proposition 2.3.35. Every J-closed set is wgs-closed but not conversely.

Proof The proof follows from the facts that (i) m-open set —» n*-0open set [ By Note
2.2.9.] (i) sCI(D) < CI(D) and from the definitions of J-closed sets and mgs-closed sets.

Counter Example 2.3.36. Let Y={p,q,r},¢ ={¢, Y, {p}, {a}.{p.q}}. Then the subset
{p} is ngs-closed but not J-closed in (Y,J).

Proposition 2.3.37. Every J-closed set is mga-closed but not conversely.

Proof The proof follows from the facts that (i) m-open set —» n*-open set [ By Note
2.2.9.] (ii) aCl(D) < CI(D) and from the definitions of J-closed sets and mga-closed sets.

Counter Example 2.3.38. Let Y={p,q,r},¢ ={¢, Y, {p}.{p,a}}. Then the subset {p} is
nga-closed but not J-closed in (Y,2).

Remark 2.3.39. From the above discussions, the class of J-closed sets is stronger

than that of the given g-closed sets in the following figure.
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rwg-closed ng-closed nga-closed
gspr-closed J-closed » gpr-closed
ngp-closed rg-closed
ngs-closed » ngsp-closed

Remark 2.3.40. The following counter examples show that J-closed set is

independent from gs-closed, #gs-closed, g*s-closed, 8g*-closed set and ag-closed sets.

Counter Example 2.3.41. Let Y={p,q,r},¢ ={¢, Y, {p}.{a}.{p.q}}. The subset {p} is

gs-closed, #gs-closed, g*s-closed but not J-closed in (Y,0).

Counter Example 2.3.42. Let Y={p,q,r},0 ={¢, Y, {p.q}} The subset {p} is J-closed
but not gs-closed, #gs-closed, g*s-closed in (Y,0).

Counter Example 2.3.43. Let Y={p,q,r,s},¢ ={¢, Y, {p}}. The subset {p} is not
J-closed but it is 8g*-closed in (Y,0).

Counter Example 2.3.44. Let Y={p,q,r,s},{={9, Y, {p}.{r}.{p.a}.{p.r}.{p.a.r}.{p.r.s}}
The subset {q} is J-closed but not 8g*-closed in (Y,0).

Counter Example 2.3.45. Let Y={p,q,r},¢ ={¢, Y, {p}.{p.q}} The subset {p,q} is
J-closed but not ag-closed in (Y,Q).

Counter Example 2.3.46. Let Y={p,q,r,s},¢ ={¢, Y, {p}.{p.q}}. The subset {q} is
ag-closed but it is J-closed in (Y,2).

Remark 2.3.47. From the above discussions, we get J-closed sets are isolated from

the following g-closed sets.
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gs-closed ! > J-closed «——>(  #gs-closed

g*s-closed 8g*-closed
ag-closed

Properties of J-Closed Sets in Topological Spaces

Theorem 2.3.48. The finite union of J-closed sets is J-closed.

Proof Let {D;}/-, be a finite class of J-closed sets of (Y,(). Let D = U], D;. Let M be a
n*-open set containing D. This implies D; € M for every i. By assumption CI(D;) <M
for every i. This implies UL, CI(D;) <M. Then CI(U}L,D;)C M. Thus CI(D) < M.

Hence finite union of J-closed sets is J-closed in (Y,0).

Remark 2.3.49. The following Counter Example shows that the finite intersection

of J-closed sets need not be J-closed.

Counter Example 2.3.50. Let Y={p,q,r},¢={¢, Y, {p}.{p,q}}. Here JC(Y,0) = P(Y) -
{p}.Take A ={p.q} and B = {p,r} are J-closed sets. Then A N B ={p} is not J-closed.

Theorem 2.3.51. The intersection of a J-closed set and a &-closed set is always

J-closed.

Proof Let D be J-closed and F be 6-closed. Let V = D F.Take M to be n*-open such
that V < M. Then DN F < M which implies D ¢ MU F€. Here F€is 3-open. So F€is
n*-open. Hence MU F€ is n*-open (By Theorem 2.2.10.(b)) and by assumption D
MU F€which implies CI(D)c MuUF¢ and hence CI(D)NnFc M. Now CI(V) =
CI(DNF)c CI(D)NCI(F)< CI(D) n 8-CI(F)= CI(D)~ F< M. Thus CI(V) < M. Hence

DN F is J-closed.

Remark 2.3.52. The following Counter Example shows that an infinite countable

union of J-closed sets need not be J-closed.
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Counter Example 2.3.53. Consider R, the real line with the usual topology ¢. Set

D= Y{l}, N being the set of all positive integers. Clearly D is an infinite countable

neN

union of J-closed sets but D is not J-closed in (R,), since D < (0,2),0 € CI(D) =
ClI(D) & (0,2).

The following Counter Example shows that the difference of any two J-closed sets in

Y need not be J-closed.

Counter Example 2.3.54. LetY = {p,q,r,s }, ¢ = {Y, ¢,{p,q}}. Then the set {p,r} and
{p,s} are J-closed but their difference {p} is not J- closed in (Y,).

Theorem 2.3.55. Let D be a J-closed set of (Y,{). Then CI(D) — D does not contain a

non- empty n*-closed set.

Proof Suppose that D is J-closed, let M be a n*-closed set contained in CI(D) — D. Now
M€ is a n*-open set in Y such that D< M€, Since D is J-closed,CI(D) < M€.Thus McC

(CI(D))°. Also M € CI(D)~ D. Therefore M < (CI(D))° ~ CI(D) = ¢.Hence M = ¢.

Theorem 2.3.56. Let D be a J-closed set of (Y,{).Then D is closed iff CI(D) — D is

n*-closed.

Proof (Necessity): Let D be a closed subset of (Y,{).Then CI(D) = D and therefore CI(D)
— D = ¢ which is n*-closed.

(Suffficiency): Let CI(D) —D be n*-closed set. Since D is J-closed, by Theorem 2.3.55.,
CI(D)—D does not contain a non-empty n*-closed set which implies CI(D) —D = ¢. That is
CI(D) = D. Hence D is closed.

Proposition 2.3.57. If D is a n*-open set and a J-closed set of (Y,{), then D is a

closed set of .
Proof Since D is n*-open and J-closed, CI(D) < D. Hence D is closed in ().

Theorem 2.3.58. If D is J-closed and n*-open and F is closed in (Y,), then DN F is

closed.
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Proof Since D is J-closed and n*-open, D is closed by Proposition 2.3.57.Since F is

closedinY, DN Fisclosedin.

Proposition 2.3.59. If D is a J-closed set in a space (Y,{) and D< Bc CI(D) then B is

also a J-closed set.

Proof Let M be n*-open set of Y such that B M. Then D < M. Since D is J-closed set,
CI(D) < M. Since Bc< CI(D), CI(B) < CI(CI(D)) = CI(D).Hence CI(B) < M. Therefore B is

also a J-closed set.

Definition 2.3.60. Let B < A c Y. Then B is J-closed relative to A if Cla(B)< M,

whenever B < M, M is n*-open in A as in Definition 2.2.34.

Theorem 2.3.61. Let B < A < Y and suppose that B is J-closed in Y, then B is

J-closed relative to A. The converse is true if Ais closed in Y.

Proof Suppose that B is J-closed in Y. Let B < M, M is n*-open in A. Since M is
n*-open in AM =V A for some n*-open set V in Y. Hence B& Mc V. Since B is
J-closed in Y,CI(B)cV. Hence CI(B)n AcCVNA which in turn and hence
Cla(B) < V A=M. Therefore B is J-closed relative to A.

Now to prove the converse, assume that BC A Y where A is closed in Y and B is
J-closed relative to A. Let B& M, M is n*-open in Y. Then AN M is n*-open in A by
the definition of subspace topology.Since BC A and B&c M, B € An M. Since B is J-
closed relative to A, Cla(B) AnM.Since BC A, CI(B)< CI(A). Hence CI(B)C A.
Therefore CI(B) ~ A = CI(B) which implies Cla(B) = CI(B). Hence CI(B)c AN M=M.
Thus B is J-closed in Y.

Characterizations of J-Closed Sets

Theorem 2.3.62. In a Ti-space for a subset D the following are equivalent:

0] D is J-closed
(i)  Dis go-closed.

Proof (i) =(ii) By Proposition 2.3.12.,a J-closed set is a go-closed set.
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(i) =(i) Let D be go-closed, Dc M where M is n*-open. In a Tyz-space, n*-open sets
coincide with &-open sets (By Lemma 2.2.23.).Since D is go-closed, CI(D)c M = D is

J-closed.

Example 2.3.63. Consider Y={p,q,r},¢ ={¢, Y .{p}.{a}.{p.q}}.Here JC(Y, 7)) =gdoC(Y, Q)
={¢, Y. {r}{p.,r}.{a.r}}.(Y,Q) is a T -space.

Theorem 2.3.64. Let D be a subset of a semi-regular space (Y,{), then the following

are equivalent:

(a) D is 6g-closed
(b) D is g-closed
(c) D is J-closed
(d) D is go-closed.
Proof (a) = (b), (b) = (c) and (c) =(d) are true for any subset D by Theorem 3.1(iii)

of (Dontchev,1996), Proposition 2.3.10.and Proposition 2.3.12.In a semi regular

space,d-closed sets coincide with closed sets.Hence (d) = (a).

Corollary 2.3.65. Let D be a subset of a T1, -space and a semi-regular space (Y,),

then D is J-closed if and only if D is closed.

Proof The result follows from (b) & (c) of Theorem 2.3.64. and the fact that in a

Tu2 -space,g-closed sets coincide with closed sets.

Remark 2.3.66. In general the concepts of J-closed sets and 8g*-closed sets are not

equivalent. This concept is characterized in following two ways.

Corollary 2.3.67. J-closed sets are equivalent to 8g*-closed sets in semi-regular

spaces.

Proof By Theorem 2.3.64.,J-closed sets are equivalent to 6g-closed sets and gé-closed
sets.But dg-closed —> 8g*-closed —» gd-closed (Dontchev,1996).Hence Sg*-closed

sets equivalent to J-closed sets also.

But for a compact subset D of a space which is T12> and Rj, the concepts of J-closed

sets and 8g*-closed sets coincide. This can be seen in the following Theorem.
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A topological space (Y,{) is called Ri-space if every two different points with distinct
closures have disjoint neighbourhoods. (Davis,1961).

Theorem 2.3.68. For a compact subset D of a R1 -topological space (Y,(), every

J-closed set is a 8g*-closed set. The converse is true if (Y,J) is Taz.

Proof Let D be J-closed and D be a compact subset of R: -topological space (Y,0). Let
D < M, where M is 8-open. By Theorem 2.2.3., every 3-open set is n*-open ----- 1). In
R, -spaces the concepts of closure and §-closure coincide for compact sets (By Theorem
3.6 (Jankovic,1980)). Hence for a compact subset D,6CI(D) =CI(D) ----- (2).From (1)

and (2) and since D is J-closed, we get D is a 8g*-closed set.

Conversely let (Y,0) be T, and D be 8g*-closed.Let Dc M, where M is n*-open. By
Lemma 2.2.23.,, n*-open sets coincide with 8-open sets in Ti-spaces.By assumption,
dCI(D) € M which implies CI(D) €6CIl(D) € M. Then D becomes J-closed.

Corollary 2.3.69. In Hausdroff spaces, also a finite set is J-closed if and only if it

is 8g*-closed.
In Ts-spaces the equivalence in Theorem 2.3.64. becomes true.

Proposition 2.3.70. If a topological space (Y,{) is a Ts-space, then the following

conditions are equivalent:

(a) D is 6g-closed
(b) D is g-closed
(c) D is J-closed
(d) D is go-closed.

Proof (a) = (b), (b) = (c) and (c) =(d) are true for any subset D by Theorem 3.1(iii)
of (Dontchev,1996), Proposition 2.3.10.and Proposition 2.3.12.In Ts-space, a gé-closed
set is a o-closed set and by Theorem 3.1(i) of (Dontchev,2000), a d-closed set is a
dg-closed set. Hence (d) = (a).

Theorem 2.3.71. The following conditions (a) and (b) hold good.
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(a) For a topological space (Y,0),if Y is a partition space, then every subset of Y
is J-closed.

(b) The converse is true if Y isa Ty ,-space and a semi -regular space.

Proof (a) Let D be an arbitrary subset of Y and M be a n*-open set containing D.Since
n*-openness is openness and Y is a Partition space in which every open set is closed,M is
closed. Thus CI(D) < CI(M) =M. Hence every subset of (Y,{) is J-closed.

(b) Let D be an open set in (Y,0).By criteria,every subset of Y is J-closed. If (Y,) is Ty,
and semi regular, then J-closed sets and closed sets coincide [By Corollary 2.3.65.].

Hence D is closed in (Y,0). Thus (Y,0) is a partition space.

Note 2.3.72. The converse of Theorem 2.3.71.(a) is not true which is seen in the

following Counter Example.

Counter Example 2.3.73. Let Y={p,q,r},¢ ={¢, Y, {p,q}}.Here JC(Y,0) = P(Y).In this

space every subset is J-closed but it is not a partition space.

J-Open Sets

In this section we introduce the concept of J-open sets in topological spaces

and study some of their properties.

Definition 2.3.74. A subset D of a topological space (VY,{) is called J-open if its
complement D¢ is J-closed in (Y,0). The collection of all J-open sets in (Y,0) is denoted
by JO(Y,2).

Theorem 2.3.75. If a subset D of a topological space (Y,{) is open, then it is J-open in
Y.

Proof Let D be a open set in a topological space (Y,0). Then D¢ is closed in Y. By
Proposition 2.3.2., D¢ is J-closed in (Y,0). Hence D is J-open in (Y,).

Remark 2.3.76. The converse of the above theorem need not be true as seen in the

following Counter Example.
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Counter Example 2.3.77. Let Y={p,q,r,s}, ¢={d, X, {p}}. Then the subset {r} is J-open
but not open in (Y,0).

Theorem 2.3.78. If a subset D of a topological space (Y,Q) is 6-open, then it is J-open
inYy.

Proof Let D be a 8-open set in a topological space (Y,{). Then D¢ is 6-closed in Y. By
Proposition 2.3.4.,D¢ is J-closed in (Y,(). Hence D is J-open in (Y,0).

Remark 2.3.79. The converse of the above theorem need not be true as seen in the

following Counter Example.

Counter Example 2.3.80. Let Y={p,q,rs}, ¢={¢, Y, {p}}. Then the subset {r} is
J-open but not 3-open in (Y,0).

Proposition 2.3.81. Every clopen set is a J-open set.

Proof Let D be a clopen set in a topological space (Y,¢).Then CI(D) = D and int(D) = D.

Thus D is regular open and therefore D is 6-open which is J-open from Theorem 2.3.78.

Remark 2.3.82. A J-open set need not be clopen as seen from the following

Counter Example.

Counter Example 2.3.83. Let Y={p,q,r,s}, ¢={d, X, {p}}. Then the subset {r} is
J-open but not clopen in (Y,2).

The following Proposition can be proved similar to Theorem 2.3.75. and Theorem
2.3.78.

Proposition 2.3.84. Every dg*-open,dg-open,g-open set,g*-open set and *g-open set,
g-open sets is a J-open set and every J-open is gd-open (respectively gpr-open, rwg-

open, gspr-open, ag-open, tgp-open, gsp -0pen, gs-open, tga -o0pen).
Result 2.3.85. For asubset D of (Y,0), CI(Y - D) =Y - int(D).
Proof By Result 1.1.13.,it is obvious.

Theorem 2.3.86. A subset D of a topological space (Y,{) is J-open if and only if

G cint(D) whenever G € D and G is n*-closed.
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Proof Assume that D is J-open. Let G be a n*-closed set in (Y,{) contained in D. Then
D¢ is J-closed. Then G¢ 1is a n*-open set in (Y,) containing D€.Since D¢ is
J-closed,CI(D) < G° equivalently G < int(D).

Conversely assume that G < int(D) whenever G is contained in D and G is n*-closed in
(Y, 0). ()G € D> D¢ < G°, where G° is n*-open. (ii) G <int(D) = G¢ 2(int D)°
= CI(D®).Now (i) and (ii) = D°®is J-closed. Hence D is J-open.

Proposition 2.3.87. If int(D)< B < D and D is J-open in (Y,), then B is J-open in
(Y.0).

Proof Follows from Proposition 2.3.59. and Result 2.3.85.

Theorem 2.3.88. If A and B are J-open sets in (Y,{), then A N B is J-open in (Y,J).

Proof Let A and B be J-open sets in Y. Then Y — A and Y — B are J-closed sets and
(Y-A) U (Y-B)=Y-(A nB)isJ-closed. Hence A nB is J-open.

Theorem 2.3.89. If D is J-open in Y then the only n*-open set containing int(D) U
D¢ isY.

Proof Let D be a J-open set and G be n*-open and int(D) u D€ € G. This gives G¢ <
(int(D) U D)€ = (int(D))°~D = CI(D¢) — D<.Since D¢ is J-closed and G° is
n*-closed. From Theorem 2.3.55,, it follows that G¢ = @. Therefore G =Y.

Theorem 2.3.90. Every singleton set is either n*-closed or J-open in (Y,J).

Proof If {a} is n*-closed,then there is nothing to prove. Suppose that {a} is not
n*-closed in Y, then {a}° is not n*-open and the only n*-open set containing {a}° is the
space Y itself.That is {a}°<Y.Therefore CI({a}*) €Y. and so {a}° is J-closed and
hence {a} is J-open in (Y,Q).

Definition 2.3.91. The intersection of all n*-open subsets of Y containing D is called the
n*- kernel of D and is denoted by n*-ker(D).

[n*-ker(D) =n{ U/ Uis n*-openin (Y,() and DSU }].
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Note 2.3.92. Theorem 2.3.90. gives a decomposition for (Y,{) as Y = Y; U Y, where
Y; = {y € Y/ {y}isn*-closed} and Y, = {y € Y/ {y} is J-open}.

Theorem 2.3.93. For a subset D of (,), the following properties are equivalent :
(@) D isJ-closed
(b) CI(D) Sn*-ker(D) holds
() @(cDd)NnY, €D
(i) CI(D) N Y, < n*-Kker(D).

Proof (a) =(b) Letx & n*-ker(D).Then there exists a set U en*O(Y,{) such that Dc U
and x & U.Since D is J-closed, CI(D) <€ Uand so x ¢ CI(D). Hence CI(D) &n*-ker(D)
holds.

(b) = (a) Let U en*O(Y,Q) such that Dc U. Then we have that n*-ker(D) € U and so by
(b)CI(D) < U.Therefore, D is J-closed.

(b)=>(c) (i) LetxecCclD)nY, e (1)
x € CI(D)then by (b)x en*-ker(d) e (2)
1)=x€Y,{y}isn*closed e (3)

Ifx ¢ D and say that U =Y — {x} is an*-open set and Dc Y — {x}, n*-ker(D) c Y — {x}.

Then by (2) we have that x e Y — {x}, which is a contradiction. Therefore x € D.
i) D nY, < cqA®) (4)
(b)=> CI(D) € n*-ker(D)holds. e (5)
From (4) and (5) =CI(D) N Y, € n*-ker(D).
(c)=(b) C1(D)= CI(D) N Y

=CID)Nn(Y;UY,)

=(CI(D)NY;) U(CID) NYy)
S D un*-ker(D) (using (c)(i) and(ii))

Therefore CI(D) € n*-ker(D).
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Corollary 2.3.94. Let®? = {D € Y/CI(D) N Y, Sn*-ker(D)}.Then

(@ If NjeDj € Pand D, is J-closed in (Y,{) for each ithen N D; is
J-closed

(b) P =P (Y)and D; isJ-closed in (Y,Q) for each i eg, then N;c.D; IS
J-closed in (Y,Q)

(c) If CI(D;) N Y, &n*-ker(D;)and D; is J-closed in (Y,{) for each i eg,
then Njee D; is J-closed in (Y,Q).

Proof (a) By Theorem 2.3.93., CI(D;) nY; € D; for each iee. Then we have

CI(n D;) N Y; €N D; using assumption and Theorem 2.3.93.(c)(i), N D; is J-closed.
(b) and (c) follow from (a).
Theorem 2.3.95. If a subset D is J-closed in (Y,),then CI(D) —D is J-open.

Proof Let D be J-closed in (Y,{).Let M < CI(D) — D and M is n*-closed.Since D is
J-closed, CI(D)—D does not contain a non-empty n*-closed set (by Theorem
2.3.55.).Hence M = @.Thus M < int(CI(D)—D).Therefore CI(D)—D is J-open.

Remark 2.3.96. Finite union of J-open sets need not be a J-open set.It can be

proved by the following Counter Example.

Counter Example 2.3.97. LetY ={p,q,r,s }, ¢ ={Y, ¢o,{p}}.Here {g},{r} and {s} are

J-open sets.But their union {q,r,s} is not a J-open set.

8§ 2.4. J*-Closed Sets in Topological Spaces

This section contains perception of J*-closed sets along with the analysis of

this new concept with existing other closed sets.

Definition 2.4.1. Let DS Y. A subset D of (Y,() is known as J*-closed set if n*-CI(D)
< M whenever DcM, M € C.

Note 2.4.2. We represent the family of all J*-closed sets of (Y,{) by J*C(Y,Q).

Proposition 2.4.3. Every n*-closed set is a J*-closed set.
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Proof Let D be n*-closed. To prove D is J*-closed. Assume that M € ¢ containing D.
Since D is n*-closed, n*-CI(D) = D < M. Therefore D becomes J*-closed .

Proposition 2.4.4. Every J*-closed set is a g-closed set.

Proof Let D be J*-closed. To prove D is g-closed. Assume that M € C containing D.
Since D is J*-closed, n*-Cl(D)c M. By Note 2.2.21.,CI(D)c n*-CI(D).Therefore D

becomes g-closed.
Proposition 2.4.5. Every J*-closed set is a J-closed set.

Proof Let D be a J*-closed set. To prove D is J-closed. Assume that M is a n*-open set
containing D.By Note 2.2.9., every n*-open is open and D is J*-closed , n*-Cl(D) c M.
By Note 2.2.21.,CI(D) ¢ n*-CI(D).Therefore D becomes J- closed.

Proposition 2.4.6. Every J*-closed set is a «g- closed set.

Proof Given D is a J*-closed set. To prove D is an ag- closed set. Assume that M €
containing. D.Since D is J*closedn*-CI(D)cM. By Note 2221,
aCl(D) ¢ n*-CI(D).Therefore D becomes ag- closed.

Proposition 2.4.7. Every J*-closed set is a g6- closed set.

Proof Given D is a J*-closed set. To prove D is a gé- closed set. Assume that M 2 D,
d-open. By Note 2.2.9., every 6-open set is an open set and D is J*-closed, n*-Cl(D) c M.
By Note 2.2.21.,CI(D) c n*-CI(D),CI(D) c M. Hence D becomes gé- closed.

Proposition 2.4.8. Every é-closed set is a J*-closed set.

Proof Given is a 6- closed set. To prove D is a J*-closed set. Assume that M €
containing D. Since 6CI(D) = Dc M. By Note 2.2.21.,we get n*-Cl(D) < 6CI(D).This

makes D, a J*-closed set.
Proposition 2.4.9. Every 8g -closed set is a J*-closed set.

Proof Given D is a 8g"- closed. To prove D is a J*-closed set. That is to prove n*-CI(D)

< M whenever Dc M, M € . Assume that M € C containing D.As every open set is a
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g-open set and D is 8g"- closed, CI(D)c M. As n*-CI(D) c 8CI(D) [By Note 2.2.21.]

which implies n*-Cl(D) c M implies D becomes J*-closed .
Proposition 2.4.10. Every dg-closed set is a J*-closed set.

Proof Given D is a dg- closed. To prove D is a J*-closed set. Assume that M €
containing D.As D is dg- closed, 6Cl(D)c M. As n*-CI(D) < 8CI(D) [By Note 2.2.21.]

which implies n*-Cl(D)< M implies D becomes J*-closed .

Remark 2.4.11. From the above Lemmas and Propositions, the following
implications among various closed sets are obtained.

n*-closed — closed

|

d-closed —» 8g -closed —> dg-closed —»J*-closed —>  g-closed — J- closed

|

«g- closed go- closed
Proposition 2.4.12. Every J*-closed set is a rg- closed set.

Proof Given Disa J*-closed set. To prove D is a rg- closed set. Assume that Dc M, M

is regular -open. By Note 2.2.9..every regular open is open and D is J*-closed,
n*-CI(D)cM. By Note 2.2.21.,CI(D)cn*-CI(D),CI(D)cM. Hence D becomes

rg-closed.
Proposition 2.4.13. Every J*-closed set is a gpr- closed set.

Proof Given D is a J*-closed set, and M 2D ,regular open in Y. By Note 2.2.9., every
regular open set is an open set and D acts as J*-closed, n*-CI(D)c M. As
pCI(D) cn*-CI(D) [ By Note 2.2.21.] which implies pCI(D)< M implies D becomes

gpr-closed.

Proposition 2.4.14. Every J*-closed set is a rwg- closed set.
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Proof Given D is a J*-closed set. Consider M is a regular-open set containing D. By
Note 2.2.9.,every regular open set is open and D is J*-closed , we get n*-CI(D) c M. As
int(D)c D. we have n*-Cl(int(D))cn*-CI(D)cM --- (1) (By Properties 2.2.29.d.).
Moreover CI(D)c n*-CI(D) and hence CI(int(D))c n*-Cl(int(D)) --- (2).From (1) and
(2), Cl(int(D)) = M. Hence D is rwg-closed.

Proposition 2.4.15. Every J*-closed set is a gspr- closed set.

Proof Let D be J*-closed , and D < M which is any regular open set in Y. By Note
2.2.9., every regular open set is open and as D is J*-closed, n*-Cl(D)c M. As spCI(D)c
n*-Cl(D) [By Note 2.2.21.]. we get spCI(D) < M which implies D is gspr -closed.

Proposition 2.4.16. Every J*-closed set is a wg- closed set.

Proof Given D is a J*-closed set. Let M be a m-open set containing D. By Note
2.2.9.,every m-open set is open and as D is J*-closedn*-CI(D)c M. By Note
2.2.21.,CI(D)c n*-CI(D),ClI(D) < M and hence D is ntg- closed.

Proposition 2.4.17. Every J*-closed set is a wgp- closed set.

Proof Given D is a J*-closed set. Let M be a m-open set containing D. By Note
2.2.9.,every m-open set is open and as D is J*-closed, n*-CI(D)c M. As pCI(D)c
n*-Cl(D) [By Note 2.2.21.] which implies pCI(D)< M .Hence D is ngp- closed.

Proposition 2.4.18. Every J*-closed set is a wgsp- closed set.

Proof Given D is a J*-closed set. Let M be a m-open set containing D. By Note
2.2.9.,every m-open set is open and as D is J*-closed , n*-Cl(D)c M. As spCI(D)c
n*-Cl(D) [By Note 2.2.21.] which implies spCIl(D) < M and hence D is ntgsp- closed.

Proposition 2.4.19. Every J*-closed set is a wtgs- closed set.

Proof Given D is a J*-closed set. Let M be a m-open set containing D. By Note
2.2.9.,every m-open set is open and as D is J*-closed, n*-CI(D)c M. As sCI(D)c
n*-Cl(D) [By Note 2.2.21.] which implies sCI(D)< M and hence D is ngs- closed.

Proposition 2.4.20. Every J*-closed set is a aga- closed set.
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Proof Given D is a J*-closed set. Let M be a mn-open set containing D. By Note 2.2.9.,
every m-open set is open and as D is J*-closed, n*-Cl(D) < M. As aCl(D)c n*-CI(D) [By
Note 2.2.21.]. We get aCl(D)c M and hence D is mtga- closed.

Proposition 2.4.21. Every J*-closed set is a gs- closed set.

Proof Given D is a J*-closed set. Assume that M is an open set containing D.Since D is
J*-closed , n*-Cl(D) c M. As sCI(D) cn*-CI(D) [By Note 2.2.21.]. We get sCI(D)cM

implies that D becomes gs-closed.
Proposition 2.4.22. Every J*-closed set is a gsp- closed set.

Proof Given D is a J*-closed set. Let M be an open set containing D.Since D is
J*-closed , n*-CI(D) c M. As spCl(D) cn*-CI(D) [By Note 2.2.21.]. We get spCI(D)c M

implies that D becomes gsp-closed.

Note 2.4.23. The following Counter Examples explain the converse of the above

Propositions need not be true.

Counter Example 2.4.24. Consider Y={p,q,r}, ¢={¢, Y, {r.p}.{p}.{p.q}}.Analysing

we get {q} < Y happens to be g-closed not satisfying the condition for J*-closed.

Counter Example 2.4.25. Consider Y={p,q,r}, ¢={¢, Y, {p,q}}. Analysing we get {q}

C Y happens to be J-closed not satisfying the condition for J*-closed.

Counter Example 2.4.26. Consider Y={p,q,r}, ¢={¢, Y, {p}.{p.q}}.Analysing we get

{g} € Y happens to be ag-closed not satisfying the condition for J*-closed.

Counter Example 2.4.27. Consider Y={h,m,t},¢={¢, Y,{h}, {h,m}}. Analysing we get
{h} € Y happens to be gé- closed not satisfying the condition for J*-closed.

Counter Example 2.4.28. Consider Y={p,q,r}, ¢ ={¢,Y,{p}}.Analysing we get {q} <

Y happens to be J*-closed not satisfying the condition for 3-closed.

Counter Example 2.4.29. Consider Y={p,q,r},(={¢, Y, {p}}.Analysing we get {q,r}<

Y happens to be J*-closed not satisfying the condition for g -closed.
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Counter Example 2.4.30. Consider Y={jkI1},¢ ={¢, Y, {i}.{i.k}}.Analysing we get
{i} € Y happens to be rg-closed not satisfying the condition for J*-closed in (Y,).

Counter Example 2.4.31. Consider Y={m,n,0},¢ ={¢, Y ,{m},{n},{m,0}}.Analysing we

get {m,0} < Y happens to be gpr- closed not satisfying the condition for J*-closed .

Counter Example 2.4.32. Consider Y={p,q,r},¢ ={¢, Y.{a}.{a,p}.{p}}. Analysing we
get {qg,p} S Y happens to be rwg- closed not satisfying the condition J*-closed in (Y ,0).
Counter Example 2.4.33. Consider Y={p,q,r},¢ ={¢, Y.{p}.{p.a}.{qa}}. Analysing we
get {q} < Y happens to be gspr- closed not satisfying the condition for J*-closed.
Counter Example 2.4.34. Consider Y={e,f,g},C ={¢, Y,{e}.{e,f}}. Analysing we get
{e} € Y happens to be ng- closed not satisfying the condition for J*-closed.

Counter Example 2.4.35. Consider Y={p,q,r},¢ ={¢, Y .{p}.{p.q}}.Analysing we get
{g} < Y happens to be ngp- closed(resp. gsp-closed) not satisfying the condition for
J*-closed.

Counter Example 2.4.36. Consider Y={r,s,t},C ={¢, Y {r,s},{s}.{r}}. Analysing we get
{r} € Y happens to be ngsp- closed not satisfying the condition for J*-closed.

Counter Example 2.4.37. Consider Y={d,e,f},¢ ={¢, Y,{e},{d}.{d,e}}. Analysing we
get {e} € Y happens to be ngs- closed not satisfying the condition for J*-closed .
Counter Example 2.4.38. Consider Y={p,q,r},¢ ={¢, Y, {p}.{p.q}}. Analysing we get
{p.q} € Y happens to be nga- closed not satisfying the condition for J*-closed.

Counter Example 2.4.39. Consider Y={p,q,r},¢ ={¢, Y, {p}.{p.q}}.Analysing we get
{g} € Y happens to be gs- closed not satisfying the condition for J*-closed.

Remark 2.4.40. The above results are given in the following diagram.

gpr closed rwg- closed ng- closed gspr- closed

/ gsp-closed

nga- closed <———— Nig[eNTe —» gs-closed

N

rg- closed ngp- closed  mgs- closed — mgsp- closed
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Remark 2.4.41. The following counter-examples explain that J*-closed set is not

equivalent of closed,#gs- closed and g*s- closed sets.

Counter Example 2.4.42. Consider Y={a,m,p},¢ ={d, Y, {a},{a,m}}.Analysing we get

{a,p} € Y happens to be J*-closed not satisfying the condition for closed.

Counter Example 2.4.43. Consider Y={r,s,t},C ={¢,Y {r}.{r,s}.{r.t}}.Analysing we get

{s} € Y happens to be closed not satisfying the condition for J*-closed .

Counter Example 2.4.44. Consider Y={k,I,m},i={¢, Y .{k}{1},{k,1}}.Analysing we get
{k} € Y happens to be not satisfying the condition for J*-closed but it is #gs- closed and

g*s- closed.

Counter Example 2.4.45. Consider Y={u,v,w},¢ ={¢, Y, {u},{v,w}}. Analysing we get

{u,w} € Y happens to be J*-closed not satisfying the condition for g*s- closed.

Counter Example 2.4.46. Consider Y={p,q,r,s},¢ ={¢, Y,{p}}.Analysing we get
{p,q,r} € Y happens to be J*-closed not satisfying the condition for #gs- closed.

Remark 2.4.47. From the above discussions, we get J*-closed sets is independent
with the following g-closed sets.

J*-closed

#gs-closed

Properties of J*-Closed Sets

Theorem 2.4.48. The finite union of J*-closed sets is J*-closed.
Proof Let {D;}, be a finite class of J*-closed sets of (Y,(). Let D = U}~ D;. Let M be
an open set containing D. This implies D; € M for every i. By assumption n*-Cl(D;) €M

for every i. This implies U, n* —Cl(D;) <M. Then n*-Cl(Ux,;D;)CM (By
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Properties 2.2.29.f.).Thus n*-ClI(D) < M. Hence finite union of J*-closed sets is
J*-closed in (Y,0).

Result 2.4.49. The following Counter Example shows that finite intersection of any
two J*-closed sets in Y need not be J*-closed.

Counter Example 2.4.50. LetY = {p,q,r.s }, ¢ ={Y, ¢,{p}}. Consider D and E are
subsets of Y. Then the set {p,q} and {p,r} are J*-closed but the intersection DNE = {p} is
not J*-closed in (Y,Q).

Note 2.4.51. The next Counter Example explains the difference of two J*-closed

sets in Y need not be J*-closed.

Counter Example 2.4.52. Take Y = {t,u,v,w }, ¢ = {Y, ¢,{t,u}}. Then the set {t,v} and
{t,w} are J*-closed but their difference {t} is not J*-closed in (Y,Q).

Theorem 2.4.53. If D is a J*-closed and F is n*-closed, then, DN F becomes

J*-closed.

Proof Assume D is J*-closed and F be n*-closed. Let V = Dn F.Let M be open such
that V < M. Then , DN F <M which implies D cMuU F€. Here F€ is n*-open. So F¢ is
open (By Theorem 2.2.5.) and by assumption D is J*-closed which implies n*-Cl(D) <
MU F¢ that is n*CID)NFcM  ----- (1).Hence n*-CI(V) = n*-CI(DNF) =
n*-ClI(D) n n*-CI(F) [By Properties 2.2.29. g] = n*-CI(D)~ F< M from (1).Therefore
n*-Cl(V) < M. Hence DN F becomes J*-closed .

Theorem 2.4.54. Every J*-closed set, then n*-CI(D) — D € M, where M is a non-
empty closed set.

Proof Consider D is J*-closed , and M acts as a closed set. Then M € n*-CI(D) — D.
Now M € such that Dc M€ Since D is J*-closed, n*-CI(D) <M€¢Thus M <
(n*-CI(D))°. Also M € n*-CI(D) — D.Therefore M < (n*-Cl(D))°n n*-CI(D) =¢. Hence
M =¢.

Proposition 2.4.55. If D is an open set and a J*-closed set of (Y,J), is a n*-closed set
of Y.

Analysis of Some Generalized Closed Sets Using n*-Closure Operator 90



Chapter 2

Proof Since D is open, and J*-closed , n*-Cl(D) c D. Always D c n*-CI(D). Hence D is
n*- closed in (Y,0).

Theorem 2.4.56. If D is a J*-closed and open and F is n*-closed in (Y,{), then DNF

becomes n*- closed.

Proof Given D is J*-closed and open, D is n*-closed by Proposition 2.4.55. By
assumption F is n*-closed in Y, DNF is n*-closed in Y (By Theorem 2.2.10.(c)).

Proposition 2.457. If D is a J*-closed set in (Y,{) and DEBcn*-CI(D) then B
becomes also a J*-closed set.

Proof Assume D is a J*-closed set in (Y,0). Consider M is an open set of Y such that B
<M implies Dc M. Since D is J*-closed set, n*-Cl(D)c M. Since Bc n*-CI(D),
n*-ClI(B) ¢ n*-Cl(n*-Cl(D)) = n*-CI(D) [by Remark 2.2.30.(i)] Hence n*-CI(B) < M.

Therefore B is also a J*-closed set.

Definition 2.4.58. Let OSNCY. Then O is J*-closed relative to N if n*-CIn(O)c M

whenever O < M, M € Cin N.

Theorem 2.459. Let OcNCcY and consider that O is J*-closed in Y, then O is

J*-closed relative to N. The converse is true if N is n*-closed Y.

Proof Suppose that O is J*-closed in Y. Let OSM,Me C in N. Since Me ¢ in N,
M = VNN where Ve C in Y. Hence OSMCcV. Since O is J*-closed in Y, n*-CI(O) c
V.Hence n*-CI(O) NN < VVnN which gives n*-CIn(O) < VNN = M.Hence O is J*-closed

relative to N.

Now to prove the reverse, assume that OSNCY where N is n*-closed in Y and O is
J*-closed relative to N.Let OSM, Me C in Y. Then N n MeC in N by subspace
topology definition. Since OSN and OcM, OSN n M. Since O is J*-closed relative to
N, n*-CIn(O)c N n M.Since OQN' n*-Cl(O)c n*-CI(N). Hence n*-CI(O)c<N.
Therefore n*-CI(O)n N = n*-CI(O) which implies n*-CIn(O) = n*-CI(O).Hence
n*-Cl(O)c NN M =M. Thus Ois J*-closed in Y.
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Theorem 2.4.60. If D acts as a J*-closed set of (Y,{),then D is n*- closed iff
n*-CI(D) — D is closed.
Proof (Necessity) Consider D is a n*-closed subset of (Y,0).Then n*-CI(D) = D and
therefore n*-Cl(D) — D=¢ which is closed.
(Suffficiency) Let n*-CI(D) —D be closed set. Since D is J*-closed, by Theorem
2.4.54., n*-CI(D) —-D € a non-empty closed set which implies n*-Cl(D)—D=¢. That is
n*-CI(D)=D. Hence D is n*- closed.

Characterizations of J*-Closed Sets

Proposition 2.4.61. In a Ty -space, J*-closed sets coincide with dg-closed sets.

Proof By Proposition 2.4.10.,6g-closed set is a J*-closed set. To prove the other way, in
a Tip-spacen*-closed sets coincide with o-closed sets (By Lemma 2.2.23.).Hence
n*-CI(D) =6C1(D) < M which implies J*-closed set is a dg-closed set. Hence J*-closed

sets coincide with 6g- closed sets.

Example 2.4.62. Consider Y={p,q,r},¢ ={¢, Y .{p}.{q.,r}}.Here J*C(Y, ) = 6gC(Y, ) =

P(Y).lt is also a T1/2 -space.

Theorem 2.4.63. If a space is a semi-regular space, then J*-closed sets and J-closed
sets coincide with with g-closed sets, dg-closed sets, gd-closed sets and 8g* -closed

sets.
Proof The proof follows from Lemma 2.2.26., Theorem 2.3.64. and Corollary 2.3.67.

Example 2.4.64. Consider Y={p,q,r},¢ ={d, Y.{p}.{q.r}}.Here 6C(Y, Q) = n*C(Y,Q)
=¢ and JC(Y,7) = *C(Y, §) = gC(Y, §) = 8gC(Y, §) =8g*C(Y, ) = g3C(Y,q) = P(Y).

Remark 2.4.65. In general, a J*-closed set is independent with a closed set. But for
a space which is Tpr-space and aTy -space, every J*-closed set is a closed set. This can

be seen in the following Propositions.
Proposition 2.4.66. If D is J*-closed, then it is closed when (Y, ) is Tp-space.

Proof By Proposition 2.4.21.,every J*-closed is gs-closed. In Ty space, every gs- closed

is closed. Hence J*-closed is closed.

Proposition 2.4.67. If D is J*-closed, then it is closed when (Y, ) is aTy- space.
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Proof By Proposition 2.4.6., every J*-closed is ag-closed. In aTy -Space, every
ag-closed is closed.Hence J*-closed is closed.

Theorem 2.4.68. In an almost weakly Hausdorff space (Y,{),the g- closed sets of
(Y,ls) are o-closed sets in (Y,0) and thus they are dg*-closed sets, dg-closed sets,

J*-closed sets respectively in (Y,J).

Proof By Proposition 2.4.8., every &-closed set is J*-closed . Hence to prove the given
condition it is enough to prove every g- closed sets of(Y,{s) are d-closed in (Y,{). Let D
< Y be a g- closed subset of (Y,(s).Consider X €dCIl(D).If { X} is 6-open, then X eD.If
not, thenY \{ X } is 8-open, since Y is almost weakly Hausdorff .Let x ¢ D.By the given
condition D is g-closed in (Y,ZS) then 6CI(D) €Y \{ X },(i. e) x 3CI(D).By contradicition
XeD.Then  3CI(D)=D.Hence @ D is d4-closed hence by  Proposition

2.2.2.(Sudha,2014),Theorem 3.1.(i)(Dontchev,1996), Proposition 2.4.8. and D is

dg*-closed sets, dg-closed sets, J*-closed sets respectively in (Y,0).

Theorem 2.4.69. Let D be a pre-open subset of a topological space (Y,{).Then the

following conditions are equivalent:

(a) D is 6g-closed

(b) D is J*-closed

(c) D is g-closed.
Proof (a) = (b),(b) =(c) are true for any subset D by Proposition 2.4.10., Proposition
2.4.4.1f D is pre-open in (Y,0), then by a result of (Jankovic,1985),CI(D) = 6CI(D) and so

(c) = (a).
Concerning partition spaces, the following characterization via J*-closed sets is

obtained.

Corollary 2.4.70. Let D be a subset of the partition space (Y,{). Then the following

conditions are equivalent:

(a) D is dg-closed
(b) D is J*-closed
(c) D is g-closed.
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Proof A topological space is a partition space if and only if every subset is

pre-open.Thus the claim follows straight from Theorem 2.4.69.

Example 2.4.71. Let Y={p,q,r},¢ ={¢, Y, {p}.{q.r}}.This is a partition space.lt is seen
that 6gC(Y,0) = J*C(Y,0) =gC(Y,0) =P(Y).

Corollary 2.4.70.is modified by replacing the partition space by Ts-space as follows.

Proposition 2.4.72. If a topological space (Y,{) is a Ts-space, then the following

conditions are equivalent:

(a) D is 6g-closed
(b) D is J*-closed
(c) D is g-closed
(d) D is J-closed
(e) D is go-closed.

Proof (a) = (b) and (b) =(c), (c) = (d) by Proposition 2.4.10, Proposition 2.4.4.,
Proposition 2.3.10., Proposition 2.3.12.In Ts-space,gd-closed sets coincide with 6-closed
sets and every od-closed set is a dg-closed set by Theorem 3.1(i) of (Dontchev,1996).
Hence (d) = (a).

Theorem 2.4.73. If every subset of a Tp-space (resp.a oTp- space) of (Y,Q) is

J*-closed, then (Y,Q) is a partition space.

Proof Let D be an open set.Since every subset is J*-closed,D is J*-closed.By
Proposition 2.4.66.(resp. Proposition 2.4.67.),D is closed. Hence (Y,{) is a partition

space.

Theorem 2.4.74. For a compact subset D of a R1 -topological space (Y,{), every

J*-closed set is a 8g*-closed set. The converse is true if (Y,{) is semi-regular.

Proof Let D be J*-closed and D be a compact subset of R; -topological space (Y,(). Let
D < M, where M is 3-open. By Theorem 2.2.3., every 8-open set is n*-open ---- (1). In
R, -spaces the concepts of closure and 6-closure coincide for compact sets (By Theorem
3.6 of (Jankovic,1980)).Hence for a compact subset D,6CI(D) =CI(D) ----- (2).Generally
d-closed —» n*- closed ——» closed.Therefore CI(D) € n*CI(D) S &CI(D) -----
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(A).Hence (2) implies CI(D) = n*CI(D)= 6CI(D) ---- (3). From (1) and (3) and since D

is J*-closed, we get D is a 8g*-closed set.

Conversely let (Y,0) be semi-regular and D be 8g*-closed.Let Dc M, where M is open.
By Lemma 2.2.26., n*-open sets coincide with 3-open sets and open sets in semi-regular
spaces. From (A), n*CI(D) € 6CI(D) € M,then D becomes J*-closed.

Corollary 2.4.75. In Hausdroff spaces, a finite set is J*-closed if and only if it is

8g*-closed.

8 2.5. J**-Closed Sets in Topological Spaces

In this section a new class of generalized closed sets, called J**-closed sets are
introduced. The relations between J**-closed sets and various existing closed sets

are analysed.
Definition 2.5.1. A subset D of a topological space (Y,{) is said to be J**-closed set if

n*-Cl(D) < M whenever D c M, M is n*-open in (Y,0). The class of all J**-closed sets of
(Y,Q) is denoted by J**C(Y,0).
Proposition 2.5.2. Every n*-closed set is J**-closed but not conversely.

Proof Let D be a n*-closed set and M be any m*-open set containing D. Since D is
n*-closed, n*-CI(D) =D (by Remark 2.2.30.(ii)). Therefore n*-Cl(D) =D < M. Hence D
is J**-closed.

Counter Example 2.5.3. Let Y ={p,q,r}, ¢={9,Y, {p}.{p,a} }n*O(Y.9) = {¢,Y.{p}},
The subset {q} is J**-closed but not n*-closed.

Proposition 2.5.4. Every d-closed set is J**-closed but not conversely.

Proof Let D be a 6- closed set and M be any n*-open set containing D. Since D is
d-closed, 6C1(D)=D. Therefore 6CI(D)=D < M.By Theorem 2.2.3., 3-open—» n*-open,
we get n*-CI(D) c 6CI(D) and hence D is J**-closed.

Counter Example 2.5.5. In the above Counter Example 2.5.3., the subset {r} is

J**-closed but not 8-closed.
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Proposition 2.5.6. Every dg -closed set is J**-closed but not conversely.

Proof The proof follows from the facts that (i) n*-open set —>»g-open set [ By Note
2.2.9.]. (ii) n*-CI(D)c 6CI(D) [By Note 2.2.21.] and from the definitions of 5g"-closed

sets and J**-closed sets.

Counter Example 2.5.7. Let Y={p,a.,r},(={d, Y, {p}, {p.a}, {p.r}}. Then the subset
{q} is J**-closed but not 5g"-closed in (V7).

Proposition 2.5.8. Every dg-closed set is J**-closed but not conversely.

Proof The proof follows from the facts that (i) n*-open set—s open set [ By Theorem
2.2.5.]. (ii) n*-CI(D) c 8CI(D) [By Note 2.2.21.] and from the definitions of 6g-closed

sets and J**-closed sets.

Counter Example 2.5.9. In the above Counter Example 2.5.7.,the subset {q} is
J**-closed but not dg-closed in (Y,0).

Proposition 2.5.10. Every J*-closed set is J**-closed but not conversely.

Proof Let D be a J*-closed and M be any n*-open set containing D in Y. By Note

2.2.9., every n*-open set is an open set and since D is J*-closed, n*-ClI(D)< M which

implies D is J**-closed.

Counter Example 2.5.11. Let Y = {p,q,r,s},C = {$,Y . {p}, {a}.{p.a}.{p.a.r}, {p.q,s}},
n*O(Y,0) ={¢,Y {p}.{a}.{p.q}}. The subset {q,r} is J**-closed but not J*-closed.

Proposition 2.5.12. Every J**-closed set is J-closed but not conversely.

Proof Let D be a J**-closed set. To prove D is J-closed. Let M be a n*-open set
containing D.Since D is J**-closed, n*-CI(D)cM. By Note 2.2.21.,CI(D)c

n*-Cl(D).Therefore D is J-closed.

Counter Example 2.5.13. Let Y = {p,q,r,s}¢ = {o,Y.{p}, {r}.{p.a}.{p.r}.{p.a.r},
{p.r,;s}} n*O(Y,0) = {d,Y.{p,q}}, The subset {q} is J-closed but not J**-closed.
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Remark 2.5.14.

/ n*-closed ———» CIOTd \

d-closed—» dg -closed —» dg-closed —» J**-closed — Jel0sedl —» gd-closed

! f /
\ —» g-closed

Proposition 2.5.15. Every J**-closed set is gd-closed but not conversely.
Proof The proof follows from Proposition 2.5.12. and Proposition 2.3.12.

Counter Example 2.5.16. Let Y = {p,q,r,s}¢ = {,Y {p}} n*O(Y,0) = C. The subset
{p} is gé-closed but not J**-closed.

Proposition 2.5.17. Every J**-closed set is gpr-closed but not conversely.

Proof The proof follows from the facts that (i) regular open set — n*-open set [ By
Note 2.2.9.]. (ii) pCI(D)c n*-CI(D) [By Note 2.2.21.] and from the definitions of

J**-closed sets and gpr-closed sets.

Counter Example 2.5.18. Let Y={p,q,r},¢ ={¢, Y .{p}.{a}.{p.q}}. Then the subset {p,q}
is gpr-closed but not J**-closed in (Y, Q).

Proposition 2.5.19. Every J**-closed set is rwg-closed but not conversely.
Proof By Proposition 2.5.12. and Proposition 2.3.25.,we get the proof.

Counter Example 2.5.20. In the above Counter Example 2.5.18.,the subset {p,q} is

rwg -closed but not J**-closed in (Y, Q).
Proposition 2.5.21. Every J**-closed set is gspr-closed but not conversely.

Proof The proof follows from the facts that (i) regular open set —» m*-open set [ By
Note 2.2.9.]. (ii) spCI(D)c n*-CI(D) [By Note 2.2.21.] and from the definitions of

J**-closed sets and gspr-closed sets.

Counter Example 2.5.22. In the above Counter Example 2.5.18., the subset {q} is
gspr-closed but not J**-closed in (Y, Q).
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Proposition 2.5.23. Every J**-closed set is g-closed but not conversely.

Proof The proof follows from the facts that (i) m-open set —» m*-open set [ By Note
2.2.9.]. (ii) CI(D)c n*-CI(D) [By Note 2.2.21.] and from the definitions of J**-closed

sets and mg-closed sets.

Counter Example 2.5.24. In the Counter Example 2.5.3., the subset {p} is ng-closed
but not J**-closed in(Y,0).

Proposition 2.5.25. Every J**-closed set is mgp-closed but not conversely.

Proof The proof follows from the facts that (i) m-open set —» n*-open set [ By Note
2.2.9.]. (i) pCI(D) < n*-CI(D) [By Note 2.2.21.] and from the definitions of J**-closed

setsand  mgp-closed sets.

Counter Example 2.5.26. In the above Counter Example 2.5.3.,the subset {p} is
ngp-closed but not J**-closed in (Y,0).

Proposition 2.5.27. Every J**-closed set is wgsp-closed but not conversely.

Proof The proof follows from the facts that (i) m-open set —» n*-open set [ By Note
2.2.9.]. (ii) spCI(D) < n*-CI(D) [By Note 2.2.21.] and from the definitions of J**-closed

sets and mgsp-closed sets.

Counter Example 25.28. In the Counter Example 2.5.18.,the subset {p} is
ngsp-closed but not J**-closed in (Y,0).

Proposition 2.5.29. Every J**-closed set is wgs-closed but not conversely.

Proof The proof follows from the facts that (i) m-open set —n*-open set [ By Note
2.2.9.]. (ii) sCI(D)< n*-CI(D) [By Note 2.2.21.] and from the definitions of J**-closed

sets and mgs-closed sets.

Counter Example 2.5.30. Consider the above Counter Example 2.5.18., the subset {p}

is mgs-closed but not J**-closed in (Y,Q).

Proposition 2.5.31. Every J**-closed set is rga-closed but not conversely.
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Proof The proof follows from the facts that (i) m-open set —» m*-open set [ By Note
2.2.9.]. (i1) aCI(D)c n*-CI(D) [By Note 2.2.21.] and from the definitions of J**-closed

sets and mga-closed sets.

Counter Example 2.5.32. In the above Counter Example 2.5.3.,the subset {p} is

nga-closed but not J**-closed in (Y,Q).

Remark 2.5.33. From the above discussions, we get J**-closed set is related with

other existing g-closed sets in the following manner.

gpr-closed gspr-closed rwg-closed

T

nga-closed «——— J**-closed —» go-closed

N\

ngp-closed  mgs-closed —» mgsp-closed mng-closed

Remark 2.5.34. The following Counter examples show that J**-closed set is

independent from gs-closed, #gs-closed, g*s-closed and 8g*-closed sets.

Counter Example 2.5.35. In the above Counter Example 2.5.18., the subset {p} is

gs-closed, #gs-closed, g*s-closed but not J**-closed.

Counter Example 2.5.36. Let Y={p,q,r},¢ ={¢, Y,{p.q}} The subset {p} is J**-closed

but not gs-closed, #gs-closed, g*s-closed.

Counter Example 2.5.37. Let Y={p,q,r,s},¢ ={¢, Y, {p}}. The subset {p} is not

J**-closed but it is §g*-closed.

Counter Example 2.5.38. Let Y={p,q,r,s},¢={¢, Y, {p}.{r}.{p.a}.{p.r}.{p.q.,r}.{p.r.,s}}
The subset {r} is J**-closed but not 8g*-closed.

Remark 2.5.39. From the above discussions, we get J**-closed sets is isolated from

the following g-closed sets.
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8g*-closed

Properties of J**-Closed Sets in Topological Spaces

Theorem 2.5.40. The finite union of J**-closed sets is J**-closed.

Proof Let {D;}-, be a finite class of J**-closed sets of (Y,(). Let D = U, D;. Let M be
an*-open set containing D. This implies D; c M for every i. By assumption n*-Cl(D;) <
M for every i.This implies UjL;n*—Cl(D;)cM.Then n*-Cl(UX,D;)cM (By
Properties 2.2.29.f.).Thus n*-ClI(D) <M. Hence finite union of J**-closed sets is
J**-closed in (,0).

Result 2.5.41. The following Counter Example shows that finite intersection of any

two J**-closed sets in Y need not be J**-closed.

Counter Example 2.5.42. LetY ={p,q,r }, ¢={Y, &,{p}}. Then the sets D = {p,q} and
E ={p,r} are J**-closed but the intersection DNE = {p} is not J**- closed in (Y,0).

Theorem 2.5.43. The intersection of a J**-closed set and a 6-closed set is always

J**-closed.

Proof Let D be J**-closed and F be 6-closed. Let V = DN F.Take M to be n*-open
such that V < M. Then D n F < M which implies D cMu F€. Since F€ is 6-open by Note
2.2.9.,F¢is n*-open.Hence MU F€ is n*-open (By Theorem 2.2.10.(b)) and by
assumption D cMuU F€ since D is J**-closed, n*-Cl(D)c MuU F€ and hence n*-CI(D) n
FcM. Now n*-CI(V)= n*-CI(Dn F)=n*-CI(D) n n*-CI(F) < n*-CI(D) n 5-CI(F) =
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n*-ClI(D) n Fc M (By Properties 2.2.29.g and Theorem 2.2.19.). Thus n*-CI(V)c M.

Hence D N F is J**-closed.

Remark 2.5.44. The following Counter Example shows that the difference of any

two J**-closed sets in Y need not be J**-closed.

Counter Example 2.5.45. Let Y = {p,q,r }, ¢ = {Y, &,{p}}. Consider D and E are
subsets of Y.Then the subset D={p,q} and E ={q,r} are J**-closed but the difference
D - E ={p} is not J**- closed in (Y,0).

Theorem 2.5.46. Let D be a J**-closed set of (Y,{). Then n*-CI(D) — D does not

contain a non- empty n*-closed set.

Proof Suppose that D is J**-closed, let M be a n*-closed set contained in n*-CI(D) — D.
Now M€ is a n*-open set in Y such that Dc M€, Since D is J**-closed, n*-CI(D) c
M€ Thus Mc(n*-CI(D))%.Also Mc n*-CI(D)-D. Therefore Mc (n*-CI(D))°Nn
n*-CI(D) which is ¢.Hence M = ¢.

Proposition 2.5.47. If D is a n*-open set and a J**-closed set of (VY,{), then D is a
n*-closed set of Y.

Proof Since D is n*-open and J**-closed, n*-CI(D) < D. Obviously, D < n*-CI(D).
Hence D is n*-closed in (Y,Q).

Theorem 2.5.48. If D is J**-closed and n*-open and F is n*-closed in (Y,{), then
D n Fis n*-closed.

Proof Since D is J**-closed and n*-open, D is n*-closed by Proposition 2.5.47.,Since F
isn*-closed in Y, D N Fis n*-closed in Y (by Properties 2.2.29.9.).

Proposition 2.5.49. If D is a J**-closed set in a space (Y,{) and Dc B< n*-CI(D)

then B is also a J**-closed set.

Proof Let M be n*-open set of Y such that Bc M. Then D< M. Since D is J**-closed
set, n*-Cl(D) c M. Since Bc n*-CI(D), n*-CI(B)c n*-Cl(n*-Cl(D)) = n*-CI(D) (By
Remark 2.2.30.(i)). Hence n*-Cl(B) < M. Therefore B is also a J**-closed set .
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Theorem 25.50. Let D be a J**-closed set of (Y,().Then D is n*-closed iff
n*-CI(D) - D is n*-closed.

Proof (Necessity) Let D be a n*-closed subset of (Y,{).Then n*-CI(D) = D and therefore
n*-Cl(D) — D=¢ which is n*-closed.

(Suffficiency) Let n*-Cl(D) —D be n*-closed set. Since D is J**-closed, by Theorem
2.5.46.n*-CI(D)-D does not contain a non-empty n*-closed set which implies
n*-ClI(D)—-D=¢. That is n*-CI(D)=D. Hence D is n*-closed.

Definition 2.5.51. Let B < A < Y.Then B is J**-closed relative to A if n*-Cla(B) c M,

whenever B < M, M is n*-open in A as in Definition 2.2.34.

Theorem 2.5.52. Let B < A c Y and suppose that B is J**-closed in Y, then B is

J**-closed relative to A. The converse is true if A is n*-closed in Y.

Proof Suppose that B is J**-closed in Y. Let B < M, M is n*-open in A. Since M is
n*-open in AM =V n A for some n*-open set V in Y. Hence Bc Mc V. Since B is
J**-closed in Y,n*-ClI(B)c V. Hence n*-CI(B) N Ac VNA which in turn and hence
n*-Cla(B) <V N A = M. Therefore B is J**-closed relative to A.

Now to prove the converse, assume that Bc AcY where A is n*-closed in Y and B is
J**-closed relative to A. Let B M, M is n*-open in Y. Then A N M is n*-open in A by
the definition of subspace topology. Since Bc A and BcM, B <A n M. Since B is
J**-closed relative to A, n*-Cla(B)c ANM. Since Bc A, n*-CI(B)c n*-CI(A) (By
Properties 2.2.29.d). Hence n*-CI(B) < A,since A is n*-closed.Therefore n*-CI(B) n A
= n*-CI(B) which implies n*-Cla(B) = n*-CI(B). Hence n*-CI(B)c AN M <M. Thus B

is J**-closed in Y.

Characterization Theorems of J**-Closed Sets

Proposition 2.5.53. In a Ty -space for a subset D the following are equivalent:

0] D is J**-closed
(i) Dis &g’ -closed.
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Proof (i) =(ii) Let D be J**-closed, Dc M where M is §-open. In a Ty2-space, n*-open
sets coincide with d&-open sets (By Lemma 2.2.23.).Since D is J**-closed,
N*Cl(D)c M,then by Lemma 2.2.23.,8CI(D)c M = D is 8g* -closed.

(ii) =(i) Let D be 8g* -closed, Dc M where M is n*-open. In a T12-space, n*-0pen sets
coincide with §-open sets (By Lemma 2.2.23.).Since D is §g*-closed, §CI(D)c M,then
N*CI(D)c6CI(D)c M = Dis J**-closed.

Proposition 2.5.54. If a space is a semi-regular space, then J**-closed sets,J*-closed
sets, J-closed sets ,g-closed sets, dg-closed sets, gd-closed sets and 8g* -closed sets

coincide.

Proof In a semi-regular space, n*-closed sets coincide with closed sets by Lemma
2.2.26. By Theorem 2.4.63.,in a semi-regular space,J*-closed sets and J-closed sets
coincide with g-closed sets,dg-closed sets, gd-closed sets and §g* -closed sets.Hence the

Proof.

Example 2.5.55. Let Y = {p,qr}, ¢ = {Y, o,{p}.{q,r}}.Here Y is a semi-regular
space,where JC(Y,0) =J*C(Y,0) = J**C(Y,0) = gC(Y,) = 8gC(Y,0 =6g*C(Y,Q =
gdC(Y, ) =P(Y).

Note 2.5.56. The converse of above Proposition 2.5.54. is not correct.It follows from

the Counter Example.

Counter Example 2.5.57. LetY = {p,q,r}, ¢ ={Y, o.{p}.{p,q}}.Here JC(Y,0) =P(Y)
~{p} = I**C(Y.Q) , J*C(Y.0) = 9C(Y.0) = 8g*C(Y, ¢) = dgC(Y, Q) ={Y, ¢.{r}.{p.r}.{a.r}}
and 8g*C(Y,7) = g8C(Y,7) =P(Y) ,butY is not a semi-regular space.

Theorem 2.5.58. Let D be a subset of a semi-regular space (Y,{) then D is
J**-closed if and only if D is gé-closed.

Proof By Proposition 2.5.15.,every J**-closed set is gé-closed. In a semi-regular space

(Y,0),every go-closed set is J**-closed.

Note 2.5.59. If (Y,Q) is a T2 -space, then the above Theorem need not be true.But in

the case of J-closed sets the result is true for T, -spaces by Theorem 2.3.62.
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Counter Example 2.5.60. Let Y = {p,q,r.s}, ¢ = {Y, o,{p}.{r}.{p.a}, {p.r}.{p.q.r},
{p.r,s}}. HereJ**C(Y,0) =P(Y) -{{p}.{a}{p.a}} # g6C(Y,Q) =P(Y)-{{p}.{r}{p.a},
{qu}i{pir}!{p’q’r}}’bUt Yisa T -Space.

Theorem 2.5.61. If a topological space (Y,{) is a Ts-space, then the following

conditions are equivalent:

(a) D is 6g-closed

(b) D is J*-closed

(c) D is J**-closed

(d) D is J-closed

(e) D is go-closed.
Proof (a) = (b), (b) = (c), (c) = (d) and (d) =(e) by Propositon 2.4.10., Propositon
2.5.10., Propositon 2.5.12. and Proposition 2.3.12.In Ts-space, gd-closed is 6-closed
and d8-closed set is a 6g-closed set by Theorem 3.1(i)(Dontchev,1996).Hence (e) = (a).

Remark 2.5.62. In general J**-closed sets are independent with g-closed sets. But

the following Theorem explains in a semi-regular space, they are coincident.

Theorem 2.5.63. Let D be a subset of a semi-regular space (Y,{) then D is

J**-closed if and only if D is g-closed.

Proof By Lemma 2.2.26., n*-closed sets coincide with d-closed sets and closed sets. We

reached the proof.

Theorem 2.5.64. In an almost weakly Hausdorff space (Y,{),the g-closed sets
of (Y,{s) are 6-closed sets in (Y,l) and thus o&g*-closed sets, og-closed sets,

J**-closed sets, J*-closed sets respectively in (Y,J).

Proof Let D c Y be a g-closed subset of (Y,(s). Let XxedCI(D).If { X } is &-0open, then
X eD.If not, then Y \{ X} is &-open, since Y is almost weakly Hausdorff. Assume that
x e D.Since D is g-closed in (Y,Zs) then 6CI(D) €Y \{x}that is xgdCI(D). By

contradicition XeD.Then CI(D) = D in (Y,{). Hence D is d-closed. Since D is d-closed
and hence by Proposition 2.2.2.(Sudha,2014),Theorem 3.1.(i) (Dontchev,1996),
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Proposition 2.5.4.and Proposition 2.4.8., D is dg*-closed, dg-closed, J**-closed and

J*-closed respectively in (Y,0).

Remark 2.5.65. In general the concepts of J**-closed sets and 8g*-closed sets are
not equivalent. But for a compact subset D of a space which is T12 and Ry, the
concepts of J**-closed sets and 8g*-closed sets coincide. This can be seen in the

following Theorem.

Theorem 2.5.66. For a compact subset D of a R1 -topological space (Y,{),every
J**-closed set is adg’-closed set. The converse is true if (Y,0) is T

(resp.semi-regular).

Proof Let D be J**-closed and D be a compact subset of R -topological space (Y,). Let
D < M, where M is 6-open. By Theorem 2.2.3., every d-open set is n*-open ----- (2). In
R, -spaces the concepts of closure and §-closure coincide for compact sets (By Theorem
3.6 of (Jankovic,1980)).Hence for a compact subset D,6CIl(D) =CI(D) ----- (2).Generally,
o-closed —» n*-closed —» closed.Therefore CI(D) € n*CI(D) € 6CI(D) -----
(A).Hence (2) implies CI(D) = n*Cl(D)= 6CI(D) ----(3). From (1) and (3) and since D

is J**-closed, we get D is a 8g*-closed set.

Conversely let (Y,0) be T1, and D be 8g*-closed.Let Dc M, where M is n*-open. By
Lemma 2.2.23..(resp.Lemma 2.2.26.), n*-open sets coincide with &-open sets in
T1o-spaces(resp.semi-regular spaces).From (A), n*Cl(D)S 8CI(D) €M. Then D

becomes J**-closed.

Corollary 2.5.67. In Hausdroff spaces, a finite set is J**-closed if and only if it is

8g*-closed.
Conclusion

1. In a Tyz-space, n*-closed sets coincide with 3-closed sets. Moreover in this space, the
family of J-closed sets is equivalent with that of g&-closed sets and the family of
J*-closed sets coincide with the family of §g-closed sets and the family of J**-closed

sets coincide with the family of §g*-closed sets.
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2. In a semi-regular space, d-closed sets, n*-closed sets and closed sets coincide. So
d-closure, m*-closure, closure of any subset coincide. Therefore from definitions
J**-closed sets, J*-closed sets,J-closed sets,g-closed sets, dg-closed sets, gé-closed sets
and 8g*-closed sets coincide.

3. (a) Ina T2-space and a semi-regular space, J-closed sets are closed.

(b) In Ty (resp. aTb) -spaces,J*-closed sets are closed.

4. Regarding partition spaces we have obtained following results.

(a) Every subset of a partition space is J-closed. The result fails for J*-closed sets and
J**-closed sets.

(b) If every subset of a space Y which is both T1/> and semi-regular is J-closed, then Y
is also a partition space.

(c) In a Ty-space (resp. aTs-space) Y if every subset is J*-closed, then Y is a partition
space.

(d) Let D be a subset of the partition space (Y,¢). Then the following conditions are
equivalent: (i) D is dg-closed (ii) D is J*-closed (iii) D is g-closed.

5. (a) If a compact subset D of a R1-topological space () is J-closed(resp.J*-closed,

J**-closed), then D is a §g*-closed set.
(b) The converse is true only when
(i) Y is Ty in the case of J-closed sets.
(i) Y is semi-regular in the case of J*-closed sets.
(iii) Y is T (resp.semi-regular) in the case of J**-closed sets.

6. In Hausdroff spaces, a finite set D is one of these three types namely J-closed set,
J*-closed set or J**-closed set,then D is 8g*-closed sets.

7. In a Ts-space, dg-closed, J**-closed, J*-closed, g-closed, J-closed,go-closed sets are
equivalent.

8. In an almost weakly Hausdorff space (Y,(),the g-closed sets of (Y,{s) are &-closed
sets in (Y,¢) and thus dg*-closed sets, dg-closed sets,J**-closed sets,J*-closed sets
respectively.

9. If D is a pre-open subset of a topological space (Y,0).Then the following conditions are
equivalent:

(@) Disdg-closed (b) DisJ*-closed (c) D is g-closed.
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