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CHAPTER I

INTRODUCTION

1.1 
CHARACTERIZATION OF QUEUEING THEORY 


Waiting lines or queues are familiar phenomena which we observe quite frequently in our daily life. We should hope to reduce its inconvenience to bearable levels. Hence queueing theory is being applied to a wide variety of operations. The queueing theory had its origin in 1909 when                   E.K. ERLANG [10] published his fundamental paper relating to the study of congestion in telephone traffic, who is appropriately called the father of queueing Theory. The field of telephone traffic was further developed by Molina, E.C. [23] and Fry, T.D. [12] (1928). Additional work was done in this field by Pollaczek [31], Khintchine [20] and Palm [25]. A systematic approach to the problem was done by D.G. Kendall [19].


Queueing theory became very popular, particularly in the late 1950’s. With the refinement of some clever mathematical tricks, it became clear that exact solutions could be found for a large number of mathematical problems associated with models of queueing phenomena. This was done by several authors such as B.W. Conolly [7], J.W. Cohen [5], J.S. Kaufman [17],             J. Keilson and A. Kooharian [18] etc., have published a paper namely “On Time-dependent Queueing Processess” and R.R.P. Jackson and                   P. Aspeden [15] also derived the transient solution to the multi stage Poisson queueing system with infinite servers. SAATY [34] has obtained the Laplace transform of the transient probabilities of the queue with Poisson input, multiple channels and exponential service times. Further simplifying this procedure Parthasarathy and Sharafali [27] have presented a straight forward method to obtain the transient solution for the many server Poisson queue.


A queueing system can be described by the flow of units for service, forming or joining the queue, if service is not immediately available and leaving the system after being served. By units we mean those demanding service. In practice customers at a bank counter (or) at a reservation counter, calls arriving at a telephone exchange, vehicular traffic at a traffic intersection, machines for repair before a repairman, planes waiting for take-off at a busy airport, merchandise waiting for shipment at a yard, computer programmes waiting to be run on a time-sharing basis etc., are considered as units. The basic characteristic features are (i) the input (ii) the service mechanism (iii) the queue discipline (iv) the number of channels.  

(i) 
THE INPUT describes the manner in which units arrive (either singly or in a group) and join the system. The interval between two consecutive arrivals is called the interarrival time.

(ii) 
SERVICE MECHANISM : The time required for servicing a unit (or a group in case of batch service) is called the service time.

(iii) 
THE QUEUE DISCIPLINE indicates the way in which the units form a queue and are served. They are 

(a) First come first served (FCFS)

(b) Last come first served (LCFS)

(c) Random ordering before service.

(iv) 
The system may have a single channel or s-parallel channels for service.

The study of queues depends on the distribution of arrivals and service times. Under fixed conditions of arrivals and service times the queue length is a function of the time. So the queue system can be considered as a random experiment and the various events of this experiment are the various changes occurring in the system at any time. Any queue system has three states namely the steady state, the transient state and the explosive state.

(1)
STEADY STATE : A system is said to be in steady state when its operating characteristics are independent of time. That is the number of arrivals during a certain interval becomes independent of time.  

(2) 
TRANSIENT STATE : A system is said to be in Transient state if its operating characteristics are dependent on time.

(3) 
EXPLOSIVE STATE : If the arrival rate of the system is more than its servicing time, then the length of the queue goes on increasing and it will tend to ( as t tends to (. This state is known as explosive state.

A number of methods have been put forward to obtain the transient solution for M/M/I model. Some of them are :

(i) The special method of Ledermann and Reuter [21].

(ii) The method of generating function of Bailey [1].

(iii) The combinational method of Champernowne [2].

(iv) An approach not involving generating function and Rouche’s theorem by Neuts [24].

(v) “A Transient solution to an M/M/I queue” by P.R.Parthasarathy [26].

(vi) Conolly’s difference equation technique [6].

All the above methods give solution for Pn(t) - The Probability that there are n customers in the system at time t.


We list some important definitions, notations and preliminary results that we have used in this present work. 

NOTATIONS 


A very convenient notation designed by Kendall [19] to denote queueing systems has been universally accepted and used. It consists of      3-part descriptor A/B/C where the first and second symbols denote the interarrival and service time distributions respectively and the third denotes the number of channels or servers. The system capacity is assumed to be infinite and the queue discipline is First come first served.

Some of the familiar notations are the following : 

M 
for exponential (Markovian) distribution.

Ek 
for Erlang-k distribution.

G 
for arbitrary (General) distribution.

D 
for fixed (Deterministic) interval.


Thus M/M/1 is a single server Poisson input and exponential service model in which there is no limit on the system capacity and M/M/c is a many server Poisson input and exponential service model.


The arrival and service mechanism of the M/M/1 and M/M/c model are given interms of their mean arrival rate and mean service rate. The mean arrival rate is the mean number of arrivals per unit time and it is denoted by λ.  Its reciprocal is the mean of interarrival time distribution. Similarly the mean service rate is the mean number of units served per unit time and it is denoted by μ. Its reciprocal being the mean service time. In a multichannel system 
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where c is the number of servers, is called the traffic intensity.

1.2 
PRELIMINARY RESULTS AND DEFINITIONS  

(1.1)
Let f(t) be a function of a positive real variable t. Then the Laplace transform of f(t) is defined by F(s) = 
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 for the range of s for which the integral exists.  

(1.2) 
If F(s) is the Laplace transform of f(t) (i.e.)  L{f(t)} = F(s), then f(t) is called the Inverse Laplace transform of F(s).   

(1.3) 
Limit property of Laplace transform : 


Initial value theorem 
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Results : 

(1.4) 
A first order linear differential equation which is of the form 
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 where P and Q are functions of x. 

(1.5)
 Property of Bessel function  


In-1(t) – In+1(t)  = 
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(1.6) 
The Laplace transform of the convolution of two independent random variables x, y is the product of their transforms. The integral 
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f(t)   



L{f(t)} = F(s) 

(1.7) 
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(1.10)

n In(t)
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All the results mentioned above are taken from “Fundamentals of queueing theory” by Gross, D. and Harris, C.M. [14].

1.3
REVIEW OF LITERATURE

Ever since Erlang developed the basic foundations of the theory of queues in connection with telephony queues, have been under intensive investigation by workers in a variety of fields of the many results that are obtained in the study of queues. The most significant one is the time-dependent probability that a queue starting with a given number attains a prescribed length at a later time. When the number of servers is increased to two or more, these problems become somewhat more complicated. For a discussion on these, one can refer Satty [33], where the Laplace transform of the transient probabilities of the queue with Poisson input, multiple channels and exponential service time are obtained. Satty [34] also derived expressions for the two-server queue, but the techniques used are quite involved.

P.R. Parthasarathy [26] has paid a considerable attention to obtain the transient solution for the system size in M/M/1 queueing system. A number of methods have been put forward to find the time-dependent solution for the number of customers in a single server Poisson queueing system.             These include the spectral method of Ledermann and Reuter [21], the combinatorial method of Champernowne [2] and the difference equation technique of Conolly [6]. See also Karin and Mc Gregor [16] and Pegden and        Rosenshine [30].


The transient behaviour of three specific queueing system, namely, M/M/1/1 (no one allowed to wait), M/M/1/( and M/M/( (ample service) are discussed by Gross and Harris [14]. He has restricted the transient analysis to these three models, since the mathematics becomes extremely complicated with the slightest relaxation of Poisson exponential assumptions. Even these three transient derivations vary greatly in difficulty. The problem becomes much more complicated when the restriction on waiting room is relaxed, or multiple servers are considered.


B.W. Conolly and Christoslangaris [7] have obtained a new formula for the transient state probability for M/M/1 queue. They have reviewed a passed work relating to the computation of time-dependent state probabilities in M/M/1 queueing system with emphasis on methods that avoid Bessel’s functions. A new series formula of Sharma [35] is discussed and its connection with traditional Bessel function is established.


Transient analysis of the M/M/1 queue under N-policy [8] is analysed. T.G. Deepak had derived the distribution of transient state probabilities.


Wolfgang STADJE [36] have considered a queueing system M(t)/M(t)/2 in which the arrivals form a non homogenous Poisson process with intensity rate (t), and there are two servers both working with a           time-dependent service rate (t). 

The transient probabilities P,n(t) = P{N(t) = n / N(0) = r} r, n ≥ 0 of the Markov Chain formed by the number N(t) of customers in the system are derived.


Parthasarathy and Sharafali [27] in their paper presented a straight forward method to obtain the solution for the M/M/c queue and deduced the steady state probabilities. They have also obtained explicit expressions for the system size when c = 1, 2, 3.

Transient solution for busy period distribution has been discussed by many authors. Saaty [33] has discussed the equations for busy period distribution of M/M/c queueing model and Chaudhry and Templeton [3] have obtained solution for the system only for simple cases. Sharafali and Parthasarathy [27] have obtained the probability density function of a busy period for any intermediate number (k) of channels busy. They have defined a generating function in a special way which results in simple differential equation.

P.R. Parthasarathy and R.B.Lenin [29] have obtained the transient system size probabilities for a multiserver queueing model in which the arrival rate increases if there are fewer units in the system and steadily decreases to zero for larger number of units. They have given the Laplace transform of these probabilities as a continued fraction and calculated the inversion through the properties of tridiagonal matrices. The effectiveness of this procedure is illustrated through tables and graphs for the queueing model and its busy period.

1.4
WORK DONE IN THE THESIS

In many potential applications of queueing theory, the system never reaches equilibrium. The system begins operation empty and then stops or stopped at some specified time t. Businesses or service operations such as barbar shops or physician offices which open and close, never operate under steady state conditions. So, in the study of queues, the most significant result is the time-dependent probability that a queue starting with a given number attains a prescribed length at a later time. Our main interest in the present study is to discuss a time-dependent solution for the number of customers in the queueing system with Poisson arrivals and exponential service times.


In chapter II, we consider a queueing system M(t)/M(t)/2, in which the arrivals form a nonhomogenous Poisson process with intensity rate λ(t) and there are two servers both working with time dependent service rate (t). We assume that λ(t) and (t) are continuous and that λ(t) ≥ 0 and (t) > 0 for all     t ≥ 0. The transition probabilities of the number of customers present in the system at time t are derived. The expected number of customers is also calculated for the system.


When the number of servers is increased to two or more, the problem of finding time-dependent solution becomes somewhat more complicated. P.R. Parthasarathy and M. Sharafali [27] in their paper have given a straight forward method to obtain the solution for M/M/c queue and deduced the steady state probability results. This paper is analysed in Chapter III.


In the last section of chapter III the explicit expressions for the transient system size probabilities are calculated when c =1,2 and 3.

CHAPTER II

TRANSIENT SOLUTION FOR M(t) / M(t) / 2 

QUEUEING MODEL

MODEL DESCRIPTION 


In this chapter we consider the queueing model M(t)/M(t)/2 in which, the arrivals form a nonhomogeneous Poisson process with intensity rate λ(t). The service facility consists of two homogeneous servers, both working with time dependent service rate (t). The service time follows an exponential distribution. It is also assumed that λ(t) and (t) are continuous and that λ(t) ≥ 0, (t) > 0 for all t ≥ 0. 

The measures discussed in this chapter are the following: 

(i) The transient probabilities P,n(t) = P(N(t) = n | N(0) = ), , n ≥ 0 of the Markov chain formed by the number N(t) of customers in the system are defined and the Kolmogorov forward equations satisfied by P,n(t) are derived, using standard arguments. 

(ii) The solution for the transient probabilities P,n(t) are obtained in terms of 

(a) The Bessel’s function In(z) and 

(b) The solutions g(t), h(t) of a system of two Volterra integral equations of the second kind. 

(iii) The expected number of customers in the system at a given time      t is also determined. 

2.1 
DERIVATION OF KOLMOGOROV FORWARD EQUATIONS 

Let N(t) denote the number of customers present in the system at       time t. 

λ(t)  ((t)) denote the arrival rate (service rate  of each server) for all       t > 0.

Let P,n(t) = P(N(t) = n | N(0) = ), 

, n ≥ 0.

(i.e.) we assume that initially at time t = 0 there were  customers present in the system. 

Let P',n(t)   =   
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By the standard arguments the transient equations satisfied by P,n(t) are given by 

P',n(t) = λ(t) P,n-1(t) + 2μ(t) P,n+1(t) – [λ(t) + 2 (t)] P,n(t), 
n ≥ 2
        (2.1)

P',1(t) =  λ(t) P,0(t) + 2μ(t) P,2(t) – [λ(t) + (t)] P,1(t)  


        (2.2)  

P',0(t) = – λ(t) P,0(t) + (t) P,1(t)





        (2.3)

P,n(0) = δ,n for all , n ≥ 0.






        (2.4)

2.2 
TRANSIENT SOLUTION OF M(t)/M(t)/2


To solve the equations (2.1) to (2.4) we adopt some of the following notations due to Clarke’s [4].

Let   = f(t)   = 2 
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(i.e.,) 
f -1() = t
  

                                                    

P,n(t) = P,n(f -1()) = 
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P,n(t) = 
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Differentiating equation (2.5) with respect to t we have
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Substituting the value of  
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 in equation (2.8) it is found that

P',n(t) = 
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Using this in equation (2.1) for n ≥ 2, we have
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 n ≥ 2

        (since t = f -1() and using (2.6))

P',n() = (
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Similarly substituting equation (2.9) for n = 1 and 0 in equations (2.2) and (2.3) respectively, we have
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(i.e.,) 
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Similarly equation (2.3) implies
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(i.e.,) 
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',0() = – (
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,0() + 
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      (2.12)

Equation (2.5) at t = 0 implies  = f(0) = 0 (i.e.,) f -1() = 0.

Hence  
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,n() = 
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,n(0) = δ,n  





          (2.13)
   (from equation (2.6) together with the initial condition).

Let R() denote the average traffic intensity which is given by

R() =  -1 
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      (2.14)

Setting, 

Q,n() = 
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, n() exp {  (R() + 1) }, we have



      (2.15)
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,n() = Q,n() exp { -  (R() + 1) }, 

n ≥ 0

Differentiating the equation with respect to ,
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',n() = [ Q',n() exp { - (R() + 1)} – Q,n() exp { –  (R() + 1)} 

  
       (R() +  R'() + 1) ], 
n ≥ 0.

Substituting the value of 
[image: image58.wmf]P

,n() and 
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', n() in equation (2.10) and simplifying we obtain

[ Q',n() exp { - (R() + 1)} 
   [ () Q,n-1() exp { - (R() + 1) }    

  - Q, n() exp { - (R() + 1)}     =
     + Q,n+1() exp { - (R() + 1) }

  (R() +  R'() + 1) ]

      – (() + 1) Q,n() exp {- (R() + 1)} ],             

     






        n ≥ 2

(i.e.,) [ Q', n() – 



    [ ()Q,n-1() + Q,n+1()


 


   
     =


Q,n() (R() + R'()+1) ]                     –(() + 1) Q,n()], 
n ≥ 2

 

Q',n() = [ () Q,n-1() + Q,n+1() – (() + 1)Q,n() 

       + Q,n()(R() +  R'() + 1)] , 
  n ≥ 2

      (2.16)

But R() =  -1 
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(i.e.,) R'() =  
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(by equation (2.14))

      (2.17)

Substituting this, Q,n()(R() + R'() + 1) = Q,n() (() + 1)

With this, equation (2.16) is reduced to 

Q',n() = ()Qn-1() + Q,n+1() , 

n ≥ 2



      (2.18)

Similarly if we proceed with equation (2.15) at n = 1 and n = 0 along with     equation (2.11) and (2.12) then we have

Q',1() = ()Q,0() + Q,2() + ½ Q,1()




      (2.19)

Q',0() = Q,0() + ½ Q,1()






      (2.20)

At  = 0, equation (2.15) becomes,

Q,n(0) = 
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,n(0) = δ,n
Thus we have obtained the difference-differential equations satisfied by Q, n() in equations (2.18) to (2.20).

Now to obtain the transient solution of the model, we define the following generating function:

Q(z, ) = 
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      (2.21)

(i.e.)
Q(z, ) = 
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Differentiating this equation with respect to , we have
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           + Q',1() (z – ) – Q,1() + Q',0()

      (2.22)

Differentiating again with respect to z,
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         + Q',1() 

Substituting for Q',n() + Q',1() from equations (2.18) and (2.19) the Right hand side becomes
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     (2.23)

where 

h() = 
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1

Q() 






      (2.24)

Equation (2.22) at z = becomes 
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      (2.25)

         (equation (2.21) at z = )

Equation (2.21) at 0gives
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By the definition of Kronecker delta,

Q(z, 0)  =  
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      (2.27)

Using Riemann’s method of integration given in Garabedian [13], we shall first express Q(z, ) in terms of the functions h() and g() =
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Equation (2.23) implies
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      (2.28)

Let           R(z, ) = 
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Differentiating this equation with respect to  and then with respect to z we have
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Substituting this in equation (2.28) we have 
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      (2.29)

The equation (2.28) is now reduced to the adjoint differential equation (2.29). Now we shall obtain the Bessel differential equation using the following substitutions.

R(z, )  =  S(2[(R() – R(ξ)ξ) (z – η)] 1/2)

Let     x  =  2[(R() – R(ξ) ξ) (z – η)] 1/2 



      (2.30)

Then R(z, ) = S(x)

Differentiating the above equation with respect to , we have
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   (substituting for 
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      (by equation (2.17))

Differentiation of the above equation with respect to z gives,
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() R(z, ) = 2 
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R(z, ) = 2
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      (2.31)

But 
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             (from equation (2.30))

Substituting this in equation (2.31) we have

S(x)  =   2 
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           (2.32)






  (substituting R(z, ) = S(x))

By the definition of x, x2 = 4[(R()  – R(ξ)ξ) (z – η)]

(i.e.,) 
1 =  
[image: image124.wmf]2
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 [ (R()  – R(ξ)ξ) (z – η) ]

Hence equation (2.32) becomes

S(x) = S"(x) – x -1S'(x) + 2x -1S'(x)

(i.e.,) 
S"(x) + x -1S'(x) – S(x) = 0




      (2.33)

which is the Bessel differential equation whose solution is given by [14]

I0(x) = 
[image: image125.wmf](

)

å

¥

=

0

k

2

k

2

)

!

k

(

2

x


Thus the equation (2.23) is reduced to equation (2.33).

Hence the solution A(z, , ξ, η) of equation (2.23) can be written as

A(z, , ξ, η) = I0(2[(R() – R(ξ)ξ) (z – η)] 1/2)


      (2.34)

Solving the second order partial differential equation (2.23) and using the boundary conditions (2.27) and (2.29) it is found that

Q(z, )   =    Q,0(0) I0(2(R()z)1/2) 

            + 
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               (2.35).

Next we shall simplify the solution by evaluating the integral. For this we make use of the following Sonine’s first integral [9]
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      (2.36)

Let   x   =   x(ξ) = 2[(R() – R(ξ)ξ)z]1/2 and η = z cos2t

      
      (2.37)

Then dη  =   – 2z cos t sin t dt

Substituting for η, the second term of equation (2.35) becomes
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Using the expression for x, the right hand side is  
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Applying equation (2.36) at m = 0 and n = 0 we get 
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Thus, the above expression is reduced to 
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Similarly we simplify the third term of equation (2.35). Transferring the variable η to t through the substitution η = z cos2 t we find 
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Taking m = 0, n =  – 1 in equation (2.36) it is found that 
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Substituting this we have 
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Using equations (2.37) and (2.39) in equation (2.35) we have 
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         (since Q,0(0) = 0) 

Using Clarke’s notation, 

An(ξ, , z) = 
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The above equation becomes 
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The identity can be obtained from equation (2.40) 
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where x = (R() – R(ξ)ξ) 

Differentiating An with respect to z, 
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But the differentiation of modified Bessel function, 
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Substituting this in equation (2.43) we have 
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In fact we have the general form of the identity equation (2.42) as 
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The tem Q,n() that occurred in the equation (2.15) can be identified as  
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For this we differentiate 

Q,n(z, ) = 
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Substituting for Q,n(), we have 
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Differentiating the equation (2.41) n times, with respect to z, 
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Using the identity equation (2.44) at z = , we have 
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Using this in equation (2.45), we have 
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Thus the solutions of equations (2.10), (2.11) and (2.12) are expressed in terms of g and h. 

Hence the formulae for the original transient probabilities are obtained in terms of g and h from the relation P,n(t) = 
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,n(f(t)). 

Now to evaluate h, g we use the following equations. 
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      A0(,,) = 1






      (2.50)

      A1(,,) = 
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The first equation is already derived in equation (2.25). To derive the equation (2.48), we differentiate the equation,

        Q(z, ) = 
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      (by equation (2.24))

To derive the equation (2.49) we first consider the equation (2.40) with respect to n ≥ .

A(ξ, , z) = z/2 x – /2 I(2
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Differentiating the equation with respect to ,
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Using equation (2.17) and the properties of modified Bessel function we have
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Equation (2.40) at n = 0, 1 and ξ = z =  gives,
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As ξ → , the right hand side is reduced to 
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which implies I1'(0) = 
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(i.e.,) 
 A1(, , ) = 
Thus equation (2.50) and (2.51) are also obtained.


Using equation (2.25) and equations (2.49) to (2.51), we get the integral equations involving g and h.

Equation (2.25) implies
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The left hand side of equation (2.25) can be calculated by differentiating the equation (2.41)
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The Right hand side of equation (2.25) is
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Thus we got an equation involving g() and h(). To obtain another equation involving g and h, we have to consider equation (2.48) 
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The left hand side of the above equation is obtained by differentiating equation (2.41) with respect to z. 
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Hence the transient solution of the model M(t) / M(t) / 2 are given by 
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where g and h can be obtained from the equations (2.54) and (2.56). 

2.3 
THE EXPECTED NUMBER OF CUSTOMERS IN THE SYSTEM 


In this section we calculate the average length of the system size of the model. Let (t) denote the expected number of customer at time t.

Then 
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Differentiating the above equation with respect to , 
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Integrating the above equation between 0 toand using(0)we have
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            (since (0) = )

CHAPTER III

TRANSIENT SOLUTION TO THE MANY 

SERVER POISSON QUEUE
MODEL DESCRIPTION 


Transient analysis of multiserver Poisson queue is a complicated procedure. In this chapter we discuss the transient solution of M / M / c / (. The solution discussed here is due to Sharafali and Parthasarathi [27] using modified Bessel’s function. 

We consider a service facility with c homogeneous servers and the service time of each server has an independently and identically distributed exponential distribution. The arrival process is assumed to be a Poisson with arrival rate . The service rate of each server is assumed to be . Let us also assume that the initial system size at time 0 is i. (i.e.) If N(t) denotes the number of customers in the system at time t, then N(0) = i. 


Let Pn(t) denote the probability that there are n customers in the system at time t.

(i.e.) 
Pn(t) = Pr{N(t) = n } 

3.1 
TRANSIENT EQUATIONS OF THE MODEL



The differential equations governing the system size probabilities are given by, 


P'0(t)   =   P1(t) – P0(t)





        (3.1)

P'n(t)   =   (n+1)  Pn+1(t) – ( + n) Pn(t) + Pn-1(t), 1 ≤ n < c 
        (3.2)
P'n(t)   =   c Pn+1(t) – ( + c) Pn(t) + Pn-1(t) , 
       n ≥ c
        (3.3)

with Pn(0) = in where in is the Kronecker delta.


3.2 
TRANSIENT SOLUTON OF THE MODEL


To solve for Pn(t) we use the following partial generating functions. 

P(z, t) = qc-1(t) +
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with 
qc-1(t) = 
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        (3.5)

 With these notations the equations (3.1) to (3.3) can be reduced to the form 
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where P and Q are functions of t, whose solution is given by y = e -Pdt 
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Differentiating equation (3.4) with respect to t, we have 
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Substituting for P'k(t) , k ≥ 0 from equations (3.1) to (3.3) the above equation becomes 
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The solution of the linear differential equation is given by 

P(z, t)  =  
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When t = 0, 

c = P(z, 0) = z(i) 

Therefore, 

P(z, t)   =    z(i)  
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It is well known that if  = 2
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where In( t) is the modified Bessel function, Gross and Harris [14] 

Substituting this in the above equation we have 


 P(z, t)   =    z(i) e – (+ c) t
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        (3.7) 

Comparing the coefficients of zn, (n ≥ 1) on both sides of equation (3.7) we obtain 

–n+1 Pn+c-1(t)   =     e –( + c)t 1 – (i) In– (i) (t) 

         + 
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Since 2 = 
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(n ≥ 1)        (3.8)

The constant term of equation (3.8) gives 
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since I -1 = I1 and 2 = 
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The coefficient of z–n, (n ≥ 1) together with I –n = In implies 


 0   =     e –( + c)t 1 – (i) In+(i) (t) 

    + 
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Using this in equation (3.8) we get 


n+1 Pn+c-1(t)   =    e –( + c)t 1 – (i) (In-(i) (t) – In+(i) (t))
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The modified Bessel’s function In satisfies the property 

          In-1(y) – In+1(y)  =  
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Using this, the above equation is reduced to 
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(i.e.)  Pn+c-1(t) =    e –( + c)t n – (i) (In-(i) (t) –  In+(i) (t))


       + nn 
[image: image388.wmf]ò

-

m

+

l

-

t

0

)

u

t

)(

c

(

e

[


[image: image389.wmf]u

t

))

u

t

(

(

n

-

-

a

I

  Pc-1(u)]du   ,  (n ≥ 1)        (3.11)

          (since 2 = )

Thus the system size probabilities Pn(t), n ≥ c are calculated. It remains to find the probabilities Pn(t), n = 0, 1, 2, …, c-1. 

For this we consider the system of equations (3.2) and (3.3) subject to the condition (3.9). Leaving out the equation at n = c - 1 of (3.2), the system (3.2) together with (3.3) can be expressed in the form 
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+  [ (c-1) Pc-1(t) ec-1]


where ec-1 is a column vector of order (c-1) with 1 in the last place and zero in the remaining places. 

The matrix form can be rewritten as 

P'(t)   =   AP(t) + (c – 1)  Pc-1(t) ec-1



      (3.12) 

where P(t)    =   (P0(t), P1(t), …, Pc-2(t))T




    

   A    =   (akj)(c-1) x (c-1) 

and 
   aii   =   – ( + (i - 1), 
(1 ≤ i ≤ c – 1) 

      (3.13)

 aii+1  =    i  



         

(1 ≤ i ≤ c – 2)



      

           ai+1i   =    

Let 
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(s) denote the Laplace transform of Pn(t). 

(i.e.) 
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The Laplace transform of equations (3.12) are given by 
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with 
P(0)  = (i0, i1, …, ic-2)T





      (3.15) 

(sI – A)   =  
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Since (sI – A) is almost lower triangular, we write the inverse of an almost lower triangular matrix using the method given by Raju and Bhat’s  [32]

(i.e.) 
(sI – A)-1 = 
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ukj(s) mentioned above are recursively given as, 


uk,k    =    1, 


k = 0, 1, 2, …, c-2; 

       uk+1, k    =    
[image: image411.wmf]m

+

m

+

l

+

)

1

k

(

k

s

 , 
k = 0, 1, 2, …, c-3; 

     uk+1, k-j    =     
[image: image412.wmf]m

+

l

-

m

+

l

+

-

-

-

)

1

k

(

u

u

)

k

s

(

j

k

,

1

k

j

k

,

k

, 
j ≤ k ; 
k  = 1, 2, …, c-3 

               (s +  + (c-2)) uc-2, j – uc-3, j , 
j = 0, 1, 2, …, c – 3 

       uc-1, j    = 

                s +  + (c-2),  


j = c – 2

Substituting for 
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(s) and (sI – A)-1 in equation (3.14) we get 
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Equating the entries of both sides, we have 
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where 
[image: image427.wmf])

t

(

a

~

kj

 is the Laplace inverse of 
[image: image428.wmf])

s

(

a

~

kj

^

.   

Thus only 
[image: image429.wmf]P

ˆ

c-1(s) remains to be solved. We observe that if 

e = (1 1 … 1)T, then 



[image: image430.wmf]q

ˆ

c-1(s) = 
[image: image431.wmf]0

p

ˆ

(s) + 
[image: image432.wmf]1

p

ˆ

(s) + … + 
[image: image433.wmf]p

ˆ

c-1(s) 

Using the definition of eT and 
[image: image434.wmf])

s

(

p

ˆ

, the above equation can be rewritten as, 



[image: image435.wmf]q

ˆ

c-1(s) = eT 
[image: image436.wmf]p

ˆ

(s) +
[image: image437.wmf]p

ˆ

c-1(s) 





      (3.19) 

But, the Laplace transform of equation (3.9) gives 
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Hence L(e –( + c)t In( t)) can be obtained by replacing s by s +  + c in L(In( t)).
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            (Using 2 =  and p = s +  + c) 

Substituting this in equation (3.19), we have 
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But, 
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and   eT(sI – A)-1 ec-1 = (1 1 … 1) 
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Substituting equations (3.22) and (3.23) in equation (3.21) we get 
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Here 
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where the constants 
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Then bj(t), the inverse Laplace transform of 
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                        (since P = s +  + c) 
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If we choose Re(s) > 0, sufficiently large so that 
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The inverse Laplace transform of 
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3.3 
STEADY STATE PROBABILITIES 
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Thus the steady state system size probabilities of M / M / c   model are given by 

Pn    =    n-c+1 Pc-1,
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3.4
PARTICULAR  CASES


It is interesting to discuss the transient solution for some special cases namely c = 1, 2, and 3. The discussion of these special cases improves the ideas of Laplace inverse of modified Bessel functions and the calculation of the inverse of almost lower triangular matrix. 

3.4.1 
TRANSIENT SOLUTION OF M / M / 1 QUEUEING MODEL 

When c = 1, equation (3.5) gives (i) = i. 

The expression for Pn(t), (n ≥ 1) is obtained directly from equation (3.11) 

(i.e.) 
Pn(t)   =   e – ( + ) t n-i (In-i (t) – In+i (t)) 

    + n n 
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P0(t) can be deduced from equation 3.31. 

When c = 1, the equation (3.31) gives 
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Using the binomial expression  
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Taking inverse Laplace transform we get 

P0(t) =   
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Thus the transient solution of M / M / 1 Queueing model is given by equation (3.40) and (3.41) 

3.4.2 
TRANSIENT SOLUTION OF M / M / 2 

Equation (3.11) at c = 2 gives 
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Next, to calculate P0(t) and P1(t), we need the inverse matrix and          (sI – A)-1 
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Taking inverse Laplace transform we get 
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we have, 

P1(t)   =    -(i)  
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Next to calculate P0(t), we consider the equation 
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(i.e.) The Laplace transform is given by 

P0(t)    =      
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      (3.44) 

Equations (3.42) to (3.44) gives the transient solution of M / M / 2 queueing model. 

3.4.3 
TRANSIENT SOLUTION OF M / M / 3 

Equation (3.11) at c = 3, gives


Pn+2(t)  =   e –( + 3)t n – (i) (In– (i) (t) – In+(i) (t))

       + nn 
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When c = 3,  the matrix, A  =  
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Hence (sI – A) -1 =  [ (s + ) (s +  + ) – ] -1  
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Let 
(sI – A) -1 = 
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The characteristic roots of A are s0, s1 =  
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The constants A and B are given by 

      A    =     
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Using this we get 
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Similarly we can find, Laplace transform of 
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Substituting these in equation (3.46) we get P0(t), P1(t). 

P2(t) can be derived from equation (3.33). 

This equations (3.45) and (3.46) together P2(t) gives the transient solution of M / M / 3 model. 

1.3
REVIEW OF LITERATURE

Ever since Erlang developed the basic foundations of the theory of queues in connection with telephony queues, have been under intensive investigation by workers in a variety of fields of the many results that are obtained in the study of queues. The most significant one is the time-dependent probability that a queue starting with a given number attains a prescribed length at a later time. When the number of servers is increased to two or more, these problems become somewhat more complicated. For a discussion on these, one can refer Satty [33], where the Laplace transform of the transient probabilities of the queue with Poisson input, multiple channels and exponential service time are obtained. Satty [34] also derived expressions for the two-server queue, but the techniques used are quite involved.

P.R. Parthasarathy [26] has paid a considerable attention to obtain the transient solution for the system size in M/M/1 queueing system. A number of methods have been put forward to find the time-dependent solution for the number of customers in a single server Poisson queueing system.             These include the spectral method of Ledermann and Reuter [21], the combinatorial method of Champernowne [2] and the difference equation technique of Conolly [6]. See also Karin and Mc Gregor [16] and Pegden and        Rosenshine [30].


The transient behaviour of three specific queueing system, namely, M/M/1/1 (no one allowed to wait), M/M/1/( and M/M/( (ample service) are discussed by Gross and Harris [14]. He has restricted the transient analysis to these three models, since the mathematics becomes extremely complicated with the slightest relaxation of Poisson exponential assumptions. Even these three transient derivations vary greatly in difficulty. The problem becomes much more complicated when the restriction on waiting room is relaxed, or multiple servers are considered.


B.W. Conolly and Christoslangaris [7] have obtained a new formula for the transient state probability for M/M/1 queue. They have reviewed a passed work relating to the computation of time-dependent state probabilities in M/M/1 queueing system with emphasis on methods that avoid Bessel’s functions. A new series formula of Sharma [35] is discussed and its connection with traditional Bessel function is established.


Transient analysis of the M/M/1 queue under N-policy [8] is analysed. T.G. Deepak had derived the distribution of transient state probabilities.


Wolfgang STADJE [36] have considered a queueing system M(t)/M(t)/2 in which the arrivals form a non homogenous Poisson process with intensity rate (t), and there are two servers both working with a time-dependent service rate (t). 

The transition probabilities P,n(t) = P{N(t) = n / N(0) = r} r, n ≥ 0 of the Markov Chain formed by the number N(t) of customers in the system are derived.


Parthasarathy and Sharafali [28] in their paper presented a straight forward method to obtain the solution for the M/M/c queue and deduced the steady state probabilities. They have also obtained explicit expressions for the system size when c = 1, 2, 3.


Transient solution for busy period distribution has been discussed by many authors. Saaty [33] has discussed the equations for busy period distribution of M/M/c queueing model and Chaudhry and Templeton [3] have obtained solution for the system only for simple cases. Sharafali and Parthasarathy [27] have obtained the probability density function of a busy period for any intermediate number (k) of channels busy. They have defined a generating function in a special way which results in simple differential equation.


P.R. Parthasarathy and R.B.Lenin [29] have obtained the transient system size probabilities for a multiserver queueing model in which the arrival rate increases if there are fewer units in the system and steadily decreases to zero for larger number of units. They have given the Laplace transform of these probabilities as a continued fraction and calculated the inversion through the properties of tridiagonal matrices. The effectiveness of this procedure is illustrated through tables and graphs for the queueing model and its busy period.

SUMMARY AND CONCLUSION


Steady state system performance measures are inadequate and often they are in appropriate for systems which never attain equilibrium. The problem of attaining the time-dependent solution for the probability distributions of the system parameters is more complicated in the case of multichannel queues. A number of methods have been put forward to find the time-dependent solution of system size probabilities of multiserver Markovian queueing system. Using different approaches this transient behaviour still remains a topic of great interest.


As the complexity of the queueing system increases, one cannot obtain closed form expression for the transient solution. In this thesis, we have analysed the following two papers in detail.


The first paper discussed is, 

“A note on the simple queue with variable intensities and two servers” by Wolfgang STADJE [36].

In this paper M(t)/M(t)/2 queueing model is considered and the expression for transient probabilities P.n(t) of the Markov chain formed by the number N(t) of customers in this system is calculated.

The second paper discussed is, 

“Transient solution to many server Poisson queue a simple approach” by Parthasarathy and Sharafali. An elegant time-dependent solution for the number of customers present in the system for M/M/c queueing model is derived.
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“Delay is the entry of efficiency 

and 

waiting is the enemy of utilization”
1.4
WORK DONE IN THE THESIS

In many potential applications of queueing theory, the system never reaches equilibrium. The system begins operation empty and then stops or stopped at some specified time t. Businesses or service operations such as barbar shops or physician offices which open and close, never operate under steady state conditions. So, in the study of queues, the most significant result is the time-dependent probability that a queue starting with a given number attains a prescribed length at a later time. Our main interest in the present study is to discuss a time-dependent solution for the number of customers in the queueing system with Poisson arrivals and exponential service times.


In chapter II, we consider a queueing system M(t)/M(t)/2, in which the arrivals form a nonhomogenous Poisson process with intensity rate λ(t) and there are two servers both working with time dependent service rate (t). We assume that λ(t) and (t) are continuous and that λ(t) ≥ 0 and (t) > 0 for all     t ≥ 0. The transition probabilities of the number of customers present in the system at time t are derived. The expected number of customers is also calculated for the system.


When the number of servers is increased to two or more, the problem of finding time-dependent solution becomes somewhat more complicated. P.R. Parthasarathy and M. Sharafali [27] in their paper have given a straight forward method to obtain the solution for M/M/c queue and deduced the steady state probability results. This paper is analysed in Chapter III.
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