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17MMAC13 Topology - I
                                                                            PART A                                       10 x 1 = 10       
           	Choose the Correct Answer

 1. Let     X  =    {   a ,b, c } .      Then,         
     a.  =  {  𝟇 , {a},    {b }  , { c}   }    is    a     topology    on      X ;             
     b. =  {   , {a}, {b },    X    }           is    a     topology    on      X ;                                                    
     c. =  {   , {a}, {b } , {a,b},   X  }    is    a     topology    on      X ;                                                  
     d.   =  {   , {a},   (c},   X   }            is    a     topology    on       X.        

2.  Intersection   of      two    topologies    on    a    non-empty    set     X,
      a. Need  not  be  a  topology  on   X  ;          
      b. is  a  topology on    X   ;                           
      c. is  not  a topology  on   X ;                                                                             
      d. Under certain  conditions,   is  a  topology   on    X .           
                  
3.  If   Y   is    a    subspace   of    a    topological    space   X   and   U    is    open    in   Y , then 
      a. U  is  open     in    X ;               
      b. U  is  closed   in    X ;                                              
      c. U  is  open      in    X     if   Y   is   open     in   X ;                                     
      d. U  is  open      in    X     if   Y   is   closed   in   X .

4.  If  A   is    a   subset  of  the    topological   space  X,    then 
      a. int ( A)     A          		b. int ( A )    A                                        
      c. int ( A)    A                              d. int ( A)     A    

5.   If      is    a   continuous   function   where   X   and   Y  are  metrizable   with 
      metrics ,   then
      a.  (   ( .
      b. (   ( .
      c.  (   ( .
      d.  None    of   the    above.    

6. ( 
      a   {    ;         	b. {    ;                                     
      c.  {       ;               d. None     of    the    above. 

7.   A   space    is   connected  
      a. if  and   only   if   the    subsets  of   X   that  are   both  open  and closed  in  X 
          are   A     and       where    A    X.
      b. if    and    only     if   the    subsets  of    X   that   are    both   open   and   closed   in    X 
          are          and where    A      X  .                        
      c. if  and   only   if   the   only   subsets  of   X    that    are    both   open  and   closed   in   X  
          are     𝟇     and     X    itself. 
      d. None    of   the   above.

8.    If   A     B       ,  where   A  is  a   connected   subspace   of  a  topological space   X, 
       then   B   is
       a. disconnected          b. compact                c. Connected             d. None  of the above.  



9.  The   closed    subspace   of   a   compact  space  X   is             
      a. Compact            b. Connected       	c. Disconnected           d.open

10. The     real    line  R    is 
       a. locally   compact                    		b. Countably    compact                                     
       c. Sequentially compact       			d.  Totally   bounded.


Part B		                                5 x 6 = 30
Answer ALL questions
Each answer should not exceed 400 words or two pages

11.a. If  X  is  a  set  and  B   is   a   basis  for  a   topology   T   on  X,   then,  prove   that
         T   equals   the  collection  of   all    unions  of   elements  of     B.
 (or)
11 b. If      and     are  bases   for   the   topologies   T   and    T ’  respectively   on  X, 
         then   prove  that  the   following   are  equivalent :
         (1).  T ’  is    finer   than    T.
         (2).  For    each     and   each    basis    element   B       containing    ,    
                   there   is   a    basis   element    B’    such that     B ’    B.

12.a. Prove that   every finite  point  set  in  a Hausdorff   space   X  is    closed.
(or)
12 b. State    and   prove    the    pasting       lemma.
 
13.a. Prove   that   the    topologies   on induced by  the  Euclidean   metric   and 
         the    square   metric   are   the   same  as      the   product     topology    on  
(or)
13 b. State    and     prove    the     sequence     lemma.

14.a. Prove   that   the   image   of     a    connected   space   under   a   continuous    map  
         is    connected.
(or)
14 b. Prove     that   the   components   of    X      are    connected    disjoint    subspaces
         of   X   whose    union   is   X ,  such  that   each   nonempty   connected    subspace
         of   X   intersects    only   one   of    them.

15.a. Prove    that   the   product    of    finitely  many   compact  spaces     is compact.     
(or)
15 b. Let  X  be  a  topological  space. Then prove    that   X   is   compact   if  and  only   if
         for   every   collection        of  closed    sets   in   X    having   the  finite   intersection
         property, the  intersection  of   all   the   elements    of       is   nonempty.

				 

						    Part C                                           5 x 12 = 60
 Answer ALL questions
Each answer should not exceed 800 words or four pages

16.a. Let   X   be   a   topological   space. Suppose  that     is   a   collection    of  open  sets    
         of   X  such   that   for  each  open   set   U    of    X  and  each      in  U,  there   is  an   
         element   C of    such  that   C. Then, prove that       is    a    basis   for   
         the   topology   of     X.
(or)
16.b. If    B     is   a    basis   for    the   topology   of   X   and   C    is   a   basis   for   the 
         topology   of   Y,   then     establish    that    the     collection
         D    B   B  and  C  C }   is   a  basis for  the  topology   of   X Y.

17.a. Let     A   be    a      subset    of    the     topological   space X    and  be   the     set  
         of    all   limit      points   of   A.    Then,   prove      that          A     .
 
(or)


17 b. Let    X  and   Y   be    topological    spaces .   Let              Then , 
         prove    that      the      following      are     equivalent   :
         (1).      is     continuous.
         (2).   For   every   subset   A    of   X,    )      .
         (3).   For   every   closed     set    B    of   Y,   the   set    is    closed   in    X.
         (4).   For   each      and   each    neighborhood     V   of     ,  there    is   
                  neighborhood    U   of      such    that   V.                  

18.a. Let    (be   the  standard    bounded   metric   on  R .     If
,are  two   points   of  ,define  { }.  Then,  prove  that
         D   is    a    metric   that   induces    the   product    topology    on   
(or)
18 b. State     and   prove    the    Uniform    limit    theorem.

19.a. Prove    that      a     finite     cartesian     product      of     connected     spaces      is    
         connected .
(or)
19 b. If   L  is   a   linear   continuum  in   the   order   topology, then   prove   that   L   is   
         connected    and   so   are   intervals  and  rays    in    L.

20.a. Prove   that  the   compact  subspace  of   a   Hausdorff   space   is  closed.
(or)
20 b. Let   X    be    a    metrizable     space.  Then,   prove   that   the   following    are          
          equivalent  :
          (1). X   is   compact.
          (2). X   is    limit  point   compact.
          (3). X   is   sequentially  compact. 
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Seek and Ye Shall Find





