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CHAPTER - IV
CIRCULANT TRIANGULAR FUZZY NUMBER MATRICES

Definition : 4.1

A circulant matrix is a square matrix generated from a vector as the
first row (or column). Successive rows use the same element as the first row,
but each such row is circularly shifted by one element. The last element in the
first row will be the first element in the second row ... and form cycle

permutations.
Definition : 4.2

A Triangular Fuzzy Number Matrix A is said to be circulant TFNM if ali
the elements of A can be determined completely by its first row suppose the

first row of A is
[caq, 8,8 5 <@ 885 5 s <a;,a,,as >].

A circulant TFNM is the form of

{ 5 u £ = u l = u t = u
<a1,a1,a1 > <32,82,82 B neie <a(n_1),a(n_1),a(n_1) > <a(n),a(n),a(n) >
Lz u { = u ' ~ u ( = u
<a(n),a(n),a(n) > <a1,a1,a1 2 s <a(n_2),a(n_2),a(n_2) > <a(n¥1),a(n_1),a(n_1) >
£AL Be Bl > SO BLAL S s <o, 8,8 > L s
| <ap,d,ay> <ag,ds,ay> ... C A e E A, >

Remark : 4.3

It is noted that the TFNM A is circulant if and only if

~

A )for every i, j, k € {1, 2, ..., n}, where @ is sum modula n. This

i~ Akei) ko]

supply that the elements of the diagonal are all equal.
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Remark : 4.4

For a circulant TFNM A we notice that A;,= A 5, ,and A= Ay
foreveryi,je {1, 2, ..., n}.
Remark : 4.5

For a circulant TFNM A we notice that A(iEB it Ai(j@1)for every
hje{1,2, ..., n}
Remark : 4.6

For a circulant TFNM A of order n x n with first row

[<af,a,aj > <a5,a,,a5 > <a3, 3,83 >......,<ap, a,, an >].

Then the k" column of A is

< u L =4 u L u ¢ = u
[<ag,ag, a8k > <8y 1), Agyr Ay > +oeee , <aj,a,,a4 >,<a,, a,,a, >,

V) o~ V4 ~
<a(n_1), a(n_1),a?n_1) >, ------ y <a(k+1),a(k+1),a?k+1) >]
Theorem : 4.7

Annxn TFNM A is circulant if and only if A C, = C, A, where C, is

the permutation matrix of unit TFNM.

[<0,0,0> <0,0,0> ...... <0,0,0> <0,1,0>]
201,05 <0.0,.0> e <0,0,0> <0,0,0>
Ui B 15 fooce copmee. wmmes GIEE abiad
<0,0,0> <0,0,0> ...... <0,0,0> <0,0,0>
1€0,0,0> <0,0,0> ... <0,1,0> <0,0,0>]
Proof

~ N ~ ~
Let A be a TFNM and P = A C,, then P;= > (A Cy). Since, only cin
k=1

is <0, 1, 0 > and all other elements of the first row of C, is <0, 0, 0 >. We get

"N

i= Aiger)-
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Similarly, if T = C, A, then T, = A — . So, by Remark 4.5 P, = Tfor

alli, j e n. Hence A C, = C, A. So, A is circulant TFNM. Converse is straight

forward.

Example :

4.8

Let A and C be two circulant TFNMs of order 3 x 3, where

|23 4> <4.B, 7> <3,6,7%
A = |<3,6,7> <2,3,4> <4,6,7>|and
_<4,6,7> <3,6,7> <2,3,4>
[<0,0,0> <0,0,0> <0,1,0>
C = 12010 <0,00> <0,0,0>
1<0,0,0> <0,1,0> <0,0,0>
<4,6,7> <3,6,7> <2,3,4>
Then AC = | <2,3,4> <4,6,7> <3,6,7> | and
3.8, 7> <2345 <46,7>
<4,6,7> <3,6,7> <2,3,4>
CA =1<234> <4,6,7> <3,6,7>
<3,6, 7> <2,3.4> <4,6,7>
Thus A C=CA.
Theorem : 4.9

For the circulant TFNMs A and B
(1) A + B is a circulant TFNM.
(i) A’ is a circulant TFNM.

(i) A B is also a circulant TENM. In particular, A¥ is also a circulant TFNM.

(iv) A A’is circulant TFNM.

Proof
() Proof is straightforward.
(i) Since A is circulant TFNM then A commutes with C,.

So, AC,=C,A.
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Transposing both sides of AC,=C, A, wegetC, A'=A"C,
or,Ch,C,/A' =C,A'C,
or, A’= C,A'C, [since,C,/ Ch,=1= C,Cy]
A'C, = CLA'CyYCp = CLA
So, A’ is circulant TFNMs.
(i)  Since, A and B are circulant TFNMs, each of A and B commutes with
Cn.
Hence, A B commutes with C,,.
So, by Remark 4.5 and Theorem 4.7 we get A B is circulant TFNM.

(iv)  Similar to (iii).

Theorem : 4.10
If A and B are circulant TFNMs then A B =B A.

Proof
Let AB = C and B A = D then both C and D are circulant by theorem

4.9 (iii) and their first rows are
[ 80, Bt 5, 265,050 3y 205,605,080 5 wueess <ch,¢,,ct>] and
[<df,dydl =, <di,dydl s <didydls o zdf,d..dl =)

respectively.

Then the mean value of the k' element of the first row of C and D are

respectively.
= K o ~ n o~
Ck = Y @ by o) |+ 2 (@ brnpiksty)
p=1 p=k+1
= (3, by) + (3, D)+ (3, Dijegy) F seosns + (5(k-1) b,)
+ (3 by) + (Aeny by) * oo + (Agaz) Dinogy) oo +

(An-1) bks2)) + (@n bsay)
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o
=
]

K ~ LN
[21 (by a(k—p+1))} + |: 2. (b, a(n—p+k+1))j|
p:

p=k+1

(a;by) + (a3, B-1y)+ (a3 Digesy) # sesese + (A1) b2)
+ (3 by) + (A, by) + .o + (Agsz) Pnogy) +oeee +
(An-1) bks2)) + (@ Dyesry)

It can be easy to see that &, = d,

The left hand spread of the k™ element of the first row of C and D are

k - n o

¢ _ ¢ ~ W0 ¢ ~ 0

Ck = 2 (@p Pgps1y +3p Dpi1)) + 2 (A Dot 8, B nin )
p= p=k+1

-t

- Ly ™ e T ~ 2P
£ (a1 bk + a1 bk ) + (az b(k_1) + a2 b(k_1)) + ...... +
) ~ ~ e 0w ~ Wl
(A1) Dsz)) + (A(nt) Paz)) + (@n Besry +a5 Biz))
( E = ~ Al 2 g o I
dk = Z (bp a(k—p+1) + bp a(k—p+1)) + Z (bp a(n—p+k+1) + bp a(n—p+k+1))
p=1 p=k+1

= iy = o g e N Al
= (b1 ak +a1 bk) + (b2 a(k_1) +b2 a(k_1)) o OP P S g

(b([n—1) 5(k+2)) + (bn1) a([k+2))+ (b, 5(k+1) +b, a([k+2))
It can be easy to see that ¢, = dj.
Similarly we can see, the right hand spread of the k™" element of the

first row of C and D are equal i.e., c; = dy.
Since C and D are circulant, we have (~3ij = E)ij and hence the theorem

is proved.

Theorem : 4.11

A circulant TFNM A is symmetric iff Ay=A,,..for every

ie{1,2, ..., n}

Proof

Let A be symmetric, then



A
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Ai=Aqenion =An=Ajonuerk foreveryikef{l,2,....n}
Taking k = n —1i, then
A(1 @ (n-i))(i @ (n-1i)) = A(i @ (n-i)) 1@ (n-1))

= Angnoivn = z\ﬂn_nz) [by remark 4.4]

Conversely, suppose ;\ﬁ: ;5\1(,,_” o foreveryie {1, 2, .... n} then

=Aiexnerk foreveryi ke{1,2 ..., n}

Takingk=n—i,weget Ay = A iin= Ain iz Ag.

But since A is circulant and Z\ﬁ = Kn. We have Z\:ij = Z\ji. for every

i,ke{1, 2, ..., n}and A is symmetric.

Theorem : 4.12

If a TFNMs A is circulant, then E A is symmetric where E is a

permutation matrix of unit TFNM and the form of E is

Proof

[<0,0,0> <0,0,0> ...... <0,0,0> <0,1,0>]
20,00 20003 . <0,1,0> <0,0,0>
E = | ..
<0,0,0> <0,1,0> ...... <0,0,0> <0,0,0>
| 01,0 <0005 . <0,0,0> <0,0,0>

~ N ~ ~
LetR=EA, then R;= > E; A foralli,jk=1,2,...,n. Since, Eisa
k=1

permutation matrix of unit TFNM and only the elements Em, E1(n~1)’

~

E 5y 5 44+ Em are <0, 1, 0 > and all other elements are <0, 0, 0 >, we get

” N~ o~ ~
R; = > Ew A= P o]
k=1



62

~

Now, since A is circulant, we know R; = A, i, 1= Amiisn ek ke )

foralli,j, k e {1,2, .... n}.

When, k =i, then

Ry = Rpiiemif = Ano o) = Avioj and

~

RJI = A(n~j+1)i= A((n~j+1) ® k) (k ® l)fOI’I,j, k (S {1, 2, ceny n}

Taking k = j, then

Ry = Ap-jeni

A(n@ 1) (@)

A1(i ®j)

Hence ﬁij = F~2ﬁand thus R is symmetric.

Theorem : 4.13

Let A be a circulant TFNM of order n x n. Then
adj A is also circulant TFNM.

If Ais a square TFNM then |A|=|A"|.

adj A = (adj A)".

We have to prove co-factor of the elements A, 5 1, and A<i & 7= for

alli, j € n are same.

Since A is circulant then by Remark 4.5 A ¢ 1) = A(@ - and so the

minor of A ¢ yand A(i@ =l will be same.

Now, co-factor of /T\i(j on=(1)"0" 3 sgne ]_[ Ak(,k and

ceS,
k¢|
k#j@1

-~ n ~
Ao = gy 28139”0 _11—[ Ak

k&
k=(i®n-1)



(ii)

(iii)
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It is obvious that for fixed n, the sign of (— 1) * 4@ " and (~1)1® "+ i
same foralli,j e {1, 2, ..., n}.

So, the co-factor of Ki(j o 1yand A are same.

(i® n-1)]j
Hence adj A is also circulant TFNM.

LetA= (Z\ij)nxnbe asquare TFNMand A’ =B = (§ij),,xn . Then

IB| = Z Sgn 6 Big1),Bas(2)s -1 Bro)
ceS,

= 2 8gnc Ay Aze) o Anoin)
ceS,

Let ¢ be a permutation of {1, 2, ..., n} such that ¢ c = I, the identity

permutation. Then ¢ = o .

Since o runs over the whole set of
permutations, ¢ also runs over the same set of permutation. Let o(i) = |
then i = o7'(j) and ass = a4 forall i, j. Therefore,

B

ﬂ -~
> Sgno <as1)1 ac(1)1:a:;(1)1 >

ceS,

~

¢ ~ ¢
<a52)21 A5(2)2: aﬂ(z)z > ... <@g Ag(nns az(n)n >

[ ~
2. Sgno <ajymy gy Q1901 >
¢€sn

' 4 ~ u l o~ u
<8242)) A24(2): A2¢(2) > -+ <8ng(n)> Bng(n)> Ang(n) >
| A
Hence, |[A]| = | A"

Similar to (i) and (ii).



