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SYNOPSIS 

I n I n t rod uc t ion, t he dcl iii I t I I Q LI(' tiC I fl 

Theory, their basic characteristics and the notations 

are given. 

Chapter I is devoted to study the paper 

"OPERATING STRATEGIES FOR A MULTI-VEHICLE TRANS?ORTA- 

lION SYSTEM" by S.H. SIM and J.G.C. TEMPTiT()N. in 

this chapter, a multi-vehicle transportation systen 

with one source terminal is considered. We assume 

passenger arrivals to be described by a Poisson 

process. The dispatching policy is of the form: 

Dispatch a vehicie if the passenCr queue 

t a I r a ; om C c nut r n I I in I t . I t 

is assume that vehicles have sufficient capacity that 

a passenger can always board the next departing 

vehicle. A minimum average cost - riteriofl is USEd 

to determine the firm's fleet size and dispatchir 

strategy. This is :i generalization of the results 

of Weiss (1979) for a single-vehicle transportation 

system. 

Chapter II is dealt with the "COMPUTATIONAL 

PROCEDURES FOR STEADY STATE CHARACTERISTICS OF U- 

SCIInI)(JIiII) MUll I -CM1RI P11 SIIIJTTLII SYSTUM" by c .11. S TM 

a tid J . . C. I IM1'LIYI'UN . 'I he t ran spor tat ion sy slew 

considered in this paper has a number of ehic1es 

with no capacity constraint, which take pascengers 



from a source terminal to various destina'ions and 

return to the terminal. The trip times are considered 

to be independent and identically distributed random 

variables with a common exponential distrihdtion 

passengers arrive at the terminal in accordance with 

a Poisson process. The system is operated under the 

following policy: When a vehicle is avaiabe and 

there are atleast n passengers waiting for service, 

then a vehicle is dispatched immediately. The passenger 

queue length and waiting time distributions are 

obtained under steady state conditions. System per- 

formance measures such as average passenger, passenger 

queue length and waiting time are then derived. 

mniml1m average cost criterion is then used to deter- 

mine the opt i mal fleet 5 ze and di spa tch i ng policy .  

This is a generalization of the results of Weiss 

(1979) for a single-vehicle system. 

At the end of this dissertatior, a list 

of Bibliography used for reference is added. 



"Mathcm:it Ics - in a strict sensc• 

is the abstract science which inves- 

tigates deductively the conclusions 
implicit in the elemeitary concep-

tions of spatial and nunlerical 

relations". 

INTRODUCTION 



INTRODUCTION 

The study of queueing system has incrsing1y 

occupied the attention of researchers, since tnc anno-

y ance o f hn v i iu t e wa i t i ii 1 I tic i s hccom I ng mer c and 

more prevalent in our increasingly cong'sted and 

urbanised society. A queueing system can be described 

as customers arriving for service and waiting in case 

of it is not immediate and if having waiting for 

service, leaving the system after getting served. 

The study of queues is mainly applied in 

the field of business (banks, super markets, booking 

storage), industries (serving of automatic machines 

production lines storage), engineering (telcnhoncs, 

coninniniration networks, electronic computer.$), trans- 

port a t I on ( I r - no r I - , ha rho ur S , r a i iways , t r a Iii C 

operation in cities, postal services) and in common 

places like elevators, restaurants, barber shops etc. 

These are concerned with the design and p i anli ing of 

service fn(-  i I i ti(-F, to meet a rindomly fluctuating 

demand for service, so that congestion is minimised 

and economi.c balance between the cost of seri'icc and 

the cost associated with waiting for the .3ervice is 

inainta med. 
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Queueing Systems and their Basic Characteristics: 

A system consisting of a servicing facility 

a process of arrival of customers who w13h to be 

served by the facility and the process of service 

is called a queueing system. Graphically, a qiieueing 

system can he described is follows: 

Customers arriving Customers 1eavng after 

—p getting secvcd 

Arrival Pattern of Customers: 

ihe arri val pattern is measilre(1 i a t e r m 

o I t lie in en n a r i V a I a t c or t he me an  

tinie. Ii fur ;iiii;iI; :i i' ;fiit ly ;I(-rTin tn 

schedule , queues can be avoided, but in practice this 

is not the case and in most situations arrivals are 

controlled by factors externa' to the system. 

Arri vats may occur in batches or one at a 

time. When more than one arrival, c a n enter the 

system s I mtfl tatieousl y, the input is s a i d to occur 

in bulk or batches. In the bulk arrival situation, 

the I line between ucced vu air I vais and the auinber 

of customers in a batch are probabilistic. 



If the queue is too long, a customer may 

decide not to enter the system upon his arrIval and 

he is said to have, balked. 

On the other hand, a customer may enter the 

queue but after sometime he may lose patience and 

decide to leave and in this case, he is said i:o have 

rcnegcd. When there are two or more parallel waiting 

lines, customers may switch over from one to another 

and it is called jockeying for position. 

I a n a r r i va I ja It (5 rn (toes not c la nC Wi I 11 

S jc a I 1 'c1 :1 t I I n:i I V 1 F U V a I I 

C) t I1(' lW I i (a I I 'd )(1l1; t a I I ()IUI ry 

Service Mechanism: 

tin ;crvice mechanism describes the manner, 

i ii wli in h so IV ice i S rCh1(I( r('(l S(,  U \I I (O iii ny 1)1' (II or 

ministic or probabilistic. Random variable reproscn- 

tations of these characteristics are essential. 

Customers may he served singly or ir 

hatches. There are many situations whore a hatc1 

1 i I ni I I  

In many queueing situations, the nimber of 

servers may depend on queue 1 ength . As soon as tie 

number of customers exceeds a preassingod number, 

an additional server may be employed. When the queue 

size becomes less than or equal to the preassingd 

number the additional server may be withdrawn a ftcr 
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the completion of service on hand. 

System Capacity: 

Some of the qucueing processes admit the 

physical limitation to the amount of waiting room 

so that when the queu.e reaches a certain length no 

further customers are allowed to enter until snace 

becomes available by a service completion. In some 

cases, the capacity can be considered to be infinite. 

The finite queueing systems can be viewed 

as having forced balking where a customer is forced 

to balk if he arrives at a time when the queue size 

is at its maximum limit. 

Service Channels: 

Queueing system may have several service 

channels toprovide service. These service channels 

may be arranged in parallel or in series or as a more 

c ompi e x c nih i flat i on of hot h , d pen di ng On t he (I 0 s i 

of the system's service mechanism. 

In parallel channels, a number, of channels 

provide identi cal service facilities so that several 

customers may be served simultaneously. [n series 

Ii:, ii ii : 1 ii t IU(' I in I )a Ii r ouh s tl( C o; iii I I 

all the ordered channels before service is Completed. 



S 

A queueing system is called a single server 

model when the system has only one server and when 

the system has a number of parallel servers it is 

known as mu] t i sever model 

Queue DiSc ipi me: 

Queue clisciplien is the rule according to 

which customers arc selected for service when a queue 

is Ioiind . Hie itiost common d isicpl Inc is 'First in 

I rst (hit ( H H)) nil c under which the customers are 

served in the s t r i c t order of their arrivals. 

Another queue discipline is "Last in First Out(LTFO) 

According to this rule, the last arrival in the 

system is served first. In some cases, the arrivals 

arc served randomly irrespective of their arrivals 

in the sysem "Priority" discipline allows priority 

in service to some customers in relation to other 

customers waiting in the queue. 

Notat ion 

A queueing process is usually reoresented 

by the notation A/B/C/X/Y where A is the interarrival 

time distribution and B is the service time distri- 

bution. "C" is the number of parallel servers or 

sevi cc channels, X is the system capacity a ii ?!!I 

is the queue discipline. This notation is called 

Kendall Notation. 
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= Steady state probability that j passengers 

are waiting at the terminal j < 0. 

= Steady state probability that m vehicles 

are available at the terminal irme'iiately 

a f t e r a dispatch m = 0,1,2. .....N-i. 

c = Cost of dispatching a vehicle. 

w = Waiting cost per passenger per unit 

I i III(,  

I) (N) (r,I r' tin it. t irne a ssoci a ted v I th the 

fleet size N. 

fw(t) = Probability density function (ndf) of 

W , the wa i t i n g t I mc o I a n a r r i v i n 

passenger in the queue. 

'P (N, ) = Long-run average cost per unit time asso- 

ciated with the dispatching policy 

and a fleet size N. 

Mct h()d; Ir flI vi ri' Oirii' I i,' Mulr I;: 

Queueing mmodels can he classified into 

Markovian Queueing models and non-Markovian queueing 

models. 

Markovian Queueing Modells: 

Queueing models with inter-arrivai time of 
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customers and service time exponentially dictrihutcd 

arc ca led Ma rkov ian queueing models. 

Markovian queueing models can he analysed 

by the following methods: 

the difference-differential equation 

iii e t h 0(1 

the Matrix -geometric a Igori thmi c method. 

Non-Markovian Queueing' Models: 

In practice, there are models that do not 

r e 1 y 0 n t r i e t M a r k n v a s si imp I I un s 
. 

Q tic ii I n p in n de I 

Iìaving the inter-arrival times and/or serice times 

which are not exponentially distributed are called 

non-Markovian queueing models. 

Development of Qucueing Theory: 

The queueing theory has its origin in 1909, 

when the Danish Mathematician A.K. Erlang published 

his paper relating to the study of congestion in tele- 

phone t ra III c , name I y ''Tue t heory o f pr ohab I it i 

and telephone conPersations". Being the p  i onecr 

researcher, Priang is caulcd the father of qucitciag 

theory. Felix Follaezele did some £urthe pioneer- 

ing work in the early 1930's. These early works in 

queueing theory picked up momentum slowly and ncw 

intensive research is going on in this field. 



Thus queueing theory has proved to be a very 

useful tool and we anticipate that i t s use will 

continue to grow as recognition of the mai\ guises 

of queueing theorem. 



?l 1 Ii n d hot h a spec-  i a 1 p1 ca sti rc 

and constraint in describing the 

progress of Mathematics because 

it has been part of so much specula- 

ti on; as I adder f o r mystica1 as 

well as rational thoughts in the 

intellectual ascent of man". 

-Jacob Bronowski 

CHAPTER - 1 



CHAPTER - I 

OPERATING STRATEGIES FOR A MULTi-VEIITCLE 

TRANSPORTATION SYSTEM 

In this chapter we are interested in it trans-

portation system in which dispatching of vehicles 

is carried out from a source terminal . There are 

N vehicles in the system. Each vehicle takes passen- 

'eF5 lI(t1! the wiice teimi ntil. to viirious destinat I()I5 

and returns alter some random trip time to make 

another trip. The travel times of successive trips 

are assumed to be independent, identically distri 

buted exponential random variables with mean 1/ 

Pfl S C fl pe r a r a I t he source I e rm I n;i 1 c cc rd in 

to a poisson process with rate x 

Vehicle dispatching decisions are made at 

the following two types of decision epoch:- 

Upon the arrival of a vehicle at the 

s oil rc c te i'iil I na 

At every passenger arrival, if there 

is at least one waiting vehicle at the 

source terminal. 

At eacch of the above review points, on 

has the option of holding or dispatching a vehicle 
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immediately. The dispatching strategy is as follows:- 

Dispatch a vehicle if the passenger queue 

exceeds or equals a contorl limit c If no vehicle 

is available, the passcnngers will continue to wait. 

I I I S 1 1 so as siimcd t lnlt veh i c es Ii;i VL  

cient capacity that a passenger can always board the 

next departing vehicle. 

The performance measures f o r the above 

system have been obtained by Sin and Templeton[51 

using a two -dimensional state space formulation. 

The above queue-dependent dispatching policy has beer 

shown hy l)ceh and Serfozo( 2 I to exhibit oj)t ma 

properties for the one-vehicle system. Weiss[7 1.  

obtained the 'optimal ' queue limit f o r r I.c one- 

vehicle systcrI by minimizing the long- run average 

cost of Wa it ing and sery ice charges. 

in this paper, the distribution of number 

of passengers waiting at the terminal is obtained 

by using a one-dimonsionnal state-space lormtilat ion 

A minimum average cost criterion is then i ise(I lo 

determine the firm's fleet size and dispatching stra- 

t ogy. This cost cons is Is of: - 

i ) dispatching cost 

passenger waiting costs 

cost associated with the fleec size. 



Section 2: PASSENGER QUEUE LENGTH DISTRIBUTION 

Define: - 

= Steady state probability that j passenge:s 

are waiting at the terminal j ' 0. 

= Steady state probability that m 'rehicies 

are available at the terminal immediately 

after a dispatch. m = 0,1,2 ....... N-1. 

Steady state probability that passengers 

have arrived at the terminal belorc a 

vehicle arri val and that thcrc are no 

vehicles at the terminal alter the last 

dispatch. 

/ X 
= I 

\ X + N p/ 

The steady state probability equatior dec- 

crihing the passenger queue are:- 

x = , 1< j< a 
- 1 .,. 1.2.1 

06 
= N7.  + 

- 
(1 - ) . 1 . 2 . 2 

(X+ NO A 
—i 

. 1.2.3 

(X+ N1)1t.= A • j' 
c + . . .3.2.4 

From equation 1.2.1: 

1Tj = iT0' 1< i<- -1 .. 1.2.5 

11 



1 2 

From equation 1.1.2 

X1T0 N 
TT 

+ XTT 
- 

K 

Ot 

N1ITmK  = 
TT 

- 

(1 - 

(X IT  

Using equation 1.2.5 

Tf 

K a K 
0 

 

: 

 

XTT 

Np 

But we know = (...____)c p 

X+Np 
ci 

= P0 
. . 

F rorn eqiuit ion I .2.3 

( X+ N p ) •ii = XT! 

11 = 

)+ N p 

X X c 
•IT 

= 
ei - 

Use equation 1.2.5 

+ 1 p
0 . . 

1.2.7 
X+Np 

From equ1tion 1.2.4 

(A+N).= X1T1, 

A 'r 
i - i 

TT  

3 



:13 

IJ S I ng Cqii1 Li on 2 . 7 

RI 

= (—----) (—) j P 
3 X + NP )\ + NP 0 

= ( p 
A+NP 0 0 

c 
But •: TT = 1 

3=0 3 

lr. = I + I =1 
3=0 3 3=0 3=0 

U ut we know Ir = 
0' 

1 < 
j 

< 1 and from ezuati on 
3 - — - 

1 .2.6 we get 

a A 
IT + E IT = TI 

+___(__ ) P ii =1 
j=o j=o 

0 
Np X+Np 0 C 

A 
=IT 0 [a+ ___(_---2_---_) P1 

- 

NpX+Np 

-s [v I A 
() 

Nii A Ni 

Tic n(:(' , 1 lie s e ;il y st t c or oh;i Ii I I i I e s 1. c n  

(I II I iii I 
• IT (I P 

+ P 0 i < Np X  -irp 
TT 

= ( 
A j+1  

A N p N A + N 0 

1.2.9 
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These results are in agreement with those obtained 

by Sim and Templeton[5] using a two-dimensional state 

space formulation. 

The average passenger queue size i g i v e r 

by 

a 
E (Ql Z3TTj = 3 Tr + 3 • 

j1 i=1 j=a 

Using equation 1.2.9 

13(Q) = A ( 
 _- )Pi 1  

Nii A+ N 

+ i 1 J +1 

Ni 
X+N ii 0 A +ini 

I 
A + ¶ 

I i (V ii () i N (

TI 

) 

= I 1 + 2 + 3+ ........+ -I I + 
0 

A c +2 ( ) +
1  

p 

= TI + 
(X)a+i 

[ a+(a+ o o
1) 0 

2 A4Np 

( A• 
+ ( a+ 2) ( X )2 

I 
A+ NP Ac!+ Np 

=TT + 
1 Ary 11 A 

2 
0 0 

X+Np A+Np 

( _____ ) 2 + 1 + 
A 

+7,
A  

A N ii A i N A N  

4 



is 

a (a -1) + TT P 
( X ) 1 

= IT ------- 0 0 

2 
X -' -Np 

X + N p A+N it 

a  
if 

(a -1) p ( 
X 

=  
0 

2 
0 0 X+Np 

X + N p -? 
_____ 

 

(--------) + 
X (X + N 

X + No X + N p X+ Np 

= TI + IT p (A)a  
0 

2 
00 +N +NP 

-2 

A + N X+N  

I ( a - 1 + ( 
X + I A + N  It 

2 
° A N N  ji 

+ IT
0 
 p (.L_4 +1 

- 
( X+NP ) 2 

X+ Np X+Np Np 

, - I 

0 2 ° ° (x+  Np ) Np 

a+ 2 
+ TI P ------ 

0 0 
 (Np) 2 (A + Np )a 

= a- -1__T- + Ot 7T p  
iTo 0 0 

2 NpX+Np 

+ 
P0()2 ( _) 

X+ Np 
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= n J +  
0 0 O 

2 +N N 

• 1(Q) = + + _±_j u 
2 N 11 N1t X+N 

• . 1.2.10 

Also, the average passenger waiting time in the queue 

is given by 

E(W) = 

LI 
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Section:3 COST FUNCTION AND OPTIMiZATION 

otq iii p, cn I p;i r;i me t e r  

i) C = Cost of dispatching a vehicle. 

This includes fuel consumntion and 

vehicie depreciation. 

W = Waiting cost per passenger per unit 

time. 

D(N) = Cost per unit time associated with 

the fleet size N. This includes 

maintenance and insurance costs 

of the fleet as well as associated 

administrative and labour costs. 

It is assumed that D(.) is monotoni-

csilly increasing and 1)(0)=O. 

The long-run average cost per unit time asso-

ciated with the dispatching strategy e and c fleet 

size N is given by 

'p (N, ) = D() + y w jTT. + . . 1.3.1 
n=O E(H) 

where f(I!) is the expected time between dspatchcs. 

E(H) = I + ) p 
X Np x+Np 

Using equation 1.2.9 



18 

Since 7T . = H + 
X(A 

) P0 ] 1 , 0 < j < 4-1 
3 NT-' X+NI-' - 

- 1T 
0 

Multiplying E(H) by -\ 

p ] 
A NH A.N ii 

A A a 
= a + ---( ------) Po 

Ni' AN  ii 

= - 

E(1T) = (A . 1.3.2 

Using cqwi t ion 1 .3. 1 and 1.3.2, we obta in 

a ) = D(N) + WI + )
OL 

2 A +Ni' 

A ( (Y f + c A  
Ni' Ni' 

A 
where = [a + p i 1  

0 NH X+N i' 

An optional dispatching policy is found by 

minimi zing q'(N, a) with respect to N and a 



"I cherish both faces of Mathematics, 

the pirc as a beautiful retreat from 

reality and the applied as an ardent 

hopet for life". 

a1APTIR-II 



CHAPTER - TI 

COMPUTATIONAL PROCEDURES FOR STEADY STATE 

CHARACTERISTICS OF UNSCHEDULED MULTI-CARRIER 

SHUTTLE SYSTEMS 

In this chapter we study a transriotation 

system with one source terminal and a fleet of N 

vehicles, each of maximum capacity b. Each vehicle 

takes passengers from the terminal to various desti-

nations and returns after some random trip time 

to make anothe trip. The travel times of succes- 

sive trips are independent and identically distri- 

buted random having mean trin time 1/ 1, After 

a vehicle returns to the terminal, one has the option 

holding it or dispatching it immediately. Passengers 

arrive individually in accordance with a Poisson 

process having rate A . The system is onerated 

under the following policy: 

When a vehicle is avai1t1uie and there are 

atleast - passengers waiting to be served, then 

a vehicle is disnatched. The above system may be 

denoted by1/(e, b)/N. 

The V/ ri ( (Y ,h )/N ';ystem IUIS been stud iC( 

by several authors and algorithmic solutions have 

been given, but no complete analytic solution is 

known. We consider the limiting case h , and 

assume that vehicles have sufficient capacity that 



an arriving nassenger can a iways board t'ic next 

departing vehicle. In this limiting case, we givc 

analytical expressions for the follow ing steady 

state characteristics of the system at a randoir 

epoch: 

i) Iascngcr queue lcnczth dstrihutin 

I iiie (I I 4 I ii) ut i On 

Average passenger queue length 

iv) The r-th moment o r passenger wiiting 

t ime in the queue. 

The above quantities are obtairi as 

functions of P09  the steady state prohahilty that 

there is no vehicle at the terminal immedi,iteiy 

after dispatch. 

A minimum average total cost criterion is 

then used to determine the optimal fleet ize and 

dispatching policy. The total cost consists of: 

1) dispatching cost 

passenger waiting costs 

cost associated with the fleet size. 

[1 
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SECTION 2 

2.1 One-Vehicle Systems: 

One-vehicle transportation systerr with 

service in batches of atleast ' a ' and at most 'h 1  

customers have been studied, mostly by traditional 

methods, in a large number of papers. 

Kosten[20,21] was perhaps the first resenrcher 

to consider onevehicle systems with disPatchinF 

policy of the forum considered in this par. He 

studied the M/1)( a , )/i system in his doctoral 

thesis in 1942. Most of the research on 

one-vehicle systems has been carried ou during 

the last fifteen years. 

Neuts[26] studied the M/G( a ,b)/1 queue using 

the semi-Markov process technique and obtained the 

transient state distribution ef the number of 

CII I mlic r i ii I IIC S I ('iii. Ilu r t link ii r (1 nd 11(.(I Ii I I I () I 

derived t lie queue length distribut ion for the M1 X 

a , b)/l queue using the supplementary vaiiable 

technique. Borthakur[121 h a s also studied the busy 

cr1oc1 distribution for the MIX  /G(a  , b)/tquee and 

presented a detailed solution for the M/M(a  ,b)/1 

queue. In addition, Medhi[23] derived the rteady 

state waiting time distribution in the M/M , b)/1 

queue. Steady state results were also obtained 

by ha s I on and Cli:t iid ry I 17 for the U /M( 01 , b .I / 



22 

All the above studies of single finite-

capacity vehicle systems use methods whici require 

the application of Rouche's theorem. Agorthimjc 

methods, not using Rouche's theorem, were used by 

Neuts[28] to analyse one-vehicle systems. Neuts[27] 

developed an algorithmic anproach for the anailysis 

of he M /G ( ° , b ) / I q ticuc. It i s a p prori c h i i vn 1 yes 

on 1 y r e I a r i t hmc t Ic a nd a vo i (Is the ca j cul a t ion 

of comniex roots based on Rouche's theorem. 

Thus, we see that one-vehicle systems have 

been extensively studied in the literature. It 

is interest iTIg. o note that the di spa tching 

strntc'y br our one - vehicle transportat  - icn system 

possesses optimal properties. This was shown by 

Deb and Serfozo[15] and by Weiss[7]. 

2.2 Multi-Vehicle Systems: 

Multi-vehicle transportation systems with 

q tie iie -de pende ii t (Ti S)I I clii 1111 P0 1 i C I CS ha VO hC0t1 

studied by (Jsuna and Newclil 311, Asgharzadeh and 

Neweli[ii], Ghare[19], Medhi and Borthnkur[25], 

Medh 1122 I , Neiits and Na darn ja ii 20] a tid in a ml 

Temnleton[sj. Note that two of these Daper [ii, 

311 assume that passenger inter-arrival times are 

constant while the other papers assume aoisson 

a rrivais. 

Given that the travel times 0  f 5  11 Ccessjve 
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trips are inndependent and identically dis:ribtitcd 

random variables with a known distribution(not 

necessarily an exponential distribution) anl that 

the vehicles have no capacity constraints, Osuna 

and Newell[31] determined the ontimal vehicle dis-

patching strategy by formulating the problem as 

a dynamic programming model with the ohjctive of 

minimizing the long term average wait per oassenger 

at the source terminal. The dynamic programming 

model was solved by direct anlytical methods for 

N=l. For N=2, only crude approximatiDns were 

obtained. A more thorough analysis of this two- 

vehicle system was subsequently carried nut by 

Newell [30] u ing approximation methods. 

By assuming that vehicles have exponentially 

distributed trin times, Asgharzadeh and Newell[1] 

were able to extend Osuna and Newell's results. 

They prescribed a dispatching strategy of vehicles 

was kept at the terminal in orderr to regulate the 

pattern oof departures. Disnatching deci sions 

we r (' made (IC pen (I I n on t he ii urn he r o f ye h i C Cs he ng 

held at the terminal and on the time since t'e 'ast 

dispatch. That is, if there are m vehicles waiting 

at the terminal, dispatch a vechile if the time 

since the last dispatch exceeds or equals Tm  where 



2/1 

= 1,2 • N and T1, T2. 13 . T N > O• 

However, for N >> 1 , Asgharzadeh and Newell were 

able to obtain an apnroximate analytical expression 

For the ontimal dispatch rate as a function o the 

number of VU hi c I es at the terminal 

It is interesting to note that since the 

passenger interarrival times are constant, the 

optimal dispatching strategy of Asgharzaieh and 

Newell can be written as follows: 

If there are m vehicles waiting at the 

terminal, dispatch a vehicle if the nassenger queue 

exceeds or equals am where m = 1 .......,N and 4 > 

a1  > a 2  > a 3  > ...........> a > 0. Hence the 

transportation system of Asgharzadeh and Newell 

is a varient of the D/M( a , )/N model. 

Ghare[19] was able to obtain an explicit 

expression forr the steady state distribution of 

the number of passengers in the M/M(1,b)/N queue. 

Hirther steady state results Inc luding the wait:ing 

time distribution in the queue were obtained by 

Cromie and Chandry[141. The (T/M(l,h)/N system 

was s tid led by s hyu 1 33 ,34 1 uSing the mhcddcd 

Markov Chain method. No numerical results were 

given. Roes[321 has also discussed the GI/NI(1,h)/N 
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queue using the theory of derived Markov CChains 

which is due to Cohen[13I. Using the semi-Markov 

process tcchntq'ie, love(221 developed the. steady 

state so tnt ion for the lk/M(b  .h )/N queue. 

Medhi and llorthakurl251 derived the queue 

1 en i t ii d I s t r i hut i on lo r t lie M /M(  

MedhiF241 was able to study the waiting time distri -

hut ion in the M/M( a ,b )/N queue under steady state 

conditions and obtained numerical results f' one- 

vehicle and tw®-vehici.e systems. The M/\1(a )h)/N 

queue apnears to be analytically interactabc f o r 

N > 2, but algorithmic solutions have beon given 

by Neuts and Nadarajan[29] and by the present 

authors [36]. 

Assuming that vehicles have sufficient capa-

city that an ,  arriving passenger can always board 

the tie x t d :ii' 1 ii ' v ii I r 1 e We a r c 111) 1 e t u p' r 1() rm 

a more cleta iled and complete analysis of the multi - 

vehicle transportation system considered h' Medhi. 

[241, Nents and Nadnrnjan[29] and Sim and Templeton 

[36]. 
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Section 3: DISTRIBUTION OF VEHICLES AT THE TERMINAL 

IMMEDIATELY AFTER DISPATCh 

The future hehaviour of the system depends 

only on the stntc vector. 

x = < m, > (m = 0, j > 0) o 

(1 < m < N, 0 < j < 

where m = number of vehicles at the source 

terminal. 

= n iimbc r of pa ssenes wa i t ing 

the source terminal. 

Since the trin times of the vehicles are 

assumed to be exponentially distributed, the number 

o f veh icles va I I a hi e a t the s mirc e t e rm i n' 1 i muic - 

(I I I I y f I ;i ii hr mode I led I I 

Markov chain with state space 
1
< m, 0 > 1, rn = 0, 

1, 2 .........N-lJ. 

Let P(k) be the probability of having n 

vehicles at the source terminal imrnediat&y after 

the k-th dispatch and let q(k) be the COmd i tiona I 

probability of having n vehicles after th. k-th 

dispatch given hat we had m vehicles alter the 

previous dispatch. Then 

N-i N-i 
71 P(k) = I and q (k) = 1 
n=0 n=o 

Iflfl 
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where m = ()j,2 • ,N-1 and k 1,2,3 . 

Under the Markovian condition stated above, we have 

q (k) = q k = 1,2 
m,n m,n 

Assuming that the system will be in equl1britrn 

a f t e r operating for a sufficient length of time, 

Lim P (k) = P . The equilibrium distribution sati- 
k 

1 

fies the equation 

P 

where Q = (ci); m and n = 0,1,2 .......N-i c a 

stochasti c matrix and P - ( ,I ,I ........... I  

satisfies N•1 

n=0 n 

The transition probabilities 11  are obtained 

as follows: 

The t r i p times a ro as sum a ci to 1)0 CX 1)0 1 t Ii I i a 1 1 y 

distributed with probability distributicn given 

by F(t) = let. If there are m vehicles in the 

terminal and no dispatch occurs during a tim interval 

ti, then for each of the (N-m) vehicles eiroute, 

there is a probability 
(10t) 

 that it will return 

w iii ii Ill e Ii IIIe H) I ci• va I t fl 11(1 H that it wil l  

not. Hence, the prohab ii i ty q ( t ) 1)1 exact] V 

vehicle arrivals in the interval t, given that m 

v e h i c I c we re i a I he t erm i n a I a t the .1) eg i  nn I ug of 
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the I nlerv;il :In(l no dispatch occurred during,  the 

interva I , is the binomial probability of £ .;uccesses 

and N-rn- failures when the probabilit7 of a 

failure is equal to e
- lit

. That is 

[N-m -lit N-rn - 9' - I t 

L (e  

The probability density function of the time 

interval required for the arrival, of issengers 

is given by the gamma density 

A 
1( ;t) = e' 

For the case (1 m < n-i, rn-i < n < N-i) or (rn=fl, 
I < n < N - I ) , t lie t r' n; I t I on r ol'i I) I 1 i I I c re 
givn by: 

00 

 - I m,n+l (t) X ; t) dt 

0 

= o rN - ml (iet)m e 
f)N-n-1 )i )t 

L -m+i 

A (A t)a1 
 dt 

= 
n-rn+i ) 1(e  -11 t)m  4. (n-rnl) 

( -lit III - lit ii_,ii 
) - ..........  

-[A+(N-n-i) ult ( t) 
C (It 

(o -1y 



(-1 )n-rn+1 (ci - 1)1 

(X+N 

.m=O 

1 n < N-i 

29 

= [Nrn 1di 

a-1) L n-m i] 

- (11-111+1) 0 
- '(n-rn) -A - (N-n-;1, I 

+ (_z') (n-rn) e i'(n-rn-1) - 

2 

e -m+1 -A - (N-n-1)i.i It 

t 1  

-a't ci cii 
B Ut we kn ow e A  d 

o 
 

Xci 

N 
- ml - 

Ln-m+ii ;p 

(n-m+1) (ci - 1)! + (n-rn+1)(n-m) 

(X+ Np- rnp - p ) 2 

of - 1)! 

X+ Np- mp - 2i )ci 

= 

rn -nH-i ci 
I A (N  

(-1) 
Ix + (N-n) p l 

+ (1)2 (n-m+1)(n-rn) 
Xci 

2 [x +(N-n+ ii ] 

+ ......... +i,-1)n-in+1 
 

Lx +(Nrn4. jci 



n -m+l 

•. 

= r = 

0 (l)r 

I X 4- (N - n + 1 

The transition nrohability a 0 0 is obtaired as 

follows 

q 00 
= roh 

c or more passengers arrive 

before the first vehicle 

arrival/N vehicles are out 

+ 
r 0 Prob exact1y r pissengers 

arrive before the first vehicle 

arrival and atleast. c - r 

nassengers arrive between 

first and second vehicle 

arrivals/N vehicles are out) 

= [ A ]  N 11  + a - 1 

r =a X+N x +N 
r= 0 +N11  

I --.--.-. 
- r 

A + Nji A 

NI ( I 
r 1 r - 

+ 
x+ N r0 X p 

A 1 r 
r=a 

X+Np 

A + Nil A +(N- I p A + (N- I 

a_i (1< 

+ 
A • 

[ ----.- 
j i  

A +N P A+(N_1)U '- \ +Np 

+ ..........3 p 

30 
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= N ____ 
- (N-i) [----._ f 

X +(Ni)i Xi+Np 

Since we do not disnatch more than one vehicle at 

a tim, 

,ni 
= 

1)euinc Wm   
A+m p 

Then we have,  

= 2,3 .......... 

m = 0,1,2 .......... ,N-2 

0,1,2 .........-N 

NwaNl 
 - 

(N1)waN (m=O,n=0) 

- N-m - n-m+1 n-m+1 

i n-m+ 
(1)r 

r 
r 0 

1 IB , 11 

N 4 r - n -1 

(1 < m < N-i , 1 < m < N-i ) or 

(m = 0, 1 < n N - i) 

otherwise . 2.3.1 
0 
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Section 4: PASSENGER QUEUE LENGTH DISTRIBUTI04 

Let P(ni,j) he the steady state probanility 

that there are in vehicles available at the terininal 

a nd s son ',o r s a r e i rosen t i T) t ho q no tie 

shall assume that vehciles have sufficient capacity 

that a passenger can always board the next depart- 

ing vehicle. Hence P(m,j) is defined only when 

Im () , 1 U) (>1 (I in - N, U I' 

Following Medhi and Borthakurt 251., the 

steady state probability equations are 

+ N ) P(O,O) = X P(l,(y -1)+N E P(O,k) 2 .4.1 
k=a 

( X + N ) P(O,j) = X P(o,j-1),j > 1> . . 2.4.2 
(X + N,. ) Ptflt,j) = X P(m+l,a  -i)-+ (N-m+1) P(r-i ,O) 

1 < m< N-i .1 2.4.3 

X P(N,O) = p P(N-1,O) 2.4.4 

IX + (N-m)j I P(m,j )=X P(m,j-l)+(N-m+i) P P(m-1 ,j) 

1 < in <N, 1 < j < 

06 N a-i . .2.4.5 

P(O,j) + E P(m,j) = 1 . . 

j=o m=l. j=O 

T19 i np, nqiin t inns 2 .4 .2 rind 2 .4 .5 

N N N 
P(M , J 7, P(m,j-i) = P(m,oj 

m-1) mO 

I I 11111 3' (I I f i  

P(O,j) =  

X + Np 

I " I 

w3 P(O,O) 
N 
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Define TT = Steady state probability that 

j passengers are waiting the 

terTninal 

rN 

P(m,0) 0< j <-1 
m 0 

•!T j .. 2.4.9 

P(0,j) 

Therefore, since 
= 

1=0 

- I 
II 

Ii -4- ii 
- 0 j=() j j= 01  j 

e-1 

m=0 P(m,0) 

+ 

P(0,j) = 1 

+ P(0,j) = 1 . .2.4.1C 
= 

S ubs t it ut in g eqtni t. ion?. .4 . H I Ut 0 CqLIa t ion 2 .4 . 10 

aTr + z w? P(0,0) 1 
Of  

c1 
A 

+ 
( )J P(0,0) = 1 

0 X+Np 
A c+l 

(j + + +  
, +N + N 

+ (--------) [1 + + ( A 

A +N 11 A +Np A +N 

(0 0) = 1 

A 
(1T + (.--•-) ( - ---) P(0,0) = 1 

A + N 
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X c< X+NP_.X -1 
ci(1T + (-__- ) (•—+---- ) P(O,O) = 1 

A +Nii A 

A N11 _1X N 
(1T + ( -) () ••• P(O,O)=l 

A N A s- N N A 

P(O,O)=1 

A 
A 

+ (----) 
( X ) 1 

- P(0 ) O) = 1 

A +N A +N ii Ni 

A ) _1 
O/i1 x  P(O,O) = 1 

A + N i N ' 

A 

1TO 
i(O,O) = 1 ,.2.4.11 

where P(O,O) is determined as follows. 

By regarding the states 'Terminal empty a r d 

To flu I na I oc cup i ('(I ' a S (I (' I i n iii g a ii a I I 

renewali process and anplying Fcilcr[18], we ohtaii 

ElTime during which system i emnty 

P(O,O) = between two successive dispatches I 

EfTime between two successive dispatches I 

.?.4.I2 

n [ ri nic: (I iir I fl I, W Ii I C h y st (-, III I - ('lti) t y h v I w ii I  Wo 

successive di spa tches I 

= E[Time to f i r s t arrival/systei. was 

empty just after last dispatch] 
P(system was empty just afi:er last 
dispatch) 

1 
p .2.4.13 

A N 
0 
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II lime l)('tWeCfl 1cCeS;j v dispatches I 

= P Ef Inter-departure time/systrn was 

empty after last departure! + 

(1-P0) E[Inter-departure time/ 

system was not emnty after last 

d eparrture I 

= p [ + ( 
A 

_-_ + (i-P ) -- 
A+NP NP A 

c A 1 
= p + + - - - 

A ° A+NP NP A A ' 

1 
+ -- w P ] . 

A NP N o 

Therefore using 2.4.12, 2.4.13 and 2.4.14 

i___ P 
P(O,O) 

= X +N P 

A 
w P 

N
Nil 0 

A A 
= P [ + 1i. 

X+Np ° N o 

= WN[ + 
A 

P 0 1 1  P0 . . 2.4.15 

Using equations 2.4.15,2.4.11 and 2.'4.8 eqn.ii  - ion 

2.4.9 becomes, 

II I ii 7 .1 . r iiiiil 74 4 

P(O,j)= wP(O,O) 

= W W N [ + WNa 
A 

I 1  
Ni' 0 0 

w - + w P 1 P 
N N 

Ni' 
0 
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Jsng 2.I5nnd2.4.11weget 

From 2.4.11 

-i 
o 

A 
tT + w

N 
a 

P(O,O) = 

NP  

A 
a-I a A 

W + w p 1 P = 1 
N ij NNP 

A a 
o(JTO 

+ IT P =1 
NP N 

o o 

A  
a 

a 
+ w p  

IT = a + a P 
N 

Therefore 2.4.9 becomes 

+ w p
a l_ i  o < j<a -1 

= Np 

2.4.16 

w 1  [ a + 
A 

a p 
]- 

p j > at 

The average passenger queue size is given by 

E(Q) = j  TT 

j1 

Using equation 2.416 we got 

a-i 41 
71 

I I • I-a - 

a - 
- A a -1 w IJ + 

N N 
o 

_ i w [ + 
X a 

p 
N N No 0 
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=4 

It  

Q C II 

= 
NJ - • 0 

+ + + 
NJ • =4 

~ . 0 
+ • II N1 

• • - 

0  • 
. L.l. 

L3. 

• + 

L.J. 

Q - o 
= 

- 0 

+ C 

z 
Nj -  

+ 

C 

4 

0 

U 

=4 
0 

ii it U 

+ =4 

+ + - 

z 
• 0 

> > 

- NJ Z • I 
ii NJ • 

I - - 

2 - • 

- I 

+ 

+ 
z + >- 

+ + 

=4 + 

0 Z + 
Z 

C 
NJ 

+ 
>- -•' + 

NJ + 

+ + + 

- I + 

- K • z 
_0 • + 

+ ~ 
2z • 



I 

+ 0 + 

0 
o 

Nil 0 
0 

H 
+ H 

Z 
0 

NJ 0 

H 
ZH 

+ H zl- 
- 

> 
+ N) 

Q 

N) 

to 

0 

0 

H 

Q 
•t: + 

1z 

i i  
- 

+ 
+ 

I 
° 

+ 

— 
dQ 

Z1H 

NJ 

0 

+ 

0 

I -o 

o ..H 

+ -.---- 

- Q 
o ~ 

-:3 
o 

- >- 
. 

H H 
+ 

I 

z 1  + 
- H 

c 

I  

—NJ 

z 

Q H 

z 
- NJ11 

91 

+. 

> NJ ;  
+ z 

H 
+ z + 

CA 
00 
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Hence E(Q) = a + -a (—---+ ----)1T 4.17 
Np 2 Np 

Section : 5 PASSENGER WAITING TIME DISTRIBUTION 

The wa i t i n g t i me cii s t r i hut i o o I an a r r I v i 

passenger in the qieue is determined using the same 

approach as Medhi[23,24}.  Define: 

Probability density furction 

(pdf) of w, the waitiig tine 

of an arriving passenger :n 

the queue. 

f(v,k,t) = Probability density function 

(pdf) of a gamma variate with 

narameters v,k 

t) k-i -Vt v(v e 
(k4!)! 

t 
F(v,k;t) 

)] v. 

= 
- S(k,vt) where S(k,vt) 

e t  
r=O r! 



1 C) 

An arriving passenger finds the sy3tem in 

one of the following classes of states: 

.m = 1,2 .....,N 

1 < m < N, 0 < j < a- 2 

(O,j) 0 < j < a- 2 

(o,i) .1 > a- 1 

In case (i), an ariving passenger does 

not wait. The probability of zero delay is thus 

N 

m =1 

In case (ii), an arriving passenger has to 

wait For the arrival of (a - I-j) passengers and a 

vehicle. This duration may be denoted by the 

r a nd 0 flC Vfl F a h 1 c 7. I v o 11 1) y 

Max j(iniiii:i VflI'Id) l(' Wt th j)atIllRt('I 

I-j; lixponential variate 

with parameter N jj ] 0 < j < a -1 

The pdf of z is given by 

f 10t) f( X, a - l -j; t) F(N t ,l;t) + f(N ,l;t) 

F( X, a - l- j;t) 

= f( A, ( i -j; t)[1-S(l,N p  t)]+fCNii ,l;t) 

[1 - S(a - I -k, A t)1 

in case (iv), an arriving nassenge: as to 

w a I t In r C hi' 1 r r I va 1 i I a h 1 c 1 c . Tb C I rn' I or 

N Pr I Va I 11:1 an (xp()IIIIt I d 

with nararnctcr N. . 
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From the above, it follows that 

N -2 = 
P(m,j) €(I A , a- 1 - j; tj + 

m=l j - ) 

P(O,j) f.(t) + P(O,j) f(Nu,l;t) 
j=O 

 

a -2 
I - NO ,.i ) I I (A ,a-1.-j ;t) 4 

j=() 

a-2 ct 

P(O,j)f.(t) + E P(O,j)f(N ii.' ;t) 

j=O jJ= a-i 
2.'LlR 

Fromequations2.4.8, 2.4.15, and 2.4.16 

Equation 2.4.8 =>P(o,j) =w P(o,O) 

Equation 2.4.15 P(0)O) = w [a 4 w a _ l 1 
N n NI-I 

Equation 2.4.16 => TT . = [a + -- w a  P 
Np 

0 < j < a -1 

= iT 0  

Put equation 2.4.16 in equation 2.4.15, we get 

I (1) , j ) W W 
N 

j4-1 
11 I 

j > 0 . . 2.4.19 

Using equations 2.4.36 rd 2.4.19 2.4.18 becomes 

I(t) - 

" o 
- W 1 P0 iT 0 1 f(x,a-1:-j;t 

3 =0 

a-2 
w 1 POiT f1(t) 

+ 
N o o 

Ja 

f(N ij ,1 ;t . .2.4.20 



-2 

Ito - 

-1-;t) + 

j =0 

: w 1  1' It0i1( A ,a -I-j;t)(1-S(1, Ni t)j 
J -0 

+ f(N,1;t) (1-S( a -i- j,xt)I 

+ J+1 
N 00 

w P ft f(Np ,1;t) 

= 

. 

- P  IT ] f ( , —1—j;t) 

3 =0 

+ E 
WNj

Pn A,  -i- j; )(1 - SI 1,  Ti t 1) 
j =0 

+ T. 
WNj 

p 
 0 

IT 
0 

f(N p ,1 ;t) 
j =0 

[1 - S(a- 1 - j,Xt))] 

+ 
P 71 f(A-,i;t) 

0 0 

= 7 
IIT 

- W' P0 
 71 

j =0 

- 

(X t) -1-j t 

(ce— 1 - 

* 1 
( t ) 

- 1 I 

N () () 
.1 ( ( - I - 

(1 - (N ll)r -N lit) 
r() C / 

+ 
w +1 P IT Np(Npt)et 
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t 
)r 

- 

ci)
1.1 

1 N),  t-  
F' •fl 

N11(N N 

j=a -1 
r 0 0 

1! 

= 

Let U = 

and fT(t) = 

-N t -Niit 11 [P0e + a -1, At) (1-p e )] () 

Probability that an arriving nassen-

gcr will not have to wait. 

Probability density function of the 

(conditional) waiting time in • the 

(IJCUC of only those passengers who 

have to wait. 

hence, vising eqitatloils 2 .4.8, 2 ./1 .9, and 2 .IJS 

Vic I'i nd  

N 
U - 71 

m 
P( m  

- NO, ° -I) 
() 

= a 
io N o o 

U TT (1 - a P 2.4.21 
o No 

and fT(t) = f(t) /1-U . .2.4.22 

The r-th moment of nassenger w'iting 

time in the queue is given by 

fl A r -N t A t r s(a 
, x ) II f 

0 (It t 
5 

0 0 

(1-P 
0 

e t)dt (A) 
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Consider the first term of (A) 

IT P 1t 0 

: 
r A 

(Nit )r+1 A 

= r! (- 
r±i 

IT 0 
Nil 

Consider the second term of (A) 

XTb0 
c1

1 

A t) (1 - p e t)dt  

0 (it r 
-2 (A)r 

A o?5 e 
r=O r! 

(1 - P e t)dt  

= ATb0 { r2  -' e cit - 

of 
e A 

- N ii t P e (it 
(-) 

r At (A t)2 
=Xir ft 11+ + - +.... + 

0 r! 2! 

(t) - c-  At dt 

f + (A t) 2 

+ 

1! 2! 

-(x e 
+ Njj)t dt - 

(-2 )! 
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t f x t - LI C • V $ 0 
:1 

+ f Li e dt 
o (a -2)! 

- 1A 
r ( A + N 

1) - (it + 
C-) 

e x+N)t dt 
+ 

1! 

() a -2 
-( x+ Ni )t e dtl} 

0 (a -2)! 

x1T { = r! 
+ 

A 
(r+1! 

0 
I! A 

+ I  

_t ci -Z)!- 

a -2)! r+ a 
A 

- p [ 
A jr + 1) 

(X+N 
+ ) r+ -- 

1 ! (x 
----------.- + 

+Nj: i+2 

a -2 

No 
)1  

11  Ao 
r.± + 

r+1 (r+2)(r+1 
i 4 ......+ 

r+i 1! 2! 
A 

(r+ a- 2) (r + a-1L...2.1 

( a- 2)! 
r! P 

0 
' + + 2 (r+2(r+1) 

(X +  N ) r+1 
A +Nu 2!(A +Np) 2  

+ ........ 

+ 

(r +a  - 2)....2.l 
2 1  

(-2)! (N) 



- 
- 

1 ( 

= 
-r r! [r

,

+

i  - 

-r 

[3(X)r+l + 
( X ) T+2 r-'-1 

+N 1! 

+ (2L.)T+ a -2 (r+a -2).....2.: 

x +N (a2 U 

r 

a 
0 

= 
r! 

-2 - 

- X r r! P
0 

 

a 
- 2 

r r+k 
r+k+1 

k l w -I) k 

-r r ai a 2  

1- 

= 

a -2 ° k=U K 

r +k +1 
WN 

r he r c fo r 

= TT 0 A i[
( A r4l 

a 
- 

- k+r+1 r 1 I W 
k =0 .2.4. 

But 
L + ij w = (1 

- wN ) - w- 
L-1 2 

F1 (r+ a  91 ,  a ; W N )  

= (wN ) r)  - 

( X ) fl+1 

N  Ij 

r 

n-=O r-n 
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Hence equation 2.4.23 becomes, 

E(Wr) 
= TT 0 

r r  

+a;li 

n-O  
r+a-1 1(x )n+l} ..2.4.24 
L r -nj Np 

Using equation 2.4.24, the r-th moment of pissenger 

waiting time in the queue can be easily evaluated. 

Setting r = 0 in equation 2.2.24 and using  equaticns 

2.4.16 and 2.4.21, one finds 
Ct 

dt 
= TT 1.1 (1) + P w- 

, 2 o 

(a ) (X )n+i 

n=0 N, 

= + P w 1 --) 

I(a- 1) + P 

NI 

- ( - ) () P ( ) (+ 

x 1p N 

= ly [( a- 1) + P 
4 ( 

A. + Np-11  

Np 

f dt = n 0 [(a-i) + P0  w (—j------) = 1-U 
0 

.2.4.25 

Setting r=i in equation 2.2.24 

a ,X n-l' E (W) =7T 1! X a + P W E 
a-21 n=0 NP 

fl ()  A1 
a (a -1) .(A 

 ) F 

2 
o N 

() ( A 

N 11  

2 )  

- 2 N- NP - 



48 

= TT A:l + P w a 
. 

0 2 ONNP pJ 

p w .v A 

E (w) = + _2_( a + 
o
._ 2

X N' 
Np j 

..4.Z6 

This is the average waiting time per Das;enger in 

the queue. The above result can also be obtained 

from equation 2.4.17 by using Little's formula E(0)= 

x E(W). Setting r=2 in equation 2.4.24, we obtain, 

I(W) 2! A 2 I I 0 W 

2 
(ci+i) A 

71 

n=O 
(2 -n) 

= Tf 2  
0 

3 

a , ((Y ) A (+1) A 2 
I) w 

t, N ( 2. ) N i l 
( I) (rni) + 

(a+1) (L)31J 
( 2 il 

=TT 2 
-2 1a+1 

) I a+l  A a (a 1) 
0 3 oN N 

( 4 I) 
•Np 

.2.4.27 

From equations 2 .4.27 and 2.4.28, it is uasy to 

compute the varience of waiting time for ?iven N, 

Q' A' P and known P 
0 
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Section : 6 SPECIAL CASES: 

6.1 One-Vehicle System: 

For Nl, the formulation and solution of 

the nroblem is simple enough be carried out manually 

Using cquat ions 2.1.1 and 2.1.2 we get 

r 1 ind P = 0 
() 

P ro rn e i t j on 2 . '1 . , ;inc o I fl (I W 
P 

- x -1 0< j<  
I a + w 1 - 

11. = 
11 

 

[a + •L- wL1 > a 

Using equation 2.4.17 we get 

A a41 A A 
h ( ) = a - (Y ( + ) a + 

11 P P 

ii i I i rwu I 1w. x p i w a i i Inc 

in the queue is ci yen hy 

E(W) 

= a + - a—, ) [ a + a - 1 
Ap 2 

W 1  

1 a+l 1 A -i 
= --+---a[---------+-----J [a+--w I 

p p 2X p p 

.2.LI.29 
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The above nerformance measures for the 

one-vehicle system can also be derived from Medhi 

[231. 

6.2 Two-Vehicle System 

A I I hoi wh I - h Ic I y I e n I ii 

c omr)l icatcd than the. one -vehicle system, the n roh 1cm 

is still mn11agc5'i1)1e. Using eauations 2.1.1 and 2.1.2 

as before we obtain 

(P 1) 

 
0' 1 (1 (P P ) 

q 10  q11  

a 
where q 

, 
= 1 -W i , 

0 
W I , q0 

, 
= 1-2 WI  + W 2  

o,o 
= 1w Cl - 

Solving Pq 01  + P1q10 = 
0 

Put P 1  = I 

P q + q 1() = P 
0 0,0 0 

P0  (q00  - 1) = -q10  

0 
________ _ p = 

0 
= 

1-q00  1 + c 

S il I I ii I I n g 111 o vii I ii o of P 
0 

I ii I o i lit I I ()I' ' . 4 I 0 W 

a 
lii = [ +—w2  a 

• ZU 1-w + 

0 < j < 1 and N=2 



L.a. C 

CD 

I -H — 

-Q 
L. 
~ 

+ 

NJQ 

— 

— 

.4- 

+ 

+ 
;J r/ 

— •; L.a. 
•_ 

A 

— NJQ 

tr1 J, 

#- CD 

CD 

rt 

rt 

NJi+ 

+ 
zr 

CD 

CD 

N)Q 

tn 

 

+ 
+ 

Iv 
NJ CD 

- Q — 
CD 

NJ FJQ 

• CD 

CD 

C rt- 

N) 
>- 

II II II 

_ Z '-• 

NJt. 

+ 
+ 

- C - 

• 4--i 
C 

I I _ 

I r- 4Q 

+ ~ 
— I I-•Q 

+ + 

!N N) C 

+ 

+ 
Iv I 

- 
+ 

iz NJ N) 

I C 

I- C 
I' 

+ 

NJ 
C 

+ C 

+ 

U, 
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Using Little's formula, the average nassenqer waiting 

t ime in the queue is gi vcn 1,y 

E(W) = 

a 1 1- 
= + -a( +)(1-w 1  

2X 2P. 

a a  
a (i_Wi + W 

a 
2 ) + Rw1 w:) 

.2.4.31 

6.3 N-Vehicle System (N > 3) 

The system of eouation 2.1.1 is solved 

veciirsively to obtain Pm(m = 0,1,2 ......N-i). 

i (j - 012 ...... ) can he easjiy calcuThtcd once 

i ; 1 nown I m I I a r 1 y , t he-i ye ra ge p a ss C ce r UCtIC 

s i 7C and wi i t i ng t i me i ii I he m ucuc caii he c as I I y 

computed. 

We know from equation 2.4.16 that 
%JYp 

71 
0 

+ - [1 
X No 

a Np a 

Since P 0 < 1 and - w~ 0 and N cv, 
—a 

Lim TT =  

N a cv 



Section : 7. COST FUNCTION AND OPTIMIZATION 

Define: 

C Cot 0 f (I i S )I I ch i n g a v c h i c 1 c . 'Iii 

Ii C I i (I (' 111(' I c ii urn p 1 i (T1 ; n iIi j 

d cp r cci at ion. 

w = Waiting cost ncr passenger ner unit 

t imc. 

D(N) = Cost ncr unit time associated with 

the fleet size N. This incudcs main-

tenance and insurance costs of the 

fleet as well as associated adminis- 

trative and labour costs. It is 

assumed t h a t D(.) is moctonicaliy 

increasing and fl()) - 0. 

'p (N, a ) = long-run average cost per unit time 

a ssoc ia ted with the Ii sni tcli i 

policy a and a fleet size N. 

'V (N* ,a) = Min 'p(N,a ) 

N, a 

k(N, a) long-run average cost per passenger 

associated with dispatching no1icy 

a and a fleet size N. 
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k(N*,1 ) = Mm n k(N,a ) 

E(H) = Exnected time between 3,lcccssivc 

ci ispatches 

Prom these deFinitions, we see that 

(N, a) = D(N) + E wrj .+ CIE(HI) . .2.4.32 
j=O 

From equations 2.4.14 and 2.4.16 we obtain 

1 A a 
E(ii) 

= - 

[a + WN P o  

1 
whcrc - 1 

- a I.A w1 I 
A 0 N 

= (A ¶o)_l 

Substituting equations 2.4.33 and 2.4.17 into equa-

tions 2.4.32, 

(,a ) = 0(N) + w [ - 

+1 A N a+L. a(. 
' Ni o 

C XTf 
. 

A a where 'IT 
= a 

+ WN 

It may he noted that 

k(N,a ) = ' (N,a )/A . .2.4.35 

The mimer ical results in 'Fable show that as the 

passenger arri vai rate X increases, the minimum long-

run average cost per passenger k(N* , a *) decreases. 



Table : Optimal Policy and Performance Measures 

Operrating 
Polics 

3(Q) E(W) 

Performance 

7T 

Measures 

P
0 

 E(H) 

k(N*, a*) 

10 118.08 5 7 5.14 0.31 0.1401 0.2601 0.71 11.81 

20 130.29 0 1.64 0.23 0.0987 0.1647 0.51 6.51 

30 139.69 5 2 5.60 0.19 0.0827 0.0983 0.40 4.65 

40 1 14.58 S .18 0.19 0.0659 0.1240 0.39 3.69 

50 154.27 6 6 .60 1 0.15 0.0621 0.0721 0.32 3.09 

LI! 
Ui 
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