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SYNOPSIS

In Introduction, the definitionol Qucucing
Theory, their basic characteristics and the notations
are given.

Chapter I 1is dévoted to study the paper
"OPERATING STRATEGIES FOR A MULTI-VEHICLE TRANSPORTA -
TION SYSTEM" by S.H. SIM and J.G.C. TEMPLETON. n
this chapter, a mdlti-vehicle transportation systen
with one source terminal is considered. We assume
passenger arrivals to be described by & Poisson

process. The dispatching policy is of the form: -

Dispatch a vchic1¢ if the passenger queue
ia atleast as larpe as some control Timit o . It
is assume that vehicles have sufficient capacity that
a passenger can always board the next departing
vehicle. A minimum average cost criterion is used
to determine the firm's fleet size and dispatchirg
strategy. This is a generalization of the rcsults
of Weiss (1979) for a single-vehicle transportation

system.

Chapter II is dealt with the "COMPUTATIONAL
PROCEDURES FOR STEADY STATE CHARACTERISTICS OF UN-
SCHRDULED MULTT-CARRITIR  SHUTTLT SYSTEM" by .é.H. STMN
and J.G.C. TEMPLETON, I'he transportation systemwm
considered in this paper has a number of vehicles

with no capacity constraint, which take passengers



from a source terminal to various destinations and
return to the terminal. The trip times are considered
to be independent and identically distributed random
variables with a common exponential distribution
passengers arrive at the terminal in accordance with
a Poisson process. The system is operated under the
following policy: When a vehicle is available and
there are atleast o passengers waiting for service,
then a vehicle is dispatched immediately., The passenger
queue length and waiting time distributions are
obtained under steady state conditions. System per-
formance measures such as average passenger, passenger
queue length and waiting time are then derived. A
minimum average cost criterion is then used to deter-
mine the optimal fleet sizc and dispatching policy.
This is a generalization of the results of Weiss

(1979) for a single-vehicle system.

At the end of this dissertatiorn, a 1list

of Bibliography used for rcference is added.



"Mathematics - in a strict sense-
is the abstract science which inves-
tigates deductively the conclusions
implicit in the elementary concep-
tions of spatial and numericai

relations'.

INTRODUCTTION



INTRODUCTION

The study of queueing system has increasingly
occupicd the attention of rescarchers, since the anno-
yance of havinp to wait in line is becoming more and
more vprevalent in our increasingly congested and
urbanised society. A queueing system can be described
as customers arriving for service and waiting in case
of it is not immediate and if having waiting for

service, leaving the system after getting served.

The study of queues 1is mainly applied in
the field of business (banks, super markets, booking
storage), industries (serving of automatic machines
production lines storage), engineering (telenhones,
communication networks, electronic computers), trans-
portation (air-ports, harbours, railways, traffic
operation in cities, postal services) and in common
places like elevators, restaurants, barber shops etc.
These are concerned with the design and pianning of
service facilities to meet a rvandomly fluctuating
demand for service, so that congestion is minimised
and economic balance between the cost of service and
the cost associated with waiting for the scrvice is

maintained.



Queueing Systems and their Basic Characteristics:

A system consisting of a servicing facility
a process of arrival of customers who wish to be
served by the facility and the process of. service
is called a queueing system. Graphically, a queueing

system can be described as follows:

Customers arriving

—

Customers leaving after
>getti.ng served

[ed .'-.‘-P -

]

Arrival Pattern of Customers:

The arrival pattern is measured in  terms
of the mean arrvival rate or the mecan inter-arrival
time. I the arvrvivals are strictly according ta
schedule, queues can be avoided, but in practice this
is not the case and inlmost situations arrivals are

controlled by factors external to the system.

Arrivals may occur in batches or one at a
time. When more than one arrival can enter the
system simultanecously, the input is said to occur
in bulk or batches. In the bulk arrival situation,
the time between successive arrvivals and the aumber

of customers in a batch are probabilistic.
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If the queue is too long, a customer may
decide not to enter the system upon his arr.val and

he is said to have balked.

On the other hand, a customer may enter the
queue but after sometime he may 1lose patience and
decide to leave and in this case, he is said tc have
rencged. When there are two or more parallel waiting
lines, customers may switch over from one to another

and it is called jockeying for position.

If an arrival patternn does not change with
time, [ s called 4 stationary arvrvival Dt e

otherwise it is called nonstationary.

Service Mechanism:

The scervice mechanism describes the manner,
in which service is rendered. Service may he deter-
ministic or probabilistic. Random variable represen-

tations of these characteristics are essential.

Customers may be scrved singly or in
batches. There are many situations where a bhatck

of customers is served by o single server,

In many queueing situations, the number of
servers may depend on queue length. As soon as tne
number of customers exceeds a preassinged number,
an additional server may be employed. When the queue
size becomes less than or equal to the preassingsd

number the additional server may be withdrawn after



the completion of service on hand.
System Capacity:

Some of the queueing processes admit the
physical 1limitation to the amount of waiting room
so that when the queue reaches a certain length no
further customers are allowed to enter until space
becomes available by a service completion. In some

cases, the capacity can be considered to be infinite.

The finite queueing systems can be viewed
as having forced balking where a customer is forced
to balk if he arrives at a time when the queue size

is at its maximum limit.
Service Channels:

Queueing system may have several service
channels toprovide service. These service channels
may be arranged in parallel or in series or 2s a more
complex combination of hoth, depending on the design

of the system's service mechanism.

In parallel channels, a number. of channels
provide identical service facilities so that several
customers may be served simultaneously. in series
channels, o CIHJ}WHH' must  pass through successtully

all the ordered channels before service is completed.



A queueing system is called a single server
model when the system has only one server and when
the system has a number of parallel servers it is

known as multisecver model.
Queue Discipline:

Queue disciplien 1is the rule .according to

which customers arc sclected for service when a queue
is lormed. The most common disicpline is 'First in
First Out (FIFO) rule under which the customers are

served in the strict' order of their arrivals.
Another queue discipline is '"Last in First Out“(LIFO).
According to this rule, the 1last arrival in the
system is served first. In some cases, the arrivals
are served randomly irrespective of their arrivals
in the system '”Priority“ discipline allows priority
in service to some customers in relation to other

customers waiting in the queue.
Notation

A queueing process is wusually revnresented
by the notation A/B/C/X/Y where A is the interarrival

time distribution and B is the service time Jdistri-

bution. "C" is the number of parallel servers or
sevice channcls, X js the system capacity and "y"
is the queue discipline. This notation is called

Kendall Notation.
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D(N)

fw(t)

Y (N, a)

Mothods

for

Steady state probability that j passengers

are waiting at the terminal j < 0.

Steady state probability that m vehicles
are available at the terminal immediately

after a dispatch m = 0,1,2,.....N-1.

Cost of dispatching a vehicle.

Waiting cost per passenger per unit

time.

Cost per unit time associated with the

fleet size N.

Probability density function (pdf) of
W, the waiting time of an arriving

passenger in the queue.

Long-run average cost per unit time asso-
ciated with the dispatching policy a

and a fleet size N.

Solving Queuncing Models:

Queueing mmodels can be classified into

Markovian Queueing models and non-Markovian queueing

models.

Markovian Queueing Modells:

Queueing models with inter-arrival time of



customers and service time exponentially distributed

are called Markovian queueing models.

Markovian queueing models can ‘' be analysed

by the following methods:

a) the difference-differential equation

method.
b) the Matrix-geometric algorithmic method.
Non-Markovian Queueing: Models:

In practice, there are models that -do not
recly on strict Markov assumptions. Qucuing models
having the inter-arrival times and/or service times
which are not exponentially distributed are called

non-Markovian qucueing models.
Development of Queueing Theory:

The queueing theory has its origin in 1909,
when the Danish Mathematician A.K. Erlang published
his paper relating to the study of congestion in tele-
phone traffic, mnamcly "The thcory of probabilitics
and telephone conversations'. Being the pioncer
researcher, Trlang is called the father of qucucing
theory. Felix Follaezele did some further pioneer-
ing work in the early 1930's. These early works in
queueing theory picked up momentum slowly and ncw

intensive research is going on in this field.



Thus queueing theory has proved to be a very
useful tool and we anticipate that its wuse will

continue to grow as recognition of the many guises

of queueing theorem.



"1 find both a speccial plcasurc
and constraint in describing the
progress of Mathematics becausc
it has been part of so much specula-
tion; as Jladder for mystical as
well as rational thoughts in the
intellectual ascent of man'".

-Jacob Bronowski

CHAPTER - 1



CHAPTER - I

OPERATING STRATEGIES FOR A MULTI-VEHICLE

TRANSPORTATION SYSTEM

In this chapter we are interested in a trans-
portation system in which dispatching of vehicles
is carried out from a source terminal. There are
N vehicles in the system. Each vehicle takes passen-
pers from the source terminal to varlous destinations
and returns after some random trip time to make
another trip. The travel times of successive trips
are assumed to be independent, identically distri-
buted exponential random variables with mean 1/ |
Passengers arrive at the source terminal accerding

to a poisson process with rate )

Vehicle dispatching decisions are made at

the following two types of decision epoch:-

i) Upon the arrival of a vehicle at the

source terminal

ii) At every passenger arrival, if there
is at least one waiting vehicle at the

source terminal.

At eacch of the above review points, on2

has the option of holding or dispatching a vehicls
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immediately. The dispatching strategy is as follows:-

Dispatch a vehicle if the passenger queue
exceeds or equals a contorl limitoa . If no wvehicle

is available, the passenngers will continue to wait.

It is also assumecd that vehiclics have suflfi-
cient capacity that a passenger can always board the

next departing vehicle.

The Derforménce measures for the above
system have been obtained by Sim and Templeton[5]
using a two-dimensional state space formulation.
The above queue-dependent dispatching policy has beer
shown by Deeb and Serfozo[2] to exhibit optimal
properties for the one-vehicle system. Weiss[7]
obtained the "optimal' queue limit 4 for thke one-
vehicle system by minimizing the long-run average

cost of waiting and service charges.

In this paper, the distribution of number
of passengers waiting at the terminal is obtained
by using a onc-dimensionnal state-space formulation
A minimum average cost criterion 1is then uscd to
determine the firm's fleet size and dispatching stra-

tepy. This cost consists of:-

i) dispatching cost
ii) passenger waiting costs

iii) cost associated with the fleet size.



Section 2: PASSENGER QUEUE LENGTH DISTRIBUTION

Define: -

The

cribing the

(>“" NH )ﬁo’.

(e NIIT = |

Steady state probability that j passengec~s

are waiting at the terminal j > 0.

Steady state probability that m vehicles
are available at the terminal immediately

after a dispatch. m = 0,1,2,..... ,N-1.

Steady state probability that passengers
have arrived at the terminal before a
vehicle arrival and that there are no
vehicles at the terminal after the Tlast

dispatch.
1%

A
pO
A + N u

steady state probability equations desc-

passenger queue are:-
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From equation 1.2.1:
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From equation 1.2.2
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Using equation 1.2.5
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Using equation 1,2.7
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results are in agreement with those obtained

by Sim and Templeton[5] using a two-dimensional state

space

by

E(Q)

Using

E(Q)

formulation.

The average passenger queue size 1is given

equation 1.2.9

B a -1 i
T T T S G SR C I L B
)= : Ny X+ Ny
ob .
A A o = A
AR TN I (T e
j= a Nu H A +NU
(Y - l ;{J )\ l .
* )
|>"I l t o o et 0 (A } N“)- lm
A ot 4
= "Oll+2+3+ ........ +q -1] +71 o lo'” (X'¥NL
A
sie ) e R A 1_
+N H
a( a-1)
=yt P ()" [ ai(ae)
2 A +N
A A
(= J * {2+ 2) (——— ) R oy |
A+ N U A+ Ny
a(a - .
= TT() = ( ]_) + TI'O Po(._d._,..,)\, )ﬂ '] I(y 4 ,,L( A )

A+Nyu A+N
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© (2= 1) on p oA )% Dl L=
0 2 O ON AN Ny Ny

p) = {bem D g A2 p L
2 Nu N A +N '
1.2.10
Also, the average passenger waiting time in the queue

is given by

Bw) - B
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Section:3 COST FUNCTION AND OPTIMI1ZATION

Delfine the following cost parameters:-

)
1

i)

ii) w =

1ii) D(N)

Cost of dispatching a vehicie.

. This includes fuel consumntion and

vehicle depreciation.

Waiting cost per passenger per unit

t ime.

Cost per unit time associated with
the fleet size N. This’® includes
maintenance and insurance  costs
of the fleet as well as associated
administrative and 1labour costs.
It is assumed that D(.) is monotoni-

cally increasing and D(0)=0.

The long-run average cost per unit time asso-

ciated with the dispatching strategy o and & fleet

size N is given by

y (N’(Y)

dﬁ C
D(N) + 3 wojm, + ———
n=0 J E(H)

where E(H) is the expected time between diépétches.

E(H)

)

4]
R S R N T

A Np ox +Ny °

Using equation 1.2.9



Since T.
]

Multiplying E(H) by A,

AB(HY= A ey Shefackeas)” P ]
A NI Ay N M
Nu A+N p
- @ - |
ELE = L
E(H) = (A ﬂo“}'l

Using equation 1.3.1 and 1.3.2, we obtain,
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w;\f(N , @ ) = D(N) + W[ m .og._L._QL__l;). + TTOPO(__”,,.).‘,,. .
' 2 X +Ny
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X
where T = [a + et ) PO]_l
Nu A+Nu

An optional dispatching pnolicy

minimizing Y(N, a«) with respect to N and 4

is

found by



"I cherish both faces of Mathematics,
the pure as a beautiful retreat from
reality and the apnlied as an ardent

hoper for life'.
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CHAPTER - TI

COMPUTATIONAL PROCEDURES FOR STEADY STATE
CHARACTERISTICS OF UNSCHEDULED MULTI-CARRIEK

SHUTTLE SYSTEMS

In this chapter we study a transvortation
system with one source terminal and a fleet of N
vehicles, each of maximum capacity b. Each vehicle
takes passengers from the terminal to varicus desti-
nations and returns after some random trip time
to make anothe trip. The travel times of succes-
sive trips are independent and identically distri-
buted random having mean trip time 1/, . After
a vehicle returns to the terminal, one has the optin:
holding it or dispatching it immediately. Passengers
arrive individually in accordance with a Poisson
process having rate X . The system is operated

under the following policy:

When a vehicle is availablie and there are
atleast ot passengers waiting to be served, then
a vehicle is disvnatched. The above system may be

denoted byEl/ﬁ(a, b)/N.

The M’/Tq (a ,b)/N system has been studied
by several authors and algorithmic solutions have
been given, but no complete analytic solution 1is
known . We consider the 1limiting case b » oo -, and

assume that vehicles have sufficient capacity that
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an arriving passenger can always board the next
departing vehicle. In this limiting case, we givc
analytical expressions for the following steady

state characteristics of the system at a randormr

epoch:
i) Passenger queue length distribution
i) Passenger wailting time distribution
iii) Average passenger queue length
iv) The r-th moment of passenger waiting

time in the queue.

The above quantities are obtain=d as

functions of P_, the steady state probability that
o)

there is no vehicle at the terminal immediately

after dispatch.

.

A minimum average total cost criterion is

then used to determine the optimal fleet size and

dispatching policy. The total cost consists of:
i) dispatching cost
ii) passcnger waiting costs

iii) cost associated with the fleet size.
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SECTION 2
2.1 One-Vehicle Systems:

One-vehicle transportation systems with
service in batches of atleast ' a ' and at most 'b'
customers have been studied, mostly by traditiona’

methods, in a large number of papers.

Kosten[20,21] was perhaps the first researcher
to consider one-véhicle systems with dispatching
policy of the forum considered in this paper. He
studied the M/D(a ,o )/1 system in his doctoral
thesis in 1942. Most of the research on

one-vehicle systems has been carried ou: during

the last fifteen years.

Neuts[26] studied the M/G( « ,b)/1 queue using
the semi-Markov process technique and obtained the
transient state distribution ocf the number of
customers in the system, Borthakur and Mcdhil 10]
derived the quecue length distribution for the M(X)/
G(a, b)/1 queue wusing the supplementary variable
technique. Borthakur[12] has also studied the busy
period distribution for the M(x)/G(a , b)/lqueue and
presented a detailed solution for the M/M{4 ,bﬂl
queue . In addition, Medhi[23] derived theé steady
" state waiting time distribution in the M/Mg , b)/1°

queue . Steady state results were also obtained

by BLaston and Chaudry[17] for the UK/M( a »,b)/1 queue.



All the above studies of single finite-
capacity vehicle systems use methods which require
the application of Rouche's theorem, Algoerthimic
methods, not using Rouche's theorem, were used by
Neuts[28] to analyse one-vehicle systems. Neuts[27]
developed an algorithmic approach for the analysis
of he M/G( @ h)/1 qucuec. ltis approach involves
only real arithmetic and avoids the calculation

of comnlex roots based on Rouche's theorem.

Thus, we sce that one-vehicle ‘systens have
been cxtensively studied in the literature. It
is interesting,  to note that the dispatching
strategy for our onc-vchicle transportaticn system
possesses optimal properties. This was shown by

Deb and Serfozo[15] and by Weiss[7].
2.2 Multi-Vehicle Systems:

Multi-vehicle transportation systems with
qucuc—dcpondcn} dispatching nolicies have vhoon
studied by Osuna and Newell[31], Asgharzadeh and
Newell[11], Ghare[19], Medhi and Borthakur[25],
Medhi[22], Neuts and Nadarajan[29] and Sim and
Templeton[5]. Note that two of these papers [11,
31] assume that passenger inte}-arrival times are
constant while the other papers assume poisson

arrivals.

Given that the travel times of successive
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trips are inndependent and identically dis:ributed
random variables with a known distribution(not
necessarily an exponential distribution) and that
the vehicles have no capacity constraint§, Osuna
and Newell[31] determined the opntimal vehicle dis-
patching strategy by formulating the w»problem as
a dynamic programming model with the objective of
minimizing the long term average wait per pnassenger
at the source terminal. The dynamic programming
model was solved by direct anlytical methods for
N=1. For N=2, only crude approximations were
obtained. A more thorough analysis of this two-
vehicle system was subsequently carried out by

Newell [30] using approximation methods.

By assuming that vehicles have exponentially
distributed trip times, Asgharzadeh and Newell[1]
were able to extend Osuna and Newell's results.
They prescribed a dispatching strategy of vehicles
was kept at the terminal in orderr to regulate the
pattern oof departures. Dismatching deczisions
were made depending on the number of vchic16§ being
held at the terminal and on the time since the last
dispatch, That is, if there are m vehicles waiting
at the terminal, dispatch a vechile if -fho “time

since the last dispatch exceeds or equals Tm where
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However, for N >> 1, Asgharzadeh and Newell were
able to obtain an approximate analytical expression
for the ontimal dispatch rate as a function of the

number of vchicles at the terminal.

It is interesting to note that since the
passenger interarrival times are constant, the
optimal dispatching strategy of Asgharzadeh and

Newell can be written as follows:

If there are m vehicles waiting at the
terminal, dispatch a vehicle if the nassenger queue
exceeds or equals an where m = 1,...... N and o>
> > > > > .

a, Ay 2 @z > i, > ay 0. Hence the
transportation system of Asgharzadeh and Newell

is a varient of the D/M( ¢, a)/N model.

Ghare[19] was able to obtain an explicit
expression forr the steady state distribution of
the number of passengers in the M/M(1,b)/N queue.
Further stecady state results including the waiting
time distribution in the queue were obtained by
Cromie and Chaudry[14]. The GT/M(1,b)/N system
was studied by shyu[33,34] wusing the iﬁhcddcd

Markov Chain method. No numerical results were

given. Roes[32] has also discussed the GI/M(1,b)/N
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queue using the theory of derived Markov CChains
which is due to Cohen[13]. Using the semi-Markov
process technique, Lovel[22] developed the steady

state solution for the Fk/M(h.h)/N quecue .

Medhi and Borthakur[25] derived the queue
length distribution for the M/M( 4 ,b)/2Z systcm.
Medhi[24] was able ta study the waiting time distri-
bution in the M/M( ¢ ,b)/N queue under ‘steady state
conditions and obtained numerical results for one-
vehicle and twoe-vehicle systems. The M/M(4 ,b)
queue apnears to be analytically interactable for
N > 2, but algorithmic solutions have been given
by Neuts and Nadarajan[29] and by the present

authors [36].

Assuming that vehicles have sufficient capa-
city that an' arriving passenger can always board
the next departing vehicle, we arce able te perform
a more detailed and complete analysis of the muiti—
vehicle transportation system considered by Medhi

[24], Neuts and Nadarajan[29] and Sim and Templeton

[36].

~.
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Section 3: DISTRIBUTION OF VEHICLES AT THE TERMINAL
IMMEDIATELY AFTER DISPATCH

The future behaviour of the system depends
only on the state vector.

X = <m, i> (m =20, j>0) or

(1< m<N,0¢<j<o)y

where m = number of vehicles at the source

terminal.

J = number of passenges waiting ot

the source terminal.

Since the trip times of the vehiceles are

assumed to be exponentially distributed, the number

of vchicles available at the source terminal imme-
diately after a dispatch can be modelled as a
Markov chain with state space {< m, 0 >1, m = 0,
R P N-1}

Let P_(k) be the probability of having n
vehicles at the source terminal immediately after
the k-th dispatch and let qm,n(k) be the conditional
probability of having n vehicles after the k-th
dispatch given hat we had m vehicles after the

previous dispatch. Then

r P (k) =1 and I qm,n(k) =1



where m = 0,1,2,....... ¢yN-1 and k = 1,2,3,¢000 ¢

Under the Markovian condition stated above, we have

qm,n(k) = qm,n K @ 12,65 ey s

Assuming that the system will be in equillibrium
after operating for a sufficient length of time,

Lim Pn(k) = Pn' The equilibrium distributien satis-
k

fies the equation

P Q = P
where Q = (qm,n); mand n = 0,1,2,...... N-1  is a
stochastic matrix and D = (PH'PI’PZ ....... PN~i)
satisfies M} Po- 1.
n=0 "
The transition probabilities qm,n are obtained

as follows:

The trip times arc assumod to be exponontinlly
distributed with probability distributicn given
by F(t) = 1-e™Y. If there are m vehicles in the
terminal and no disbatch occurs during a time interval
ti, then for each of the (N-m) vehicles enroute,
there is a probability (1-e™Y) that it will teturn
within the time interval t and c““l that it will
not. Hence, the probability qm,m+f(t) of exactly {
vehicle arrivals in the interval t, given that m

vechicles were in the terminal at the .beginning of



.

the interval and no dispatch occurred during the
interval, is the binomial probability of £ successes
and N-m- % failures when the probability of a

Ht

failure is equal to e That is

N-m :
- B Wt N-m-% - U,
qm,m+l(t) = [Q 1 (e ) (1-e )
The probability density function of the time

interval required for the arrival of o¢ passengers

is given by the gamma density

F(N, 0 5e) - —— BT,
(a-1),
For the case (1 < m< n-1, m-1 < n < N-1) or (m=0,
1 < n < N-1), the transition probabilitics arc
given by:"
q = ¢ - Ao
m,n J qm,n+1(t)f( 9 3 t) dt
o .
- Oj. - :
= : -H - -A #IN-n-1M
5 N -m (1-e-"tyn m+l - +IN-n-1} )t
n-m+1l
A t)d.'l dt
(¢ - 1),

= N-m '
n-m+1 ? ‘ 1-(n-m+1) (I1(e'ut)n'm + {n-m+1)

)

(et - wf =yl gz

----------

a-1
o~ A+(N-n-1) it ' (X_t)

+

dt

(¢ -1)}
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A\ ' Nem ) @
= | -[A + (N-n-1) ult
(a-1)} L”””{‘I e T

(o]

[ - p(n-m) -Xx - (N-n-1)u |t

(n-m+1) e

. (n-m+1) (n-m) o [- u(n-m-1) - ; (N-m-1D)ult
2

. & (_1)m e[ p(n-m+1 -x - (N-n—l)uity

t®°1 gt

)
But we know g e W ody = —

'-QM.n o {:N ) ﬁ}§" C L]
(@ -1)! i o -
a ) n-m+l A +(N-n-1u ﬁ

\

(n-m+1) @ - 1)! , (n-m+1)(n-m)
A+ Nu- mp-p ) 2

= (o - 1)!
(A+ Nu- mu - Zuda

)n-m+1 (a - 1)1 j
(AN -(m+1)p]®

- N-_m C )\d
n-m+1 |/ a *
[ X +(N-n-1) 1]

(-1)' o (n-me1) A%
[x + (N-n) pu ]©

(-1

v (-1)2 (n-m+1)(n-m) S
2 [x +(N-m) pu 10
P oerranees (=1 )P " 2

[ +(N~m+17u ]
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n-m+1
Q. . = N-m 5 (-1)" M -m+1
’ n-m+1
B = 0 o
- A .Wnt
| X + (N - n + v -1)n
The transition probability a5 0 is obtaired as
’
follows:
= P a or more assengers arrive
q0,0 rob K P g
before the first vehicle

arrival/N vehicles are outﬁ

a -1
z
+ . . Prob &exactly T passengers
arrive before the first vehicle
arrival and atleast o - T
passengers arrive between
first and second vehicle
arrivals/N vehicles are out}
o
" z[x]Np+a-1[,\]1r
= z =
r =a A+N p X +Npy r o= 0 \ +Ny,
)

= N “. a s | r )\ .1
‘. —_.—2\_—_ o : .
ANy =0 T x g w A H(N-1)H
o
X A r
S (.
L == A+ N u

P

I

o[ i [ 1} +{1_W,AW__]M';

sl L *Ny

AN W A +(N-1)H

P
[ ] s .........3
A+N '

N X o .
_ N {{! S R, N T L P T T
A+ N A +(N-1) p A+ (N=T1 ) A NW T
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N[ —2
A +(N-1)u

PN

Al+Nu

}':;5

do not disnatch

more than one vehicle at
a timz,
T 0 - L= 2,3, . N-m-1
m = 0,1,2,.000000.. JN-2
. ) |
Diefine o N I B -N
A+ m p
Then we have,
— = a _ . a -0 ne
N N-1 (N-1)w N (m=0 ,n=0)
- — n-m+1 | mn-m+1 7]
No-m " —( '
n-m+1 2 (-1) | L |
r =0 - -
qm,n o
"N+r-n-1
(1< m< N-1, 1< m< N-1) or
(m =0, 1<n<N-1)
otherwise

— 0



Section 4: PASSENGER QUEUE LENGTH DISTRIBUTICH

Let P(m,j) be the steady state probapility
that there are m vehicles available at the terminal
and j passengers are nresent in the qucue. We:
shalf assume that vehciles have sufficient capacity

that a passenger can always board the next depart-

ing vehicle. Hence P(m,j) is defined only when
(m=0, i -~ 0) or (1< m <N, 0 < j< a).
Following  Medhi and  Borthakur[25], the

steady state probability equations are

o

(X+ Nmw) P(0,0) = A P(1,2-1)+«N I P(O,k) 2.4.1
k=<

(A + Nm) P(0,j) AP(o,j-1),j > 1> c. 2.4.2

(X+ Nu) P(M,j5) AP(m+l,, -1)"+ (N-m+1) P(m-1,0)

1< m< N-1 .. 2.4.3

A P(N,0)

pP(N-1,0) L. 2404

[x+ (N-m) s ] P(m,j)=X P(m,j-1)+(N-m+1)u P(m-1,;)

~J
[y}

I P(0,j)+ I I P(m,j) =1 oG

Uding equations 2.4.2 and 2.4.5

N N N
IoP(m,j) = L P(m,j-1) = X P(m,oj
m=0 m=0 m=()

From equation 2,407

. A . j
P(0,j) = ————P(®,j-1) = w) peo,0) .. 2.4.8
A+ Nu N
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Define “j = Steady state probabilityv that
j passengers are waiting the
terminal

N
Z P(m,0) 0< j<a-1
m =0
T .. 2.4.9
P(O’j) J>___ Q
Therefore, since ¢
’ I = 1,
j=0 7
(§']
5, a - o
f ) b) n + .>‘ m = ]
J 0 §=0 J j=0")
_Q -1 o
§=0 n=0 P(m,0) + “.§ P{O,7) = 1
J—(I
of
=> am o+ P(0,j) =1 ..2.4.10
j= a

Substituting cquation2.4.8 into cquation 2.4.10

g j
alno + 'z WN P(0,0) = 1
j=a
w A ~
an + P (——)) 0,00 =1
0 J A+ Nu
A :
LI (P S5 A 1P 0,00-1
A +N X+ Ny
am o + (__}i_,_._ [1 + A + ( A )2+ ....... j
A Ny A +Ny ANy
p(0,0) =1
A o A ‘-
TR RO S S S T

A+NU )\VN“
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LN ) ( P(0,0) =1
A 4N A 4NM
! NH  -1A Ny ,
fn g () () P(0,0)=1
» Ny A Ny N
o A -1 .
P v () Y MU p(0)0)=1
Ny + NV Np A .’
A
'8
wro * (=2t — 0,0 -1
A +Np o A +N p Nu
A -1
S A po,0) = 1
H N
L Wl po,0) =1 2.4.11
olm o N U N ’

where P(0,0) is determined as follows.

By regarding the states 'Terminal empty' ard
"Terminal occupicd! ns defining  an  alteranoting
renewall process and applying Feller[18], we obtain

E[ Time during . which system is emnty
P(0,0) = between two successive dispatches|

E[ Time between two successive dispatches]

vabeidelld

BITime during which system is ecmpty hetween two
successive dispatches|

= E[Time to first arrival/system  was
empty” just after last dispatch]
P(system was empty just after last
dispatch)

= i . 2.4.13

A N 0
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Bl Time hetween successive dispatches |

= P E[Inter -departure time/system was
empty after last departure] +
(1-PO) E[Inter-departure time/

system was not empty after last
deparrture ]

A .
S N L)
o A X;Nu N u A

a a
= — P+ ( TN S

X0 AsNH NM A L ®

A a

= _1_[01+'__wN P ] c.2.4.14

A NU o

Therefore using 2.4.12, 2.4.13 and 2.4.14

L

P(O’O) A +N M

1}

o

L [u+—lww% P ]
A Nu @

A ' A 1
= P e+ — % p 1L
A+Nu  © N u °
. . -1
= WN[*’*‘ﬁJN y L S N o 2.4.15

Using equations 2.4.15, 2.4.11 and 2.4.8 equation

2.4.9 becomes,

Dedong 2.40,05 ond 2,4,R
P(0,j) = wN} P(0,0)
= wl  we [ a4 W =1
N WN P 17t p
Nu o 0
) j+l A =1
Wy [ o+ w o N~” Po] Es
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Using 2.15-and 2.4.11 we get

From 2.4.11

a -1
AT+ —— W p(0,0) = 1
o) N U N ’
N
-1 a ) -1
+ W, wele o+ wy 2 P ] P =1
oo Nu N NNu o) 0
& T 0 + b—]“: w m 0 PO = ]_
A a
[0+ 2w P] = 1
™o N 1l N 0

= l' a + -2\‘“ wOl p 'I = ]

Therefore 2.4.9 becomes

(4« 2wy P17t 0 <jea -
2.4.16
i+l A a -1 £
Wy [a + = w, P ] P j >a
N N N "o o] -

The average passenger queue size is given by

o
E(Q) = P Z jTT ]
1=1 |

Using equation 2.416 we get

, a -1 o
".(0) ._l i n ' ) 5! i
) = L j
-l
- 5, A o -1

5 il a+ =0 w. P _] +

)—I‘ N U N "o
“ A a
Loy w I+l [@ + Wy P 1-1P

1= «a N N M N "o 0



PUt [«

+

a -1
Wy _uou = T
a -1 ob
L + z j+1
j=1 " °© j=a I VN mo L
. a -1 o 5 m» : <L.+p
0 gmupu o0 ;_a N
. o
I o__.,\............+:-:t_o_,o_z Wy +
~Q+:Q%z+w+...........__
(a - 1) a +1 +2
T o g M . a oqo:gsz + a zﬂ
+ .........._,f&_z._N +N&z;+.......:
o (a-1) .o p [ad* (1aw, + wl
T 0 lth 0o o N N N
+ .........v,,,‘.azo_;ﬁH 22+N2m+......._ .
1 .
@ @=1)70 0 o (1ewg)T
; 0o 0 N
2
Wy AH-EZW ]
) A -1
a@-1mo Po( R +1 [ (1 -v,itaﬂ.-.v
) To o A +Nu 1
A A " -
- Ay
A +N U A +Zt
a(a-Ymo - p (A yoerlpANu-ay-l
2 S +N p A Ny
A A "o -
LT TR e



A Ny ‘ A +N U A +N U

WUl
ala-1) o, ™ p y
2 O (A +Nuy

st ittt

h»va+u eﬁy+2t
hv.w\4zd\_ /

+ T b

A a+1
o B (=2

A A+ N
A N D

AN N |
v,o_ + 1 1

)

( 3
/

_ QS-:ﬁo,f:ow% I
2 © (A+ Nu ) N

VQ + 2

+ T P

© %G+ N :vQ. Nﬁ :VN

- ™ Q,‘¥.ﬂ.QIH,.,.M“\M.+ ™ P o th(ﬂ,[ V " o

il
3

o]
=
~
(=]

1
.
~—

.__:5 (e (o -1.) e (g =) WP ] g

H

walahell



Hence E(Q) = o + A -a (£ *1 . 4 )T 5 2817
Nu 2 Nu
Section : 5 PASSENGER WAITING TIME DISTRIBUTION
The waiting time distribution of an arriving

passenger in the queue is determined using the same

approach as Medhi[23,24]. Define:

i),

1}

Probability density function
(pdf) of w, the waiting tine
of an arriving passenger :-n

the queue.

ii) f(v,k,t) Probability density function
(pdf) of a gamma variate with

parameters v,k

!(vt)k'l e-vt
(ke 1)

t
[ (v ,ksn ddw

1]

iii) F(v,k;t)

9 - S(k,vt) where S(k,vt)

T
(vt) e-vt
=() r!
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An arriving passenger finds the system in

one of the following classes of states:

i) (m, ~-1) ot = 35256 wne sN

i)  (m,j) 1<m<N, 0<3j<a 2
iii)  (0,3) 0< j< a-2

iv) (0,3i) j o> oa- 1

In case (i), an ariving passenger does

not wait. The probability of zero delay is thus

N

5 P(m,a-1)

m=1

In case (ii), an arriving passenger has to
wait for the arrival of (a -1-j) passengers and =2

vehicle. This duration may be denoted by the

random variable 7 pgiven by

zj - max |Gamma variable with parameters
A, « -1-73 Lxponential variate

with parameter Nu | 0 < j < a -1

-The pdf of zj is given by

fjotl = f( A, 0 -1-j; t) F(N p,13t) + £(Nu ,15t)
F(ra-1-j3t)
= ECXA, o -1-j5 t)[1-S(1,N w t)]+£(Nuw ,15t)
[1 - S@ -1-k,at)]
In case (iv), an arriving passenger has to
wait for the arrival of o wvchicle. The . time f(or

a vehicle arvvival has an exponential distrfinition

with parameter Nw .



41

From the above, it follows that

_ B N o -2 v
B = p T pm,i) 0N e 1 - g5 t)
m=1 j=0
Ol_yz QL
Z P(0,j) Fj(t) & & P(0,j) f(Nwu1;t)f
J=0 j=a -1
a -2
= r Lmn, - P(0,j)] £ (A,a-1-j5t) +
i=0
a -2 oh
£ P(0,j)f.(t) + I P(O,j)E(N u,'5t)
i =0 ) j= a-1
2.4.18
From equations 2.4.8, 2.4.15, and 2.4.16
Equation 2.4.8 => P(o0,j) = W& P(0,0)
Fquation 2.4.15 => P(0,0) = [a + w? »x—-P "1P
= q i R =2 ’ = WN n -‘I“\iu ol 0
. a -1,
Equation 2.4.16 = T = [a + = wy P_]
J N u N "o

]
=

Put equation 2.4.16 in equation 2.4.15, we get

1 P = WJ+1 m P

Peo,j) oo N "o ‘o N o o,

J
NV

i >0 .. 2.4.19

Using equations 2.4.16 and 2.4.19, 2.4.18 becomes

-2 ' .
fFo(t) = @ 1
@ -2 & .
5 WJ+.1 PO“O £f.(t) + T w]:}+1 D(\ ™o
J=O J:a—l

fON u,15td iosd o820



a2 .

‘Z [ Mo " WI\JI+1 POTT o] fQ, 4 -1-j5t) +

1=0

a -2 i+l ) A
7 wy t Pom [ECH ,q-1-75t)(1-5(1,Ny t)]

+ f(Np,1;t) (1-S(a -1-j, A t)]

. 1 . .
+ 2 w£+ Po® £(Np ,1;t)

Ilm,-wt P om 1 E (A, a-1-55t)

+ % wl\}'F]‘ pono r()\,ﬂ']'J!ﬁ)(1b[]’NUt])
i=0 .
Q-2 :
N ZO WNJ+1 PO .n.o f(Nu’l;t)
J:
[1_5(0_1-j,>‘t9)]
o
+ Za WN]"’l PO il f(N»')]';t)
j=9 -1
a -2 )
) j+1
Jy=0 [ﬂo " Po nol
(re)eml™) om*
(- 1 - j)!
n-2 .
‘ i+l =l gt
B o Py, R e
)= ((!' 1 = J)‘
I LR
r=0 -
o -2

) J+1 t e-N‘rjt
con ot P n Nu(Npt) e
1!
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o -1-3 0o
r=0 T |
t ;6 w-j'l P .‘N“ (Nlll;]"‘N]”.
e N 0 o
j=a -1 1!
-N M =
fw(t) = Ho [Poe NEt S(a-1,)t) (1-Poe NUt)]
Let U = Probability that an arriving nassen-
ger will not have to wait.

and fT(t) = Probability density function of the
(conditional) waiting time in  the
queue of only those passenzers who
have to wait.

Hence, using cquations 2.4.8, 2.4.9, and 2.4.15

we [ind

>

o - m=1p(m’“ -1)
n - PCo, T"-1)
_ 0
- TOo YN Po "o
= , L ga .
0] < & e (1 Wy, PO) A ool
and  f.(t) = £,(t) /1-U St 27

The r-th moment of opassenger wegiting
time in the queue is given by

(W’ o r -Npt ;
W) m A g PPt e NI gy Ao TS, )
o}

(0]
(1-P_ e NV 4 (A)
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Consider the first term of (A)

o -nH
AT r_-nk t _AT T!
o] Po f E & dt = 0 Po T+1

Consider the second term of (A)

dq X A A

0]

(xt)® ~4 o Mt dt}
(a-2)!

S {(ftr AR O
5 1!

2!

5
e dt}
a- . -
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d\ = A' ([’
.t e -
"o ‘ '!-) ( Gt '(l;)"*t* (o] At (4 o s
1!
ob ‘)("2
+JOat) -t g
o (o -2)!
- P [(f)\ tr C_( >‘+ N U)t
0 ) dt +
0
({) 1‘1
[ Al e'( ANt dt + ........ 4
° 11
oh a -2
-( A
[l o-Che Nudt 4oy
o (a-2)!
A
ST B IR ¢ T .
2 N | ) T2
-2
(a '2)! r+a—2
! A ,(r + 1) 1
-P[ T_ — e +
O eNu TR ey T
N T e
(o -2)! (A + Ny pr+ -
A,TLC.).,.E»!_ (1 . r_+1 ' (r+2)(r+1) .
r+] 11 21 o
A

(r+a-2) (r + a-1)....2.1 |

(a- 2)!

r!

A "9__.__P_9 [1 + Il 2 (r+2(r+1)

A+ Nw)TF X 4N 21( A +Np)2

L va-2)..002.1 A% 2

— s ]
(a-2)! (L +NM T+ -2
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A+Nwp x Ny 1!
e w e  ak (,J_._,._y)“m-Z (reas 2),0000243
N (9~2 )1
-Tr
= )\ i r! r+(¥_ xr |
o a_z = -no r. PO

5, ek r+k+1
Lat k WN

- | .
)\ 'no r r+(¥_1 (4] _2 +k_‘
=9 - Po z r
B k=0 | k l
wr+k+]
N
Therefore
I_'; (wl) = ﬂo T' )\'l‘(“)'\“")"l P =3 a.-Al
N u - P
a -1 |
-2
o
7 TaAkT wk+r+1 ‘
k =0 ke N c.2.4.23
v -7
But Ly r+k ]k £ -1 ®_1 ¢ 1
k=0 — = = - 1§ +ﬂ g
L kan - "N "N a ~142

Fl(r+ (o] ’1; o s WN)

"

(LWN)-F_] - M§°2 %

(WZ\%) n+ 1
Ny
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Hence equation 2.4.23 becomes,

r _ T
E(W") = Tg °° )‘{ r+q-1 |, p . r-a-1
o -2 o N
ro -
I A B LT L .2.4.24
- r-n Nu

Using equation 2.4.24, the r-th moment of passenger

waiting time in the queue can be easily evaluated.

Setting r = 0 in equation 2.2.24 and using equaticns
2.4.16 and 2.4.21, one finds
o
_ ar-1 a-1
(f) R dt = o @)
b3 (a'l) (_>\__)n+].
n=0 n Nn
A
- o . a-1 " 1
= fghEiE1) & By W .,NU)J
_ = 14 A d-]
= nolle- 1) + P, ;_ﬁ_) (L]
A u Ny
A .
= g Flo -1) + P ( s ) f)‘-iN-lj-')]
A 4}11;3 NH
- Wy [Ca-1) + P Wl (=2 *Nuy;
o N N
4 A+ Nus
o +
[Of,(t) dt = 1o [la-1) + Poowy (Sgrrt) = 1-U
)
..2.4.25
Setting r=1 in equation 2.2.24
1
-1 a A yn-17
EW) = q_ 1! A @ y+ P_w (;a_{-—=)
° {(a—z) °© N fioo UMy j
= o, N o (o -1) POW% F(?F(A ) o+
2 h R
(@) (2 )zls
N
I ’
”() )\/'{ s 4 Y L s 15 (L,?)/
2 Np NLI -



48

= )\_1{0__@__2.__1_) + P waN ..)\_( a4 ———)g
& ML N W
P w A )y
B a (a- 1) o N (a —
E (W) = Mot T Ty U Nu

o wdad 26

This is the average waiting time per wpassenger in
the queue. The above result can also be obtained
from equation 2.4.17 by using Little's formula E(Q)=
A B(W). Setting r=2 in cquation 2.4.24, we obtain,

o+

n 21 A'Z [ (as1) P oWy

(w2 . el

1

+

2 -
(a+1) A+l
Loozon) (R

n =0

o1 { (a+1) ¥ (a - 1)
3

L] (A4) A {q+1)
ln WN ‘( '

= 7 2! 2 +

Nol2
2y Ny PO (EuToe

(0!+l) (?\—_)3]

€2 N
' N 7
. )\ '. )
al arl) A2
.2.4.27

From equations .2.4.27 and 2.4.28, it 1is weasy to
compute the varience of waiting time for given N,

s A and known PO



49

Section : 6 SPECIAL CASES:
6.1 One-Vehicle System:

For N=1, the formulation and solution of

the problem is simple enough be carried out manually
Using ecquations 2.1.1 and 2.1.2 we get

P = and P, =0
0 |

From cquation 2.4.18, since P Iand w

A o A A '
la(()) = 4] + IR « | (,nzt] + -_...,) (a + ___,w(!’
H u | !
..2.4.28
Usinpg Litt lets formula, the cxpected waitine time
in the queue is given by
. E(Q)
E (W) - Y
= e A la (XL, A 4
) ! 2P T
l
o
i\ -
= __+l_ [d“'l 1 _lla"’“"w(il Il
u u 2\ u W
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The above performance measures for the
one-vehicle system can also be derived from Medhi

[23].

6.2 Two-Vehicle System

Although the two-vehicle system 05 mare
complicated than the one-vehicle system, the nroblem
is still manageable. Using eauations 2.1.1 and 2.1.2

as before we obtain

(P, P,) \ )
oF 10 0 %, (PysPy)
lay o 99 4
- - - = - a ¢
where ql,l = 1 Wi, ql,O Wy qO,1 1-2 Wi+ W,

a a
00,0 lw1 - W,

Solving ann,d + P]q1,0 = PO
Put Pl = 1
Podp,0 * 91,0 = Py
PO (qo’o - 1) = 'ql’o
Y S U
0 i T 5
-9y 1w +WwW
Substituting the value of PO Iinto equantion 2.4.10 we Jcol
A wa
A 1-w1 W,

0 < j <,-1and N=2
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Put —— = RES

a
= ﬁH-zQH + ,@;? :-SQH + zomv + 2RW Wy )

and : = W

= wh ;L.L | ( a(1-wr + W) + RE w%)

Therefore,

_ ] a 0 a a ]
L = [(1-wy + wo) [ Ca(l-wy + wy) + RW, w))
0 <j° a-1
wWoowdtl e (1-w® + w® ) o+ Ru® W)
N | 2 L "2
j > a
y Z
where R = — )
2 u

Using equation 2.4.17, the average passenger queue

el +.xu:-zw + zw:
2

maop = @ + P -af

AQ:-EW +£mv +x£w va

o v 208 550



Using Little's formula, the average nassenger waiting

time in the queue is given by

E(W) = lﬁgz)
B S T N DYCT T, oY
) 2 u AR
a a Q V)
[ a (1-w1 + wz) + Rwl ng

v «f «% .31

6.3 N-Vehicle System (N > 3)

The system of equation 2.1.1 is solved

vecursively to obtain ,Pm(m = 05152045 54 N-1).

L (:3 =0,1,2,..... ) can be easily calculated once
PO is known <$imilarly, thec average passenger queue
size and waiting timc in the aucue can be casily

computed.

We know from equation 2.4.16 that

Wi P ;
0 a Nu L
s X d
Since P_< 1 2 and — wy> 0 and N > aq,
0 - a N N
Lim s -1

N +» « o



Section : 7.

Define:

D(N)

Y (N, a)

\y (N* )a&)

k(N, a)

]
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COST FUNCTION AND OPTIMIZATION

Cost of dispatching a vchicle. This
includes fucl consumption and vehicle

depreciation.

Waiting cost wner passenger per unit

time.

Cost nper unit time associated with
the fleet size N. This includes main-
tenance and insurance costs of the
fleet as well as associated adminis-
tfative and labour costs. It 1is
assumed that D(.) is monctonically

increasing and D(0) = 0.

long-run average cost per unit time
associated with the dispatching

policy o and a fleet size N.

Min \{I(N,a )

N, a

long-run average cost per passenger
associated with dispatching ©vpolicy

o and a fleet size N.
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k (N*, 4 %) = Min k(N,2 )
N, @
E(H) = Expected time between saccessive

dispatches.

From these definitions, we sce that
a

YN, e) = DN+ I wmj o+ CIE(H1) . .2.4.32
1=0

From equations 2.4.14 and 2.4.16 we obtain

N
E(H) ” % [a + S wg DO]
= t1i0-1 where w'] m (4 w! K
A 0 N)\u| N 0
_ AT oy-1
- ( o) ‘

Substituting equations 2.4.33 and 2.4.17 into equa-

tions 2.4.32 . .

YoN,e) = DN+ w [ s e gR e I ST
cRANT . .2.4.34

where T = [a+ $i wg PO]-l

It may be noted that

k(N, a ) = ¥ (N,a )/x . .2.4.35

The numerical results in Table show that as the
passenger arrival rate ) increases, the minimum long-

run average cost per passenger k(N*¥, g*) decreases.



Table : Optimal Policy and Performance Measures

Operrating | :
Y (N*, a%) Policizs Performance Measures
. k(N#, a*)
SR EHORE T P | E(H)
10 118.08 3 7 3.14 0.31 .1401 0.2601 0.71 11.81
20 130.29 1 20 -.64 0.23 .0987 0.1647 0.51 6.51
30 139.69 5 12 § 5.60 0.19 0827 0.0983 0.40 4.65
10 147 .58 5 L5 5 .18 0.18 .0659 0.1240 0.38 3.69
50 154 27 6 16 ; .60 L5 .0621 0.0721 0.32 3.09
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