CHAPTER - 11

Bipolar Spherical Fuzzy Graph

2.1 Introduction

Spherical fuzzy set is more versatile than the existing fuzzy models, due
to its outstanding feature of the vast space of uncertain and vagueness with the

constraint 0<a?+v?+ % <1. A graph is a convenient way of representing the

data in which the objects are vertices and their relations are edges. Many real
life problems can be solved by using graphs. Based on Zadeh’s fuzzy relation
(1971), Kaufmann (1973) introduced the idea of fuzzy graphs. Akram (2020)
examined decision making methods based on spherical fuzzy graphs. The
new idea of bipolar neutrosophic cubic graphs were studied by Antony
Crispin Sweety et al (2020). Here in this chapter we introduce bipolar
spherical fuzzy set and bipolar spherical fuzzy graph and study the operations:
symmetric difference and rejection with a description on degree and total

degree of bipolar spherical fuzzy graphs with numerical example.

2.2 Bipolar Spherical Fuzzy Graph
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In this section, we have defined bipolar spherical fuzzy set and bipolar

spherical fuzzy graph and discussed it on a graph.

Definition 2.2.1: Let X be a non-empty set. An bipolar spherical fuzzy set
(BSFS)

A:{<x,T,§’,|,§’,F,§’,T,T,|,§‘,F§‘ >|X€X}

where TP I8 FZ:X —>[01], TAIN,FA : X - [-1,0] are the mappings
such that 03((T§)2+(I,§)2+(F,f)2jsl and 03((T,L\‘)2+(|,§‘)2+(FA’\')2j31 and

T denote the positive truth membership function, 15 denote the positive
indeterminacy membership function, FY denote the positive falsity
membership function, TA' denote the negative truth membership function, 1}

denote the negative indeterminacy membership function, FY denote the

negative falsity membership function.

Definition 2.2.2: An bipolar spherical fuzzy graph (BSFG) on an underlying

set V is a pair G=(A,B) where A is an bipolar spherical set in V and B is an

bipolar spherical relation on v xv such that
Ts (W y)<min TR TA () T (6 y)=mex (TA (x).TA (V)
5 y)<min (IR A, 18 (% y) Zmex (13 (), 1A (¥))
Fe (6 y) <mex (FR (0, FA (), Fg (xy)=min (FR (%), Fa' (¥))
where Tg denote the positive truth membership function, 1 denote the
positive indeterminacy membership function, F& denote the positive falsity
membership function, T3' denote the negative truth membership function, 1}’

denote the negative indeterminacy membership function, F3 denote the

negative falsity membership function and fulfils the following conditions:

03((T§)2+(|§)2+<FBP)2j31 and os((TBN)Z+(|§')2+(FBN)2jsl, where A is an
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bipolar spherical fuzzy vertex set and B is an bipolar spherical fuzzy edge set
of G.

Definition 2.2.3: Let G=(AB) be an BSFG defined on G =(V,E). The
order of BSFG is defined by

0(G) = z;:r,f’(x), LA (x), Fx (X), TA (X), 1A (x), FA ()}

and the degree of a vertex x of G is defined by

deg(x) = Z{E“rBP (xy), 1§ (xy), Fg (xy),Ta (xy), 18 (xy), Fg (xy)}
Xy €

Definition 2.2.4
Let G=(AB) be an BSFG defined on G =(V,E). The total degree of a

vertex x of G is defined by

tdeg(x)= 3 {TB:(XY)+T{I(X),IBPN(XY)+IKN(X), FBP[ng)—FFEIEIX)’ }
xy eE |Tg (Xxy)+Ta (X), 15 (xy)+14 (X),Fg (xy)+Fp (X)

Theorem 2.2.5: An bipolar spherical fuzzy graph is the generalization of
Pythagorean fuzzy graph, bipolar Pythagorean fuzzy graph and spherical
fuzzy graph.

Proof: Assume G =(X,Y) be an bipolar spherical fuzzy graph.

By fixing the positive indeterminacy-membership and negative degree
membership such truth-membership, indeterminacy-membership, falsity-
membership values of vertex set and edge set equals to zero bring down the
bipolar spherical fuzzy graph to Pythagorean fuzzy graph.

By fixing the positive indeterminacy-membership and negative
indeterminacy-membership values of vertex set and edge set equals to zero
bring down the bipolar spherical fuzzy graph to bipolar Pythagorean fuzzy
graph.
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By fixing the negative degree membership such truth-membership,
indeterminacy-membership, falsity-membership values of vertex set and edge
set equals to zero bring down the bipolar spherical fuzzy graph to spherical
fuzzy graph.

Bipolar Spherical Fuzzy Graph

Spherical Fuzzy Graph

Bipolar Pythagorean
Fuzzy Graph
TR ey

Fig. 2.1 Schematic representation of Bipolar Spherical Fuzzy Graph
2.3 Symmetric difference of BSFG

In this section, we have studied the operation: symmetric difference with
a description on degree and total degree of bipolar spherical fuzzy graphs with

numerical example.
Definition 2.3.1: Let A= (T8 IR FRLTAL IR and

Ay =(T,f’2,IKZ,FAPZ,TA’\“Z,IX‘Z,F:‘Z) be bipolar spherical sets defined on V; and V,,

and let B = (5,15, FF T 1) FY) and B, =5 15 FE ol 1N ') be

bipolar spherical sets defined on E; and E,, respectively. Then, we denote
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the symmetric difference of two BSFGs G, and G, of the graphs G, and G,
by G, @G, = (A @A, B, ®B,) and defined as follows:
1.V(x, %) eV
(Ta, ®TL )4, Xp) = min (T7, (), T, (%))
(Ia © 1), %) =min (15 (x)), 15, (X))
(Fa @ Fa )%, %) = max (F4 (X)), Fr, (X))
(Ta, ®TA)04, %) = max (T4 (%), T4, (%))
(1p ®15)(%, Xp) = max (I 5 (x), 1 o, (%)
(FA ® Fa (X1, %p) = min (Fa' (%), FA, (X))
2. VxeVyand Xy, € E,
(Te, ®Tg, (X, %2)(X, ¥2)) = min (T (X),Tg, (X))
(Ig, @15, )((X, X2)(X, ¥2)) = min (15 (), Ig, (X,¥>))
(Fg, ®Fg, (X, X2)(X, ¥2)) = max (Fa (X), Fg, (X2))
(Te, ®Tg, (X, X,)(X, ¥,)) = min (TA' (X), Tg, (X2¥2))
(Ig, @15 )((X, X)(X, ¥2)) = min (15 (x), 18, (X))
(Fa, ®Fg, )(X, X,)(X, ¥,)) = max (Fa (X), Fg, (X2¥2))
3. VzeV,and xy; € E
(Te, ®Tg, ) (%, 2)(y1,2)) = min (Tg, (X4¥1). Tg, (2))
(Ig, @15, )(%,2)(¥1,2)) = min (Ig (X Y1), 15, (2)
(Fg, ®Fg, )(*1,2)(¥1,2)) = max (Fg, (1), Fg, (2))
(Te, ®Ta, (%, 2)(¥1,2)) = min (T, (X ¥1), Ta, (2))
(Ig, @15 ) (%, 2)(y1,2)) = min (15, (44y1), 1§, (2))
(Fg, ®Fg, (%, 2)(y1,2)) = max (Fg, (X ¥1), Fg, (2))

4. Vxy €8, %Y, b
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(Te, ©Tg, )((X1. X:)(V1, Y2)) = min (Ta, (%), TA (1), g, (X2¥2))
(15, @15, ) (% ) (Y1, Y2)) = min (1 (), La (). 1§, (X))
(Fg, ®Fg, (X1, %)(¥1, Y2)) = max (Fx, (%), Fa (¥1), Fg, (X2¥2))
(Tay ©TR (%, X2)(¥, ¥2)) = max (TA' (x)), TA (1), Tas (X2¥2))
(15, ®15,)((X, X2)(Y1, ¥2)) = max (I (%), 1A (1), 18, (X2¥2))
(Fg, ®Fg, )(X4, X2)(¥1,¥)) = min (Fa' (%), FA (1), Fa, (X2¥2))

Example 2.3.2: Let G =(\,E) and G, =(V,,E,) be two BSFGs where
V; =(a,b) and V, =(c,d). Suppose r, and Rr, be the BSFS representations of
E, and g, defined as follows:
_ [,(0.5,0.6,0.4,~0.7,-0.3,~0.6)
1 {b,(0.4,0.9, 0.4,-0.5,—0.7,—0.8)
S, =1{ab,(0.4,0.6,0.4,—0.5,—0.3,~0.8)}

¢,(0.8,0.3,0.5,—0.6,—0.7,—0.9)
d,(0.4,0.6,0.2,—0.5,—0.9,—0.8)

Rl
S, ={cd,(0.4,0.3,0.5,-0.5,-0.7,-0.9) }

(a,c),0.5,0.3,0.5,~0.6,—0.3,~0.9
R O, - (a,d),0.4,0.6,0.4,—0.5,—0.3,— 0.8
(b,c),0.4,0.3,0.5,—0.5,-0.7,- 0.9
(b,d),0.4,0.6,0.4,—0.5,—0.7,-0.8

(a,c)(a,d),0.4,0.3,0.5,—0.5,~0.3,—0.9
(a,c)(b,c),0.4,0.3,0.5,—0.5,- 0.3, 0.9

5,05, - (a,c)(b,d),0.4,0.3,0.5,—0.5,—0.3,~ 0.9
(a,d)(b,c),0.4,0.3,0.5,~0.5,~0.3,~ 0.9
(a,d)(b,d),0.4,0.6,0.4,—0.5,—0.3,—0.8
(b,c)(b,d),0.4,0.3,0.5,— 0.5, 0.7,- 0.9

G2
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Fig. 2.2 Bipolar spherical fuzzy graphs Giand G>

(a,0)(b,d)

[:‘.EI,C) (ﬂ,t}(ﬂ,ﬂ) (ﬂ,ﬂ)
(2,0)(b,0) (a,d)(b,d)
(b,0) (b,c)(b,d) (b.d)

(b,c)(a,d)

Theorem 2.3.3: If G; and G, are BSFGs, then G, @G, is a BSFG.
Proof: Let xeVv and x,y, € E,. Then we have
(T, ®Tg, )X X2)(X, ¥2)) = min{ Tz, (x), Tg,, (X2¥2)}
<min{ TS (x), min( T4, (%), TS, (v,))}
= min{min( T4, (x), Tx, (%)), min( T4, (), T4, (v2))}
=min{(( Tx, ®Tx, )X, %)), (Th, DT, )X, y2))}
(Te, ®Tay J(X%2)(%, ¥2)) = Mx{T4 (X), Ta, (X2¥2)}
<max{T4, (X),max(T4, (x2), Ta, (¥2))}
= max{max( TA' (x), TAY (%)), mex(TA (), TA (v,))}

=max{((Ta, ®Ta, )X, %)), (T4, ®TA)(X, ¥2))}
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(15, @15, )((X, X )(X, y2)) = min{ 1 5 (x), 15, (X2¥2)}
<min{ 15, (), min( 15 (x,), 15, (¥2))}
= min{min( 15, (x), 15 (x,)),min( 1 (x), 15, (y2))}
= min{(( 15, @ 14,)(x, %)), (1, ®14,)(x. Y20}

(15, @ 18)((X X2)(X, 7)) = max{ 1§ (x), 18, (X,¥2)}
<max{ 15, (), max(1, (X2), 1o, (Y2))}
= maxmax( 1 5, (), 15, (%)), max(1 3, (%), 1, (¥2))}
= max{(( 15, ®13,)(%, %)) (1h, ® 14, )(X,y2))}

(Fg, ®Fg, )(X.X2)(X, ¥2)) = max{ Fx, (X), Fg, (X2¥2)}
<max{ FA (x),max(Fy, (X2), FA, (Y2))}
= max{max( Fp, (X), FA, (X2)), max(F, (X), Fr, (Y2))}
=max{(( FA ®Fp,)(X, %)), (FA ®Fg, )(X,¥2))}

(Fa, ® Fg, )(X.X2)(X, 7)) = min{ FA (X), Fa, (X2¥)}
<mind Fa (x),min( Fa) (X,), Fa, (¥2))}
= min{min( FA (X), Fa, (x2)), min( Fa' (X), Fa) (¥2))}
= min{(( FA ®FA, )(X,%2), (FA ®Fa, )(X,¥2))}

Let zeV, and xy; € E;. Then we have

(Ts, ®Tg, )X, 2)(¥1,2)) = min{ Tg, (x1¥1), T, (2)}
<mingmin( T4, (x,), Ta, (Y1), TA, (2)}
= mingmin( Ty, (%), T, (2)), min( Ty, (y1), T4, (2))}
=mif((TA, ©Tx )(x1,2). (T ®Tx )(y1,2)}
(Te, ®Tg, ) (%4, 2)(¥1,2)) = mx{Tg, (X4 ¥1). T, (2)}
< maxgmax( T4 (%), T4 (Y1), TA, (2)}
= max{max( T4\ (1), Ta, (2)), max(TA (y1),Ta, (2)}
=max{((Ta ®TA )X, 2).(TA ®TA )1, 2)}
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(15, @18, )((X, 2)(y1,2)) =min{ 1§ (xqy1). 1 &, (2)}
<mingmin( 1 (), Vi (y0), 1a, (2)}
= min{min( 1 (%)), 1, (2)),min( 1 (y1), 1 a, (2))}
=min{(( 1 ®15,)0%,2).((1a S 14, )(y1.2))}

(Ig, @ g )((x0.2)(y1.2)) =max{ I g (xqy1), 1A (2)}
< maxgmax( | n (x1), 1o (y1). 1A (2)}
= max{max( 1 5 (x;), 1a (2)), max(Ip (y1), 1A (2)}

=max{(( 15, ®13,)04.2) (13, O14,)(y1,2)}

(Fg, ® Fg, )(X,2)(¥1,2)) =max{ Fg, (xqy1), Fa, (2)}
< max{max( Fx (%), FA (Y1), Fx, (2)}
= max{max( Fx, (X, Fa, (2)), max(F, (y1), Fr, (2))}
=max{((Fx ®F% )(x1,2)),((F& ©Fa,)(y1.2)}

(Fg, ® Fg, (%, 2)(y1,2)) = min{ Fg, (X¢¥1), FAs (2)}
<min{min FA (%)), FA (y1), FA (2)}
= mingmin( FA' (%), FA (2), min FA' (y,), FA! (2))}
=min{(( FA, ® Fa, )% 2)), (Fa, ® Fa,)(¥1,2))}

Let lel & El ) X2 y2 S E2. Then we have

(Ts, ®Tg, )X, %) (Y1, ¥2)) =mi{ Ta (%), T, (Y1), T, (X2¥2)}
<mig Ty (%), Ta (¥2),Min( Ta, (X2), Ta, (¥2))}
= min{min( Ty, (), Tx, (%2)), Min( T, (Y1), T, (Y2}
=min{(( T, ®TA, )%, %)), (Ta, ®T£ (Y1, Y2))}

(Te, ®Ta, N(X0, X2 )(Y1, ¥2)) = M TA! (%), Ta (¥2), Ty (Xa¥2)}
<min{ T (), TA (o), min(TA (%), Ta, (¥2))}
= min{min( T4 (), TA, (x2)), min( T4 (¥1), TA, (Y2))}
=min{(( TA ®TA )04, %)) (TA ST (Y1, Y2))}
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(15, @15 (X0 X2)(¥1,Y2)) =min{ 1 & (%), Ip (Y1), 1, (X2 ¥2)}
<mind 1x (1), 1 (yo), min( 1z, (X2), 1, (Y2))}
= min{min( 15 (x¢), 1o, (%)), min( 1 (y1), 1 a, (¥2))}
=min{(( 15, ®1x, )04, %)) (1, ® 14, )(¥1,Y2)}

(15, @18 )%, Xo) (Y1, Y2)) = max{ 1A (%), A (Y1), 18, (X2 Y2)}
<max{ Iy (%)), 1o (y). max(1 (%), 1A (¥2))}
= maxdmax( 1 5 (x;), 1a (x2)), max( I (y1), 1A (¥2))}

=max{(( 15, ®1,)(%, %)), (1, ® 1 3)(%1,Y2))}

(Fg, ® Fg, (X0, X2)(Y1, ¥2)) = max{ F4, (%)), Fx, (¥1), Fs, (X2¥2)}
<max{ Fa (x1), FA (1), max(Fx, (X2), Fa, (¥2))}
= max{max( Fr, (%), FA, (X2)), max(F4, (v1), FA, (¥2))}
= max{(( Fp, ®Fp, )%, %)), (Fa ®Fx, )(¥1,Y2))}

(Fa, @ Fg, (%1, X2)(¥1,¥2)) = min{ Fa; (), FA! (1), Fa, (x2Y2)}
< min{ Fa, (), Fa, (y2). min( Fa; (%), Fa, (¥2))}
— mingmin( FA (x)), FA (x)), min{ FA (v1), FA (v, ))}
=min{(( Fa, ® Fa, )(1. %)), (Fa, ® Fa))(1.Y2))}

Let x.y; € E;, XY, 2 E,. Then we have

(Te, ®Tg, )(X4. %2)(¥1, ¥2)) =Min{ To (X2), T, (¥2), s, (X4 y1)}
<mig Ta (X2), Ta, (¥2), Min( T (%), T, (y2)}
= min{min( Ty, (), Tx, (%2)), Min( T, (Y1), T, (Y2}
=min{(( T, ®TA, )%, %)), (Ta, ®T£ (Y1, Y2))}
(Te, ®Ta, N1, X2)(Y1, 2)) = max{T A (X,), Ta, (¥2), e, (Xay1)}
<max{TA (). TA, (¥2), max(TA (%), TA (Y1)}
= maxgmax( T4 (%), T4, (X)), max(T4 (1) TA, (¥2))}
= max{((TA ®TA )04, %)) (TA ®TR (Y1, Y2))}
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(15, @15 N0, %), y2)) =min{ 12 (). 15 (¥2). 16, (ayn)}
<min{ 15, (%), L, (¥2),min( 15 (%), 1o (Y1)}
= min{min( 15 (x¢), 1o, (%)), min( 1 (y1), 1 a, (¥2))}
=min{(( 15, ®1x, )04, %)) (1, ® 14, )(¥1,Y2)}

(15, @ 10 )%, Xo) (1, Y2)) = max{ 1A (%), A (Y2), 18, (% ya)}
<max{ Iy (%), 1 a (o), max(1a (), I (v1))}
= maxdmax( 1 5 (x;), 1a (x2)), max( I (y1), 1A (¥2))}

=max{(( 15, ®1,)(%, %)), (1, ® 1 3)(%1,Y2))}

(Fg, ® Fg, (X0, X2)(Y1, Y2)) = max{ FA, (x;), Fx, (¥2), Fg, (x¥1)}
<max{ Fa, (Xp), Fx, (¥2),max(Fx (X), Fa (Y1)}
= max{max( Fr, (%), FA, (X2)), max(F4, (v1), FA, (¥2))}
= max{(( Fp, ®Fp, )%, %)), (Fa ®Fx, )(¥1,Y2))}

(Fa, @ Fg, (%1, X2)(¥1,Y2)) = Min{ F; (Xo). F, (¥2). Fa, (1)}
<min{ Fa (%), Fa, (Y2), min( F) (x0), FA (y1))}
— mingmin( FA (x)), FA (x)), min{ FA (v1), FA (v, ))}
=min{(( Fa, ® Fa, )(1. %)), (Fa, ® Fa))(1.Y2))}

Hence G, @G, is an BSFG.

Definition 2.3.4: Let G, =(A;,B;) and G, = (A, B,) be two BSFGs. Then for

any vertex, (Xq,X,) €Vy xVs.

deg(TS, ®TE, ) (¥, Xp) = 2 (Ts, ©Tg, (%1, X2)(Y1, ¥2)
(X1, %2)(¥1,Y2)eE; ©E;

= X min{T{ (). Tg, (X2y2)}

X1=Y1.X2¥2€E)

+ > min{ T, (%,),Tg, (1)}

Xo=Yp,X1Y1€E;

+ X minf{Tg (v, TA (%) Ta, (¥2)}

X1¥1€E1,X0Y5 2E»

+ X min{Tg, (%Y,). Th (4). TA (Y}

X(Y12E1, %y €E)
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deg(Té, ®Tg, )%, %) = ) (Te, ®Ta, )1, X2)(Y1, ¥2)
(%1, X2)(Y1,Y2)eE1 ®E,

= > max{TA (%), Ta, (X2¥2)}

X1 =Y1,X2Y2€Ep

+ 2 maq{TR (%), T (v}

Xo=Y2,% Y1 €E;

+ > max{Tg, (Y1), TAL (X2). A (¥2)}

X1Y1€E1, Xy 2E>

+ X maq{Tg (Y,). Ta (4). TA (V1)

X ¥12E1, Xy, €E,

deg(1g, @ 1€, ) (x4, %) = > (15, ® 15, )X, X2 ) (V1. ¥2)
(X1, %2)(y1,Y2)eE  @E,

= X min{IE ()15, (%¥,)}

X1=Y1,X2Y2€E>

+ > min{ 1 5, (x2), 15, (x1y2)}

Xo=Yp,X1Y1€E;

+ X min{lg (xy0) 1, (X2) 1A, (¥2)}

X1Y1€E1.%y2€E>

+ > min I (X2¥2), 1a (1), 1 (1)}

X1¥1€E1,XY2 €Ep
deg(1g, @18 )%, %,) = ) (15, ® 1§ )%, %) (Y1, ¥2)
(X1, %2)(Y1,Y2)eEL ®E,
= X ma{ia(x) 15 (XaY2)}

X1 =Y1,X2Y2€Ep

+ X max{ly (%) 15 ()}
Xo=Y2, % Y1€E]
+x madlg (ayn) I () 1A, (¥2)}

X1Y1€E1. %y 2E)

+x maqlg, (%y,), Ih (0). Th (YD}

X1 Y12E1, X2y €Ey

deg(F, @ Fg, ) (g, Xp) = )3 (Fg, © Fg, )(X0, X2)(¥1, ¥2)
(%1, X2)(Y1,Y2)eE1 ®E,

= ) max{ FA (%), Fg, (X,¥2)}

X1=Y1,X2¥2€E;

+ X max{FL (X). g (xayn)}

Xp=Y2,%y1€E;

+ 5> max{ Fg, (x;¥1). Fa (%), F£, (¥2)}

X1¥1€E1, X0 Y2 2E>

+ X max{Fg, (%Y, F, (%), Fs (Y0}

X1 Y12E1, %22 €E)
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deg(Fé, ® Fg, )(%, %) = 2 (Fa, ® Fg, )4, %:)(¥1. Y2)
(X1, X2)(Y1,Y2)eE1 ®E,

= ) min{ FA' (%), Fg, (X2¥2)}

X1=Y1,X2¥2€E;

+ X min{Fa (X) Fg (xy1)}

Xo=Y2,%Y1€E]

+ > mind Fg, (X Y1), Fay (X2), Fa, (¥2)}

X1Y1€E1, X0y 2E)

+ X min{Fg, (X%Y,), FA (%), Fa (y)}

X Y12E1,Xy2€E)

Definition 2.3.5: Let G, =(A;,B;) and G, = (A, B,) be two BSFGs. Then for

any vertex, (Xq,X,) eV xVs.

tdeg(Te, ®TE, )X, Xp) = Y (Ts, ®Tg, )%, X2)(Y1. Y2) + (TA, T4 (X1, Xo)
(%1, %2)(Y1,Y2)€E; ®E,

- 3 min{ TAPl (Xl),TBP2 (X2Y2)}

X1=Y1,X2Y2€E,

+ ) min{ Tz, (%,), e, (x1y1)}

X2=Y2,X1y1€E;

+ X min{Tg () Ta, (6) T, (¥2)}

x1y1€E1, X0y, 2E,

+ X minf{Tg (Xy2).Tx (%), Ta (Y}

x1Y1€E1, %Y, €E)

+min{( TR () ®TL (%)}

tdeg(Te, ©Te, )Xy, Xp) = Y (Tey © Ty )(X1 X2)(Y1, Y2) + (TA ©TA (X4, Xo)
(%1, %2)(Y1,Y2)eE, ®Ey

= )3 max{T4 (%), Tg, (X2¥2)}

X1=Y1,X2Y2€E;

+ > max{TA (X,), T, (X4¥1)}

Xo=Yp, X Y1 €E;

+ o x madTE Oay) TA (%), TA (v2)}

X1y1€E1, %y 2E,

+ > max{Tg, (X2¥2), TA (). Ta (Y1)}

X1 Y12E1, %y, €E;

+minf( Ta' (%) ®TA, (x2)
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tdeg(1& @18 )(x, %) = > (15, ® 15 )(X1, X2)(Y1, Y2) + (1 n 14 )(¥1, %p)
(%1, %2)(Y1,Y2)eE ®E,

= X min{Ig(x). 15, (Xo¥2)}

X1 =Y1,X2¥2€E)

. P P
+ > min{ |A2 (Xz), ||3l (lel)}
Xp=Y7,% Y1€E;

+ > min{ 1§ (). 1 (x2), 1 (¥2)}

X1Y1€E1, X0 Y2 2E>

+ X min{1g, (Xy2), 1 a (¥, Ta (Y0}

X y12E1,%Y,€E5

+min{( 13 (%) @ 1z, (%)

tdeg(1§, @ 18, )(%. %) = > (15 @ 15,)(X0, X2)(Y1, Y2) + (1A ® 1 )%, %)
(%1,X2)(Y1,Y2)€E1 @,

- > max{ 1 (%), 18, (X2¥2)}

X1 =Y1,X2Y2 €

+ X IR (o) g (Y}
Xp=Y2, % Y1€E1
+ > max{ I (xyy1). LA, (X2), 1 (¥2)}

le]_EEl,XzyzeEz

+ X maq{lg, (%y,) Ia (4) Th (Y}

X1Y1£E1, %Yo €E»

+mind( 13 (x) @12 (X)

tdeg(Fg, ® F¢,)(x, %p) = ) (Fg, ® Fg, )04, X2)(Y1, Y2) + (Fa, @ F, )(0, X2)
(X1, %X2)(Y1,Y2)eE; @,

= ¥ maq{Fx (x).Fg, (%Y2)}

X1 =Y1,X2¥2€E>

+ > max{ F, (X2), Fg, (4y1)}

Xo=Yp,X1y1€E;

+ X ma{Fg () FA (%) FA (¥2)}

le]_EEl,Xzyngz

+ % ma{Fg (X¥2) FA (%) Fa (Y0}

X Y12E1. Xy, €E;

+min{( Fp, (x) ® Fa (X,)
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tdeg(Fey @ R, )(x, o) = > (Fa, ® Fg,)(X1. X2)(Y1. Y2) + (FA ® Fa) )(%, %)
(X1, %2)(Y1,Y2)€E1 ®F,

= ) mind Fa (x0), Fay (X2¥2)}

X1 =Y1,X2Y2€E;

+ X min{Fal (%), Fa (ayn)}

Xp=Yp, X Y1€E1

+ X min{Fg () Fa, (%) FA, (¥2)}

X1¥1€E1. XY 26>

+ X min{Fg (X2¥,). Fa (%), Fa (Y1)}

X y1€E1. %Y €E;

+min{( Fa (x) ® Fa (X)
2.4 Rejection of BSFG

In this section, we have discussed the operation: rejection with a
description on degree and total degree of bipolar spherical fuzzy graphs with

numerical example.

T : PP P TN [N EN
Definition 2.4.1: Let A =(Ta o Fa Ta 1o Fa) and
A =(Tk 1h FA TN I FA) be bipolar spherical sets defined on V; and V,, and
let B, =(Tg .15 .Fs.Ta . 15, Fa) and B, =(Tg .1 . Fg . Tg,. Ig, . Fay) be
bipolar spherical sets defined on E; and E,, respectively. Then, we denote
the rejection of two BSFGs G, and G, of the graphs G, and G, by
G, |1G, =(A | A, B;|B,) and defined as follows:
1. V(Xl, X2) eV xV

(Ta, | Ta, )00, Xp) = min (T, (%), T, (%))

(La 11R, (0 %) =min (17 (X)), 1} (X2))

(Fa | Fx, )%, Xp) = max (FA (%), Fa, (X))

(Ta, 1 Ta)(¥0,X2) = max (Ta, (%), Ta, (%))

(A 1104, %p) = max (1 (x1), 1o (X))

(Fa | FA (X1, Xp) = min (Fa' (%), FAL (X))
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2. v X le and X2y2 (S E2
(Te, T8, )((X, X,)(X, ¥2)) = min (Tx (X), T, (%), T, (¥2))
(I, 118, )((X, X2)(X, ¥2)) =min (15 (), 15, (X2), 1, (¥2))
(Fg, |F, (X, X2)(X, ¥2)) = max (Fx (x), FA (X2), FA (¥2))
(Te, [Tay (X, Xa)(X, ¥2)) = max (TA (X), Tay (X2), Ta, (¥2))
(I, 118, )((X, X2)(X, ) = max (1 (), T, (X2), 1, (¥2))
(Fg, |Fgy )(X, X;)(X, y2)) = min (Fa! (X), Fas (Xo), Fas (¥2))
3. v Z EVZ and lel & El
(Te, T, )((*1, 2)(¥1.2)) = min (Tg, (%), Tg, (¥1). Tk, (2))
(15, 118, )((%, 2)(y1, 2)) = min (15 (%), 15 (¥1), | &, (2))
(Fa, |Fa, (%, 2)(y, 2)) = max (Fg, (x)), F§, (v2)., F£, (2))
(Te, I Tay )((x1, 2)(¥1. 2)) = max (Tg! (X;), g, (v2). TA, (2))
(I, 118, )((4, 2)(y1,2)) = max (18 (%), I, (Y1), 1, (2))
(Fa, [Fa )(x., 2)(y1,2)) = min (Fd\ (x;), Fa, (¥1), Fa; (2))
4.V gB %Y, ¢E)
(Te, 1T8, )X, Xo)(¥a, ¥2)) = min (T (%), Ta (%1), TA, (%), T (¥2))
(g, 118, (04 )1, Y2)) = min (13 (), 1o (o), 1 &, (o), 1R, (¥2))
(Fa, |Fg (. %) (Y1, ¥2)) = max (Fx (%), Fa (1), FA (X2), F£ ()
(Tey T8, )((Xa. X2)(¥1, ¥2)) = max (Ta) (%), TA! (¥2). T, (%2). Ta; (¥2))
(15, 118, )((x0, X2)(¥1, ¥2)) = max (1, (x2), 1o, (¥2). 1, (%), 1, (¥2))
(Fay |Fg )((x0, X2)(Y1, Y2)) = min (FA' (%), FA (1), FA (X2), FA (¥2))

Theorem 2.4.2: If G, and G, are BSFGs, then G, |G, is a BSFG.

Proof: Let x eV, and x,y, ¢ E,. Then we have



(Te, 1 T8, )(X X )(X, ¥2)) = min{ Tx, (X), Tg, (X2¥2)}
<min{ T (x), min( A, (%), Ta (¥2))}
= min{min( Ty, (X), T, (X)), min( T, (X), T, (Y2))}
=minf(( T4, [Ta, )X X)), (T4, [Ta )X, Y2))}

(Te, T8, (X X2)(X, ¥2)) = max{TA (X), Tg, (X2¥2)}
<max{TA (X),max(TA (X,), Ta, (¥2))}
= max{max( T, (X), TA, (X2)), max(TA (x), TA, (v2))}
= max{((TA | TA)0G X)) (TA TR Y20}

(Ig, 115,)((%X2)(X, ¥2)) = min{ 1 4 (x), 15, (X2¥2)}
<min{ 1§, (x),min( 15 (%), 15 (v2))}
= min{min( 15 (), 15 (x2)), min 15 (x), 15 (y2)}
= min{(( 1o [1,)00 %), (1o, 113,06 Y2))}

(I, 118, (X X2)(X, ) = max{ 1 5, (%), 1§, (X,Y2)}
< max{ Iy (X), max( 1, (X2), 1A, (Y2))}
= max{max( 1 5, (%), 1 5, (%,)), max( 1 (), I, (¥2))}
= max{(( 15, | 12,006 %0)), (1A, [1A,)(X, Y20}

(Fg, | F8, )(X, X2)(X, ¥2)) = max{ Fx, (x), Fg,, (X2¥2)}
< max{ F, (x), max(F& (X,), FA (¥2))}
= max{max( Fp, (%), Fa, (X,)), max(Fp, (X), Fx, (¥2))}
= max{(( Fa, | FA)(X, %)) (Fa | Fa )(X, Y2))}

(Fg, | Fa, (% X2)(X, ¥2)) = min{ FA' (x), Fg, (X,y,)}
< min FA, (x), min( FA, (X), FA, (¥2))}
= min{min( FA, (), FA, (X)), min( F' (%), F&, (¥2))}
= min{(( FA | FA) )0 %), ((Fa, | FA (X, y2)}
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Let zeV, and xy; £ E;. Then we have

(Te, 1 T8, )((X0, 2)(¥1, 2)) = min€ Tg, (xqy1), T, (2)}
< min{min( Tx, (%), TA, (Y1), T, (2)}
= min{min( T, (x,), TA, (2)), min( T4 (1), T, (2))}
=min{(( Ta 1 T4 )04, 2) (Ta I TR )(v1, 2)}

(Te, T8, (%, 2)(¥1,2)) = max{Tg, (X 1), Ta, (2)}
< max{max( T4 (%), TA (Y1) TA, ()}
= max{max( T4, (x)), Ta, (2)), max(TA (y1), TA, (2))}
=max{((TA ITA))(%,2), (TA 1 TA)(v1, 2)}

(I, 118, )((¥1, 2)(¥1,2)) = min{ 1§ (%), 1, (2)}
< mingmin( 15 (%), I (1), 1, ()}
= min{min( 1 (%)), 1, (2)), min( 1 (y2). 1%, (2))}
=min{(( 15 | 14)00,2) (Va [TR, (1. 2)}

(I, 118, )((x1, 2)(y1,2)) = max{ 1§ (x4 ¥1), 1A, (2)}
< max{max( 1y (%), 15 (YO, 1, (2)}
= maxgmax( 1 5 (x1), 1 o, (2)), max(1 3 (y2). 1 n, (2)}
=max{(( 1o [1A)042) ((Fa 11A))(Y1, 2)}

(Fe, | F, )((1, 2)(v1,2)) = max{ Fg, (x4 ¥1), F, (2)}
< max{max( Fx, (x,), F4 (1), FA, (2)}
= max{max( Fz, (X,), FA, (2)), max(Fa, (y1), FA, (2))}
=max{(( Fx | F£, )(%,2)), (FA | Fa))(¥1,2)}

(Fg, | Fay )((x0, 2)(y1, 2)) = min{ Fg, (x,Y1), Fay (2)}
< min{min( FA (), FA (), FA (2)}
= mingmin( FA' (%), FA (2)), min( A (y0), FA ()}
= min{(( FA' | FA)(4,2)), (FA [ FAD(y1. 2)}
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Let x,y; £ E;, Xy, € E,. Then we have

(Te, | Tg, )((X0. Xa) (Y1, ¥2)) = Mn{ Tx, (%), Ta (1), Ta,, (X2¥2)}
<min{ TS (x), TA (o), mn(TL (), TR (y2))}
— mingmin( TZ (), TE, (), min( T (v1), TE. (v2))}
= min{((Ta, 1T, )0 %)), ((TA, 1 TA) (Y1, Y200}

(Te, 1T, (4, X2)(Y1, ¥2)) = min{ T3 (1), TA (1), Tg, (X2¥2)}
<mind TA (%), TA (Y1), min(TR, (x2), TA, (¥2))}
= min{min( TA' (x0), TA, (x2)), min( Ta, (y2), Tay (¥2))}
= mind(( TA 1 TA)04. %)), (TA 1TA (Y1, y2))}

(1, 118, (X0 X2)(Y1, ¥2)) = mind 15 (1), 1 (Y2). 1§, (X2¥2)}
<mind 1 (%), 1o, (Y2), min( 1o, (%), 1, (¥2))}
= min{min( 1 (%), 1 x, (%)), min( 15 (y2), 1x, (¥2))}
= mind(( Ta [12,)00. %)) (1o, 11 A, (Y1, Y2))

(1, 118, (X0 X2)(Ya, Y2)) = max{ 1 o, (%), T (1), 1§, (Xa2)}
<max{ I (x0), Lo (y), max(1 3 (%), T, (¥2))}
= max{max( 1 5, (%), | 5, (%z)), max( 1 5, (1), 1 o, (¥2))}
=max{(( I | 14)04. %)), (1o [TA (Y1, Y2)}

(Fg, | Fa, )((X1, X2)(Y1, ¥2)) = max{ FA, (%), Fa, (Y1), Fg, (X2¥2)}
<max{FA (%), Fa (Y1), max(F, (x2), F4, (¥2))}
= max{max( Fp, (%), F, (X)), max(F4, (y1), Fr, (2))}
= max{(( FA, | Fa, )0, %)), (FA | FA)(Y1, Y20}

(Fa, | Fay )((X0, X2)(Y1, ¥2)) = min{ FJ (1), FA (¥1), g, (X2¥2)}
< minf Fal (%), FA (Y1), min( FA (X,), FA, (¥2))}
= min{min( F, (x1), Fay (%)), min( Fa, (y), Fa, (Y2))}
= mind(( Fa, | Fay )0, %)), ((FA | FA (Y1, Y20}
Hence G; |G, is an BSFG.
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Definition 2.4.3: Let G, =(A,B;) and G, = (A, B,) be two BSFGs. Then for

any vertex, (x;,x,)eV,;xV,.

deg(Tg, 1 Tg, )X, %) = 3 (Te, 1 Te, )04 X2)(Y1, ¥2)
(X1, %2)(y1,Y2)€E1 |Ey

= X mif{Tx (x).Tg, (Xa¥2)}

X1 =Y1,X2Y22E>

+ D min{ T4, (X,), Tg, (X1¥1)}

Xo=Y7,X Y1 €E;

+ > min{ Tg, (X4 Y1), Te, (X2¥2)}

X1 Y12E1, Xy 2E>

deg(Té, 1T, ) (4. %) = )3 (Te, T8, )04, %) (V1. Y2)
(X1, X2)(y1,Y2)€E |Ep

= X maq{Ta (4).Ta, (X2¥2)}

X1 =Y1,X2Y22E;

+ 2 max{TA (%), T (ayn)}

Xo=Yp, X Y1 2E;

+ ) max{ T, (% Y1), Tg, (X2¥2)}

X1 Y1 €E1,X2y22E>

deg(1g, |16, )(¥1, Xp) = > (16, 118, (X1 X2)(¥1. Y2)
(%1, %2)(y1,Y2)€EL |E;

= T min{I5 (%) 1§, (%Y,)}

X1=Y1.X2Y22E;

P P
+ > min{ 1 5, (X2), 15, (X.y1)}
X2 =Y2,X1Y1 €6,

+ )3 min{ |EF;1 (X Y1), ||§2 (X2Y2)}

X1Y12Eq, XY, 2E)
deg(1g, 11G,)(x1, %p) = )3 (I, 115,04, X2) (Y1, ¥2)
(%1, %2)(y1,Y2)€E1|E
= X max{l () Ig (Xy2)}

X1 =Y1,X2Y2£E>

+ 0 madiy o) 18 (v}
X2=Y2, X1Y12E;
+ ) max{ 15, (Y1), 1§, (X2¥2)}

X1Y1£E1,X2Y2 2E)
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deg(Fg, | Fg, )(x1. Xp) = > (Fs, | Fg,)(X1, X2)(¥1. Y2)
(X1, %2)(Y1,Y2)€E |E,

= > max{ F (%), Fg, (X2y2)}

X1=Y1. X2 Y2 £E;

+ > max{ F (X,), Fg, (4y1)}

Xo=Y2. X1 Y12E;

+ 2 max{ FBF; (X Y1), FBP2 (X2¥2)}

x1y12E1,%Y52E,

deg(Fé, | F, )0, o) = )3 (Fg, | Fay )04 %2)(Y1, ¥2)
(X1, X2)(Y1,Y2)€E1 |E;

= X min{Fa (x), Fa) (Xa¥2)}

X1=Y1,X2Y2 £E;

n > min{ F,i: (X2), FB’\ll (%Y1}

Xp=Y2, % Y1€E;

+ > min{ Fg, (X;Y1), Fay (X2Y2)}

X1¥12E1,X0Y2 2E»

Definition 2.4.4: Let G, =(A,B;) and G, =(A,,B,) be two BSFGs. Then for

any vertex, (X, %,) eVy xV,.

tdeg(T¢ 1TE, )(¥1, Xp) = )3 (Te, 1 s, )04, Xa) (1, Y2) + (T, | T4, (%0, %)
(1, X2)(Y1,Y2)€E4|E;

= X min{T{(x).Tg (%y,)}

X1=Y1,X2Y2 £E)

n > min{ TAP2 (Xz)aTBFi (xay1)}

Xp=Y2 X Y12E;

+ X min{Tg (1) Te, (X¥2)}+mi{( T4, (%), T, ()}

X1¥12E1, %Yo 2E)

tdeg(T¢, | Ta) )X, Xp) = > (Te, [Ty )X X2)(¥1. Y2) + (TA [TAN (X4 %)
(x1,%2)(y1,Y2)€E | E;

= 2 f'”"ﬂX{TAl\ll (Xl)’TB’\i (X2y2)}

X1 =Y1,X2¥22E>

+ )3 maX{TA,\i (Xz)vTEal\ll (X Y1)}

Xa=Y2., X1 Y12E;

- > max{Tg, (x,y1), Tay (X2¥2)}+ max{(Ta' (%), Ta (X2)}

X1Y1€E1,X2y2 2E)
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tdeg(1G, |16,)(X, Xp) = > (I, 118, )04, X2)(Ya, Vo) + (1A, 1 1R (%, %)
(%1, %2)(y1,Y2)€E | Ep

= X min{l1} (%) 1§ (Xp¥2)}

X1=Y1.X2Y2 €E»

P P
+ )y min{ 1 , (X2), Ig, (X Y1)}
X2=Y2.%Y1€E

+ X min{Ig Oq¥n) 15, (%Y2)}+mi{( 15 (). 14, (%)}

X1 y12E1, X226,

tdeg(1¢, 18,)(%4. %) = ) (I 118, (% X2)(Ya Y2) + (A T )% %)
(X1, %2)(Y1,Y2)€E | Ep

= X max{In(x) 15 (xoy2)}

X1=Y1,X2Y2 £E»

+ X maxfia (), 18 (ayn)}
X2=Y2,%Y12E;
+ X max{1§ (v, I, (oY) + maxd( 1 (). 1A, (%)}

X Y12Eq, X2y 2E>

tdeg(FE | RS, )%, %,) = ) (Fg, | Fg, ). X2)(¥1, Y2) + (Fa | Fa )(X0, X2)
(X1, %2)(Y1,Y2)€Eq | Ep

= ¥ max{Fg (x).Fg, (Xy2)}

X1 =Y1,X2Y2 2E>

+ 2 max{ F (X,), Fg, (Y1)}

Xa=Y2, X Y1 2E;

+ 2 max{ Fg, (X1¥1), Fg, (X2y2)}+ max{( F4 (%), Fa, ()}
X Y1€E1, %Y, 2B,

tdeg(Fd, | F&L)(x, Xp) = ) (Fg, | Fgy (1, X2)(Y1, Y2) + (FA | FAL) (X4, %)
(%1, X2)(Y1,Y2)€E|Ey

= X min{FR (x). Fay (Xa¥2)}

X1=Y1,X2Y2 2E>

+ 2 ming Fa, (X,), Fay (x,y1)}

Xo=Y5, X1 Y12E;

N 5 ming Fo (% Y1), Foy (XY2)}+ minf( FA' (%)), FA (x2)}

X1 Y12E1, X0 Y2 2E)
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