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CHAPTER-IV 

SOFT HAUSDORFF SPACES 

Definition : 4.1 

Let (X, t) be a soft topological space and x, y E X such that x # y. (X, t) 

is called soft Hausdorff space or soft T2  space if there exists soft open sets 

FA and GB such that x FA, y GB and FA F GB = (I'. 

Example : 4.2 

Let R be the real numbers, E = R and (FE)y = {(x, (x, y) : x, y e E and 

x < y}. If 't = {(FE)y : y E E} u {(D, E}, then the pair (R, t) is a soft topological 

space. Moreover (R, r) is a soft Hausdorff space. 

Definition : 4.3 

Let FA E S(X, E), x e X and A c E. Then (FA)A  denotes the soft set over 

X x X for which (FA)A : E - P(X x X) and (FA)A(e) = A = {(x, x) : x E X} if e € A 

and (FA)A(e) = D if e o A. 

(FA)A is called A-diagonal soft set. If A = E, then it is called diagonal 

soft set. 

Theorem : 4.4 

(X, r) is soft Hausdorff space if the soft diagonal set (FA)A  is soft 

closed. 

Proof 

Let X be a soft Hausdorff space. We must show that (FA)CA  is soft 

open. Suppose that (xi, x2) (FA ) . . Then (x1, x2) (FA)A  and for some 

e E E, (xi, x2) 0  (FA)A(e). Thus, we have x1  # x2. Since X is soft Hausdorff 



space, there exists GB, H E t such that x1  Z GB,  x2  Hc and GB F Hc = t. 

So, for each e E E, x1  e GB(e),  x2  E Hc(e) and (GB(e) n Hc(e) = 1. This 

implies that (x1, x2) E GB(e) x  Hc(e)  and (GB(e) x Hc(e))  n (F4A(e) = t. 

Hence, (x1, x2) Z GB x Hc and (GB  x Hc)  (FA)A  = 

Conversely, let (FA)A  is soft closed set. Let x, y E X and x # y. 

Then (x, y) (FA)A. So (x, y) Z (FA ). By the definition of soft base there 

exists GB and Hc E S(X, E) which is element of soft base such that 

(x, y) GB x Hc a (FA ) Hence, x GB, y Hc, GB, H0  E t and 

GB FHccb. 

Theorem : 4.5 

If (X, t) is a soft Hausdorif space and (p, iy) : (X, r) -> (Y, t*)  is 

injective, surjective and soft open, then (Y, t*)  is a soft Hausdorif space. 

Proof 

Let y, Y2 e Y such that Yi y2. Since (p, iii) is surjective there 

exists x1, x2  E X such that p(xi) = y1, p(x2) = y2  and x1  # x2. From 

hypothesis (X, 'r) is soft Hausdorif space, so there exists FA, GB e 

such that xi Z FA, x2  Z GB and FA GB = CD.So, for each eEE, 

x1  E FA(e), x2 e GB(e) and FA (e) n GB(e) = 1. This implies that 

p(xi) = yi E  p  (FA(e)), ç(x2) = y2 E p(GB(e)). Hence, yi  Z  (p, 141) (FA), 

y2 p,  w) (GB). Since (p, iji) is open, then (p, ') (FA), 

(p, 'v) (GB) E and since (p, 'i') is injective (p, w) (FA) t (p, 141) (GB) = 

(p, w) (FA GB) = 1. Thus, (Y, .r*)  is soft Hausdorif space. 

Theorem : 4.6 

The property of being a soft Hausdorff space is hereditary. 



Definition : 4.7 

Let (X, t) and (Y, t*)  be two soft topological spaces. A soft function 

((p, w) from X to Y is called Homeomorphism if (p, w) is one-one, onto, 

continuous and open. 

Lemma : 4.8 

Let (X, 't) and (Y, t*)  be two soft topological spaces. Then X and Y are 

homeomorphic to a subspace of X x Y. 

Proof 

Let (a1, a2) E X x Y and (e', k') E E x K fixed. We need to show that a 

soft function (p, ii) from X to X x {a2} X x Y is a homeomorphism. Here, 

X —> X x {a2} and ii : F —> E x {k'}. p  and y are one-one and onto 

mappings, then the soft mapping (p, w) is one-one and onto. 

Now we show that (p, i) is continuous. Let FA be a soft set which is 

element of base of subspace X x {a2}. By the definition of subspace, there 

exists GB x Hc E S(X x Y, E x K) open such that FA = (GB x H) EXx {a2} 

For W(e) = (e', k'), 

(p, w)1 (FA) (e', k') = (p, wY1  ((GB x Hc) EXx{a2 }) (e', k') 

= (p, N') 1  (((GB x Hc) EX x {a2 }) (i(e))) 

= (p 1  ((GB(e) x Hc(k))  n X x {a2}) 

= 
[(p1 

(GB  (e) x {a2 }), if a2  r= Hc  (k); 

otherwise 

= J(GB (e) a2  EHC (k); 

D, otherwise 

Then ((p, w)-1  (FA) = (GB(e),a2  E Hc  (k); 

otherwise 
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- 
I(GB,a2  H, 

Then ( w11  (FA) 
- j,otherwise. 

Hence, ((p, 4J)_1  (FA) is soft open, so (q), ij')  is soft continuous. 

Now we show that ((p, w) is open. Let FA be a soft open set on X. For 

k e K, 

lu -1 (p(FA (e)) 1(k)nA # cI 
(p, j) (FA)(k) = ei nA 

, otherwise 

= JFA (e)x{a2},[1(k)nA ; 

I D, otherwise 

= f(FA (e)xY)n(Xx {a2 }),w 1(k)nA:#; 

I 'Ii, otherwise 

Then (p, Ni) (FA) = (FA x E) F Eyis open on subspace. 

Consequently, the soft mapping (p, 'u)  is open. 

Theorem : 4.9 

X and Y are soft Hausdorif space if X x Y is a soft Hausdorif space. 

Proof 

Let X and Y be soft Hausdorff spaces. Let (x1, yi),  (x2, Y2)  c X x Y and 

(xi, Yi) # (x2, Y2).  So we have x1  # x2  or Yi # Y2. Assume that x1 # x2. Since X is 

soft Hausdorif space there exists FA, GB E t such that x1  Z FA,  x2  Z GB 

and FA GB = 1. Then FA x Ey and GB x Ey  are soft open set on X x Y. 

Hence,(x1, yi)  Z FAX  E, (x2 y2) GBX  Eand (FAX E) F (GBX E)I. 

Conversely, let X x Y be soft Hausdorif space. By the Theorem 4.6 and 

Lemma 4.8, it is obvious. 
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Theorem : 4.10 

(X, t) is a soft Hausdorif space 1ff XE = {FE: FE e N(x) and FE is soft 

closed}. 

Proof 

Let (X, t) be a soft Hausdorif space. Suppose that 

XE # {FE: FE E iV(x) and FE is soft closed}. Then, there exists y E X 

such that x # y and y Z F {FE : FE E N(x) and FE is soft closed}. (*) 

This implies that y E r FE(e),  for all e E E. Since X is soft Hausdorif 

space, there exists soft open sets GE, HE such that x Z GE, y Z HE and 

GE F HE = 1 and 50 x E GE(e) c X \ HE(e). Hence, H E V(x) and H is soft 

closed. By the (*), we have y Z H and so y HE.  This is a contradiction and 

this completes the proof. 

Conversely, let x, y e X with x # y. Then y XE = {FE : FE E N(x) 

and FE is soft closed}. So, there exists GE E N(x) and GE is soft closed such 

that y GE. This implies that y o GE(e)  for some e e E. Then y G and G 

is soft open. Since GE E N(x) there exists HE € c such that x Z HE a GE. 

Hence, x Z HE, y Z G and HE fl G = 

Consequently, (X, t) is a soft Hausdorif space. 

Theorem : 4.11 

In soft Hausdorif space, a sequence converges to a unique point. 

Proof 

Suppose that (xe) converges to x and y and x # y. Since (X, t) 

is soft Hausdorif space there exists GB, Hc E t such that x Z GB, y Hc and 

GB Hc = D. This implies that for all e E E, x e GB(e), y E Hc(e) and 
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GB(e) n  Hc(e) = t. Since x, converges to x and GB is soft neighborhood of x, 

then there exists ni e N such that xn  Z GB for all n ~! n1. Since Xn  converges 

to y and Hc is soft neighborhood of y, then there exists n2  e N such 

that XJ  Hc for all n ~! n2. Let no = max(n1, n2), then for all n ~! no, x GB 

and x, Z H. This implies that Xn E  GB(e) and x E Hc(e) for all e E E. Then 

GB(e) n  Hc(e) # 'D. Hence, GB F Hc # cI1. This is a contradiction. 

Remark : 4.12 

The converse of the Theorem 4.11 is not true in general. For instance, 

in soft topological space (R, 
¶*) every sequence converges to a unique point, 

but this soft topological space is not Hausdorif. 


