


CHAPTER III

LINEAR OPERATORS PRESERVING FACTOR RANK OF
MATRICES OVER SEMIRINGS

Let M,,,(S) denote the set of all (mxn)-matrices with entries from the

semiring S.

Definition : 3.1

The matrix A e M, (S) is said to be of factor rank k (rank(A) = k) if there
exist matrices B e My, x(S) and Ce My ,(S) such that A = BC and k is the smallest
positive integer such that such a factorization exists. By definition, the unique

matrix with factor rank equal to 0 is the zero matrix O.

If' S is a subsemiring of a certain ﬁeld, then there is the usual rank function
p(A) for any matrix AeM,,,(S). These functions are not equal in general.
However, the equality rank (A) > p(A) always holds.
The behaviour of the function p with respect to matrix multiplication
addition is given by the following inequalities :
e the rank-sum inequalities :
|o(4) - p(B) < pl4+B)< p(4)+ p(B);
e Sylvester’s laws :
p(4)+ p(B)-n < p(4B) < min{p(4). p(B)},
e and the Frobenius inequality :
p(4B)+ p(BC) < p(4BC)+ p(B),

where A, B, and C are conformal matrices with entries from a field.
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The arithmetic properties of factor rank depend on the structure of the
semiring of entries. It is restricted by the following list of inequalities :
If the semiring is arbitrarily antinegative, then
(1) rank(A+ B) < rank(A) + rank(B);
(2) rank(AB) < min{rank(A),rank(B)}.
If the semiring uses Boolean arithmetics, then

rank(A) if B=0,
(3) rank(A+ B) > < rank(B) if A=0,
1 if A#0O and B=#O0;

T k(4 k(B) < n,
(4) rank(A4B) 2 lf rank(A) +rank(B) < n
1 if rank(A)+rank(B) > n.
If the semiring is a subsemiring of the set R, of positive real numbers,

we have

(5) rank(A+ B) = |p(4) - p(B)

2

(6) rank(AB) = {O ’f p(A)+ p(B) <n,
pA)+p(B)-n if p(d)+p(B)>n;

(7) p(AB)+ p(BC) < rank(ABC) + rank(B),

where p(A) is the usual rank function for any matrix A .

Notation : 3.2
In order to denote the sets of matrices that arise as extremal cases in the

inequalities listed above, the following notations are used :

Fi(S)={(X,Y)e Mm,n(S)2 | rank(X+Y)=rank(X)+rank(Y)};

F2p(S)={(X,Y) € Ms(S)* | rank(X+Y)=1};

Far(8)={(X,Y) € Myp,1(S)* | rank(X+Y)= | p(X)-p(Y) | };

F;(S)={(X,Y)e M,(S)? | rank(XY)=min{rank(X)+rank(Y)}};

Fan(S)={(X,Y) e M,(S)" | rank(XY)=0};

Fup(S)={(X,Y) e My(S)” | rank(XY)=1};
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Fir(S)={(X,Y) e M(S)’ | rank(XY)= p(X)+p(Y)-n};
F5(S)={(X,Y,Z)e My(S)’ | rank(XYZ)+rank(Y)= p(XY)+p(YZ)}.

Definition : 3.3

We say that an operator T preserves a set P if XeP or if P is any set of
ordered pairs (triples) such that (X,Y)eP (respectively, (X,Y,Z)eP) implies
(T(X),T(Y)) e P (respectively, (T(X),T(Y),T(Z))e P).

Definition : 3.4
An operator T strongly preserves the set P if Xe P if and only if T(X)e P

or if P is the set of ordered pairs (triples) such that (X,Y)eP (respectively,
(X,Y,Z)eP) if and only if (T(X),T(Y))eP (respectively, (T(X),T(Y),T(Z))eP).

Definition : 3.5

An operator T : Mp,(S)> Mpa(S) is called a (U,V)-operator if there
exist invertible matrices U and V of appropriate orders such that T(X) = UXV for
all Xe M, q(S) or if for m=n, T(X) = UX'V for all Xe M, +(S) or if for m=n,
T(X) = UX'V for all Xe My, ,(F), where X' denotes the transpose of X.

Lemma : 3.6

Let S be a semiring and B = (b;j)€ M, 4(S), where m,n>2. Assume that b;;
is a unit for any 1<i<n» and 1< j <m. Let (k,]) be any fixed pair of integers such
that 2<k <n and 2 </ <m. Assume that the factor rank of each (/x k)-submatrix
of B is 1. Then the factor rank of each ((/+1)x k)-submatrix (if any) is 1 and the

factor rank of each (I x (k +1))-submatrix (if any) is 1.
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Corollary : 3.7
Let S be a semiring and B = (b;j)e My, 1(S), where m,n>2. Assume that b;

is a unit for any 1<i<n and 1< j<m. Let rank(B')=1 for any (2x 2)-submatrix

B’ of B. Then rank(B)=1.

Corollary : 3.8
Let S be a semiring and B = (b;;)e M, (S), where m,n>2. Assume that b;;

is a unit for any 1<i<n and 1<j<m. Let rank(B')>1. Then there exists a

(2x 2)-submatrix of B of factor rank 2.

The following theorem will be crucial for our considerations.
Theorem : 3.9

Let S be an antinegative semiring without zero divisors and
T : Mua(S)—> M;,.(S) be a linear operator. Then the following conditions are
equivalent :

(1) T is bijective ;
(2) T is surjective ;
(3) there exists a permutation ¢ on {(i,j) | i=1,2,...... I, FlsZerersis ,n} and
units b;je Z(S), i=1,2,...... I =120y s ,h such that
T(Eij) = bijEqy)
forall 1<i<mand 1<j<m.
Proof :

The implications (1) = (2) and (3) = (1) are verified by straightforward
calculations. The fact that b;je Z(S) follows immediately from the linearity of T.
We prove the implication (2) = (3).

We assume that T is surjective. Then for any pair (i,j), there exists some X
such that T(X) = E;;. Clearly, X # O by the linearity of T. Thus there is a pair of
subscripts (r,s) such that X =x, E, + X', where the (r,s)-entry of X' is zero and

r.s=r,s

30



the following two conditions hold : x,, #0 and T(E,,S);tO. Indeed, if, on the
contrary, for all pairs (r,s) either x,, =0 or T (E,,S)= O, then T(X) = E;; . Since S
is antinegative without zero divisors, if follows that

T(x,,E, )< T(x, E, )+ T(X\(x, E, ) =T(X)=E,,.

¥ it PSEs

Hence, x, T(E,,)=T(x, E  )<E,,

r,s r,s 1,)

and T(Em);t O by the above. Therefore,
T (Em)s E, ;. Indeed, if, on the contrary, T(E,’_\,) is the sum of certain multiples of
cells, then x,,ST(E,,S) is, since S is antinegative and without zero divisors.

Let P, ={E,, T(E,,)< E,,J}. By the above, P, #¢ for all (i,). By its

s

definition, P, NP, , =¢ whenever (i,j)#(u,v), ie, {P,} is the set of mn

Bl
nonempty sets which partition the set of cells. By the pigeonhole principle, we

have that |P,_|=1 for all (i, ). Necessarily, for each pair (r,s) there is a unique
5J

pair (i,j) such that T(E,s) = b.(E;j , ie., there is some permutation ¢ on
SN o e T e =L ,n} such that for some scalars bj; , we have
T(Ei;) = bijEsG) - Now we only need to show that the b;; are all units. Since T is

surjective and T (E,,S)SE for (r,s)#(i,j), there is some a such that

oli.j) .

T((IEU) = Eo(i,j)- But then, since T is line_ar, T(aEiJ) = (IT(Ei,j) = abiJE(,(id-) = E(,(i,j),

i.e., abj; = 1. Similarly, b;ja = 1. Hence b;; is a unit.

Remark : 3.10
One can easily verify that if m=1 or n=1, then all operators under
consideration are (P,Q,B)-operators and if m=n=1, then all operators under

consideration are (P,P',B)-operators.

Note : 3.11

Henceforth we will always assume that m,n>2.
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Theorem : 3.12

Let S be an antinegative semiring, T : M, ,(S)—> Mp(S) be an operator
which maps lines to lines and is defined by the rule T(E;;) = b;;jE; , where ¢ is a
permutation on the set {(i)| i=1,2,...... B4 A o o, S ,n}, and bj; € S,
i=1,2,...... ) o 1 ,n, are certain nonzero elements. Then T is a
(P,Q,B)-operator.

Proof :

Since no combination of a rows and b columns can dominate J, where
a+b = m unless b = 0 (or m=n if a=0), we have that either the image of each row is
a row and the image of each column is a column, or m=n and the image of each
row is a column and the image of each column is a row. Thus, there are
permutation matrices P and Q such that

T(R)<PRQ, T(C,)<PC,0
or, if m=n,
T(R)<PR Y0, T(C,)<P(C,)0.
Since each cell lies in the intersection of a row and a column and T maps nonzero

cells to nonzero (weighted) cells, it follows that
T(E, )= Pb, E,,0=P(E, - B) O,
where B = (b;;) is defined by the action of T on the cells.

Theorem : 3.13

Let S be a commutative semiring. If T(X) = XoB for all XeM,,,(S) and
rank (B) = 1 then there exist diagonal matrices D and E such that T(X) = DXE for
all Xe My, 4(S).
Proof :
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E = diag {ej.€2,..0... ,en}. Now the (i,j)-entry of T(X) is b;jx;; and the (i,j)-entry of

DXE is dixjjej = bijx;j . The theorem is proved.

Theorem : 3.14

Let S be a semiring. Consider the linear operator T : My, ,(S) > My.(S)
defined by the formula T(X) = X0 B for all Xe M, 4(S), where rank (B) = 1 and all
entries b;je Z(S) are units. Then T preserves the factor rank.
Proof :

Consider a matrix XeM,,,(S), rank (X) = k. By definition, there exist

k
YeM, i (S) and Ze M, ,(S) such that X=YZ, i.e., x,, = Z v,z for all ij. Since

=1
rank (B) = 1, it follows that there exist vectors d = [d;,d,,...... ,d,] and e =
[e1,€.......en] such that B = de' or b i = digj . Consider the matrices
D = (dij)e Mpx(S) and E = (ejj)e My (S) such that d;; = d; for all i=1,2,...... ,m
and j=1,2,...... .k and e; = ¢ for all i=12,...... J& and =120 000 ,n. Since
bije Z(S), it is easy
T(X)=(YD)[E-Z).
Thus, rank (T(X)) < rank (X). Since b;; are units, T is bijective. Applying similar

considerations with T™', we obtain the required result.

Linear operators of special types that preserve F,

Lemma : 3.15

Let S be an antinegative semiring, ¢ be a permutation of the set
{@,)|1<i<sm,1<j<n}, and T : M ,(S)—> Mp(S) be defined by the formula
T(E;;) = bi;Eca,; for some scalars by , i=1,2,...... R o bl ) 1 TN ,n, which are not

zero divisors. If T preserves F, , then T is a (P,Q,B)-operator.
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Proof :

We examine the action of T on rows and columns of a matrix. Suppose
that the image of two cells are in the same line, but the cells are not, say E and F
are cells such that rank (E+F) = 2 and rank (T(E+F)) = 1. Then (E,F)e F, but
(T(E),T(F))e F,, a contradiction. Thus, T maps lines to lines.

By Lemma 3.12, we obtain the result.

Lemma : 3.16

If S is an antinegative semiring and for some B = (b;;), where
By 3505200 s i =E 2 ,n, are invertible, T(X) = XoB preserves F; , then
rank (B) = 1. If S is commutative then T(X) = DXE for diagonal matrices D and E
of appropriate sizes.
Proof :

If rank (B)>2, then by Corollary 3.8, there is a (2x 2)-submatrix B[i,j][k,1]

such that

rank (B[i,j][k,1]) = 2.
Let

J' =Bt By # By + By«
Thus

T(S") = byEi + biEix + byEy + bjEis = B'.
Then for q#k,l, we have
rank (E;s+J') = 2 = rank (E;) + rank (J'),
so that (Eigq, J')eF, while
rank (T(E;qtJ')) = rank (bi4Eiq+ B') =2 # rank (b;E;g) + rank (B') = 142 =3,
a contradiction. Thus rank (B) = 1. If S is commutative, then by Lemma 3.13,

there exist diagonal matrices D and E such that T(X) = DXE.
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Theorem : 3.17

Let S be an antinegative semiring without zero divisors and
T : Mpua(S) > My,q(S) be a surjective linear operator. If T preserves F, then T is a
(P,Q,B)-operator, where B = (b;j)e My, o(Z(S)), the entries b;; are units for all
i=1,2,...... ;m and j=1,2....... ,nand rank (B) = 1.

If T is surjective and S is an antinegative semiring without zero divisors,
then by Theorem 3.9, we have that T is defined by a permutation ¢ on the set
{(i,j)]1<i<m, 1<j<n}, i.e., T(E;;) = b;;Eq; for some scalars b;je Z(S) which are
units.

By Lemma 3.15, we have that T is a (P,Q,B)-operator. By Lemma 3.16,
we have that rank (B) = 1.

Theorem : 3.18

Let S be a commutative antinegative semiring without zero divisors and
T : Mun(S) = M,,.(S) be a surjective linear operator. The operator T preserves F,
if and only if T is a (U,V)-operator, where U and V are invertible monomial
matrices.

Proof :

It is easy to verify that multiplication with invertible matrices does not
change the factor rank. Also, over a commutative semiring, the transposition
transformation does not change the factor rank. Thus, they preserves F; .

By the subsequent application of Theorem 3.17 and Lemma 3.16, one
obtains that T is of the form T(X) = PDXEQ for all XeM,,(S) or m=n and
T(X) = PDX'EQ for all XeM,,,(S), where D and E are diagonal matrices of
appropriate sizes. Since T is surjective, one has that the diagonal entries of D and

E are units and the corollary is proved.
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Over chain or finite semirings, the assumption of surjectivity from the
previous theorem can be replaced with the assumption that T is a strong preserver.
Theorem : 3.19

Let S be a finite antinegative or a chain semiring and
T : My n(S) > Mpna(S) be a linear operator that strongly preserves F; . Then T is a
(P,Q,B)-operator, where B € M, o(Z(S)).

Linear operators of special types that preserve F,g

Theorem : 3.20

Let S be an antinegative semiring without zero divisors and
T : Miua(S) > M, (S) be a surjective linear operator. If T preserves Fyp , then T is
a (P,Q,B)-operator, where B = (b;;) € M, 1(Z(S)), the entries b;; are units for all
i=1,2,...... ,mand j=1,2,...... ,n, and rank (B) = 1.

If T is surjective ans S is an antinegative semiring without zero divisors,
then by Theorem 3.9, we have that T(E;;) = b;;E; for some scalars (b;;)e Z(S) -
which are units. It is easy to see that the weighted cells aE;; and BE, are in the
same line if and only if rank (aE;; + BE;s) = 1 if and only if (aE;j , BE;s)e Fap .
Thus, lines are mapped to lines, and we have that T is a (P,Q,B)-operator by
Theorem 3.12.

Assume that rank (B)>1. Then by Corollary 3.8, there is a (2x2)-
submatrix B[i,j][k,l] such that rank (B[i,j][k,1]) = 2. Let

A=En+Ey+Ey, B=Ey.
Thus,
rank (A+B) =rank (E;x + E;; + Ej; tEj)) =1,
i.e., (A,B)e Fyp , while,
rank (T(A)+T(B)) = rank (b;xEix + bjxE;x + by Ei; + by Ej) =2,
i.e., (T(A),T(B)) ¢ F,p . This contradiction concludes the proof that rank (B) = 1.
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One can easily see that for a commutative semiring, the transposition
transformation preserves F,p . Hence, all (P,Q,B)-operators, where all elements of
B are inverible, preserve the set F,p . This allows one to improve Theorem 3.20 as

follows.

Theorem : 3.21

Let S be a commutative, antinegative semiring without zero divisors and
T : Mpa(S) > M a(S) be a surjective linear operator. Then T preserves the set Fyp
if and only if T is a (P,Q,B)-operator, where M = (b;;) € My, 4(Z(S)), the entries b;;
are units for all i=1,2,...... Jm and j=1,2....... ,n, and rank (B) = 1.

One chain semirings, this theorem can be generalized as follows.

Theorem : 3.22
Let S be a chain semiring and T : M, o(S) > My, (S) be a linear operator
preserving Fpp . Then T is surjective if and only if T strongly preserves Fp if and

only if T is a (U,V)-operator.

Linear operators of special types that preserve Fag

Lemma : 3.23

Let E;, E,, E;, and E; be distinct (weighted) cells. Assume that
rank (E;+E;) = 2 and rank (E;+E,+E3+E;) = 1. Then the nonzero entries of
E,+E,+E;+E4 lie in the intersection of two rows and two columns (i.e., the nonzero

entries lie in a (2 x 2)-submatrix).
Theorem : 3.24

Let Sc R, be a semiring and T : M, o(S) > Mj,4(S) be a surjective linear
operator. Then T preserves Fyy if and only if T(X) = PDXEQ for all Xe My, q(S),
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or m=n and T(X) = PDX'EQ for all XeMpn(S), where D and E are diagonal
matrices P and Q are permutational matrices of appropriate sizes.
Proof :

One can easily see that operators of the type described preserve the set Fap.
By Theorem 3.9, we have that T(E;;) = b;jE;) for some permutation ¢ of set
{(ij)]1<i<m, 1<j<n}, and b;; is a unit for each (i,j). Let us verify that T
transforms lines to lines.

If m=n=2, by multiplying with permutational matrices on the left and on
the right, one can assume that T(E; ;) = b; ;E; ;. Thus, if T does not transform lines
to lines, then, without loss of generality, we may assume that T(E; ) = b; ;,E,, (the
other case with T(E,;) = b, E,, can be considered similarly). Without loss of
generality, one can assume that T(E,;;) = byE,; and T(E,;) = by,E;, (the case
T(E,,1) = by, E 12 and T(E, ) = by,E, 1 can be considered similarly). Since 1€ S by
definition and Sc R, , we have that the elements 2,3eS. Consider the pair of
matrices (A,B) e Fyr , where

A=Ey 1+ Ept 2E; 1 tEy, ,B=E,;.
Since p(T(B))=1, T(4+B)#0, and T preserves the set Fpr , it follows that
rank (T(A+B)) = 1 and p(T(4))=2. Therefore, p(T(4+ B))=1. Applying, now, T
to the pair (T(A),T(B))e Fr , one obtains in a similar way that
p(T2(4+ B))= plbYE,, +by2by o Ery +2b3Ey, +2by,b,,Es ) =1.
Thus, b, ;= b,; and since p(T(4 + B))=1, it follows that b, , = 4b,, . Consider now
the pair of matrices (C,D)e Fpr , where
C=E|tEiot3Ey 1+ Eyn,D=2E;,.
One can easily verify that p(7(C+D))=2, which contradicts the assumption
(T(C),T(D))e Far .
Now we assume that m+n>5. Assume that there is some row, say R; ,

such that T(R;) is not dominated by some row or column. Then there are two cells
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in R; whose images are not in any line, that is, for some k and I,
rank (T(EixtE;)) =2, i.e.,
T(Eixt Ei)) =bix Es+ by Epg

for some p#r and g=#s. Now given any j=#i, (Eix + Ejj + Ejx+ Ej))eFar .
By Lemma 3.23, we have A

T(Eix+ By + Ejp) + T(B;) = bigErs + b3 Epq + 0B o + BEys »
where a = b; or b;; and B = b;; or by , respectively. Since o is a permutation, we
have that m <2. Similarly, » <2. This contradicts the assumption that m+n>5;
thus, the image of a row is dominated by a row or a column. By Theorem 3.12, it
follows that T is a (P,Q,B)-operator where b;; is a unit for all (i,j).

If rank (B)# 1, then by Corollary 3.8, there is a (2x2)-submatrix of B
whose rank is two. That is, there are cells Eix , Eij , Ejx , and E;; such that
rank (T(Eix + Eij + Ejx + E;)) = 2. But (Eix + Ej; + Ejx + Ej))eFyr , while
(T(Eix + Eiy + Ejx) , T(Ej))¢ Fur , a contradiction. Thus, rank (B) = 1.
By Theorem 3.13, the theorem is proved.

Linear operators of special types that preserve F;

Theorem :3.25

Let S be an antinegative semiring without zero divisors and
T : M (S)—> M, (S) be a surjective linear operator which preserves F3 . Then there
exists a permutation matrix P such that T(X) = P(XoB)P' for all Xe M,(S), where
the entries of Be XeM,(Z(S)) are all units and rank (B) = 1.

Proof :

By Theorem 3.9, we have that T(E;;) = b;jE;) for some scalars b;;e Z(S)
which are units and a permutation ¢ on {(i,j) | 1<i, j<n}. Consider (E;; , Ej)eF3
for all k. Thus,

rank (T(E;;)T(E;x)) = min {rank (T(Ej;)), rank (T(Ejy))} = 1,
but , T(Eij)T(E;jx) = bijbjxEe(jEsix) -
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It follows that Eqjy) is in the same row as Eqj) for any k = 1,2,...... ,n.
That is, T maps rows to rows; similarly T maps columns to columns. By
Theorem 3.12, it follows that T(X) = P(X-B)Q for some permutation matrices P
and Q.

Let us show that Q = P'. Indeed, T(Eij) = b;jEquy;) » Where o is the
permutation corresponding to Q'. But (E1i, Ei1)eF; and hence o =7. Therefore,
Q=P

It remains to show that rank (B) = 1. Assume that rank (B)>2. Then by
Corollary 3.8, there exist subscripts i, j, k, and 1 such that rank (B[i,j | k,1]) = 2.

Let
A=Ey+hEy » J =EgptEg+Ext+Ey,
where q# i,j. Then rank (A,J') = 1 = min{ rank (A), rank (J')} and therefore,
(A,J")eF; . However, it follows from the relation J' oB = B[ i,j | k,I] =2 and the
fact that multiplication with a permutation matrix preserves the factor rank that
rank (T(J")) =rank (B[ i,j | k,1]) = 2.
Also, rank (T(A)) = 2 since T transforms lines to lines.
However,
rank (T(A)T(J")) = rank (P(AB)P'P(J’ - B)"
= rank (P(b;;bix Ejx + by biy Ery )P) = 1.
Then (T(A),T(J"))¢ F5, a contradiction. Thus, rank (B) = 1.

Lemma : 3.26

Let S be an antinegative semiring satisfying the condition 1+1#1 in S.
Assume that T : My(S)—> M), n>4, is defined by T(X) = DXE for all
XeM,(S), where D,Ee M,(S) are invertible diagonal matrices. Then T preserves

F; if and only if E = aD™' for some invertible a.c S.
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Theorem : 3.27

Let S be a commutative antinegative semiring without zero divisors
satisfying the condition 1+1=1. Assume that T : My(S)—> My(S), n>4, is a
surjective linear operator. Then T preserves F; if and only if T(X) = oPDXD'P!
for all Xe M,(S), where De M(S) is an invertible diagonal matrix, a is invertible
in S, and Pe M,(S) is a permutation matrix.

Proof :

It is easy to see that operators of the form T(X) = oaPDXD'P! preserve F; .
Assume that T preserves F3 . Then by applying Theorem 3.25 and Theorem 3.13,
we have that T(X) = PDXEP' for invertible diagonal matrices D and E. By
Lemma 3.26, we obtain the result.

Over chain semirings, the above results have the following improvement.

Theorem : 3.28

Let S be a chain semiring and T : M,(S) > M,(S) be a linear operator. The
operator T strongly preserves F; if and only if there exists a permutation matrix P
such that T(X) = P(XoB)P' for all Xe M,(S) and b;je Z(S) is nonzero and not a

zero divisor for i and j.

Linear operators of special types that preserve Fyy

Theorem : 3.29

Let S be an antinegative semiring without zero divisors and
T : M, (S)—> M(S) be a nonsingular (T(X) = O = X = O) additive operator.
Assume that T(J) has a nonzero entry in each row and column. Then T preserves
F, if and only if T(X) = P(XoB)P' for all Xe M,(S) and all entries of B are

nonzero and not zero divisors.
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Proof :

One can easily see that such transformations preserve the set Fyy .

Since T(J) has a nonzero entry in each row and column, there are n
different cells whose images have nonzero entries in every column. Assume that
these cells can be chosen such that their nonzero entries are in fewer than n
columns, say X = E; + E, +...... + E, is the sum of n such cells and X has no
nonzero entry in column k. Then (X,Ry) e F4y and hence (T(X),T(Ry))e F4n . But
T(X)T(Ry)# O, a contradiction.

Thus, T must map columns to columns, and, further, T induces a
permutation on the set of columns. Similarly, T induces a permutation on the set
rows, i.e., T(X) = P(X-B)Q for all Xe M,(S) for some permutation matrices P and
Q. Let us show that Q = P'. Indeed, we have that T(E; i) = bi B - If Q= P!, then
n#1. Thus, for some i, we have n(i)#1(j) and hence for some j#i, we have
n(i)= 1(j). Here, (Ei; , E;;) € Fyn but

T(Ei)T(E;) = bii bji Exgy6) Ergye

= by bji Exyq) 2O,
a contradiction. Thus, © = T and T(X) = P(XoB)P' for all Xe M(S). Since T is

nonsingular, all entries of B are nonzero and not zero divisors.

Corollary : 3.30

Let S be an antinegative semiring without zero divisors and
T : M,(S)—> M,(S) be a surjective linear operator. Then T preserves Fyy if and
only if there exists a permutation matrix P such that T(X) = P(XB)P" for all
XeMy(S) and b;je Z(S) is a unit for all i and j.
Proof :

The result follows by the subsequent application of Theorems 3.9 and 3.29.

42



Corollary : 3.31

Let S be an antinegative semiring and T : M,(S)—> M,(S) be a linear
operator. Then T strongly preserves F,y if and only if there exists a permutation
matrix P such that T(X) = P(XB)P"' for all Xe M,(S) and b;;e Z(S) is nonzero and

not a zero divisor for all i and j.

Linear operators of special types that preserve Fp

Lemma : 3.32

Let S be a chain semiring and T(E;;) = b;;Eq;) for some permutation ¢ of
{(ij) |1<i, j<n} and nonzero scalars b;;eS. Then T preserves Fyp if and only if
there exists a permutation matrix PeM(S) such that T(X) = PXP' for all
XeMy(S).

Theorem : 3.33

Let S be a chain semiring and T : M,(S)—> M,(S) be a surjective linear
operator. Then T strongly preserves Fyp if and only if there exists a permutation
matrix P e M,(S) such that T(X) = PXP' for all Xe M,(S).
Proof :

By Theorem 3.9, we have that for all i and j such that 1<i,j<n, the
relation T(Eij) = b;jEsqj holds for some scalars by which are units. By

Lemma 3.32, we obtain the result.

Theorem : 3.34
Let S be a chain semiring and T : M(S)—> M,(S) be a linear operator.
Then T strongly preserves Fyp if and only if there exists a permutation matrix

PeM,(S) such that T(X) = PXP" for all Xe M,(S).
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Proof :

Since operators of the form T(X) = PXP' preserve Fyp , we assume that T
strongly preserves F4z and show that T is of the form T(X) = PXP'. Let M be a
(0,1)-matrix such that

ITM)| = [T(D)| and if [T(N)| [T,
then M| < |N]| (1)

(i.e., M is a minimal matrix with respect to (1)).

Let o be the smallest nonzero entry in T(M), so that T(aM) = T(aJ).
Let us assume that there exists an index j such that the i™ column of M is zero.
Then oMaE;x = O so (aM,aE; )¢ Fyp , and hence

(T(aM),T(aE;1)) = (T(aJ), T(aE;x)) & Fap .

That is, since T strongly preserves Fyp , (aJ,aE;x)¢ Fsp , a contradiction. Thus M
has no zero column. Similarly, M has no zero row.

Now (aJ,])e F4s and, therefore, (T(aM),])eF4p and hence (aM,I)eFyp.
That is, rank (M) = 1, ahd hence oM = aJ. Since M was chosen according to (1),
T induces a bijection on the set of cells, that is, T(Eij) = b;j;jEs; for some

permutation 6 of {(i,j) |L <i, j<n}. By Lemma 3.32, the theorem is proved.
Linear operators of special types that preserve Fyg

Lemma : 3.35
Let ScR, be a subsemiring and T : M,(S)—> M,(S) be defined by

T(X) = DXE for all X e M,(S), where D,E < M,(S) are invertible diagonal matrices,

n> 4. Then T preserves Fyy if and only if E = oD for some invertible aeS.
Theorem : 3.36

Let ScR, be a semiring and T : M(S)—> M,(S), n > 4, be a surjective

linear operator. Then T preserves Fy if and only if there exists a permutation
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matrix Pe M(S), invertible aeS, and an invertible diagonal matrix De My(S)
such that T(X) = oPDXD™'P* for all X e M,(S).
Proof :

One can easily see that all operators of the form T(X) = aPDXD™'P" for all
XeM,(S) and some permutation matrix PeM,(S), invertible diagonal matrix
DeM,(S) preserve Fsr . Now we assume that T preserves F4z and show that T is
of this form.

Since T is surjective, by Theorem 3.9 we have that T(E;;) = b;;Eq; for
some permutation ¢ and matrix B of units. If rank (A) = n, then (E;; , A)e F4 and
since rank (T(E;;)) = 1 and T preserves Fu , it follows that rank (T(A)) = n.
Therefore, T preserves rank-n matrices.

If the preimage of a row is not dominated by any line, then there are cells
Eix and E;; such that T(E; +'Ei,1) < E;; + E, 4 to a permutation matrix by adding
n-2 cells, we find a matrix which is the image of a permutation matrix but is
dominated by n-1 lines; a contradiction since T preserves rank-n matrices. Thus,
the preimage of every row is a row or column and, similarly, the preimage of
every column‘is a row or a column. Hence, T maps lines to lines. By Lemma 3.12,
we have that T is a (P,Q,B)-operator. Since (E;; + E;; + E;2 + ...... + Enn1)eFar
wihiile (Eyy *F Ejs + By oF cosees + En.10) € Far , we have that the transpose operator
does not preserve F4r , thus there exist permutation matrices P and Q such that
T(X) = P(X>B)Q for some matrix B of units.

Without loss of generality, we may assume that P = I. If Q‘;t I, we assume
that Q corresponds to the permutation 7 and n(1)= 1. Without loss of generality,
T(E 1) = biiEyz - Then (Eyy + Ezz + Ejz + coess + E,n) € Far , while
(T(Ei1). I(Eag+ B+ iiwsce + E,n)) & Fug since

(b1,1E1,1),(b22E2x2) T B33y + - + Ennmy) = b1,1E12 b2pEaze) #0
This contradiction gives that Q = P' and we assume that T(X) = XoB.

Assume that rank (B) > 1. Then by Corollary 3.8, there exist subscripts
i, j, k, and 1 such that rank (B[i,j][k,1]) = 2. Let
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X=bLE,, +b E, +bE, ,+bE, +E,+E, +...+E
where Es , Ey, ...... , B, are chosen so that rank (X) = n. But rank (T(X))<n-1;

a contradiction since T preserves rank-n matrices. Thus, rank (B) = 1 and the

theorem follows by subsequent application of Lemmas 3.16 and 3.35.
Linear operators of special types that preserve F;

Lemma : 3.37
Let ScR; be a subsemiring and T : M, (S) > M,(S) be a surjective linear

preserver of Fs . Then there exists a permutation matrix Pe M, (S) and a matrix

B e M,,(Z(S)) with invertible entries such that T(X) = P(XoB)P" for all Xe My(S).

Lemma : 3.38

Let ScR, be a subsemiring and T : M,(S)—> M,(S) be defined by
T(X) = DXE for all Xe M,(S), where D,E e M,(S) are invertible diagonal matrices,
n > 4. Then T preserves Fs if and only if E = aD™ for some invertible aeS.
Proof :

If E = aD”, then it is easy to show that T preserves Fs . Now we assume
that E#x aD™ for any invertible a. Let L(X) = ET(X)E' = EDX and G = ED;

therefore, G is not a scalar matrix. As in Lemma 3.26, without loss of generality

we can assume that G = diag {g;, 2, ...... ,gn and g3 #g4 . Let A and B be as in
the proof of Lemma 3.26, X=A ® O,4,Y=14 ® Op4,andZ=B & O,4. Then
L- & 2 2
1 1 2 2
XYZ = ®0,,
2 2 4 4
2 2 4 4

and, therefore,
P(LXL(Y)) = p(XY) =3, p(L(YIL(Z)) = p(YZ) = 2,
rank (L(Y)) =rank (Y) =4, rank (XYZ) = 1.
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Thus, (X,Y,Z)eFs . But

g g & te &+&

2 2 2 2 2 2
g gl + +

xp@Ey=el| 5, B 8BTS 878 |gq
g +8 & t& 4g, 4g,
2 2 2 2 2 2
& t8& & *t& 48, 4g;
and, therefore, rank (L(X)L(Y)L(Z)) = 2 since g3 =#g; . Thus,

(L(X),L(Y),L(Z))¢ Fs . Thus, L does not preserve Fs . The lemma is proved.

Theorem : 3.39

Let Sc R, be a subsemiring and T : M ,(S) > M,(S) be a surjective linear
operator, n > 4. Then T preserves Fs if and only if T(X) = aPDXD'P' for all
X e M,(S), where De M,(S) is an invertible diagonal matrix, ae S is invertible, and
PeM,(S) is a permutation matrix.
Proof :

It is easy to prove that operators of the form T(X) = oPDXD'P*
preserve Fs .

Assume that T preserves Fs . Then by Lemma 3.37, T(X) = P(X-B)P',
where all entries of B are invertible.

Let us verify that rank (B)>2. Then by Corollary 3.8, there exist subscripts
i, j, k, and I such that rank (B[i,j][k,l]) = 2. Let

X=0,Y=Ext+Eu+Ex+E5.Z=Eu.
Then

P(XY) + p(YZ) = 0+1 =rank (XYZ) + rank (Y)
i.e., (X,Y,Z)e Fs. On the other hand, rank (Y -B) = 2 since rank (B[i,j][k,]]) = 2
and p(YoB.ZoB) = 1 since Z is a cell. Hence (T(X),T(Y),T(Z))¢Fs , a
contradiction. The theorem follows by subsequent applications of

Lemmas 3.16 and 3.38.
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