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INTRODUCTION


Topology is a major area of mathematics concerned with spatial properties that are preserved under continuous deformations of objects, such as deformations that involve stretching, but no tearing or gluing. It emerged through the development of concept from geometry and set theory such as space, dimension and transformation [7], [11], [19].


One of the first papers in topology was the demonstration, by Leonhard Euler [8], that it was impossible to find a route through the town of Königsberg (now Kaliningard) that would cross each of its seven bridges exactly once. This result did not depend on the lengths of the bridges, nor on their distance from one another, but only on connectivity properties : which bridges are connected to which islands or riverbanks. This problem, the seven bridges of Königsberg is now a famous problem in introductory mathematics, and led to the branch of mathematics known as graph theory.


In mathematics and computer science, graph theory is the study of graphs, mathematical structures used to model pairwise relations between objects from a certain collection. A “graph” in this context refers to a collection of vertices or nodes and a collection of edges that connect pairs of vertices. Graphs are one of the prime objects of study in Discrete Mathematics [9], [6], [1].


In mathematics, graphs are useful in geometry and certain parts of topology, e.g. knot theory. Algebraic graph theory has close links with group theory.


More than one century after Euler’s paper on the bridges of Konigsberg and While Listing introduced topology, cayley was led by the study of particular analytical forms arising from differential calculus to study a particular class of graphs, the trees.


A very basic idea of this thesis work is to give graphical representations to the rudimentary results of topology.


Vishawa Jeet Bansal has introduced the graph topology, which gives the graphical representations of topological spaces. This is an outcome of the wedding of two smart branches of mathematics namely graph theory and topology.


The materials presented here are mainly taken from the following articles.

1.
“An  introduction  to  graph  topological spaces” by Vishwa Jeet Bansal [25]

2.
“Elements of graph topological spaces” by Vishwa Jeet Bansal [26]

Chapter – I deals with the study of topology. Here we give the definitions of topology and open sets. Many examples of topological spaces are given. The concept of basis, subbasis are introduced and the topology generated by them are discussed. In the end of the section closure and interior of a set are defined and their properties are studied.

In chapter – II, the study of graph theory is given. In this chapter definition and types of graphs are given. The terms like incidence, degree are defined. Different types of edges and vertices such as adjacent edges and vertices, pendant vertex, isolated vertex are defined and examples are given. The important concepts such as, walk, path, circuit, complete graph, Hamiltonian path, tree are defined, the important results proved in this chapter are,

1.
A simple graph (i.e.) a graph without parallel edges or self-loops) with n vertices and K-components can have atmost 
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2.
Let G(V, E) be a graph, if there is one and only path between every pair of vertices in G. Then G is a tree.

3.
Let G(V, E) be a tree with | G | = n and || G || = m. then m = n – 1.

4.
Any connected graph G with n-vertices and (n – 1) edges is a tree.

5.
A circuit free graph G with | G | = n and || G || = n – 1 is connected.

6.
There is one and only one path between every pair of vertices in a tree T.

7.
A tree with n vertices has (n – 1) edges.

8.
A graph is a tree if and only if it is minimally connected.

9.
A graph G with n vertices, and no circuits is connected.

Chapter – III is the study of the paper “An introduction to graph topological spaces” by Vishwa Jeet Bansal [25].

In this article, the author has defined graph topological space and has given examples. Analogous to topology many definitions are defined in the graph topology having the non-empty edge set E of a simple graph as its set and the collection ( of subsets of E as the topology satisfying the topological axioms. The following topologies are defined here,

1. Discrete graph topology

2. Indiscrete graph topology

3. Co-finite or finite complement graph topology

4. Co-countable graph topology

5. Graph sierpinski space and

6. Relative graph topology.

Union and intersection of two graph topologies are discussed. Open edge set and closed edge set are defined in graph topological space, as we do the open and closed sets in the ordinary topology. In the end of the section closure axiom of a graph topological space is obtained.

The main aim of chapter – IV is to discover a road map between a few branches of mathematics by making use of graph topological space. It is necessary to mention here that such roads do also exist if we talk of relationship between other subjects and the graph topological space. It is easily seen that the distance function used to measure distance between vertices of a graph is a metric function. Graph topological spaces obeying certain conditions become vector spaces, graph topological spaces after conversion in to matrices, thereafter, become ready for algebraic treatment and storage in computer. The distance between two vertices is defined as a function d : V x V ( R and is proved to be a metric on G.  A vector space associated with a graph is introduced and examples are given.

In section 4.2, the matrix-topology is studied. Various matrix-topologies connected with graph theory are discussed.

Let G(V, E) be a graph topological space with V = {v1, v2, ( vn} and E = {e1, e2, ( em} having no self-loops. The collection ((() of all m x m matrices given by ((() = {((A) = [aij] : A ( t, aij = 1 if the edge ej is incident on the vertex vi, and aij = 0 otherwise} is known as (-matrix topology. For a given graph topological space, the (-matrix topology is found and its characteristics are listed. 

As a next concept A-matrix topology is defined and examples are given. A member of this topology is a matrix A(X) = [xij] with xij = 1, if there is an edge between ith and jth vertices and xij = 0 otherwise. The characteristics of an A-matrix topology are given. 

In a similar way, C-matrices in terms of circuits and P-matrices in terms of paths are defined and examples are given and their characteristics are obtained. Two important theorems proved in this section are : 

1.
Let G(V, E) be a graph with | G | = n. Then the rank of ((G) = n – 1.

2.
Let G(V, E) be a graph associated with a graph topological space with | G | = n. Then G is tree if and only if ((G) is non-singular.

The graph topological spaces and the corresponding matrices such as (-matrix, A-matrix, C-matrix, P-matrix etc. and some more matrices may be defined using various edge subsets like open edge set, closed edge set, neighbourhoods, limit edge points, isolated edge points, interior edge points and exterior edge points etc. of a graph topological space which are all of much useful in many engineering problems.

REVIEW OF LITERATURE
Topology can be formally defined as “the study of qualitative properties of certain objects, called topological spaces that are invariant under certain kind of transformations, called continuous map, especially those properties that are invariant under a certain kind of equivalence called homeomorphism [14]. Ideals that are now classified as topological were expressed as early as 1736. Toward the end of the 19th century, a distinct discipline developed, which was referred to in Latin as the geometria silus (“geometry of place”) or analysis silus (Greek – Latin for picking apart of place”). This later acquired the modern name of topology. By the middle of the 20th century, topology had become an important area of study within mathematics.

The word topology is used both for the mathematical discipline and for a family of sets with certain properties that are used to define a topological space, a basic object of topology. Of particular importance are homeomorphisms, which can be defined as continuous functions with a continuous inverse. For instance, the function Y = x3 is a homeomorphism of the real line.

Topology includes many subfields. The most basic and traditional division within topology is point set topology [18], which establishes the foundational aspects of topology and investigates concepts inherent to topological spaces (basic examples include compactness and connectness) : algebraic topology [10], [16], which generally tries to measure degrees of connectivity using algebraic constructs such as homotopy groups and homology and geometric topology [21], which primarily studies manifolds and their embeddings (placements) in other manifolds. Some of the most active areas, such as low dimensional topology and graph theory, do not fit nearly in this division.

The Seven Bridges of Königsberg is a famous problem solved by Euler.

Topology began with the investigation of certain questions in geometry. Leonhard Euler’s [12] 1736 paper on the Seven Bridges of Königsberg is regarded as one of the first academic treatises in modern topology.

The term “Topologie” was introduced in German in 1847 by Johann Benedict Listing in Vorstudien sur Topologie [16], who had used the word for ten years in correspondence before its first appearance in print. “Topology”, its English form, was first used in 1883 in Listing’s obituary in the journal Nature [17] to distinguish “qualitative geometry from the ordinary geometry in which quantitative relations chiefly are treated”. The term topologist in the sense of a specialist in topology was used in 1905 in the magazine Spectator. However, none of these uses corresponds exactly to the modern definition of topology.

Modern topology depends strongly on the ideas of set theory, developed by Georg Cantor in the later part of the 19th century. Cantor, in addition to setting down the basic ideas of set theory, considered point sets in Euclidean space, as part of his study of Fourier series.

Henri Poincaré published Analysis Situs [20] in 895, introducting the concepts of homotopy and homology, which are now considered part of algebraic topology.

Maurice Frechet, unifying the work on function spaces of Cantor, Volterra, Arzela, Hadammard, Ascoli and others, introduced the metric space in 1906. A metric space is now considered a special case of a general topological space. In 1914, Felix Hausdorff [14] coined the term “topological space” and gave the definition for what is now called a Hausdorff space [13]. In current usage, a topological space is a slight generalization of Hausdorff spaces, given in 1922 by Kazimierz Kuratowski.

The term topology is also used to refer to a structure imposed upon a set X, a structure that essentially ‘characterizes’ the set X as a topological space by taking proper care of properties such as convergence, connectedness and continuity, upon transformation. Topological spaces show up naturally in almost every branch of mathematics. This has made topology one of the great unifying ideas of mathematics.

In the last three decades graph theory has established itself as a worthwhile mathematical, discipline and ther are many applications of graph theory to a wide variety of subjects which include Operations Research, Physics, Chemistry, Economics, Genetics, Sociology, Linguistics, Engineering, Computer Science etc.
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The development of many branches in Mathematics has been necessitated while considering certain real life problems arising in practical life or problems arising in other sciences. Such a development may be roughly described as follows.

The first paper in Graph Theory was written by Euler in 1736 when he settled the famous unsolved problem of his day, known as the Konigsberg Bridge problem. Konigsberg (55.2( North latitude and 22( East longitude) is now called Kaliningrad and is in Lithuania which recently separated from U.S.S.R.


Figure (1)
The two islands A and B and the two banks C and D of the Pragel river are connected by seven bridges as shown in Fig. (1).

The problem was to start from any one of the land areas, walk across each bridge exactly once and return to the starting point. Euler proved that this problem has no solution. Euler abstracted the problem by replacing each land area by a point and each bridge by a line joining these points leading to a ‘multigraph’ as shown in Fig. (2).


Figure (2)
The Konigsberg bridge problem is the same as the problem of drawing the above figure without lifting the pen from the paper and without retracing any line and coming back to the starting point. This problem was generalised and a necessary and sufficient condition for a graph to be so traversable has been obtained.

Four Colour Problem

One of the most famous problems in Graph Theory is the four colour problem [2], [3]. The problem states that any map on a plane or on the surface of a sphere can be coloured with four colours in such a way that no two adjacent countries have the same colour. This problem can be translated as a problem in graph theory. We represent each country by a point and join two points by a line if the countries are adjacent. The problem is to colour the points in such way that adjacent points have different colours. This problem was first posed in 1852 by Francis Guthrie, a post-graduate student at the University College, London. This problem was finally proved by Appel and Haken in 1976 and they have used 400 pages of arguments and about 1200 hours of computer time on some of the best computers in the world to arrive at the solution.
The autonomous development of topology from 1860 and 1930 fertilized graph theory back through the works of Jordan,Kuratowski and Whitney. Another important factor of common development of graph theory and topology came from the use of the techniques of modern algebra. The first example of such a use comes from the work of the physicist Gustav Kirchhoff, who published in 1845 his Kirchoff’s circuit laws for calculating the voltage and current in electric circuits.

Graph Theory in India
Active research in graph theory in India started in the sixties though Prof.R.C.Bose, Prof.S.S.Shrikhande (along with Prof.E.T.Parker) disproved one of Euler’s conjectures and Prof. Menon solved some important open problems in combinatorics in the early forties. Around 1970, research activity in graph theory was present at the Indian Statistical Institute (I.S.I) Calcutta, I.I.T. Madras (Dr.K.R.Parthasarathy and others), Bombay University (Dr.Vasanthi N.Bhat Nayak and others), and Sourashtra University (Dr.E.Sampathkumar and others). Around 1976, Karnataka University, Dharwad (Dr.E.Sampathkumar and his students), Karnataka University P.G.Centre, Gulbarka (Dr.V.R.Kulli and his students), National College, Tiruchirapalli, Tamil Nadu (Dr.R.Balakrishnan and his students) and Mehta Research Institute, Allahabad, also came into the main stream of graph theoretic research. At present, Manonmaniam Sundaranar University, Tirunelveli (Dr.S.Arumugam and his students), Cochin University of Science and Technology, Cochin (Dr.A.Vijayakumar and his students), Annamali University, Annamalainagar (Dr.P.Paulraja and his students) are actively engaged in graph theoretic research. Apart from these Research Centres, several persons are doing graph theoretic research.

In 1973, a conference on graph theory was held at Delhi. During December 1976, a symposium on graph theory was held at I.S.I. Calcutta and the proceedings of this symposium was published by Macmillan Company India Ltd. During February 1980 a symposium on combinatorics and graph theory was held again at I.S.I. Calcutta. The proceedings was published by Springer-Verlag, Berlin (Springer – Verlag Lecture notes No. 885). In December 1982, I.S.I. Calcutta conducted a ‘Seminar on Combinatorics and Applications’.
CHAPTER – I 

TOPOLOGY

Definition  :  1.1 Topology

A topology on a set X is a collection ( of subsets of X having the following properties :

(1)
( and X are in (
(2)
The union of the elements of any subcollection of ( is in (.

(3)
The intersection of the elements of any finite subcollection of ( is in (
A set X for which a topology ( has been specified is called a topological space.


A topological space is an ordered pair (X, () consisting of a set x and a topology ( on X.

Definition  :  1.2  Open Set

If X is a topological space with topology (, we say that a subset U of X is an open set of X, if U belongs to the collection (.

Note  :  1.3

A topological space is a set X together with a collection of subsets of X, called open sets, such that ( and X are both open, and such that arbitrary unions and finite intersections of open sets are open.

Example  :  1.4

Let X be a three element set, X = {a, b, c}. There are many possible topologies on X, some of which are indicated schematically in the following Figure (1).





Figure (1)

The diagram in the upper right hand corner indicates the topology in which the open sets are (, X {a, b}, {b}, {b, c}. The topology in the upper left hand corner contains only X and (, while the topology in the lower right hand corner contains every subset of X. We can get other topologies on X by permuting a, b and c.

From this example, we can see that even a three element set has many different topologies. But not every collection of subsets of X is a topology on X. Neither of the collections indicated in the following Figure (2) is a topology, for instance. In I, the union of {a} and {b} (i.e.) {a, b} is 

I  




II

Figure (2)

not in the topology I. In II, the intersection of {a, b} and {b, c} (i.e.) {b} is not in the topology II.

Definition  :  1.5

If X is any set, the collection of all subsets of X is a topology on X ; it is called discrete topology. The collection consisting of X and ( only is also a topology on X ; we shall call it the indiscrete topology (or) the trivial topology.

Proposition  :  1.6

Let X be a set ; Let (f be the collection of all subsets U of X ( X – U either is finite or is all of X. Then (f is a topology on X, called the finite complement topology.

Proof  :

Both X and ( are in (f, since X – X is finite and X – ( is all of X. If {U(} is an indexed family of non-empty elements of (f, to show that ( U( is in (f, we compute


X – ( U( = ( (X – U()

The latter set is finite, because each set X – U(  is finite. If U1, ( Un are non-empty elements of (f, to show that ( Ui is in (f, we compute
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The latter set is a finite union of finite sets and 

( finite.

Proposition  :  1.7

Let X be a set ; Let (c be the collection of all subsets U of X such that X – U either is countable or is all of X. Then (c is a topology on X and is called a co-countable topology.

Definition  :  1.8
Sierpinski Topological Space

The Sierpinski space (or the connected two-point set) is a finite topological space with two points, only one which is closed.


It is smallest example of a topological space which is neither trivial nor discrete.


Explicitly, the sierpinski space is a topological space whose underlying point set is {0, 1} and whose open set are {(, {1}, {0, 1}}.


The closed sets are {(, {0}, {0, 1}} so the singleton set {0} is closed (but not open) and the set {1} is open (but not closed).


The closure operator on S is determined {
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}  =  {0}, {T} = {0, 1}.
Definition  :  1.9  

Finer/Coarser Topology

Let ( and (( be two topologies on a given set X. If (( ( (, we say that (( is finer than (. We say that ( is coarser than ((.

Definition  :  1.10  

Strictly Finer/Strictly Coarser Topology

Let ( and (( be two topologies on a given set X. If (( property contains (, we say that (( is strictly finer than (. We say that ( is strictly coarser than ((.

Theorem  :  1.11

Intersection of two topologies on X is a topology.

Proof  :

Let (1, (2 be two topologies on X.


Consider (1 ( (2. (, X ( (1 and (2 ( (, X ( (1 ( (2.

Let {A(}( ( (1 ( (2. Then {A(}( ( (1 and {A(}( ( (2

( 
[image: image6.wmf]U

l

l

 A

( (1 and (2. [
[image: image7.wmf]Q

(1 and (2 are topologies]


( 
[image: image8.wmf]U

l

l

 A

( (1 ( (2.

Similarly 
[image: image9.wmf]I

n

1

 

 

i

i

 A

=

( (1 ( (2, whenever 
[image: image10.wmf]{

}

n

1

i

i

A

=

 ( (1 and (2

( (1 ( (2 is a topology on X.
Remark  :  1.12

Intersection of any number of topologies is a topology.

Example  :  1.13

Union of any 2 topologies need not be a topology.

Proof  :

Let X  =  {a, b, c}, (1  =  {(, X, {a}}


      (2  =  {(, X, {b}}


(1 ( (2  =  {(, X, {a}, {b}} is not a topology

because 


The union of elements of ( is not in (

(i.e.) {a} ( {b}  =  {a, b} ( (1 ( (2.

( (1 ( (2 is not a topology.

 Note  :  1.14

Each basis element is itself an element of (.

Definition  :  1.15  

The Topology ( Generated by B 

A subset U of X is said to be open in X ((i.e.) to be an element of () if for each x ( U, there is a basis element B (  B ( x ( B and B ( U.
Definition  :  1.16

If X is a set, a basis for a topology on X is a collectionB of subsets of X (called basis elements) (
1.
For each x ( X, there is atleast one basis element B containing x.

2.
If x belongs to the intersection of two basis elements B1 and B2, then there is a basis element. B3 contaning x ( B3 ( B1 ( B2.

Example  :  1.17

Let B be the collection of all circular regions (interior of circles) in the plane. Then B satisfies both conditions for a basis. The second condition is illustrated in the following Figure (3). In the topology generated by B, a subset U of the plane is open if every x in U lies in some circular region contained in U.


Figure (3)

Example  :  1.18

Let B( be the collection of all rectangular regions (interiors of rectangles) in the plane, where the rectangles have sides parallel to the coordinate axes. Then B( satisfies both conditions for a basis. The second condition is illustrated in Figure (4) ; in this case, the condition is trivial, because the intersection of any two basis elements is itself a basis element (or empty).


Figure (4)

Lemma  :  1.19

Let X be a set ; Let B be a basis for a topology ( on X. Then ( equals the collection of all unions of elements of B.
Proof  :

Given a collection of elements of B, they are also elements of (. Because ( is a topology their union is in (.


Conversely, given U ( (, choose for each x ( U an element Bx of B ( x ( Bx ( U. Then U  =  
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so U equals a union of elements of B.

Lemma  :  1.20

Let X be a topological space. Suppose that C is a collection of open sets of X such that for each open set U and each x in U, there is an element C of C such that x ( C ( U. Then C is a basis for the topology X.

Proof  :

We must show that C is a basis. The first condition for a basis is easy :


Given x ( X, since X is itself an open set, there is by hypothesis an element C of C such that x ( C ( X.


To check the 2nd condition, let x belong to C1 ( C2, where C1 and C2 are elements of C. Since C1 and C2 are open, so is C1 ( C2.


Therefore, there exists by hypothesis an element C3 in C such that x ( C3 ( C1 ( C2.


Let ( be the collection of open sets of X ; we must show that the topology (( generated by C equals the if x ( U. First, note that if U belongs to ( and if x ( U, then there is by hypothesis an element C of C such that x ( C ( U. It follows that U belongs to the topology ((, by definition conversely, if we belongs to the topology ((, then W equals a union of elements of C, by Lemma 1.19.


Since each element of C belongs to ( and ( is a topology, W also belongs to (.
Lemma  :  1.21

Let B and B( be bases for the topologies ( and ((, respectively, on X. Then the following are equivalent :

1. (( is finer than (
2. For each x ( X, and each basis element B ( B containing x, there is a basis element B( ( B( ( x ( B( ( B.

Proof  :
T.P.  :  (2) ( (1)

Given an element U of (, we wish to show that U ( ((.


Let x ( U.
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B generates (, there is an element B ( B ( x ( B ( U.

Condition (2), tells us there exists an element B( ( B( ( x ( B( ( B. Then x ( B( ( U, so U ( (( by definition.

T.P.  :  (1) ( (2)

We are given x ( X and B ( B, with x ( B. Now B belongs to ( by definition and ( ( (( by condition (1) ; therefore, B ( ((.
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 (( is generated by B(, there is an element B( ( B( ( x ( B( ( B.

Hence the proof.

Definition  :  1.22

A subbasis S for a topology on X is a collection of subsets of X whose union equals X. The topology generated by the subbasis S is defined to be the collection ( of all unions of finite intersections of elements of S.

Definition  :  1.23 

The Subspace Topology or The Relative Topology

Let X be a topological space with topology (. If Y is a subset of X, the collection


(Y  =  {Y ( U / U ( (}

is a topology on  Y, called the subspace topology. With this topology, Y is called a subspace of X ; its open sets consists of all intersections of open sets of X with Y.

Note  :  1.24

It is easy to see that (Y is a topology.


It contains ( and Y because


(  =  Y ( ( and Y = Y ( X

where ( and X are elements of (. The fact that it is closed under finite intersections and arbitrary unions follows from the equations


(U1 ( Y) ( ( ( (Un ( Y) = (U1 ( U2 ( ( Un) ( Y
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Lemma  :  1.25

If B is a basis for the topology of X then the collection BY = {B ( Y / B ( B} is a basis for the subspace topology on Y.

Proof  :

Given U open in X and given y ( U ( Y. We can choose an element B of B ( Y ( B ( U. Then y ( B ( Y ( U ( Y.


It follows from Lemma 1.18, BY is a basis for the subspace topology on Y.

Lemma  :  1.26

Let Y be a subspace of X. If U is open in Y and Y is open in X, then U is open in X.

Proof  :

Since U is open in Y,  U = Y ( V for some set V open in X.


Since Y and V are both open in X.



So is Y ( V.

Definition  :  1.27 

Closed Set

A  subset  ‘A’  of a topological space X is said to be closed if the set X – A is open.

Example  :  1.28

The subset [a, b] of R is closed because its complement


R – [a, b]  =  (( (, a) ( (b, + () is open in R. 

Similarly, [a, + () is closed in R, because its complement (( (, a) is open in R. These facts justify our use of the terms “closed interval” and “closed ray”. The subset [a, b) of R is neither open nor closed.

Theorem  :  1.29

Let X be a topological space. Then the following conditions hold :

1. ( and X are closed.

2. Arbitrary intersection of closed sets are closed.

3. Finite union of closed sets are closed.
Proof  :
1.
( and X are closed, because they are the complements of the open sets X and ( respectively.

2.
Given a collection of closed sets {A(}((J, we apply Demorgan’s law


X – 
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 the sets X – A( are open by definition, the right side of this equation represents an arbitrary union of open sets and is thus open.
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 ( A( is closed.

3.
Similarly, if Ai is closed for i = 1, 2 ( n consider 

X – 
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 The set on the right side of this equation is a finite intersection of open sets and is therefore open.

Hence U Ai is closed.

Hence the proof.

Example  :  1.30

In the plane R2, the set {x x y / x ( 0 and y ( 0} is closed. Because its complement is the union of the two sets


(– (, 0) x R and R x (– (, 0)

each of which is a product of open sets of R and is, therefore, open in R2.

Example  :  1.31

In the finite complement topology on a set X, the closed sets consist of X itself and all finite subsets of X.

Example  :  1.32

In the discrete topology on the set X, every set is open ; it follows that every set is closed as well.

Theorem  :  1.33

Any union of open sets is open.

Proof  :


Let X be a topological space.


Let A1, A2, ( An be a collection of open sets in X.


T.P  :  
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=  Finite intersection of closed sets  (
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 Finite intersection of closed sets is closed. We get X – 
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( Any union of open set is open.

Theorem  :  1.34

Finite intersection of open sets is open.

Proof  :

Let X be a topological space.


Let {A(}((J be a collection of open set in X.


T.P. : 
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  =  Union of closed sets  in X 

      (
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Hence the proof.

Definition  :  1.35
Closure of a Set

Given a subset A of a topological space X, the closure of A is defined as the intersection of all closed sets containing A.


The closure of A is denoted by Cl A (or)
[image: image35.wmf]A

.

Definition  :  1.36
Interior of a Set

Given a subset A of a topological space X, the interior of A is defined is as the union of all open sets containing in A.


The interior of A is denoted by Int A and Int A is an open set and 
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is a closed set. Furthermore Int A ( A ( 
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.

Example  :  1.37


Let A = (0, 1], B = 
[image: image38.wmf]þ

ý

ü

î

í

ì

Î

+

z

 

 

n

/

n

1

. Then 
[image: image39.wmf]A

 = [0, 1) and 
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 = B ( {0}.

Example  :  1.38


Consider A = [0, 1], the line segment of the real straight line R(. It is easy to see that 

Int A = (0, 1).
Proposition  :  1.39

If A is open. Then A = Int A.

Proof  :


[image: image41.wmf]Q

 A is open and A ( A


We get A ( {B / B is open and B ( A}


( A ( ( B = Int A.


( A ( Int A and always Int A ( A


( A = Int A.


Hence the proof.

Proposition  :  1.40

If A is closed. Then A = 
[image: image42.wmf]A

.

Proof  :
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 A is closed and A ( A


We get A ( {B / B is closed and B ( A}


( B  ( A


(i.e.) 
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A ( 
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( A = 
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Hence the proof.

Definition  :  1.41

U is open set containing x. Then we call, U is neighbourhood of x.


If A is a subset of the topological space X. Then x ( 
[image: image47.wmf]A

 iff every neighbourhood of x intersects A.

Example  :  1.42

Let X be a real line R.


If A  = (0, 1]. Then 
[image: image48.wmf]A

 = [0, 1],

for every neighbourhood of zero intersects A, while every point outside [0, 1] has a neighbourhood disjoint from A.

Definition  :  1.43
Metric Topology

A metric on a set. X is a function d : X x Y ( R having the following properties :

1. d(x, y) ( 0, ( x, y ( X and equality holds iff x = y.

2. d(x, y) = d(y, x), ( x, y ( X

3. d(x, z) ( d(x, y) + d(y, z)

CHAPTER – II 

GRAPH THEORY
Definition  :  2.1

Graph

A graph G = (V, E) consists of a set of objects V = {v1, v2, (} called vertices, and another set E = {e1, e2, (}, whose elements are called edges, ( each edge ek is identified with an unordered pair (vi, vj) of vertices.


The vertices vi, vj associated with edge ek are called the end vertices of ek. A common representation of a graph is by means of a diagram, in which the vertices are represented as points and each edge as a straight line segment joining its end vertices.

Example  :  2.2

Let G = (V, E) and V = {v1, v2, v3, v4, v5} E = {e1, e2, e3, e4, e5, e6, e7}. Here G is a graph with V as the vertex set and E, as the edge set.

                                                   Figure (1)
Definition  :  2.3

Self-loop (or) Simply loop

An edge having the same vertex as both its end vertices is called a self-loop (simply loop).

Example  :  2.4

In the above Figure (1), the edge e1 is a simply loop.

Definition  :  2.5

Parallel edges

If the end vertices of two edges are the same, then the edges are called parallel edges.

Example  :  2.6

In the above Figure (1), (e​4, e5) are parallel edges.

Definition  :  2.7

Simple graph

A graph that has neither self-loops nor parallel edges is called a simple graph. 

The following is a simple graph.


Definition  :  2.8

Multi graph

If more than one line joining two vertices are allowed, the resulting graph is called a multi graph. The following is a multi graph.


Definition  :  2.9
Pseudo graph

If further loops are also allowed in a multi graph, the resulting object is called a Pseudo graph. The following is a Pseudo graph.


Definition  :  2.10

Finite and Infinite graph

A graph having a finite number of vertices as well as finite number of edges is called a finite graph. Otherwise, it is said to be an infinite graph.


The following is a finite graph.

In which V = {v1, v2, v3, v4} and E = {e1, e2, e3, e4} are finite. The following is an Infinite graph.

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	


Definition  :  2.11

Null graph

A graph without any edges is called a null-graph.

Ex.

	( v1
	( v2

	( v3
	( v4


Definition  :  2.12
Adjacent edges

Two non-parallel edges are said to be adjacent, if they are incident on a common vertex.



                                                  Figure (2)

In above Figure (2) e2 and e7 are adjacent.

Definition  :  2.13

Adjacent vertices

Two vertices are said to be adjacent if they are the end vertices of an edge.


In the above Figure (2), v4 and v5 are adjacent but v1 and v4 are not.

Definition  :  2.14

Incidence
Let G be a graph. If a vertex vi is an end vertex of some edge ej. Then, we say vi and ej are incident with each other. In the above Figure (2), v1 and e3 are incident with each other, v3 and e6 are incident with each other.

Definition  :  2.15

Degree

The number of edges incident on a vertex vi with self-loop counted twice is called the degree of vi and is denoted by d(vi).


In the following graph,



d(v1) = 3, d(v2) = 4, d(v3) = 3, d(v4) = 3, d(v5) = 1.

Notation  :  2.16

The number of vertices of a graph is its order written as | G | ; its number of edges, is denoted by || G ||.

Definition  :  2.17

Isolated vertex

A vertex having no incident edge is called an isolated vertex.


                                                    Figure (3)

In the above Figure (3), the vertices v4 and v7 are isolated vertices.

Note  :  2.18


The degree of an isolated vertex is zero.

Definition  :  2.19

Pendant vertex

A vertex of degree one is called a pendant vertex.


In the above Figure (3), the vertex v3 is a pendant vertex.

Definition  :  2.20

Regular graph

A graph in which all vertices are of equal degree is called a regular graph. The following is a regular graph, as the degree of each vertex is 2.


d(v1) = d(v2) = d(v3) = 2.

Definition  :  2.21

Isomorphism

Two graphs G and G( are said to be isomorphic (to each other) if there is a one-to-one correspondence between their vertices and between their edges such that the incidence relationship is preserved.


(A)                                                              (B)

                                                 Figure (4)

In the above Figure (4)-A, the correspondence between the two graphs is as follows ; The vertices a, b, c, d, e correspond to v1, v2, v3, v4, v5 respectively. The edges 1, 2, 3, 4, 5, 6 correspond to e1, e2, e3, e4, e5, e6 respectively.

Definition  :  2.22

Subgraphs

A graph ‘g’ is said to be a subgraph of a graph G if all the vertices and all the edges of g are in G, and each edge of ‘g’ has the same end vertices in g as in G.

In the following, g is a subgraph of G.


(G)                                                        (g)

Definition  :  2.23

Complement

Let G = (V, X) be a graph. The complement 
[image: image49.wmf]G

of G is defined to be the graph, which has V as its set of points and two points are adjacent in 
[image: image50.wmf]G

 iff they are not adjacent in G. The following graphs G1 and G2 are complement.






G1



    G2
Definition  :  2.24

Walks

A walk is defined as a finite alternating sequence of vertices and edges, beginning and ending with vertices such that each edge is incident with the vertices preceding and following it.

In the following Figures, v1 a v2 b v3 c v3 d v4 e v2 f v5 is a walk.


                                                 Figure (5)
Definition  :  2.25

Open walk and Closed walk

A walk is said to be closed, if it begins and ends at the same vertex.


In the above Figure (5), v2 f v5 h v4 e v2 is a closed walk and v1 a v​2 f v5 is an open walk.

Definition  :  2.26

Paths

An open walk in which no vertex appears more than once is called a path. In the above Figure (5), v1 a v​2 b v3 d v​4 is a path.

Definition  :  2.27

Circuit

A closed walk in which no vertex appears more than once is called a circuit. In Figure (5), v1 a v2 f v5 h v4 d v3 g v1 is a circuit.

Definition  :  2.28

​Connected graph

A graph G is said to be connected if there is atleast one path between every pair of vertices in G. Otherwise, G is disconnected.


          Connected graph

    Disconnected graph

Definition  :  2.29

Hamiltonian circuit


A Hamiltonian circuit in a connected graph is defined as the closed walk that traverses every vertex of G exactly once, except of course the starting vertex at which the walk also terminates.


The following is a Hamiltonian circuit,


Definition  :  2.30

Hamiltonian paths

If we remove, any one edge in a Hamiltonian circuit, we will obtain a path and such a path is called a Hamiltonian path.


The following is a Hamiltonian path.


Definition  :  2.31

Complete graph (or) Universal graph

A simple graph in which there exists an edge between every pair of vertices is called a complete graph.


The following is a complete graph.

Definition  :  2.32

Tree


A tree is a connected graph without any circuits. The following is a tree.


Definition  :  2.33

Distance

In a connected graph G, the distance d(vi, vj) between two of its vertices vi and vj is the length of the shortest path ((i.e.) the number of edges in the shortest path) between them.


Distance between v1 and v2 is two.

Definition  :  2.34

Eccentricity


The eccentricity E(vi) of a vertex in a graph G is the distance from vi to the vertex farthest from vi in G.


E(vi)  =  
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In the following graph, E(v1) = 3, E(v2) = 2.


Definition  :  2.35

Center


A vertex with minimum eccentricity is called a center of G.



b is the center of the above graph.

Definition  :  2.36

Cut-sets

In a connected graph G, a cut-set is a set of edges whose removal from G leaves G disconnected, provided removal of no preopen subset of these edges disconnects G.

(a)   



(b)                        (c)

In the above graph (a), removal of a cut-set {a, c, d, f} from the graph “cuts” it into two.

Definition  :  2.37

Cut point


A cut point of a graph G is a point whose removal increases the number of components. In the following graph, 1, 2, 3 are cut points.


Definition  :  2.38

Blocks

A connected non-trivial graph having no cut point is a block.


The following graph,



G
has the following blocks


Blocks of G
Definition  :  2.39

Euler graph


A closed walk which consist of all the edges of graph G is called an Euler line.


A graph which consists of an Euler line is called an Euler graph. The following is an Euler graph.


Remark  :  2.40
i)
A null graph having more than one vertex is always disconnected.

ii)
A disconnected graph consists of two or more connected graphs.

iii)
In a walk, an edge cannot appear in one more than one occasion whereas a vertex can.

iv)
A walk in a graph G is a subgraph of G.

v)
A walk is a connected graph.

vi)
A tree is a connected simple graph.

vii)
Every edge of a tree is a cut-set.
Theorem  :  2.41

A simple graph ((i.e.,) a graph without parallel edges (or) self-loops) with n vertices and k-components can have utmost (n – k) (n – k + 1)/2 edges.

Proof  :

Let the number of vertices in each of the k components of a graph G be n1, n2, ( nk. Thus we have,


n1 + n2 + ( + nk = n, ni ( 1

For brevity, a vertex with odd degree is called an odd vertex, and a vertex with even degree an even vertex.

The proof of the theorem depends on an algebraic inequality
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Now the maximum number of edges in the ith component of G (which is simple connected graph) is 
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Theorem  :  2.42

Let G(V, E) be a graph, if there is one and only path between every pair of vertices in G. Then G is a tree.

Proof  :

Given there exists a only one path between every pair of vertices in G.


Hence the graph G is connected.


A circuit in a graph with 2 or more vertices implies that there is atleast one pair of vertices v1, v2 ( there are 2 distinct paths V1 and V2.


( G has only one path between every pair of vertices, G cannot have a circuit.


Hence G is a tree.

Proposition  :  2.43

Let G(V, E) be a tree with | G | = n and || G || = m. Then m = n – 1.

Proof  :

We will prove the result by induction on the number of vertices. The result is trivially, holds for n = 1, 2, 3. Let’s assume that the result holds for all trees which have less than n vertices, (i.e.) ( k > n the result m = n – 1 is true and we shall prove that the result holds for all tree with n vertices.


Let ek ( E be such that vi and vj are end vertices of ek. We delete ek from G and by doing so G gets disconnected to two components G1 and G2. This means both G1 and G2 are trees with k or fewer edges.

( By induction, number of edges in G – ek = n – 2 

( Number of edges in G = n – 2 + 1

( m = n – 1


Hence the proof.

Theorem  :  2.44

Any connected graph G with n-vertices and (n – 1) edges is a tree.

Proof  :

Let G be a connected graph with n-vertices and (n – 1) edges. If G has any circuit having 2 or more vertices then the number of edges will be > n – 1. Hence G has no circuit. Hence G is a tree.

Proposition  :  2.45

A circuit free graph G with | G | = n and || G || = n – 1 is connected.

Proof  :

Suppose, if possible, there exists a circuit free graph G with n vertices and n – 1 edges such that G is disconnected.


Without loss of generality, let’s assume that G consists of two components G1 and G2 having no edge between v1 ( G1 and v2 ( G2.


Let’s add and edge ‘e’ between v1 ( G1 and v2 add by doing so no extra edge is created.


We now get a circuit free graph G ( {e} having n vertices and n edges which is not possible in proposition 2.43.


Hence the result.

Theorem  :  2.46

There is one and only one path between every pair of vertices in a tree, T.

Proof  :

Since T is a connected graph, there must exists at least one path between every pair of vertices in T.


Now suppose that between two vertices a and b of T there are two distinct paths. The union of these two paths will contain a circuit and T cannot be a tree.

Theorem  :  2.47

A tree with n vertices has (n – 1) edges.

Proof  :


The theorem will be proved by induction on the number of vertices.


It is easy to see that the theorem is true for n = 1, 2 and 3.


Assume that the theorem holds for all trees with fewer than n vertices.


Let us now consider a tree T with n vertices. In T, let ek be an edge with end vertices vi​ and vj. By Theorem 2.46, there is no other path between vi and vj except ek.


Therefore deletion of ek from T will disconnect, the graph, as shown in Figure (6).


                                                      T

                                      Tree t with n vertices

                                                 Figure (6)

Furthermore, T-ek consists of exactly two components, and since there were no circuit in T to begin with, each of these components is a tree.


Both these trees, t1 and t2, have fewer than n vertices each, and therefore, by the induction hypothesis, each contains one less edge than the number of vertices in it.


Thus T-ek consists of n – 2 edges (and n vertices).


Hence T has exactly (n – 1) edges.

Theorem  :  2.48

A graph is a tree if and only if it is minimally connected.

Proof  :


Assume the graph G is minimally connected. We shall prove G is a tree.


Since G is minimally connected, it is connected removal of any one edge disconnected the removal of any one edge disconnected the graph.


Hence the graph does not have any circuits.


Hence G is a connected circuitless graph.


( It is a tree.


Conversely assume G is a tree and we shall prove, G is minimally connected. Suppose G is not minimally connected then there must exists an edge ei such that G – ei is connected. Then 

ei must lie in a circuit

(( to G is a tree.

Hence G is minimally connected.

Hence the proof.

Theorem  :  2.49


A graph G with n vertices, and no circuits is connected.

Proof  :

Suppose there exists a circuitless graph G with n vertices and (n – 1) edges, which is disconnected. In that case G will consist of two or more circuitless components.


Without loss of generality, let G consist of two components, g1 and g2.


Add an edge e between a vertex v1 in g1 and v2 in g2.


Since there was no path between v1 and v2 in G, adding e did not create a circuit.


Thus G ( e is a circuitless, connected graph ((i.e.,) a tree) of n vertices and n edges, which is not possible.

By Theorem 2.42


A graph G with n vertices, and no circuit is connected.


Hence the proof.

Result  :  2.50

The results of the preceding theorems 2.42, 2.44, 2.46, 2.47, 2.48 and 2.49 can be summarized by saying that the following are five different but equivalent definitions of a tree. (i.e.,) A graph G with n vertices is called a tree if

1. G is connected and is circuitless (or)

2. G is connected and has (n – 1) edges, (or)

3. G is circuitless and has (n – 1) edges, (or)

4. There is exactly one path between every pair of vertices in G, (or)

5. G is a minimally connected graph.

`2.51
A vector space is associated with a graph G

Let us consider the graph G in Figure (7) with four vertices and five edges e1, e2, e3, e4, e5. Any subset of these five edges of G can be represented by a 5-tuple.


X = (x1, x2, x3, x4, x5) such that 


xi = 1 if ei is in g and 


xi = 0 if ei is not in g

For instance, the subgraph g1 in Figure (7) will be represented by (1, 0, 1, 0, 1).

 


                   (G)                                   (g1)                                        (g2)

Figure (7)
Altogether there are 25 or 32 such 5-tuples possible, including the zero vector 0 = (0, 0, 0, 0, 0) which represents a null graph, and (1, 1, 1, 1, 1) which is G itself.


It is not different to see that the ring-sum operation between two subgraphs corresponding to the modulo 2 addition between the two 5-tuples representing the two subgrphs.

For example, consider two subgraphs

g1  =  {e1, e3, e5} represented by (1, 0, 1, 0, 1)

g2  =  {e2, e3, e4} represented by (0, 1, 1, 1, 0)

The ring-sum


g1 ( g2  =  {e1, e2, e4, e5} represented by (1, 1, 0, 1, 1)

which is clearly modulo 2 addition of the 5-tuple for g1​  and g2.


Now generalizing this example, there is a vector space WG associated with every graph G and this vector space consists of 

1.
Galois field modulo 2 : That is, set {1, 0} with operation addition modulo 2 written as ‘+’ such that 0 + 0 = 0, 1 + 0 = 1, 0 + 1 = 1, 1 + 1 = 0 and multiplication modulo 2 written as ‘.’ Such that 0.0 = 0 = 1.0 and 1.1 = 1.

2.
2e vectors, where e is the number of edges in G.

3.
An addition operation between two vectors X, Y in this space, defined as the vector sum


X ( Y = (x1 + y1, x2 + y2, ( xe + ye) ( being addition modulo 2.

4.
And a scalar multiplication between a scalar C in Z2 and a vector X, defined as C.X = (c.x1, ( c.x2).

Theorem  :  2.52

If A(G) is an incidence matrix of a connected graph G with n vertices, the rank of A(G) is n – 1.

Proof  :

Each row in an incidence matrix A(G) may be regarded as a vector over GF (2) in the vector space of graph G.

Let the vector in the first row be called A1, in the second row A2, and so on.
Thus A(G)
=
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Since there are exactly two 1(s in every column of A, the sum of all these vectors is zero. (this being a modulo 2 sum of the corresponding entries).


Thus vectors A1, A2 ( An are not linearly independent.

( The rank of A is less than n  ; (i.e.) rank A ( n – 1.


Now consider the sum of any m of these n vectors (m ( n – 1).


If the graph is connected, A(G) cannot be partitioned as in A(G).


A(G)
=
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  such that

A(g1) is with m rows and A(g2) with n – m rows.


In  other  words,  no m by m submatrix of A(G) can be found, for m ( n – 1 ( the modulo 2 sum of those m rows is equal to zero.


Since there are only two constants 0 and 1 in the field, the additions of all vectors take m at a time for m = 1, 2 ( n – 1 exhausts all possible linear combinations of n – 1 row vectors.


Thus we have just shown that no linear combination of m row vectors of A (for m ( n – 1) can be equal to zero.


( The rank of A(G) must be atleast n – 1. Since the rank of A(G) is no more than n – 1 and is no less than n – 1, it must be exactly equal to n – 1.


Hence the proof.
CHAPTER – III 

GRAPH TOPOLOGICAL SPACE

Definition  :  3.1


Let E be the non-empty edge set of a simple graph G = (V, E). A collection ( of subsets of E (minors of E) is called a graph topology on E and (E, () a graph topological (GT) space if the following conditions are satisfied :

(i) The null edge set ( (null graph) and the edge set E (full graph) itself are the members of the collection (. (i.e.,) (, E ( (.

(ii) Any union of members of ( is a member of ( (i.e.,) U {Ei : i ( (} ( ( ( Ei ( (, i ( ( where ( is an indexing set (i.e., any union of minors of E and belonging to ( is a minor of E and a member of ().

(iii) Any finite intersection of members of ( is a member of ( i.e., Ei ( Ek ( (, for every Ei, Ek ( ( ((i.e.,) any finite intersection of minors of E and belonging to ( is a minor of E and a member of ().

Example  :  3.2

If we take | G | = 4 ; || G || = 3 then, for a simple graph G = (V, E), where V = {1, 2, 3, 4} and E = {e1, e2, e3} the collection (1 = {(, {e1}, {e2, e3}, E} =


of edge subsets of E = {e1, e2, e3} where e1 is the edge joining 1 and 2, e2 is the edge joining 2 and 3 and e3 is the edge joining 3 and 4 is a graph topology on E.

Example  :  3.3

(2  =  {(, {e2}, {e3}, E}

=


is not a graph topological space.

Definition  :  3.4

Discrete graph topology

Let G = (V, E) be a simple graph with E ( ( and D be the collection of all the edge subsets of E, then D is a graph topology on E and is known as discrete graph topology.

Example  :  3.5

If we take | G | = 3 and || G || = 2 then, for a simple graph G = (V, E), where V = {1, 2, 3} and E = {e1, e2}, D = {(, {e1}, {e2}, E} is a graph topology on E and thus (E, D) is a discrete graph topological space. For drawing its graph, we may being by taking, E = {e1, e2} where e1 is the edge joining 1 and 2 and e2 is the edge joining 2 and 3.

So that D = 


and the rest of the steps that also involve producing drawing of minors, follow easily.

Definition  :  3.6

Indiscrete graph topology

Let G = (V, E) be a simple graph with E ( ( and let ( = {(, E} be a collection of the trivial edge subsets of the edge set E, then ( is a graph topology on E and is called as the indiscrete graph topology.

Example  :  3.7

If we take | G | = 5 and || G || = 4 then, for a simple graph G = (V, E), where V = {1, 2, 3, 4, 5} and E = {e1, e2, e3, e4}, ( = {(, E} is a graph topology on E. For drawing graphs on a paper we may being by taking E = {e1, e2, e3, e4} where e1 is the edge joining 1 and 2, e2 is the edge joining 2 and 4, e3 is the edge joining 3 and 5 and e4 is the edge joining 1 and 3.


So that ( = 


and the rest of the steps, also involving that of producing drawing of the minors, follow easily.

Remark  :  3.8
(i) A graph topology defined on an edge set E is called a trivial graph topology if it is either a discrete graph topology or an indiscrete graph topology.

(ii) A graph topology defined on an edge set E is called a non-trivial graph topology if it is not a trivial graph topology.

Definition  :  3.9

Co-finite or Finite complement graph topology

Let G = (V, E) be a simple graph with E ( ( and let ( be a collection of all those edge subsets A of E whose complements are either empty or finite.

(i.e.) A ( E, A ( ( ( A( = E – A = ( or A( is finite, then ( is called a co-finite or finite complement graph topology on E.

Example  :  3.10


If we take | G | = 3 and || G || = 2, then for a simple graph G = (V, E), where V = {1, 2, 3} and E = {e1, e2} the collection ( of all the edge subsets of E trivially satisfies co-finite and hence is a co-finite graph topology on E.


For producing drawing, we may again begin by taking E = {e1, e2} where e1 is the edge joining 1 and 2 and e2 is the edge joining 2 and 3.


So that ( = {(, {e1}, {e2}, E}

=


and the remaining steps follow easily.

Definition  :  3.11
Co-countable graph topology


Let G = (V, E) be a simple graph with E ( ( and ( be a collection of all those edge subsets A of E whose complements are either empty or countable (i.e.) A ( E, A ( ( ( A( = E – A = ( or A( is countable, then (’ is called a co‑countable graph topology on E.

Example  :  3.12

If we take | G | = n and || G || = m ; m < n < ( ; m, n ( N, then for a simple graph G = (V, E), where V = {1, 2, 3 ( n} and E = {e1, e2, ( em} the collection ( of all the edge subsets of E trivially satisfies the definition of co-countable graph topology and hence is a co-countable graph topology on E.

Remark  :  3.13

For a finite simple graph G = (V, E), the discrete graph topology (D), the finite complement graph topology and the co-countable graph topology are all the same.

Definition  :  3.14
Graph Sierpinski space

Let G = (V, E) be a simple graph with E = {e1, e2} ( ( and let ( = {(, {e1}, E}, then ( is a graph topology on E and the space (E, () is known as Graph sierpinski space.

Example  :  3.15

If we take the graph of E = {e1, e2} as where e1 is the edge joining 1 and 2 and e2 is the edge joining 2 and 3 then the drawing of the graph of ( = {(, {e1}, E} can be produced below :


By producing drawing on graphs, we now show that (E, () is a graph sierpinski space, and for doing this we simply need to put ( under examination and see as to now this ( passes through the three conditions of definition 3.1.1.

Drawing of graphs for condition (i)  :   (i.e.,) (, E ( (.


  


Drawing of graphs for condition (ii)  :  

(ii)
(1)   ( ( E  =   


(ii)
(2)   ( ( {e1}  =   


(ii)
(3)   {e1} ( {E}  =   


Drawing of graphs for condition (iii) :

(iii)
(1)   ( ( E  =   


(iii)
(2)   ( ( {e1}  =   



(iii)
(3)   {e1} ( E  =   


Hence (E, () is a graph sierpinski space.

Definition  :  3.16

Relative graph topology

Let (E, () be a graph topological space and A ( E then the collection (( = {F ( A : F ( (} is a graph topology for A, and is called as the relative graph topology for A. We also say it as (A, (() is a graph subspace of (E, (). The graph topology (( on A is said to be induced by (.

Theorem  :  3.17

For a finite simple graph G = (V, E), let (E, () be a graph topological space with A ( E, then the collection (( = {F ( A : F ( (} is a graph topology on A.

Proof  :

For a graph G = (V, E), Let V = {1, 2, 3 ( n} and E = {e1, e2 ( em} ( (, we shall prove the theorem by induction on m. (i.e.) on the number of edges in E = {e1, e2 ( em}. If m = 1, then E = {e1} ( ( has just two elements namely ( and E which further implies (( = {(, E} and so the result is true for m = 1 as (( is a graph topology on A = {e1} ( E.


Next we assume that the result holds for m = k, where A ( E = {e1, e2 ( ek}, or in other words (( is a graph topology on A.


We now establish the result for m = k + 1 with A ( E.


Clearly, E = {e1, e2 ( ek, ek+1} ( (.


Now, if ek+1 ( A, then ek+1 ( F ( A, ( F ( ( and by assumption (( is a graph topology on A. So, let ek+1 ( A, and let H1, H2 ( ((.


Again, if ek+1 ( H1 or H2 we are at home. We finally suppose that ek+1 ( H1 ( H2.


Now H1, H2 ( (( ( there exists some F1, F2 ( ( ( ek+1 ( F1 ( F2 ( (. But ek+1 is another new element added to the open edge sets F1 ( {ek+1} and F2 ( {ek+1} and also ek+1 ( A.


( H1 ( H2 ( ((.


We can show that H1 ( H2 ( ((.


This completes the induction and hence (( is a graph topology on A.


Graphs for different cases can be drawn easily.

Definition  :  3.18

Union of graph topologies

If (1 and (2 be any two graph topologies defined on the same edge set E, then their union, written as (1 ( (2 is defined as : (1 ( (2 = {A ( E : A ( (1 or A ( (2}.


Union of any number of topologies can be defined similarly.

Remark  :  3.19

Here it is pertinent to mention that the union of two graphs G1 = (V1, E1) and G2 = (V2, E2) is another graph G3 (written as G3 = G1 ( G2) whose vertex set V3 = V1 ( V2 and the edge set E3 = E1 ( E2.

Definition  :  3.20

Intersection of graph topologies

If (1 and (2 be any two graph topologies defined on the same edge set E, then their intersection, written as (1 ( (2, is defined as :

(1 ( (2  =  {A ( E : A ( (1 and A ( (2}.


Intersection of any number of topologies can be defined similarly.

Remark  :  3.21

It is significant to mention that the intersection of two graphs G1 = (V1, E1) and G2 = (V2, E2) is another graph G3 (written as G3 = G1 ( G2) whose vertex set V3 = V1 ( V2 and the edge set E3 = E1 ( E2.

Proposition  :  3.22

If (1, (2 be any two graph topologies defined on the same edge E, then (1 ( (2 need not be a graph topology on E.

Proof  :

Let G = (V, E) be a simple graph and let E = {e1, e2, e3} where e1 is the edge joining 1 and 2, e2 is the edge joining 2 and 3 and e3 is the edge joining 3 and 4.

Also let (1 = {(, {e1}, E}


​and (2  =  {(, {e2}, E}


be two graph topologies defined on the above edge set.

E  =  {e1, e2, e3} and (1 ( (2 = {(, {e1}, {e2}, E} =


Since {e1} ( {e2}


=     {e1, e2} ( (1 ( (2.


We conclude that the union of two graph topologies need not be a graph topology.

Proposition  :  3.23

For a simple graph G = (V, E) any intersection of graph topologies is a graph topology on E.

Proof  :

Let {(( : ( ( (}, where ( is an indexing set, be a collection of graph topologies that are defined on the same edge set E, and we take

E = {e1, e2, e3, (, en} where (i, ei is the edge joining 0 and i.

=


We show that n{(( : ( ( (} is a graph topology on E. If ( = (, then ( {(( : ( ( (} = P(E),

(i.e.) power set of E, and 

( the intersection of graph topologies is the discrete graph topology on E.

 So, suppose that  ( = (.

1.
Since for each (, ( ( (, (( is a graph topology (, E ( ((, for every              
( ( (.


( (   =   


E =


2.
Let A1, A2 ( ( {(( : (( (}


( A1, A2 ( ((   ( ( ( (.


and since (( is a graph topology ( ( ( (,


A1 ( A2 ( ( {(( : (( (}.

3.
Let A( ( ( {(( : (( (} for ( ( (  where ( is another indexing set.


( A( ( ((    ( ( ( (.


and ( ( ( (

Since each (( is a graph topology for E, it follows that 


( {A( : ( ( (} ( ((     ( ( ( (.


( ( {A( : ( ( (} ( ( {(( : (( (}


Hence ( {(( : (( (} is a graph topology on E.

Definition  :  3.24

Hereditary property

A property of a GT space (E, () is called hereditary property if every graph subspace (A, () of (E, () has that property.

Definition  :  3.25

Small (weaker or coarser) and larger (stronger or finer) graph topologies

If (1 and (2 be two graph topologies defined on an edge set E then (1 is said to be smaller (weaker or coarser) graph topology than (2 or (2 is said to be larger (stronger or finer) graph topology than (1 iff (1 ( (2 ((i.e.,) iff graph of (1 is a subgraph of (2).

Definition  :  3.26

Comparable

Two graph topologies (1 and (2 are said to be comparable iff (1 ( (2 or (2 ( (1 ((i.e., iff graph of (1 is a minor of (2 or graph of (2 is a minor of (1).

Definition  :  3.27

Open edge set

Let (E, () be a graph topological space, where ( = {(, E1, E2, ( En, E}, then each member of ( is called an open edge set or a (-open edge set.

Definition  :  3.28

Neighbourhood (nhd)

Let (E, () be a graph topological space and e ( E. An edge subset N ( E is a (-neighbourhood (abbreviated as nhd) of e iff N contains an open edge set A to which e belongs similarly, N is called a (-nhd of A ( E iff ( an open edge set M such that A ( M ( E.

Example  : 3.29


Let (E, () be a graph topological space where E = {e1, e2, e3}, where e1 is the edge joining 1 and 2, e2 is the edge joining 2 and 3 and e3 is the edge joining 1 and 3 and ( = {(, {e2}, {e3}, {e2, e3}, E}


then the drawing of the graph of the only (-nhd of e1 is E = {e1, e2, e3} as shown above, where as the drawing of graphs of the only (-nhds of e2 are :


Definition  :  3.30

Closed edge set

Let (E, () be a graph topological space. An edge set A ( E is called a closed edge set iff E – A is an open edge set.

Remark  :  3.31


For a graph topological space (E, ()

(1) Any union of open (closed) edge sets is an open (closed) set.

(2) Any intersection of open (closed) edge sets is an open (closed set).
Proposition  :  3.32

For a simple graph G = (V, E), if F be a collection of edge subsets of E satisfying the following :

1. (, E ( F

2. F1, F2 ( F ( F1 ( F2 ( F

3. F1, F2 ( F ( F1 ( F2 ( F then there exists, a unique graph topology ( on E, such that the (-closed edge subsets of E are precisely the members of F.

Proof  :

Let ( consists of the complements of the members of F. Then we show that ( is a topology for E.

Since E is finite, we may take


E = {e1, e2, e3} where e1 is the edge joining 1 and 2, e2 is the edge joining 2 and 3 and e3 is the edge joining 1 and 3 and E = {(, {e1}, {e1, e2}, {e1, e3}, E}.


Now we find the members of ( :

1.
E ( F ( E( = ( = 


( ( and

2.
( ( F ( (( = E = 


( (
(ii)
A1, A2 ( ( ( A1(, A2( ( F ( A1( ( A2( ( F ( (A1 ( A2)( ( F

                                                                             ( A1 ( A2 ( (
(iii)
A1, A2 ( ( ( A1(, A2( ( F ( A1( ( A2( ( F ( (A1 ( A2)( ( F

                                                                             ( (A1 ( A2) ( F

Hence ( is a topology for E.

Also A ( E is (-closed iff A( ( (
(i.e.)  iff A ( F = {(, {e1}, {e1, e2}, {e1, e3}, E} and thus



 ( = {(, {e2}, {e3}, {e2, e3}, E} = 

Is a topology on E such that the (-closed edge subsets of E are precisely the members of F.


Next, Let ( and (( be two graph topologies having the same system of closed edge sets. Let A ( ( iff A is (-open iff A( is (-closed iff A( is ((-closed iff A is ((-open iff A ( (( and hence the uniqueness.

Definition  :  3.33

Closure of an edge set

Let (E, () be a graph topological space and A ( E. The closure of A, written as 
[image: image64.wmf]A

, is the intersection of all the closed edge supersets of A.

Example  :  3.34


If we begin by taking

E = {e1, e2, e3}, where e1 is the edge joining 1 and 2, e2 is the edge joining 2 and 3 and e3 is the edge joining 3 and 4 and ( = {(, {e2}, {e2, e3}, E}.


=

to be a graph topology on E with B = {e2}

=


then 
[image: image65.wmf]B

 = E.

Remark  :  3.35

The Kuratowski’s closure axioms, mentioned below, which hold good for topological space, also hold for a graph topological space (E, ()

1. 
[image: image66.wmf]f

 = (
2. A ( 
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3. (A ( B) = 
[image: image68.wmf]A

 ( 
[image: image69.wmf]B


4. 
[image: image70.wmf]A

 = 
[image: image71.wmf]A

, where A, B ( E.

CHAPTER – IV
ELEMENTS OF GRAPH TOPOLOGICAL (GT) SPACES

SECTION  :  4.1

RELATION BETWEEN GRAPH TOPOLOGICAL SPACE AND VECTOR SPACE

Definition  :  4.1.1

Distance between two vertices

Let G(V, E) be a connected graph. We define a map d : V x V ( R as follows :


d(vi, vj) = length of the shortest path between vi and vj (i.e.) the number of edges lying between vi and vj. We call d(vi, vj) as the distance between vi and vj.

Remark  :  4.1.2

If G(V, E) is a tree, then the distance between any two vertices is defined as d(vi, vj) = length of the path between vi and vj. We have the following proposition.

Proposition  :  4.1.3

If G(V, E) be a connected graph, then the distance function d : V x V ( R defined as, d(vi, vj) = length of the shortest path between vi and vj is a metric on G and hence (G, d) is a metric space.

Proof  :


A function d : V x V ( R is called a metric, if d satisfies the following conditions, ( x, y ( V

i. d(x, y) ( 0, and d(x, y) = 0 iff x = y

ii. d(x, y) = d(y, x)

iii. d(x, z) ( d(x, y) + d(y, z)

Let vi and vj be any 2 vertices of a connected graph G.

i.
d(vi, vj)
=
The length of the shortest path between vi and vj


=
The number of edges in the shortest path ( 0


( d(vi, vj) ( 0 and d(vi, vi) = 0.

ii.
d(vi, vj)
=
The number of edges in the shortest path connecting vi and            


vj.



=
The number of edges in the shortest path connecting vj and             


vi.



=
d(vj, vi).

iii.
Let vk be any vertex in the graph G other than vi and vj. 


Since d(vi, vj) is the length of the shortest path between vi and vj.


This path cannot be longer than another path between vi and vj which goes through this specified vertex vk.


Hence d(vi, vj) ( d(vi, vk) + d(vk, vj).


Hence any two vertices a is a metric.


Hence the proof.

Definition  :  4.1.4

Contractive (or) Contraction map

If G(V, E) be a connected graph. Let f : G ( G be a map. Then f is called a contractive (or) contraction map if there exists a real ‘S’, 0 ( S ( 1 such that d(f(u), f(v) ( S d(u, v), ( u, v ( V.

Definition  :  4.1.5

Contractility factors

The number ‘S’ in the above definition is called a contractility factor.

Remark  :  4.1.6

If S = 0, then F is called a constant map of a trivial contraction mapping.

Definition  :  4.1.7

Fixed point

A point v ( G(V, E) is called a fixed point of the map f : G ( G, if f(v) = v.

Definition  :  4.1.8

Distance decreasing map

Let G and H be two metric spaces. A map F : G ( H is called a distance decreasing map, if 


d(f(v1), f(v2)) ( d(v1, v2) ;  ( v1, v2 ( G.

Notation  :  4.1.9

JN will denote the set {1, 2, 3, ( n}, n ( N, and x ( y ; x, y ( R as the maximum of x and y.

Remark  :  4.1.10

Let (G(V, E), d) be a metric space and F : G ( G be a non-trivial contraction map, then F is a distance decreasing map.

Definition  :  4.1.11

Distance of a vertex from a subgraph

Let (G(V, E), d) be a metric space and ( ( B ( V be compact. 


Let v ( V, we define, d(v, B) = inf {d(v, b) ; b ( B} and call d(v, B) as the distance of the vertex v from the subgraph B.

Remark  :  4.1.12
(i) d(v, B) ( d(v, b)  ( b ( B

(ii) Let (G(v, E), d) be a metric space and let ( ( B1 ( B2 ( V be compact and v ( V, then d(v, B2) ( d(v, B1).

Definition  :  4.1.13

Vector space associated with a graph

Let G(V, E) be a graph with V = {v1, v2, ( vn} and E = {e1, e2, ( em}. Any subgraph of H of G can be represented as ,


X  =  (x1, x2, x3 ( x​m) such that 


xi  =  1 if ei ( H


xi  =  0 if ei ( H


Let g1 = (x1, x2, ( xm) and g2= (y1, y2, ( ym) be any two subgraphs of G.


Also, Let’s defined two operations that of addition ( mod 2 and scalar multiplication of G as follows :

(i)
g1 ( g2  =  (x1 ( y1, x2 ( y2, x3 ( y3, ( xm ( ym) where ( stands for addition modulo 2.

(ii)
k. g1  =  (k. x1, k. x2, ( k. xm) where k ( z2, the Galois field of integer modulo 2.

Remark  :  4.1.14
It is easy to see that with respect to the two operations, that of ( mod 2 scalar multiplication, defined as above, the set WG containing 2m vector becomes a vector space over Galois field 2.

Proposition  :  4.1.15

A discrete graph topological space is a vector space.

Proof  :

All necessary steps in respect of proof follow at once.

Example  :  4.1.16

Consider the discrete graph topology. Let G = (V, E) be a simple graph with E ( ( and let D be the collection of all the edge subsets of E.

For example,


If we take | G | = 3 and || G || = 2, then for a simple graph G = (V, E).


Where V = {1, 2, 3} and E = {e1, e2}, D = {(, {e1}, {e2}, E} is a graph topology on E and thus (E, D) is a discrete graph topology.


Consider the graph G,


E  =  {e1, e2}  =  
​

​

So that  D = 


   G                          (g1)


    (g2)

Any subgraph of g1 of G can be represented as,


X  =  (x1, x2) (

x1  =  1   
if e1 ( g1

x2  =  0  
if e1 ( g1
Let g1 = x1 and g2 = x2 be any two subgraphs of G.


Let us defined two operations that of addition ( mod 2 and scalar multiplication on G as follows :

i. g1 ( g2  =  (x1 ( x2)  =  (1 ( 0)  =  1

ii. k. g1 = k. 1 = k, where k ( z2, the Galois field of integers modulo 2.

( Discrete graph topology is a vector space.

Proposition  :  4.1.17

An indiscrete graph topological space is a vector space.

Proof  :

All necessary steps in respect of proof follow at once.

Example  :  4.1.18

Let G = (V, E) be a simple graph with E ( ( and let ( = {(, E} be a collection of the trivial edge subsets of the edge set E, then ( is a graph topology on E.


For example, if we take | G | = 5 and || G || = 4, then for a simple graph G = (V, E), where 


V  =  {1, 2, 3, 4, 5} and E = {e1, e2, e3, e4}, ( = {(, E} is graph topology on E.


E  =  {e1, e2, e3, e4}





So that ( = 

Consider the graph,



    (G)



  (g1)



(g2)

Any subgraph of g1 of G can be written as


X  =  (x1, x2, x3, x4)


x1  =  1
if e1 ( H


x2  =  1
if e2 ( H


x3  =  0
if e3 ( H


x4  =  1
if e4 ( H


Let g1 = (x1, x2, x4), g2 = x3 be any two subgraphs of G.


Also, Let’s defined two operations that of addition ( mod 2 and scalar multiplication on G as follows :

(i)
g1 ( g2  =  (x1 ( x3, x2 ( 0, x4 ( 0)


=  (1, 1, 1)

(ii)
k. g1  =  (k. 1, k . 1, k. 1)


         =  (k, k, k)

( Indiscrete graph topology is a vector space.

SECTION  :  4.2

MATRIX TOPOLOGY

Definition  :  4.2.1

(-Matrix topology

Let G(V, E) be graph topological space with V = {v1, v2, ( vn} and E = {e1, e2, ( em} and no self loops. The collection ((() of all m x m matrices given by ((()  =  {((A) = [aij] : A ( t, aij = 1, if the edge ej is incident on the vertex vi and aij = 0 otherwise} is known as (-matrix topology.

Example  :  4.2.2

The (-matrix topology corresponding to graph topological space is given below. We have ( = {(, {e1}, {e2, e3}, E}



( (-matrix topology is given by

((() = {(((), ((e1), ((e2, e3), ((E)}

=    
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4.2.3
Characteristics of an (-matrix topology
i.
(-matrix topology is generated by graph topology.

ii.
(-matrix topology is reducible to graph topology.

iii.
Every column in respect of each member of ((() contains exactly two 1(s or no 1(s.

iv.
A Row containing all 0’s in matrix correspond to zero vertex.

v.
Null matrix in ((() correspond to a null graph belonging ((().

vi.
Sum of all the elements of any row of a matrix belonging to ((t) gives the degree of the corresponding vertex of the edge set of (.

Definition  :  4.2.4

A-matrix topology
Let (G(V, E), () be a graph topology with V = {v1, v2, ( vn} and E = {e1, e2, ( em} and no parallel edges. The collection A(t) of all n x n matrices given by A(() = {A(X) = [xij] : X ( t, = 1 if there is an edge between ith and jth vertices and xij = 0, otherwise} is known as A-matrix topology.

Example  :  4.2.5

The A-matrix topology corresponding to the graph topological space.

(i.e.) ( = {(, {e1}, {e2, e3}, E} is given as 

A(() = {A((), A({e1}), A({e2, e3}), A(E)}
=   
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4.2.6
Characteristics of an A-matrix topology
i.
A-matrix topology is generated by graph topology.

ii.
A-matrix topology is reducible to graph topology.

iii.
A-matrix topology is contains symmetric matrices.

iv.
Each diagonal entry of every member of A(t) is 0.

v.
Sum of all the elements of in the ith row of any matrix belonging to A(() gives the degree of corresponding vertex of the edge set of (.

Following method wherein various edge subsets like open edge set, closed edge set, neighbourhoods, limit edge points, isolated edge points interior edge points and exterior edge point etc. of a graph topological space are given representation by matrices may be of much utility in engineering problems.

Definition  :  4.2.7

C-matrix

Let G(V, E) be a graph topological space with V = {v1, v2, ( vn} and E = {e1, e2, ( em} and no parallel edges. Let E( CE. Let the graph of E ( 
[image: image80.wmf]C

/

 contains r number of different circuits and as ‘e’ number of edges. Then a C‑matrix of E ( 
[image: image81.wmf]C

/

, of order r x e, denoted as C(E() is defined as C(E) = [Cij], where Cij = 1 if the ith circuit contains jth edge and = 0, otherwise.

Example  :  4.2.8

Let (G(V, E), () be a graph topological space with V = {v1, v2, ( v6}, E = {e1, e2, ( e8}  and ( = {(, E}


Then a C-matrix of E for the open edge set E is given by

C(E)  =  
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Here it is important to mention that the graph of E contains four circuits

r1  =  {e1, e2}, r2 = {e3, e5, e7}, r3 = {e4, e6, e7} and r4 = {e3, e4, e5, e6}

4.2.9
Characteristics of C-matrix

Let (G(V, E), () be a graph topological and E( ( E. Then C(E() is characterised by the following :

i.
It is graph of E( does not contain any circuit then C(E() is a null matrix.

ii.
If a column contains all zeros limit then the corresponding ei is not a part of an of the circuits.

iii.
The number of 1’s is a row is always the same as the number of edges in the concerned circuit.

iv.
If the graph of E( is disconnected and consists of two components E1 and  E2,  where  E1 and E2 have no common edges, then the circuit matrix C(E 
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) can be represented as follows :


C(E()
=
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Where C(E1) and C(E2) respectively are circuit matrices of E1 and E2.

Definition  :  4.2.10

P-matrix

Let (G, () be a graph topological space and E 
[image: image85.wmf]C

/

 (E. Let x, y ( E(. Then the path matrix P(x, y) corresponding to all the paths that exist between the two vertices x and y is defined as P(x, y) = [Pij] where Pij = 1, if the ith path contains the jth edge = 0 if the ith path does not contain the jth edge. If we consider the graph topological space then the 3 x 8 path matrix P(3, 4) is given by

P(3, 4)  =  
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4.2.11
Characteristics of a path matrix
i.
P(x, y) cannot have a row containing all zeros.

ii.
If an edge does not lie in any of the paths between the two vertices under consideration then the column corresponding to that particular edge contains 0’s every where lint.

iii.
The ring sum of any two rows of a P-matrix produces a circuit or an edge disjoint union of circuits.

Proposition  :  4.2.12
Let G(V, E) be a graph associated with graph topological space with | G | = n. Then G is tree iff ((G) is non-singular.

Proof  :

By theorem,


A graph G(V, E) with | G | = n is called a tree if any one of the following conditions hold.

i.
G is connected and circuit free, or

ii.
G is connected and has n ( 1 edges, or

iii.
G is minimally connected or

iv.
G is circuit free and has n – 1 edges, or

v.
There is exactly one path between very pair of vertices in G.


A graph ‘G’ with || G || = n – 1 and | G | = n will be disconnected is G is not a tree ( rank of ((G) < n – 1 reduced (-matrix, of order n – 1 x n – 1 of G will not be nonsingular. 
SUMMARY AND CONCLUSION

This is an introduction to one new branch of mathematics coined as ‘Graph Topology’. It is an outcome of the wedding of two smart branches of mathematics namely Graph Theory and Topology.


Although the aims and achievements of many researchers may differ but the very basic idea of this work is to give graphical (visual) representations to the rudimentary results of topology. To be precise after watching the graphical (pictorial) representations of topological spaces and topological properties on a 2-dimensional surface, many results of topology would become interesting and easy to understand. Apart from introduction of graph topology, some of its important results are also mentioned.


The main aim of this work is to discover a road map between a few branches of mathematics by making use of graph topological space. It is necessary to mention here that such roads do also exist if we talk of relationship between other subjects and the graph topological space. It is easily seen that the distance function used to measure distances between vertices of a graph is a metric function. Graph topological spaces obeying certain conditions become vector spaces. Graph topological spaces after conversion in to matrices, thereafter, become ready for algebraic treatment and storage in computer.


Following method wherein various edge subsets like edge set, closed edge set, neighbourhoods, limit edge points, isolated edge points interior edge points and exterior edge points etc. of a graph topological spaces are given representation by matrices may be of much utility in engineering problems.


The study of graph topological spaces can be extended to bitopology and fuzzy topology. 
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