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SYNOPSIS

SYNOPSIS


This dissertation is devoted to analyse “Markovian queues with state dependent servers”.


Preliminary definitions and relevant literatures are presented in the introduction chapter. 


Chapter I is concerned with the analysis of finite capacity Markovian queuing model with number of heterogeneous channels depending on the  system size. The model consists of one regular channel and a maximum of  c-additional channels. When all the channels are in operation the arrival rate is controlled to reduce the waiting time of an arriving unit. The transient and steady state probabilities are derived.


Finite capacity multichannel Markovian queue with balking and reneging is analysed in chapter II. The system has variable arrival rate depending upon the state of the system. The probabilities under transient state and equilibrium state are calculated.


Chapter III deals with M/M/1 queueing system with additional servers for a longer queue. With the assumption that the number of additional servers is dependent upon the number of customers in the system, the expected number of customers in the system in the long run, the expected waiting time of any customer until entering service and the probability that a particular server is busy at any time are calculated. The condition under which the M/M/1 queueing system with additional servers for a longer queue is preferred to the M/M/1 queueing system with no additional server is also discussed. 

INTRODUCTION

INTRODUCTION

“Mathematics is the science which uses easy words for hard ideas”

- Kasner, E. and Newman, J. 

              Queueing theory is a branch of applied probability theory.                 A systematic study of the theory of queues provides a base of knowledge which can be applied to monitor and improve the efficiency of many queueing systems in the real world. Queueing theory gives the estimated average time and intervals under sampling method, and helps in decision of optimal capacity so that the cost of investment is minimum, keeping the amount of queue within tolerance limits.  A queue is a waiting line which is inevitably formed infront of some service facility. The study of queueing systems find applications in a variety of real life situations like, business, industry, engineering, transportation, communication and consumer activities.

QUEUING SYSTEM


A queueing system can be described by the flow of units for services, waiting for service if it is not immediate and if having waited for service leaving the system after being served or sometimes even without receiving service.  The units may be animated or inanimated, for example persons waiting at a bank counter or at a reservation  counter, calls arriving at a telephone exchange, machines waiting to be repaired, airplanes at a busy airport waiting for take-off, computer programmes waiting to be run of time-sharing basis etc.,
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Figure (1) – Types of Queueing System

The objective of queueing analysis is to evaluate the service and the cost of a facility so as to maximize its usefulness. This often results in minimizing the total cost associated with the idle time of facilities or services versus the waiting time costs of employees or customers.

Fig (1) illustrates the structure of four variations of queueing systems. The simplest of these is a single-channel, single-phase system. Multiple-channel, single-phase systems such as those found at banks have more than one service facility. Multiple phase system incorporates two or more service activities and is more difficult to analyse mathematically.

ELEMENTARY QUEUEING SYSTEM


Basically, a queueing process is centered around a service system which has one or more service facilities. Customers requiring service are generated at different time by an input source, commonly known as population. These customers arrive at the service system and may or may not enter the system depending upon the queue conditions. Any customer entering the service system joins a queue for service. The service facilities select customers for service by some rule, commonly known as service discipline. After the service is completed, the customer leaves the service system. The queueing process is illustrated in fig. (2). 

Figure (2) – The Queueing Process





The essential features of queueing systems are,

1. INPUT PROCESS (OR ARRIVAL PATTERN)

2. QUEUE CONFIGURATION

3. QUEUE DISCIPLINE

4. SERVICE MECHANISM (OR PATTERN)

5. OUTLET

INPUT PROCESS


This is the element concerned with the pattern in which the customers arrive and join the system. An input source is characterized by,

i. Its size

ii. The arrival time distributions of the customers and

iii. The attitude of the customers

Size


An input source (population) is finite or infinite. It is considered infinite if the rate at which the source generates the customers is not appreciably affected by the number of customers in the service system. Alternatively, the source is considered finite if the number of customers affects the rate in the system.

Arrival Time Distribution


The period between the arrival of individual customers may be constant or scattered in some fashion. In a clinic, patients may be given appointments in such a manner that they arrive at the clinic at specified equal intervals of time. On the other hand, the arrival time of customers in a restaurant are distributed more or less randomly and cannot be predicted. The arrival time can nevertheless be described. The average time between the customer arrivals and the average arrival rate can be obtained from the arrival time distribution. Many of these distributions found in practice can be approximated by one of the well known mathematical distribution such as

a. Constant time

b. Poisson

c. Exponential and

d. Erlang 

Customers Behaviour

If a customer, on arriving at the service system stays in the system until served, no matter how long he has to wait for service is called a patient customer. Machines arrived at the maintenance shop in a plant are examples of patient customer.


Whereas the customers, who wait for a certain time in the queue and leaves the service system without getting service due to certain reasons such as long queue in front of him, is called impatient customer. For example, a customer who has just arrived at grocery store and finds that the salesmen are busy in serving the customer already in the system, will either wait for service till his patience is exhausted or estimate that his waiting time may be excessive and so leaves immediately to seek service elsewhere.


Customers even before joining the queue get discouraged by seeing the number of customers already in service system or estimating the excessive waiting time for desired service, so they balk.


Other customers after joining the queue, wait for sometime and leave the service system due to intolerable delay, so they renege. 


Customers who move from one queue to another hoping to receive service more quickly are said to be jockeying.  

QUEUE CONFIGURATION


The queue configuration refers to the number of queues, and their respective lengths. The number of queues depend upon the layout of a service system. Thus these may be a single queue or multiple queues. Certain service systems adopt ‘take a number’ policy to avoid a formal queue to form. The length (or size) of the queue depends upon the operational situation (physical space, legal restrictions and attitude of the customers).


In certain cases, a service system is unable to accommodate at a time than the required number of customers at a time. No further customers are allowed to enter until space becomes available to accommodate new customers. Such types of situations are referred to as finite (or limited) source queue. Example of finite source queues are cinema halls, restaurants, etc., On the other hand, if a service system is able to accommodate any number of customers at a time, then it is referred to as infinite (or unlimited) source queue. For example, in a sales department where the customer’s orders are received there is no restriction on the number of orders that can come in so that a queue of any size can form.


A multiple-queue configuration at a service system can also be finite or infinite. But this has certain advantages such as,

1. The service provided to the customers can be differentiated, by adapting different service rules called queue discipline.

2. Division of man power is possible.

3. Customer has the option of joining any queue and can also switch to the end of any other queue.

4. Balking behaviour of customers can be controlled.

QUEUE DISCIPLINE


The queue discipline is the order in which customers from the queue are selected for service. There are number of ways in which customers in the queue are served. Some of them are,  

i. Static queue disciplines are based on the individual customer’s status in the queue. Few of such discipline are,

a. If the customers are taken into service in order of their arrival, then it is known as the “First-Come, First Served (FCFS)” service discipline. Prepaid taxi queue at airports where a taxi is engaged on a ‘FCFS’ basis is an example of this discipline.

b. Other discipline which is also common in use is “Last-Come 

     First Served (LCFS)”.

ii. Dynamic queue disciplines are based on the individual customer attributes in the queue. Few of such disciplines are,

a. Service in random order (SIRO): Under this rule customers are selected for service at random irrespective of their arrivals in the service system.

b. Priority Service: Under this rule, customers are grouped in priority classes on the basis of some attributes such as, service time or urgency and FCFS rule is used within each class to provide service. The payment of telephone or electricity bills by cheques or cash are examples of this discipline.

c. Preemptive priority: Under this rule, the highest priority customer is allowed to enter into the service immediately after entering into the system even if a customer with lower priority is already in service. That is, lower priority customer’s service is interrupted (preemptied) to start service for a special customer. This interrupted service is resumed again after the highest priority customer is served or according to the pre-emptive rule.

d. Non-preemptive priority: In this case highest priority customer goes ahead in the queue, but service is started immediately on completion of the current.

SERVICE MECHANISM


The service mechanism consists of one or more service facilities, each of which contains one or more parallel service channels, called servers. If there is more than one service facility, the customer may receive service from a sequence of these (service channels in series). At a given facility, the customer enters one of the parallel service channels and is completely serviced by that server. A queueing model must specify the arrangement of the facilities and the number of servers (parallel channels) at each one. Most elementary models assume one service facility with either one server or a finite number of servers.


The time elapsed from the commencement of service to its completion for a customer at a service facility is referred to as the service time (or hold time). A model of a particular queueing system must specify the probability distribution of service times for each server (and possibly for different types of customers), although it is common to assume the same distribution for all servers. The service time distribution that is most frequently assumed in practice is the exponential distribution. Other important service-time distributions are the degenerate distribution (constant service time) and the Erlang (gamma) distribution.

OUTLET


Outlet is the exit from the system. Generally this factor can be ignored but on occasion, this may influence service and/or arrival time. In a single channel facility the output of the queue does not pose any problem for the customer departs after receiving the service but the output of the queue becomes important when the system is of multistage channel facilities because the possibility of a service station breakdown can have repercussions on the queues. The line before the breakdown will lengthen and the line following breakdown will diminish.

OPERATING CHARACTERISTIC OF QUEUEING SYSTEM


Some of the operating characteristic of queueing system, that are of a general interest for the evaluation of the performance of an existing queueing system and to design a new system is given below.

1. Expected waiting time in queue


It is the average time spent by a customer in the queue before the commencement of his service and can be used to evaluate the quality of service.

2. Expected waiting time in the system


It is the average amount representing the total time spent by a customer in the system. It is generally taken to be the waiting plus service time. It can be used to make economic comparison of alternative queuing systems.

3. Expected number of customers in the queue (queue length)


It is the number of customers waiting to be serviced.

4. Expected number of customers in the system


It is the number of customers either waiting in queue or being serviced. It can be used for finding the mean customer time spent in the system.

5. The server utilization factor (or busy period)


It is the proportion of the time that a server actually spends upon with the customers. It gives an idea of the expected amount of idle time which can be used for some other work not directly involved with service.


To describe the distribution of these variables, we should specify its average value, standard deviation and the probability that the variable exceeds a certain value.

TRANSIENT STATE AND STEADY STATE


When a service system starts it progresses through a number of changes. However it attains stability after sometime. Before the start of the service operations it is very much influenced by the initial conditions (number of customers in the system) and the elapsed time. This period or rapid transition is termed as transient state. However, after sufficient time has passed, the system becomes independent of the initial conditions and of the elapsed time (except under very special conditions) and reaches a steady state condition.


In the development of queueing theory models it is assumed that the system has reached a steady state primarily for two reasons:

a. The system most of the time operates in the steady state condition and

b. The transient case is much more complex

Let pn(t) denote the probability that there are n customers in the system at time t. The rate of change in the value pn(t) with respect to time t is denoted by the pn((t). In the case of steady state, we have 

 lim  pn(t) = pn (independent of t)

t ( (
In some cases when arrival rate of customers in the system is more than service rate, then a steady state cannot be reached regardless of the length of the elapsed time.

NOTATIONS


As shorthand for describing queueing process as a notation has evolved, described initially by D.G. Kendall in 1953, which is now rather standard throughout the queueing literature. A queueing process is described by a series of symbols and slashes such as A/B/ X /Y/ Z. where, 

A
-
Indicates in some way the inter arrival time distribution

B
-
The service pattern as described by the probability distribution 

for service time

X
-
The number of parallel service channels

Y
-
The restriction on system capacity and

Z
-
The queue discipline


Some standard symbols for these characteristics are presented below:

	Characteristic
	Symbol
	Explanation

	
Inter arrival-time distribution (A)

Service-time distribution (B)

Number of parallel servers (X)

Restriction on system capacity (Y)
	M

D

Ek
Hk
PH

G

1,2, .... ( 

1,2,.... (
	Exponential 

Deterministic

Erlang type K (k=1,2...)

Mixture of k exponential

Phase type

General 


For example, the notation M/D/2/(/FCFS indicates a queueing process with exponential inter-arrival times, deterministic service times, two parallel servers, no restriction on the maximum number allowed in the system and first come first serve queue discipline.


In many situations only the first three symbols are used. Current practice is to omit the service-capacity symbol if no restriction is imposed (Y=() and to omit the queue discipline if it is first come first serve (Z=FCFS). Thus M/D/2 would be a queueing system with exponential input, deterministic service, 2 servers, no limit on system capacity and first come first served. 

SOLUTION METHODS


Queueing models are broadly classified into Markovian queueing models and non-Markovian queueing models. A queueing model is called Markovian if both the inter arrival and service time follow exponential distribution, if the inter arrival and / or service time distributions are not exponentially, then the queueing models under consideration is called non-Markovian. Several methods have been adopted for solving queueing problems some of them are outlined below.

The Differential – Difference Equation Method


Based on the distributions of inter arrival and service time, the differential difference equations are derived. For solutions of these equations, a number of methods have been put forward. In the transient case, we have the method of generation function (using Rouche’s theorem) of Bailey [3]; the combinational method of Champernowne [5]; the difference equation technique by Conolly [6]; the simple approach of Parthasarathy [22]; the method of Sharma [29]. In the steady state case one has the methods of using the Rouche’s theorem and iteration; the Rouche’s theorem and generating functions and the Laplace transform.

The Matrix – Geometric Algorithmic Method


Most of the queueing models required the application of Rouche’s theorem. Neuts [20] broke completely new grounds and developed the matrix- geometric algorithmic method, not using Rouche’s theorem, for the solution of Markovian and non-Markovian systems. This computational method uses matrix-method as a alternative to closed form analytic methods in solving steady state problems. The approach involves only real arithmetic and avoids the calculation of complex roots based on Rouche’s theorem. A queueing problem is to be mathematically formulated. Then, by lexicographically or otherwise ordering the states, a rate matrix of infinite order is to be formed and partitioned in some convenient way into submatrices. Capitalizing the rich reservoir of results developed by Neuts and his associated, the stationary probability vector, the waiting time distribution and other performance measures of interest are computed. The results are verified by showing that the probability is nearly equal to unity.


Other important methods include “imbedded Markov chain technique”. Of Kendall [15] and “Supplementary variable technique” of Keilson and Kooharian [14]. Recently Grassman [8] has developed an alogrithmic method known as “the state reduction method”. This technique helps to solve even bulk arrival and or bulk service queueing problems including imbedding Markov chains models.

REVIEW OF LITERATURE 


In recent years a huge amount of research has been conducted in queueing theory.


Queueing theory started its development with the Danish mathematician A.K. Erlang who published, “the theory of probabilities and telephone conversations”. It has its fast growth with the contributions, Tsailey, Lederman and Reuter – time dependent solutions for the queue length distributions, Kendall – the imbedded Markov chain technique  for analysing certain queueing models.


In general many authors like Mukharjee, Daniel and Krishnamoorthy,  Fuhrmann  and Cooper, Heymann, Levy and Yechiali, Lucatoni et al, Scholl and Kleinrock, Shantikumar and Tian et al have contributed much to the development of this literature.


In recent years many more researchers Viz, Parthasaraty, Sarathakumar, Krishna Reddy, Natarajan and Subramanian have contributed in various aspects to the very great growth of the literature of queueing theory.

             Many attempts have been made to obtain tractable and conceptually easy format for the transient state probabilities for a single server queue with finite waiting capacity namely M/M/1/N queue. Gross and Harris [9] have mentioned that the transient solution of M/M/1/N queue can be found easily. But the problem becomes more complicated when the restriction on waiting capacity is relaxed. Takacs [34] has obtained the transient solution of M/M/1/N queue using eigen vectors and eigen values technique. Morse [17] also has derived the same result with different approach.


Sharma and Gupta [26] have obtained the transient behaviour of the queue length for M/M/1/N queue using Chebychev’s polynomial. They have expressed the time  dependent state probability in a closed form which are free from Bessel’s function which later led the matrix method by Sharma [29]. However the use of Chebychev’s polynomial revealed some difficulties to mathematical manipulation. Recently, Sharma and Tarabia [28] have obtained a new and simple series for the transient state probabilities of a single server Markovian queue with finite source.


 Heyman and Sobel [12] have obtained the transient probabilities of discrete time queueing system Geom / Geom / 1 /N. Sharma and Shobha [27] have analysed transient behaviour of a double channel Markovian queueing system with limited waiting space. Sharma and Dass [25] have considered multiserver Markovian queueing model with finite waiting space and derived transient results.                                                                   

In many situations, when there are two many people waiting to be served in front of a service facility. The system opens another service facility to reduce congestion known as additional servers. Romani [24] and                Philips [23] have discussed the single service queueing model with variable number of service channels, assuming that when the waiting line size increases to some preassigned fixed number N, then with each arriving unit a new channel is made available. The new channel is cancelled at the termination of service, if there is no unit waiting, with the exception of one channel, which remains open at all times. Murari [19] has modified the results with the assumption that when the queue length increases to some undesirable number m1, another channel is called for its help. If the queue length increases to some undesirable number m2 > m1, the third channel is called for help and so on.


In all these cases, the additional server is made available instantaneously.  Bidhi Singh [4] considered the situation when on reaching the queue length the maximum capacity of the waiting space, a search for additional server is started and the availability time of any additional server is a random variable. Neuts [20] analysed a similar situation for a bulk service queueing model and obtained the steady-state results using the matrix geometric method. Garg and Khanna [7] have considered the steady-state behaviour of a queueing system with additional server facility where in arrivals occur in batches of variable size. Whenever the queue in front of the   first server reaches a certain length, the system adds another server. Steady-state probabilities and expected queue lengths in single server system and additional server system are calculated explicitly.


Krishna Reddy, Nadarajan and Kandasamy [16] have analysed the Markovian general bulk service queueing system with vacation and additional server. They have obtained steady state results using matrix geometric method. Srinivasa Rao and Shoba [33] have presented a paper on the M/M/1 interdependent queueing model with controllable arrival rates and obtained steady state solution.


Haight has introduced the concept of balking in queueing models. Haight [11] has studied M/M/1 queue with balking in equilibrium state.   Singh [31, 32] has analysed a two- server Markovian queue with balking.  Homma [13] has also studied balking problem for a general input distribution and an exponential service time distribution in the multichannel case and derived equilibrium results. Ancker and Gafarian [1] have discussed the M/M/S/N system with reneging and obtained steady state results. Ancker and Gafarian [2] have combined balking and reneging and derived the steady state results for M/M/1/N queueing system. Shawky [30] has investigated the machine interference model: M/M/C/K/N with balking and reneging and spairs. The M/M/1/( queue with additional servers has been studied by Makkaddis and Zaki [18].  Varshney [35] has incorporated the concept of additional server for M/M/m model with finite capacity.


Finite capacity queueing system with additional server is considered in chapter I. In second chapter multichannel Markovian queue with balking and reneging is analysed. In both the models the arrival rate is controlled to reduce the waiting time of an arriving unit. In last chapter, the condition under which the M/M/1 queueing system with additional servers for a longer queue is preferred to the M/M/1 queueing system with no additional server is derived. 

CHAPTER I

Finite capacity queueing system with

additional serverS

                  Finite capacity queueing system with variable arrival rate is analysed in this chapter. Single server Markovian queueing system with c-additional servers is considered.  Number of service channels at any instant is dependent on the system size.  The room capacity is limited to N. When the system is operating with one regular and c-additional channel the arrival rate is controlled. The transient solution and the steady state probabilities are obtained.

MODEL DESCRIPTION


Assume that the customers arrive individually at a service facility in accordance with a poisson process having rate
[image: image3.wmf]l

. The queue discipline is FIFO.  The room capacity is restricted to N.


The system starts with regular channel having service rate 
[image: image4.wmf]m

.  The regular channel is always open irrespective of the queue length. The number of service channel at any instant is dependent on the system length. If the number of customer in the system reaches the preassigned number a(1), then one additional service channel with service rate 
[image: image5.wmf]m

(1) is introduced, which will be dropped at the termination of service, if the system size becomes less than a(1) . When two channels are operating, if the number of units in the system increases to the preassigned number a(2) (>a(1)), the second additional service channel with service rate 
[image: image6.wmf]m

(2) is opened, which will be dropped at the termination of  service, if the system size becomes less than a(2) and so on. The number of additional channels are limited to a maximum of c(<N). When the system size reaches b(1) (>a(c)) the arrival rate is controlled  and  is  reduced  from  
[image: image7.wmf]l

  to  
[image: image8.wmf]l

1,  when  the  system  size reaches b(2) (>b(1)) the arrival rate is controlled to 
[image: image9.wmf]l

2 and So on . In general, if b(k)
[image: image10.wmf]£

n< b(k+1); k=1,....L-1 the  arrival rate is 
[image: image11.wmf]l

k. If b(L) 
[image: image12.wmf]£

 n 
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 N the arrival rate is 
[image: image14.wmf]l

L. It is assumed that there are i- units in the system at t=0.

GOVERNING EQUATIONS


Let  po,o(t) be the probability that at time t, the regular channel is idle and the system size is zero. 

Let pr,n (t) be the probability that at time t, the system size is n and the regular channel is operating together with r additional channels. 


                      i


Let 
[image: image15.wmf]m

i =
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+ 
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(n)


          n=1

The differential difference equations are given by,

po,o((t)       = -
[image: image19.wmf]l

 po,o(t) + 
[image: image20.wmf]m

 po,1(t)

po,1((t)
       = - (
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+
[image: image22.wmf]m

) po,1(t) + 
[image: image23.wmf]l

 po,o(t) + 
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 po,2(t)

pr,a(r)((t)       = -  (
[image: image25.wmf]l

+
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r) pr,a(r)(t) + 
[image: image27.wmf]l

 pr-1, a(r)-1(t) + 
[image: image28.wmf]m

r pr,a(r)+1 (t) ; r = 1, 2, ….., c

pr, n((t)
       = -  (
[image: image29.wmf]l

+
[image: image30.wmf]m

r) pr, n(t) + 
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 pr, n-1(t) + 
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r pr, n+1(t)  ;

                                                   a(r)< n< a(r+1)-1 ; r = 0, 1, 2, …....., c-1
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Laplace transform of the above differential difference equations governing the model are given below,
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TRANSRENT PROBABILITIES


For simplicity, we denote pr,n(t) by pn(t), then equation (1.1) through (1.10) can be expressed in the matrix form as,

A(s) P(s) = P(0)                              



(1.11)
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and A(s) is as  presented in fig 3.


Applying some elementary row and column transformations on |A(s)|. We obtain |A(s)| = s|D(s)|, where D(s) in a symmetric tridiagonal matrix of order N with negative off diagonal elements as presented in fig4. The roots of the polynomial |D(s)| are the negatives of the eigen values of the matrix  D obtained by putting s = 0 in the matrix D(s). Since the matrix D is positive definite, real and symmetric, the eigen values of D are real, district and positive.  Hence the roots of the polynomial |A(s)| are real, distinct and negative.

Let the roots be so ( = 0), s1, ….., sN.
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              s(s-s1)  (s-s2) …… (s-sN)


where |An+1 (s)| is the determinant of the matrix obtained by replacing the (n+1)th column of A(s) by the column vector p(0). 

FIGURE (3) – COEFFICIENT MATRIX A(s)
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FIGURE (4) – Symmetric tridiagonal MATRIX D(s)
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Let Tr(s) and Br(s) be the determinants of the top left and bottom right    r x r matrices obtained from the matrix A(s).


Without loss of generality we can take, To(s) = Bo(s) =1.

Now we express |An+1(s)| in terms of Tr(s) and Br(s) as follows:

Assume n 
[image: image219.wmf]³

 i, then the value of n can be in any one of the following cases,

Case (i)  : 0 
[image: image220.wmf]£

 n 
[image: image221.wmf]£

 b(1) -1

Case (ii) : b(m) 
[image: image222.wmf]£

 n < b(m+1) ; 
m = 1, 2, ….., L-1

Case (iii): b(L) 
[image: image223.wmf]£

 n 
[image: image224.wmf]£

 N

(i). When 0 
[image: image225.wmf]£

 n 
[image: image226.wmf]£

 b(1) –1

|An+1(S)| = Ti(s) 
[image: image227.wmf]l

n-i BN-n(s) ; 0 
[image: image228.wmf]£

 i 
[image: image229.wmf]£

 n



(1.13)

(ii). When b(m) 
[image: image230.wmf]£

 n < b(m+1) ;  m = 1, 2, ….., L-1

|An+1(s)|  = Ti(s) 
[image: image231.wmf]l

b(1)-i    
[image: image232.wmf]l

1b(2)-b(1) … 
[image: image233.wmf]l

mn-b(m)
BN-n(s)  ;  0 
[image: image234.wmf]£

 i < b(1)


   
    = Ti(s) 
[image: image235.wmf]l

kb(k+1)-i  
[image: image236.wmf]l

k+1b(k+2)-b(k+1) …. 
[image: image237.wmf]l

mn-b(m)  BN-n(s) ;  



              b(k) 
[image: image238.wmf]£

 i < b(k+1) ; k = 1, 2, …., L-1 


   
    = Ti(s) 
[image: image239.wmf]l

mn-i BN-n(s)  ;  b(m) 
[image: image240.wmf]£

 i 
[image: image241.wmf]£

 n        

          (1.14)

 (iii). When b(L) 
[image: image242.wmf]£

 n 
[image: image243.wmf]£

 N

|An+1(s)| = Ti(s) 
[image: image244.wmf]l

b(1)-i …… 
[image: image245.wmf]l

Ln-b(L)       BN-n(s) ; 0 
[image: image246.wmf]£

 i < b(1)


  
   = Ti(s) 
[image: image247.wmf]l

kb(k+1)-i ……
[image: image248.wmf]l

Ln-b(L)   BN-n(s) ; 

                                 b(k) 
[image: image249.wmf]£

 i < b(k+1) ; k = 1, 2, …, L-1

                       = Ti(s) 
[image: image250.wmf]l

Ln-i  BN-n(s)   ;  b(m) 
[image: image251.wmf]£

 i 
[image: image252.wmf]£

 n                               (1.15)

Assume n < i, then the values of n can be in any one of the following cases,
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From equations (1.13) – (1.18) we see that the degree of |An+1(s)| is strictly less than the degree of |A(s)|. Hence the right hand side of the equation (1.12) can be resolved into partial fractions as,
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Applying Laplace inverse transform on equation (1.19) we obtain,
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          k=1

STEADY STATE PROBABILITIES


Denoting the probability of n customers being in the system in the equilibrium state by pn and using equations (1.12) and (1.19) we obtain,
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From the definitions of Tr(s) and Br(s) we have the following expressions for Tr(0) and Br(0), 
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From equations (1.16), (1.17), (1.18) and (1.21) we get, 
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We now express the steady state probabilities  pn,  n = 1, 2, …. ,N in terms po
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(i). Let us now assume n < i, then i lies in any one of following intervals,
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Using the equations (1.16), (1.22), (1.23) and (1.25) we have,
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Using the equations (1.16), (1.22), (1.23) and (1.25) we have, 
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From the above two cases we conclude that for all values of i, 
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Using equations (1.17), (1.22), (1.23), (1.25) we get,
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(b). When a(k) ( i < a(k+1); k = r+1, r+2,……..,c-1
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      Using the equations (1.17), (1.22), (1.23) and (1.25) we obtain,
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From the above two cases we conclude that for all the values of i, when 

a(r) ( n < a(r+1); r = 0,1,…..,c-1 the steady state probability pn is given by, 
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Similarly if   a(c) ( n < b(1)-1 using equations (1.13), (1.22), (1.24) and (1.25) we obtain the steady state probability pn as,
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If b(m) (  n < b(m+1) then the steady state probability pn is obtained by using equations (1.14), (1.22), (1.24) and (1.25) as,
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If b(L) (  n ( N then the steady state probability pn is obtained by using equations (1.15), (1.22), (1.24) and (1.25) as,
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Equations (1.26), (1.27), (1.28), (1.29) and (1.30) present all the steady state probabilities in terms of po. Substituting the expressions of pn, n = 1,2,..,N 





   N

in the normalized equation ( pn = 1, the expression for po can be derived.





 n = 0

Using the expressions of the steady state probabilities pn, n = 0,1,2,.., N, the following measures can be calculated. 

(i). The mean number of units in the system is given by,


    
        N      

L  = ( n pn 


                 n=0
(ii). The mean number of units in the queue is given by,

             
               

N      

Lq  = ( (n-c) pn 


        n=c

(iii). The mean waiting time in the system can be obtained from,

W = L / ((  

where, (( = the mean rate of customers actually entering the system.

(iv). The average waiting time in the queue is given by,



Wq = Lq / ((  

CHAPTER II
Final capacity makovian queue with Balking and  reneging

 
 In this chapter the finite capacity multichannel Makovian queue  with balking and reneging is analysed. The arrival rate depends upon the number of units in the system. The transient and the steady probabilities are calculated. Analytical expressions for some important measures are given. 

MODEL DISCRIPTION


Consider a system with c-channels. The units arrive in a Poisson stream with mean arrival rate (. Service time distribution at each counter is negative exponential with same parameter 
[image: image487.wmf]m

. The queue discipline is FIFO. The maximum number of customers in the system is limited to N. If all the servers are busy, the arriving customer joins the system with probability (1 – n/M),          n = 0, 1, ....., M. Where M = N – c and n is the number of customers in the queue. After joining the queue, each customer waits for service a certain time which is a random variable with density function ( exp (-(t) and if service does not begin by then, he leaves the system. It is assumed that at time t=0 there are i- customers in the system. When the system size reaches a(1) the arrival rate is controlled and is reduced from ( to (1. When the system size reaches a(2) the arrival rate is controlled and is reduced from (1 to (2.  In general if a(k) ( n < a(k+1), k=1, 2, ........, L-1 the arrival rate is (k. If                    a(L) ( n ( N the arrival rate is (L. 

GOVERNING EQUATIONS


Let pn (t) be the probability that there are n units in the system at time t. By assumption we have pn (0) = 
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in.


The governing differential – difference equations are
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[image: image503.wmf]m

+M() pN (t)




(2.8)


Laplace transform of the differential equations governing 

the model are given below, 

(s+() 
[image: image504.wmf]p

o (s) = 
[image: image505.wmf]m


[image: image506.wmf]p

1 (s) + 
[image: image507.wmf]d

i,o






(2.9)
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Transient Probabilities


Let 
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n(s) be the Laplace transform of pn(t). Then the Laplace transform of the equations (2.9) through  (2.16) can be expressed in the matrix form as,


 A(s).P(s)  =  P(0)                              



(2.17)


where 
P(s) = (
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0(s), 
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P(0) = (
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and A(s) is a square matrix of order N+1 presented in fig. 5.


By applying some elementary row and column transformations on |A(s)|, we obtain |A(s)| = s|D(s)|, where D(s) is a symmetric tridiagonal square matrix of order N, presented in fig.6. The roots of the polynomial |D(s)| are the negatives of the eigen values of the matrix D, obtained by putting s = 0. The matrix D is a diagonal dominant matrix and hence it is positive definite. The matrix D is also a real, symmetric, tridiagonal matrix. Hence, its eigen values are real, positive and distinct. Let s1, s2, ....., sN be the eigen values of the matrix D. 

 FIGURE (5) – COEFFICIENT MATRIX A(s)
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FIGURE (6) – SYMMETRIC TRIDIAGONAL MATRIX D(s)
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Then |A (s)| = s (s + s1) (s + s2) ......... (s + sN) using Cramer’s rule, equation (2.17) gives,





       | An+1 (s) |
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n (s)    =    ----------------------------------------

 s (s + s1) (s + s2) ........... (s + sN)              

(2.18)


Where | An+1 (s) | is the determinant of the matrix obtained by replacing the (n+1)th column of the matrix A(s), by the column vector P (0).


Let Tr (s) and Br (s) be the determinants of the top left and bottom right  r x r matrices obtained from the matrix A(s).


We now present the expressions for |An+1 (s)|; n=0,1, ....., N 

For n > i

The value of n can be in any one of the following cases, 

Case (i): 0 ( n ( c, 




Case (ii): c < n < a(1), 

Case (iii): a(r) ( n < a(r+1); r = 1, 2, ...., L-1,
Case (iv): a(L) ( n ( N

(i). When 0 ( n ( c



      |An+1 (s)| = (n-i Ti (s) BN-n (s)   ;      0  (   i  < n 


(2.19)

(ii). When c < n < a(1)

       |An+1 (s)| = (n-i (1- 1/M) (1-2/M) ..... (1- (n-c-1) /M) Ti (s) BN-n (s) ;  

0 ( i ( c

               
= (n-i (1-(i-c)/M) (1-(i+1-c)/M) ….. (1- (n-c-1)/M) Ti (s) BN-n (s) ;

                                                                      
c <  i <  n   














(2.20)

(iii). When a(r) ( n < a(r+1)  ;  r = 1, 2, ......., L-1

         |An+1 (s)| = (a(1)–i  (1a(2)–a(1)........ (rn-a(r) (1 – 1/M) (1-2/M) .........

          


          
........ (1-(n-c-1)/M) Ti (s) BN-n (s)  ;    0 ( i ( c

    
  = (a(1)–i  (1a(2)–a(1)........ (rn-a(r) (1 – (i-c)/M) (1-(i+1-c)/M) ......... 

.......(1-(n-c-1)/M) Ti (s) BN-n (s)  ;      c < i < a(1)

  = (ka(k+1)–i  (k+1a(k+2)–a(k+1)...... (rn-a(r) (1–(i-c)/M) (1-(i+1-c)/M) .....

......... 1-(n-c-1)/M) Ti (s) BN-n(s)   ; 

                           k = 1, 2, ........., L-1 ;  a(k) ( i < a(k+1)

   
  = (rn–i (1-(i-c)/M) (1-(i+1-c)/M) ...... (1-(n-c-1)/M) Ti(s) BN-n(s) ; 

                     



a(r) ( i < n      


(2.21)

(iv). When a(L) ( n ( N

        |An+1 (s)| = (a(1)–i  (1a(2)–a(1) ........ (Ln-a(r) (1–1/M) (1-2/M) ........

                    ............ (1-(n-c-1)/M) Ti (s) BN-n (s)  ;    0 ( i ( c

   
 = (a(1)–i  (1a(2)–a(1)........ (Ln-a(L) (1 – (i-c)/M) (1-(i+1-c)/M) ......... 

..........(1-(n-c-1)/M) Ti (s) BN-n (s)   ;    c <  i < a(1)

 = (ka(k+1)–i (k+1a(k+2)–a(k+1)......(Ln-a(L) (1–(i-c)/M) (1-(i+1-c)/M) ....... 

........... (1-(n-c-1)/M) Ti (s) BN-n(s)  ; 

                                  k = 1, 2, ........., L-1 ;  a(k) ( i < a(k+1)

= (Ln–i (1-(i-c)/M) (1-(i+1-c)/M) ....... (1-(n-c-1)/M) Ti(s) BN-n(s) ; 

                                                                a(r) ( i < n   

(2.22)

Let us now assume n ( i, 

then n lies in any one of the following intervals,

Case (i): 0 ( n ( c, 

Case (ii): c < n

(i). When 0 ( n ( c

       |An+1(s)| = Ti (s) BN-n (s)     ;     i = n
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(2.23)

(ii). When c < n 

       |An+1 (s)| = Ti (s) BN-i (s)  ;   i = n


    
 = (c
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(2.24)

|A(s)| is a polynomial in s of degree N+1. From the expressions in (2.19), (2.20), (2.21), (2.22), (2.23), (2.24) we get |An+1 (s)| is a polynomial in s of degree less than N+1. Hence by resolving (2.17) into partial fraction. We obtain,



        cn        N      cnk
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n (s)  = ------- + (  ----------   ;     n= 1, 2, ..........., N   

(2.25)


         s       K=1    s+sk
where, 


cn = lim s
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n (s)


        s(0
and 


cnk =   lim   (s+sk) 
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n (s)


          s((-sk)

The Laplace inverse transformation of the equation (2.25) gives the transient probabilities Pn (t), n = 0, 1, ...., N as, 



       
      N      
pn (t)  =    cn  + (  cnk  exp (-s-k t)      




(2.26)



       
    K=1

Important Performance Measures


Using the closed form exact expression of pin(t), some important measures can be derived. For fixed i , 

(i). The mean number of units in the system at the time t is,


         N      
L  = ( n pin (t)


       n=0

(ii). The mean number of units in the queue at the time t is,

             
               N      
Lq  = ( (n-c) pin (t)


        n=c

(iii). Probability of all the c-channels being busy at the time t is,

           
          N      
p (AB)  = ( pin (t)


      
     n=c

(iv). Probability of balking at time t is, 

                      N      
p (B)  = ( (n/M) pin (t)


      
  n=c

(v). Probability of reneging at the time t is,


    N-1      
p (R) = (   (1-(n) en pin (t)


      
  n=c


where , en = 1 – n/M and (n = 
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 / (
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+n()

(vi). Probability of waiting in queue by those who join at the time t is,

       N-1      
p (W)  = (  en pin (t)


      
    n=c

Steady State Probabilities


Let pn be the steady state probability of n-units being in the system. Applying Tauberian arguments,


pn =  lim pn (t) =  lim s 
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n (s)


        t(( 
          s(0

Multiplying equation (2.25) by s and taking limit as s ( 0 and using equation (2.18) we obtain,


                                                    N


pn =  lim s 
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n (s) = |An+1 (s)| / [ (  sk]     



(2.27)


        s(0 


             k=1
From the definitions of Tr (s) and Br (s), we have,

Tr (0)
= (r   ;       r = 0, 1, ........., c


= (r (1 – 1/M) (1 – 2/M) ..... (1 – (n-c-1) / M) ;        c < n < a(1)


= (a(1) (1a(2)-a(1) ......... (rn-a(r) (1 – 1/M) (1 – 2/M) ..... (1 – (n-c-1) / M) ; 



k = 1, 2, ..........., L-1; a(k) ( n < a(k+1)


= (a(1) (1a(2)-a(1) ......... (Ln-a(L) (1 – 1/M) (1 – 2/M) ..... (1 – (n-c-1) / M) ; 



a(L) ( n ( N          





(2.28)

BN-n (0) = (c
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(2.29)

From the expressions in (2.29) we obtain,

BN-k(0)= (k+1)
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(2.30)

Using equations (2.23), (2.24) and (2.27) in the expression, 



      
     N


p0 =  |A1 (0)| / [ (  sk]


         

     k=1
we have, 

   N

[ (  sk] p0 
= i! 
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(2.31)

  k=1
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+(i-c)() BN-i (0) ;  i > c 

(2.32)


We now derive the steady state probabilities pn interms of p0 for all values of n. 

[a] Assume 0 ( n ( c, there are three possible values of i,


(i). 0 ( i ( n; 
(ii). n < i ( c; 
(iii). c < i ( N

when  0 ( i ( n using the expressions (2.19), (2.28), (2.30) and (2.31) we obtain,
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         N
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when n < i ( c using the expressions (2.23), (2.28), (2.30) and (2.31) we obtain,
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when c < i ( N using the expressions(2.23), (2.28), (2.30) and (2.32) we obtain,
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From the above three cases we conclude that for all values of i,

when 0 ( n ( c the steady state probability pn is given by,

pn = [((/
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)n / n!] p0
[b] Assume c < n < a(1). There are four possible values of i


(i). 0 ( i ( c



 (ii). c < i < n  


(iii). i = n



(iv). n < i ( N

Assume 0 ( i ( c using the expressions (2.20), (2.27),(2.28) (2.30) and (2.31) we obtain ,
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For the remaining three cases it is easy to prove with the help of expression in (2.20), (2.24), (2.28), (2.30), (2.31) and (2.32) pn  as, 
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[c] Assume a(r) ( n < a(r+1), then for all possible values of i we obtain pn using the expressions (2.21), (2.24), (2.27), (2.28), (2.31) and (2.32) as,
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[d] Assume a(L) ( n ( N, then for all possible values of i, the steady state probability pn can be found using the expression (2.22), (2.24), (2.27), (2.28), (2.30), (2.31) and (2.32) as,
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     N

Substituting all the values of pn in the normalized equation  (   pn =1 we 

   n=0

obtain the value of p0.


The mean number of units in the system and in the queue, the mean waiting time in the system and the average waiting time in the queue can also be derived. 

CHAPTER III
The queueing system M/M/1 with additional

 servers for a longer queue


In this chapter infinite capacity Markovian queue with additional servers for a longer queue is considered. The expected number of customers in the system in the long run, the expected waiting time of any customer until entering service, and the probability that a particular server is busy at any time are obtained under the assumption that the number of additional servers is dependent upon the number of customers in the system. The conditions under which the M/M/1 queueing  system with additional servers for a longer queue is preferred to the M/M/1 queueing system with no additional server are discussed.

Model Description

The arrival occurs once at a time in poisson process. These customers get served at a single contour. Their service times are independent and identically exponentially distributed. The queue discipline in FIFO. As long as there are enough customers for service, the service completion occurs in a poisson process. There in only one server as long as the number of customers in the system is greater than or equal to zero and less than or equal to N. As the number of customers in the system increases to more than N and is still less than or equal to 2N an additional server in added. This additional server is removed as soon as the number of customers in the system decreases to N or less. Similarly if the number of customers in the system increases to more than 2N but is still less than or equal to 3N, the number of servers will be three. In general, as long as than number of customers in the system is less than or equal to (j + 1) N but greater than jN, there are (j + 1) servers in the system, where j = 0, 1, 2, …… (i - 1). There are i servers in the system, whenever the number of customers is greater than (i – 1) N. Let  λn  and 
[image: image676.wmf]m

n be the interarrival and service rates, respectively, when there are n  customers in the system. Let Q be the number of customers in the long run in M/M/1 queueing system with no additional server with interarrival rate, service rate and traffic intensity, λ, μ, and ρ respectively. Let Q* denote the number of customer in the long run in the M/M/1 queueing system with additional servers with interarrival rate λ, and the service rate
[image: image677.wmf]m

 = (i – 1) μ, where (i – 1) is the number of available additional servers. The traffic intensity ρ* of the latter system is dependent on the number available additional server, is given by,

   ρ


ρ* = ---------

         (i – 1)
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Governing equation 
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Denote the steady state probability by pn,
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Transient Probabilities
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By taking n = 2, 3, ........, N-1 in equation (3.8) we get,
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When j = 1 the equation (3.10) gives,
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Taking  j=2 in equation (3.9) and varying n  from N+1, N+2,……, 2N –1
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Proceeding like this we get,
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                                                                                                  (
Substituting the expression of pn in the normalised equation  
[image: image811.wmf]å

 pn=1 we get, 

    n=0
       
[image: image812.wmf]¥

     
       2N
    (
[image: image813.wmf]r

*)n
  3N
            (
[image: image814.wmf]r

*)n
   

po   
[image: image815.wmf]å

 (
[image: image816.wmf]r

*)n  +   
[image: image817.wmf]å

   -------    +  
[image: image818.wmf]å


  --------------  + ……….

       n=0               n=N+1    2n-N
  n=2N+1
    (2!)N (3)n-2N

                         (i-1)N
           (
[image: image819.wmf]r

*)n

             
[image: image820.wmf]¥

               (
[image: image821.wmf]r

*)n

             + 
[image: image822.wmf]å


         -----------------------   +    
[image: image823.wmf]å

       --------------------
   = 1
  

                n=(i-2)N+1  [(i-2)!]N (i-1)n-(i-2)N
        n=(i-1)N+1  [(i-1)!]N (i)n-(i-1)N 

                           



              i-2     (j+1)N
       (
[image: image824.wmf]r

*)n            
[image: image825.wmf]¥


                     (
[image: image826.wmf]r

*)n

  po   1+ 
[image: image827.wmf]å

   
[image: image828.wmf]å


--------------   +   
[image: image829.wmf]å

            ---------------------    
  = 1

             j=0     n=jN+1  
(j!)N(j+1)n-jN
          n=(i-1)N+1    [(i-1)!]N (i)n-(i-1)N


                                                     

                      i-2
     (
[image: image830.wmf]r

*)jN+1
     (
[image: image831.wmf]r

*)jN+2
                (
[image: image832.wmf]r

*)(j+1) N
          
  po   1+ 
[image: image833.wmf]å

      ---------   +  -----------    + ...... +   -------------     

                     j=0     (j!)N(j+1) 
 (j!)N(j+1)2 
                       ( j!)N(j+1)N


(
[image: image834.wmf]r

*)(i-1)N+1           (
[image: image835.wmf]r

*)(i-1)N+2

   

           +      ---------------   +  ---------------  +............     
  =1
   



                    [(i-1)!]Ni            [(i-1)!]N i2



            
                      i-2     (
[image: image836.wmf]r

*)jN+1
              




   
 po    1+ 
[image: image837.wmf]å


--------      (j+1)N-1 + 
[image: image838.wmf]r

*  (j+1)N-2 +......... + (
[image: image839.wmf]r

*)N-1
                      j=0   (j+1)!

                                                  
                        (
[image: image840.wmf]r

*)(i-1)N+1         1        
[image: image841.wmf]r

*       (
[image: image842.wmf]r

*)2
                  +  --------------       ----- + -----   + ------   + .............             =1

  

     [(i-1)!]N
               i         i2                 i3  



    






     N-1
              i-2     (
[image: image843.wmf]r

*)jN+1
              

[image: image844.wmf]r

*

      
[image: image845.wmf]r

* 
 po    1+ 
[image: image846.wmf]å


----------  (j+1)N-1      1+ --------  +......... + ------

                      j=0  [(j+1)!]N

         j+1

      j+1







   (
[image: image847.wmf]r

*)(i-1)N+1
               
[image: image848.wmf]r

*
       (
[image: image849.wmf]r

*)2



      +  ---------------       1 + -------- + -------  + .........

  = 1


            i[(i-1)!]N
                i             i2


 





                       i-2    (
[image: image850.wmf]r

*) jN+1
              1- [
[image: image851.wmf]r

*/ (j+1)]N


 po    1+ 
[image: image852.wmf]å


--------    (j+1)N-1
 --------------------
     

                     j=0  [(j+1)!]N

       1- 
[image: image853.wmf]r

*/ (j+1)





          
                               
          (
[image: image854.wmf]r

*)(i-1)N+1
    
1

                                    +  -------------     ----------------
  
  = 1

           i[(i-1)!]N           1-(
[image: image855.wmf]r

*/i)


 







                  -1
                 i-2  (
[image: image856.wmf]r

*)jN+1        (j+1)N  - (
[image: image857.wmf]r

*) N                     (
[image: image858.wmf]r

*)(i-1)N+1



 po =    1+ 
[image: image859.wmf]å


-----------        -----------------       + ------------------               (3.17)    

      j=0  [(j+1)!]N
         j+1-
[image: image860.wmf]r

*
            [(i-1)!]N (i-
[image: image861.wmf]r

*)


Using equations (3.16) and (3.17) the expected number of customers E(Q*) in the long run in the M/M/1 queueing system with only (i-1) additional servers available to be added as the queue gets longer according to the discipline is given by,
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Now consider second term
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Substituting the expressions (3.19) and (3.20) in the equation (3.18) we get,
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From  equation (3.16) it is evident that the probability that the number of customers in the system in the long run is greater than jN but less than or equal to (j+1) N is given by,
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                                                              j = 0,1,2…….(i-2)

Similarly, it is evident that the probability that the number of customers in the system in the long run is greater than (i-1) N is given by,
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The probability that the (th additional server is busy, is equal to the probability that the number of customers in the system is greater than (N.

Hence pr (the (th additional server is busy)


                 

         i-2     (K+1)N                       
[image: image976.wmf]¥


= pr  ((N <Q*)  = 
[image: image977.wmf]å

     
[image: image978.wmf]å

       pn  +  
[image: image979.wmf]å

        pn
                                                                           K=(      n=KN+1                 n-(i-1)N+1                                                                                                          



                      i-2        (
[image: image980.wmf]r

*)KN+1    (K+1)N – (
[image: image981.wmf]r

*)N          (
[image: image982.wmf]r

*)iN-N+1
                     = po    
[image: image983.wmf]å

   -------------   -----------------
    + -------------------

 
                                 K=(     [(K+1)!]N
K+1 – 
[image: image984.wmf]r

*            [(i-1)!]N (i-
[image: image985.wmf]r

*)


                                                                                           

      -1
                                 i-2    (
[image: image986.wmf]r

*)jN+1       (j+1)N  - (
[image: image987.wmf]r

*)N                (
[image: image988.wmf]r

*)iN-N+1


 =    1+ 
[image: image989.wmf]å

 -----------        -----------------        +  -------------------

                                 j=0  [(j+1)!]N
       j+1-
[image: image990.wmf]r

*
          [(i-1)!]N (i-
[image: image991.wmf]r

*)

                                      
                                  
 i-2         (
[image: image992.wmf]r

*) KN+1   (K+1)N - (
[image: image993.wmf]r

*)N             (
[image: image994.wmf]r

*)iN-N+1
         

  x       
[image: image995.wmf]å

    ----------      ---------------     + ------------------        
                  

 k= (    [(K+1)!]N         K+1 -
[image: image996.wmf]r

*           [(i-1)!]N (i-
[image: image997.wmf]r

*)


(3.24)

pr (the (i-1)th additional server is busy)
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Let W n and V n be the waiting time until entrance to service and the service time of nth customers respectively. Denote the number of customers in the system left after the nth departure by Q*n. Using Littles formula, the expected waiting time of a customer in the system is given by,
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PREFERENCE BETWEEN THE M/M/1 QUEUE WITH ADDITIONAL SERVER FOR LONGER QUEUE AND THE M/M/1 QUEUE WITH NO ADDITIONAL SERVER


The preference between the M/M/1 queue with additional servers for a longer queue and the M/M/1 queue with no additional server with traffic intensities 
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 respectively are discussed.  The traffic intensity,
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is dependent upon the number of additional servers available to be permitted into the system where (i-1) is the number of additional serves available.


The interarrival rate and service rate for the M/M/1 queueing system with additional servers are ( and 
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 respectively, while those for the M/M/1 queueing system with no additional server are ( and ( respectively.


Let C1 and C2 be the cost of a waiting customer and that of an additional server respectively.  The expected number of customers E(Q) in the long run in the M/M/1 queueing system with no additional servers is given as in Gross and Harris (1974) by,
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/(i-1) in (3.16) and (3.21), it follows that po, the limiting distribution, and E(Q*), the expected number of customers in the long run in the M/M/1 queueing system with additional servers and traffic intensity 
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Similarly, by replacing 
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 / (i-1) in the expressions (3.22) and (3.23) it is clear that,
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It is evident that E(Q) > E(Q*), therefore the quantity [E(Q) – E(Q*)] denotes the expected number of customers waiting as a result of not permitting any additional server for a longer queue. The M/M/1 queueing system with additional server is recommended when the cost of the additional server is less than that of a waiting customer. Denoting the cost of an additional server and that of a waiting customer by C2 and C1 respectively, it is evident that the M/M/1 queuing system with additional servers is recommended only when,





    i-2

C1 { E(Q) –E (Q*)} >  C2 { 
[image: image1058.wmf]å

 j pr [ jN < Q*  ( (j+1)N] 

 



      J=0
                                                      + (i-1) pr [(i-1) N Q*]}

          (3.31)

Substituting the expressions (3.27) and (3.29) in the expression (3.31), it follows that the modified M/M/1 queuing system is recommended only when,
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To make it more clear, consider for instance, in a bank more and more windows are opened for service when the queues in front of the already open windows get too long. This procedure is sometimes used in airports. Additional buses are added when the queues in front of the already existing buses get too long. The basic advantage in such a system is the inherent flexibility of service. 

SUMMARY AND CONCLUSION

SUMMARY AND CONCLUSION


In this dissertation Markovian queues with state dependent servers is analysed. In chapter I and II the differential difference equations are obtained for the models under consideration. Expressing the Laplace transform of the differential difference equations in the matrix form and using the properties of symmetric tridiagonal matrix, the transient and steady state probabilities are derived. In the last chapter, M/M/1 queueing system with additional servers for a longer queue is considered. The expected number of customers in the system in the long run, the expected waiting time of any customer until entering service and the probability that a particular server is busy at any time are calculated. The preference between the M/M/1 queueing system with additional servers for a longer queue and the M/M/1 queueing system with no additional server is obtained.
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