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                                                                                CHEPTER I

                                                   INTRODUCTION
          CHAPTER I
INTRODUCTION
Mathematical analysis of queues suggests ways to shorten the waiting time and the waiting line, which are the basic characteristics of a queueing system. Queueing theory is a branch of applied probability theory. The study of queues deals with the phenomenon of waiting lines using representative measures of average facility utilization. A.K. Erlang’s fundamental work, in connection with telephone engineering was the origin of queueing theory in 1909. Since then many authors have developed the subject tremendously. In the earlier years of its growth, the studies were confined to single arrival and personalized service systems. 

1.1    QUEUEING SYSTEM 

A queueing system may be described as one, having a service facility, at which customers arrive for service and whenever there are more customers in the system than the service facility can handle simultaneously, a queue or waiting line is developed. The waiting customers take their turns for service according to a pre-assigned rule and after service they leave the system. Thus the input to the system consists of the customers demanding service and the output is the serviced customers. There are many valuable applications of the queueing system, most of which have been well documented in the literature of probability, operations research, management science and industrial engineering. Some examples are traffic flow (vehicles, aircraft and communications), scheduling (Patients in hospitals, jobs on machines) and facility design (bank, post office, amusement parks). 

1.1.1    CHARACTERISTICS OF QUEUEING SYSTEM

The basic characteristics of a queueing system are the following:

1.      ARRIVAL PATTERN OF CUSTOMERS 

The arrival pattern means the manner in which customers arrive and join the system. Arrivals may occur in single or in groups (batch or bulk arrival). It is specified by the probability distribution of time between successive arrivals, that is, the inter arrival time distribution. The batches may be of fixed size or of variable size. If the time between successive arrivals (inter arrival time) is uncertain, the arrival pattern is measured by either arrival rate or mean inter arrival time. The common stochastic queueing models assume that the arrivals follow Poisson distribution or the inter-arrival times follow an exponential distribution. 

2.      SERVICE PATTERN 
The service mechanism describes the manner in which service is rendered. The customers may be served either singly or in batches, the time required for servicing a unit or a batch is called service time. Service time is a random variable and represented by a probability distribution. The distribution describes the rate at which the customers are served per unit of time. The service time is conditioned on the fact that the system is not empty. 

3.      QUEUE DISCIPLINE
The queue discipline is the method by which the customers are 

selected for service from the set of customers waiting for service. The most common discipline observed in everyday life is First In First Out (FIFO) also known as First Come First Served (FCFS) under which the customers are served in the strict order of their arrivals. Some others in common usage  are Last In First Out (LIFO), selection for Service In Random Order (SIRO) and a variety of priority Schemes, where customers are given priorities upon entering the system, the ones with higher priorities to be selected for service ahead of those with lower priorities, regardless of their time of arrival to the system. 

4.      SYSTEM CAPACITY 

The number of customers in the queue and in service put together is called system capacity. A system may have a queue of finite capacity or effectively infinite capacity. A system with finite capacity can be viewed as one with forced balking of a customer arriving, when the system is to its full capacity. If the system capacity is not mentioned, it is assumed to be infinite. A system with a finite limit to the maximum queue size is called finite queueing system. 

5.      SERVICE CHANNELS 

Queueing system may have several service channels to provide service. These service channels may be arranged in parallel or in series or combination of both, depending on the design of the systems service mechanism. 

In parallel channels, a number of channels provide identical service facilities, so that several customers may be served simultaneously. In case of series channels, each customer must pass successively through the ordered channels, before service is completed. 

6.       SERVERS’ VACATION
There are queueing models in which the servers on completion of service to the existing customers continue to stay idle in the empty system and waiting for new arrivals. From practical considerations, it may not always be worthwhile to keep servers unnecessarily idle. In such situations, the server may utilize his idle time in a useful and optimal way to perform additional jobs or for preventive maintenance work and it is termed as server’s vacation. There are several types of vacation policies. Here we mention single vacation and multiple vacation which we have used in the thesis. 

SINGLE VACATION 

After completing service, if the server finds an empty queue, he leaves for a vacation. On returning from vacation, if the server finds sufficient number of customers in the system then he will start his service immediately on the other hand if the number of customers waiting in the queue is not to the required level of service, he may decide to stay idle in the system and wait for the arrival of customers, to start the next service. (i.e.,).The server will take next vacation only after performing at least one service. This type of server’s vacation is called single vacation. 

MULTIPLE VACATION
On returning from a vacation, if the server finds less than the required number of customers, he may immediately take another vacation and repeats his vacation until he finds sufficient number of customers in the system. This is called multiple vacation. There are other types of vacation exist in the literature such as exceptional first vacation, gated vacation, random vacation, limited service vacation etc. 

1.1.2   KENDALL’S NOTATION 

  Kendall [17] has designed a very convenient universally accepted notation to denote a queueing system. A queueing model is described by the notation A/B/C/X/Y where

A – represents the inter arrival time distribution of the customers. 

B – represents the service time distribution of the given service facility. 

C – represents the number of parallel service channels.

X – represents the capacity of the system. 

Y – represents the type of queue discipline. 

If the capacity of the system is infinite and the queue discipline is FCFS, the notations X and Y may be dropped. Whenever, the inter-arrival times and the service times are exponential (Markovian), then A and B are replaced by the symbols M and M. This is because, exponential distribution has the memory-less or Markovian property and it is the only continuous time random variable which has the Markovian property. 

EXAMPLE
1. M/M/1 – In this model, the inter-arrival time and the service time are 

exponentially distributed. There is only one server to serve a customer. The system capacity is infinite and the type of queue discipline is FCFS. 

2. M[x] /M/1− The Model differs from M/M/1 in that the arrival stream forms a Poisson process with parameter ( and the actual number of customers in any arriving stream is a random variable X, which may take on any positive integral value k less than ∞ with probability distribution gk = Pr (X=K), k = 1,2,3 … 

3. M/G/1 Model differs from M/M/1 only in service distribution. The service time of this model follows a general distribution.

1.1.3 MARKOVIAN AND NON-MARKOVIAN QUEUEING MODELS
Queueing models in which all the continuous time distributions involved are exponential are called Markovian queueing models. For example in M/M/1 queueing model, the inter-arrival time and service time are exponential. 

Queues in which inter-arrival and/or service time distribution and/or any other probability distribution involved in the system are other than exponential are known as non-Markorian queues. 

1.2     METHODOLOGY AND PRELIMINARIES

The following methods are generally used to study non-Markovian models. 

i) Imbedded Markov Chain Technique [13] 

ii) Supplementary Variable Technique Introduced by Cox [9]
iii) Phase Technique Method and    

iv) Matrix Geometric Method by Netus [33]

The models of the thesis are analysed using supplementary variable technique.

The technique of introducing one or more random variables to convert 

a Non-Markovian process in to Markovian process is called the supplementary variable technique. 

1.2.1 PROBABILITY GENERATING FUNCTION (PGF)
In dealing with integral-valued random variable it is often of great convenience to apply the powerful tools of generating functions. Many stochastic processes that we come across involve non-negative integral-valued random variables, and quite often we could use generating function in their studies. The principal advantage of its use is that a single function may be used to represent a whole set of individual items. 

Suppose that X is a random variable that assume non-negative integral values 0, 1, 2 … and that 

Pr {X = k} = Pk, k = 0,1,2, …, 
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We have P(1) = 1; the series P(z) converges for atleast −1≤ z ≤1and is infinitely differentiable. The function P(z) is defined by {Pk} and in turn defines {Pk} uniquely, (i.e.,) a probability generating function (PGF) determines a distribution uniquely.  Again the k-th factorial moment of ‘X’ is given by 
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In particular, the mean
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1.2.2 COMPOUND POISSON PROCESS

There are many possible and well known generalization of the Poisson process. The most common generalization is the one which relaxes the Poisson assumption that more than one occurrence in ((t is o((t). Instead, let

Pr (i occurences in (t, t+(t) = (i (t + o((t), i = 1,2, … n with 
[image: image13.wmf]l

l

=

å

=

n

i

i

0

   

This is equivalent to allowing the event of i simultaneous occurrences in (t with probability (i (t + o((t) and each individual stream of occurrences of the same batch size i itself forms a Poisson process. If these sub streams are denoted by Ni(t), then the total process is N(t) = ((iNi(t), with probability function,

Pn(t) = Pr (n occurrence in (0, t))

       
        = 
  
where 

 is the probability that i occurrences give a grand total of n and 
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(i.e.,) the probability associated with i-fold convolution of the batch size probabilities (i/(. The process N(t) is known as the Compound Poisson and also has the stationary and independent – increment properties. 

1.2.3 TRANSIENT AND STEADY STATE QUEUEING SYSTEM
A queueing system is said to be in transient state when its operating 

Characteristics are dependent on time. Otherwise (independent of time), the system is said to be in steady state or equilibrium state. Solution of a queueing system depending upon time is called transient solution and independent of time is called steady state solution. Most of the analysis of queueing models is confined to steady state results. 
1.2.4    LAPLACE TRANSFORMS

Laplace transforms is a generalization of generating function. 

Definition
Let f(t) be a function of a positive real variable. Then the Laplace transform of f(t) is defined by, L(f(t)) = 
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Laplace (Steltijies) Transform of a Probability Distribution of a Random Variable 

Let X be a non-negative random variable with distribution junction, F(x) = Pr {X≤ x}. The Laplace-steltijies transform F*(() of this distribution is defined for ( ≥ 0 by, F*(() = [image: image26.png]
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The Laplace Transform of the Distribution Function in terms of the Density Function

Let X be a continuous (and non-negative) random variable having density function f(x) and distribution, function,

Pr{X ≤ x} = F(x) = [image: image28.png]ly @
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The (ordinary) Laplace transform of the distribution function F(x) is, 

L(F(x)) = F*(() = L {F(x)} = [image: image30.png]
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The random variable X possesses a finite nth moment iff  
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In particular, we have,
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Var(X) =  
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1.2.5 Identities
Here we list some important identities used in this thesis. 

a)   
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where ρ = λ E(X)E(S)
1.3 REVIEW OF LITERATURE
N-Policy Queueing Models 

In classical single server queueing models an idle server will start his  service as soon as a customer enters the empty system. In many situations it is important to decide when the server should start his service because, frequent setups inevitably make the operating cost too high. In N-policy, the server does not start his service until there are atleast N-customers in the queue. This policy is introduced by Yadhin and Naor [41] and is designed to minimize server switchovers and to avoid excessive frequent often used setups.      
The N-policy for reliable M/G/1 queueing system was first studied by Heyman [15] and developed by several researches such as Bell [3], Hersh and Borsh [14], Kimura [21], Teghem [36], Tijms [37], Gakis et al [12] and others. Analytic steady state solutions of the N-policy M/Ek/1 queueing system were first obtained by Wang and Huang [38]. Later, Artalejo [1] proposed a new stochastic decomposition property for the waiting time in the N-policy M/G/1 queue. Wang and Ke [39] analysed the N-Policy M/G/1 queueing system using supplementary variable technique. 

Batch Arrival N-Policy Queueing Models   

The first study on bulk arrival M[x]/G/1 N-policy queue was done by Lee and Srinivasan [24]. They presented a procedure to find the optimal stationary operating policy under a linear cost structure. To do this, they derived the mean waiting time which was expressed by the ratio of the first and second moments of the system size at a service initiation epoch. Later, Lee [25] developed an efficient algorithm to compute the steady state probabilities. 

Lee et al [26a] placed their attention on understanding the operational characteristics of the M[x]/G/1 N-Policy queue and derived the system size distribution, the waiting time distributions and other performance measures. Appropriate interpretations are provided wherever necessary. Finally they adopted a similar linear cost structure as the one in Lee and Srinivasan [24] and derived the optimal stationary operating policy.



N-policy Queuing Models with Server’s vacation

Server vacations are useful for the system in which the server wants to utilize his idle time for different purposes. For comprehensive and excellent surveys on queueing systems with server vacations, one can refer Doshi [10] and Takagi [34]. For the control policy of vacation queues, it is usually assumed that, when the system becomes empty the server goes on a vacation. The instance at which the server comes back from a vacation and finds atleast N (predetermined threshold) customers in the system he begins serving immediately and exhaustively. This type of control policy is also called N-policy queueing systems with vacations. Kella [18]  and Lee and Srinivasan [24]  first provided detail discussions concerning N-policy M/G/1 and M[x]/G/1 queueing systems with vacations respectively. 

Lee and Srinivasan [24] and Kella [18] first investigated the problems regarding to the N-policy with multiple vacations. They considered the batch arrival and the single-unit arrival queueing systems respectively, examined the system performance and obtained the optimal threshold using a stationary cost function. Lee et al [26, 27] analysed the systems discussed by Lee and Srinivasan [24] employing the supplementary variable technique. They provided probabilistic interpretations for the N-policy system with single and multiple vacations. Their results also confirm the stochastic decomposition property given in Fuhrmann and Cooper [11].

N-Policy Queueing Models with Setup Time 
The server setup time corresponds to the preparatory work of the server before starting the service. Queueing systems combining N-policy with setup time have attracted much attention of several researches, since Baker [2]. Baker considered the N-policy M/M/1 queueing system with exponential setup time. The extensions of his basic model can be found in Borthak et al [4], Mihn [32], Medhi and Templeton [31], Takagi [35] and so on. Borthakur et al [4] extended Baker [2] model by considering the general setup time. The N-policy M/G/1 queueing system with general setup time was examined by Medhi and Templeton [31]. Later Hur and Park [16] examined the operational characteristic of M/G/1 queueing system under N-policy with server setup and explained how the system operational policy and cost behave for various arrival rates. Their work is unique to consider the behavior of arriving customers in to considerations. It is to be noted that fewer researchers studied queueing systems under N-policy with server startup time and vacation time treated as different random variables. 

N-Policy Queueing Models with Setup-time and Server’s Vacation  

                   Choudhury [5] examined an M[x] /G/1 queue with a setup and a vacation period and indicated some actual situations in queuing and           inventory analysis, where such models could be useful. Krishna Reddy et al [22] have analyzed a bulk arrival and bulk service queueing model with multiple vacations and setup time and derived the expected number of customers in the queue at an arbitrary time epoch. J.C. Ke [19, 20] had developed two key p.g.f ’s for the M/G/1 and M[x] /G/1  queueing system with server set-up and two-type vacations. He derived some important system characteristics for the models.

N-Policy Batch Arrival Queue with Second Optional Service 

In real- world there are numerous examples of the queueing situations where all the arriving customers require the main service and only some may require the subsidiary service provided by the same server. K.C. Madhan [30] was the first to study the steady state behavior of an M/G/1 queueing system with second optional service using the supplementary technique. Choudhry [7] generalized the results of Madan[30] by deriving the steady state queue size distribution at the stationary point of time for general SOS. Also he derived the queue size distribution at departure point of time as a classical generalization of the well known Pollaczek-khinchine formula and finally obtained the LST of the waiting time distribution and some important performance measures which lead to remarkable simplification when solving other similar type of queueing models. Choudhury and Paul [8] concentrated in obtaining the queue size distribution of batch arrival queue with second optional service under N-policy at a random epoch as well as at a departure epoch. Further, they derived a simple procedure to obtain optimal stationary policy under a suitable linear cost structure and provided some important performance measures for their model with some numerical examples. 

1.4 WORK DONE IN THESIS

In this thesis, the optimal control policy of single server, batch arrival queueing systems with server’s setup time and vacation are analysed. The server provides two phases of heterogeneous service to all the arriving customers. All the customers undergo the first essential service (FES) according to first come first served queue discipline. After the completion of FES, the customer may leave the system with probability (1−r) or may opt for second optional service (SOS) in an additional channel by the same server with probability r (0 ≤ r ≤ 1). The steady state system size equations are derived for the models using supplementary variable technique by employing the remaining service times remaining service times and setup times as supplementary variables.


Chapter II deals with single vacation policy and chapter III deals with multiple vacation policy.

The salient features of the model of chapter II are the following: 

· Customers arrive in batches according to the compound Poisson process with arrival rate(.

· There is a single server who serves one customer at a time and the customers arrive at the service facility form a single line and are served in the order of their arrivals. 

· Whenever the system becomes empty, the server leaves the system for vacation of random length V. On returning from vacation, if the server finds less than N customers in the system, then he joins the system and stays idle in the system until the system size reaches or exceeds a pre determined value N (threshold). This type of vacation is called single vacation. 

· After returning from vacation, if the server finds N or more customers in the system, then the service is turned on for the startup work of random length D and as soon as the server finishes the set-up work, the busy period initiates. The setup time D and vacation time V follow general distributions  D(t) and V(t) with density function d(t) and v(t) and finite moment’s E(Dk) and E(Vk), k=1, 2. 

· During busy period, the server provides to each unit two stages of heterogeneous services of which one is optional. The server provides the first essential service (FES) to all the arriving customers. After the completion of the FES, the customers may leave the system with probability (1− r) (or) may opt for a second optional service (SOS) in an additional channel with probability r (0≤ r ≤ 1).

· This type of service is continued until the system becomes empty (i.e.,). The server is again turned off only when the system becomes empty. Thus, a vacation period, a setup period and a busy period constitute a cycle. The service times Si, i = 1, 2 of FES and SOS are assumed to be mutually independent of each other having general law of distribution with distribution function Si(x), i=1, 2 respectively. The first and second moment of the service time are assumed to be finite. The model is analyzed under steady state using supplementary variable technique and various performance measures are discussed. 

The model of Chapter III differs from the model of chapter II only in vacation policy. The vacation policy adopted in the model of chapter III is multiple or repeated vacation policy (i.e.,) the server who finds less than N customers in system soon after returning from vacation will repeat his vacation until the system size reaches (or) exceeds N. 

Analytical steady-state results derived for the models of chapter II and III are the following:

· The p.g.f. of the system size distribution at stationary point of time using supplementary variable technique. 

· Stochastic decomposition property of the steady state distribution of system size. 
· The expected idle time, expected length of cycle, mean queue length, expected busy period, and expected setup time.

· Various system size probabilities. 

· A procedure to find the optimal value N* that minimizes the long run average cost. 
· Numerical examples for various performance measures and their graphical representations and 
· Some particular cases are also analyzed. 
                                                                             CHAPTER II
    THE N-POLICY  OF  M[X]/(G1,G2)/1 QUEUEING SYSTEM  UNDER  SECOND OPTIONAL SERVICE, WITH SERVER’S  SINGLE  VACATION AND  SETUP  WORK
CHAPTER II
THE N-POLICY OF M[X]/(G1,G2)/1 QUEUEING SYSTEM UNDER SECOND OPTIONAL SERVICE, WITH SERVER’S SINGLE VACATION AND SETUP WORK

2.1 Introduction

           In this chapter we analyse the N-policy of a single server batch arrival M[X] /(G1,G2)/1 queueing system under second optional service, setup work and server’s single vacation.

           In day-today life one encounters numerous examples of queueing situations, where all arriving customers require the main service and only some may require the subsidiary service provided by the server. K.C.Madhan[30] studied the steady state behavior of M/G/1 queue with second optional service, using supplementary variable technique and listed such queueing situations in his paper. Later choudhry and Paul[8] extended the results of Madhan to a batch arrival queue under N-policy. In this chapter we consider a more general model in which server’s single vacation and setup work are introduced.

         In classical queueing models, it is assumed that the server on completion of service to the existing units continues to stay idle in the empty system waiting for new arrivals. But for practical consideration, it may not always be appreciable to keep server unnecessarily idle. In such situations, the servers may be allowed to utilize their idle time for preventive maintenance work (or) to perform additional jobs and it is termed as server’s vacation. There are several vacation policies and we have analysed, single vacation policy in this chapter. There are situations in queuing system, where the server needs a random amount of time for preparatory work before starting a busy cycle. The time taken for the preparatory work is termed as server’s setup time. In the model of the chapter, we assume that after returning from vacation, if the server finds N (or) more customers in the system then, the server is turned on for the startup work of random length D and as soon as the server finishes the setup work, the busy period initiates.
           The steady state behavior of queue size distribution is analysed for the model, using the supplementary variables technique. The PGF of the system size distribution at an arbitrary epoch and at departure epoch are derived and the well known decomposition property is also analysed. Various performance measures including expected system size, and expected length of the cycle are calculated. A cost model is developed and the optimal operating N-policy that minimizes the total expected cost per unit time is also analysed. Numerical analysis is also presented (in chapter IV) to justify the measures calculated for the model. 
2.2 MATHEMATICAL ANALYSIS    

2.2.1 Model Description

       The following assumptions are made to analyse the mathematical model.

Compound Arrival Process

                                     The customers arrive in batches and the arrival streams follow a Poisson 
process. The actual number of customers in any arbitrary arriving batch is a random variable X whose probability distribution is given by Pr(X=k)=gk, k=1,2,… (i.e.,). If 
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 denote the PGF and the kth  moment of the random variable X. 

N-policy, Setup Time and Single Vacation

         A cycle begins when the system becomes empty and the server leaves the system for a vacation. After returning from the vacation, if the server finds N (or) more customers present in the system then the server takes random amount of setup time for preparatory work before starting the service. The setup time is a random variable with finite moments which has the general distribution D(t) and density function d(t). The customers who arrive during vacation and setup period will also join the queue and wait for their turns. If the server returns from the vacation finds, less than N customers in the system then he stays idle in the system and will start the preparatory work as soon as the system length reaches atleast N (i.e.,) the server takes only a single vacation. The period during which the server remains idle in the system to start the preparatory work after returning from vacation is called build up period. The vacation time follows the general distribution V(t) with finite moment’s E(Vk) and density functions v(t).

Busy Period 
         Immediately after the setup time, the busy period starts and customers are served one by one according to FCFS queue discipline. During busy period the server provides each unit two types of heterogeneous services of which one is optional. (i.e.,) The server provides first essential service (FES) to all the existing customers and after the completion of FES each customer may leave the system with probability (1−r) (or) may opt for the SOS with probability r 
[image: image68.wmf])
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. This type of service continues till the system becomes empty and then the server goes on vacation. Thus the vacation period, buildup period, setup period, and busy periods constitute a cycle. It is also assumed that the arrival processes, vacation time, service time and setup time are independent of each other. The model described above is depicted in figure I. 
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2.2.2 Steady State System Size Equations

 To obtain the steady state system size equations of the model using supplementary variable technique, we employ the remaining service time, the remaining setup time and the remaining vacation time of the server as the supplementary variables. The following notations and probabilities are used to derive the steady state equations of the model.


N
-
Threshold
(
-
Group arrival rate

X
-
Arrival size random variable

gk
-
Pr(X = k)    

(k(hk)
-
probability that k customers arrive during a vacation            


(setup) time (k = 0, 1, 2 ()

X(z)
-
the probability generating function (PGF) of X
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-
i-fold convolution of {gk} with itself and 
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N(t)
-       The system size including one in service at time t.

Let the abbreviations C.D.F, p.d.f, LST respectively denote cumulative density function, probability density function, Laplace Stieltjes transform of the random variables (R.V). then following table explains various notations.

	
	R.V
	C.D.F
	p.d.f
	LST
	Kth moment of the random variable

	FES
	S1
	S1(x)
	s1(x)
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	SOS
	S2
	S2(x)
	s2(x)
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	Vacation time
	V
	V(x)
	v(x)
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	E(Vk)

	Setup time
	D
	D(x)
	d(x)
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The server’s states are denoted by the random variable.

Y(t)  =  
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The state of the system at time t can be described by the bivariate Markov process {(N(t), Y(t)),
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V0(t), D0(t) denote the remaining service times at the ith  phase, remaining vacation time and remaining setup time respectively at time t.


The transient state system state probabilities are defined by: 




Qn(t) dt         = Pr(N(t) = n, x ( 
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Rn(t)             =  Pr(N(t) = n; Y(t) = 1),  0≤ n ≤ N−1




Dn(x, t) dt
  =  Pr(N(t) = n, x ( D0(t) ( x + dt, Y(t) = 2), n ( N

Pn1(x, t) dt     =  Pr(N(t) = n, x ( 
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Pn2(x, t) dt     = Pr(N(t) = n, x ( 
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Thus Rn(t) denotes the probability that there are n-customers in the system at time t, when the system is in the buildup period and Qn(x,t), Dn(x,t) and Pni(x,t) respectively denote the probability that there are  n−customers in the system and the remaining vacation time, remaining setup time and remaining service time lie in the interval [
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period and service times.


Assuming the steady state probabilities 
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following the arguments of Cox [9] and observing the changes of states during the interval [t, t+Δt] at any time t, the transient system state Kolmograv forward equations are obtained as
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 Under the steady state, the system size probabilities are assumed to be independent of time t. The steady state equations are given by,

( R0 = Q0(0)





                                            2.1                             λ Rn= Qn(0) + ( 
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LST of Steady State Equations


We introduce the following Laplace Stieltjes transform (LST):
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Taking the Laplace stieltjes transformation of both sides of equations (2.3) to (2.11) and using the properties of LST of differentiation, we have
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2.2.2  Steady-State Solutions
Let us define the following partial PGF’s for 
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Equations (2.19) and (2.20) are used to calculate 
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Multiplying the equations (2.1) and (2.2) by appropriate powers of z and then adding, we get,
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Multiplying equation (2.22) by D(((), subtracting it from equation (2.21) and using the identity,
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Next we shall calculate the PGF corresponding to vacation state.

Multiplying the equation (2.18) by 
[image: image202.wmf]1

,

³

n

z

n

  summing up from n=1 to 
[image: image203.wmf]¥

 and adding the equation (2.17) it follows after simplification that,


(( ( ( (1−X(z))) Q((z, ()  =  Q(z, 0) – P1(0) V((()
                      2.26

where P1(0)    =  P11(0) (1 – r) + P12(0)

At (  = wX(z)


Q(z, 0)  =  V((wX(z)) P1(0)



                                 2.27
and hence Q((z, ()  =  
[image: image204.wmf])

(

))

(

))

(

(

(V

 

)

0

(

1

z

w

V

z

w

P

X

X

-

-

*

*

q

q


                                 2.28


Using equations (2.27) and (2.28) in equations (2.24) and (2.25), we have,
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To calculate R(z), we introduce (n’s and (n’s (0 ( n ( N−1) in the following way.
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The equation (2.27) implies,
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where V((wX(z)) gives the PGF of the number of customers arrive during the vacation. Hence,
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where (n denotes  the probability that n customers arrive during a vacation. Collecting the coefficients of zn on both sides, we have,
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Substituting R(z) in (2.29) and (2.30) we have 
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Next we shall calculate the generating function when the server is busy with the ith phase (i = 1, 2). 
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Evaluating P2(z, 0), at (  =  ( (1 – X(z)), we have,  
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Substituting (2.42) in equation (2.41) we get,
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Substituting for P2(z,0)  from equation (2.42) we have,
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Substituting for P2(z, 0) in equation (2.46)
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  Using equations (2.39) in (2.47) and (2.48) we have,
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 Substituting P1(z, 0) in equation (2.42) and (2.43), we have,
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Let PB(z) denote the PGF of the system size when the server is busy.
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The PGF of the system size probabilities when the server is idle is given by
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After simplification,
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Thus if PS(z) denotes the total probability generating function of the number of customers in the system of the model at steady state, then,


PS(z)  =  PB(z) + P((z)
Adding equations (2.53) and (2.54) we have,
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P1(0) can be calculated using the normalizing condition P​(1) = 1. 

By calculation,
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Substituting for P1(0)  in P(z) , we have, 
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2.3 Decomposition Property
Theorem


The PGF of the system size of the N-policy of  M[X]/(G1,G2)/1/SV queueing model with setup time and server’s single vacation is the product of the PGF of the M[X]/(G1,G2)/1 model without N-policy and the PGF of the conditional system size distribution during the server idle period.

Proof:
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M[X] /(G1,G2)/1  queueing model  without N-policy [8] and 


[image: image288.wmf])

(

z

S

d

=
[image: image289.wmf])

1

(

)

(

I

I

P

z

P

=
[image: image290.wmf]å

å

-

=

-

=

*

*

*

+

+

+

-

1

0

n

1

N

0

n

n

 

)

(

)

(

z

 

 

 

))

(

(

)

(

))

(

(

V

 

))

(

(

1

N

n

n

X

X

X

X

V

E

D

E

z

w

D

z

w

z

w

z

w

D

l

y

y

                    2.57

 is the PGF of the number of customers present in the system given that the server is idle. Thus the decomposition property is verified for the model.
2.4 Performance Measures

2.4.1Mean System Size


Let LS denote the expected system size of the M[X]/(G1,G2)/1 queue with N-policy single vacation and setup time. Then  
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Similarly, one can prove that 
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Using (2.58) and (2.59) in (2.57) we have,
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Where L1 (given in equation (2.58)) is the expected system size of the M[X]/(G1,G2)/1 queueing model without N-policy. 

2.4.2 Other System Characteristics

In this section, we calculate the probability that the server is on vacation (PV), busy (PBusy), setup state (PS) and in buildup state (Pbuild).

(i) PV  =  the probability that the server is on vacation
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       PV   = E(V) P1(0)                                                                 2.62

(ii) PBusy  =  the probability that the server is busy
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(iii) PS  = The Probability that the server is doing his pre-service work
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(iv) Pbuild  =  
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2.4.3 Expected Cycle Length 


Let E(TV), E(B), E(Tcy), E(D) represent the expected vacation period, expected busy period, expected cycle and expected setup period then the long-run fraction of time the server is on vacation busy and doing setup work are given by,
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2.5 Queue size distribution at a departure epoch


Following the arguments of PASTA [26a, 27], it is proved that (when the server is busy) a departure customer will see j customers in the system just after the departure if and only if there were j+1 customers in the system just before departure.


 If 
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Hence the PGF 
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where PS(z) is the total PGF given in equation (2.56)
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2.6 Optimal design of N-policy with single vacation 

In this section we develop the total expected cost function per unit time for the model, and calculate the optimal value N* of  N which minimizes the linear cost function. We employ a cost structure that has been widely used in literature.

 Let   TC(N)  - Total average cost per unit time

CY   -    Turn on cost per cycle


Ch    -    Holding cost per unit time per customer


Cs    -    Setup cost per unit time


CBusy -    Operating cost per unit time


CI     -    Buildup cost per unit time

By following the arguments of Lee and Srinivasan [24] and Lee and

 J.O. Park [28] the total average cost per unit time 
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With the identification of TC(N) we have,
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By calculation,



[image: image365.wmf]k

k

D

D

1

1

1

-

+


=

[image: image366.wmf]1

k

D

 

+

-

k

k

D

l

y




[image: image367.wmf]å

å

-

=

=

+

-

1

0

n

0

1

n

 

 

k

n

k

k

n

k

D

D

y

y

 =  
[image: image368.wmf]1

k

k

k

D

 

D

 

 

))

(

)

(

(

+

+

l

y

V

E

D

E




[image: image369.wmf]å

å

=

=

+

-

k

n

k

k

n

k

D

n

D

n

0

n

0

1

n

 

 

 

 

y

y

 =  
[image: image370.wmf]1

k

k

k

D

 

D

 

+

l

y



 EMBED Equation.3 [image: image371.wmf]÷

ø

ö

ç

è

æ

-

+

+

å

=

k

0

n

n

 

)

(k

 

 

E(V))

(E(D)

 

y

n

k


Thus, 
[image: image372.wmf])

1

(

+

k

T

S

C

 ( 
[image: image373.wmf])

(

k

T

S

C

  = 
[image: image374.wmf]1

k

k

D

 

D

 

+

l

y

k

 h(k)



 

Where,  h(k) = ( A+ (E(D) + E(V)) [CI (1 – ()+( E(X) E(D) Ch+ kCh]



                 + Ch 
[image: image375.wmf]å

=

-

k

0

n

n

 

)

(k

 

l

y

n


The sign of h(k) determines whether Tc(k) increases (or) decreases.
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2.2 Particular cases
In this section some particular cases of the model are discussed.
(i) N-policy of single service M[X]/G/1 queue with setup and server’s single vacation

       
 If r=0, then the model reduces to single server N-policy M[X]/G/1 queue with setup and server’s single vacation.

Thus, by taking r=0 in equations (2.56) and (2.57), 
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and the mean system size is given by,
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(ii) N-policy of M[X] /G/1 queue with server’s single vacation (without setup):

By taking r=0, 
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And the results coincide with the corresponding results of Lee et al [27]

(iii) N-policy of M[X]/G/1 queueing system (without setup work and vacation)

   
If r=0, 
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Hence the total PGF is
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and the mean system size is 
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Hence the results of Lee et al [26a] are obtained.

(iv) N-policy of M[X]/(G1, G2)/1(with no vacation and no setup) 
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equations (2.56) and (2.57) imply, 
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(v) N-policy of M[X]/(G1, G2)/1 under SOS and server’s single     vacation(without setup)

When there is no setup operation, 
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Thus the corresponding PGF and LS can be obtained from equations (2.56) and (2.57) are given by,
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CHAPTER – III
THE N-POLICY OF BATCH ARRIVAL M[X]/(G1,G2)/1 QUEUEING SYSTEM UNDER SECOND OPTIONAL SERVICE, SETUP AND MULTIPLE VACATION
3.1
Introduction


The model discussed in this chapter differs from the model of chapter II only in the vacation policy.

3.1.1
Multiple Vacation Policy

In the queueing model under study it is assumed that as soon as the system becomes empty the server leaves for a vacation of random length V​1. When the server returns from the vacation and finds less than N customers in the system, he leaves for another vacation and continues his vacation until he finally finds at least N-customers in the system. The random variables V1, V2, V3 ( are assumed to be independently and identically distributed with generic representation V. That is the server is said to follow repeated vacation (or) multiple vacation process. The time during which the server is on vacation is called vacation period.


After a vacation if the server finds N or more customers in the system, the server takes a random amount of setup time for preparatory work before starting his service. Immediately after the setup time, customers are served one by one under the First-Come-First Served (FCFS) basis exhaustively as in chapter II (i.e.,) setup time is followed by busy period.
Grand Vacation Process

To study the system size distribution of the model, we need to define a Grand Vacation and the Grand Vacation Process. The first grand vacation (G1) starts from the time point the system becomes empty and the sever leaves for the first vacation (V1). The grand vacation lasts until the server finds one (or) more customers after returning from a vacation. At the end of the first grand vacation, if the number of customers in the queue is less than N, the server has to leave for another vacation and this becomes the initiation point of the second grand vacation (G2​). This second grand vacation continues until a different system state is observed after a vacation (i.e.,) atleast one group arrives. Grand vacations {G1, G2(} continue in this manner until the number of customers observed after a grand vacation is greater than (or) equal to N. The Grand Vacation Process is a process imbedded in the idle period process in which the imbedded states are the number of customers in the queue just after leaving for grand vacations. 

3.2 Mathematical Analysis




3.3    Steady state system size equation

To obtain the steady state system size equations of the model using supplementary variable technique, we employ the remaining service time, the remaining setup time, remaining repair time and the remaining vacation time of the server as the supplementary variables.
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By observing the changes of the states in the interval (t, t + (t) for any time t, we obtain the following steady state system size equations.
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The remaining equations are similar as in chapter II.


Thus the steady state equations and the LST of the equations for the multiple vacation models are given by,
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3.2.2    Steady-state solutions

Since the equations (3.20) to (3.24) are same as in chapter II, the partial generating functions 
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To calculate the partial PGF of the system size probabilities when the server is on vacation, we define the partial PGF’s corresponding to vacation for | z | ( 1 as follows.
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Multiplying the equations (3.13) and (3.15) by the proper powers of z and then adding both equations, we get,
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Q1(z, 0) can be obtained by letting ( = ((1( X(z)) = wX(z) in the above equation as,

Q1(z, 0)  =  P1(0) V(( ( (1-X(z))) = P1(0) V((wX(z))

                      3.28

Substituting this in (3.27) we have,
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Similarly multiplying the equations (3.14), (3.16) and (3.17) by the appropriate powers of z and then adding, 
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Using this equation in (3.29), we have,
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Using equations (3.28) and (3.32) Q(z, 0)  =  
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Similarly adding equations (3.29) and (3.32) we have,
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Next to derive the expression for the PGF of D((z, () and D(z,0) the equations (3.18) and (3.19) are used.


Multiplying the equations (3.18) and (3.19) by appropriate powers of z and adding, we have,
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Next we shall simplify the expression 
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Substituting for Qj(z, 0) from equations (3.28) and (3.31) we have
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where Y(z)  =  
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Using (3.36) in (3.35) we have,


(( ( wX(z)) D((z, () = D(z, 0) − D((())[(V((wX(z)) – 1) Y(z) + P1(0)] 

                                                                                                          3.37                                                                                                                                                                       

D(z, 0) can be obtained by letting ( = wX(z) in the above equation as,


D(z, 0)  =  D((wX(z)) [(V((wX(z)) – 1) Y(z) + P1(0)]                  3.38

Substituting for D(z, 0) in (3.37) we have, 
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At ( = 0, 
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At ( = 0, equation (3.34) becomes,
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To evaluate Y(z) = P1(0) + 
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For further simplification we introduce,
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Total PGF PM(z) of the model

To calculate the total PGF of the model, we first list all the partial PGF’S
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Let PB(z) denote the PGF of the system size when the server is busy.
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Let P((z) denote the partial PGF corresponding to the idle period. 
Then, P((z)  =  Q((z, 0) + D((z, 0)
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Under normalizing condition,
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3.3 Performance Measures
3.3.1 Mean system size
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It is proved in chapter II,
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and it is easy to prove that,
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Using (3.48) and (3.49) in (3.47) we have,
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where,     L1 = ( +
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 gives the mean system size of the M[X]/(G1,G2)/1 model 

3.3.2 Other System Characteristics


In this section, we calculate the probability that the server is on vacation (PV) busy (PBusy) and in setup state (PD). 

I. PV
=
the probability that the server is on vacation
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II. PBusy
=   the probability that the server is busy
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Then   PBusy
=  ( E(X) [E(S1) + r E(S2)]
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III. PD   =
  the probability that the server is doing his pre-service work
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3.3.3 Expected cycle length

Let E(Tv), E(B), E(Tcy), E(D) represent the expected vacation period, expected busy period, expected cycle length, expected setup period, then the long-run fraction of time the server is idle and busy are given by,
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3.4 Queue size distribution at a departure epoch:


Arguing as in chapter II, the probability that there are j customers in the system at a departure epoch is given by,
    
πj+
= D ((1− r) Pj+11(0) + Pj+12(0)) ,
j ≥  0

 where D is the normalizing constant.

Let  π+(z) be the PGF of {πj , j ≥  0}. Then
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Substituting the value of P1(0), we have.
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Using the normalizing condition π(1)=1, we get  D
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Thus the following theorem is true.
Theorem

Let π+(z)
 be the PGF of the queue size distribution at a departure epoch of the queuing model under consideration, then under the stability condition ρ < 1, we have
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3.5   Optimal Design of N-policy with Multiple Vacations

In this section we develop the total expected cost per unit time for the model where N is a decision variable and to find the optimal value 
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 that minimizes the linear cost function, we employ a similar cost structure that has been widely used in literature.


The notations Cy, Ch, CS, CV, CBusy, Tc(N) are same in chapter II.
Then the total average cost per unit time is given by,
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 [from equation (3.54)]
and LM the expected system size of the model given in equation (3.50).

Thus, Tc(N) can be re-written as,
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By proceeding as in chapter II, that following theorem holds good for multiple vacation theorem.
Theorem

Let N( be the optimal threshold value of N that minimizes the average cost TC(N) per unit time under the cost structure mentioned. Then 
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By calculation,
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The sign of h(k) determines whether TC(k) increases (or) decreases. If k be the first integer such that h(k) > 0, then, 
       h(k+1)  =  h(k) + E(V) Ch 
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This implies h(k + 1) > 0 whenever h(k) > 0.

Therefore N(  = first k for which h(k) > 0

(i.e.,) N(  =min {k≥1/[λ E(X) Ch (E(D)E(V)+
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3.2 Particular cases

 In this section some particular cases of the model are discussed.

(i) Single service N-policy M[x]/G/1 queue with setup and server’s Multiple vacation                        


If the sever renders only a single service to the customers, then r=0.


Therefore, the PGF of the single service model can be obtained from equations (3.49a) and (3.50)
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And th means system size is given by.
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(ii) N-policy M[x]/G/1 queue with server’s Multiple Vacation (without setup time).


By taking, r=0, D*(wx(z))=1, E(D)=0 in equation s (3.49a) and (3.50), we have,
S*(wx(z)) = 
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And the results coincide with the corresponding results lee et al [26].

(iii) N-policy M[x]/G/1 queueing system (without setup work and Vacation)



If r=0, V*(wx(z))=1, E(V)=0, D*(wx(z))=1, E(D)=0 in equations (3.49a) and (3.50)) then,

Ψn = πn, S*(wx(z)) = 
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and the mean system size is 
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Hence the results of Lee et al [26a] are obtained.

(iv) N- policy M[x]/(G1,G2)/1 queue


When D*(wx(z))=1, V*(wx(z))=1, E(D)=0, E(V)=0, equations (3.49a) and (3.50)) imply, Ψn = πn
The correspond total PGF is
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(v) N-policy of M[x]/(G1,G2)/1 under SOS and server’s Multiple Vacation (without setup)

When there is no setup operation, D*(wx(z))=1, E(D)=0

Thus the corresponding PGF and mean system size are obtained from equation’s (3.49a) and (3.50)) and given by,

PM(z) 
    =

[image: image699.wmf])))

(

(

(

))

(

(

)

1

)(

1

(

*

*

z

w

S

z

z

w

S

z

x

x

-

-

-

r


[image: image700.wmf] 

 

1

 

)

(

))

(

(

1

1

N

0

n

0

n

ú

ú

û

ù

ê

ê

ë

é

-

-

å

-

=

*

a

b

n

X

X

z

z

w

z

w

V




and   LM
=  L + 
[image: image701.wmf]2

)

(

X

E

l



 EMBED Equation.3  [image: image702.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

+

å

å

=

=

0

1

-

N

0

n

0

1

-

N

0

n

2

-

1

E(V)

-

1

)

E(V

a

b

a

b

n

n


                                                                    CHAPTER IV
NUMERICAL ANALYSIS

                             CHAPTER – IV
                     NUMERICAL ANALYSIS
In this chapter, we will provide numerical results for, 
i. Expected number of customers waiting in the system (L) 

ii. The optimal value N( of N

iii. The total expected cost per unit time (TC(N)) for the models of chapter II and III.

For the computation work, we make the following assumptions:

· The batch size X follows the geometric distribution 
         (i.e.,) gk = Pr (X= k) = (1 – p) pk(1, k ( 1, with mean E(X) =  
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· The service time Si of each stage follows two-stage hyper exponential distributions whose measures are the following:
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The second order moment of Si, i = 1, 2 are
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· The set-up time D and vacation V follow Erlang 3-type distributions with mean E(D) = 
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Let LS, (LM) denote the expected system size for the N-policy M[X]/G/1 single vacation (multiple vacation) queueing models respectively.

Let 
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denote the total expected cost for the corresponding models.

The notations used in this section for various parameters are as in the corresponding chapters.

The notations SV and MV used in the suffix of table numbers denote the measures of single vacation and multiple vacation models. 

The following cost values are fixed for the calculation of the measures of tables 1 to 7.

For vacation models, Ch = 15, Cs = 300, Cy = 350, Cv = 5, Cbusy = 120.
In Table 1, it is verified that as the arrival rate ( increases, the optimal expected system size and the total expected cost of each model also increase for both the models. 
The corresponding utilization factor ( is also given in the table. The values of p, ( and ( are given,
Table – 1​Sv   p = 0.03, ( = 0.7, ( = 0.4
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	0.2
	5
	2.8856
	63.4749
	0.4296

	0.25
	5
	3.2982
	67.8823
	0.5396

	0.3
	5
	3.9239
	72.0560
	0.6443

	0.35
	4
	4.5694
	78.1403
	0.7517

	0.4
	3
	6.8686
	96.7385
	0.8591


Table – 1​Mv  p = 0.02, ( = 0.4, ( = 2
	(
	
[image: image723.wmf]*

M

N


	
[image: image724.wmf]M

N

L


	
[image: image725.wmf])

(

 

N

T

M

C


	(

	0.21
	3
	1.1360
	303.5440
	0.3175

	0.26
	2
	1.4451
	353.8440
	0.3931

	0.31
	2
	1.8058
	403.5574
	0.4687

	0.36
	2
	2.2485
	456.2164
	0.5443

	0.41
	1
	2.8255
	516.9675
	0.6199


In queueing models, it is obvious that, if we reduce the mean service time then the expected queue size will be reduced. E(S) = ES1 + r ( ES2 = 
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 can be reduced by increasing any one of the (ij values. To justify the statement, that queue length is an increasing function of the mean service time E(S), we increase the values of (ij one at a time in Tables 2 to 5. The optimal total cost of the system; the expected system length and traffic intensity ρ are presented in each table. The value of r is fixed in tables 2 to 5 as r = 0.1.

                       E(S2) = 5, p = 0.05
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	0.6
	1.9083
	3
	1.6998
	225.1978
	0.4018
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	1.8780
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	1.6875
	223.6109
	0.3954

	0.72
	1.8528
	4
	1.6773
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	0.39

	0.78
	1.8314
	5
	1.6688
	220.9890
	0.3856

	0.84
	1.8103
	5
	1.6604
	219.8055
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	1
	2.6171
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	2.0338
	266.6890
	0.5510
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	2
	1.7880
	237.3020
	0.4457

	2
	1.8671
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	1.6834
	223.0068
	0.3931

	2.5
	1.7172
	4
	1.6247
	214.6132
	0.3615


E(S1) = 1
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	0.4
	2.45
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	1.9221
	255.9460
	0.5158
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	3
	1.7311
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	0.4216

	1.6
	1.8875
	3
	1.6887
	224.0513
	0.3974

	2.2
	1.8364
	4
	1.6691
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	0.3866
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	0.5
	3
	2
	1.8073
	290.8112
	0.6316

	1
	2.6
	3
	1.7611
	265.5508
	0.5474

	1.5
	2.4667
	3
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	257.3320
	0.5093

	2
	2.4
	4
	1.6071
	253.2857
	0.5026

	2.5
	2.36
	4
	1.5858
	250.8760
	0.4768


A similar observation is noted in the following tables for the multiple vacation model.
E(S2) = 5, p = 0.05
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	0.4
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	1.9774
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	2.1688
	2
	1.9088
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	0.4315
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	2.0936
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	1.8615
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	0.4229

	0.58
	2.0339
	3
	1.8169
	371.7686
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	0.64
	1.9854
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	1.8007
	169.3017
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	2.4
	2.3042
	1
	1.2286
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	0.5819
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	2.1256
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	1.1559
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	0.5368

	3.2
	1.9917
	2
	1.0652
	203.6564
	0.5029

	3.6
	1.8875
	2
	1.0007
	197.8066
	0.4766

	4
	1.8042
	3
	0.9524
	193.2901
	0.4556


E(S1) = 0.8166
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	1
	3.1375
	1
	2.5357
	307.6560
	0.7923

	1.5
	3.0542
	1
	2.2744
	292.6516
	0.7713

	2
	3.0125
	1
	2.1651
	286.6516
	0.7607

	2.5
	2.9875
	2
	2.1054
	282.6498
	0.7544

	3
	2.9708
	2
	2.0677
	280.3805
	0.7502
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	2
	2.9875
	1
	2.1599
	285.3768
	0.7544

	2.5
	2.9525
	1
	2.0788
	280.5069
	0.7456

	3
	2.9291
	1
	2.0284
	277.4445
	0.7397

	3.5
	2.9125
	2
	1.9941
	275.3408
	0.7355

	4
	2.9
	2
	1.9692
	273.8065
	0.7325


It is shown in Tables 6 and 7 that the expected queue length can be decreased by reducing the setup time E(D) and reducing the vacation time E(V). The fixed values of ( = 0.1 and p = 0.04 are considered to justify the result.
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	0.05
	20
	7
	4.5525
	294.7924

	0.1
	10
	6
	3.4281
	277.8738

	0.15
	6.6667
	5
	2.7282
	244.7227

	0.2
	5
	4
	2.1349
	226.2966

	0.25
	4
	4
	2.0675
	213.0679
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	0.05
	20
	6
	4.8886
	516.2891

	0.08
	12.5
	5
	3.8540
	459.3418

	0.21
	4.762
	4
	2.7733
	375.4643

	0.24
	4.1667
	4
	2.6986
	366.8151

	0.27
	3.703
	3
	2.6409
	359.7491


      ( = 0.1, p = 0.04
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	0.01
	100
	7
	7.0983
	292.3398

	0.02
	50
	4
	3.6308
	198.3057

	0.03
	25
	3
	1.9763
	162.8319
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	16
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	1.5826
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	0.01
	100
	1
	7.2874
	319.2487

	0.03
	33
	1
	2.7092
	197.0981

	0.06
	16.7
	2
	1.7847
	176.3883

	0.09
	12.5
	2
	1.5160
	173.2702

	0.12
	10
	3
	1.2343
	172.1879


The values of Table 8 give the optimum value N( of N and the minimum optimal expected cost for the N-policy queueing models corresponding different cost structure.

Table – 8Sv
          ((, a1, a2, b1, b2, (11, (12, (21, (22, () = (0.4, 0.2, 1.6, 3.4, 2.1, 2, 5, 0.5, 0.3, 0.1)

Case  :  1


Ch = 15 , Cs = 300 , Cbusy = 150 
	((, p)
	(.1, .01)
	(0.2, 0.02)
	(.3, .03)
	(.4, .04)
	(.5, .05)

	
[image: image766.wmf]*

S

N


	4
	5
	5
	4
	2

	
[image: image767.wmf])

(

S

 

N

T

C


	95.4147
	142.9201
	182.5960
	225.9649
	385.7352


Case  :  2


Ch = 20 , Cs = 450 , Cbusy = 200
	((, p)
	(.1, .01)
	(0.2, 0.02)
	(.3, .03)
	(.4, .04)
	(.5, .05)

	
[image: image768.wmf]*

S

N


	4
	5
	5
	4
	2

	
[image: image769.wmf])

(

S

 

N

T

C


	120.9660
	104.1351
	237.5097
	296.4504
	512.2089


Case  :  3


Ch = 25, Cs = 600 , Cbusy = 250
	((, p)
	(.1, .01)
	(0.2, 0.02)
	(.3, .03)
	(.4, .04)
	(.5, .05)

	
[image: image770.wmf]*

S

N


	4
	5
	5
	4
	2

	
[image: image771.wmf])

(

S

 

N

T

C


	146.5172
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Case  :  4
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	172.0685
	266.5484
	347.1009
	437.4214
	765.1563


Table – 8Mv
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Case  :  2
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	(0.21, 0.3)
	(0.24, 0.4)
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Case  :  4


Ch = 85, Cs = 2800, Cbusy = 300 
	((, p)
	(0.15, 0.1)
	(0.18, 0.2)
	(0.21, 0.3)
	(0.24, 0.4)
	(0.27, 0.5)
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	232.0783
	289.2303
	365.8878
	504.0778
	988.5421


GRAPHICAL REPRESENTATION
It is verified in graphs (1) and (2) (both single and multiple vacation) that, the mean system length is a decreasing function of ( = 
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                               Graph (1) L vs η vs γ (SV)

                                                    [image: image785.png]



                                  Graph (2) L vs η vs γ (MV)

The graph (3) and (4) shows that L is an increasing function of λ and p. 


         Graph (3) L vs λ vs p (SV)
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                                     Graph (4) L vs λ vs p (MV)

The pictorial representation of the behavior for various probabilities of both single and multiple vacation queueing models are given in graph (5) and (6).
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Graph (5) Single vacation
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                               SUMMARY AND CONCLUSION

SUMMARY AND CONCLUSION


In this thesis, the control policy of bulk arrival queueing models with two phases of heterogeneous service, server’s setup times and different vacation policies are considered. For the non-Morkovian queueing models considered in chapter II and III, the steady state probability generating function of the system size, expected system size and the various system size probabilities have been obtained. Moreover, some particular cases are also discussed. Stochastic decomposition properties of the N-policy queueing models with server’s vacation are derived. Numerical illustrations are also provided for consistency of the proposed queueing models.


Analytical treatment of the models is done by considering the remaining service time, remaining vacation time and setup time as supplementary variable.

From the numerical results, the following conclusions are made.     

· The mean system size is an increasing function of the arrival rate λ, mean service time E(S) and decreasing function of η and γ.

· The optimal value N* of N that minimizes the total cost is calculated numerically for various parametric values, and it justifies the solution procedure given in sections 2.6 and 3.5.   
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