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The materials presented in this dissertation is the
result of a fruitful study of Pseudo-netric spages, This
study is carried out because 2 vast number of useful concepts
in a wide variety of branches of Mathematics happen to be
matrics or Pseudo-matrics.

This dissertation consists of ome chapter which has
four sections, In Section 1l "Definitien and Examples’
of Pssudo-metric spaces are given. The um nunber of
examples of Pseudo~matris given in Section 1 emphasizes tiw
extent of protiferation of Pssude-metries in Mathematies.

Section II deals with 'Tepoleogy Generated b;y Pseudo~
Metries'.

In Section IIX 'Properties of Pssude-Metrie Spaces'
axe presented. In Theoxrem 3.9 we see that T, property is
precisely what seperates a Pssude-metric frem a metric.
We get a characterization of continuity of the function in
Theozem 3.6,

From Remark 3.2% we gathexr that in a Pseudo-metrie
“space totally boundedness does not imply compactness.
Hilbert Pssude-swtric is givenm in Section 1V,
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In the end bibliegraphy is added, in which the 1ist
of boeks and journals referred for this dissextation 1is

given.



SECTION I

DEFINITION AND EXAMPLES

l.1. Definition

Let X be aset A function Pt X2 «>R is called
a Pssudo-motric on X if for all x,¥,2 in X,

1) P(x;u)ﬁ = 0,

2) Plxey) £ P(v#) + P(#x) (Triangle inequality)
If P further satisfies the condition

3) P(x,y) =0 m> xmy,
3t is called a Metric on x.
1.2. Jake

Some authors follows 'semi-metric’ or 'quasi-metric’
instead of Pseudo-metric. Pseude-metric is sbreviated as
'ps-metric',

1.3. Remaxk
If P 43 a Peemetzic on X, then for all x,y in X,

1) Pix,y) 204
2) P{x,y) = P(y,x).

et




Rroets
Putting z = x in the secend condition in the
definition wo get

- P{xsy) £ Plysx)
intexchanging x asnd y we have
| - Plyyx) S Pixyy)

tua#c. P(xyy) = P(y,x), |

Putting x =y in the second condition in the definition
‘we get " -
P(!QS) L ?(z;*) 2 ’(*’x’ = 0O,

2P(x,2) 2 0 for all x,2 in X.
.Hense P(x,¥) 2 0 for a.u xﬂ? in x;
1.4, Examples |

1) Let X De any set. Then

0 if x=y
Pi{X,y) = ﬁ v |
1 i1 x¢y

is a ui*u‘lc en X. It is called the Discrete Metric on X.




2) P{x,y) =0 for all x,¥ 4in X, defines a
Pe-mstric on X. It is not a metric, if X <c¢contains tweo
or more points. It is called the Indisecrets Ps-Metric on X.

3) On R, P(x,v) = [x-y]| defines a metric, called
the Standaxd Metric on R. ‘

4) P(z;,zz) - hl” 2, defines what is known as
the Standard Metric en €.

5) In the complex theery, snother metric is sometimes
used instead of the standard one o

| 2]?:';,- 9l
Ve 15,07 Viv 1,02

X (‘1*‘2) -

is & metric called the Chordal Distance,

6) Let X Dbe the set of all real sequences (a,),
such that

i? Iyl ¢ @
=)
Then,
Plagh) = I lag= b, |
wheze & = (8) ¢ 83 peee ) and

.“‘ (.1 ' .! ’ﬁﬁ;)) s a motric on X.
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7) Let X be the set of all funetioms f t R =3 R
such that

af ‘fl ¥
Then, |
‘!(f;ﬂ) w [ |fvg] defines as Psemetric on X.

Hexe [ denotes the Lebesgue integral ever .R.

8) Let X consist of all square-summasble real
[
ssquences, that is sequences (:,) such that ‘f’ af is
o 2 1/2
ayb) m{ £ (a, ~b,)
playd) P It 1 )
defines a2 mtric on X.

- 9) Let X consist of all square-integrable functions,
that is, functions £ 1 R —>R such that [ £* < .
Then, |

| 1/2
P(2,9) = ( f(t=g)? )
defines a Ps-mtric on X, in cxaupiu (6) to (9), the
trisngles inequality fer p 1is preved by inveking the
apprepriate foxm of Minkewski's inequality these Ps-metrics
are widely used in functional analysis and measure the ory.

10) Let B denote the set of all functions
£ 1 [0,1] => R whish axe of bounded variation. If V,




delndts the vaviation of f, then

Plf,g) = Voug U0fines a »..'..m on IB.

This s net a metric, If fug is a constant, then
p{feg) = O

11) Let X be the set if all continuous functiens
£ s [0,1) «=> [0y1], Them,
plt,0) = 30 I£(x) = o(x)]
is & metrie,

12) Let X Dbe the set of all Cauchy sequences of
real nunbers if a = (Q”j bw ‘b"'

plam) = 13 o la byl
defines a Pemetric.

13) on R,

Pa(a:p) = lag=B] + lag- byl

pstars) = max Slag= byl lag= byl |

whore 2 = (a;,85)y b = (‘b;,bz), defines three different
notyics.




14) on R®,

1/2

pr(am) = ( I (ag=0)?)

n
z
im)

.‘ . |
’g( 8,b) = ‘i" h{‘* hﬂ

RS PRI

wheze & = {avuﬂn..nﬂ) and b = (by,Byseceyby), defines
three different metrics. p, 4s called the Euclidean (ox
standard) Metric on RP, To prove the triangle inequality
for #y one requires the use of Minkewski's inequality.

1.3 Nate
Evexy metric is Ps-metric, but not the converse.
1«6« Remazk

Let P be a Ps-metric on X, Xx,Y,Z, 3, are any
peints on X.

1) Plx,y) 2 [P(xe3) = P(y,2)|
2) (Generalized triangle inequality)
P(xey) S PAys3y) + P(3g025) 4 cee # P(2, ).
Prosfs

1) P(xey) + Ply,z) 2 Plz,x).




Thexefore, P(x,y) 2 P(z,x) - P(y,z)
intexchanipgy x and vy,

P(y,x) 2 P(2,y) - P(x,2)
Henge /?!x;v) 2 [P(x,2) = P(yy2)]

(2) by induction we prove (2),




SECTION I1I

GENERATED BY PS~-METRICS

2.1, Definitien

Let P be a Pssude-metric on )& and €2 0O Dbe any
real numbers. The set

S(x, 21 P) = {y / Plx,y) <E§

is called the Sphere of Radius ¢ Centred at x, or
£ -sphexe at x. The notation sp(x, £) 4s also used.

2.2, Iheszem

Let P be Ps-metric¢ on X. The set of all spheres,
naxwly, | '
(1) @ =(8(x,€) / xeX, £>0% 10 & pasts.

Bxgef
" Let x be any peint in the intersection of
S(yys £3) and Sy, Eg)e Then E;- P(x,yy) and
g = P(x,yg) are beth pesitive numbers; let & denote
the smaller of the two. We will show that S(x,€) is
contained in the interseciion of the two given spheres.
Let t€5(x, &)« By triangle inequality,
P(yyet) S Pyysx) + P(x,%)
< Plyyom) + &
S &y




Hence t belongs to the first sphexe. Similarly, it can be
shown that ¢ belongs to the second sphere.

2.3. . Definitien
The topolegy generated by the basis
| 3:-%_8(:,%_) / xeX, £>03

is called the Tepology Genexated by P,

2.4. Nete
‘The usual notations are,

TPYs Tpr Tps top (P), etec.

. p* Tp
The oxdered triple (X,P,Jp) 1s called s Pseudo-metric
topological space, or briefly, Pseudo-iletric Space. We
often write (X,P) or even X inetead of thetsiple.
2&50’ w‘

The Ps-metric tepology < p has plenty of bases
basides

(1) B=385(x,2) /xeX, €30, the two most
comnonly used being | |

(2) iﬁ(ﬁ'f) E/ XX, 0 <yecQ 1
(9) is(x, 1/n) /xeX,men X

Moxe generally, if we let & run threugh any set of positive
numbers with O as a closure point, we get a basis for the

Ty
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Hence wo have the theorem bealow.
2.6. Jhaerem

For any x€X, each of the follewing is a neighbourhood
basis at x in the topelegy <.

o 8(rye) £ €2 0]

@ Sstum) /0 <xeal

(3 {stes 1) Fmend .
2.7, w ‘

1)  The indiscrete Pe-metric gemerates the indiscrete
topology. The discrets metric generates the discrete

2)  For the standard meixic on R,
S(x,2) m {x=g, X¢C >
Henee it generates the standard tepelogy.

3)  For the metric in 1.4 (4), the spheres are circular
discs and the tepelogy generated is the standard topelegy
on C.

4) For the three metrics defined i 1.4 (B), the sphexes
are respectively the circular discs, diamonds and squares, as
showa in the figure. |




ALl these thres metrics genexats the standard
topology on R%, More generally, the three metrics defined
in'1;4 (14) genexste the standard tepelogy on R",




SECTION 11X

PROFERTIES OF PS-METRIC SPACES

3.1. Ihasrem
Let (X,P) be a Pswmstric spaces, and

Cs(x, £4P) =Sy / Plsy) S € 5.
Then,

(1) (s(x, 2) 4s a closed nbhd of x}
f{a TR, e) & O5(x,2) < 8(x,22),

1)  Theset A=y / Plxy)? L= E is the complement of

eS(x,S) .6 We will shew that A is open. Let y be any

point of A. Cheose 8 =P(x,y) =& .« If t c5(y,8),then
P(t,x) 2 |P(x,y) = P(t7)]
= e 6 - p‘t.y,

> &
which shows that S(y,8) S A. Hence A 1is open.

2) The second inequality of the statement is trivial
wherze fivst follows from (}).

3.2, Remaxk
In the sbove theorem CS(x,& ) 4s called the closed
¢ =sphere at x. The notation cs(x, &) 4is net the
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¢losure of 3(x,T). Howsver, if we take the discrete
metric, S(x,1) and its closure are Both 5 x \ , but

CS(x, 1) 4is the whole set X. Thus, despite our intuition,
‘the first inequality in 3.1 (2) camnet be improved to an
squality. Those Ps-metries in uh,kh equality occurs are
sometines called 'round®. |

3.3. Definitien

A topological space X 4i¢ said to be a T, sphee if
it n‘;tuﬂ,‘u any of the following equavalent conditions.

(1) (To axiom) x ¢y 1ff thers exists & nbhd of one
of the points and not centaining the ether.

(2) x ¢y iff thexe exists & subbasis nbhd of one point
which missés the sther, |

(3) F=§ iff x =y,
3.4, Detiaities

A topological space X 1is said to be regular if it
satisfies any of the follewing equivalent cenditions.

(1) (Regularity axiem) Given any point X and a nonempty
closed set F not containing x, there exist disjoint nbhds
of x and F. '

(2) Given any peint x and a neighbourheed N of x,
thexe exists a neighbourhood M of x such that M CN.
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(3) FPor every x, R is a neighboushoed basis at x.
(4) Each point of X has a local basis of clessd neigh-
(5) Each peint of X has a local subbasis of closed
neighbourhoeds.
A tpi« ‘m;h is :iqu.‘l.ar and 1°_.ts called a Tq space.
3.5, [Ihesgem
(1) A Pewetric is T, iff Lt is a metric.

(2) Every PS-metric spate is regular. Hence, every metric
space s Tge

Exosf:
(1) Let P be & metrig, them,
xfdy = Pxy)mé>0
Hence 5(x,8) contains x but not y. Similary, the
reverse argument holds. |

(2) The clossd Z-spheres at x form a closed neighbourhood
basis at x%. Thexefere, a PS-metric space is regular.
Thepefore, a metric space is Tge

3.6. Ihsaem
. For amy function f & (X,P) => (Y,q), the following
statements are equivalent.



3%

(;) £ is continuous.

(2) For evexy xcX and every &> 0,
thexe 43 af > O such that

£(5(x,8)) < s(rx,Z.).

(3) For every x6X and sevexy 2> O, there 1828 8> 0
such that |

8(x,9) < £~Ms(ex, %))

(4) Fexr every %CX and every 2.2 O, thexre 18 2 8 > 0
such that o :
| P(x,y) <& > aqlfx, ty) <%

Preeti

(1) =3 (3).

Since f is continuous, r“‘"(s{rx,&)) is an open
neighbourhoed of x and hence must contain s spherical
ne ighbourhood eentred at x.

(3) m> (1),

The c:em.tioé implies that the preimage of every basic
epen ucighﬁmbm of f(x) 4is a neighbeurhood of x.
(2) > (3)

As we have £(A) & B (> A‘*t"(n) where
€ 1 X-=>Y and A S X and BSY.,
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(2) > {(4)
m‘w -oach 1s utﬁ@mt of the other.
3.7. Ihesxen

A function £ .t (X,P) «=> (Y,q) satisfies the
following any equivalent conditions.

(1) Por evexy > 0 thexe 45 8 § > O such that

£(8(x,8)) < 8(£,,€), forall x in X,
(2) Foxr every £)> O, thexe s a 8§ > O such that
8(x,8) Qi”‘(sti‘,&)) for all x in‘ X,
{3) Feor evexy e_} O, there 18 a & > O such that
| ?(x.y) < 8§ m> q(f”!‘,) <%,
The equivalent conditiens proved already.
3.8, Wn

The function defined above is called p.g uniformly
continuous (er wniformly continueus).

3,9. Ihasxem
If P snd q axe Peewmetrics on X, we write p <q
if any of the follewing equivalent conditions holds.




A7

(1) P(x,y) § al{x,y) for all x,y dnS X

(2) S(z.itq) S{x, 23 p), for all x 4in X and all 2> O,

m: |

Let us prove (1) assuming (.2) is true since (1) =) (2)
trivially, Let x,y be aay points, and let q(x,y) = a.
Then, | |
y €8(x, a+ £33 q) , for all £>0
Henee, Yy € S(x, at e} p) also,

that is, Reey) Ca e8|
This fs true for all pesitive £,

P{xpy) £ a
-3 P(x,y) £ alx,y).

If P and q are Ps-metric on X, amy of the
reumm squivalent conditions holds.

(1) T < J(q).
{2) Fwwm‘:éx and every £ > O, thexe is a § > ©
such that ,
8(x, 5':4:) S s(x, p).
Notationally w wxite p £ 4.




is

3.13. Definitisn
In the Me theoren p is sald te be tepologically
weaker than q. |
3.12 Ihscxen
(1) The relations _s and _5 axe both MM?Q orders.

(2) psa lﬁ} 931

3+13. Bemszk

As & reflexive ordexy, eath of ( and ; determines
an equivalemce relation. The first one is trivial (since
PSY and qSp =) pw ﬁ )o The equivalence relation
detexmined by i is denoted by ¥ and celled the
topolegical squivalence, abbreviated to *Top-Equivalence!
or to 't-Equivalence’, Note that if k 1s any positive
‘eonstant, p and kP are topologically squivalent Ps-metrics,

Let (X,P) be a ?Mmc‘ spage,and A SX. Then
(1) &) = supPlxyy) /2y Al

= sup %{A:A}_’g |

is called the p-am: of A, ox sihply Diameter of A,
We alsc wyite &(A) . instead of {A&.
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3.15. Noges

The supremsm is taken in the extended real system,

which means that every subset of X has a dismeter, This
means that 3(4) = -~ and that for soms subsets, the
dismeter may be oo,

3.16. Thesgem

Let (X,P) be any Pe-metric space, A,B any

subsels of x} and x any peint of X,

(1)
(2)
(3)
(4)
(3)
(6)

(n

- {8)

&§(A) > 0, for all nomempty a;
ACB w> §(*) g 8(8).

65) = §(A), |

§(A) =0 (o> acA ¢ ¥, for sem point a.
§(A) < @, if A 1s fintte.
8(s(x, c)) g 2¢ l des(x,£)) § 22,
Equality need not hold in either case.

AL Bl £ P(a,b) + &(A) + &(B), whexe ‘u,b are
any points of A8 respectively. Hence, if ,A md
B intersset,

§(AUB) £ 8(A) + §(n).

More goawdlr.

5(&0520 e OAB) ,31 + ‘(Al)* ‘(Aa) + son ¥ a(%)




where I is the éimu: of a finite set of points taktt
one each from the s ets A‘.

3.17. JIheozem
Let (X,P) be a Psemetric space, and B &X. Then
B utu::» any of the following am}.tim.
(1) §) ¢
(2) P(B xB) is bounded tn R,
(3) There existe a real number M such that for all
"b in B ‘
| P(.p“’ 's, M.

(4) B 1 cmuinid :ln some sphere,

3.18. Definitisn

Let (X,P) be a Pm%xtc.ipan, and B SX. Then
B 1is said to be P~bounded (or bounded) if it satisfies any
of the above equivalent conditiens,

3.19, Examples

The empty set, more generally every finite set, is
bounded no matter which »mtm is weed. Closure of any
finite set (in particular, every peint closure) is bounded,
irrespective of which Ps-metric is used. In the discrete
metric, as well as in indiscrets Ps-metric, every set u
bounded.




3.20. Remaxk

Very often, a set is defined to be bounded if its
dismeter is finite. This would entail an unsatisfactory
situation btnun the empty set would net be bounded according
to such » definition,
3.21. JThesren

Let (X,P) be a Ps~netric space, and B &X. Then
B satisfies any of the following equivalent conditions.
(1) For every > 0, there exists a finite set
3}1?‘2'"'!‘33 sueh that

BCUiSaE) /1S514n}

(2) For every £) 0, thers sxist finitely many subsets
AI'A‘P”’*AQ m“ that

§(A;) S &, forall i $2 <,
and Becufa /158 5m ).

Exgefs

(1) w=> (2) trivially.

To preove (2) =) (1),

Chosse a peint a&' from each A . Then B is covered by
the sphexes 8{:1. 2¢).

e




3.22, pefinitien

Let (X,P) be a Pe-metric spage, ad B CX. If B
satisfies any of the above equivalent conditions B "is
sald to be totally p~bounded (or tetally bounded).

3.23, m

If p is a Ps~metric on 1& and ACX, then the
restrietion of p to A x A is a Ps-metric on A which
is deneted by PA x A, or more simply by PA er even by
pe It is easy to see that in all the three definitions -
dismeter, boundedness and total boundedness, we could have
used, instead of p, its restriction te the set concerned.

3.24. Thsoxem

In a Pe-metric space, compact

s> totally bounded ==) bounded.

Pxset:

Let A be a compact subset of a Ps-metric space X.
The set of all C~spherzes is an open cever for A, hence it
must contain a finite subsever. Therefore A 1is totalily
bounded,

Let B be a totally bounded subset of X. Then
these are finitely many points 4,,89y0s0¢8, such that
B is covexed by the spherxes 5(!1,1)» Then B is contained
in the sphere 8(11, Mel), where M is the diameter of the




u\t 2‘1“&**"!‘5\5 « Thus; B is bounded.
3.25. Remark»

The implications in the above theerem cannot be
zeversed, If X 1is infinite and is given the discrets
metrie, then X is bounded, but it 1is net tetally bounded
because {t cannot be covered by finitely many 1/2-spheres.
'm intmai < 0,3. » shows that total boundedness need
not WIY Gmntmth

In s metric space, every compact set is closed and
totally bounded.
3.27. Iheexsm

Lﬁ (X,P) be 2 Pch space.

(1) 1f B 1is m«e,m ACi, then Auhomud.

(2) Finite unien of bownded sets &5 bounded.
lo/th statements are valid if 'totally bounded' replaces
'b@ﬁﬁ“‘ . ' ‘
Bxgefs

Both statemsnts for boundedness follow easily from
the preperties in Theorem 3.16. As for total boundedness,



{2) being trivially easy, we will only prove (1).

Let £> 0 be given. Then there s & finite set

- B Cus(ay, €/2),

Hence, ACBH
cu W T
U s(ay,€),
3.28. Remaxk

If (X,P) 4is a Ps-metric space, md the set X s
bounded, it is conventionsl tomy that p 1is bounded.

| MGMtﬁly, Af the diameter of X 1is 5 then as a

function p 4s bounded by M. But we wriie P ¢ M instead

of the more accurate P ¢ M, and say thut p 1is bounded

by M.

3.29. ‘m

Lot (X,P) be a Ps-metric space. Define,
(1) p =p/iep.
(2) = = p A i&

Then, ¢ and Sz axe both Ps-metrics bounded by 1 end
both are t-equivalent to p.




Exeafs
p(x,x) = 0 = x(x,x), p < i1, and = .$ 1 are obvious.
We will verify the triangle in equality. The inequality

%(xy7) £ n{yez) + n(z,x)
is trivial in case the right-hand side is 2 1. If it ie
less than 1, each tezrm has to be less than 1) and then
x{y,z) + x(z,x) = p(y,z) + p(z,x)
£ plx,y)
S n(x,y)

The preof of the tifamgle inequality for p depends on
the easily verifiasble inequatities

(3) agb<m) a/léa §b/Lleb

a<h ¢m> afilea ¢ b/ied

valid for all nennegative real numbers a,b. Writing
PysPaeP3 for plx,y), plysz)y p(3,x) zespectively, we
have Py S Pyt ’3’ Hencoe,

Py/4p; £ popy/i+ pot py
= (po/ 1+ pyt py) + (py/2+ Pyt py)

S (pa/24py) + (py/2+ py).
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This preves the triangle inequality fexr @ . Thus, 7Y and
% are Pe~metries bounded by 1. Te preve that they are
t-squivalent with p, we will show that

Ip SIx

Of these, the first two inequalities follow directly
from p { %W SPp + Lastely, by virtue of (3) for all X,y

(4) olxgy) < ( &/3+¢)
N (plx,¥)/2ep(x,¥)) < ( E/2e &)
ﬁl) _ p(!*y’ | < E. , |

This shows that 8(x,{E/1+2); ») &(x, £3p)s foxr every
%, proving that

Je CTp °

!;\cnt ¢ and x are Ps-moirics.




Graphs of p = (p/(1+p)) (detted line)
Xmp AL {solid lm)t

3.3,

The above theorem combined with the fact that
Pand kP (k> O 1is any constant) are t~equivalent, implies
that any arbitrary Ps-metric¢ can be replaced by a t-equivalent
Ps-metric bounded by any pre-assigned pesitive number.

3.31. JIhecxem

Let %Lf‘ t X w=> (yvq,)} be a family af functions
from a set X to Ps-metric apaces, each % being bounded.
Then |

(1) P(a,p) = o& hi(f*a. £,b) k . for all a,b in X
or mivaxntly; B |

(2) p= qui o(t'.1 x 'i} 3 defines a Ps-metric on X,

Poets

For notational simplicity, we will write a,,b, for
ft‘a,» ’ib respectively. First observe that the set g

l“i(‘t"’z) E N is bounded and therefore hasasupresum. Hence,
P(a;b) 4is a uniquely determined finite number for every a,b.

P{a,a) = O being obvious, it remains only to prove
the trisngle inequality. Fer all indices 1,



93(a30by) S ag(bypey) + “z“x"t’
S pibe) + p(e;l)%
Taking t!ii Supresum wcﬁ all 4%, we got
plesh) S pbye) + m,o. |
3.32, Refinitisg

The above defined Ps-metric on X 4s called the initial
Pseude-~ietzic of the Family 32}1 $ X m) (75.’“1) l.

3.33. Remazk

The initial Ps-metric is beunded. The boundendness
condition on q; is hypethesized Nlﬂy for ensuv¥ing that
the set t@‘( ‘igbi) \5 is always bounded md its supremum
exists finitely. If the family is finite, this condition
is not required. It will be understood fmplicitly that
whenever the initial Psemetric of a finite family is involved,
the qis are net sssumed bounded.

3.24, Besult

I# p is the inkia) Pe-metric defined in 3.31,
Obsexve that ﬂx“igb‘) £ pla,b), for all a,b in X.
This means each f, 'rediuces' distances such functions are
therefore called contractive functions and they play a®
important role especially in differential and integral
equations.




Let £ 1 (X,P) »> {¥,q9) be a function. f 4is sald
te 28 contractive if for all a,b in X,
(1) alf,, ) S pla,b)

£ is sald te be distance-preserving if for all

ab in X,
(2)  alf,.f,) = p(a,b).

Conditions (1) and (2) in the above definition could
also be written in the functional rotation as

q‘{f xf) mp respectively.

3,37. Iheoxen
 Let £ 3 X ) Y, whare X and Y are Ps-metric
spaces. Then, f is distance preserving
-) £ is contractive
- £ is uniformly continueus
- f 4s continuous.

2
All implications follow cacily from the definitions
of all the four concepts.




3.38. Inteiem

The initial Pe-metric of a family } f,} s the
smallest Ps-metric (with respect to order velation < )
on X for which every f’,‘ is contrastive,
3.%9. Inesxes

‘If p is the initial Ps-metric of

*’({‘ $ X =) (Ypﬁi) K + then

1T %t,jg ¢ Jpe
Equality oteurs if the family is finite,
Bxosfs
Wen X 1is | given the initial Pes-metrig, each 't is
contractive, and hence continuous. From this follows the
first paxt of the theorem. For the second part, if I is
finite, then

sQ: q‘ ( S(f,x, €4 q;)) &5(x, &4 p)

which shows that
g, S 17 $25 L
3.40 JIhsszem-

Every Pe-metric space is first-ceuntable. But not
the cenverss.
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3.41, JIhsoxsm
In a Ps-metric spaece,
(1) ecompaet (¢) 4iff countably compaet (C C) iff
sequentially cempact (8.C).
(2) tetally bounded (T.8) implies:egond countable (C,;)

(3) second countasble iff sepexable (S) iff Lindelef (L).
Exeets

Using the obvious abbreviations for the various
properties, we will prove the following ¢hain of implications,

The first implication holds in any spacep the second
18 true Decauss every Ps~metric space is first-countable,
Te prove the thizd, suppese that X 18 not tetally bounded,
Then thexe exists an &> 0 such that no finite set of
c~sphexes ¢an cover X, Chooss a sequence inductively
thus; let x, in X be arbitrary) and aftexr haing chesen
NysXgeesesky » 10t Xy, be emy point not in

k
¢ ] 3(!‘0 & )
$ml

This fefines sn infinite sequence which cannot have a
, Subtasyuenca
convergendl because the distance betwesn any two points in
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the sequence is greater than or equal t¢ . Thus X cannet
be sequentially compasct. |

(T;’ - S)n
If X 4s totally bounded, for each né¢N there is

a finite set % such that

i U "“ 1/‘) = X,
&c _
The set
o °
Am ng.l A, b countable and is vasily seen to

Suppese that, X 1s separatdl and let D be a countable
dense subset. Then,

3&(4: i/n) / 4D, ueﬂk 'is a countable basis.
(Gln > L), True in any case .

{L ==> 8),

Let X be a Lindelef space, For each né€EN, the
18(x, 1/n) / xeX X foxr X.
contains a countsslee subcovex, Let D, denote the set of
centres of the countable subgover. Then

« | "
a-ﬂg‘n‘uncmwndmnum&




The implications preved abeve obviously imply (2)
and (3). To complete the preof of (1), it remains to show
that sequential compactness implies compactness., If X is
sequentiaily compact, it is also countably cempact., We have
just proved that sequential compactness implies L. Thus,
X 4is both L and CC and hence is compast.




SECTION 1V

HILBERT PSMETRIC

4.1. Jhesren
Let f, + X => (yo@g) | o 48 2, , be & countable
family, esch q; being a bounded Ps-metric. Let (C;) be

a segquence of pesitive constants such that £ c!. = 1., PFor
any constant k 2 1, define

hylaed) = Yz E‘s, 3 (fid.; f"b)

for all a,d in X. (I indicates summation from O to oo
unless othexwise noted), Then, hy, is a bounded Ps-metric
and gensrates the initial topolegy of f,'\. Further,
each ¢ " is uniformly continuously, whem X is given this
Psemetrie.

Ereofs
Let h=h,, and a; = f,(a),

h(a,2) » O 4is obvious, and the triasngle inequality
comes diregtly on applying Minkowski's inequality te the
sequences (d;) and “i)* where

and Py = ¢ Q‘i (‘13 ll_)n




3
Thus h 4sa Ps-metric, that it is bounded is obvious from
the definition.

Let demote the initial topolegy of 3, \. Fez
any index J, it is
- h(a;B) *fcjg_‘
-) | "‘5"3*’3’ €& for ol é,_b o x
'ﬂan shows that f}. is uniformly continuous, and hence it

is aomi.ma, when X caxries the topelogy gh This
fuzther implies that '

JeTn *

To prove the oppsesitive inequality, given any sphere
8(a, £ § h), shoose an integer N such that

?1::4-‘;

Ludiel
: N
Lot A= O ;! s(ag,ds qy)s where § = £/2. Then
for all » Ln‘Ag
N P A
n¥(ap) = I of of (agby)e B of of (ayumy)
N .y
« 2 &+ I o
¢« 1 ml‘:
< &+ X
c K
S g




Henee, h{a,h) < . This shows that
A =S(a, 23 h) and
consequently
T &7,

4.2, Refinitim

iAbove defined Ry is called s Hilbext Ps-iletric,

4,3. Remazks

Theze axe four imiaz cases of the initial Pwmcv
gonstruction. |
1) The initial Ps-metric of a singleten f 1 X —=> (y,q)
is cailed the Preimage Pe-metric of q by f, It is
given by the fermula |
pmqof{fxf)

2) The preimage Ps-metric of the inclusion function

L A CA(X,P) 4s the induced Ps-meiric, and
is precissly the Ps-metric P, defined eariier.
3) 1r {p{b is a family.of Ps-metrig¢ on a set X, then

| P w Vp* is supremum Ps-metric, which could
a 1s0 be defined as the initial Pe-metrie of the family

of identity functions.
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(¢) 32 Uxt. q,) 1 s a family of Psemetric spaces,
and X =X X, , the initial Ps—metric of the family of
prejections is called the product Ps-metric, sometimes also
called the uniform Ps-metric or sup Ps-mstric.

4.4, JIheexen

The produgt Pe-metric is the smallest Pe-metric
such that eath projection is centragtive.

Now we will consider three cases of the product.

(1) Edniser

12 § (Xge ) s 121 $n, 1o a finite family of
 ps~metric spaces, we take ¢, = 1 in defining the Hilbext
Ps-metrics
A, Y
hy(a,p) = ( 2 af (a,,8,) )
When k = 2, the Hilberxt Psemetric is usually called the
Euclidean Ps-meétxic.

(2) Sountably Finite:

If the family is countably infinite, we have at our
' dispesal the product Ps-metric aw well as all the Hilbert
Ps-metrics. The lattexr are mostly feund to be moxe
convenient sinece they genszate the product topology.




If the family is uncountable, the Hilbext Ps-metrics
axe not available and there may not be any Ps~metric that
generates the product tepolegy. The topelogy generated by
theproduct Pe-metric is genexally toe jarge, even larger
than the box tepslogy. Even so, it remains a useful
Pa-metric, especially in fmum sSpates.
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